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Abstract

We generalize the work found in the paper [[XY10] of Kudla and Yang to the case
of Hilbert modular forms that come from the Weil representation associated to a
1-dimensional quadratic space. We also provide a computation of the level groups
of certain forms produced this way. To achieve our results, we compute closed-form
formulas for quadratic Gauss sums over local fields of characteristic 0. This includes

the case of both odd and even residue characteristic.
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Chapter 1

Introduction

This thesis started off as a computation related to The Ghost Conjecture and certain
“generalized Hurwitz class numbers". A single step in this calculation proved especially
difficult and ended up becoming what is essentially this thesis. We will not remark on

the original problem and limit our discussion to the calculation that resulted from it.

Our calculation is based on a classical result of Zagier’s found in [HZ76] Theorem
2, so we will take a moment to introduce it, mainly though the lens of the treatment
in [3520]. This result states that there is a (nonholomorphic) modular form of weight
3/2 and level I'g(4) whose (holomorphic) Fourier coefficients are exactly the Hurwitz
class numbers H(m). We start by recalling the properties of Hurwitz class numbers

and Zagier’s modular form of weight 3/2.

The Hurwitz class number H(m) is defined for any integer m > 0. H(m) = 0 if
—m is not a square mod 4 (alternatively: if m # 0,3 mod 4). H(0) = —1/12. In
all other cases, one defines H(m) to be the number of equivalence classes of binary
quadratic forms ax?® + bxy + cy? (a,b,c € Z) of discriminant * — 4ac = —m up to
certain multiplicities. Specifically, we can consider the action of SLy(Z) on these
quadratic forms via basechange. H(m) is then the number of orbits under this action
where each orbit is weighted by 2/#stab where #stab is the size of its stabilizer. In

practice, the weights will almost all be 1, with a weight of 1/2 occurring iff the orbit



contains a multiple of 22 + y* and a weight of 1/3 occurring iff the orbit contains a

multiple of 22 + zy + y?. The first handful of Hurwitz class numbers are

m |0 123 456789 10 11 12
Hm)|5 0 0 % 4 00 1 1 0 0 1 3

The Hurwitz class numbers are quite close to the class numbers of imaginary quadratic
number fields. For example, if we were to count the orbits for H(m) but use trivial
weights by weighting every orbit by 1, we would get the class number of Q[v/—m]. A
further connection is given by the following formula for H(m), which is a restatement

of the one on p.2301 of [[KY'10]. The formula assumes that m is either 0 or 3 mod 4.

. 2h(Q[v/—m)) wi Y S
Him) = 2 @V, with @y = el (7))

Here, h is the class number and w is the number of roots of unity in the field. We
informally refer to p, as a “Hurwitzification factor' due to its role in converting a
normal class number into a Hurwitz class number. f is the positive integer determined
by the equation —m = f2Disc(Q[v/—m]) (note that our assumption on the value of
m mod 4 is required for f to be integral). ¢ varies over all positive divisors of f and p

varies over all prime divisors of ¢. Finally, (%) is the Legendre symbol.

We can now address Zagier’s result. For a variable 7 = u + v in the upper half
plane H and ¢ = >, Zagier’s modular form is given by the following equation. Note
that we choose to separate out a term from each sum, which we will call the m = 0
term of that sum.

1
* 871'\/_

Note the terms are separated into two parts. First there are the holomorphic terms

Zm t32etdt - qg™

1 o0
(1) = ——= + H(m
( ) 12 mzzjl ( t= 47rm2v
which form a standard Fourier series where the coefficients are the Hurwitz class
numbers. Second are the nonholomorphic terms, where the integrals are incomplete
gamma functions (so called because the integral doesn’t start from 0). Zagier proves

that this (nonholomorphic) function transforms like a modular form of weight 3/2 and
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level I'g(4). We will recall the exact definition of this later, but he shows that for all

(CCL Z) € SLy(Z) with 4/c and some choice of the squareroot of ¢ + d,

Z(m-—i—b

p— d) = (e + d)_3/2Z(7')

This implies a great number of nontrivial relations between the Hurwitz class numbers

Since Zagier’s original modular form, there have been many generalizations. We
quickly review them, since our work will nestle in among them. In [Coh75], Cohen
gives generalizations of Z(7) to arbitrary weights x4 1/2 for integral £ > 1. In [Sul(],
Ren uses the framework of [HI13] to further generalize this work to the case of Hilbert

modular forms over a totally real number field K.

Finally, there is a certain kind of Eisenstein series E(7, s, ®) that is studied in
[KY'10], among other places. (Although we mainly refer to [[KRY06] sections 5 and
8, [KRY04] (see equation (6.20) for a definition), and [IXY10] for our approach to
these ideas.) Here, 7 is the main argument to the function, and one may treat s, ® as
parameters that determine which Eisenstein series one gets. Following the construction
in [[KRY06], one obtains vast quantities of Hilbert-Siegel' modular forms of either
integral or half-integral weight. There are also expressions provided to calculate the
Fourier series of these modular forms. However, these formulas involve numerous
tricky integrals and are quite difficult to evaluate in most cases. In addition, it is not
always clear what the levels of these modular forms are. [[{Y10] works to remedy this
by showing how to extract explicit Fourier expansions in the classical case of K = Q
with modular forms defined on H. Their arguments also give some access to the level
group.

Of particular note is that [KKY10] not only implies that Zagier’s modular form

! Although the construction allows for general Hilbert-Siegel modular forms, we will only work in
the particular case of standard Hilbert modular forms. So, we will not make further reference to
Siegel modular forms.



Z(1) arises as such an Eisenstein series, but their proposition 6.5 tells us that for
p € {0,1/2} there are Eisenstein series called E(7,1/2, ®3/%#) (or E32#(7,1/2) for
short) such that the Fourier expansions of —12E3%/%#(47,1/2) consist of exactly the
even m and odd m terms of Z(7) for u = 0,1/2 respectively. In particular, this
implies that —12(E%/20(47,1/2) + E3/2Y2(47,1/2)) = Z(7). Tt is not surprising that
the quantities £3/2#(r,1/2) are modular forms (very general arguments tell us that if
one takes any subset of the terms of the Fourier series in arithmetic progression, we
get another modular form). What is interesting is that these forms arise from very
nice choices of the parameters s, ® and this realization of them as Eisenstein series

allows one to determine levels for them.

We now move onto the problem we are trying to solve. Fix a totally real number
field K of degree n > 1. Our goal is to show that certain quantities showing up in
Mizumoto’s trace formula ([Miz84], Theorem 3) are the coefficients of a modular form.
The quantities under consideration will be labeled H(m) for m € Og. H(m) = 0
unless m > 0 (m totally positive) and —m is a square mod 4O. If these conditions
hold, then H(m) is given by

H(m) = m Dph(K[M]), with

w(Kly=m])
o (KIV=r1)) = 3 N ] (1 - (‘m)N(p)*) (1)

olf ple p

Here, h is the class number and w is the number of roots of unity. We will call
pr(K[v/—m]) a “Hurwitzification factor" in analogy with before. Under our conditions
on H(m) being nonzero, there is an integral ideal f obeying —m = Disc(K[/—m]/K)f?,
where Disc(L/K) denotes the relative discriminant. c iterates over all integral divisors
of f, and p iterates over prime divisors of ¢. Finally, (’Tm) is the quadratic character
associated to the extension K[y/—m] and is given explicitly by

=<1 p splits

< ) 0 p ramifies in K[\/—m)|
—1 pisinert
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As is heavily implied, the quantity H(m) reduces to the Hurwitz class numbers if we
allow K = Q, and for this reason we call H(m) a generalized Hurwitz class number.

Our goal is to prove the following result.

Theorem 1.2. Given y € %OK/OK, there is a Hilbert modular form of parallel weight
3/2 whose Fourier coefficients are nearly the generalized Hurwitz class numbers. It is
one of the Fisenstein series described in [KY10] and is given by

1 ol H(m!)

(=) b gy Qv
m/€—(2p)*+40K

. “/
2mim/ T

EPPH(47,1/2) = Lo, (1) +

where Lo, (1) is an indicator function for p to be integral and Q i /=m € {1,2} is

given in terms of regulators by 2" /Q x—mn = Reg(K[v/—m/])/Reg(K).”

There are several points worth note about the above formula. The first is that this
is a generalization of the pair of modular forms in [IXY 10] proposition 6.5. There are
2" elements of %O /O, and indeed we get 2" distinct Eisenstein series whose Fourier
coefficients are pairwise disjoint. Adding them all produces the Eisenstein series

1 2! H(m')
Cr(=1) hi 25y Quiv=m)

2mim’ -7

E3%(47,1/2) = 1 +

This particular Fourier series is one of the series found in Theorem 10.3 of [Sul6]. For
all m" > 0, Qqpy=m = 1, and so in the case K = Q the above formula reduces to (a

constant multiple of) the holomorphic part of Z(7).

This leads into the second thing of note, which is that E3/2# is holomorphic for all
K 2 Q. We are not choosing to drop any nonholomorphic terms that may naturally
arise. Rather, whenever K 2 @, the nonholomorphic terms that could show up in our
Fourier series vanish. It is rather surprising that the formula becomes nicer in the
general case, so we will briefly attempt to explain how this phenomenon comes about.

One way to prove the modularity of Zagier’s Z(7) is to first cleverly pick the right

2We will give some more explicit formulas for Q K[v/=m7] later.



Eisenstein series F(7, s, ®). Being an Eisenstein series, it is easy to prove modularity.
Then, one has to compute the Fourier expansion of E(7,s, ®) and show that you get
Z(7). During this computation, it turns out that each of the nonholomorphic terms
comes about from an indeterminate expression. Specifically, for each nonholomorphic
term the simple pole of the Riemann zeta function at s = 0 ends up canceling with a
zero from something called a local Whittaker function, giving rise to an incomplete
gamma function. However, when we do similar computations in the case of K 2 Q
the analogous calculation ends up seeing the pole of the Dedekind zeta function (x at
0 multiplied by a local Whittaker function for each Archimedean place of K. Each
Whittaker function will have a simple zero, and so if K has degree n, the Whittaker
functions will in total contribute a zero of order n. However, (x has a simple pole

and hence the indeterminate expression will evaluate to 0.

Finally, we note that our Fourier coefficients above originally come about as L
functions which were rewriten in terms of H(m) using the formula

o (i

In fact, it seems to be common practice to prefer using L functions to express Fourier
coefficients of such series, since they generalize more readily than class numbers. Even
more strongly, one may observe that the quantity L (0, (ﬂ)) prn(K[v/—m]) is itself a
possible way to generalize the notion of Hurwitz class number, different from the one
we chose. Of course, we have already given our reasons for preferring our choice of
H(m).

Finally, we summarize the steps we will follow to prove this result. We are mainly
trying to follow the outline given in [[XY'10] to evaluate the Eisenstein series E(7, s, @)
in the case of Hilbert modular forms. [KY10] is generally an outline for those who
are already somewhat familiar with the concepts involved, so we will take the time to

elaborate on all of the necessary details and attempt to collect together most of what



one needs to understand the argument into one place. [IXY10] also only performs the
arguments in the case K = Q, so we rely on [HI13], [Sul6], and [KRY06] to help fill
in details in the case of general K (although, again, when using [[{RY06] we only use
the case of Hilbert modular forms and not Hilbert-Siegel modular forms). Although
most of the steps directly generalize form [KY10], due to difficulties in tracking down
arguments for some steps as well as differing notation and different coordinate systems
between different references, I have chosen to include proofs for as many arguments as
possible. I hope this will help make the paper a somewhat self-contained collection of

the relevant ideas.

The actual core of our argument in [I{Y10] is to build an Eisenstein series E(7, s, ®)
out of a sum of functions ®(¢’, s) which are called sections and collectively form a
certain representation /(s, x) of a metaplectic group. As such, we start by discussing
metaplectic groups and build up many of their relevant properties. We next discuss
the Weil representation, which is a representation of the metaplectic group on a space
of Schwartz functions. The Weil representation requires us to fix a quadratic space
V. Spaces V of any dimension may be used, although the results we need will all
come from dimension 1. The Weil representation then gives rise to the representation
I(s, x) through a map called A. This gives us our functions ®, and from them we get

an Eisenstein series.

Depending on which functions ® € I(s, x) we choose, we can get a whole host of
Eisenstein series. We will be interested in a particular series called E**. This is in fact
the desired series with Hurwitz class number Fourier coefficients. However, actually
computing the Fourier series will be a grueling task, which boils down to computing

certain integrals called local Whittaker functions.

This takes us to one of the main steps that does not easily generalize from [IKXY 10].
The local Whittaker functions involve general quadratic Gauss sums over local fields.

Although it is not strictly necessary to compute the Gauss sums in order to evaluate



the local Whittaker functions in the case dim (V') = 1, we opt to evaluate them anyway

for the sake of getting closer to being able to evaluate the case dim(V') > 1.

As for the Gauss sums themselves, let K|, be a completion of K at an (even or odd)
finite place. For an unramified additive character’ ¢ : K — C, a quadratic character
X : Ok, — £1 (extend x to 0 outside of O ) and a € K*, b € K, we will compute
closed forms for the Gauss sums

ab) = [ lea® +ba)de, (ua) = [ x(@)lar)de
Ok, Ok,
which we call quadratic form and quadratic character Gauss sums, respectively. The
most difficult case is a quadratic form Gauss sum at an even place, the formula for
which is given in corollary 6.35. Although the two types of Gauss sum are effectively the
same thing in odd residue characteristic, they are not as obviously related for residue
characteristic 2. Additionally, since computing the Gauss sums requires building up a
significant body of work, we choose to take the time to include proofs of some fun
facts at little extra cost. Namely, we show a correspondence between quadratic form
and quadratic character Gauss sums in the case of residue characteristic 2 that mimics
the correspondence in odd residue characteristic in proposition 6.83. We also show
that in residue characteristic 2, for a € (1/4)Of, , b = 0, the Gauss sum 7(a,0) is a
“multiplicative character of second degree in a" (essentially a multiplicative version
of a quadratic form) and classify it up to isomorphism in proposition 6.71. After
computing the Gauss sums, we use them to compute the local Whittaker functions,
which will in turn give us our desired Fourier series. As already alluded to, I have
not managed to perform all of the computations in this paper in a way that works
for dim(V') > 1. However, a theme throughout is that I will attempt to do these
computations in as much generality as possible. This results in some propositions

being stronger than needed, but allows us to move closer to the case of general V.

3That is, trivial on Og but nontrivial on p~1.



Chapter 2

Notation and Setup

2.1 Notation

We start with some notation and conventions that will recur throughout. Let K D Q
be a totally real number field of degree n, Ok be its ring of integers, and 0 its different.
For a finite place p of K, let m be some fixed choice of uniformizer, p denote the
integer prime it lies over, e be the ramification index, f be the inertial degree, and
q = p’ be the size of the residue field. If a finite prime p lies over 2, we call it even.
Otherwise we call it odd. Use v, (z) for the m-adic valuation of x. Although we will
often use z to denote complex conjugation, sometimes (especially when it comes to

valuations) we will prefer to let it denote reduction mod 2. That is, v.(z) € {0,1}

such that v;(x) = v.(z) mod 2. We will point out any such uses of the notation.

Let K, denote the completion at p. For any sort of global object x, we will use
x, to denote its local version or local component at p. If the object comes with a
subscript such as z,,, then we will write the local version as x,,. All notation in the
first paragraph carries over to here as appropriate. Let 0, denote the different of
K,. We will often use 7, to denote the valuation of this local different. That is, let
0, = (). We may omit the subscripts if it is clear we are working at some place p.
Additionally, for the entirety of chapter 6 we will be focused on a fixed local field. As

such, for just chapter 6, K will instead be used to denote one of these completions K.



Let Ai be the ring of adeles. Let ¢ : Ag/K — C* be the standard additive

character given by

P(a) = [ e 2t [T e2ios, (2.1)

p<oo ploo

where {} denotes the fractional part, the trace is from K, to Q,, and the product is

over all primes of K.

We also recall the definition of smoothness of a function f on Ag. Write the
function as f(x,y) where x consists of all Archimedean places and y consists of all
non-Archimedean places. Then f is smooth if it is infinitely differentiable with respect
to x and is locally constant in y. That is, for each pair x, yo there exists an open set V
of the finite adeles such that yo € V and f(z, V') = f(20,y0). Furthermore, we require
uniformity in that our choice of V' will be valid for all z in an open neighborhood of
Zo.

Let G = SLy. For G(K) = SLy(K), let P = NM be the standard Borel subgroup

given by

N:{n(b):<(1) Ii):beK}, M:{m(a):<g a01>eKX}.

Obviously the definitions above also can define the groups G, P, N, M with entries
in the adeles or at any completion K, as well. For a place p, we use K, to denote
a certain choice of maximal compact subgroup of G(K,). We let K, = SO3(R) for

infinite places and for finite places let

K, = {(‘C‘ Z) € SLy(K,)

We use Ko, (N) to denote the further subgroup whose bottom left entry is in NO.

bedtced, a,deOKp}

(This is in reference to the notation I'g(N).) K is then used to denote the maximal
compact subgroup of G(Ag) which is a product over all places of K,. On the other

hand, ICo(N) will denote product of Ko, (N) over all finite places.

10



Following [KXY10], we will write
(0 -1
Y=l oo
This is the opposite of what is done in [[KRY06], who take w to be the inverse of the

above matrix. Some care must then be taken when comparing with their work.

We will denote a point in the n-fold product of upper halfplanes H™ as a vector 7.
Furthermore, given a number m € K, we will let m € R™ denote the image of m under
the Minkowski embedding. The main purpose of this notation will be in computing
the complex number 7 - 7, as an alternative to the more common notation tr(mr).

For 7 = (uy + vy, us + ivg,...) € H", we let

g7 = (n(w)m(y/or), n(ug)m(y/v2), . ..) € P(R)"

which when used as a linear fractional transformation takes i = (4,1,...) to 7. Further,

for 6 = (0y,...) € R let k(6) = (k(6:), k(62), .. .), where k(6) is a (clockwise!) rotation
matrix by 6.
Similarly to the notation in [Sul6], if we ever need to choose a branch cut for

an exponential a® with a,b € C, we will default to taking a® = e*™@ for —7 <

Im(In(a)) < .

2.2 Modular Forms

We quickly recall the definition of a modular form, modular forms of half-integral
weight, Hilbert modular forms, and then Hilbert modular forms of half-integral
weight. See [Fre90] for details on Hilbert modular forms. See the start of [Shi87] and

N

proposition 1.2 of [Shig5] for the definition of the half-integral weight case.'

Standard modular forms: Let I' C SLy(Q) C SLs(R) be a subgroup commen-

surable with SLy(Z) (two groups are commensurable if their intersection has finite

!Shimura uses a slightly different normalization on his modular forms than the rest of our sources.
In our chosen notation, the functions Shimura considers are of the form f(7/2) where f is a modular
form. This explains Shimura’s slightly different level group.

11



index in each of them). Let k be an integer. A modular form of weight k level I is a
function f(7): H — C that is holomorphic, bounded as I'm(7) — oo and obeys the

modularity condition

fom = er+app(n). = (0 F)erren

and 7 is given by the Mobius transformation

at +b
et +d

T =

We use j(v,7) = (ct+d) to refer to the automorphy factor in the (weight 1) modularity

condition.

Modular forms of half-integral weight: The theta function

0(r)=> 2T e H

ne”L

obeys a modularity condition of the form

o) = o 0(r). v emal) ={ (¢ ) € sTa@ilc}

where j is an automorphy factor satisfying the relation jy(v,7)* = j(v,7)%. This
makes 6(7) into a modular form of level I'g(4) and “weight 1/2", since we have
jo(v,7) = £/EIVc + dr. Note that we couldn’t simply define jo(7,7) = /4 (7,7)
since this is not a factor of automorphy due to the signs not working out. For I" C T'y(4)
and a (non-integral) half-integer k, a modular form of level I weight k is a function
f(7) : H — C that is holomorphic, bounded as Im(7) — oo and obeys the modularity
condition

for) =jo(v,m)(er + ) 2f(r), yel, TeH
Note that if one multiplies a modular form of weight k; by a form of weight ko, one
does not get a form of weight k; + ko, since j7 # j. An alternate (non-equivalent!)
way that people sometimes define a modular form of weight k is by the transformation
property
fOr) =goly, 1) (1), v€L, T€H

12



Each definition has its advantages, although the forms we will be building fit the
latter of the two. Forms of weight 1/2 are the same in both definitions, so for those
there can be no confusion. When we later need to specify that a form f is of weight
3/2 with respect to the second definition, we will instead say that f x 6 is of weight 2.

This allows one to unambiguously specify which conventions are being used.

Hilbert modular forms: Given our totally real number field K of degree n > 1,
let ¢1...t, denote the embeddings of K into R. Given x € K, temporarily let
x; = t;(x). Then, we may embed SLy(K) as a subset of SLy(R)" using the Minkowski

(e o)~ (G o) )

Under this embedding, SLs(Ok) is a discrete subgroup. Let I' C SLy(K) C SLy(R)"

embedding

be a subgroup commensurable with SLy(Ox) (under our embedding). Let k € Z".
A Hilbert modular form of level I' weight k is a function f(7) : H* — C that is
holomorphic and obeys the modularity condition

fO7) =1I(em +d)™ f(7), ~yel, FeH"

=1

and ~7 is given by the component-wise Mobius transformation

. a;T; + bz
- C;T; + dz

(v7)s

We do not ask for boundedness as I'm(7) — oo, since this is implied by the other
conditions when n > 1 by the Koecher principle. If all components of k are the same

integer k, then we say the Hilbert modular form has parallel weight k.

Hilbert modular forms of half-integral weight: Given x € K, we use ¥ to

denote the vector (x1, z,...x,). Let O be the different ideal of K. The theta function

=
Oc(7) = Y T Fe

neOk
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obeys a modularity condition of the form

O (VT) = Jo(7, Tk (T),
v eT[07 1, 40]) = {(ﬁ Z) € SLy(K) ’ bed ' cedd, ade OK} (2.2)

where jy satisfies the relation jp(y,7)* = [17,(c;7; + d;)®. This makes 6(7) into a
modular form of level T[0!, 49] and “parallel weight 1/2". The appearance of the
different ideal may be surprising, but things clear up quickly if one attempt any direct

calculations.

1t

Example 2.3. Fiz t € 07! and let v = (0 1

> € T[071,40]. Then we have

YT = (11 +t1,...Tn + tn). Thus,

Oc(07) = 3 2T 7 e gy

neOK

Howewver, for n € Og,t € 01 we have

37 Tr(n2
e?mn e27rzTr(n t) _ 1

since the trace of any element of =1 is an integer. So, we get O (YoT) = Ok (7).

For ' C T[0!, 40] and a weight vector k all of whose components are (non-integral)
half-integers, a modular form of level I" weight k is a function f(T): H" — C that is

holomorphic and obeys the modularity condition
fOyT) = Jo(v, 7 H ciTi + d;) '_1/2f(7_"), ~vel, 7eH"

If all entries of k are the same half-integer k, we say f is of parallel weight k. However,
we will instead prefer to use a different (again non-equivalent) definition. For this

definition, we only have forms of parallel weight k. The transformation rule is

fO7) =Jo(v, T)* f(7), vel, TeH"

14



Chapter 3

The Metaplectic Group

3.1 Motivation

We start by describing the classical treatment of the metaplectic group and why this
group is relevant to our construction (the answer boiling down to the fact that our
modular forms will have half-integral weight, although in some sense this only pushes
the question back to one I do not know the answer to). We will not use this description
of the metaplectic group in our arguments, but it still makes for decent motivation.
When we were discussing (non-Hilbert) modular forms of half-integral weight, we
ran into the complication that we could not simply use v/cr + d as a weight 1/2 factor
of automorphy since the signs don’t work out. A rather simple way around this is
instead of having the group SLs(R) acting on the upper half plane, one can instead

consider the group of pairs

Mps(R) = ((i Z) 7 f(z)), where (i Z) € SLy(R), f(2)% = er +d

Here, f(z) must be a holomorphic function on #.

So, an element of this classical metaplectic group is just an element of SL, along
with a choice of which sign to use on the automorphy factor. One could go further

and simply think of it as the group of all possible automorphy factors. Composition
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in this group is given simply by composing the chosen automorphy factors. That is,

(91, f1(2)) * (92, f2(2)) = (9192, [1(922) f2(2))

This group therefore gives a natural way of working with automorphy factors of weight
1/2 without needing to choose signs. Hence, the fact that we wish to create a modular
form of weight 3/2 makes the appearance of the metaplectic group actually quite

natural as a starting point. We close with two remarks.

First, it is clear that Mps is a double cover of SLs. Topologically, we have that
SLy(R) is homeomorphic to S* x R%. As such it admits a unique nontrivial topological

double cover. This cover is Mp,.

Secondly, we connect this group back to the automorphy factor coming from the

function. To do this, consider the 4-fold cover of SLs(R)

H= ((Z Z) ,f(z)), where (Z Z) € SLy(R), f(2)* = (er + d)?

Then, our choice of weight 1/2 automorphy factor j actually gives us a section of the
covering map taking I'g(4) — H. Indeed, the existence of such a section is equivalent
to finding a way to “choose the signs' on v/er +d. It is worth noting that such a
section does not exist on a larger subgroup than I'g(4), which is why one will run into
various divisibility by 4 criteria when looking at the level of a half-integral weight

modular form.

3.2 Important functions

Fix a completion K, where p is either finite or infinite. In order to define general
metaplectic groups, we will need a collection of specialized functions, some more
esoteric than others. We start by collecting a set of such functions related to the place

p and state some important properties of each.
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3.2.1 The Hilbert Symbol

We start with the Hilbert symbol. The (quadratic) local Hilbert symbol is a commu-
tative function (-, -), : K, x K, — £1 is given by

(. b) {1 ax® 4 by® = 2* admits a solution in K} —{(0,0,0)}
CL, p -

—1 otherwise
For example, if K, = R, then the Hilbert symbol is -1 iff both arguments are negative.
In the case of a non-archimedean field, the Hilbert symbol is related to the quadratic

residue symbol.

The Hilbert symbol vanishes when either input is a square, owing to the solution
(2,9,2) = (1/a,0,1) of a®x? + by? = 22. A less trivial property is that the Hilbert
symbol is bimultiplicative, from which it follows that the Hilbert symbol is actually a

function (-, -), : K /K;? x K /K;* — £1. It also obeys the identities
(a,1—a), = (a,—a), =1

Whenever p is odd and a,b € Of(p, we have (a,b), = 1. As such, when a,b € Aj are
members of the Idele group, we see that the local Hilbert symbols (a,b), will be 1 for
all but finitely many places. This allows one to define the global Hilbert symbol
(a,b)s := [] (a,b)p
p<oo
Finally, whenever a,b € K, we have (a,b), = 1, which may be thought of as a product

formula on the local Hilbert symbols.

3.2.2 The Weil Constant

Next we discuss the Weil constant, also known as the Weil (local) index. Much of the
following discussion comes from sections 1 of [HI13] and [Sul6]. Let S(K,) denote
the set of Schwartz functions on K. If p is archimedean, this is defined to be the set

of smooth functions of fast decay. If p is finite, this is defined to be locally constant
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functions of compact support. All of the following definitions will depend on our
choice of additive character 1, which for us is the standard additive character given in
equation (2.1). In particular, the Weil constant depends on our choice of 1, although

we suppress this in the notation.

For each Schwartz function ¢ € S(K,), the Fourier transform &5 is given by

da) =" [ olyplay)dy
p
where the measure ¢~"/?dy is the self dual Haar measure for the Fourier transform.
For each a € K, there is then a constant called the Weil constant, which we denote
Yw(a). It is defined by and satisfies the identity

[ d@rilart)dr = yu(@)2a 2 [ ) (‘i) dx (3.1)

P
for any ¢ € S(K,)." If K, # C, y,(a) is a non-constant in a. The Weil constant
Yw(a) is an eighth root of unity which only depends on the class of a in K /prz.

Furthermore, for any a,b € K, y,(a)/7,(b) is always a fourth root of unity. *

It satisfies 7, (—a) = Yw(a), and for any a,b € K, we have

Yo (@) Vo (D) — (a
ru(Dru(ab) (0 (3.2)

If Ky is non-Archimedean over an odd prime and a € O, then y,(a) = 1. Combined

with equation (3.2), we see that for an odd place and a,b € Oﬁp, we have (a,b), = 1.

For a € K*, the Weil constant obeys the product formula
II w(a) =1 (3.3)
p<oo

In the case of an infinite place, the formula for 7, is well known. (See [HI13]

section 7 for b = 1 and section 1 for how ~,, varies with 0.)

n [IKRY06], the the notation for this Weil constant is v(n), where 7 is an additive character on
K,. The two notations compare via v, (a) = y(¢(az)). In [KRY06], n is taken to be ¥((1/2)x).

2This implies that, depending on the local field, 7,,(a) is always a primitive eighth root of unity
or it is always a fourth root of unity. The former case happens iff p is even and K, is an odd degree
extension of Qs.
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Fact 3.4. If K, = C, then y,(a) = 1.
If K, = R and one has chosen an additive character with 1y, ,(t) = e*™ where
be K, then

’Yw(a) _ 627ri~sign(ba)/8

(By our choice of 1, we are in the case b=1.)

The case of finite places is harder, but we can make a first step in this direction.

Lemma 3.5. Let p be finite. Let ¢po(t) € S(K,) denote the characteristic function of
Ogx.. Then

p

~

Go(t) = q~"Pdo(n"t)
Proof. This follows immediately from the definitions. m

Lemma 3.6. Let p be finite. Let e = v,(2). In other words, it is the ramification
index if p is even and 1 otherwise. Write a = u, * 7@ where u, is a unit. Let

v.(a) € {0,1} denote the value mod 2. Then,

Ok,

(G (ua() xQ) dx (3.7)

7T262+r+r+vﬂ- a
Proof. Since the Weil constant is insensitive to square factors, we have v, (a) =

Yo (#) Equation (3.1) with ¢ = ¢ now tells us

TI’2€2 +r+r+vr(a)

/ 0 (u“x?) dr =
OKP 7T2€2+7‘+r+v7r(a)

~ Ugq 9 Uq
w 7T262+r+r+v7r(a) 7T2ez+r+7"+v7r(a)

—-1/2 2ea+r+r+vr(a) .2
q_r/Q/ (G (—W ° ) dz
w—TOKp 4U/a

(3.8)
Since %ﬁ:wd) * T € 0y ! the right side integrand is identically 1 and the result
follows. O

This identifies the Weil constant with a particular integral called a Gauss sum.

Once we compute the Gauss sum later, we will have a formula for the Weil constant

19



for finite p. For now, we will only be able to calculate the Weil constant in simple

cases.

Remark 3.9. The integrand in equation (3.7) only depends on the value of u, mod
m2eetroe@) It follows that v, (a) only cares about the value of u, mod w2¢2+ +vs(a)

2e2t1 ahich is mod w for odd places!) In

(which we could upper bound as mod 7
particular, it follows that for any finite place p, y,(a) is a continuous function on K.

(Continuity on K* also follows for infinite places by fact 5./.)

Example 3.10. Let K = Q and p = 2. At this place, recall (t) = e 2™ and take

m=2. We have ¢ =2,e5 = 1,7 =0. We may calculate

Yo(1) = 212 /OK (% (le x2> dx

The value of x* only matters mod 4 in the above integral. We know that mod 4, x* is
either 0 or 1 depending on if x is even or odd. Hence, we get

=2 (o (1) 2 (f-9) -

Remark 3.11. The Weil constant v,,(a) is not defined for a = 0, but it will notationally
convenient to pretend that v,(0) = 1. We will adopt this convention, although one
needs to be very careful to note that this v,(0) does not play well with any of the nice

formulas or properties enjoyed by the Weil constant.

3.2.3 Local Factors

These next facts about quadratic spaces and “local factors" composed from Weil
constants are mainly from the appendix to [RR93] and section 8 of [[KRY06]. There is
also a commonly used relative variant of the Weil constant. Per p. 367 of [RR93], for

a € pr let
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For our purposes, a quadratic space (V,(Q) is a pair consisting of a K, vector
space V' and a nondegenerate quadratic form @ on V. Let (z,y)g = Q(x +y) —
Q(z) — Q(y) denote the associated bilinear form. We will often use L to denote a
sublattice of V and L* to denote the dual lattice under (z,y)q. Let det(V) € K /K?
denote the determinant of the matrix of this bilinear form when written in any basis.
Also associated to V is a character xy(r) := (z, (—1)4mV)dm(V)=1/2get (V) (see
[[KRY06] lemma 8.5.6). Nondegeneracy of @ will be important so that det(V') # 0, as

well as the relation L** = L.

We will only end up needing the case dim (V) = 1, but list the more complicated
formulas to make it easier to find where they were taken from [[KRY06].

There are a number of so called local factors associated to a quadratic space. First,

we have the Hasse invariant. In the case that V' possesses a diagonalizable quadratic
form Q ~ X" a;z?, this is defined to be
h(V) = [{ai, a5),
i<j
and is independent of the diagonalization. We will not define the Hasse invariant for
non-diagonalizable forms, but will mention that non-diagonalizability can only happen
if p|2. For a full definition, see definition A.6 and lemma A.7 of [RR93]. Note that in

the case that V' is 1-dimensional, h,(V') is vacuously 1.

Following [[X{RY06] equation (8.5.21), we may now define the local factor’

630 ) = s () e

1 1 dim(V)—1 (3.12)
= Yw <2det(V)> o (2> hy (V)

In the case dim(V') = 1, this is simply 7, (%det(V)). There is one more local factor

3In actuality, this local factor is defined to be a Weil constant which can be associated to the
function v (%Q) However, this formula will suffice for our purposes, so we take it as the definition.
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that will show up later. It is given by"

1 1 -1 1 13 2-dim(V)
1= (5)7 (v (5) 0V) = (—5det)u(3)  hV)
Under the further assumption Q(z) = (1/2)z?, we have det(V) = 1 in which case

(V) =1
3.2.4 jand x

Finally, we quickly define the j and z functions. x is given at the top of page 364 of
[RR93]. j can be deduced from the comment after [[XRY00] equation (8.5.17) and

[RR93] definition 5.2.
Given a matrix in G(K,), let
f[a b 0 c=0 a b c ¢#0
() I P () B
Any time we will be using z(g), we will only care about its output up to a square.

This makes the next lemma, which is 5.1 from [RR93] particularly useful.

Lemma 3.13.

13(p19P2)KpX2 = x(pl)x(g)x<p2)[(p><2a p1,p2 € P(Ky), g€ G(Ky)

Proof. We show x(p1g) = z(p1)z(g) and then z(gps) K* = x(g)x(p2) K. The first

formula follows immediately from

dt b\ (d ¥V % x
0 d)\d d&) \dd dd

While proving z(gp2) K;* = x(g)x(p2) K,%, we may assume that g ¢ P(K,), since

then the result would follow from the first case. We observe

a U\ [(dt b\  [dld
d d 0 d) \d' =«

Since g ¢ P(K,), we know ¢’ # 0 and the result follows immediately. O

4In [KRY06] equation (8.5.21) there is an additional factor written xy (—1). This extra factor is
missing here due to the choice of matrix w we made when introducing notation.
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3.3 The Local Metaplectic Group and Coordinate
Change

The following is based off of [KRY06] section 8.5 and [HI113] section 1. Although
not used directly in this section, other major references on this topic are [Gel06] and

(W64].

Warning 3.14. FEverything in [KRY00] section 8.5 makes the assumption v is an
unramified (kernel is Ok, ) character, which is contradictory to the choice of 1 we have
made. This is needed for some of their results, although many of the results (including
all of the results we need) do not depend on this assumption. This becomes clear since
there are no unramifiedness assumptions being made in the corresponding propositions
of their sources. As such, whenever we cite work from [KRY006] section 8.5 we will

either provide proof or cite the source that they used.

For two matrices g1, ¢2 € G(K,), we define a function on them called the Leray
cocycle. In our case of G = S Ly, [KRY06] Example 8.5.1 based off of [RR93] Corollary
4.3 gives us the following formula, which we take as the definition.

a; b

Definition 3.15. Let g3 = g19o and write g; = (C. d.

). The Leray cocycle is then
given by
1
cr(91, 92) = Y (2016263>
If cicac3 = 0, then the Leray cocycle is taken to be 1. cp depends on our earlier choice

of character ¢ (via the Weil constant) although we suppress this from the notation.

From the definition, it is easy to see ¢y, is trivial on P x G and G x P. We will
later show ¢y, is non-trivial on K x K.
We may use this cocycle to define the (local) metaplectic group G',- Let T denote
the group of complex numbers of norm 1. As a set, define
x, = G(K,) x T
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We will denote an element in this set as [g, 2|1, where ¢ € G(K,) and z € T. By

[KRY06] example 8.5.1, the composition law

[91, Z1]L[92, Z2]L = [9192, leQCL(gla gQ)]L

turns G’Kp into a group. The subgroup [1, T}, is the center of this group, making G’KP
a central extension of G(K,) by T. Given a subgroup H C G(K,), we will use the
notation H' to denote the subgroup of G’Kp consisting of elements with first coordinate

in H. We will mainly use this to define the groups P'(K,) and K.

Remark 3.16. For any g € G(K,), we have ci(g,[I,2]r) = 1. It follows that for any

g/ = [gv Z]L € Gll(p we hCLU€ [ga Zl]L[I722]L = [gazlzZ]L-

Example 3.17. Let K = Q and p = 2. As an example of a non-trivial multiplication,

)16 3) ] =1 ) i)

we have

Using example 3.10, we may choose to simplify iv,(64) = iv,(1) = *>™/8.
Example 3.18. Let p be Archimedean so that K, = R. Define
€:[0,4m) - T e(f) = €(§n+1>m e )
e 1 mm<f<(n+1)m

For example, we are letting

1 0=0
e 0<f<m
il g n

«(6) = e2m*3/8 < f < 21
et 0 =2r

The set of pairs of the form

[u@dmh=[<2§@)2§%»dmk
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—_—

is a subgroup of Gl which is isomorphic to SO5(R), the double cover of SO5(R).
Rather than prove this is a subgroup, we will verify an example calculation. We check

that
[Fn 2, €(7 /2)][Ksmja, €(3m/4)] = [Ksrya, €(5m/4)]
This is equivalent to checking

1 _1 1 i T . s
e(m/2)e(3m/4) Y (2 * —1 * 7 * 2) = e(bm/4) <+ eTeTer8 = e

We would now like to define a global metaplectic group on the set Gy . = G(Ag) xT.
The naive thing we would like to do is to simply define a global cocycle ¢f, : G(Ak) X

G(Ak) — T as the product

cL(g1, 92) = HCL,p(91,92) (3.19)
p

of local cocycles acting on g; and g9 at each place. From this we can then define

(91, 21]L]92, 22]L = (9192, 2122¢1(g1, 92)] - Unfortunately, this does not quite work. In
order for the global ¢y, to be well defined, for any input pair g1, go we need the local
cocycles to evaluate to +1 at almost all places. However, it is quite easy to cook up

examples where this fails.

Example 3.20. Fiz any odd prime p. Since 7y, (a) is not a constant function, choose

u € K, so that v,(u) # 1. Let

(10 (1 0 (1 0
e =\1 1) P27 \2ur 1) I T 14 2un? 1

Then, we can calculate

cLp(Grps G2p) = Y (U7T2<1 + 2u7r2)) = Y (u(l + 2u7r2))

By remark 3.9, we know that the quantity u(1+ 2un?) only matters mod w. Hence, we
get yw(u) # 1.
Thus, we can choose g1, go € G(Ag) whose local components look like the above at

each odd place. Then, there will be infinitely many local cocycles that evaluate to -1.
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There are a number of ways to get around this issue. [HI13] section 8 uses an
alternate construction that only considers products of finitely many local cocycles
and their associated double covers, and then builds G as a direct limit. We will
follow a more explicit construction from [KKRY (0] sections 8.5.1 and 8.5.5, where we
salvage the naive approach. We do this by changing coordinates to a new system
called normalized coordinates. In this new system we will have a new cocycle ¢y which
is trivial on K, x K,. Since in equation (3.19), g1, g2 € K, for almost all places, it
would follow that almost all of the local cocycles would be +1 and the product would
be well defined. Let us start this process by explaining what we mean by changing

coordinates.

Definition 3.21. Given a continuous map of sets € : G(K,) — T, we make the
definition
[ga 2]6 = [g,ZE(g)]L

The pairs (g, z]c inherit a group law from G/1<p7 which can be calculated as

(91, 2192, 22]e = [91, 21€(91)] 1[92, 22€(92) |1 = 9192, 2122¢1.(91, 92) L€(g1)e(92) L
= (9192, z122¢L(91, 92)€(g1)€(g2)€(9192) ']

Thus, we could choose to instead work with pairs [g, z|. and define multiplication
using the new (cohomologous) cocycle c¢. = c1(g1, g2)€(g1)e(g2)e(g1g2) L. This yields
an isomorphic way of working with the metaplectic group and is what we mean by

changing coordinates.

3.4 Rao Coordinates

An example of another coordinate system that sees heavy use called Rao coordinates.
This is the preferred coordinate system of many of our sources, including [HI13] so we

take a moment to list its properties for future use.
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Definition 3.22. Rao coordinates are given in terms of Leray coordinates by [KRY 6]

equation (8.5.17). This is based off of [RR93] Section 5. We have

l9,2]r = [9,28(9)]L

where
B(g) = 1w (2(g), 1/2) " 7 (1/2) 7@

The associated cocycle cg is called the Rao cocycle. It is given by’

crlgr, go) :< z(g1)  x(g2) >p

$(9192)7 33(9192)

As examples, the change of coordinates formula tells us that
[[7 Z]R: [[7 Z]L7 [Ia Z]R: [Ia ZVW(_171/2>71]L

Furthermore, for any g € G(K,), cr(g,I) = 1 so we still have the relation

l9, 21|r[I, 22]r = [g, 21 22| g, similarly to remark 3.16

Remark 3.23. A remarkable property of the Rao cocycle is that it is valued in +1.
Hence, one actually has a subgroup G(K,) x £1 C G(K,) x T. This subgroup is a
non-trivial double cover of G(K,), which is also referred to in many contexts as the
metaplectic group. Of course, in other coordinate systems, this double cover will not
look as nice (see example 5.18). There will even be a double cover buried inside the

global metaplectic group once we build it.

Finally, we note that unlike Leray coordinates, Rao coordinates fail to be trivial

on P x .

SRao gives a formula for cg when G = SLj in a remark on page 364, where he notes that in
the case of G = SLo, his cocycle is equal to Kubota’s cocycle. The formula we have listed is a
rearrangement of Rao’s formula from [HI13] section 1.
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3.5 The Weil Representation

In order to create the normalized coordinate system, we will need to choose an
appropriate € in definition 3.21. This will be done using an important tool - the Weil
representation. The following is [[KRY06] lemma 8.5.6, which gives an explicit formula
for how ¢’ = [g, 2|1 acts in this representation, and which we will take as its definition.
This lemma is based off of Proposition 4.3 of [Kud96], which gives the action of an
element ¢’ = [g, z]r instead. However, the only difference in the formulas is a slightly
different Weil constant in front. It is trivial to check that they become the same upon

changing coordinates.

Definition 3.24. Given a quadratic space (V,Q) we have an associated Weil repre-

sentation wy of G’Kp acting on the space of Schwartz functions S(V'). For a matriz

g= (i 2) and ¢(t) € S(V') it is given by

ol o0 = xvtot6) (=5 () 5 (0 (b)) vt

where

rv(g)o(t) = / Y (;(at, bt)q + (bt,cy)q + ;(Cy, dy)@) ¢ (at + cy) dgy

yecV

and dim(V') € {0,1} denotes the value mod 2. Here, we should interpret the domain

as

- V ¢c#0
0 ¢=0

and dgy is the unique Haar measure on ¢V that makes ry(g) unitary under the inner

product
<¢1,¢2) :/V¢1<t)¢27(t)dt

(In particular, this asserts that such a Haar measure exists.)
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We are interested in the case dim(V') = 1, in which case the local factor out front

simplifies slightly to

i(9) —i(9)
(. A0)o(t) = 2Geg), det(V )y o (5 ) (5etV)) T 9ol

Finally, we remark that whenever dim(V') is odd, the Weil representation obeys
wy (g, 2]1)o(t) = 2wy ([g, 1]1)@(t). This property is often referred to by saying that

the representation is genuine.

3.6 Normalized Coordinates for Odd Primes

In this section, we will only consider the case of an odd prime p.

Consider the Weil representation associated to the quadratic space (V = K, Q(x) =
(1/2)x?). We have (z,y)g = zy and det(V) = 1. In this case, the local factors out

front disappear and the Weil representation is given by

(19 0000 = 21 (9. 50000) = = [ (Gabt? + bety + Sedy?) o at + cy)dyg

yecKy
It will be helpful to consider this representation on generating set of G/Kp where its

behavior is easier to understand. Let

n(b) = K(l) ?),1L (be K,), m(a)= Kg a01>,1L (a € K,

e[ )],

where the boldface indicates we are forming a matrix in the metaplectic group.

Proposition 3.25. The Weil representation wy acts on a Schwartz function ¢(t) €

S(K,) via



Proof. We will verify the second formula and leave the rest to the reader. The
remaining three formulas are just as easy and follow by the same argument we are

about to make. For the matrix m(a), we know

wr(m(@)o(t) = [ 6(0)6 (at) dgy = dlat)ulg)

ye{0}
where p(g) is some unknown positive real number coming from the Haar measure.
To disambiguate yi(g), we will use ¢y, which is the characteristic function of Ok,. In

order for 7y to be unitary, we must have

(rv(m(a))do, rv(m(a)) o) = (o, do)

Which is the same as
[ nlg) oottt = [ oot
Ky Ky

Since ¢ is a characteristic function, we have

p(g)? / dt= | dt
a_lo}(p OKp

from which we get u(g)?|a|™ = 1, concluding the proof of this case. O

The following proposition is commented on p. 322 of [KRY06].

Proposition 3.26. Continue taking p to be an odd prime and letting ¢ € S(K,)
denote the characteristic function of Ok, . Then there is a character € : Ky — T such

that
w(g')o(t) =€ 1(g")do(t) (3.27)

for all g" € K. ¢! is genuine, which means that it obeys

¢ (lg, 2lr) = ze([g, 1r)

€ 1s given explicitly in all cases by

cr " is a unit

3.28
Y (—2¢d) d is a unit (3.28)



Recall that by our convention v,(0) = 1. If ex=",d are both units, then both formulas
hold.

Proof. To show that ¢, is an eigenfunction, we observe that for matrices in K, we

have
wy (m(a))po = wy (n(b))po = wy (War)do = Po

We again check one of the cases and leave the rest to the reader. If m(a) € K, then
a must be a unit, and so |a| = 1. The result follows. The other two cases are just as
easy.

Since the above matrices along with [1, 2], generate K, it follows that ¢y is
an eigenfunction under all of K. Although ¢y is fixed by so many elements, the

eigenvalues will tend to be nontrivial due to the presence of the cocycle cy,.

1

Now that we know ¢! is well-defined and is a character, the claim that ¢! is

genuine follows directly from the genuineness of the Weil representation.

Now we calculate €71, from which the formula for € will follow. Since it is genuine, it

suffices to verify our formula only for ¢’ = [g, 1]. First we calculate é~' on P'(K,) N K.
1 = 1 , 1
(o o), =06 216 ),
d' b
w<l<0 d>’1L>¢O_¢O

Now we proceed in two cases. First, consider the case that cm~

Write

and so we get

" is a unit. We

compute the factorization of matrices (where at each step we always factor the

rightmost matrix)

a b\ (c'am oar"\ [0 -7\
c d) 0 en ")\ 7" denm )

" oar"\ (0 =7\ (1 de7t)
0 e " 0 0 1 = g19293
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It is easy to check that that as we perform each product, the Leray cocycle is always

trivial. Therefore,

o([(5 8) 1] )= stion s o 10 1)

However, we know that all three matrices on the right side act trivially on ¢q, which

concludes this case.

For the second case, assume that d is a unit. Then we use the factorization (where

at each step we always factor the rightmost matrix)
a by (d' b 1 0\ d!' b 0 —7n 7"\ (dlen™™ w7
c dl\o0o d/\dte 1) \ 0O d/\x" 0 —7" 0
d?t b 0 —7 "\ (1 —dler™? 0 ="
“\o 4\ o )\o 1 —r 0 ) T 19

Out of the three factorizations we did, the Leray cocycles associated to the first and

third are trivial due to the upper-triangular matrix involved. However, for the second

1 0 (0 —m7" dler™ 77"
d e 1) \#n" 0 —7" 0

the associated Leray cocycle is 7, (—%d_lc) = Yw(—2cd) if ¢ £ 0 and 1 if c=0. By

factorization

our choice of 7,,(0) = 1 we may treat these as the same case. We get

Ki Z) » Y (—2cd)L = [g1. 1], [92, 1), [95, 1], [94. 1],

All the matrices on the right side act trivially on ¢q. Hence, we get
wl[[® 2) 1] )o, = (2¢d) ¢
c d 9 . 0 — ’Vw 0

€ ([9,1]1) = 7w (2cd)

and so

m
We can use the character € to define a function € on K, simply by
1 c is a unit
=¢€(lg, 1) = 3.29
e(9) = &g, 1e) {%, (—2cd) dis a unit (3:29)
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Lemma 3.30. Let p be odd. For all g1, 92 € Ky,

cr(g1, 92)€e(g1)e(g2)e(gr92) ™ = 1

Proof. We know

w([g1, 1 L)w([g2, 1) do = w([g192, cL(91, 92)] L) Po

From the definition of €, this becomes

e(91) "e(g2) " do = e(g192) e g1, 92) b0
and the result follows. O
As our notation suggests, our choice of € for use in definition 3.21 will be the above
function. The only remaining issue is that our € is only defined on the set K, and not
all of G(K,). This can be easily remedied using [KRY00] equation (8.5.10), which we

do, which is the below proposition 3.31. First, we can see from the definition that € is

trivial on P(K,) N K,, since ¢ = 0 for such matrices.

Even more strongly, € is left invariant to P(K,) N K,. Let p € P(K,) N K, and

g € K,. By lemma 3.30, we have
€(pg) = e(p)e(g)cc(p, g) = €(g)
This suggests a way to extend e to all of G(K,).

Proposition 3.31. For any g € G(K,), write g = pk for p € P(K,) and k € K,.

Then, we may extend the definition of € by setting

This definition is well defined in that it doesn’t depend on the decomposition g = pk.

Proof. The proof is a standard argument. If g = p1k; = poks, then set h = py'p, =
kiky'. Then h € P(K,) N K, and so e(ky) = e(h k1) = e(ky). O
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We now define normalized coordinates as in [KRY (6] equation (8.5.11) and then

discuss some properties they mention right after.
Definition 3.32. For any odd place p, define normalized coordinates using the exten-
sion of € above. Set
9, 2]n = lg, ze(9)]1
with cocycle
en = cn(gr, g2)e(g1)e(g2)e(g192) ™

Lemma 3.33. cy is trivial on the sets IC, x ICy, P(K,) x P(K,), and P(K,) x IC,.

Proof. The first statement is lemma 3.30. The second follows since ¢, and € are both

trivial on P(K,). For the third, we calculate

en(p, k) = ci(p, k)e(p)e(k)e(pk) ™" = e(k)e(k) ™" =1
[l

Corollary 3.34. We may identify P(K,) as a subgroup of PI’(p via the splitting
map p — [p,1n. This gives a group isomorphism P(K,) x T — P given by
(p, 2) = [p, z]n, where the group on the left is the product group.

Similarly, k w [k, 1]y gives us a splitting map Ky, — K, and I, x T = K as
groups.

In particular, if g € P(K,) NIy, then vanishing of € on P(K,) implies that under

either splitting map we have g — [g,1]n = [g,1]L.

We will later use this corollary to think of P(K,) and K, as subgroups of Gk,

3.7 The Even Case

Rather than jump straight into defining the global metaplectic group, we will first
perform an analogue of the above computations for even places. This is based on

[KRY06] section 8.5.4. Throughout this section, p will always denote an even prime.
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When working with even primes, we will use the Weil representation associated to
the quadratic space (V = K, Q(z) = 2?). This has (x,y)g = 2zy and det(V) = 2. In

this case, the Weil representation is given by

1

(L9, A)(8) = 2(2(9). 20y 7

i(9) A
5) 7 r(g)el

with

Tv(9)o(t)

/ o (abt® + 2bety + cdy?) 6 (at + cy) dyy
y€cKy

Recall Ky ,(4) C K, is the subset of I, with ¢ € 40. Our goal is to show that although
¢o is not an eigenfunction under all of I, it is an eigenfunction under Ky ,(4). To
this end, we will again look at the Weil representation on a generating set in order to

get cleaner descriptions. In addition to the previous matrices we defined, let

(. ma=[( )]

Proposition 3.35. For the matrices in this proposition, assume that m(a), n(b), n_(c) €
Kop(4). Then, the Weil representation satisfies the following 6 statements, where
the first three are for arbitrary ¢(t) € S(K,) and the last three are related to ¢y(t)

specifically.

wy (m(a))o(t) = (a, 2)p0(at)
wy (n(b)g(t) = v (bt*)(t)

o (s )(t) = 121290 (5 ) 7 (1) 60 (20

1

(1) 26) = 1275 (5) 70 (1) 600

wy (1 (¢))¢o(t) = Yuw(2¢)do(t)

Also note that if we specialize statements 2 and 3 to the case ¢(t) = ¢o(t), the outputs

become (a,2),¢0(t) and ¢o(t), respectively.
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Proof. The first statement is trivial and is only included for completeness. We will
prove the second, fourth, and sixth statements. The omitted arguments are basically

carbon copies of the ones we give.

For the second statement, our assumption m(a) € Ko ,(4) implies that a is a unit.

We have j(m(a)) =0, so we get

v (m(@)o(t) = (a,2)y [ $(0) 6 (at) dyy = {a, 2y d(at)u(g)

ye{0}
for some positive real uu(g) depending on the Haar measure. We now compute 1(g)
using the same exact method as before. If ry/(g) is to be unitary, then in particular

we must have
(rv(m(a))go(t), rv(m(a))do(t)) = (¢o(t), Po(t))

Since a is a unit, we may use ¢g(at) = ¢o(t) to get

J oo®Puto)dr = [ oo(eyar

from which we conclude u(g9)*> =1 = u(g) = 1.

For the fourth statement, we get a leading factor of

(1, 2)p 0 (;) Y1) =1 @) y(1)™

The Hilbert symbol disappears in the case of —1 due to the equation 2% 12 —1%12 = 12

For the integral, we have

r(wer)oo(t) = [

yeK,

V(=2ty) b0 (Eny) dyy = [ (=2ty)dgy = pu(g)o (20

yen—" Ok,

where we have abused notation slightly in the last step. The idea is that since we are
picking p(g) to make this operation unitary, we may absorb any positive real factors
into u(g) beforehand and then choose 1(g) to make things unitary. In this case, a

factor of ¢" was absorbed.

To evaluate 1(g) we use the same trick and get

60 1 ulo)dt = [ ou(eya
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This becomes
ploP [ dt=1— ul(g?1/2 =1 = u(g) = 2"
(1/2)0k,

For the sixth statement, if ¢ # 0 we make use of the factorization

10y (0 —7" e "\ (0 —7" 1 —en™ 0 T
c 1) \#x" 0 -0 ) \x 0 0 1 -1 0

The Leray cocycles associated to these two factorizations are v, (—%WZTC> = Yuw(—2¢)

and 1 respectively. From this, we may conclude
n_(c)[1, 7 (=20)]L = Warn (=)W _qr

We may now use the previous statements in this proposition to conclude that

wy (n(c))Po(t) = 1 (2¢)wy (War Jwy (n(=c))wy (W_rr)do(t)

By statement 5 of this proposition, this becomes

= 2250 (170 (5) w(2e)ey (e (n(=0))u(20)

By statement 3, we have

= 2 (1 (5) (2o (wa i —et)oo(2)

However, ¢o(2t) restricts ¢ to lie in (1/2)Og,. Since ¢ is a multiple of 4, it follows that

—ct? will always be integral and o(—ct?)po(2t) = ¢o(2t). We get

= 125 ()7 (§) (20l (o )n(26) = 0 26)60(0)

as desired. If ¢ = 0 in this case, then n_(c) is the identity element, so we clearly get

¢o(t) as our final answer. This fits with our convention 7,,(0) = 1. O

Conjugating [KRY00] equation (8.5.26) gives us the following fact.

Fact 3.36. Every element of Ko ,(4) may be written uniquely in the form n(b)m(a)n_(c)

fora€ Ok ,be 0™, ce4.
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Corollary 3.37. There is a genuine character &' : Ko,(4) — T so that

wy (g)o(t) = € o(t)

For a,b,c € Ok,, it is given by
ea([n(b)m(a)n_(c). 21s) = 2(a, 2y7(~2¢)

In terms of the matriz entries, this is

& <l<‘; Z) z] L) — 2(d, 2) e (—2¢d)

Proof. The fact &' is a genuine character follows from a similar argument to the
odd case (see proposition 3.26). The first explicit formula follows immediately from
proposition 3.35.

To get the formula directly in terms of the matrix entries, first note that since 4/c
and our matrix is in SLy(Ok, ), a and d must be units. This lets us factor the integral

matrix as

o) = (5l )= 6 ) ()l 3)

From this, we see

(‘; Z) — n(bd~YYym(dYn_(cd™)

& (KZ 2) Z] L) = 2(d™", 2)yYu(—2cd™)

Since 7, and the Hilbert symbol are insensitive to squares, we may swap out that d—!

We get that

for d to get the desired formula. O

From this character, we get a function

e2(9) = &(lg, 1)) = (a,2)p7w(—2cd)

Unlike in the odd case, there isn’t an obvious extension of €, to all of G(Kj), so we

don’t get a normalized coordinate system.
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Corollary 3.38. The splitting map k — [k, ex(k)]p is a group homomorphism of

Koy(4) into K ,(4) and we get an isomorphism of groups Kq ,(4) = Kop(4) x T,

Via the above corollary, we can use the splitting map to think of /g ,(4) as a subset

of G, .
3.8 The Global Metaplectic Group

We may finally define the global metaplectic group using our earlier naive method.

This follows [[XRY06] section 8.5.5. The next definition is [[{RY06] equation (8.5.31).

Definition 3.39. Define the global cocycle ¢, : G(Ak) x G(Ak) — T as the product

Cg(glag2) = H CL,p(ngz) HCL,p(glag2) H CN,p(91,92)
ploc |2 p odd

of local cocycles acting on g1 and gs at each place. For any g1, ge € G(Ag) we will

have gy, g2 € Ky for almost all places and hence the global cocycle is well defined.

Let Gy, = G(Ak) x T as a set and denote an element in this set as [g, z],, where

g € G(Ak) and z € T. Give this set the group composition law

[917 21]9[92, 22]9 = [91927 leQCg(glaQZ)]g

We refer to this group as the (global) metaplectic group.

It will sometimes be convenient to refer to the p components of some ¢’ = [g, z|,,
which would lie in the local metaplectic groups. Our convention for this will be to
set g, = [gp, 1]z for p even and to set g, = [gy, 1]x for p odd. Note that none of these
depend on z, so we may also wish to introduce a z component, which we refer to as
zg. Of course, our choice of local components is fairly arbitrary and depends on our

choice of global coordinate system.

Definition 3.40. Given a collection of elements [gy, 2] in the local metaplectic groups

(using normalizaed coordinates for an odd place and Leray coordinates otherwise) as
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long as z, is almost always 1, it makes sense to form their product as an element of
G- Define

H Gps 2p) = H 9p> H wlg

p<oco p<oo p<oo
It should be clear that the local components of some ¢’ (as given above this definition)
multiply to ¢’ in the sense that
[1, 2¢]g H gp
p<oo
We call this the primary factorization of g'. In general, any product of local components
(along with possibly a [1, 2], term) that multiplies to an element g will be called a

factorization of ¢'.

If we have two factorizations ¢’ = [,<oo[9p.1, 2p.1] = [lp<oolp.2; 2p.2], We must clearly
have g, 1 = gy for all places. Furthermore, we know that all but finitely many of the

z components must be 1.

We conclude this section by noting that the local splitting maps we found earlier

imply global splittings as well.

Proposition 3.41. Let ICy ¢(4) C G(Ak finite) denote the set of all matrices where
¢ (the bottom left entry) is divisible by 4. Let Kq(4) C Gy, . . consist of all
elements with first coordinate in KCo(4). One may think of these as subsets of G(Ak)
and Gy by letting all infinite components be trivial. Then, the splitting map k
[l{, [T, ezp(k‘)}g is @ homomorphism of Ko ;(4) into K ;(4). From this homomorphism,
we get Ky ;(4) = Ko p(4) x T.

Proof. The global splitting map follows immediately from the local splitting maps we

computed in corollaries 3.34 and 3.38. O

Something new we didn’t have before is that there is also a splitting homomorphism

of G(K) into G, _. This is [KRY06] lemma 8.5.15.
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Proposition 3.42. (i) For g € G(K), €,(g) =1 for almost all p. Hence,

e(g9) = 11 &(9)

p odd

is well defined.

(it) For g1,9o € G(K), crp(g1,92)=1 for almost all p and we have a product

formula

H CL7p(91,92) =1

p<oo

(iii) A splitting homomorphism from G(K) to G, is given by

g lg,e(9)7"],

It is trivial on P(K) in that the map becomes
pr—= [ ) 1]9
(iv) We have

[9.¢(9) g = [1lgws Uz TT g €(g) " In ] lgw. L

p[2 p odd ploo

At every place p, the element of G’Kp in this factorization is equal to [gy, 1]

Proof. For (i), equation (3.29) gives €, at odd places as

~( ) 1 cr~" is a unit
€ =
s Y (—2¢d)  d is a unit

Since —2cd € K, it follows that —2cd € le(p for almost all places. The comment just
after equation (3.2) then implies that 7, (—2cd) = 1 at almost all places, proving (i).

For (ii), we make a similar argument. Recall the definition ¢y (g1, 92) = Y (%616203).
Since 5010203 € K, we have %016203 € Of(p for almost all places. The comment after
equation (3.2) then implies that the cocycle is 1 at almost all places. The product

formula follows from the product formula for the Weil constant - equation (3.3).
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For (iii), it suffices to show that for any ¢;, g2 € G(K), we have

cy(g1,92) = €(g1)€(g2)€(g1g2)~". This is because then
91, €(g1) glg2, €(g2) g = 9192, ¢g(91, g2)e(g1) " e(92) g = 9192, €(g192) '],

To show the desired identity, we write out

09(91,92) = H CL,p(91,92) HCL,p(91,92) H CN,p(gla.QQ)
ploo p|2 p odd

By part (ii), ¢z, is almost always 1, so it is okay to expand this as

HCL,p(ghgz)HCL,p(ghm) H CL,p(Qh92)610(91>6P(92)€P(9192)_1
ploo |2 p odd

We may collect terms and use the definition of the global € to get

e(g1)e(g2)e(g192) " [ crp(91: 92)

By the product formula in part (ii), the desired result follows.

Finally, (iv) follows from the definition of normalized coordinates.
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Chapter 4

Sections

4.1 General Properties

The intermediary between the metaplectic group and the modular forms we will be
building is the notion of a section. We refer to [[XRY04] page 902 (and for the general
case [Kud97] page 558) for all of the main ideas of this section, to which we add some
of our own exposition. (A definition of spherical may be found in [[XY10] proposition

2.1

4.1.1 Preliminaries

For an idele class character x (that is, a character of K*\Af) and a complex number

s, we obtain a character xps of Py . It is given by

w (|6 2) ) = xaa, (4.)

We may think of this character as a 1 dimensional representation we will call p.
Although, this representation will only be a stepping stone and we will cease referring

to it after this argument. For p' € Py _and v € C!, pis given by

p(p)v=xp @)
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We may now get to the representation we are actually interested in, which we denote

by I(s,x). It is defined through normalized induction as
G/
I(s,x) = ]ndngp

By definition, I(s, x) consists of all smooth functions ® on G  satisfying

O([n(b)m(a), z]49',s) = zx(a)|a|§;1®(g', s), be Ag,a € A} (4.2)
This is a left representation, with the action of ¢’ € G given by ®(z) — ®(xg’).

Moreso than just functions in I(s, x), we will be interested in sections. A section
®(s) will denote a (possibly arbitrary) choice of function in each I(s, x) as s varies
over the entire complex plane.” We will need some sense of coherence of a section over
different values of s. We will first define local sections and then address this with the

notion of a standard section.

Write our idele class character x as x = ®p<coXp- For a (finite or infinite) place p,

let I, (s, xp) consist of smooth functions on G satisfying’
®y([n(b)m(a), 2]y, s) = 2xp(a)laly " Ou(g',5), b€ Ky a € K (4.3)

Iy(s, x) is a G, representation where ¢’ acts via ®(x) — ®(zg’). A local section will
denote a (possibly arbitrary) choice of function in each I,(s, x) as s varies over the

entire complex plane.

Equation (4.3) tells us that a function ®, enjoys some form of degree s + 1
polynomial scaling in terms of the matrix entries. However, the exact nature in
terms of the matrix entries is unclear. The following calculation of the Iwasawa

decomposition will help clear things up for finite places.

T find this notation somewhat confusing but it seems to be what people use. Essentially, these
functions should take as input some element g’ € G, , but this argument is often omitted.

2Since €p(n(b)m(a)) = 1 for all odd places, there is no difference between using Leray or Normalized
coordinates in the formula above. We use Leray coordinates so as to handle all places simultaneously.
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Lemma 4.4. Let p be a finite place and take matriz entries in K,. Given a matrix

9= (CCL Z)’ we may write g = pk for p € P(K,) and k € Ky. If p is unramified, this

may be done via an expression of the form
a by (M' « * *
c d\ 0 M)\ecMt dM!

where M € {c,d} such that v.(M) = min(v.(c),v:(d)).

Proof. Observe that
M 0\ [(aM bM
0 M1)I 7 et am

By our choice of M, cM~! and dM~! are both integral and at least one is a unit.
Hence we have the equality of ideals (cM !, dM~"') = (1) and we may choose integral

elements z,y so that z * dM ! —yxcM~! = 1. Now we can confirm that
1 (x—aM)/(eM M)\ (M 0 [ =z y
0 1 0 M )97 et am?
This implies the desired decomposition.

The second part follows immediately from the first after noting that |x,| = 1. O

Corollary 4.5. (i) A function ®, € I,(s, x,) is completely determined by its values
on K, C K.
(ii) Take p unramified. Given a g' € Gy, there is some k' € Ky so that

‘(I)p<g/>| _ q(s+1)min(v7\-(c),vﬁ(d))‘(I)p<k/)’

Remark 4.6. Since ®, is smooth, it in particular takes on only finitely many different
absolute values on K. Hence, (ii) above gives a precise description of the growth/decay

rate of ®,. One may get bounds in the ramified case as well.

4.1.2 Types of Sections

Definition 4.7. Let K’ denote the mazimal compact subgroup of Gy that is a product
of all local K. A global section is called standard if its restriction to K' is independent

of 5. A local section is called standard if its restriction to K, is independent of s.
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Remark 4.8. A local standard section is completely determined by its values on the
compact subgroup K, (and even just by its values on K, ). Similarly, a global section is
determined by its values on K', which follows from the global Iwasawa decomposition

¢y, =P K.

Proposition 4.9. A function ®, with domain K, extends to a function in I,(s, x,)
(with domain Gy ) iff @y obeys ®([n(b)m(a), z]Lk) = 2xp(a)®(k) for [n(b)m(a), 1L, k €
K, Such an extension is unique when it exists.

Let p be an odd prime so that we have the splitting giving K, C G’KP. Then, the above
holds for IC,. That is, a function @, with domain IC, extends to a function in Iy(s, xy)
(with domain G'y ) iff ®y obeys ®([n(b)m(a),1]rk) = xp(a)P(k) for [n(b)m(a), 1]z, k €

KCo. Such an extension is unique when it exists.”

Proof. 1t is clear the stated hypothesis is needed, since it is just equation (4.3) restricted
to IC,’g or K,. Uniqueness follows from the previous remark. For existence, the natural
way to try to extend @, is by using equation (4.3). We do this below in the K, case,
although the same proof still works if one replaces all occurrences of K, with K.
Given ¢’ € G, write g’ = p'k for p’ = [n(b)m(a), 2]r € P'(K,) and k € Ky. Then

we would like to define the extension by setting

®y(g) = 2xp(a) aly" Dy (k)

The obstruction to this is showing that this definition does not depend on the decompo-
sition ¢’ = p'k. To prove this, consider two different decompositions ¢ = p k1 = phks.
Then, let h = p'y'ph = kiky' € P§, N K,, so that phks = (pih)(h~'ki). Let p} =
[n(bi)m(a1), z1]p and h = [n(by)m(an), 2]z, so that phy = pih = [n(ba)m(aian), 21211

We can see our construction is well defined if

zixp(an)|an [ @y (k1) = ziznxp (aran)aranly ™ @p(h ™)

3Note the missing z term in this case! This is due to corollary 3.34.
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If we are in the K, case, then the fact h € P}, N K, along with corollary 3.34 imply

zp = 1. The desired formula then follows immediately since by hypotheiss
Py (h™ k1) = 2, xp(aplay ' [5T Dy ()

Now, we just need to show that @} is a section. The fact that ®) obeys equation
(1.3) will follow immediately from well-definedness. Namely, if we have some ¢’ = p/k,

then we get
D) (phy') = Py (Popik) = Xprp(hp)) = X p(P2)xPp (D)) = Xprp(P2) P (D19)
0

Corollary 4.10. If x, is unramified (this is, it is trivial on Of(p), then there is a

unique ®, € I,(s, xp) that is identically 1 on IC,. This is called the spherical function.

Similarly, there is a unique standard section ®y(s) that is identically 1 on IC,,

which we call the spherical section. We denote it by @g(s).

An alternate description of sphericality is that this is the unique element of the

representation I,(s, x) invariant under KC, and having ®)(1,s) = 1.

Given a collection of sections ®,(s) at every place such that almost all of the

sections are spherical, we may form their tensor product
D(s) = Qp<ocPy(s)

This is a function via

(g, s) =2y ]I ulgpss) (4.11)

p<oo

where we used the primary factorization of ¢’ in definition 3.40. The product is well
defined in the sense that almost all terms are 1. This is because g, € K, almost
everywhere, and almost all of our sections are spherical. One can also take such tensor

products over smaller collections of local sections. For example, one could form a
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section @ over finite places. Finally, we note that the above definition is invariant of
the factorization of ¢’ that is used. That is, if we swap out the z and local components
of the primary factorization for any other factorization, we will get the same result for
d(g',s).

The representation (s, x) is the restricted product I(s,x) = @y, [p(s,Xx) (see

[Kud96] p.558). We will take this to mean that it is given by sums of functions
P = ®p<ccPyp

where almost all of the component functions are spherical. Smoothness of sections
of I(s, x) should make it unsurprising that they tend to look spherical at almost all

places.

Remark 4.12. It can be informative to verify that such a pure tensor is indeed an

element of 1(s,x). Let p' = [(8 ab1> 2y | € P'(Ak). We can then check

(') = zpzg [ ®0pgh)e = 2rzg 1] Xplap)laly™ () = zpx(a)lalit! @(g)

p<oo p<oo

A section ®(s) is called factorizable if ®(s) = ®,P,(s) is a pure tensor with respect

to the restricted product.

4.2 The A\ mapping

For this section, take p to be a finite place. Given a quadratic space (V, Q) of odd
dimension over K, there is a way to use the Weil representation to associate a local
section to any Schwartz function ¢ on V called the A map. Although we provide
proofs, the below properties of the A mapping are found in [[XRY06] pages 328-329 and
[Kud96] section II1.5. Afterwards, we use A to prove a type of symmetry possessed by

local sections.
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4.2.1 Properties of \
Definition 4.13. Define a map Ay : S(V') — Ly(so, xv) by

(o) = (o = (vt

where sg = dimT(V) —1.

Av (@) then extends to a unique standard section, which we call the section associated

to ¢.

Of course, we need to show that Ay (¢) is a member of I,(so, xv). First we need a

lemma where we look at some of the behavior of the Weil action.

Lemma 4.14.

v (n(bym(@), 210)0(1) = 2xv(@)|al™ V25 (b1, 1)) oat)

Proof. This is similar to many calculations we have already done. First recall the

definition of the Weil representation.

ole A0 =xwteto) (25 () 2 (v () o) " mvtants

where

0 (1(6025, bt)q + (bt,cy)q + ;(cy, dy)@> ¢ (at + cy) dgy

rlgolt) = [ w3

yecV

Note j(g) = 0 here so we have

v ([)m(a). 2)6(0) = 2xva™) [ (Glat.a™*br)q) 6 (at) dyy

— (@) (;b(t, t)Q) p(at)u(g)

for some positive real p(g) coming from the Haar measure. For 7/ (g) to be unitary, we

must have (ry ([n(b)m(a), 2]L)¢r (1), rv([n(b)m(a), 21)¢L(t)) = (91(1), ¢1(1)), where

¢r, is the indicator function of some lattice L C V' of measure #L. Or in other words

u(o)? [0 (~gble:t)e) olat)e (bt t)q ) olat)dt = #1
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The integral is just over the set a™'L, and so we get u(g)?|a| ™ VI#L = #I —

w(g) = |a|¥™(V)/2 Thus, we have

- 1
v ([(bymla). 21)6(6) = v (@)lal" 2 (b(t, )q ) plat)
where we used the fact xy is quadratic to swap out xy(a™!) for xv(a). O

Proposition 4.15. Assume dim(V') is odd.

(1) A\v(¢) is indeed a function in I,(so, xv ).

(it) The map Ay intertwines the Weil action with the action of G’ on Iy(so, Xv)-
That is, if A\v(¢) = ®(z, s0), then Ay (wy(g')o) = P(zg’, so).

(iii) Take dim(V) =1 and p odd. If det(V') € O , then Av(¢o) is identically 1

on K, C G,K,,' Hence, the associated section to ¢q is the spherical section gbg.

Proof. Points (i) and (ii) are stated on page 328 of [KRY06], which come from the
start of section II1.5 of [[Kud96]. (iii) is a weaker version of Lemma 4.1 from [KY10].
We give elementary verifications for all of these points except for showing that the

function Ay (¢) is smooth.

Before anything else, we remark that the representation IS (y%|det|™/2(+1)/2)
given in section IIL.5 of [Kud96] is indeed the same as the (s, xy) from [[KRY06] that
we use (although we must plug in n = 1 into their formula which corresponds to us
taking G = SLs). Using [Kud96] proposition 4.3 for the definition of Xl‘@, we see they

use the normalized induction of the one dimensional representation

R
Definition 3.22 gives the coordinate change [g, 2]z = [9, 27w (2(g), 1/2) " v(1/2)779)] .
Since in the above formula ¢ is upper triangular, we have j(g) = 0, and we see their
representation is the same as

L
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Since 7,, is insensitive to square factors, it follows that this is just the representation
given by the character in equation (4.1), which is what we used to build (s, xy). Now

we move on to our elementary verification.

For (i), we must verify equation (4.3). We start with the definition

Av(9)([n(b)m(a), 2]Lg') = wy ([n(b)m(a), 2]Lg ) o (t)li=o

Since we are working in Leray coordinates, ¢y, is trivial on P x GG and so this equals

= wy([n(b)m(a), 2] )wv (¢")o(t)]i=0

By the lemma, this is the same as

= xv(@)lal™™ " (wy (¢')9)(0)

= @lal 2 (501, 1)) (v (g)) at

However, this is precisely the same as yy (a)|a|®™(V)/2\(¢), proving (i).

(ii) follows immediately from the definitions. We may describe the section Ay (¢)

as a function using the notation

(o) = (2 (vl

We also clearly have

Mo (5)6) = (7 Cov @ )00 ) = (i Covag o)1)

Putting these two observations together, we have (ii).
Now we tackle (iii). The splitting K, C G, is given by corollary 3.34 as k
[k, e(k)|r. The element of I(sg, xv) corresponding to ¢y is given on K, by
v (on) = (I el = o e )on()lo
Thus it suffices to check (wy (&, e(k)]r)Po(t))|i=0 = 1. However, this follows by the

definition of e. Namely, by proposition 3.26 we have

wy ([k,1]L)bo(t) = e(k) " do(t) == wy ([k, e(k)]L)do(t) = do(t)

51



4.2.2 Symmetries of Schwartz Functions

The following proposition tells us that Schwartz functions always have some amount
of symmetry under the Weil action, which then carries over to the associated section.

This will later be used to prove the level structure of a modular form.

Proposition 4.16. (i) Given a Schwartz function ¢ € S(V'), there exists a subgroup
[, C Ko, (4) commensurable with Ky ,(4) such that ¢ is an eigenfunction under the
action of wy (k') for k' € Ty,

1

(i) If we denote the eigenvalue by es(k')~", then e, is a genuine character ', — T.

(iti) If V = K and ¢ = ¢o = Lo, , then we may take I', = Ky ,(4) and take €5 = €,
to be the character we defined previously.

(iv) If ® is the associated section to ¢, then for any [, and €4 as above we have
(g, s) = es(K') '@ (g, 5) for k €T

Proof. Start by proving (i). Let L C V denote some sublattice and L* denote its dual
under (-,-)g. It suffices to prove the result for indicator functions ¢ =1, (L€ V)
since every Schwartz function ¢ is a finite sum of such functions. For a given indicator

function ¢, we will show that one may take

oreon e ) e ) )

for N sufficiently large, which will prove the claim.

To reduce the problem further, note that I'(7V) is generated by its elements of
the form m(a),n(b),n_(c). So, it suffices to show that ¢ is an eigenfunction under
these elements. Since ¢ is an indicator function, we have for a sufficiently close to
1 that (for all t) ¢(at) = ¢(t). Similarly, for all b sufficiently close to 0, we have
Y (%b(t, t)Q) = 1. It follows from lemma 4.14 that for N large enough that ¢ is an

eigenfunction under m(a),n(b) € I'(7Y). This reduces the problem to checking that ¢
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is an eigenfunction under wy ([n_(c), 1)) for ¢ sufficiently small. In turn, it suffices to

check ¢ is an eiegenfunction under the action of ry .

To do this, we use of the following factorization which is derived from the one in

the proof of proposition 3.35:

a-( -6 76T %)

Temporarily adopt the notation ~ to denote that two functions of ¢ are constant

multiples of each other. Then, this factorization gives us

rv(n-(e)¢(t) ~ ry(war)ry (n(—ex™*"))ry (w_rr ) b(1)

Starting the evaluation from the right side, we have

re(w )ot) ~ [ (= (ty)q) o y)dy

yev

Note that we no longer have to worry about the measure d,y since we only care about
everything up to a constant multiple. Plugging in ¢ = 1, and lightly rearranging,

we get the Fourier transform

re(wop)o(t) ~ | 0 (=(ty)o) Lu(—p = 7"y)dy

yev

Substitute y, = —pu — 7"y to get

rolwe)o®) ~ 0 (S tma) [ 0 (St wle) du

Just as before, the integrand is an additive character and hence the integral is 0 unless

the integrand is identically 1. This gives us

vl )o(t) ~ o (St -1

p—

From this, we can conclude that

reln(—en v (we)o(t) ~ ¥ (—5en 2 (1, 0) ¥ (= (t.ma ) 1 (1)
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For c¢ sufficiently close to 0, ¢ (—%CW*QT(t, t)Q> will be identically 1 on L*. Take N

large enough for this to happen, so that

reln(=en v (we)(t) ~ & (- ()0 11 (1)

Finally, we apply the ry (w,) operator, so that the operators on the left hand side
become (a constant multiple of) 7 (n_(c))¢(t). This application of 7y (w,r) will undo
the Fourier transform and give us our original indicator function back, which we check.

From the definitions, we have

re(n-(@)o) ~ [ ¥ (=(6:1)e) ¥ (v, we) Lu- ("y)dy

yeVv

Letting ynew = 7 yola alongside some simple rearranging gives

- (@00 ~ [ 6 (=2t = ) dy ~ Luya ()

yeL*

This concludes the proof of (i). Note that in general the group I'; will be able to be

bigger than what we constructed.

1

(ii) follows easily. For whichever I' we choose, €, is a character since it arises

from eigenvalues. Genuineness follows from the definition of the Weil representation.
The fact that this character outputs into T follows since the Weil representation is

normalized to be unitary.
(iii) follows immediately from proposition 3.26 and corollary 3.37.
Finally, we prove (iv). Write g’ = [m(a)n(b), 1]k, for k; € K. From the definition

of a standard section, we have
DK, ) = xp(@]al DK, 5) = xpla)|aly ™ B(K K, 50)
By the intertwining property of A from (ii) of proposition 4.15, we get

Xp(a)|aly ™ (kK 50) = xp(a)laly ™ My (wy (K)¢) (kg) = €s(K') " xp(a)laly ™ Av (9) ()
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From this point it is easy to reverse the previous steps to get to the desired result.

We continue from the previous line to get

= es(K) " xp(a)laly " @ (kg s0) = eo(K) " xp(a)lal @k, 5) = es(K) ' 2(g', )

4.3 The Archimedean Section &'

For this section, take p to be an Archimedean place. We follow [KY10] p.2280, with
[IKRY06] p.336-338 for the definition of ®' and [HI13] p.1988 for a formula for the

subgroup SO, (R) in our particular cases.

The local metaplectic group G’Kp admits a subgroup @Q(R), which we identify
with the group R/47m and is given in Rao coordinates (see remark 3.22 for all relevant

details on Rao coordinates) as

K(0) =

{mw%m% —r<f<7 (17

[k(0),—1p 7m<60<3rm

cos(f)  sin(h)
—sin(0) cos(f)
in Leray coordinates is given by example 3.18. Notice that we have K} = SO, (R)T,

where k(0) = < ) is a (clockwise!) rotation by #. This same group

where T = {[1, z|r}.
For | € 7, let v, denote the character of SO,(R) given by
v (K'(6)) =
For 21 odd, we may extend v to all of K} (that is, to all z € T) by letting"
vk (O)[I, 2]r) = ze™ (4.18)

It should be clear this is the unique such extension that is a genuine character.

4For 21 even, set vy (k'(0)[I, z]r) = ¢'?. However, we will only be interested in the odd case.
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Remark 4.19. Since k'(0) = k'(0+2m)[I, —1|g, checking this extension is well defined

comes down to the calculation

Vl(/{il(e + 27_[_)[[7 _1]R) — _eileeil*Qﬂ — eil@ _ Vl(k'/(e))
Proposition 4.20. Take p Archimedean. Fix a non-integral choice of l. Set k = +1,
taking Kk = 1 if 21 is 1 mod 4 and k = —1 if 21 is 3 mod 4. Set xy(x) = (z,K),

(note that the Hilbert symbol only cares about the sign of k). Then, there is a unique

Archimedean section ®(s) € I,(s, x,) that satisfies
(9K s) = n(K)Dy(g',5), P(l,s) =1

Furthermore, the existence of this section forces our above choice of k € {£1}. That

is, there is no such section if we had taken x,(v) = (x, —k), instead.

Proof. By proposition 4.9, it suffices to verify that v; obeys equation (4.3) on the set

K, That is, we need
n(p'g') = 2xp(a)nly) (4.21)
for p', g" € K, and where p’ has the Leray coordinate description p’ = [n(b)m(a), z]r.
Write ¢’ in the form ¢’ = k'(6)[I, 23] . Now observe that [n(b)m(a), 1], € P'(K,)N
IC{,. However, since our place is Archimedean, we have P’ (KP)OIC"J = {1, z]|r, -1, z|r}.

We proceed by casework. Take p’ = [I,z|g and note that [I,2z1]r = [I,21]L.

Equation (4.21) becomes

vi([L, 21]rK' (0)[I, 2] r) = 21 % xp ()i (K (0)[1, 2] r)

which is clearly true by how we defined v.
Now take p' = [—I, z1]g Note the equalities ¥'(7) = [-I,1]p = [-I,z1]r =
[1, 21|k (1) and [—1, z1]g = [—1, 2170 (—1,1/2) "L = [1, 21€*™/4] . Equation (4.21)
becomes
vi([L, 2]k (m)K (O)[1, z2]r) = 2™ 5 xp (= 1)a(K' (0)[1, 2] )
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Using k'(m)k'(0) = k'(f + ) and applying the definition of v, we see this is equivalent
to

2 2262l9€zl7r — 21627”/4(_ 1 K>p22ezl9

Simplifying, this holds iff

627ri*(2171)/4 _ <_1’ K>p

Since we are at an Archimedean place, the Hilbert symbol is -1 iff both arguments
are negative. Thus, if 2/ is 1 mod 4, we need k£ = 1 and if 2[ is 3 mod 4, we need

k= —1. O

Pl (5) 1= DpjooP(s)

be a section of ®pjeoly(s, (2, K)p). We will later be building a factorizable section with
P! as the Archimedean part. An Eisenstein series created from such a section (via

the method we are about to describe) will then have a weight of .
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Chapter 5

Eisenstein Series

5.1 The Series FE(P)

The following construction and formulas are based off of a standard calculation that
can all be found in any number of our sources. See for example [KY10] section 2 or
for greater generality [[Kud97] parts I,1,2.4.

Proposition 3.42 gives us the splitting map v — [y, e(y) ], for v € G(K). Under
this map, we have p — [p, 1], for p € P(K). Every section ®(s) € I(s, x) descends to

a function on P(K)\G), . This follows from the calculation

® ([(O ). 1Lg' ) — v(@)lali} (g 5) = (g5

where we used that a € K and x is an idele class character.

For a standard section ®(s) and ¢’ € G, _, we then form the sum
E(d,s,®)= >  ®(vg,s)
YEP(K\G(K)
This is the Eisenstein series associated to ®(s). The comments around (7.2) of [[KXud97]
tell us that this series is absolutely convergent for Re(s) > 1 and has a meromorphic

extension (in the variable s) to all s.

This function has a Fourier expansion, which can be found by temporarily fixing
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¢', using the splitting n(b) = [n(b), 1], and considering the function of b € Ag
E(n(b)g,s,®)= >  2(n(b)y,s)
YEP(KN\G(K)
For b € K, we have (P(K)\G(K))n(b) = P(K)\G(K), and so it follows the above
function is periodic with respect to K and admits a Fourier series. Let ¢ denote the

(unnormalized) exponential on Ag. We may write (for Fourier coefficients depending

on g')

E(n(b)d,s,®) = > En(q,s ®)¥(mb),
where Ep(g) = /K . E@0) 5, @)p(=mb)ds (5.1)

In the above integral, db is chosen so the total measure is 1. Taking b = 0 in the left

sum lets us write

E(d,s,®) = Y En(¢,s,®), where E,,(g') :/ E(n(b)g', s, ®)(—mb)db

meK K\Ag
which is called the Fourier series of E (¢, s, ®).

In the case our section is factorizable, we get a nice formula for F,,. Below, let 9,,

be a discrete delta function, equal to 1 when m = 0 and equal to 0 otherwise.

Proposition 5.2. If ® is factorizable and g' = |g, 2],
En(g,5,®) = 6,0(g',8) + 2y | Disc(K)| 7 ] Wonp (9, 5, Py)
p<oo
where W, , are the local Whittaker functions, given by
Wonp(gh @) = [ ®y((wn(b). 1115, 5)p(~mb)idb
Proof. Start with the definition of £, and plug in the definition of £ to get

O(yn(d)g', s)v(—mb)db
(KN\G(K)

Enlg) = /
99 = Jnn o
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For the integral, we will use the fundamental domain (Hp<oo OKP) x (R"/Ok). We

now swap the integral and sum and use (iv) of proposition 3.42 to get

> o IL [, ®lml®) il )y (e

VEP(K\G(K)  p<oo

/n/oKH(I) [yn(b), 1]Lg’, s)tby(—mb)db (5.3)

ploo
To maintain the correct measure, we choose db so that each Ok, has measure 1 and

R"/Ok also has measure 1.

By the Bruhat decomposition, a set of coset representatives for P(K)\G(K) is

1 d
01

this proposition, but see [[Kud97] equation (0.5) for the general statement. For now,

given by I along with {w ( >} . We will prove the case we need right after
deK

we continue with two cases.

When v = I in the above sum, we get a summand of

2 11 / A)ag's)p(—mb)db [ oy L 2ol(0): 21 )1 b

p<oo

By the definition of section, ®,, is left invariant to n(b). Hence, we get

ng/ p(95 8)1p( mbdb/ H(I)gswp( mb)db

p<oo P|00

= 2,0(q, s H/ z/;p mbdb/ IT ¢(—

p<oo "/OK ploo

Each of the integrals over O, are 0 unless the integrand is identically 1. Hence, we

can only get a nonzero value if m € 9~!. Assuming this to be the case, we get

= ,cI> / b db = 2., P / 2mitr(—mb)
=2y ®(g',s RH/OKH% —m 2y ®(g', 5) o, €

Since we assumed m € 971, it follows our integrand is an exponential that is periodic
with respect to the lattice Og. Hence, by general properties of Fourier series, the

integral is 0 unless m = 0. This gives us the 6,,P(¢, s) term in our sum.
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For the second case, we now consider all terms where v = w (é (11> This yields

> 2y H/ ([wn(b+ d),1]Lg, s)1y(—mb)db

deK p<oco R"/Og

11 @ ([wn(b+d),1].g’, s)tbp(—mb)db (5.4)

ploo
We may change variables using b,ew = boia + d to get

Y(md) 3 H/ wn(b), 1]1.d', 8)p(—mb)db

deK p<oo d+OKp d+R" /O
T @, ([wn(b),1]Ld", s)s(—mb)db (5.5)

ploo
Since md € K, we have ¢(md) = 1. As d varies, our domain of integration perfectly

tessellates A and we get

H /K ]L.g S)¢P< mb db/ (b),l]Lg/,S)@Dp(—mb)db

p<oo
The last step is to rescale our measure to the “usual" measure on R™. This gives us a

factor of 1 over the area of O, which is where the |Disc(K)|~'/2 comes from. [

Lemma 5.6. A set of coset representatives for P(K)\G(K) is given by I along with

o))

01 deK

Proof. Once can easily verify the product
a b\ _ (1l/c a\ (0 —1\ (1 d/c
c dl \0 ¢)\1 0 0 1

Depending on whether ¢ = 0, we see that our set of coset representatives is sufficient.

To see that I is not equivalent to any other representative, it suffices to check that

Py 2 Py (o §) e (g §) ¢ P

To check the other representatives are not equivalent, we must verify

P(K)w <(1) ‘“) £ P(K)w (é df) o w (é d1 | d2> w ¢ P(K)
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However, this just reduces to

10
<d2—d1 1) # PUK)

O

Although we didn’t explicitly check claims of the analyticity of F, it is easy enough
to directly check that W, , is holomorphic where defined. Even more strongly, there
is a sense in which W is meromorphic at positive real infinity, which we describe in

the next lemma.

Lemma 5.7. W, , is holomorphic in s for Re(s) > 1. For each fived g, there is a
meromorphic function fy on the open disc of radius 1/q such that W, ,(g,, s, ®y) =
fo(q™°) for all Re(s) > 1

Proof. First recall the definition

Wang(ghe5, @) = [ @p([wn(5), 1115, 5)ip(—mb)db

p

0

o1
Wmm(g;v S, q)p) = /K CDP (l(g v _’_Ué)ul> ,1] k?’(g/),S) wp(—mb)db
P L

v+ byt

Write ¢’ = Ku u21> ,1] * k(g') for some k'(g’) € K. This gives us
L

By lemma 4.4, we have the Iwasawa decomposition <O ) = pik}, with
u

0 M(g',b)
min(v,(u), vy (v + bu™')). Letting the function &'(¢’,b) := kK’ (¢'), we have

! -1
P = (M(g .0) * ), where M(g',b) € {u,v+bu~'} such that v (M(g',b)) =

W (gh 5 %) = [ xa(M(g'0) IM(9', )72y (K5, 0),5) vy (~mb)e

Since we are dealing with a standard section, ®, (k'(¢’,b), s) has no s dependence.

With a little cleanup, we get

Wm,p (9;7 s, (I)p) _ /K Xp(M(QI, b)71)q(s+1)min(vﬂ-(u),vﬂ(erbu*l))(Dp (k'(g/, b)) wp(—mb)db
p
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Since ®, is smooth, its absolute value on K, is bounded above by some constant C'

This gives us the upper bound
||)|/m7p(g;7 s, (I)p)| < C/ q(s—&-l)mm(vw(u),vw(v—i-bu—l))db
Ky

To handle the piecewise nature of the remaining term, it is convenient to partition
the domain as K, = 70k, U (K, — m°0k,) for some constant vy. We choose

vy = min(vy(u?), v (uv)) since as long as b ¢ 70k, then we will have
v (D) < min(ve(u?), ve(uv)) = min(v,(uw), ve(v +bu™")) = v (bu™")
Looking at our two cases, we can first consider

/ q(s+1)min(v7r(U)vvﬂ(erbu_l))db
V0 OKp

By construction, min(v.(u), v-(v)) < min(v.(u), vx(v + bu™")) < ve(u), so this is
clearly just some finite degree Laurent polynomial in ¢7®. The domain is compact, so

this integral converges absolutely.

In the second case, we consider

/ g+ Des ) g
Ky 771‘”001(‘]

If we break up the integral by the valuation of b, we get

i ) : . 1 i )
Z (¢ — qul)q(sﬂ)(*ﬂ*vw(u» - <1 _ ) g v Z g sutvn(w)

j=vo+1 q J=vo+1
1

= (1 — > g W Z g

q j=v0-tum (u)+1

Since (for the convergence of the Eisenstein series) we are assuming s > 1, this sum

converges absolutely. The desired results clearly follow.

]

Remark 5.8. When v, (b) is sufficiently negative, the Iwasawa decomposition we used

above can be replaced by an explicit decomposition such as
0 —ut\ (blu blov—ut (1-bluww —b1?
w v+but) T\ 0 bu~1 blu? 14+ b tww
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Using this, one may perform a slightly more detailed analysis to show that as long as
m # 0, the power series above will only have finitely many terms. The reason for this
vanishing is essentially that as v, (b) gets more negative, the exponential 1, will start
to oscillate much faster than the other terms in the integral, and so will cause the

integral to average to 0.

We will now discuss how to convert the adelic Eisenstein series above into a Hilbert

modular form (and how the Fourier expansions of the two relate).

Let @(s) = ®p<ooPy(s) denote a factorizable section of @y Iy(s, xp). Let v denote

the product of the imaginary parts of 7 and let g = [T7_, [n(u;)m(,/5), 1] = [g7, 1],

where gz is I at finite places and n(u;)m(,/v;) at the jth infinite place. Then define
B(7,5, 0 (5) ® By(s)) = v V2B (gl 5, 0L, (5) ® Dy (s))

Applying the earlier “Fourier series' formula here, we may write E(7) as a similar
looking sum, yielding

E(7,5,®) = Y E,(7,s,®), where (5.9)

meK

En(7,s,®)= 6,,0"2®(g, s)+|Disc(K)| 2 T] vy /*Winp(ger 5, @L) [T Winp(1, s, ®p)

p‘oo p<oo

We may simplify the formula with some notation. For archimedean places, let
W p(T, s, @) = U;l/QWm,p(g’;,p, s, ®}). For nonarchimedean places, let Wy, (s, ®,) =
Winp(1, s, ®,). With the new notation, we have

Ep(1,8,®) = 6,,072®(gL, 5) + | Disc(K)| 72 T Wi p(7, s, @é) ]I Winp(s, @)

(5.10)

Remark 5.11. The reason we leave the “Fourier series” in equation (5.9) the way
we do is that E(T,s,®) will actually not be holomorphic in T for most choices of s.
As such, it does not admit a standard Fourier series. However, the sum above will

provide a close enough stand in. When we compute the terms, we will find a natural
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decomposition E,, = c,,(s,®) * f(s, ®,v) * ™™ where ¢, is a constant (in that it
doesn’t depend on 7) and f is some non-holomorphic part. Furthermore, in all cases
we will care about the non-holomorphic terms will vanish and we will get a standard

Fourier series for a holomorphic function E(T,s,®).

5.2 Constructing £

We discuss a method from section 6 of [IXY 10] that allows one to start from certain
Schwartz functions and build them into an Eisenstein series using the tools we have
introduced. We will then start to evaluate the Fourier series of this Eisenstein series

in a particular case.

Start by fixing a non-integer | € $7Z and a character x(z) = (z,2k), for some
squarefree integral element x € Og. From our discussion of the global Hilbert symbol,
X is a &1 valued character on K\Ag.' The local components of y are just given by
Xp = (2, 2K),.

Assume that k is either totally positive or totally negative and that, similarly to
before,

sign(k) = 2] mod 4

Note that before we were effectively taking x to denote sign(x). Regardless of whether
one uses K or sign(k), the Archimedean y, are unchanged, so this change doesn’t

affect any of our previous conversation.

Let (V, @) be a quadratic space of odd dimension d, chosen so that y, = x. Choose

an integral O-lattice L - that is, such that (L, L)g € Ok. Finally, take p € L*.

Using the above data, for each finite place p consider the quadratic space (V;, Q)
obtained by completing V. Let Lc V, denote the corresponding completion of L. On

this space, we then take ¢, , to be the characteristic function 1 which will have

ptlo

'In fact, as we vary Kk we get every character with these properties.
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an associated standard section we call @, , € I(s, xp).

Multiplying these standard sections for all finite places along with ®._  at the
infinite places yields a global section
oM = T @y, * P € I(s, %)
p<oo

From this, we then get the Eisenstein series
E"(7,s) := B(7,s, ")

Our goal is to compute the Fourier series of this function by evaluating the local
Whittaker functions and then plugging the results into equation (5.10). We first
handle Archimedean places, then describe how to reduce the Whittaker function at a
finite place to an integral in terms of more elementary functions. By far the hardest
part will be evaluating this integral, which we will end up devoting two sections of

writing to.

5.3 Level Structure of E-

We now analyze the Eisenstein series E'#(7,s) and attempt to determine its level
structure. The following arguments are based heavily on [[XRY06] section 8.5.6 and

[HI13], sections 7 and 8.

The following proposition gives a transformation law for the function E“#(g’, s) on

g € Gy,

Proposition 5.12. Thereis a group I'y = [,<oo L'y, commensurable with [T, G(Ok,),

and a genuine character 6;1 : I — T such that
E""(gK s) = egl(k’) E"(q,s) for k' € F’f

Here, I consists of all metaplectic elements with first coordinate in I'y. We may think

of it as a subset of Gy by taking the Archimedean components to be I. Furthermore,
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L'y may be chosen so that for all k' € T'y

W (k) Bpup(t) = €, (K)dpp(t)

L are genuine characters guar-

where €, (k') = 2 [Tp<oo €, (ky), the components of €,
anteed by proposition /.10, and the quantities zy and k{, are from the primary decom-
position of k.

In particular, if k, € T, C Ki,(4) and @, is spherical, then the component
e p(ky) =1
Proof. By the definition of E"*, we have
EM(g )= > ] ®upl, Ueglke, 1, 5) [T 24 (1, 125, )
YEP(K\G(K)  p<o© ploo
The result then follows by application of proposition 4.16. Commensurability follows

since the local sections are spherical for all but finitely many places. O]

Remark 5.13. The dependence of E“* on Archimedean components is simpler to

calculate and basically comes down to the relation ®'(g'k') = ®(g" v (k).

The above transformation law will turn into the level structure of E“(7,s). For
this calculation, it will be most convenient to define a new automorphy factor of
half-integral weight and then show later how it matches up with the standard one we

introduced earlier.

Definition 5.14. Fiz an Archimedean place p. Let [g, 2] € G'(K,) act on the upper
half-plane H through the usual action of g € SLy(R). (In particular, we ignore z
for this action, which is why we do not specify the coordinate system of |g,z].) Let
Jj(g,7) = et + d denote the usual weight 1 factor of automorphy of SLa(R) acting on
H. Then, [[1113] section 7 tells us there is a unique factor of automorphy j of G'(K,)
acting on ‘H such that

= 2

]([97Z]R>T) = ZQj(gaT)
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J is given by the formula

Z\/c_i c=0,d>0

(I 94, i

2er+d c#0

Per our conventions, we use the branch cut of \/x so that the output has a complex
argument obeying —mw/2 < 0 < /2.

Let Gy . ., denote those elements g' = [g, z], such that g, = I for all finite places.
(That is, Gy . ., is a metaplectic cover of SLa(R)". An element g’ = [g, 2], of Gy,
acts on H" via g'T = g7. Writing ¢ = zy rllj-1l95, lr (the subscript R is to
emphasize that z comes from Rao coordinates), we define an automorphy factor for

this action by

300(9,7 7?) = Z¢',R H 3([93'7 1]3’ Tj)
j=1

Lemma 5.15. j__ is indeed a factor of automorphy.

Proof. We do not check that the components j are factors of automorphy, and continue

to take this as fact from [HI13]. For a product ¢|g), we have the decomposition

9195 = g, g & 11j=1[91,592.5, 1] r. This yields
500(9/1957 7) = Zgh gb.R 1_[1] 91,592,355 1], TJ)

j

Since j is a factor of automorphy for each Archimedean place, we have
Joo (9195 T) = Zg1 4.1 f[lcR(glmgm ﬁ ([915: 1R, 92,i75) HIJ (92.5: R, 75)
j= j=1 J
This simplifies to
Joo(0195:T) = 2g g0 R I—IICR 91,52 925) " 2 vy rI 00915 95T) T 0 (92, T)
J

Therefore, it suffices to show that

1.-1 ~1 _
29\ gh.R H cr(91,4, 92.5)” “g! R g}, R — 1
7j=1
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However, this follows easily from ¢\g5 = 2y rI1j=1[91,792,5, I]r. We expand the g}
and g5, on the left as products of local terms and expand the right using the Rao

cocycle to get

0.1 L1191 Ur - 200 111925 g = 2,058 [ ] cr(915,925) 7" T1915, r [T 92: 1r

j=1 j=1 j=1 j=1 j=1

Cancelling terms yields the desired relation. O]

Besides an automorphy factor, we will also need a formula for E“(r,s) that
depends more naturally on E“*(g’, s) than the current way it is defined (where one

must use the particular choice of matrix gZ).

Lemma 5.16. (i) For allT = u+iv € H, one has [n(u)m(y/v), 1] = [n(u)m(y/v), 1]&.
In particular, this implies g= = IT;_;[n(u;)m(\/05), 11 = ITj=[n(u;)m(\/05), 1]r
(ii) cr(gr,h) =1 for any h € SLy(R).

(7ii) cr(h, g.) =1 for any h € SLy(R).
Proof. Let g, = n(u)m(y/v). For (i), we have

(97 1]z = [gr Y (2(97), 1/2) 3 (1/2)"97 |k = (g7, 701/ (2v/0)) /7(1/2)] R = [9+, 1]&

This relation clearly implies the second part of (i).

For (ii), since g, is upper triangular, we have z(g,h) = x(h)/\/v. Hence

1\ x<h>>
W0 2o

Since the second entry is positive, the Hilbert symbol is automatically 1.

CR(gTv h) = <l‘

For (iii), write h = (Ccl Z) We may assume c¢ # 0, since that case is covered by

part (ii). Then, we have x(h) = ¢ and x(hg,) = c¢y/v. Hence

Since the first entry is positive, the Hilbert symbol is automatically 1. O

cr(grs h) = <
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Recall that 7 € H" is the vector all of whose entries are 1.

Proposition 5.17. Fiz o 7 € H" and let g € G}y . Write ¢’ = 2y rI1}—1[9;, 1r as
above. Then, for any ¢ such that ¢'i = 7 (for example, g is one such element), we

have

EY(7,5) = BY(¢,8)] (g, D)2, T

Proof. As we have done so far, let the jth component of 7 be 7; and write 7; = u; +1v,.
We first check that our formula holds In the case ¢’ = g&. In this case, we have

J(lgs Ur,7) = /1//vj. Lemma 5.16 further tells us that [g;,1]r = [g;,1]; and

2y r = 1. It follows that setting ¢’ = g% in the above formula gives
B (7,5) = Mgl o

which is precisely the definition of E'*(7,s). This shows that the desired formula

holds for ¢’ = ¢

To prove the formula for arbitrary ¢’, we note that we can always write

g9 =g (H k'(%)) [, 2],
ploo
where the middle term consists of an element of @Q(Kp) at each Archimedean place.”

Our desired formula is clearly invariant to z, since E#(¢/, s) scales with z*, j__(¢/, 1)

: —(2U+1 o
scales with 22, and zg,(R+ ) scales with 2~

for o = gt (T (0.

2+1) - So, it suffices to prove the formula

Generally, in a matrix k'(6,), one has 0 < 6, < 4w. However, since k'(6, + 27) =
k'(6,)[1,—1],, we may restrict ourselves to the range —m < 6, < 7 and hence take
K'(6,) = [k(6,), 1]r as per equation (4.17). Now write out the factorization

9% = 2g.r [ 197, 1r
j=1

2Although we usually index the Archimedean places with 1 < j < n, we don’t in this formula to
really emphasize that the k' are at different places.
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Multiplying each side by [Ty [k(6,), 1]z then gives us

9/ = ZgL,R H[gTjk(QP)7 1]3

=1

where we made use of part (ii) of lemma 5.16. However, the above equation is now
exactly the factorization that defines 2y r and hence we conclude that zy p = 2y g.

We may now write

21
E"(g,8)j (g 0?2, 5 =

B (g; (H k’(ea) ) e (g; (H k’<0p>) ) 2 m ) (5.18)
ploo ploo

The E“* term may be expanded via the definition of the section ®'. The j_ term
may be expanded since it is an automorphy factor. Continuing from the previous line,
we have

21
A 2L~ > -
= E" (g, s) [ w(6 (g';, i) Jeo ((H k:'(ﬁp)> ,z) : zg,leH)

ploo ploo

By the case ¢’ = ¢~ we already did, the terms containing g~ combine to exactly form
E(7,5). We again plug in k'(6,) = [k(6y), 1]r to get

= E"(7,5) - [T w(o ((H[k(ep), 1]R) ,Z)

ploo ploo
We can now evaluate this using the definition of j_. It may help to recall that
cos() sin(0) -
= . — <
k(0) <_ sin(6) cos(6) For our —7 < 6, < 7 there is light casework on whether

6, € {0, 7}, although in any case we get

= B (7,s) - [Lu(,) - T (e7%2)" = B (7,s)

ploc ploc

]

For v € SLy(K), let v o denote the image of 7 under the embedding SLy(K) —
SLy(R)™. We may think of it as an element of G(Ag) by taking it to be I at all
finite places. In particular, we have [yoc0, 1]y = Ilyjcc[V0p, 1]z Furthermore, let

Yo,f = [lp<oo Yo,p- The following proposition gives an automorphy factor for E-(7, s).
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Proposition 5.19. Let I' = SLy(K) N (I'y x SLy(R)™) for the group I'y guaranteed
by proposition 5.12. For vy € T,
El,u(70?7 S) = 6#([70,f7 6(70)_1]9) H 613('7043) : joo([/yo,om 1]R7 7_—))2ZEZ’M(7?7 S)
ploo
where € is the character giving the splitting of SLo(K) given in proposition 3./2, €,

is from proposition 5.12, and By(g) = vw (2(g), 1/2) " 7(1/2)779 is from definition

3.22.
This proposition along with proposition 5.12 implies that any o € SLy(K) that
takes all of the ¢, as eigenfunctions under the Weil representation will be a member

of I.

Warning 5.20. Although E'*(y,7, s) transforms like a modular form and for each 7
it is holomorphic in s, it will not be holomorphic in T for most (if any) choices of s
and hence won’t be a (holomorphic) modular form. However, when we evaluate our
cases of interest later, it will be clear from their Fourier series formulas that they are

holomorphic and hence are actual modular forms.

Proof. Let 79 denote the image of 7y under the embedding SLo(K) — SLo(R)™.
We may think of it as an element of G(Ag) by taking it to be I at all finite places.
The idea is now to compute E“* (7, s) by taking ¢ = [Y0.00, 1]49% in proposition 5.17,
since we have ¢ i = Yo7. The first step is to find 2y r. We do this by writing
g = [70,ooa 1]g ’ ;_" = H[PVO,P? 1]L H[nga 1]R
ploo ploo
Using definition 3.22 we convert to Rao coordinates and then apply part (iii) of lemma
5.16 to get
g = H 5;;_1('70,;:) H[Wo,pgr,ﬂ lp = Zg',\R = H 5;3_1@0,;:)
ploo ploo ploo

where [ is the factor that is picked up under the coordinate change.
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If we now take ¢’ = 70g% in proposition 5.17, we have

B - . —(21+1
EY (707, 8) = E"([Y0,00, g%, 5) * Joo([Yo.00s g8 0)* - 255

Note that [vo 7, € (70)]4[70.00, 1]g = 70 By proposition 5.12, we get

N _ ~ . —(21+1
EY (507, 8) = X (0.5 € (00)]g) M (909%: 8) + Joo (10,005 Ug0er 1) - 25, Y

Because we can reindex the sum defining E*(¢', s), it follows that E“*(yyg',s) =
B (g, s) for all 79 € SLy(K). So, we get

= _ ~ . — (2141
EY (%7, 8) = X0, € (00)]g) B (020 8) - Joo([N0.005 Ugdles )2 - 2,5 Y

Since j is a factor of automorphy, we get

- _ ~ — ~ . — (21
EY (307, 8) = eu([Vo, € 1 (70)]0) B (91 8) - Too([0r00s Ugs T2 To0 (g D)2 - 2,

By part (i) of lemma 5.16, z;, g = 1 and so we get

— — ~ — —(21 —
E" (307, 8) = €u([V0,+ € (30)]g) T oo (H0,00s Ugs )2 - 25 R TV EM(F, 5)

For a final simplification, we can move some of the 8 terms into the j_ term to get

EY (907, 5) = eu([0.6: € (90)]g)T oo (V0,00 R, T)* - 29 B (7, 5)

]

Unfortunately, we will need to wait until after our evaluation of the Gauss sum
in order to make these automorphy factors more explicit and relate them back to
the standard automorphy factors of half-integral weight. We do however have one
more important remark we can make. The Eisenstein series only converges for Re(s)

sufficiently large, so all of our formulas we have proven currently only hold for such s.

Remark 5.21. As previously stated, E"*(7,s) admits an analytic continuation to all

s. The transformation law

E" (07, 8) = eu([v0. €7 (30)]g) 1T Bo(r0p) - Joo (10,005 Ur, ) (7, 5)

ploc
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also analytically continues. This is easily seen by noting that for fized T, the left and
right sides are both holomorphic in s. Hence, as long as our calculations show the two

sides are equal in some right halfplane, then they will be equal for all s.

5.4 Archimedean Local Whittaker Functions

Fix an infinite place so that K, = R. In this case, computing the local Whittaker
function is mainly a calculus problem that was solved in [Shi&2], where it is shown to
depend on a certain integral called a confluent hypergeometric function. We follow
the approach taken in [KY10] p.2281-2282. However, due to subtle differences in
coordinates, we will get a slightly different result that instead matches with [[XRY06]

equation (5.7.14).

For this section we are working at a fixed place, so we write 7 = u + iv to denote
the appropriate component of 7. Furthermore, although m € K, for this section we

will use m € R to denote the image of m under the embedding of K into K.

Recall that the Archimedean local Whittaker function is given by
Wong(7,5,04) = v /2 [ @ ([wn(b), 1)1, s)e~ 2" b

Temporarily introduce new quantities «, 8 given by

l+s+1
0= ——
2 )

_—l—l—s—l—l

b 2

Proposition 5.22.
Wm,P (Ta S, (I)é) = eZWi/SGZWimngS(U’ m; @, B)
where T = u + v and

E(v,mya, B) = /R(b +iv)7%(b — iv) Pe2mimb )
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is the same as the function Shimura defines in [Shi52] equation (1.25).°

Proof. This comes mostly down to evaluating the function @} ([wn(b), 1]1g., s). To do

this, we multiply out

[wn(v).1].9) = [((f ?f)JU(“o5 ?%HL: K} <u_+lé>%5>’1k

We then use the decomposition

(Ve wiive) 1, -

VU —(u+b) u+b . v

v2+(u+b)2 o/ v2+(u+b)2 v24-(u+b)? v24-(u-+b)?

i i) | (P ) A
0 Y L \/fu2+(u+b)2 \/v2+(u+b)2 I

The second matrix should be in Rao coordinates so that we can evaluate equation

(1.18). From definition 3.22, we have

9. 2]1 = [9, 270 (2(9), 1/2) 7(1/2)" ]

In our case, this becomes

u+b _ v u+b — v
\/UQ+(u+b)2 \/v2+(u+b)2 1 . \/02+(u+b)2 \/v2+(u+b)2 ~ (x(g)/2)
v u+b ) - v u+b y Jw
\/U2+(u+b)2 \/U2+(u+b)2 I \/v2+(u+b)2 \/v2+(u+b)2 R

In our case, z(g) = v/\/v2 + (u +b)2 > 0 and so v, (2(g)/2) = *™/® by fact 3.4. By

equation (4.3) for the definition of a section, we can now write our section as

,([wn(b), 19y, s) = ™ *xy ( ~ ) ( 0 )2)

v2 4 (u + b)? v2+ (u+b
u+tb _ v
y (I)f; \/v2+v(u+b)2 \/viil()wb)? A s8] (5.24)
Vo2t(utb)2 /v (utb)? R

3The function Shimura defines is more general and specializes to the function & we give here. One
does have to wade through some notational differences to check that Shimura’s definition lines up.
This is fairly straightforward using the fact that the case G = SL, and K, = R we are working
in corresponds to Case I, m = 1 in Shimura’s work. (Although take care that we mean m =1 for
Shimura’s variable called m, which is not the same as our m.) The only point requiring some added
care is to note that equation (1.11) of [Shi82] gives the same exponentiation conventions on points in
the upper or lower halfplanes that we are using here.
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The matrix in @), is now some k'(6) € SO,(R). We will write it as such from now on
to save space. We can further simplify by noting that the xy term is trivial. To prove
this we first write out

o ( NG ) _ < VU ’(_1)dim(V)*(dim(V)—l)/Zdet(V)>

v? + (u+b)? v+ (u+0b)?

p

and then recall that at an Archimedean place the Hilbert symbol is 1 as long as either
argument (in this case the first one) is positive. From all this we may rewrite the
equation as the more manageable

NG

v24+ (u+b

@, ([wn(b), sl 5) = * ( )2) v (K(0))

To determine 6 € R/47, we use (4.17)to see that —m < § < 7. 6 is now determined

by the relation

u+b - v
VoEr@rh)? o2 | _ [ cos(f)  sin(6)
v uth ~ \—sin(f) cos(h)

\/v2+(u+b)2 \/U2+(u+b)2
From this it follows that
uw-+b— v
v+ (u+b)?

e = cos(0) + isin(h) =

By our conventions on raising complex numbers to non-integer powers”, we get that

@é([wn(bmhg;,s):ews( Vi )2) <u+b_w)

v2+ (u+b v?2 4 (u + b)?

Therefore, the Archimedean local Whittaker function is given by

\/_ s+1 _|_b ) l

s - v u —w —2mim

O A e I e e
RA\/v2+ (u+0b) v2 + (u+ )

If we apply the change of variables b,ew = boq + u, wWe get

s+1 . l
2i/8 G2mimu, ~1/2 / VU b—iv o—2mimb gp
PR V0212 Vo2 + b?

4Recall that at the end of our notation section, we take a® = ™ for —7 < I'm(In(a)) < T,
which works perfectly with what we have here.
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Again under our complex power conventions, we have the factorization vv? + b? =

(b +iv)/?(b — iv)"/2. This lets us rewrite the integral as
e271"£/8€27ri7rmUf /R(b + Z"U)ia(b _ iv)fﬁef%rimbdb
[

The following proposition comes directly from [Shi82] equation (1.29) and the
comment directly after, the definition of 7 is from [Shi82] equation (1.26). It is okay
that the condition on s we give is far from tight, since the bound on s here will not

affect the coefficients of the Fourier series we end up calculating.

Proposition 5.25. If the real part of s is sufficiently large (Re(s) > |l| + 1 suffices),

then
E(v,m;a, B) = 21 (=i)'T (o) 'T(B)"'n(2v, 7m; a, B)

where

n(v,m;a, ) := / e (x +m)* Hx —m)’tdr

x>|m|

Proof. Specializing Shimura’s results to our case gives the above on the condition that
Re(a) > 0 and Re(f) > 1. It is easy to check that Re(s) > |l| + 1 is sufficient for

these conditions to hold. O

The function 7 is closely related to the confluent hypergeometric function of the
second kind. The following properties are from [.S[.65] sections 9.10 and equation
(9.11.6) of section 9.11. This is a slight rearrangement of how things are stated in

[LSL65], but is better for our purposes.

Definition 5.26. Let a, z be complex numbers of positive real part and let b be any
complex number. The confluent hypergeometric function of the second kind is given by
the integral

]_ )
U(a, by 2) i= ) / et + 1)be a1y
0

I(a)

7



U(a, b; z) is holomorphic in all three arguments and admits an analytic continuation
that is entire in a,b but where z is restricted to complex numbers of argument between

—7 and T.

Define the related function

[+s+1 1 o0
Uy(s,2) =0 | ——— s+1;2| = 7/ (4 1) gt
(s, 2) ( 5 s+ z) o) b e (t+1)

and note that since replacing | with —1 swaps a and 3, we have

—l+s+1 1 0
U =U— l:z] = —/ (4 1) e
Z(S7Z) ( 2 75+ 7Z> F(ﬁ) 0 € ( + )

Lemma 5.27.

U(0,b;2) =1

Proof. This fact is stated on page 2281 of [KY10]. We provide an informal argument
anyway for the fun of it. First, write

1 o]
\IJ b. — l' 7\/ —zt t 1 b—a—lta—ldt
O.b:2) = lip way o @ 0D

In the limit, we have 1/T'(a) ~ a. On the other hand, for any € > 0 we have that

li L
m
al)0+ F(a)

% Lo
/6 €7Zt(t+ 1)bfa71ta71dt — lim F(a)/E efzt(t_i_ 1)b*1t*1dt =0

a—07t
Hence, the behavior of the integrand only matters near ¢ = 0 and so we can replace

the integrand with e=**0(0 + 1)b7¢~1¢2=1 = t2=1 We then get

1
lim

ee —zt b—a—14a—1 . e a—1
t41 palgp — 1 / falgp — 1
et F(a)/o er(t+1) 1 Jo

Lemma 5.28. For any «, 5 such that n(v, m;«, B) converges we have

(2m)*e ™ T(B)¥_(s,2mv) m >0
n(v, m;a, B) = < (2|m|)*e™ ™D ()W, (s, 2/m|v) m <0
v *I(s) m =0

The conditions Re(«), Re(8) > 0 are sufficient for n(v, m;a, B) to converge. Therefore,
it suffices for Re(s) > |l| — 1.
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Proof. 1t is trivial to check that Re(s) > |I| —1 implies that Re(«), Re(f) > 0 and that
this is sufficient for convergence, so we move onto calculating 7. Start by substituting

Tnew = Lold — M tO get
n(v,m; o, 8) = e’m”/ eV (z + 2m)* 1P dx
x>0
Now substitute xoq = 2mT ey to get

n(v,m;a, 8) = (2m)a+5’1e’m”/ e 2T (g 4 1)°"1x5’1d:1:
>0

At this point, we can use the relation a + § — 1 = s and recognize the integral as
U_ (s, 2mu).

In the case m < 0, rewrite

nwmia,B) = [ e = |ml)* (o + ml)*da = (o, m], 8. 0)

z>|m)|
This is then handled by the m > 0 case.

Finally, the m = 0 case immediately gives us

n(v,0;a, B) = / e Tt dy

>0

Recognize a4+ f — 2 = s — 1 and substitute x,c, = v2q to get
= U_S/ e "2* tdr = v T (s)
x>0
O

We may now put all of this work together to evaluate the Archimedean local
Whittaker function. Since this contains all of the formulas we will take away to use
later, we will use m,, in the final formulas to emphasize we are using the embedding
of m into K, (although we will continue to just write m in the proof). The first four

parts of the following lemma are taken from Proposition 2.3 of [IXY10].
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Lemma 5.29. Assume | > 0 and | # 1. Let ¢° = e*™*", 7 = u + iv, and let
(—i)! = e/ Continue to let a = ¥ and § = ==L, For Re(s) sufficiently large
(Re(s) > 1+ 1 suffices) we have

(i) For my, >0

U_ (s, 4mmyv) .
['(a)

Wmm(T,s,CI)é) = 27(—i)"~ 1/2 6(27Tmp)s

(ii) For my <0

\Ijl(874ﬂ- |mp|v> —47 Implv my

T(3) K

Wonp(T, 5, @) = 2m(—i)' /207 (27| my|)*

(iii) For my =0

Wm,p(T,s,fl)fJ) om(—i)-~ 1/2,5(1-1- s)m

For fized T,m, the Archimedean W,,, is meromorphic in s and admits an analytic

continuation to all s given by the equations above. For this extension, we have
(iv) At the special value s =1 —1,

0 my, <0

Winp(T,1 — 1, ®! .
»(T p) = {(%)Z(F—(;))”/Qmélqmp my > 0

(v) When my, <0, the zero at s =1 —1 is a simple zero.
Proof. By proposition 5.22 we have
Wi (7,5, ) = ¥/32™ M0 J¢ (v, m; v, B)
By proposition 5.25 we have
Wi p (T, 8, qDZ) /8 gmimu ﬁ 227(—1)' () 7' T(B) (20, mm; a, B)

27i/8

There isn’t much simplification we can do, although we can combine the e and
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—1)! terms. We now evaluate n(2v, 7m; v, 3) using lemma 5.28 to get
U]

Win (T, 8, @é) =
(2rm)*e~ 2" D (3)U_ (s, drmu) m > 0
ey 2m(—i) D) TID(B) 7 { (2n|ml) e IME (@) Ui (s, dmlmlv)  m <0
(2v)~*T(s) m =0
(5.30)

Parts (i),(ii),(iii) then follow immediately after some rearranging of terms.
Next we tackle (iv). When s =1 — 1, we have a = [, 5 = 0.

First we tackle the case m < 0. By definition, we have

1 o)
Uy(1— 1,47 |mylo) = U (1,1; 2) = F(l)/o e~ (¢ + 1)1 1dt

Hence, 0 < ¥;(I — 1,47 |my|v) < oo. It follows that when m < 0, the Whittaker
function vanishes due to the 1/I'(3) term since all other terms are finite and nonzero.

When m = 0, we have to similarly verify that I'(s)/I'(a) = I'(I—=1)/T'(1) = 1/(I—1)
won’t cause any problems. Since we assume [ # 1, it is clear that the Whittaker

function again vanishes.

Finally, we tackle m > 0. In this case we calculate
U_,(I — 1,47 |mylv) = ¥ (0,1; 2)

However, this is just 1 by lemma 5.27. Hence, in the case m > 0 we have

1
Winp (T, 5, CIDfJ) = 27T(—z')l_1/2vﬁ(27rmp)l_1qu”

which gives us the desired formula.

During the proof of (iv) it should be clear that none of the factors in the formula
for Wi (7, s, ®,) have zeros or poles at s = [ — 1, except for the factor 1/I'(3). 1/T(x)

has a simple pole at 0, which proves (v). ]
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5.5 Simplifying W, , for Finite Places
Throughout this section, let p be a finite place. Our goal is to simplify the quantity

Winp(s, @pp) = | = @pu(lwn(b), 1)L, s)¢y(—mb)db

Ko
using a formula like equation (4.2) of [KXY10]. We do this by following the procedure
of [IXY'10] section 4 (see the end of this section for the equation). From definition 4.13,

we know that for sp = dimT(V) — 1 we may rewrite this as

W (50, @) = [ (v ([wn(8), 1) pu(t)) ity ~mb)db
p
However, this formula only computes the Whittaker function for one value of s. Lemma
4.2 from [[XY'10] (or more generally lemma A.3 of [Kud97]) help extend our reach. Let
As be a non-negative integer. Let Va, = K2** and give it a basis x;, 2} (1 <@ < As).
We can make Vja, into a quadratic space under Qas = >; x;2,. Let ¢as denote the

characteristic function of O%(Aps.

Lemma 5.31. If ®, is the standard section associated to some ¢, then
Dy(g', 50 + As) = (wvava, (9)Pp(t)das(t))li=o

The end goal will be to use this to compute the Whittaker functions (and hence
the Eisenstein series) for infinitely many values of s and then use analytic continuation
to get values not covered by the above formula.” In our particular case, lemma 5.31

gives us
Cpu(g's 50+ As) = (wyevs, (wn(b), 1]1)dpu () das(t))li=o (5.32)

This may be further reduced to an explicit integral in terms of more elementary

functions.

5As lemma 5.31 suggests, we end up computing the Whittaker function on the set sy + N, which
is not enough to apply analytic continuation on its own. However, our formula will also “work at
positive real infinity", which will be enough to get analytic continuation to apply. We will make this
rigorous using lemma 5.7.
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Proposition 5.33. Fiz some basis B of V, letting us identify V = Kgim(v). Take
the Haar measure dy on V & K2** such that in this basis O%?(VHMS has measure
1. Let dety(V') denote the determinant of the matriz of Q) in this basis (as opposed
to the basis-independent value in K /K * we have used thus far). Let L C'V denote

the lattice chosen when constructing E"* and let Volgz(L) denote its volume under dy.

Then,

det (V) _ ‘
o /’ As) = ~(V ’ p r(As—l—dzm(V)/Z)/ b s d
pu(g's s0+As) = ( )—Vol@<L)1/2q ye<u+L>@og<A;w( Q® Qas(y)) dy
Here,

1 1 -1 1d 1 Zfdim(V)h
1= (3) (0 (5) o) = (=gae) e (3) (V)
is the local factor we defined earlier.
Proof. We do this by evaluating equation (5.32). First we note
0 —1
wn(b) = (1 b >
and yet again recall the Weil representation

ol Ao =xwteto) (25 () 2 (v (b)) " mtants

2

where

0 (atb0)q + (¥, cp)g + (e dy)o) o (at + ) dyy

rigot) = [ w3

yecV

We will first focus on calculating

rveva, (Wn(b)) (G u(t)oas(t))

By the formula for the Weil representation, this is

b
/y —_— 2 (—(t, Y)azQas, T 5 y)@ea%) DoY) s (y)dgy (5.34)
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Now decompose the coordinate y as y = (Yo, Y1, Y1, - - - Yas, Yas), Where yo € V and
vi,y; € K, for 1 <14 < As. Do the same decomposition for ¢. Then, we may rewrite

our integral as

1
—(to, + > tyi+ty | +b( —= (o, - i) | d
LE(ML)@O%Sw(( (o, yo)a % y y> ( 5 (Y0, v0)e % Yy | | dgy

dim(V)+As

We now write dyy = u(g)dy, where dy is such that Oj has measure 1 (for

some choice of basis of V). We will now have to determine p(g). As we have done

in the past, we will do this by checking that 7y, is unitary when it acts on the

particular pairing (¢y0(t)Pas(t), dpo(t)das(t)). We get the condition

1= 2/
p(9) tEV@KPMS[
1
/:ceLe;O?{AFSZb << (fo 20)q ; Li zx) < = (20, 70)q Zx x )) T
X /yeL@Of(Apsw ((( oayo)Q—i-zi: Yi — Ly ) + (2(3/0 Yo Q+Z yyl>> y]

(5.35)

The giant integral can be written as a product of two pieces, for coordinates of index

0, and for coordinates of positive index.

Case 1: The coordinates of index 0 give us

b
/toeV /xoeL /yoeLQﬁ ((to,yo —x0)g + 5(@0; Yo)q — (2o, Io)@)) dyodzodiy

Using the identity (3o, %0)o — (%0, Zo)@ = (Yo + o, Yo — To)q, We see the integral equals

/ / / ( to+ = (fo +Y0), Yo — $0)Q> dyodzodty
toeV JxoeL JyoeL

It would be convenient to be able to rearrange the integrals at this point, but as things
stand the triple integral does not converge absolutely. To get around this, note that
the inner double integral is over a compact domain and does converge absolutely, so

we can change variables to © = xg, y = xg + o yielding

/ / / ( to + y, —2z + y)Q> dydxdt
toeV JaxeL Jyel
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Slight rearrangement gives

foov (t” g ¥ ) /mﬂ((fﬁgy, 7) )dwdydto

The inner integral over z is the integral of an additive character and hence vanishes
unless the integrand is identically 1. Recalling the notation L* for the dual lattice of

L under (-,-)q and the fact that 1 is trivial on 77"Og,, the integral becomes

Volg(L / / ( to + y Y)a ) 1 (—2to — by)dydty
toeV Jyel

Notice that the indicator function can only be satisfied if the two sets 2tg+bL and 7" L*
have some overlap, and for this to happen we must at least have 2t, € bL U w~"L*.
Therefore, we may restrict ¢y to a compact domain. Choose a large enough that
L D 2ty € bL U 7 "L*. One may choose a arbitrarily large, but this is the

minimum size that lets the following arguments run smoothly. The integral becomes

Volyg(L / / ( to + y y) ) Lp—rps(—2tg — by)dydty
tocm—aL JycL

Now that we have absolute convergence, we are justified in performing the change of

variables t =ty + gy, Ynew = Yold- Lhe integral becomes

Vol (L) /

temr—aL

/yeL V(L y)Q) Ln-rr- (=2t)dydt =
Volgz(L)/ / Lw«t?y)Q)dydt (5.36)

tem—e—TL* Jye

As before, the inner integral is of an additive character, which will be trivial when

t € m"L*. One gets

Volg(L)* / dt = ¢ VV ol 5(L)*Vol(L*) = ¢"*™ V)V ol (L) /|det 5(V)),

tem—TL*

where the last step is the general quadratic space identity Volg(L)Vol(L*) = |detz(V)|; !,

which holds for any lattice L.
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Case 2: The coordinates of positive index in equation (5.35) give rise to the

integral

tix, +ta; | + —ty; — tyi | +
/ti,t;er(lgigAs) /zi,m;,yi,ygeOKp(lgigAs) ¢< (Z@: v ) 21: Y — tY
b (Z T+ —yz‘y£> )dmdm’dydy'dtdt’ (5.37)

Note that there are 6As variables of integration. For the sake of space, we have
condensed down the differentials by letting dx = []; dz;, etc... For some particular

variable x;, if we consider only the terms it shows up in, we have the integral
/ Y (thx; + brix;) dr; = 1o (L, + b))
JJiEOKp

As we did previously, we choose a large enough so that 77*Og, D 0" + bOf,. Notice
that in order for the indicator function to be satisfied for any 7, it is necessary (though

not necessarily sufficient) for ¢; € 77*Og,. Similarly, for a variable y;, one has

[ty =yl dyl = Lo (ti + by)

Y;€0K,

Using this, we may integrate over the 2As variables of the form z; or y;. This reduces
integral (5.37) to

/ / 0 (Z tixl — t;yi> To—1 (ti4bx}) L1 (t;4by; ) da' dydtdt’
tith €Ky (1<i<As) Ja! yieOx, (1<i<As) -

Since the inner integral vanishes for ¢;,t; ¢ 77Ok, , we may restrict the integral to a

compact domain. We get

%ivtéeﬂ’mkp A&yieOKp W (Z tix; — téy@) Lo (t; + bai) Lo (t; + by;)da'dydtdt’
(1<i<As) (1<i<As) (

We now change variables, fixing x},y; and letting ¢; pew = tioa + by; and t; =

7,NewW

/

i ola T bzj. This turns the integral into

/ / 0 (Z tiw — t;yi> To-1(t))1g-1(t;)da' dydtdt’
tit;en=a0k, (1<i<As) Jal,y; €0k, (1<i<As) R
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Notice that when we make this substitution, the input to 1 does not appear to change.

This is due to the cancellation

Z(ti = by)a; — (t; — ba) Zt vy — by — iy, + bayy; = thxg — ty;

i
Continuing with the integral, we may absorb the indicator functions into the domain,

which gives

<Zt z — thy )da: dydtdt’

However, on the given domain ) is identically 1 and so the integral evaluates to g

/ti,t;eal(lgigAs) /x;,yieoKpugz‘gAs

27‘As‘
After all of this, we may finally plug back into equation (5.35) and obtain
1(9)* % "W oly(L)/|detz(V)]y + ¢ = 1

From this, we can see that

1/2
(g) = |detz(V) p/ —r(Astdim(V)/2)
Y= Vol (mye 1

We are now in a position to determine the quantity we were originally after, which

is the value of
(Wyavy, ([wn(b), 1]1)dp,u(t)das(t))|i=o
By plugging ¢ = 0 into equation (5.34) and using our value of u(g), we see that it is

equal to

dets (V)2 ara b
VL2 )l —r(Astdim(V)/2) / . J
V) Volg(L)'/? K vE(u+L)®0F" v 2(y Y)asqa, | 4y

Using the general formula (z,x)g = 2Q(x) now yields the desired result.

O
From this proposition, we have the formula
Winp (50 + As, @y ) =
V)W g (Bstdim(V)/2) /K p /y it iys0R Y (b(Q ® Qas(y) —m)) dydb
(5.38)
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It will be convenient to replace the ramified ) with an unramified additive character

¢’. The following equation is our analogue to [[XY10] equation (4.2).

Lemma 5.39. Let ¢’ be any unramified additive character. Then

det5(V)|V/* ,
,Y(V)| € J(v) p qr(lfAsfdzm(V)/Z)/ / ¢/ (b(Q @ QAS(Q) . m)) dydb
Ky Jye(u+0i,)8038°

Vol g(L)l/ 2
(5.40)
We have a particular choice of ¢ in mind, which we will introduce later.
Proof. Simply change variables via bojq = byew /7" O

Since this new integral will become our entire focus, we give it a name.

I ,m,As) := "(0(Q ® Qas(y) —m)) dydb
w89 = [ f o, ¥ (@ Qaly) =) dy

This has reduced our calculation to (a local factor and) an integral in terms of
relatively elementary functions. However, even in simple cases when dim(V) = 1, the

computation will be quite tedious and require many pages of algebra to finish.

Remark 5.41. Of some mild additional concern is that the double integral is no longer
absolutely convergent now that we have replaced ®, with the inner integral. We may
partially remedy this by noting the integral is equal to a limit of absolutely convergent

integrals, namely

Tywp(p, m, As) = lim Y (b(Q @ Qas(y) —m)) dydb

k—o00 /ﬂ-—kOKp »/ye(u+01<p )GBO%prS
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Chapter 6

Evaluating the Gauss Sum

6.1 Review

For the particular application we have in mind, we will need to evaluate the integral
Iw (i, m, As) in the case dim(V') = 1. These next two chapters will be dedicated to
this computation. The current chapter will be for calculating quadratic Gauss sums,
which will be used in the next chapter where we actually calculate the integral. Be
aware that for the duration of chapter 6 we will be letting K denote a local field. We

will redefine the relevant notation shortly.

In this section we will calculate explicit formulas for all quadratic Gauss sums over
any local field of characteristic 0. The case of odd residue characteristic is fairly easy,
so most of the computation is geared towards handling the case of characteristic 2. In
particular, in characteristic 2, there are two different types of quadratic Gauss sum.
One is of the form

/¢(aw2)dx

whereas the other is of the form

[ x(@y(az)

where Y is some quadratic character on the local field. In general, there are 2"*! such

quadratic characters, where n is the degree of the local field. This is in stark contrast
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to the case of odd residue degree, where there is a unique quadratic character and the

two types of Gauss sum we listed above are actually equal.

Finally, we note in the even residue characteristic case that [ (ax?)dx acts like
a “character of second degree" in a and we classify this character up to isomorphism.
The classification will not be needed for our future computations, but our calculations

come so close to it that we may as well.

First we review the relevant notation and conventions. Let K be a finite extension
of the 2-adic field )5. Denote the degree of K with n, and let n = ef, where ¢ is the
ramification index and f is the degree of the residue field extension. Let Ok denote
the ring of integers, and let ¢ = 27 so that F, is the residue field of O. Let 7 be a
fixed uniformizer of Ok, and let the different ideal be (0) = (7)", where this equation
defines r. Let K be the maximal unramified subfield of K. Also, let the unit o be
given by 7° = 2a.

Given an integer z € Ok, we will often let = xy + 217 + 2972 ... denote its
m-adic expansion. Throughout, we will use the convention that the coefficients of such
expansions will be the canonical multiplicative lifts coming from F,. That is, our
coefficients will be the ¢ — 1st roots of unity (and 0 of course), and whenever we refer

to any m-adic coefficient, we will be necessarily mean such a value.

For a prime number p € Z and K = Q,, we have the standard exponential function

2mix

Y, Q, = C, z—e

Here, we make sense of the exponential using the isomorphism Q,/Z, = Q/Z. Given
x € Q,, the isomorphism gives us an element of Q/Z, which we can then exponentiate

the usual way.

From this we may define a normalized exponential function v, on K. Specifically,

set

bula) = ),
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where the trace is tr&. Note that due to the normalizing factor of 7" and the definition

of the different, ¢, is unramified (¢,(z) = 1 on Ok, but is nontrivial on *Ok).

6.2 Tracechanging

The fact that 7 is an arbitrarily chosen uniformizer makes computing the trace in the
definition of ¢, both unnatural and messy. The goal of this section is to construct a
special unit 7 € O that encodes data about this messiness. Then we will use 7 to
create a simple formula to help compute some traces of the form trﬁo ( L ) Such

7-|-r+a

a formula is the main goal of this section and will later be used to evaluate 1, by
taking a further trace trgg (tr, (#)) = tlrg2 (F,"’ﬁ) Note that since 1, only cares
about this trace mod Z, and trgg (Ok,) = Zs, our formula in this section only needs

to compute the trace mod Og,. We will end up taking advantage of this to simplify

the final computation.

The first step is the following general lemma

Lemma 6.1. Let L/ K be a finite separable extension of fields, having basis by, bs, . .. by,.
Then,
T:L— K" x> (trk(biz), trk (b)), . .. tri(b,x))

is an isomorphism of K vector spaces.

Proof. Since L and K™ have equal dimension, it suffices to show ker(7")=0. So, let
z be such that T'(z) = 0, so that trk (b;x) = 0 for all i. Let ¢, o, . ..c, be arbitrary
elements of K. Then we have
trk ((Z cibi)x> = ctri(biz) =0
i=1 i=1
Of course, 3, ¢;b; can be any element of L, so we have trk(Lz) = 0. Since our

extension is separable, the trace map is nontrivial and we necessarily have x = 0. [
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Corollary 6.2. There is a unique 7 € K such that

trﬁo(ﬂ;):, trﬁg( >_0 2<i<e.

Proof. Apply the previous lemma to K/Kj with the basis b; = — 4. O]

We can use this defining property of 7 to get a general formula for all of the traces
we will need later on. However, let us first prove some useful properties of 7. In
particular, it turns out that as defined, we will always have 7 € O. The main tool to

show this is the following general fact related to different ideals.’

Fact 6.3.

1
tr[lgo < r+ OK) - 9la/e] OKO

Proposition 6.4. For the T given above we have T € Oj.

Proof. Since we are working with local fields we have O = Og,[r]. This means that
for x € Ok, we may write z = 3>¢7) ¢;7*, where each ¢; € Of,. For such an z, we can

use the defining properties of 7 to get

T Ce—1
trKO( T+e> chtrKO(WH-e—i): 5

From this we see

K T o OKO
iy (OK ' 7r+) T

This will immediately imply 7 € O when combined with Fact 3. In particular, we
get [(e —vg(7))/e] =1 = v,(1) > 0.

To further show 7 is a unit, start with the formula

K T B 1
Ty, <7Tr+1) ~ 9

If we were to have 7 € 7Ok, then Fact 3 would imply the above trace is an integer.

Hence, 7 is a unit. O]

'If you change which of the traces in corollary 6.2 is the nonzero one, along with the valuation of
the nonzero trace, you can get 7 to have any valuation you want. I just chose the setup that makes 7
a unit, for the sake of convenience.
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Proposition 6.5. For the given T, we have

T 1
tr[fgo (71.7"—0—64-1) - 40&07

where g is defined by writing o = Y523 ™ with o; € Ok, .

Proof.
5 = trgo < r+1) - 2tr§0 ( ri;—l)
Since Ok = Ok, [7], we may uniquely write o = 3¢5 ;7 with a; € Og,. Then we
get
e—1
The result follows. L

Though we will not need this fact, ag admits a very nice description. Let x¢ +
2a._12° ' + ... 4+ 2a9 be the Eisenstein polynomial for 7 over K. Then, we have
o= — Zf;& a;w'. Thus, ag = —ag comes directly from the constant coefficient of the

Eisenstein polynomial.

We can now put together the main formula for this section.

Proposition 6.6. Tracechanging formula: Let T be as defined above, let agy be as in

the previous proposition. Then, if y € Ok has T-adic expansion y = 332, ym, we

TY
tTﬁO (Wr—i-e—f—l )

and if 1 <1 < e we have

have

Ye Yo
=+ = mod O
5 + Loy mod Ok,

Proof. Applying fact 3, we get

trﬁo (T(Zio Yy )) = trgo <T<Zi0 Yy )) mod OKO

e+l e+l
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We may rewrite this as
e K T
Sutef, ()
=0
By the defining equations for 7 and proposition 5, only the Oth and eth terms of the
sum are nonzero and we get
Ye Yo

2 " lag

The second part of the claim follows immediately from the first part by writing

ok (7Y _ o (Tl
Ko i - Ko qrtetl

and noting that the Oth m-adic coefficient of ym¢™1~% is 0, and the eth coefficient is

Yi-1- []

Corollary 6.7. If d € {0,1}, then

TY _ Yetd—1 Yo
trllgo <7rr+e+d) = 9 + d4&0 mod OKO

Proof. This follows from the proposition by just checking the two cases for d. The
formula is a little unnatural in how it uses d, but it will help us keep casework clean

later. O

In later applications, the value y above will be a product. The following easy

lemma tells us how to deal with this.

Lemma 6.8. Let a < e. Then,

(xY)a = Z TiYa_i mod 2
i=0

Proof. Although not entirely trivial, this can be checked easily by multiplying the

m-adic representations of x and y. O
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6.3 The Odd Case

Here, we briefly jump back to a local field over Q, for p odd. We will compute the
value of a quadratic Gauss sum. In the case of K unramified, the ideas and result are
nothing new, but it will be a decent warmup for handling the more difficult case of

p = 2 later.

First, define 7 as per corollary 6.2. To be specific, we will take e = 0 in the

corollary, so that 7 is definde by the single property

K T B 1
MKy <7r7“+1) T p

Define
P (x) = (T2)

Define the Gauss sums

U , ((ux? 2mm(7;jﬁ)
P [ () o [ () g
e Ok Vi Ok
2 / ’

/ . 2
u u ux ux 27mtr(‘”“c 4uz )
Y <> ::/ w’( e ) dx:/ e\ )y
me T Ok T T Ok

We will be focusing on these “quadratic form" (referring to the z? in the integral) Gauss

sums for the bulk of the following subsections. However, there are also “quadratic
character" Gauss sums, which will be considered afterwards. This choice of ordering is
chosen because at even places, the calculation of quadratic form Gauss sums will be
useful in the calculations of quadratic character Gauss sums. This is interestingly in
contrast with odd places, where the calculations are more easily done the other way
around. Also worth note is that quadratic character Gauss sums are less diverse at an
odd place, since there will only be 1 quadratic character, as opposed to the 2" of

them found at even places.

There is a unique quadratic character <§> on O]X(p, which we extend trivially to
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Ok,, given by
1 x is a square unit
(x) =4 —1 2 is a nonsquare unit
0 r €m0k

From this, we define the quadratic character Gauss sum for a unit u as

’ . u L f ;[ UT
! <<p>’7ra> '_/OK <P>¢ <7Ta> dr
6.3.1 Integration Lemmas

We will need three integration lemmas, which will be used here as well as later on.

Lemma 6.9. Let G be a subset of nonzero measure of Ok and let #G denote the
measure of G. Then, for any integrable function f such that the double integral

converges absolutely, we have

1
/xeoK f(z)dx = % con /yeG f(z +y)dydx

Proof. Start with the right hand side of the above equation. Switch the order of

integration (by absolute convergence) to get

#1G /yeG /:JcGOK f(z +y)dzxdy

For the inner integral, make the change of variables ¢ = Zoq + . This has trivial

Jacobian and we get
1

#G /yeG /xGOK f(w)dwdy

We may now switch the order of integration back and take the trivial integral over y

to get our result. O

Lemma 6.10. Let G be a subset of nonzero measure of O and let #G denote
the measure of G. Then, for any integrable function f such that the double integral

converges absolutely, we have

1
/ el |, Ty)dyds

The result still holds (with the same proof) if x is being integrated over all of Ok .
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Proof. Start with the right hand side of the above equation. Switch the order of

integration (by absolute convergence) to get

ol o ey

For the inner integral, make the change of variables x,c, = Toqy. Since y is a unit,

ly| = 1 and the Jacobian is trivial. We get

#1G /yeG /xGOIX( f(@)dwdy

We may now switch the order of integration back and take the trivial integral over y

to get our result. O

Lemma 6.11. Still letting # denote taking the measure of a set, we have

1 1

— dr = —— Hd
#O;g ze0}? z)dx #Ox JzcoX J(@)dx

Proof. We start with the right hand side and apply the change of variables y = 22,
which has Jacobian dy = |2z|dz. Since x is a unit, the Jacobian is just dy = |2|dx =
|7¢|dx = ¢ "dx. However, the map y = z? is not a bijection from O} to O3? but is
rather a double covering. As such, we will need to introduce an additional factor of

1/2. We get

1 9 B 1 1 w1
#70;( /:ceOIX( fla7)de = 2H#0 ~/y€OIX(2 fy)a"dy = #0O3? /zeole flx)de

Note that in the last step, we used that the square units form an index 2"*! subgroup
in Og.

Finally, I would like to remark that there is an easier way to get the normalization
constants. Since we know that the change of variables y = 22 is a double covering
with constant Jacobian, it follows that the two integrals just differ up to a constant
factor, regardless of the function f. Taking f = 1 then makes this constant factor

clear. 0
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6.3.2 Evaluating the Odd Gauss Sums

We start by evaluating quadratic character Gauss sums.

Proposition 6.12. One has
Y p) D 8 p) e

0 a#1

v (()“) ()2 (2) a=1, p=1mod 4
rn—a
P — (=) g2 (%) a=1, p=3 mod4

and

Proof. The first claim is well known and is just the change of variables x,cw = uZolq,

from which we immediately get

G0 G ) e

From this, we see that it suffices to prove the second claim only in the case u = 1.

For the second claim, it is a well known fact that when integrating a multiplicative
character against an additive character, the integral will be 0 unless their conductors

are equal. (E) has conductor 1, hence the need for a = 1. In the case a = 1, we have

L) () e

To do this, we start by noting that the value of x only matters mod w. Hence, we may

the integral

convert the integral to a sum to get

20

z€lF,

where we interpret elements of IF, as lying in Ok via the standard embedding as roots
of unity:.
By the definition of ¢/, this becomes

qil Z <l’> 62““3;“%0(#:11)

z€lFy P
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Since x € Ky, we may pull it out and use the definition of 7 to get
qil Z (ZE) eZwitrgg(%) _ qil Z <I> e27ri%trgpo(x)
z€F, P z€F, p

We may now switch to a sum defined entirely within the residue field, yielding

Ng" .
qil Z Fp (ZL’) 62772%‘“;;1) (z)
z€lF, p

Evaluating this Gauss sum is now easy and is given by the Hasse-Davenport lifting

relation. This relation says that the Gauss sum under consideration is simply

(=17

where

-1 T\ orily _12 )1 p=1mod4
Yo =D — e =p » B
zeF, \P t p=3mod4

is just the classical Gauss sum. As such, we have
F, -
qfl Z M 627ri%trgg(x) _ _q71/2 (_1)f p= 1 mod 4
z€F, p (=) p=3mod 4
O

Proposition 6.13. Let u be a unit, t € K, and without loss of generality, assume

a>0. (We may do this since if a < 0, we get the same result as if a = 0.) Then,

0 v(t) < —a
y (u t) _ Y (’Z’f“) q 2 ve(t) > —a, a even
e’ —(— )Q/J'( fu;a) —a/2 (%) ve(t) > —a, a odd, p=1 mod 4
—(—z)fz//( fu;a) g2 (%) v(t) > —a, a odd, p =3 mod 4

Proof. For the case that v, (t) < —a, we invoke integration lemma 6.9 with G = 7*O.

We get

/ uxQ 1 / u(x + y>2
/OKw<7Ta +t$> dl’—% erK/yewaOK¢< Ta "{‘t(l""y) dyd[L‘

Substituting yolq = ™ Ynew, We get

u(x + my)? u
#G /xeoK /GOK ( — +t(z+m y)) dydz
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Since 1" doesn’t care about integral inputs, some of the terms go away and we may
g

rearrange the integral to

- w(””)uam/ V! (tmy) dyda

#G Jzeok e yeOK

By assumption t7* ¢ Ok, and so the inner integral vanishes, concluding this case.

As such, we may now take v,(t) > —a. In this case, we make the substitution

Tpew = Lold + % Notice that crucially we have % € Ok. We get
—t2m2e uz?
/ / dx
() e (%)
We will now pull out the leading constant and shift focus entirely to computing the

[ v () da

First of all, if a > 2, I claim that

integral

and hence

2 2 2
/ ' <ua:' ) dx :/ Y (u:c > dr = q* w,(ux2> dx
Ok e 7Ok e Ok e

Proving the claim is a fairly straightforward application of our integration lemmas.

First, by lemma 6.11 we have

2
/sz/(““;)dx:z L0 (5 da
(0)% m O ™

Then, by lemma 6.10 with G = 1 4+ 7Ok, this equals

2 [ i (1) i
2€0X? Jyel+nOk e

Setting Yolq = 1 + TYnew, We have

1
2 W<w%+ww>dwx:2 o () [ (Y g
2€0x? JyeOk e 2€0 ) ) Jyeok T
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Since a > 2 and wux is a unit, it follows that the inner integral is 0 and the desired

result follows.

Letting a € {0,1} denote the value of @ mod 2, the claim we just proved implies

2 2
/ Y (ux > dr = qf(afa)/z/ Y’ (ux_ ) dx
Ok e Ok wa

It is not hard to see that we have reduced the proposition to just the cases a = 0 and

a = 1. Since the a = 0 case is trivial, we now restrict attention to the a = 1 case. We

/OK )’ <u:2> dx

There is a very common argument that shows this quadratic Gauss sum is the same a

must now compute

character Gauss sum. By lemma 6.11, we may rewrite the integral as

2 x is a square unit
, [ux ] ‘
/ Y (— <0 xis anonsquare unit dx
Ok
1

T
z € m0gk

™

Since the integral of v/ (W ) over all of Ok is 0, the above integral is the same as

1 x is a square unit
, [ux . .
/ Y () —1 x is a nonsquare unit dx
Ok T
0 r € 10k

However, this is just the character Gauss sum ~/ ((5)7 %) [

Remark 6.14. [t is worth special note that when t = 0, quadratic Gauss sums are
essentially the same as character Gauss sums. There is different dependence on a,
but up to some correction factors of the form ¢*°™™"9 they are basically identical.
Namely, one could write the correspondence as
o) o
o’ g @ D/2 ((E)’ %) a is odd
(Here, we are letting ~' (1, %) denote a Gauss sum build from the trivial character

which is 1 on all of Ok, .)
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This is not surprising, because of the “common argument” we used at the end
of the above proof. In the case of even primes, however, the “common argument”
fails completely. Despite this, we will still end up seeing a reincarnation of this
correspondence between the values of quadratic and character Gauss sums. The
differences will involve shuffling the units around and a constant factor (which only
depends on K,) that shows up for a odd. (This is found in proposition 6.55 and the

remark following it.)

6.4 [y, [, and ¢

The goal of this section is to define and study three functions that show up in the
computation of the Gauss sum. These functions will essentially tell us if and how we

may write z € O as a norm from the extension K[/7].

By local class field theory we know N[I(([‘/ﬂ(K [v/7]*) is a subgroup of K* of index
2. Since this subgroup evidently contains —, it is of the form (—7)2Uy, for some
subgroup Uy € O of index 2. Note that if Ng[\/ﬂ(:ﬁ + yy/m) = u € Uy, then we

have z € O, y € Ok by valuation considerations.

2e+1

Lemma 6.15. If u € O and we have xy such that x2 = v mod 72T, then there is a

lift x of oy such that x* = v in OF.

Proof. We apply Hensel’s lemma with f(z) = 2> — v and f'(x) = 2z. Hensel’s lemma

states that if | f'(xo)|*> > | f(z0)|, then the sequence given by z, 1 = x, — J{,((ZZ)) has a

limit x, which is a root of of f.

In this case, ¢ is a unit so | f'(20)|* = |2z0|*> = 1. Thus, the requirement in Hensel’s

lemma is that | f(zo)| < 7. This is exactly the same as requiring z3 = v mod 7. [

In particular, if we let U; = {u € O% : u = 1 mod 7'}, then every element of Uy,

is square and hence Uy D Useqq.
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Lemma 6.16. For all w-adic coefficients ¢ and all © < 2e, Ju € Uy such that

u=1+cr® mod w1,

Proof. Choose b so that b? = c. There are two cases to consider. If i is odd, we have
N +br?) =1—cn' =1+ e’ mod 7t
On the other hand, if 7 is even we have
N(1+4brx/?) = (1 + b7"?)? = 1 + en’ mod 7'+,
where the step 272 = 0 mod 7! follows from the inequality % + e > i. O

Note also that since ¢ — 1 is odd, Uy contains all ¢ — 1st roots of unity.

Consider the finite field F, with ¢ = 2/, along with the function f(z) = trl;g(aa:? +
bx), where a,b € F,. We have the following nice lemma which will be used repeatedly

and is what the calculation of the Gauss sum boils down to at the end.

Lemma 6.17. As x varies over F,, f(z) is identically 0 if a = b* and takes on the

values 0 and 1 equally often otherwise.

Proof. Treating F;, as an F, vector space, f(x) is a linear transform. Hence, one of

the two possibilities listed above must occur, depending on whether f is identically 0.

The Frobenius element is z — 22, so bx and b%z? are conjugate, and hence have the
same trace. Therefore, f(z) = tr%((a + b%)z?). Tt is now obvious that this function is

identically 0 iff a + b = 0. O

Proposition 6.18. 1+ dn2¢ € Uy for ezactly half of all § € F,, independently of the

lift & chosen. Such & are exactly those satisfying 6 € a2 - ker(tr%).

Proof. Let Uy; ={u € Uy : v =1 mod 7'}, so that Un,o = Un. We inductively show

that for all 0 < i < 2e, Uy, has index 2 in U;.
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The base case is the class field theory result. For the inductive step, we consider
the short exact sequences U1 — U; — U; /Uiy and Uy i1 — Uni — Uni/Univa-
The natural inclusion of the second sequence into the first induces an isomorphism on
the quotient, by the previous lemma. The inclusion of the middle term has index 2 by

the inductive assumption, so the inclusion on the first terms also has index 2.

It follows that Uy, has index 2 in U,.. Now using ¢ = 2e in the short exact
sequences, we have User1 — Use — Use /Usey1 and Unaer1 — Unge = Unoe/Un2e41-
We just observed the inclusion on the middle terms has index 2. The inclusion on the
left terms is an isomorphism since we know Uy D Us.,1. Hence, the inclusion on the

quotients has index 2 and the first part of the result follows.

For the second part, consider
N1 +0bm%) =14+ (b* +a'b)r* =14+ a %((ab)? + ab)r*

As observed in proving lemma 6.17, the map 2? 4+ z : F, — F, has image exactly the
kernel of the trace map. This realizes ¢/2 possible values for . Since we can only get

half of them, these must be exactly the possible values. n

Note that our construction that realizes the values of § shows the stronger statement

that they can be gotten as perfect squares, not merely norms.

Lemma 6.19. Suppose 2?> — my?> = 22 — mw? for x,y,z,w € Og. Then 2? =

2e+1

2% mod 7 and y? = w? mod 72°.

Proof. Since x + 2z = x — z + 2z, we have
(T —2) <e = vp(r+2) =v(r— 2) = ve(2® —2%) =2u (T +2) < 2

So, in this case the valuation is smaller than 2e and even. On the other hand,

ez —2) > e = v(r+2)>e = ve(2? —2%) > 2e
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so in this case the valuation is at least 2e. Together, this implies that if v, (a* — b?) is
odd for any a,b € O, then v,(a? — b*) > 2e + 1. From the initial assumption, we
have that v, (z? — 2?) and v, (y? — w?) are consecutive integers, and so one of them is

odd. The result follows. O

Definition 6.20. Once and for all, fix 6y so that 1+ g7 ¢ Un. If u € OF, define

(5(1},): 0 u € Uy
50 U%UN

From this, we may write

u(1 + §(u)7*) = 2% — my?

Then by the previous lemma, it makes sense to define
Oo(u) := 2% mod 7% € O /7™, Oy(u) := y* mod 7 € O /7%

As stated earlier, these functions describe whether a unit is a norm as well as how

to write it as such.

Remark 6.21. If v’ = uc® with ¢ € O, then we clearly have Oy(u') = Og(u)c?.

Hence,
Co(uw') _ Do(w)

u! U

Oo(u)

In other words, the function u— =22 only cares about the value of u in O} /O

Furthermore, if we had chosen a different value for &y, say 9, consider

1+ oym*

Ps = 1 + (507’[’26

We have ps € Uyse. From the remarks after (lemma 7) and (proposition 9), this

Oo(w)

implies that ps is a perfect square. It follows that 1s invariant of the choice of ¢,

01 (u)

" .

and similarly for

Remark 6.22. The function u — DlT(u) only cares about the value of u in Ok /7

and so with the previous remark only depends on u € %.
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2e+1

Proof. 1t is clear that u only matters mod 777", since U1 is comprised of squares.

So, it suffices to prove

Oh(u- (1+ar™)) _ Diu)
U - (1 + (Z7T2e)

for a € Og

If 14 an*cU N.2¢, then it is a perfect square and we have

Oy (u- (1 + an?®)) _ Dh(w)(1+ an?®) _ Oi(w)
w- (1+ amr?e) u- (14 an?) u

Otherwise, write 1+ an? = (1 + a'7%¢)(1 + dy) for 1 + a’'7*® € Uy .. Then we have

Oy(u- (1 +ar®*))  Op(u- (L+6m°))(1+a'7%)  Op(u- (14 dom*))

w- (14 ar?) w- (1 + am?e) w - (1 + dgm2e)

The key is that O (u - (1 + dom*¢)) = Oy (u) due to how [y is defined. Hence, the
numerator is just i (u). On the other hand, the denominator is just u, since [J; is
only defined mod 72¢. Note that because of this last step, this particular result only

holds for [y, and not L. O

1

Starting from w(1 + §(u)7?) = 2% — my? mod 7!, we see u = 2? + my* mod

7Tt Further, note that when working mod 7¢*!, squaring is a homomorphism over
addition. (Since if we consider z? = (zg + 217 + xam% + ...)?, the lowest valuation

crossterm will be 2z¢z 7, of valuation e + 1.) It follows that 2% must be exactly the

even valuation terms of u, and my? the odd valuation terms.

In summary, Cy(u) is a perfect square satisfying
Oo(u) =D ugm™ mod 7
i>0
and [J; satisfies

7T|:]1<U,) = Zu2i+1ﬂ_2i+1 mod 7Te+1
>0

This explains the choice of notation. [J; is a square number that comes from the

coefficients of index congruent to ¢ mod 2. Of course, this only true mod 7¢*!.
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6.5 Computing the Gauss Sum

We will build a factor of 7 into the Gauss sum to simplify computation as well as
the final formula. It should be clear that computing this Gauss sum is the same as

computing the original Gauss sum. Define
2
V)=o), o () =2 (D) = [ v (%) @
e e Ox e
Similarly, define
u U Tu TU Tur?  Tu'z
7,<a, a,> :’Y<a>a,> :/ %( — ) dx
T T me T Ok T ™

There is still a slightly more convenient form this sum can take on. Let ¢ =

ma’

e K.
For a certain function f given in the statement of proposition (number), we will

actually be evaluating sums of the form

(w1 _/ Tuz? Tu'x
" <7T“77Tf(a)) o 0K¢*< e +7rf(a)+a’ dx

It should be clear that evaluating this sum is equivalent to evaluating the original

Gauss sum (regardless of f!). Finally, we may assume a > 0, since if it is negative
we may increase it to 0 without affecting the value of the Gauss sum. It is with this

setup that we can begin our main computation.

6.5.1 The Main Computation

u/

Proposition 6.23. Throughout, assume a > 0 and take u € OF. Let t = ~r with
a € Z and v € Ok. Let a € {0,1} denote the value of a mod 2. Similarly let

a+ee€{0,1} be the value of a + e mod 2.

If a > 2e + 2, then

Ty

/ (U t ) _JO t¢ Ox
Y ﬂ_a? ra—e - qf(a7&72e)/2¢/ <—O¢2t2> fy’ (ﬂ_QZJra) t e OK
If0 <a<e, then

, ( u t ) {1 Oy _a(u) =12 mod m*
’)/ =

a’ rlata)/2 0 else
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Ife <a<2e+1, then

! t -
g qa’ rla+a)/2 )

{Q*“‘G—Mﬂw’ (27 (2=2=2)) B@Te) Dialu) = ¢ mod 72

0 else

where

B 1 a-—+e
T ) (et

Here, 1) is the standard exponential of Ky. Also recall oy € Op, is given by

0
1

a =Y, am.

We will rearrange these formulas into a cleaner form after completing the proof.
The forms above are chosen because it is easier to see how they come out of the
computations. Note that we end up with two nontrivially equal formulas for the case

a=c¢el

Proof. We will have to chip away at this computation one case at a time. We will
proceed roughly in the order of the formulas given above. Case 1 will deal with

a > 2e+ 2.

Case la: This subcase deals with the further assumption ¢ € O, or equivalently
a > 0.
We are starting with the expression
Sfu o , [(uz? (g p
(o) = o ¥\ * e )

a—e+a'—1

a—e+a'—

. ) . _
Let y; = Y025 oy’ and 7 Yo = w0 Titaetar—1T be a parti-

tioning of the m-adic representation of x so that = = y; + 7%~ ¢** ~1y,. We write
a—e+a’ -1

(w1 ) / S fulyr + 7 y2)? ' (yr + T yy)
7’ p— ’ d
7 (71'“ a—e Ok v T + a—eta .

2, 2a—2e+2a’—2
uYsT

2 / / - /-1
(UYL | u2Y1ypem u'yy u'ypmt e
P =+ + + S dx
OK 7T[l ﬂ-a ﬂ-a 7T[l eTa ﬂ-CL eT+a

a—e+a'—1
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In the exponential above are five summands. The second summand is an integer since
2 =7°/a and @’ > 0. The third summand is an integer since 2a — 2e — 2 > a <> a >

2e + 2. As such, we get

= W (W%_F u'i +U'y2> e
Ok

Ta qa—eta’ T
It immediately follows that the integral only depends on the m-adic coefficients up to

ZTa_era—1 and that furthermore for some function f, we may rewrite the integral as

u,xa—e a'—
= w, <f(ZL‘(), “ .. ,xa_e+a/_2) —I— H) dm

Ok ™

Since only finitely many of the m-adic coefficients matter, we may rewrite the integral

as a finite sum over these coefficients and find

=) S (f(@gs s Teerar2)) S <1LI“‘6+““‘1>

X0y Ly_etal —2 Lo —eta —1 i
Of course, the sum over x, 1,1 is just 0 and we are done. Though, we could make

this last step a bit more rigorous by observing

/ ulxa—e—l—a’—l o / uli
() L (T e

To—eta —1

and then using the fact that the integral of a nonconstant exponential is 0.
Case 1b: Now we tackle the case a > 2e + 2, t € Okg.

Rewrite

/ & <ux2 . tr ) e / o (ux N 2atx> i
Ox e Ta—e Ox e e
We may complete the square to get
t 2 2t2
Lo () )
Ok e U (7

Since ¢ is integral, this is the same as

—a?t? u

W ( | (gﬂ) dr
U Ok T
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which is the desired result.

Case 1c: Finally, we will handle the case a > 2e 4+ 2 and «' = 0. In this case we

/OK Y/ <7,;x(12> dx

are concerned with the sum

We will proceed similarly to case la. To do this, we let y; = 2022zt and
oYy = oL S0 i e 1 s0 that @ = y; + 7T Ly, We get
2 a—e—1 2
uxT U +m
/ w’( )d:c:/ w((yl y2)>dx
Ok e Ok e
U 2 2 ,n_afefl u,ﬂ.2a72@72 2
Ok e e e

In the exponential, there are three summands. The second summand can be simplified
using 2 = 7¢/a. The third summand is an integer and can be removed, since

20 —2e — 2> a <> a > 2e+ 2. We get

2
— 5 04 <uy1 + uy1y2> dx
K

e QT

We see that for some function f, we have

= wl <f<l’0,---,33a62) 4 M) dx

Ok am

Just as before, we write this as a finite sum and get

— q*(afefl) Z w/ (f(xo, o ,l’a,e,2>> Z w/ <ux0Ia—e—1)

Z05--La—e—2 Tag—e—1 am

This time, we see that the sum over x,_._; vanishes iff zq # 0. It follows from this

2 2 2
/ ' <u:v ) dx :/ Y (ux ) dr =q* w,(ux2> dx
Ok e 7Ok e Ok T

We conclude that for a > 2e + 2

that
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This reduces all cases where a > 2e + 2 to just cases where a € {2e,2¢ + 1}. In

(%N —(a—a—2e)/2.0 (Y
v <7a> =4 T era

It is left to the reader to check that this fits with the formulas claimed above.

particular, we have

Case 2 will deal with 0 < a < 2e + 1.
Case 2a: This subcase will further assume t ¢ O, or equivalently a’ > 0.

We are computing the sum

g (u ot _/ , ((ux? u'x
v <ﬂ-a’ﬂ-(a+a)/2> - 0K¢ (ﬂ-a + m(ata)/2+a’ dx

Let y;, = ZZ(ZJS&)/2+& -2 2w and 7T(a+a)/2+a’—1y2 — glata)/2+a'-1 ¥, xi+(a+&)/2+a’—1ﬂ-i

so that o =y, 4+ 7(@+@/2+d' 1y, We get

,(u t ) :/ " <u(y1 + 7T(a+t_z)/2+a’71y2)2 . U (y, +7T(a+t_z)/2+a’1y2)> .
o

ra’ qlata)/2 o rlata)/2+d
2 (a+a)/2+4a'—1 a+a+2a’'—2,,2 / /
B p(Uyi | 2uyyem um Y5 uy u'ys
T OKw <ﬂ-a + e + e + mla+a)/2+a’ + T > dx

There are five summands in the exponential. The second summand may be removed
since it is an integer. This is slightly nontrivial, but the fact that 2 = 7¢/a reduces
this claim to showing the inequality

(a+a)/2+a —1+e>a. This is equivalent to the inequality 2e — 2 + 24’ +a > a,
which is a combination of 2e — 2 + 2a’ + a > 2e + a, which is obvious and 2e + a > a,
which follows by casework. The third summand is also an integer, though this time it

is obvious. It follows that for some function f, the integral becomes

Ull'a a)/2+a’—1
- Ul (f(xo, ooy Tata)/2rar—2) T (at+a)/2+ ) dr
Ox -

Just as before, we may write this integral as a finite sum and it is clear that the sum

OVeI T(q44)/2+a'—1 Will vanish.

Case 2b: We now consider 0 < a < e and t € Og.
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We are computing the sum

Y t _ Tuz? Tt
v <7Ta’ 7T(a+a)/2> - /OK %ZJ*( o + la+a)/2 dx

If a =0,t € Ok, the integrand is identically 1, so we may as well restrict to a > 1.

Then from the definition of v,, we have

2
B Lk [Tuw Tix
= o exp <2mtrQ2 (ﬂ’"*“ + 7Tr+(a+a)/2>> dx

By the tracechanging formula, this becomes

= o exp (Witrgg ((u{EZ)a—l + (tz)(aﬂ’l)/?fl)) dx

To extract the given m-adic coefficients of these products, we appeal to (lemma). Once
we additionally note that

oo
2® =) ai7* mod 2
1=0

we can calculate that the integral becomes

(ata)/2—1 (at+a)/2—-1
= exp mtrgg Z Ua_l_gil'? + t(ata)/2—1—iTi dx
Ok i=0 i=0

We can again use the trick where we write the integral as a finite sum to get

(a+a)/2—1
= H q "' Z exp (Witl"gg (uafleil'? + t(a+a)/2—1—il’i)>
=0 T

Lemma 6.17 now kicks in and tells us that the above quantity is either 0 or 1, and is

0 unless we have
Ua—1-2i = t%a-i—é)/Z—l—i 0<i<(at+a)/2-1
Reindex the conditions to get
Uy gyoi =12 0<i<(a+a)/2-1

Note that 1 — a is either 0 or 1. We now sum the above conditions to get

(a+a)/2—1 (a+a)/2—1
2 22
E Ul _gyoiT = E tym
=0 i=0
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The left and right sides are just the m-adic expansions of (J;_;(u) and ¢?, stopping at
valuation a+a—2 € {a—1,a —2}. This implies that all the conditions are equivalent
to the single condition

Oi_a(u) = t* mod 7
This concludes the proof of this case.

Case 2c: We now consider e < a <2¢+1 and ¢t € Og.

As in the previous case, we are computing

Y t _ Tuz? Tt
v <7ra’7r(a+a)/2> B /OK %U*( 7 + 7(a+a)/2 d

For b > 0 (to be chosen soon) let

so that

Y t -
Y (ﬂ_av 7T(a+‘_z)/2> - Z [y(u)

yEOK/Trb

By the change of variables zoq = ¥ + ™ Tnew, We have

b2 b
Jp " (Tu(y+7r ) Tty + 7 x)) i

o (a+a)/2
2 b 2_2b b
oy (wy ty / T - 2uyxm TULT Tt
_= q ¢ ( 7-(-(1 + 7-(—(a+a)/2> OK 1/]* < 7'(“ + ﬂ_a + 7-(-((1+6,)/2 d.’L’

Set 2 = m¢/a and use the definition of 1, to get

2 bte 2,_2b b
e fuy ty / Kk [ Tuyxm TUL T Ttxm
=4q 2/) ( T + 7-(-(a—l—a)/2> Ox eXp (27TZtI'Q2 ( amrte + arta + art(ata)/2 dx

We now make the choice of b. Choose b = [*5¢] = %‘Tr& Also set i = (uy)/«.

The integral simplifies to

B K TY Tuz? Ttx
- f(y) /OK exp (27T’ltI'Q2 <7rr+(a—e+a+e)/2 + 7Tr+e+a7+e + 7Tr+(e+d+a7+e)/2 dx
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where to save space we have temporarily set

2
f(y) — q—(a—e—ai-l—e)/Q,[?D/ <uy + ty )

a mla+a)/2

We may further compress this down by setting t' = t + 7(2¢+3-2)/2y/ o get

2
B K Tt'x TUT
= [(y) /OK eXp <2mter <ﬂ-r+(e+a+a+e)/2 + ﬂ-r-‘re-‘ra—‘re)) dr

Note that 2e +a — a > 0, so that ¢’ is integral.

Now turn your attention to the integrand and more specifically the two exponents
in the denominators there. They are each at least as large as r. Our next goal is to
figure out just how much bigger than r they are.

The second exponent is either e or e + 1 larger than r, depending on a + e.

For the first exponent, we have

<

| < e+a+a+e: {e—;—aw

F+1
- 2

Wg[dze

It follows we can use the tracechanging formula (proposition 6.6) to get

' — (ua?®
= f(y) /o exp <7mtrg§ ((tlx)(e—i-a-l—a-i-e)/Q—l + (ur?®)yzre + @+ e)( )0>> dx
K

20./0
By an application of lemma 6.8, we get
(e+a+ate)/2—1

— f(y) /OK exp (ﬂ"ltrgg ( Z (t/(e+a+a7_|_(a)/2_1_ixi + Ue_;'_r_i_e_l_%x?)

=0

+@F e)“wg» dzr (6.26)

20[0
This expression is rather messy, so it can be helpful to write down the first and last

terms inside the sigma notation. The sum goes

2 2
(t/(e+a+r+e>/2—1f‘/'0 + Ue+r+e—1x0) Tt (tgx(e+a+m>/2—1 + ul—ﬁx(e+a+m)/2—1)

Moving on, just as in case 2b we may replace the integral with a finite sum and factor

over the various x;. The integral becomes

(e+a+a+te)/2—1

=/ H q_l Z P (Mtrgg (t,(e+&+ﬁ)/2717ixi + “e+ﬁe—1—2i%2 + 9))
=0 x;
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2

Here, we have temporarily let 6 denote the quantity (a + €)5-2. Notably, this quantity

is only nonzero when ¢ = 0 and in the case a +e = 1.

We will now evaluate I, using case work on a + e. Once we have evaluated each
case separately, things will come back together and we will continue Case 2c as a

whole.
Case 2ci: Assume a + e = 0, so that a and e have the same parity.

Lemma 6.17 tells us that every term in the product is either 0 or 1, depending on

i. Hence, I, is either 0 or f(y). For it to be nonzero, we must have
Uerate—1-2i = t,?e-ka-i-aT-e)/z—l—z‘ 0<:< (e +a+ m)/2 -1
Reindexing and setting a + e = 0 gives the equivalent conditions
W gioi =t  0<i<(e+a)/2—1

Just like before, we may add these conditions to get

(e+a)/2—-1 (eta)/2—1
21 1292
E Ul —gp2i T = E tim
i=0 =0

The left and right sides are the 7m-adic expansions of [J;_z(u) and ¢, stopping at
valuation e + a — 2, which is an even number. It follows that all of the conditions are

equivalent to the single condition

In conclusion,

Case 2cii: Next, we consider a + e = 1.

In this case, we have

(e+a—1)/2
L=f@) TI "> exp (mitr? (a1 @i + tezz? +0))
1=0 x;
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Since a + e = 1, the 6 term will show up for the ¢ = 0 term in the product, and will
there take on the value of U;Txf We may now apply lemma 6.17 to see that for ¢ > 1,
every term in the product is 0 or 1. Note that lemma 6.17 tells us nothing when ¢ = 0,

since the 2 in the denominator will cause us to care about our quantities mod 4.

From here we see I, is either 0 or f(y)3(1),” where

u x2
B(1):==q¢ "> exp (m’trgg (t'(eJral)/Q:co +urd 4

0 20[0

Furthermore, I, is nonzero” exactly when we have the conditions
2 . _
Ue—2; = t/(e+a—1)/2—i 1<i<(e+a-—-1)/2
Or, upon reindexing
2

U1,a+2i:tl O§Z§(€+a—3)/2

As before, sum these conditions to get

(e+d—3)/2 (e+a—3)/2
2 22
E Ul_g42, T = E s
i=0 =0

These are the starts of the m-adic expansions of 0y _z(u) and ¢’ ?, stopping at the even
valuation e + a — 3. It follows that the many conditions are equivalent to the single

condition

Oy_a(u) = t* mod et

In conclusion,

I, =

{f(y)ﬂ(l) Oy_a(u) = ¢* mod meta—!

0 else
Case 2c, continued: The two branches 2ci and 2cii now come back together.
Letting 5(0) := 1, we have

;_JfwB@aFe) Oia(u) =¢" mod pererete
b0 else

*We will deal with evaluating 3(1) later. Though for now it is worth noting that (1) itself
appears to be a Gauss sum, taken over K.
3Later, we will show f(y)3 is necessarily nonzero.
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Recalling ¢’ = t + 7(2¢+3=9)/2y/ and ¢/ = (uy)/a, we see that I, is nonzero when

2.2 o
Oi_a(u) = (t+ 7T(26+a711)/2y/)2 =4 7T2e+afay/2 =24 7.‘_264’(17(1% mod peta—ate
o
This may be split into the pair of conditions
2 2
a o’ Uy _g(u) —t _
Oi_a(u) = t* mod w2Ho—* 7L = 4 mod 7é—¢Fe

u2 7T26+&7a

The second condition simplifies to

le% \/Dl_(-l(U) —t

b (a—e—a+te)/2
w m(2eta—a)/2

=y mod 7

Recall that %“Te was exactly the choice of b, so this condition uniquely specifies

~ay/Bia(u) -t

Yo = u  m(eta—a)/2

a value of y mod 7°. Let

From the definition

Tux? TtX
Iy = /y+7rbOK (Un < o + lata)/2 dx

we know that the value of y only matters mod #°. It follows that

[ — {f(yo)ﬁ(a +e) O_a(u) =t mod 727 and y = y, mod 7°
o else

Also recall

u t
0l ( W(H,—lw) = > Ly

ma’
yEOK/ﬁb

We can now see that depending on ¢, this sum either consists entirely of Os or contains

a unique nonzero term. It follows

! t -
v <7Ta’ (a+a)/2> -

{g (a—e—ate)/2y/ (uy(’ + 7T(a+a)/2) Bla+e) Dl1—a(u) = t* mod g?+e—e (6.27)
else
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Note 1: A necessary consequence of our proof thus far is that the above piecewise
formula cannot depend on the choice of representative y,. Inspection should reveal

that this is a nontrivial fact, although it can also be proven via direct computation.

Note 2: Since 2e+a+a is an even number, the condition [y _5(u) = t* mod r2¢+ta—a

is equivalent to (;_;(u) = t* mod w2¢ .

We may simplify the expression slightly by plugging in the definition of y, to get

o w/Dl_a(u)t>2 ' <a /01 _a(u)—t

u r(2et+a—a)/2 u r(2e+a—a)/2

:q—(a—e—m)/2¢/ u< ) Bla+e)

e + mlata)/2

Light simplification yields

_ qf(afefm)ﬂw/ &2( leé(u) - t)Q n tg \/m —t

_ U 2e+a u reta

Bla+e)
Expanding the square,

_ q—(a—e—m)/26(m> «

o (aQDla(u) o? 2t /Ua(u) o 2 N tE\/Dl—a(U) a1

= .28
U ﬂ-QeJrZL U 7T26+¢_1 U 7T2e+& U 7T6+a U 7Te+&) (6 )

The fourth and fifth terms can each be multiplied by 1 = 2a/7° to get

_ q—(a—e—m)/Qﬁ(m) «

o 0i_a(u)  o?2t/0ia(u) o ¢ ota? \/Ui-a(u)  2t2a? 1
v ‘u m2eta 4 q2eta - u m2eta u q2eta g q2eta
(6.29)
After canceling, we get the final result
2 2
_ _—(a—e—a+e)/2, ! o lea(u) —1
=g )24 <7r26+a ( ” Bla+e)
Therefore, we have proved
N t _
! (7r‘“ 7r(“+“)/2> -
—(a—e—a+e)/2,/ [ _a? O —a(w)—t? — T B — 42 2et+a—a
{§ o (st (B=0)) Ba+e) D11a<u> =t mod e o
else
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This concludes the main body of the casework.
Case 2c, 5(1): This is a follow up to 2cii where we compute /3(1).

Recall that

2
_ . K, ULy
B(1)i=q 'Y exp (Wztng (t/(e+a_1)/2x0 + uoTh + S, ))
zo
where the sum is taken over all ¢ possibilities for the m-adic coefficient xy. There is an

implicit assumption a + e = 1, since that is when (1) shows up in our formula. Also

recall

B |:| —_a\u —t
t, :t+7r(26+a—a)/2y/ 7 y/ — (uyo)/OK — @ — t’ = Dl_&(u) !

(2e+a—a)/2

So, we get

2
-1 . Ko 2, UoTy
= E exp | mwitr ( 5 u) To + UeTo +
! p< Q2< 1-a(t) (e+a—1)/2 ’ ° 20 ))

g 0

_ ) Upx?
=q 1 Zexp <mtrg‘2’ <\/(Dl_a(u))e+a_lxo + ue:r§ + 20 0))
0

%)

2
. UL

=q " Z exp (mtrgg <\/uex0 + uexg 4 20a O))
0

Zo

By lemma 6.17, we get

2
=q! Z exp <2m'trg§ <u0$0)>

0 4@0

Next, notice that zop mod 2 determines z2 mod 4. It follows that we may rewrite

2
. U
= exp | 2mitrho dx
Ok, P ( @2 < 40&0 ))

Since ug is a m-adic coefficient of u, it is a root of unity and in particular a perfect

square. We may absorb it into the variable z and get

K z°
= exp | 2mitry? | — dx
Ok, P ( @ (40(()))

4Note we took y = yo in the definition of 3 since although technically 3 can be evaluated for any
choice of y, it was only when y = yg that we got a contribution to . So, this is the only case we care
about.
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This leads us to observe that the result of this calculation only depends on a and the
residue field extension degree f. We can factor out the dependence on g by noting

that the quantity we are computing is in fact a Gauss sum for the field K = K.

For the moment, take K = Kj so that e = 1. Choose m =2, 7 = 1. « and « for
this field will then be 1, so any further usage of the variable ag will to refer to the one
coming from the older, original K. Apologies for any confusion due to this. The Gauss

sum we are trying to compute is then v, <a202>, where the subscript is a reminder of

the field we are taking as K. For this Gauss sum, a =2,s0a =0, a+¢ = 1.

Recall

N t -

7 (w’ 7r(“+“)/2> -
glemeraFO 2y (g (Bt BaFe)  Ohg(u) = 12 mod w2ete-e
0 else

(6.31)

so that we have

, (! Yo (}1 <D10(f_y?1))> B(1) Oi(ag") =0 mod 1
P}/KO 22 ’O - 0
0 else

where 1) is the standard exponential for Kj.

It is clear that the conditional J;(ag') = 0 mod 1 trivially holds. We get

2 —1 2
L Ko [ T . 1 D1(050 ) / Ko 2
/o . exp <2mtrQ2 (4@())) dx = 1) <4 <a01 o, exp | 2mitrg) 1 dx

We can clean this up slightly using
Oi(ag') _ agi(ag’) _ Di(an)

7} Qp Qp

Regardless, the problem has been reduced to computing an integral that only depends

on f. I claim that

K, $2 1 2 -5
/ exp | 2mitrg) | — de = ———e*™is/
Oxy 4 \/a

proof of which will be saved for the next proposition. Besides this one step, this

concludes the evaluation of the Gauss sum. O
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Remark 6.32. Although the proof of the proposition does not make this obvious, the

formula

Ya(tr) = ;%_xu)

continues to hold as long as a — 2 > e and both Gauss sums are nonzero. This can
have some interesting implications, since if v.(u) is nonzero, it is necessarily 1. This

would imply that ey o; is positive real. This claim is proven in corollary 0./0.

Proposition 6.33.

/ i trio a? d 1 271'1%]”
op = ex %) — r=——¢
d Ox, P @\ 4 Va

Proof. x* mod 4 depends only on z mod 2, so we rewrite the integral as a sum over
the leading m-adic coefficient of x. Here, we identify the values of the m-adic coefficient
with [ in the obvious way. We get
of = 1 Z exp <2mtrg§ (T)) ,
zeF,
We will often abuse notation like this by indexing our sums over elements of the residue
field, and let it be understood that the terms in the sum will be the multiplicative

lifts of these elements.

We now proceed using casework on whether f is even or odd. The proofs used in

each case will be mostly unrelated.

Case 1: Let us first consider what happens when f is even. Let f = 2n, so g = 22"

The extension Fy» C Fh2n determines a subextension Ly C K. Let

2
Ofa= >, €xp <2m'trg§ (Z))

Fyo
tngnn (z)=a
so that we have

1
0p == 2 Ofa

q a€Fon

121



For any b € Fy., we have tr?ﬁ" (b) = 0, which implies

b 2
Ofa= >, €xp (27?%1"53 (W))

Fao
‘ch;:L (z)=a

Expanding out the square, we have

o (12 . (b . (b
Ofa = g exp | 2mitrg) 7 exp | 2mitrg) 5 exp | 2mitrg) i
Fyon
tr 2 T)=a

Fon ( )_

Since the lift of b lies in Ly, we get

o (12 ;. [ab o (VP
Ofa = Z exp | 2mitrg) 7 exp | 2mitrg), > exp | 2mitry, 5

tr?ﬁiﬂ (z)=a
: b+ b?
Ofa = Ofq€XP <2mtrf£ <6L2>>

Lemma 6.17 tells us that if a = 1, then exp (27Titr£2‘; (‘“’—;”2» = 1 for all choices of b.

or equivalently,

On the other hand, if a # 1, then we may pick b so that exp (2m'tré°2 (#)) # 1, in

which case it follows o, = 0.

We can conclude then, that

> o (2nief (4
of = — exp | 2mitrg) ())
f q . Q 4

2
tngnn (:E):l

To finish the computation, we will show that the terms in this sum all have the same
value. To do this, let x € Ok, be the lift of some index in the sum. That is, z is a
root of unity obeying

r+ 22" =1mod 2
Raise both sides to the 2! to get for all i > 0,

21’ 2n+i

T +x =1mod 2

Squaring this relation yields for all ¢ > 0,

2i+1 2n+i+1

+x =142 mod 4
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We will now use this last identity to compute the value of the exponential in the sum

for oy. To do this, we need to find the value mod 4 of

2n—1

trgg (:1:2> = ;} 22t

We can regroup these terms and apply the identity to get

2n—1 - n—1 1 — n—1 iLoi
1 X2 11N n—+1 1
> 2t =) P 42 => 1422 mod 4
=0 =0 i=0

We slightly rewrite this sum as

n—1

n+22 (x-:vZn)Qi

=0

From the fact 22" = 1 + 2 mod 2, we get

n+ 2712_:1 (;L- . x2n)2i =n+ QS (:c + x2>2i mod 4
=0 =0

Writing out the sum, we have
n+2((x—|—x2)+(x2+x4)—|—...+(x2"71 +x2")) =n+ 2 mod 4

Plugging this back into the sum for of, we have

1 2 1 2
op = — Z exp <2m'trgg (2)) = - Z exp <27rz' . njl— )

Foon q Foon
tern (z)=1 2

tr, (z)=1

Keeping in mind ¢ = 27 = 2?* and that there are 2" terms in the sum, we get

1 2mil L omisn 1

op=———€ = ——¢e™1 = —

Va Va NG

Case 2: Now we must consider the case when f is odd. The idea is to first

ezm%

compute the magnitude of the Gauss sum, and then do a counting argument to show

there is only one way to add up the terms to get something of that magnitude.

To compute the magnitude of oy, we write let H denote the quaternions with
coefficients in O,. That is, for h € H, we may write h = a+bi+cj+dk, a,b,c,d € Og,.

Letting N be the standard norm down to Og,, we may write

) N(h)
4 Ko
o= - exp (2mtrQ2 (4 )) dh
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In order to compute the integral, we start with just the integral over H*:

. N(h)
omitrBe [ =2 | dh
/heHX exp ( mitrg, ( 1 ))

Note that by the standard inverse formula h™' = (a — bi — c¢j — dk)/N(h), H* consists
of exactly those elements so that N(h) € O, . Also note that the condition to be in

H* may be worded as a + b+ ¢+ d # 0 mod 2. Hence, H* has a measure of 1 — %.
Let p(z) = meas({h € H|N(h) = z mod 4}). For any function f : Og,/4 — C,

we have

1

5> ) f(x)

[ @) dn =
heH T 2e(0x, /9

I claim that all the measures above are nonzero - that is, every class in (O, /4)* is
a norm coming from H*. This is easily verified directly by considering a norm of
the form 0 + 22 + y? + y? = 22 + 2y?. Furthermore, all of the measures above are
equal. This follows because given z,y, there is z € H* so that N(z) = y/z. Then,
multiplication by z is a measure preserving bijection on H that maps p(z) onto u(y).

Call this common measure p. Then, we have

| FN@wydh =5 S ()

Q
8
M
Q
=
(=]
~
=
X

Setting f = 1, we get
1
1—-=H

. gﬂf—QL

so that u = 1. Applying this to the desired integral and converting the sum back to

an integral, we have

, N(h) , x
oritrko [ 2\ M:/ (2t%(>)d
/heHx eXp ( e rQ2 ( 4 )) xeo;;() eXp VY’ I“Q2 4 X

Applying the change of variables xq = Tpew + 25, We see
x s x
exp ( 2mitr5e ()) dr = ex (QWitrKO ()) / ex (QWitrKO ()) dz
/meolx(o p( Q2 \ 4 P Q2 \ 9 xEOIX{O P Q2 \ 4
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Choosing s € O, so that trg;)(s) = 1, we conclude that the integral of interest is 0.

That is, we have shown

. N(h)
omitrBo [ ) ) dh =0
/hEHX exp ( mitrg, ( 1 ))

Hence, it suffices to compute

. N(h)
P= 2mitry? | —— | | dh
O'f /heH—HX exp ( (X I“Q2 1

Such an h in the domain necessarily satisfies h = a + bi + ¢j + (a + b+ ¢)k mod 2.

We get

1 A+ +E+(a+b+c)?

4 K

o = — exp | 2mitr,? dadbdc
f q /(a,b,c)GO%o P < @2 ( 4

Expanding, we get

1 21 p2 4 ¢? b+
ot == exp | 2mitrse @b e abtbetac dadbdc
I q (ab,e)€0% @ 2

Since we only care about a® + b* + ¢ + ab + bc + ac = a* + a(b+ ¢) + b* + * + be
mod 2, lemma 6.17 tells us that the integral over a will vanish unless b + ¢ = 1 mod 2.

Thus, we assume ¢ = b+ 1 mod 2, which occurs in 1/q cases. This gives

04:1/ exp [ 2miteo a>+a+b*+(1+0)*+b(1+0) dadb
I @ Janeor, Q2 2

Simplifying, we get

2 2
o} = 1/ exp 27rz'trg° @ tatb b+l dadb
¢ Jabeos, 2 2

By lemma 6.17, tr(z? + 2)= 0 mod 2, so we get

1 1
4 e
= exp ( 2mitry? ()> dadb
TP (a.b)e03, Xp< Qx5
1 1
== exp 27rz'i dadb = —(—1)7
q* J(ab)e0y, 2 ¢

We conclude that |o;| = %.
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Now we can start the counting argument. Note that
(x4+1)*\ [a® <x) <1> T e <x)
¢*< i)\ ) e g) e g = el ) g
If trl;;’ (z) = 0, then it further reduces to i/, (‘%2) Using this, we write
. Ko 372 . Ko 1'2
of = /tr?l(m)zo exp | 2mitrg, T dr + e exp | 2mitrg, T dz
2 2
- (z+ 1)
= exp | 2mitrBe | = dr + exp [ 2mitrBe [ A—— dx
/trig (z)=0 P ( @2 < 4 )) tr::g (z)=0 P ( Q2 ( 4

22
=1+ / omitrse (=] | d
(1+47) i e)—o exp( mitrgy | x

r+2?: F, — F, is a linear function with kernel of size 2. Lemma 6.17 tells us its
image consists of elements of trace 0. It follows that the image consists of every

element of trace 0, twice. We apply the change of variables x4 = 72, + Tnew, yielding

1 -f 2\2
of = —;z /azqu exp <2m’trg§ ((x—lx))) dx
1+4f g [T+ 208 4 2t
= 2mitryl | ————— d
5 /a;qu exp ( mitro, ( 1 x

Since z € Ok, is a root of unity, 2% and z* are conjugates and have the same trace.”

1+ Kk, [+ 2P
0= /:cqu exp <2mtng (2 dx

22+ 23
P2 [ e (e (Z55)) 4
en, exp( ) rQ2< 5 x

I is clearly real. An elementary check shows that our desired result holds if I is the

We get

Let

rational number ﬁ (%), where the second factor is the quadratic symbol. Note

that since we know |0y, we at least know that I = 5747 (%) We will resolve the
sign by induction.

For the base case, take f = 1. Then, we check

x? + 23 1
[:/ omitrko [ — 2 (1+1)=1
o exp< 7rztrQ2< 5 dz 2( +1)

5This replacement still works even if we use an arbitrary lift.
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For the inductive step, assume we have shown the claim for all values < f and
we wish to prove it for f. Since f is odd, let p denote any prime factor of f, and let
f' = f/p. Since the quantity trgg (#) is constant on conjugacy classes in Fj,r, we

may write

2, .3
of [ = 2f'/ exp (2m’trg§ (ZE tr )) dz+
$EF2f/ 2

> Jc - exp <2mtrgg <C2 "5 Cg)) . (6.34)

cEconj classes in For — Fypr

where to evaluate the function on a conjugacy class just means to evaluate it on any

element.

In the sum above, #c is always divisible by p. Hence, we get

2 3
exp <27Tit1“gg <$ —12—20 )) dx mod p

o/ T = 2f’/

mEFQf/
If we let Ly C Ky be the subset corresponding to the residue field F,, we may reduce

this to

2 3
2o =2 exp (27?2’ - tré‘; (m>> dx mod p
ZEFQf/ 2

However, since p is odd, it won’t affect the value of the exponential. Hence, the

integral is just ﬁ (%), by the inductive assumption. We also choose to bring in

the fact that I = iﬁ (%) to get the equation

Jo(f+1)/2 (;) = o(/'+1)/2 (;) mod p

1opf'+1)/2 (i") = oU'+1)/2 (;) mod p
p

Rearranging again, we get

Rewrite this as

Lo (-1)/2 — <2> mod p
p

However, we know (%) = 2(=1/2 mod p. Since, f’ is odd, its presence doesn’t change

the congruence. Hence the sign must be +1, as desired. O
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6.5.2 Cleaning up the Formula

Corollary 6.35. Let a be any integer and take u € Oj. Lett € K. Let a € {0,1}
denote the value of a mod 2. Similarly let a+e € {0,1} be the value of a + e mod 2.

Then

u t
Y (7#1’ 7r(“+“)/2) = go(a)gi(a, u,t)ga(a, u,t)gs(a)

FEach g; (i > 1) is given by a piecewise formula where you check each condition in turn

and only use the formula for the first one that holds.
go determines what the magnitude of the Gauss sum should be when the Gauss
Sum s non-zero.
gola) = g~mae0a=e)/2

g1(a,u,t) is always 0 or 1 and its job is to control whether ~' is zero or not.

1 Dl—a(u) = 2 mod win(ata,2e—ata)

0 else

g1(a,u,t) = {

g2(a,u,t) is the main term in the formula and shows how the complex argument of ~'

depends on u,t. It is given by

1 a<e
g2{a ) = @//( e 751_6(@%2) a>e

g3(a) is an extra constant factor that shows up when a % e mod 2.

1 a<e
gs(a) =<1 at+e=0
o (i%‘;o)) (—eQm%f) afe=1

Here, 1y is the standard exponential of K. Also recall ag € Oy is given by

— yve—1 i

Remark 6.36. In the proof below, we will show that the function

G5 (a,u, 1) = 1 ] ) a<e
o W (e Pl g > e
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also would work in our formula for the Gauss sum! Surprisingly, in the case a = e,

our two different formulas for gs(e,u,t) are not necessarily equal to each other! This

is not a contradiction because if the two possibilities are not the same then we will

have gi(a,u,t) = 0 and the difference does not matter. This does mean that our

definition would be more natural if we combined g, and go into a single function (since
alt

gi(a,u,t)ga(a,u,t) = gi(a,u,t)gs(a,u,t)). However, we have opted to keep them

separate to make the algebra a bit easier to handle.

Proof. We use the formulas we just proved in proposition 6.23. For convenience we

recall them.

If a > 2e + 2, then

/ (u t ) _ 0 l ¢ OK
T\ e ) T qremiory (=2 o () te Ok
If 0 <a<e, then

, < u t > {1 Oy _a(u) = t? mod 7°
’Y =

ma’ glata)/2 0 else

Ife<a<2e+1, then

' t -
7 <7ra’ 7r(“+a)/2> -
2

T (e () 0 Oy = ot

0 else

where

1 at+e=0
1

Bate) = .
O Voo d (B4 (- fpet) =
Note that this implies if e < a < 2e 4 1, then

2

,7’ < U t > _ {q—(a—E)/Qw/ (71-2&‘;4—& (Dkaq(iu)—tz)) 93(@) lea(u) = 2 mod 72¢—¢

na’ qlata)/? 0 else

We now proceed by mild casework. The case of a < 0 is easily done by hand and does

not require our formulas. In this case
2

! t B , [ ux t
v (7-[-(1’ 7T(a+a)/2) - /o G (Wa + 7T(a+a)/2> dx

K
tr
N /o v (F(a—l—a)/Q) A = Lnwsnr2o, (1)

K
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This last condition is the same thing as

t2 = 0 mod 7Tmzn(aJra,Ze:faJra)

(Note that since a < 0, we used gmin(a+a:2e=a+a) — ga+a ) Fyrthermore, since a+a < 0,
we always have ;_5(u) = 0 mod g™in(et+a.2e=a+a)  Hence the above condition is the

Same as

Oi-a(u) = +2 mod gminlata,2e—ata)

which proves the a < 0 case.

If 0 < a < e, then the formulas we proved tell us

) ( u t ) )1 Oi—a(u) =t* mod 7
T\Fer@@2) T 0 else
Since a < 2e — 1, two perfect squares are congruent mod n® iff they are congruent

mod 7%, Furthermore, for a < e, min(a + a,2e —a + a) = a + a, so we get

na’ lata)/2 0 else =a(aw1)

/ ( u t > {1 Dl_a(u) = t2 mod 71_min(a—i-t'z,2e—a—i-c'n)
o =
It is now straightforward to check this has the desired form.

If e <a < 2e+ 1, then the formulas we proved tell us

ﬂ}/ < U t > _ {q—(a—E)/Qw/ (ﬂ;j-a (D1fa(uu)—t2)) gg(a) Dl—a(u) = 2 mod 72—

o’ rlata)/2

0 else

We apply similar reasoning to the previous case but this time using min(a + a, 2e —

a+a) =2e —a+ a to conclude that

1Y t _(a—e)/2, o (O g(u) =t
v (ﬂ-a’ 7T(a+a)/2> =4 ¥ 3eta " 91(a,u,t)gs(a)

It is now straightforward to check this has the desired form. Note that in the case

a = e we have indeed gotten a different result for gs(e, u,t). There is also the presence
of a g3 term, although g3(e) = 1 so we may ignore it in the case a = e. Since the

value of the Gauss sum cannot depend on how we calculate it, it follows that if the
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two possible forms of gs(e, u,t) disagree, we must have g;(a,u,t) = 0 to avoid a

contradiction.

Finally, if a > 2e + 2, let ¢’ be such that #'/797¢ = t/7(@*@/2_ Then we have

T t 0 t' ¢ Ok
v <7Ta’ 71-(a+t_l)/2> - {q—(a—a—2e)/2w/ (—a2t’2) '}/( u ) t € O

Tay 7T25+6.

We now substitute in the value of 7/ (ﬁ), which gives

U

’ u t . 0 t,¢OK
o (o w8) = (g (222 i (2, (o)) ) ¢ 0

Since t' = t/7¢+(=9t@)/2 it is now easy to check that

(=Pt o (Oia(w)\\ [ o Oiau)—t?
(& ( Ty )w <7-[-26+a< U >> =9 <7T26+a U >

which gives the correct g, term. Finally, the condition for 4’ to be nonzero can be

rewritten as t"2 € Oy, or that t* € 72¢7 %20 Since a > 2e+2, min(a+a, 2e—a+a) =

2¢ — a + a and this is the same as

t2 = 0 mod szn(a—i—&,?e—a-i—&)

Furthermore, we have 2e — a + a < 0 and so we always have
Dl—a(u) = 0 mod ﬂ_mz’n(a—&-a,Qe—a-&-d)

which gives us the desired ¢;.

]

Remark 6.38. [t takes a fair bit of extra work to determine the exact constant value
that g3 can take on, and said work feels rather orthogonal to the rest of the computation.
Also of note is that for many of the calculations I have done using this formula, the
value of g3 always finds a way to cancel out in the end. Perhaps there is some sort of

symmetry to the computations that is lacked by g3 that causes this to happen.
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6.5.3 Gauss Sum Identities

We now prove two very useful identities - the Gauss reflection formula and the blurring

lemma.

Looking at the above formulas, one may notice some interesting symmetries if one
reflects a across the value a = e. This is described more explicitly in the following
“reflection formula". Here, we will take ¢ = 0, although it is not difficult to describe a

formula for nonzero t.

Proposition 6.39. For ANY integer a and unit u we have

/ u W\ _(ata)/2./ u
K <7r25+a)7,<7ra> — 4 7 rle—a

In particular, since negating the input to a Gauss sum conjugates the output value,

this is equivalent to

/ u rf TUN  (ata)/2.0 U
2 <7-‘-2e+a> 2 (7’{'“) =4 v 7T26—a

Proof. By the above corollary, we must verify the equality

¢~V 2g5(2e + @, u,0)g5(2e + @) - ¢ gy (a,u, 0)g2(a, u, 0)g3(a) =

—(a+a)/2 = —maz(0,e—a)/2

q q g1 (26 —a,u, 0)92(26 —a,u, 0)g3<26 - CL)
First, we check that the powers of ¢ cancel out. That is, we want to check

qf(e+&)/2q7max(0,afe)/2 — qf(a+(_z)/2q7maz(0,efa)/2
This is equivalent to verifying
(e +a) +max(0,a — e) = (a + a) + mazx(0,e — a)

which follows from the general identity (for all z € R)

x + maz(—x,0) = max(0,x)
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It follows that the desired statement reduces to checking that

92(2e+a,u,0)gs(2e+a)-g1(a, u, 0)ga(a, u, 0)gs(a) = gi(2e—a,u,0)gz(2e—a, u,0)gs(2e—a)

We now check that the g3 terms on each side are equal. That is, we check that

93(2e +a)gs(a) = g3(2e — a) <> g3(2e + a) = gs(a)gs(2e — a)

If a = e then all three g3 terms are 1 and the equation is true. If a # e then note
that the equation is symmetric under a — 2e — a and so wlog assume a > e. In this
case, the desired equation becomes g3(2e 4+ a) = gs(a) but this is now obvious from

the definition of g3. Thus the proof will be complete if we can verify the equation
92(26 +a,u, 0)91 (CL, u, 0)92(a7 u, 0) =0 (26 —a,u, 0).92(26 —a,u, 0)

Note that the g; terms on each side are clearly equal since g;(a,u,0) = g1(2e — a, u, 0).
However, we cannot cancel them since ¢g; may be zero. Regardless, rearrange the

equation to get
92(26 +a,u, 0)91 (CL, U, 0) = g1 (CL, U, 0)92(a7 u, 0)92<26 —a,u, 0)

Without loss of generality we will only prove this equation in the case a > e since the
equation is unchanged if we switch a for 2e — a. By remark 6.36, this equation may

be rewritten as
92(26 +a,u, O).gl (CL, U, 0) =01 (CL, U, O)QSlt(aa U, 0)92(26 - a,u, O)

Since a > e, we have go(2¢ — a,u,0) = 1. Furthermore, it is straightfoward to check
from the definitions that for a > e we have g2(2e + a,u,0) = g§*(a,u,0). Hence the

equation has been verified. O

Corollary 6.40. (i) For any a > e and unit u, +/ (wa) =q 1y (W%), as long as

both Gauss sums are nonzero. In particular, both Gauss sums are nonzero as long as

a > 2e.
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(ii) If v (%) #0 and a = e mod 2, then

,<u>_ 1 a<e
2 e - qf(afe)/Z CLZB

Proof. To prove (i), it suffices to show that the two Gauss sums differ by a positive
real factor. That the factor is ¢~* then would follow easily, since corollary 6.35 tells us

the magnitudes of the Gauss sums. In order to actually prove they differ by a positive

real factor, we instead show that ~/ (i) and ~/ (ﬁ) differ by a positive real factor.

Ta

u

The same argument will also show that (Wa +2) and 7/ (ﬁ) differ by a positive

real factor. Let us do this now.

The Gauss reflection formula tells us that

(U U —(ata)2 Y
7 <7r2€+5‘) v <7r“> —1 T\ Fed
Swapping a for 2e — a gives us

/ u u _ ,—(2e—a+a)/2,/ ﬂ
v <7T26+a> ’Y/ (7-‘—260,) =4 v Ta

In the case a > e, we can use corollary 6.35 to see that +/ (ﬂ;_a) is a positive real

number (it cannot be 0 since we assume ~/ (%) # 0) and the result follows. Finally,
the last comment about the Gauss sums being nonzero when a > 2e is just a quick
application of 6.35.

To prove (ii), if o/ (7%) # 0, then corollary .35 tells us that +/ (7%) = 1. The

result now follows by repeated application of (i). ]

Part (i) of the above corollary does not work for all choices of a € Z. The following

“blurring lemma'" gives a generalization that holds for all choices of a.

Lemma 6.41. For a unit u and integer a > 3,

U 1+7r“*2y _ U
/ 7,< ( i )>:q W( H)
yEOK T T
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We may think of this lemma as follows. If we take a Gauss sum with exponent a,
then obviously the Gauss sum can only see the value of u mod 7. If we then take
the Gauss sum and blur the value of u by averaging its value over u + 720k, we
end up with something that can only see the value of u mod 7*2. In fact, we will get

precisely another Gauss sum with exponent a — 2.

The primary use of the blurring lemma will be to actually raise the exponent in
the denominator of our Gauss sum. When doing explicit calculations, the g; term in
the Gauss sum causes lots of problems. Since it is effectively a characteristic function,
it ends up changing our nice regions of integration (such as Ok) into very unwieldy
sets. By raising the exponent a sufficiently high, the ¢g; term will become identically 1

and this will no longer be a problem.

The proof of this lemma is very easy, requiring only writing out the Gauss sum as
an integral and then interchanging the two integrals. We may stretch the statement
quite a bit while maintaining the same simple proof. First of all, we may consider
averaging u over different sets (for example, consider replacing the a — 2 term with
a — 4 in the statement above). Second, we may consider Gauss sums that contain
more than just a quadratic term. The resulting more general blurring lemma is not

quite as pretty, but will be useful later on.

Lemma 6.42. Let cy,c1,¢9 € K. Let k > 1 be an integer such that all three of

whey, whey, whey lie in Ok. Then, we have (rather trivially)

qk/ / ) <y02x2 +ycr T + yco) dxdy = / Y (02x2 + 1z + co) dx
y61+7r’“OK €Ok €0k

On the other hand, if exactly two of wFcy, whey, whey lie in Ok, let j € {0,1,2} denote

which of the three is non-integral. Further, let v = —v.(7"¢;) be a positive integer
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telling us how non-integral this term is. Then we have

qk/ A / ¢/ (y62x2 +ycix + yCo) dxdy =

yel+m*Ok JxeOk
0 7=0
0" Joeo, V' (T e2a® + w1z + ) da j=1 (6.43)
q—[v/ﬂ fxEOK Y (ng”m cox? + e + co) de j=2

Proof. In any case, substitute yoq = 1 + ™ ynew to get

/ / )’ (02172 + i+ co) )’ (ywkCQxQ +ymFex + y7TkC()> dxdy
yGOK €O

Swapping order of integration, this becomes

/ )’ (02x2 +cr + co> / )’ (ywkCQmQ +yrFeir + yﬂkco) dydx
€0k yeOK

If all three of m*cy, 7%c;, m¥¢cy lie in O, then the inner integral is identically 1 and
the result follows trivially. Now, we proceed with the remaining cases, performing

casework on j.
Case 0: =0

In this case, we have

/ )’ <02x2 + i+ co> / Y (yﬁkcg) dydx

z€0K y€OK

By assumption, pi*cy is non-integral and so the inner integral vanishes.
Case 1: 7 =1

In this case, we have

/xGOK ¢’ (021‘2 +cixr + CO) /yeOK w/ (yﬂkCl.Z') dydx

The inner integral evaluates to the indicator function 1o, (7*c;z), and hence asserts

that © € m'O. We get

/ )’ (02x2 +cx+ co) dr =q7" )’ (7r2”62x2 +7mlciz + co) dx
reTVOK

z€0K
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Case 2: j =2

In this case, we have

/wGOK )’ (02x2 + i+ co) /

yeOK

Y (yﬂkchZ) dydzx

The inner integral evaluates to the indicator function 1o, (7*cyx?), and hence asserts

that 22 € m°O. This is equivalent to z € 7l"/?210k. We get
/E fo/210) 77/}’ (CQ{E2 +cx+ Co) dr = q_|—v/21 ¢/ (71'2’—1}/21621‘2 + 7_(_]—11/2'\ ez + CO) dr
reT!? K
O

Remark 6.44. We may obtain the earlier blurring lemma from this more powerful
version by setting co = u/7% ¢y = co = 0, and taking k = a — 2.

This choice of parameters gives j = 2 and v = 2 and we get exactly the desired

result. Note that we need to take a > 3 so that we have the k > 1 hypothesis.

6.6 Classification of v

The goal of this section is to determine some character-like properties possessed by

va(u), and eventually give a classification of said function.

6.6.1 Computational Lemmas

The main term in the formula for v,(a) was given as

1 a<e

go(a,u) =< (ﬁm(’é“)) a odd

! (imlu( )> a even

Excluding the a < e case where g, = 1, there is a close relation between the possibilities
when a is even or odd. In fact, the two functions differ by a quadratic character of w.

We will refer to this as the “parity shifting lemma'.
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Lemma 6.45.

Y <417T DOIEIO) = (i Diu)) Xy (),

where (s = e®™/% and Xk[ym(u) is the quadratic character returning +1 depending

on whether u is a norm from K[\/7].

Proof. We immediately get

v <1D0(u) —WDl(u)> _ <1u(1+7r26(5(u))> _y (1) " <a25(u)>

A7 U 47 U 4

The first multiplicand is

Y (417r> = 1, (4;) = exp <2m’tr52 (47;“)) = exp (QWitrgg <é>) = g

Recalling 6y € Ky, the second term satisfies

o <042<75T(U)> _ . (T({f(@) — exp <2m’tr52 <To7z:i(IU)>> — oxp <27rz’trg§ <a2<;(U)>>

By proposition 9, we know ¢y is characterized by

25
trgg (a 2(u)> = 1 mod 2

Hence, we have
25
o iy (750 <

Remark 6.46. During the computation above we calculated

v(5)=d.

which will be useful to note for later.

The parity shifting lemma can also apply directly to Gauss sums. We choose to
leave the formula in terms of the function g3 from the explicit formula for the Gauss

sum (corollary 6.35).
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Corollary 6.47.

u u\
' <7r26+1) =7 (7r2e> g ?g3(2e + 1)CgXK[m (u)
Proof. Follows immediately from the explicit formula for the Gauss sum. [

Corollary 6.48. Let a > e and assume v,(u) # 0. Then

(peey) =

where n = ef is just the degree of the field extension.

Proof. This can likely be proven using a quaternion argument, but we will instead do

casework using the formulas we have built up. We know ngZ%' = g1(a,u)ga(a, u)gs(a),

so we can consider each factor in turn. g;(a,u) is always 0 or 1, so we may ignore it.

4
It is clear ¢/ (iDIT(“)) =1, so the above lemma tells us
1 a<e
g2(a,u)* = {(=1)f aodd
1 a even
It is also clear that
1 a<e
g3(a)* =<1 a = e mod 2
(—=1) a#emod?2
Since we assume a > e, we may write gx(a,u)* = (=1)% and g3(a)* = (—1)097.

Hence, under our assumptions,

<|§ZEZ;|

>4 — (_1)af(_1)(a—e)f _ (—l)n
[

In fact, the parity shifting lemma isn’t the only interesting character-related
identity satisfied by 7,(u). We will build up to another identity through a series of

lemmas.
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Lemma 6.49. For any two units u,u’, we have
S(u)+6(u') = d(un) mod w,  (1+0(u)7*)(1+0(u)7*¢) = (14 5(ur)7*¢) mod w*
Proof. Immediate from the definition of ¢. m

Lemma 6.50. Recall that Oy and w00, are functions defined mod w1, For arbitrarily

chosen squareroots, we have

Oo(un') = Og(u) 0o (u') + 27r\/DO(U)DO(U/)Dl(u)Dl(u’) + 720, (w) 0y ()

O (uv') = Og(u)0q (u') + 2\/D0(U)D0(u’)l:|1(u)[!1(u’) + O ()04 (u)
Proof. From the definitions, we have
u' (14 0(u)7®) (14 §(u')7*) = (Op(u) — 70, (u)) (Do (u) — 70, (u')) mod 72+

We simultaneously rewrite both sides of the equation. We use the previous lemma on
the left side and recognize the terms on the right as norms from K[/7]. Note that we

arbitrarily choose the squareroots when doing this. We get

u/ (14 §(uu)7*¢) =
N (m 4 ﬁ@) N (,/Do(u/) 4 ﬁw/mlw)) mod 72+ (6.51)

Combining the norms on the right yields

u'(1+ 6(uu')m*) =

<<\/Do o (u') + W\/D ) + <\/Do (u') + \/Do(u’)Dl(u)>> mod 72¢*!

The result follows from the definition of [y and [J;. O

Lemma 6.53. For any units u,u’, we have

U ! O
o(utt) =—-1+ + mod ¢t
uu! U u'

(6.52)



Proof. By lemma 6.50, we have

Oo (un) _ Oo(u)To(w') + 720, (w) 0Oy (u')

mod 7¢*!

Using u = Uy(u) — 70y (u) — 7%¢ud(u) mod 72¢T! we get

Oo(w) _ (ut alh ()@ + a0 () + D (@D (@) o,

We may expand to get
Oo(uu') — 14 w0 (u) N w0 (u)

uu! U u’

1

mod 7¢*

Finally, another application of v = UOg(u) — 7001 (u) — 7%*ud(u) mod 72! gives

o (v o (u o (2
o) _ ;| Golw) | Colw)
U U U

mod 7¢*!

The proof of the second identity is extremely similar.

Oy (ua) _ Oo(w)dy (u') + g (u') Oy (w)

(u~+ w01 (w)Oy (u') + (v + 704 ()04 (w)

uu!

mod 7¢ (6.54)

The result now follows by expanding out the numerator.

For the final identity, we again start with the previous lemma to get

\/Do(uu’)Dl(uu’)

(v/Fo(w)Do(w) + /Ty (w) O (') ) (/o (w) T (w) + /To (/)0 (u) )

uw!

mod ¢ (6.55)

Note because we are taking squareroots of [J;, which is only defined mod 7%¢, these

equations are only defined mod 7¢. Expanding and recollecting the terms yields

\/Do(uu’)Dl(uu’)

Do(U)Dl(u)<D0(U/) + WDl(U,)) + A/ Do(U/)Dl (U’)(Do(U) + WDl(u))

un’

mod ¢ (6.56)
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The result now follows immediately. (Note 70 (u') = —7J; (v’) mod 7¢*1.) O

The next proposition is an improvement of the previous lemma. It cannot be

further improved since [(Jy and [J; are only defined mod 72¢*! and 72¢.
Proposition 6.57. For any units u,u’, we have
Co(un') _
uu'
1, Do), Do) v/ Do (u)0 () /Co (w) Ty () Lo O) e
u u u u u u/
(6.58)
Dl(uu’) — Dl(u) i Dl(u’) +2 \/DO(U)Dl(U) \/DO(UI)Dl(U/) +27T|:11(u) |:|1<U/) mod 7T28
uu U u U u U U
Proof. By lemma 6.50, we have
Oy (unt’) — Oo()0h () + 24/00 ()T () Ty () O (') + O (') Ty (w) 4%
= m
uu’ uy’ oan
Using v = y(u) — 705 (u) — 72°ud(u) mod 72! rewrite this as
O (uu)
wu
(u + 0y ()0 (') + 24/ Do () D () Ty (w) Ty () + (u' + 70 (') iy () 2e
- mod 7
(6.59)

The formula for [J; then follows immediately.

To get the corresponding formula for [y, we use three applications of 7[J; (u)

—u + Oo(u) — m2°ud(u) mod w2+ to get

ri(wd)  alhi(u)  whi(u)
Oo(uu')  Do(u)  Do(u')

1y
uu u

— 72(§(u) — d(u) — &6(u')) mod 7**t! (6.60)

By lemma 6.49, the ¢ terms cancel, yielding

rhi(wd’)  wli(u) 7l (u) 14 Co(uw)  Do(u)  Do(w) mod

uu! U u' uu' U u!
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Taking the half of the proposition we already proved and multiplying by 7, we see

s (wu') _
wu'
70 (w) N 7r[|1/(u’) o \/Do(u)D1(u) \/Do(u’)/D1(u’) o2 Oy (u) Dl(/u’) od 22+
u u u u U u
(6.61)
The result now follows immediately. O

6.6.2 The Gauss Sum as a Quadratic Form

As stated previously, when a > e is even, the main term gy is v’ ( Dl(“)). We may

1
4 u

rewrite it as

1004 (u) _ 7 104 (u) T 7 Ui (u) q(u
o (577) =e (om0 ) = e (G0t (F)) =

where

L Dl(u)

™ u

q: Ok — Z/4, q(u) = trf, < > mod 4

From remark 6.22, we know that ¢ only depends on u € %. There is a group
isomorphism ¢ from the additive group (Z/2)™ to the multiplicative group %.
Hence, we have a function
q=qo¢:(2/2)" — L[4
Letting u = ¢(v), v = ¢(v'), we have
_ x| T Oi(ud)
q(v+v') = trg, <7r7" > mod 4
By the above proposition 6.57, we get
_ Oi(u) | Ch(w)
N=uk (L[
q(v+1') rQQ(W ” + " +
o ()04 () +/Oo ()0 (w0 | Oy (o
VD@D YBlIDhw) ) By(u) Ol ') moas o2
u U u u

143



So,

q(v+v") = q(v) + q(v") + 2B, (v,v"), (6.63)
where
By(v,v') = try, (; (\/D()(?;)Dl(w \/DO(U;),Dl(u/) + WDllEu) DEE,U/))) mod 2

We will often abuse notation and allow B, to directly act on elements of O, simply

via the above formula.

Lemma (.57 states that B,(v,v’) is a bilinear function.” This is precisely the
condition for g to be a quadratic form mod 4 in the sense of Brown (and hence also
q(v) by abuse of notation). See [Wo0093] for more details and [Wo0093] section 2 for the
definition. In particular, we may take v = v’ = 0 to see that g(0) = 0, although this
can also been seen via direct computation. Before moving to classify the quadratic
form ¢, we quickly note down the defining property of B, in terms of Gauss sums,

something which will be useful later.

Proposition 6.64.

uu’ e U u’ TiBg(u,u’
0l (7726) =g (7T2€> Y <7T26> em )

Now we classify ¢. By the section 3 theorem of [W0093], a mod 4 quadratic form
with nondegenerate B, is completely classified by the three things: the dimension of
its domain, whether or not B, is alternating, and the Brown o invariant which takes
a value in Z/8. We will look at each of these properties of ¢ in turn.

Lemma 6.65. For z € Ok, The set of solutions to x> = z mod ¢ is either empty

1

or is a unique equivalence class mod 7¢. The solutions to x> = z mod 72¢~! is either

empty or is again a unique equivalence class mod m°.

Proof. 1t suffices to prove two statements:

71 = 29 mod ¢ = 2% = 23 mod 7% and x; # z, mod ¢ = 2? # 3 mod 7!

6This function is closely related to the local Hilbert symbol, possibly equal to it.
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The first statement shows that it suffices to consider congruence classes mod 7¢. The

2e—1

second shows that each such class goes to a unique value mod 7 (and hence also a

unique value mod 72¢), and so the result would follow.

To prove the first statement, if 1 = x5 mod 7° then we may write xo = x1 + un®

for u € O and a > e. Then we have

(z1 +un®)? = 22 + 2un® 4+ u*7** = 27 mod 7%

For the second statement, if 7 # x5 mod 7€ then we may write x5 = x1 + un® for

u € O and 0 < a < e. Then we have
x1 + un®)? = 22 + 2un® + uPr
( ) 1

So, we must show 2un® 4+ u?72* £ 0 mod 72¢~!. To do this, note v, (2un®) = e+ a
and v, (u*n?*) = 2a < e + a. Hence, we have v, (2un® + u?*7?*) = 2a < 2e — 2 and so

2ur® + u?r?® £ 0 mod w21, O
Proposition 6.66. B, is nonsingular.
Proof. To show nonsingularity, take a = 2e, so that

Yoe(u) = 4~ g5(a)ga(a,u) = g~/ gs(a)i®@ )
If vy were an element in the kernel of By, then we would have g(vo + v) = ¢(vo) + ¢(v)
for all v. The above formula then would imply that for ug = ¢(vg), we would have

72e(uou) = iq<v0)’72e (U)

for all units w. For convenience, we will let ¢ = 74" since it is just some constant

fourth root of unity.

We may rewrite the above equation as (for all u € O%)

2 2 -1
¢! = Yoo (u)yae (uou) ' = /O ! (Z;) dx (/O W <u3:2€/ ) dy)
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The key to proceeding is to note that the Gauss sum we are taking the reciprocal of

—e/2

has complex norm ¢~¢“. Hence, we may write

cl=¢° OKl/J (27?)(1:5/ W( j:;g>d

We may distribute the conjugation across the integral and combine the integrals to get

o () [ (a2 ey

Now, integrate both sides over u € O . We get

i)y ()

Let’s look at the innermost integral more closely. We have

2

 ((ule? = uoy?) _  ((ule? = uoy?)  ((ule? = uoy?)
oy () e v () e v ()

_ ¢/ u(l,Q - u0y2) du — 1/ wl u($2 - uOyZ) du
Ox 7-(-26 q Jox 71—2@—1

The first integral is a characteristic function for ug = (z/y)* mod %, whereas the
second is a characteristic function for ug = (z/y)* mod 72*~1. Plugging this back into

the triple integral, we can write out the result using measures of certain sets:

- (1 — 1) —
q
q° (meas({(:(:,y)|x2 = ugy” mod 7°°}) — ;meas({(x,y)\x2 = upy® mod 7r2‘3_1})>
(6.67)
It is clear that since c¢ is a fourth root of unity, and all other terms above are real,

¢ = +1. First we show ¢ = —1 is impossible. By the lemma, for each choice of y, there

are at most measure ¢~¢ choices of  so that 22 = uyy? mod 72¢~!. Hence,

1 . X
~meas({(z, y)[z? = uoy® mod 7*7}) < ~¢7° < (1 - ) q¢°
q . .

However,

meas({(z, y)|z* = uoy* mod 7%}) > 0,
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since there are solutions whenever x = y = 0 mod 72¢. Therefore, we have

1
meas({(z,y)|z* = uoy® mod 7%}) — —meas({(x, y)|z* = uoy* mod 7**~1})
q

~0- (1 _ 1) . (6.68)

q
so this quantity can never be negative enough for ¢ = —1 to work. Therefore, any

solution must use ¢ = 1. We have

1
meas({(z,y)|z* = upy® mod 7°°}) — ~meas({(x, y)|z* = ugy® mod 7> '})
q

1 1
< <1 - ) meas({(z, y)|z* = uoy® mod 72¢}) < (1 - ) q°,
q q
where the last step is our (lemma).

Therefore, for ¢ = 1 to occur, we must have the equality case in the above
inequalities. In particular, 22 = ugy? mod 7% must have a solution for some unit
value of y. Hence, uy must be a square mod 7%¢. This is equivalent to saying

vo = ¢ (up) = 0, which concludes the proof that B, is nonsingular. O

Proposition 6.69. B, is alternating (that is, B,(v,v) is identically 0) iff * = —1

mod 7¢ has any solutions.
Proof. Start from the equation
qg(v+v) =q(v) +q(v) + 2B,(v,v)

We know ¢(2v) = g(0) = 0, so this implies ¢(v) = B,(v,v) mod 2. Thus, it suffices to
ask whether g(v) is identically 0 mod 2 instead.

To continue, we again use the equation
—e/2

(67 (w))

726(“) =4q 93(a)

In particular, if we square this equation, we get

Yoe (W) = ¢~ ¢g3(a)?(—1)1¢ " W)

147



We may rewrite the left side to get

/OK /OK W (u(q:Q — (—1)y2)> dedy = q—egs(a)2<_1)q(¢—1(u))

7T26

Now the left side is exactly the function we studied in the proof of the previous
proposition, with uy = —1. In particular, if 22 = —1 mod 7%¢ has no solutions, then
we know that said function is non-constant. This implies that the right hand side is

non-constant, and so g(v) is not identically 0 mod 2.

On the other hand, if 22 = —1 mod 72¢ has a solution z, then write

2 2
= [ (55 ) ae [ (%)

We may change variables ynew = Zo¥ola to get

2 9
st = [ (45 o [0 (T2 ) dy =l =

Hence, 72e(u)? = ¢ ¢g35(a)?(—1)7@"®) is a constant function, so §(v) is constant mod

2. We know ¢(0) = 0, so it must be identically 0 mod 2. ]

Corollary 6.70. If B, is alternating, then e is even.

Proof. We know 22 = —1 mod 72¢ has a solution. Write
1'2 — _1 4 4a_'_ﬂ_2€+1b

where a is a root of unity or 0, and b € Ok

Since every member of Us.; is a perfect square, we may assume without loss of
generality that b = 0. We get
??+1—4a=0

Now, letting x =y + 1, so we get
v+ 2y +2—4a=0

Hence, y is a root of an Eisenstein polynomial over Ky and so Ky[y] has even ramifi-

cation index. It follows that K D Ky[y] also has even ramification index. O
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Finally, we look into the o invariant. Per Brown’s theorem (as quoted in [Wo093]
section 2), o is given by the formula

Z ja0) — qe/QCg

ve(Z/2)"

We may rewrite this equation as

93(2e) ' YT pelo(v) = ¢

vE(Z/2)"
As u varies in Oy, it represents each possible value of v equally. Hence, we see that

for some positive real constant c,

~/u€O % '726 Z ’726

ve(Z/2)"

Therefore, for some different positive constant ¢, we have

g3(2e)7? /OX Yoe(u) du = (g

K

Expanding out the definition of 7, we get

wiey [ [ o (jfgj

We change the order of integration to get

3(2e)” /OK/OX <7r )dud:c—cgg

As we have calculated many times so far, we may write

ux? ux? 1 ux?
/Oxl//<7r2e> du:/O W(ﬂe) du_f/ W( 26—1> du
K K q JOk T

so that we get

) dz du = (g

1
g3(2e)7! <meas({x|a:2 = 0 mod 7*}) — ~meas({z|z* = 0 mod 7T26_1})> = (g
q

These conditions are both equivalent to x = 0 mod 7€, so we get

93(26)_1 (1 — ;) q ¢ =c(
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from which we conclude
93(2e) " =
Writing this out more explicitly (and since a = 2e),
s )1 e =0mod 2
& = {wo (i%ﬁo)) (—e2m%f> e =1mod 2

Therefore,
L e =0 mod 2
B 2trg§(%‘;“’)>+4+5fmod8 e =1mod 2

[e7

We now put everything together into a single proposition.

Proposition 6.71. Let v be the element of (Z/2)™ corresponding to uw € Ok . Then,

we have
1 a<e
ga2(a,u) = iq(v)CE{XK[\/ﬂ(U) a odd
4@ a even

where G : (Z/2)" — Z/4 is a quadratic form.

If > = —1 mod 7% has a solution, then q is equivalent under basechange to

n/2
Z 2T 1Ty
i=1

Otherwise, q is equivalent under basechange to
n
Z j:x?,
i=1

Let p, be the number of positive coefficients. Then p, is only well defined mod 4 and

given by

o+n n/2 e =0 mod 2
pq: =

2 = troe (%ﬁ“o)) +24+3(5+e)f e=1mod2
Proof. We have already checked everything except for the basechange results. In the
first case, B, is alternating, so by corollary 6.70 e is even. In this case, 0 = 0 and

it follows by part 7 of Brown’s theorem that the associated Arf invariant is 0. This

implies that ¢ has the desired form.
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If B, is not alternating, then [Wo093] tells again tells us g has the desired form

and further tells us p, = %” mod 4. It also provides a basechange that turns four 41

coefficients into -1 coefficients or vice-versa, so p, is only well defined mod 4. ]

6.6.3 The Squareness Operator

Concluding our calculation of various properties of B,, we will give some examples of
subspaces that are orthogonal compliments. This particular calculation will be used

in the computation of the character Gauss sum.

Definition 6.72. Given u € O, we define the squareness of u, denoted sq(u). sq(u)
will be the smallest positive integer k such that w is congruent to a square mod 7*. If

u is a perfect square in O, then we let sq(u) = oo.

For example, taking e = 20, we have sq(1 + 72 + 7t + 7° +77) = 5.
For later applications, it will be convenient to define squareness for all x € K. To
do this, let u be a unit, k be any integer and then define sq(un?*) := sq(u). This

defines squareness for any even valuation x € K. For x with odd valuation, define

sq(x) = 0.

Remark 6.73. For any unit u, sq(u) € {1,3,...,2e — 1,2e,00}. That is, it is either

an odd number from 1 to 2e — 1, or it is 2e or oo.

Remark 6.74. For any x,y € K, we have sq(xy*) = sq(x). We will not need this

fact, but it is a nice property.

Remark 6.75. An alternate description of squareness which holds for all x € K is as
the valuation

sq(x) = v (01(x)) — ve(x) + 1.

For even k satisfying 0 < k < 2e, let W), denote the f(e — k/2) dimensional

(Ox [m2€)*

subspace of (O I} %2 consisting of elements that can be represented by units of the
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form 1432, ., a;w". To use the just introduced terminology, these are all u such that

sq(u) > k+ 1. By the remark above, this is the same as units such that v, (0 (u)) > k.

Lemma 6.76. VV,CL = Woe_k

Proof. We will show that < Wy, Wy, >= 0. Since our inner product is non-
degenerate and the dimensions of the two spaces add up to fe = n, the claim will

immediately follow.

It will not hurt to recall the definition of Bj:

By(onef) = ( (ﬁo(@gwu) VElIB) | O Dl<u’))) mod 2

T /
T U U

If v € W, and v/ € Wy, we know that [ (u) € 7*Ok and O, (v') € 72 *Ok. It
immediately follows that the out of the two terms being summed in the definition of
B,, the first is a multiple of 7¢ = 2 and the second is a multiple of 7%¢ = 4. Tt follows

that the inner product is 0. O

6.7 Computing Quadratic Character Gauss Sums

We know #0;/O0;? = (Z/2)", a power of the two element cyclic group. It follows

that Of has precisely 2" quadratic characters.

Let Xy, (u) = e™Pa(%u0) denote a quadratic character. It is clear from the definitions
that XuoXu: = Xuous- Oince B, is non-degenerate, we know that as uy varies, we get

2™ distinct quadratic characters of this form.

Lemma 6.77. The conductor of xu, s given by

0 Ug € (OK/T('%)XQ

duct w) =
conductor(Xu,) {2€+ 1— sq(ug) o ¢ (O /7%) "2

In particular, the conductor of any such character is always even.

X

Proof. The first case is easy since ug € (O /m%*)*? is exactly the condition for the

Xu, to be the trivial character.
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Otherwise, we know that ug is not a square mod 72¢ and hence sq(ug) must be
an odd number from 1 to 2e — 1. Following the notation at the end of the previous
section, we know that uy € Wy(uy)—1. Hence, by the proposition there, we know that
By (g, Woet1-squg)) = 0. It follows that y,, is trivial on 1+ 72¢+275¢(w0) 0, However,
2e + 2 — sq(up) is an odd number. Since our character is trivial on squares it follows

2etl=sq(uo) ), Hence, the conductor is at most

that in fact x,, is trivial on 1 + 7
2e + 1 — sq(uy).

Reversing the argument shows that the conductor can be no smaller than this.
After all, if y were trivial on the larger set 1 4+ mw2¢~*%(0) then we would have

Bqy(uo, Wae—1-sq(up)) = 0. From this, it would follow from the proposition that

Uy € Wig(uo)+1, and hence has squareness at least sq(ug) + 2, a contradiction. ]

We know of another quadratic character on Oy, namely x [,/ from the earlier
section on the classification of . This character has conductor 2e + 1, and hence

isn’t any of our 2" earlier characters. This lets us expand our collection of characters.

Namely, for 7 € {0, 1} let xi, (u) := Xuo () * (X[ (w))".

Corollary 6.78. For some choice of Xfw let ¢, denote its conductor. Then,

0 ug € (O /m%)*2 i =0
oy =12e+1—s5q(ug) wy ¢ (O /7%)% i =0
2e +1 1=1

The next proposition now describes all characters of Oj.

Proposition 6.79. Given any quadratic character x of Oj, there is a unique choice

of up € ((Ofdﬂ and i € {0,1} such that X!, = x.

OK/ﬂ-Qe)XZ

Proof. This just comes down to verifying that the 2"*! possibilities for XZO (u) are all
distinct. However, this is obviously true since this collection of characters is a group
and only one of the characters has conductor 0 (and hence is trivial). Since we know

O} has exactly 2! quadratic characters, this must be all of them. O
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We now begin our evaluation of quadratic character Gauss sums. We start with a
lemma in which we calculate an easier integral. We then use the lemma to calculate
an important intermediate quantity which we will end up needing again later. Finally,
we specify what we mean by “quadratic character Gauss sum" and give our formula in
a final proposition. Our convention will be for a nontrivial multiplicative character
X4, (1) to be zero on mOf and for the trivial character to be 1 everywhere (including

on m0k).

Lemma 6.80. Let k > 0 be an integer. Then

[ (&)= {0 e
zcor = \7k 0 k odd

Proof. Although possible without, we opt to change the order of integration because

it is much faster in this case. First, write the Gauss sum back out as an integral.

2
1 [ TY
—= | dyd
/erIX(/yeoKw (71']‘“> v

In the case k = 0, the integrand is identically 1 and the result follows, so we will now
assume k > 0. Since the domain of integration is compact, we may interchange the

order of integration. Additionally rewriting the domain of x, we get

ol () Lo () )

A very slight change of variables yields

2 2
[ TY -1 / 1Y
do — dx | d
/yeOK </z€OK¢ <7Tk> e xEOK1/} (Wk_l> I) ’

The integrals give us indicator functions.

/ (Lrto, (4°) = 4 Timr0, (47)) dy
yeOK

In the case of k even, both indicator functions are equivalent to asking y € /20

and we get
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#(7F20g) — ¢ (7 20K) = (1 — ¢ 1)q7%/?, where # indicates the measure of the
set.

In the case of k odd, the first indicator function asks that y € #*+9D/20 whereas
the second asks that y € 7*~1/20,. This time, the calculation yields ¢~ *+1)/2 —

qiqu(kfl)/Q frd O D

We now calculate the aforementioned intermediate quantity. If multiple conditions

are met in the piecewise function, only use the formula for the first condition that

holds.

Proposition 6.81. Let a be an integer and u,uy be units. Assume a is non-negative.”

Then,

- ux
! (x ’() dr =
/erIX( Xuo (27|
0 a<e
Ug X

(1= g g () (gs2e + 1) 7 (S) {0 a e, modz  (6.82)

1 a=c, mod?2

In the case the integral is nonzero, our expression may alternately be written

— —(a—e—1 7 2 Ug
(1= g7 g™ (w)xgm (o) (Lon@e + 1) 7 (55

Proof. A quick change of variables e = uzoq allows one to factor a copy of XZO (u)
out of the integral. This reduces the problem to verifying our formula in the case

u = 1, which we assume from here on out. We proceed by lots of casework.

Case 1: We start with the case of trivial Xio (which happens when uy = 1,7 = 0).
In this case, our integral becomes exactly the one from the previous lemma and hence

equals

(1—q¢gYHg? aeven
0 a odd

"a < 0 gives the same result as taking a = 0 in the integral, so the formula does handle the case
of negative a. The assumption a > 0 is mainly just for a cleaner right hand side.
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On the other hand, since by assumption we can’t have a < ¢, in this case, the right

hand side is just

1 0 az#0mod?2
1— gDy~ (@9/2 () '
(L=a)g T\ e 1 a=0mod 2

It is clear these two expressions are equal upon observing

7’( ! ) =q 2 (Dl(l)> = q “*P(0) = ¢~

m2e 1

Case 2: Now we assume Xio is nontrivial. Writing out the Gauss sum, we want

2
/ Xfm(x)/ )’ <ﬂ> dtdz
€0 teOk e

For some integer k£ > 0 to be chosen, we can use the integration lemma 6.10 to rewrite

; zyt?
[ d [ ey [ ( ) dtdyda
€0 yEl+mkO g tcOx ™

K

to calculate

this as

Case 2a: a < ¢,

In this case, take & = ¢, — 1 so the integral becomes

i xt?
[ [ ey [ v () dtds
z€0 y€l4+nmk O teOg T

The integral over y is clearly 0, and so the entire expression is just 0.
Case 2b: a > ¢,

In this case, we take k = ¢, and the integral becomes

) k / Iytz
T —— | dtdydzx
/meolx( Xuo( e /yel-s—wkoK /teOKw ( e ) Y

Apply the blurring lemma 6.42 with parameters (co, ¢1, 2, j,v) = (0,0, 2/7%,2,a — ¢,)

to get

2
~T(a—cx)/2] i ot
q * /xEOIX( Xug ([l?) /teOK (& (Waﬂ(acx)/ﬂ) didz
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If a # ¢, mod 2 then this new integral is handled by case 2a and is equal to 0. If

a = ¢, mod 2 then the integral becomes

) +2
qf(afcx)/2/ . X:Luo(x)/ w/ ('rc> dtdl‘
xEoK teOk =X

It is easy to check that this formula reduces things to the case a = ¢,. So, we just

need to handle that case and we are done.
Case 2ci: a=c¢y, i =1

In this case, ¢, = 2e 4+ 1. Apply the parity shifting lemma 6.47 to get

x J—
/:ceo;( Xao (2) Xaclym ()7 (erﬂ) de = ¢ g3(2¢ + 1)/

e

xr
. Xuo (7)Y (ﬁge) dx

Taking a moment to recall y,,(z) = e™Ba(%0:?) the defining property of B,, proposition

rf Yol /2.7 Uo i X

K <7T26> =4 <7T26)7 (er)xuO(x)
ug
2e

Uo ;[ W /2, Xz
! (W%)v (W%) =q "y (W%)xuo(ﬂﬂ)

Applying this to the integral at hand gives

e Uo U
¢“ V2 g5(2e + 1) < 2e> / Y ( 2e) da
m zEOK m

And after the easy change of variables x o = UgZoq, We get

(e=1)/2 ~f Uo T
q Gy g3(2e + 1)/ (w%)/zeoﬂ (n%) dx

This last integral is just (1 — ¢~')g¢ by the previous lemma, and we get

6.63 tells us

2

Since ‘7’ (:206)

= ¢~°, we may multiply both sides by +/ ( ) to see

U
(1= ¢ ")g ¢ gs(2e + 1)y’ (WQOJ

Invoking the parity shifting lemma 6.47 one more time, we may choose to rewrite this

as
Sy e o uo )
(1= g7~ gs(2e + 1)*xxrym () (7r26+1)
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Case 2cii: a =c¢,, 1 =0, and Xfm is nontrivial
In this case, ¢, = 2e + 1 — sq(up) is an even number from 2 to 2e, inclusive. We

have to compute

1 , T
1—gqgt /aceO}X( Xuo (7)1 (7T2€+13q(“0)> da

The first step is to apply the blurring lemma 6.42 to go from the even exponent
2e + 1 — sq(up) to the even exponent 2e. Recalling what the blurring lemma says, we

have

q26+1—sq(uo) /

xry _ _ x
dy = ¢~ (salw0)=1)/2 /( )
yel+7r2e+lfsq(u0)oK,y (7'(-28) y q /y

m2e+1—sq(uo)

However, instead of applying this as is, we may take advantage of the floor functions

in the statement of the blurring lemma to get the slightly stronger statement

2e+2—sq(uo) ’Y/
y€1+ﬂ.25+27sq(u0)0K 7‘(‘26 71—2€+1*SQ(U0)

q

Using this, we see our original integral equals

1
(sq(u0)—1)/2, 2e+2—sq(uo) / /( )d d
g1 /m cox Xuo ()4 q (PSRN Ol g KL L

We may rearrange the terms to get

(sq(u0)—1)/2 42e+2—sq(uo)
. (2)an
1— q,l €0 Jyel et a1t 0y Xuo(x)’y T2e yax

I now claim that for any y € 1 4 726+275¢(0) Q- we have Yy, (y) = 1. The reason for
this is that wy € Wgeue)—1 and y € Waet1_sq(uy), Which are orthogonal with respect to

B,. Hence, we may rewrite the integral as

(sq(uo)— )/2 2e+2—sq(up)
: [ / (my ) dyd
1-— q- z€0 yEl4n2e+2—sa(u0) O Xuo (xy)v T2 yax

Using the same reasoning as in case 1, we may use the defining property of B, to

rewrite the integral as

qe/2q(sq(uo)—1)/2q2e+2—sq(uo)liuo w0y e
1 —1 g 2e _ Y 2e yax
—dq ™ z€0} Jyeltr2et2—sa(u) Ok s
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Using the integration lemma 6.10, the integral over x absorbs the integral over y and

/2 q(sq(uo)=1)/2— 7~
U (5
x
1—q! T\ e mEO}X(’V w2 ) Y

This is again (1 — ¢~')g~¢ by the previous lemma. We get a final answer of

we get

g5 =e=1)/2. (“0)

7T28

This concludes the casework. O

Proposition 6.83. Let ¢, denote the conductor of Xiuo- For units ug,u and any

integer a, the quadratic character Gauss sum is given by

7 (X“‘)’ 7ra> T Jreoy N (z)¢ ma)
0 maz(0, a) # ¢,
={y! (u)q(SQ(UO)—e—l)/Qﬁyl ( g ) i—=0
uo T2e
X (Waq D2 gs(2e + 1)y () i =1

Note that in the latter two cases, we have

7/ (XZO’ ua)‘ _ qfconductor(xzo)/2
s
A quick remark before the proof:

Remark 6.84. The i =1 case can also be written in the alternate form

i —e o w
Xuo (u)q /2<82fg3(2€ + 1)2XK[\/ﬂ (U())'Y, <7T26+1>

When defining the character XZO, the value of ug only matters mod 7€, hence we
may always choose ug so that x ki /m (ug) = 1. This explains remark 0.1/, where the

constant we alluded to is (2 g5(2e 4 1)2.

Proof. Note that max(0,a) is just the conductor of the additive character ¢'(ux /7).
The fact that the conductors of the additive and multiplicative characters must match

in order to get a nonzero result is a well known fact.This handles the first case.

159



We next tackle the case of a trivial character, which can be easily checked by
hand. This case happens when uy = 1,2 = 0 and entirely boils down to the single

computation

m2e 4
From here on out we assume that x is nontrivial. We could also assume that a = c,.
However, we will hold off from making this second assumption and continue for the

moment with general a. By substituting z,cw = uxoq, we get

, ux - x
L (x)y <> dr = / C(u )y () dx
Lo oo (2 o Xiolu™ 20" (2
i, -1 i X
= — ) d
Ko™ [ X! () o
. i s . ; 1N g . .
Since xs,, is quadratic, we have x;, (uv™') = x;, (v). We may now pull out this leading
factor and focus on the rest of the integral. The first step is to change the domain of

the integral using the integration lemma 6.10. We get

T

. 1 . Ty
1 N d — 7/ / 3 !/ () d d
/:CEOIX( Xuo(x>¢ <7Ta> €z #O;((Q xEO[X{ yEOIX(Q XUO (l'y)¢ Ta y x

The multiplicative character is invariant to squares and so, we get

o507 o (%)
() —3 — ) dyd
/;z:eof< Xin (2) #O7* /yeO;{2 4 ga ) YO

Applying the integration lemma 6.11, we get
2

: 1 , [Ty
i 7Y dyd
[ xim [0 (W) ydr

Since this holds for general a, we know by our earlier work that the above integral

vanishes whenever a < ¢,.” As such, we may write

. 1 , [ 1y?
. —_— — | dyd
/gceo§xuo(w)1_q_1 /yeo;{w (ch> ydx

1 . T 2 T 2 T 2
= = / X (%) / V) g () g )+ dyda
1 — q 1 xGOIX( 0 yGOIX( TCx Tex—2 mex—4

8We need  to be nontrivial for this to be true!
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Collecting terms yields an integral of y over all of Ok and not just Of.

1 : , [ 2y? 1 : x
= — L (x dydx = 7/ L (x)y ( ) dx
1—q! /:zeof( X )/yeOK 4 <7TCX> Y 1 —q7 ! Jzeo X (2)7 X

This last integral is just the one given by the previous proposition. Plugging in its

value completes the proof. O]

161



Chapter 7

Computing the Local Whittaker
Function at Finite Places

We resume letting K denote a totally real number field of degree n > 1. Throughout
this section, we will take dim(V) = 1, where V is the vector space defining E**. We
identify V' = K, by selecting some basis 4. In this basis, the quadratic form on V'
will take on the form Q(x) = kz?. The character yy will then be precisely (z,2k)4,
so we see that this use of k is consistent with our previous usage. Our goal for this
chapter will be to evaluate the local Whittaker functions W, ,(s, ®,) at finite primes.
We will do this by first reducing the integral Iy (u, m, As) to a related integral I* that

has no dependence on x. We will then evaluate I* directly.

7.1 Reducing [y to I*

Fix a finite place p, which may be even or odd. Extend the definition of e to odd
primes by in general setting e = v,(2). That is, e = 0 for all odd primes. Recall that

we had the integral

Iw (p,m, As) = /

"(y(kag + > wa; —m))dzd
yeK, /fe(i“—"'oKp)XO%{ApS w (y( 0 ; i )) Y
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where ¥ = (z9, 21,2, ... Tas, Th,) and the measures are chosen so that the integral

X O2As+1

over Ok, is 1. By remark 5.41, we may also write this as

Iy (p, m, As) = lim

(k] E xix; —m))dZdy
ke k - 2A 0T
0 ye(l/ﬂ‘ )OKF IE(M-}—OKp)XOK S

The following lemma will help remove most of the coordinates of integration.

Lemma 7.1.

/ V' (tay) dyda = gm0 )
T yEO%p
Proof. Integrating over y, we get an indicator function.
/ Loy, (tx) dv = measure({x € Ok, |tz € Ok, })
:EEOKp P
It is now easy to directly check that the measure in question is exactly ¢g™"Ov=®) 7

To use this lemma, first break up the outer integral by valuation and get

I (i, m, As :/ / "(y(kag + Y 22 —m))did
w(p ) eon, fe(wom)xoﬁsw(y( 0 Z ))dZdy

[e.9]

! / / (kg + > xah — m))dEdy
kgl ye(1/m¥)0%, fE(u—}—OKp)X()%{As 0 Z

Applying the lemma to this yields

— / / V' (y(kas —m))dzdy+
yEOKp .’EoG/J+OKp

[e.9]

—kAs "(y(kx dxdy (7.2
> éwwwaéﬂw%w@<o m))dady (7.2)

We see that As now only shows up in the exponent, and so we will make the
substitution X = ¢~2*. This will reframe the computation as computing some power

series in X. Specifically, we are computing

Iwlpm,ds)= [ f W (y(ka® — m))dady+
yGOKp QZG,LL+OKP

00 Xk/ / / HZEQ — o Ndad 73
k;l ye(1/m)0%, xewopr (y( ))dxdy (7.3)
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We will let I;,(u, m, k), (0 < k) denote the coefficient of X* in the above series. Since
we are in the dim (V) = 1 case, these integrals only depend on 4 parameters, so we

chose to unsuppress the dependence on k.

We define a related integral that is independent of k. For k € Z, let

V' (y(@* —m))dwdy

Ii(pm) = |

ye(l/w’C)Ol,X(p /ac€u+OKp
I will be easier to evaluate, since the lack of x will cut down on the necessary casework.

Knowing the value of I* will also suffice, as the following proposition shows.
Proposition 7.4. (i) For k >0
(ks m, k) = |Kl iy, ey (s M/ K)

(ii) For k € Ok,

oy = [TonlE—m) e o
0 ) ) - _ ku2—m
2kl Loy, (42)  2kp ¢ Ok,
(iii) For k & Ok,
[i5l5 Moy, (42 — m/K)  2p € Ok Lo
'[0(/1’7 m? K/) = i — b K 2—m ’ + |K/| Z ]ZJ((ILL’ m//{)

Proof. For (i), simply substitute ynew = K¥Yold-

For (ii), apply the substitution Zoq = it + Tpew to get
/ / V' (y(ka® —m))dzdy :/ / V' (y(k2® + 2k pz+ Kk p® —m))dzdy
yEOKp IG,LH’OKP yEOKp CEGOKP
Since kya? € Ok, that summand doesn’t affect the value of +)’. This gives us
Io(p,m, k) = / / V' (26pxy + kpty — my)dady
yGOKp :EEOKp

Integrating over x yields the indicator function 1o, (2kpy). If 264 € Ok, the integral

becomes

/ V' (kpty — my)dy = lo,, (kp® —m)
y€0K,
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Otherwise, if 2rkp ¢ Ok, , the integral becomes

Kkpu? —m
2K

"(kpy — my)dy = [2kp]; 11
/ye(m)lopr(uy y)dy = |2kp], Loy,

as desired.

For (iii), again substitute Ynew = KYolq tO get

Ity =16 [ (e —m/)ddy
K Kp x Kp

Part (ii) applied to the expression Io(u, m/k, 1) tells us

1 2 2u € 0
[ e - mmydey = { ol T2 O
y€OK, Jren+0x, ‘QM’p ]lOKp (T) 2u ¢ Ok,

from which the result quickly follows.
Corollary 7.5. If k is an integral unit, then we have
(i) For k >0

]k:(lua m, "i) = ]I:(:u7 m/"i>

(ii) For k=0
To, (ku® —m) 21 € O
[O(/fbama 'Li) = { p_ K2 —m '
2 o, (4552) 20 O
7.2 Computing [*

For k € Z, we will compute the value of the integral

Ie(p, :/ / "(y(2® — m))dad
w(1sm) p—— xewoKptﬁ(y(x m))dzdy

Remark 7.6. The nature of this computation changes quite wildly depending on

whether one chooses to swap the order of integration. In the current order, this

requires an involved Gauss sum computation. However, if one reverses the order, it

becomes a measure problem. Namely, one can see that

Ii(p,m) = ¢"meas({z € p+ O, |2*> € m + 7O, })

— ¢" 'meas({x € p+ Ok, |z> € m + 70k, }) (7.7)
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This can be evaluated directly, although even with clever use of symmetry, one still
must perform similarly tedious computation. We avoid the measure approach because
it seems to generalize poorly. Notably, [KY10] were able to generalize the Gauss sum
approach to the case of dim(V') > 1 when K = Q in theorems 4.3 and 4.4. On the
other hand, if one uses the measure approach, one will need to replace the quadratic

2

form x* in the measures above with some arbitrary multivariable quadratic form Q.

The easiest case is when k£ < 0. This can be done via the measure theory approach,
since in this case the calculations reduce to linear equations (and the answer looks just
like equation (7.7)). However, we opt to repeat part of the argument from proposition

7.4 instead.

Proposition 7.8. If £ <0 then

Li(p,m) = {q()k]l7rko";>('u2 —m) —¢" 117&10;@ (> —m) k <wv.(2u)
kM
k> v.(2u)

Proof. Substitute xoq = it + Tpew to get

U (ya® + 2pxy + pPy — my))dzdy

Ii(p,m) =/

o
ye™ OK‘j z€0k,

yx? will always be integral, so we may drop it, yielding

fZ(u,m)Z/ e / V' (2pzy + pty — my))dzdy
yem OKp €0k,

Integrating over x yields the indicator function 1o, (2uy). In the case 2ur™ ¢ Ok,
this condition can never hold for any y and we get 0. Otherwise, it holds for all y and

we get
Lilm) = [0ty — my))dady
ye™T OK’g

]

We now turn our attention to I} for £ > 0. The following relative of the blurring

lemma (.12 will show that our calculation is rather uninteresting when p ¢ 1Ok, .
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Proposition 7.9. Let co,cq,co € K. Assume that at least one of the ¢; is non-integral

and that at least one of vr(c1) < vr(c2) or ve(co) < vr(c2) holds. Then

1
- C 7C 6 O ”Uﬂ. C — _1
/ / W (uesz? + ucra + uco) dedu =4 L BT UK (o)
ueOy, JoeOx, 0 otherwise

Proof. We proceed by casework on j.
Case 1: v(co) < vg(cq)

Case la: vy(cp) = —1
Then, our hypotheses tell us we are in the particular case ¢y, ¢; € Og,,vx(co) = —1.

We may calculate

/ . / V' (ucy) dzdu :/ v (u> du = _/ W (“) du = —q"
uEOKP xEOKp uEOKp m uEWOKp e

Case 1b: vg(cy) < —1

Using integration lemma 6.10, rewrite the integral as

/ g V(o)1 / / V' (w'ucyr® + v'ueir + v'ucy) drdu'du
uEO;Ep u’€1+7r’“77(30)’10}<p z€0k,

We may then apply the blurring lemma 6.42 to the inner two integrals. Specifically,
if we set the parameters in the blurring lemma called (¢, ¢1, co, j,v) to the values

(ueg, ucy, ucy, 0, 1), it tells us that

g V(o)1 / / V' (Wucyxr® + v'uciz + w'ucy) dedu’ =0
u/€1+7r*“7T(CO)*1OKP .’EGOKP

which concludes this case.

Case 1: v(c1) < vr(cp)

Set v = —v.(c1). We proceed by induction on v for v > 1.

For the base case, if v = 1, then by hypothesis ¢, must be integral. Thus, we have

/ / Y (uerx + ucy) drdu
uEOIX{p :EEOKP

The inner integral gives us the indicator function 1o, (u/7), which asserts that

u € mOk. However, this never happens since v is a unit, and hence the integral is 0.
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For the inductive step, let v > 1. First we show that we may assume v, (c1) < v, (co)
by replacing our integral with an appropriate equivalent integral if necessary. Indeed,
if v.(c1) = vr(cy), then let uy denote the unit ®. Then make the substitution
ZTold = Tnew — Ug- This yields

/ . / V' (ucyr® + ueyr + ucy) dovdu =
u€Oy Jx€0K,

/ § / Y(ucaz® + u(cr — 2epup)x + ucoud) drdu (7.10)
uEOKp CEEOKP

By our assumptions, v.(c1) = vx(co) < vx(ca). It follows that v, (c; —2coug) = vx(cq) <

vy () and so the new integral suffices.

Now that we may assume v, (c1) < vr(co), we follow a similar argument to case 1b.

Apply lemma 6.10 to rewrite our integral as

/ ¢! / / U (u'ucor® + vueir + v'ucy) drdudu
ueof(p u'el+nv=10k, J2€O0K,

The blurring lemma with parameters (¢, ¢1, co, 7, v) = (ucs, ucy, ucy, 0, 1) tells us that
g / / V' (W'ucyr® + v'ueir + v'ucy) dodu’ =
u’el—i-ﬂ'”*lOKp €0k,
q ' / w(W2U02$2 + mucix + ucy) dr (7.11)
ZEEOKP
Plugging this in shows that
/ / V' (ucox® + uciw + ucy) dedu =
uEO;;p zGOKp
g / / Y(m*ucox® + mucyr + ucy) drdu (7.12)
u€Og. J2€0K,

Since we had v, (c1) < vr(co), it follows that v, (7mer) < vr(co) and so this integral is 0

by the inductive hypothesis. O

Corollary 7.13. Let k > 0. If either p ¢ 3Ok, or p* —m ¢ Ok, then
Li(p,m) =0
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Proof. By definition,

I (p, :/ / "(y(z® —m))dxd
k(1 m) /0%, m%Opr(y(x m))dzdy

For fixed y, write y = u, /7" for a unit u,. For this particular y, the inner integral

then takes on the form
i Yy o Uy Uy 9
~/:cEOKp P <7r’“x + 2ng + F(M — m)) dx

The result now follows immediately from the previous proposition. O

7.3 Computing [* part 2

We will now tackle the remaining case where k > 0, u € %OKW and p® —m € Ok,.

7.3.1 A Reduction Formula

This case will be the most involved. The next proposition notes that I* can be written
as the integral of a Gauss sum against an additive character. Additionally, (as long as
i obeys the assumptions of this section) the value of this integral does not depend on

the specific value of p.

Proposition 7.14.

k(“a m) q yEOIX(p v etk 77D Tk Y ( )

In the case p is even, this is the same as

" 292k gy (2¢ + k) /y o (Xrervm ()5 < J >1// (—my> dy

2e k
% T ™

Proof. First recall the definition

V' (y(a* —m))dwdy

Ii(wm) = [

ye(1/7r’€)0;<<|J /»TGZH‘OK,J
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Changing variables yields

[ v m)) dudy
yEOKp xeu-l—OKp m

We perform casework depending on whether p is an odd or even prime.

Case 1: p is odd.

This is quite straightforward. By assumption, p will be integral and so p + Ok, =
Ok,, which immediately yields the desired relation.

Case 2: p is even.

This is more difficult. First perform another change of variables to get

q/ / ( (2% + 2ux + 1? —m))dxdy
yEOX JZEOKP 7T

The key to proceeding will be to use the blurring lemma 6.42 to greatly increase the
exponent k in the denominator. The idea here is that for d sufficiently large, the
g1 term in the Gauss sum formula will be trivial, making further work significantly
easier. To this end, for any integer d > 1, we may apply the blurring lemma with
parameters (co, ¢y, co, j,v) equal to (y/7%T2% 2yu/7*e y(u? — m) /7% 2,2d). This

yields the integral

2 ! 1(,,2
b d_k gyt 2yy'pe gy (F —m) :
+ + dxdy'd
4 yeoy, ¢4 /y’EH-TrkOK /:zeoKp v <7r"3+2d grh+d mk yay
Then apply the integration lemma 6.10 to get
2 2
ko o yrt o 2ypx y(p’ —m)
+ + dxd
79 /yeoﬁp /:EGOK') (& (szd Tk ok Yy
Rewriting using our definition of 4" gives
k d =m)\ Y 2yp
74 /oX ( k >7 <7rk+2d’7rk+d>d

The general formula for the Gauss sum then tells us

2

_ _ y(u? —m

¢ q'q eW/ Y <( i )>gl(a,u,t)g2(a,u7t)93(a)dy
yeOKp ™
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where a = k4 2d,u = y,t = 2yu/7* /2 (k € {0,1} is the value of k mod 2.) Let

us now go through each g; to see what it contributes to the integral.

Recalling the formula for g;, we have

_ )1 Ogly) = 475’;7“5 mod 7™min(2d+k+k 2e—2d—k+k)
g1 =
0 else

Aslong as d is sufficiently large (d > e/2 suffices), we can see that the first condition will

2e—2d—k+k 4y?p? —k+k

Sir=0mod 7

be taken mod m . However, we clearly have 0, _z(y) =
(Since under current assumptions k > 0, y € O C Ok,, and 2u € Og,.) Thus, as

long as d > e, the condition will be met and ¢; will be identically 1, regardless of .

From now on, we assume d > e so that this is the case. Though, we will not need
to remember this for long, as all occurrences of d in the formula are about to cancel

out. Recalling the formula for go, we now get

2

e 2 _m 1 Oy 7(y) — 2
P glq (2 e>/2/ Y (M) W 1=k uu g3(k + 2d)dy
y€0g, Yy

T 47k

This simplifies to

q(m)/z/ Y <M> W (151%(?/)) W (‘%‘2) g3(k + 2d)dy
yEOKp @

k Ak oy
Things now further simplify drastically. We see that all occurrences of i cancel out,
and thus that this integral does not depend on pu. We may also remove the final
occurrence of d from the formula. In particular, since d > e, it follows that k+2d > 2e.
Hence, g3 only cares about the parity of k + 2d and we have g3(k + 2d) = g3(2e + /_f)

Thus, our formula reduces to

. - 1 U 2 (y my
q(k+ )/293(26 4 k)/ w/ - 1 k( ) w/ (_k> dy
yeO}X(p 47 Yy T
There are two ways we can clean up this formula. The first possibility is to apply the

formula for the Gauss sum to the quantity ' (ﬁ) This yields the quantity

k+e / Y ) /(_W)d
4 /ye%v (ol v () o
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The other option is to apply either parity shifting lemma 6.45 to get

; - P (10i(y)  my
(k+e)/2:Tk ;. (9 L / ko[ ==1 _ d
q (3" 93(2e + k) 0%, (Xkym (¥)) ¥ ( 1y vl K

Then apply the formula for the Gauss sum to the quantity +/ ( 4 ) to get

2e

0" 20+ B) [ uaym) (S5) 0 (<) dy

k
Kp Q

7.3.2 Two Important Functions

We will evaluate the integral in proposition 7.14 momentarily. First we must introduce
two functions that will show up in the computation and are defined in [Sul6] section
2. The first is a character (%) and the second is a function §. We start with the

character.

m

(F) is the character giving the behavior of p in the extension K[y/m]. Explicitly,

1 p is split

<m> 1 p | | t
— | =<- is iner
p

0  p is ramified
The behavior of the prime p in such an extension is given explicitly by the following

proposition. We label the case Ky[v/m] = K, as split in analogy with the global case.

Proposition 7.16. If p is an odd prime

ramified v (m) is odd
Ky[\/m] is $ inert Uy, mod T 18 nonsquare

split Uy, mod T 1S square
If p is an even prime

ramified  sq(uy,) < 2e or v.(m) is odd
Ky[\/m] is { inert 5q(Uy,) = 2e
split 5q(Uy,) = 00
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Proof. Case 1: p is odd.
This case is kind of trivial, but we go over the motions anyway.

The assertion for odd v, (m) is obvious, so restrict attention to when v,(m) is even.

In this case K,[v/m] = Ky[\/tm)-

If u,, mod 7 is square, then u,, is square and the extension is split.

Finally, if u,, mod = is nonsquare, then u,, is nonsquare. Any two such u,, differ
by a square factor and hence all generate the same extension. K has at least one inert

extension, so this must be it.
Case 2: p is even.

The assertion for odd v,(m) is obvious, so consider the case where v,(m) is even.
In this case, Ky[v/m] = K,[\/Un). It is clear that the extension splits iff u,, is already

a perfect square, which is to say sq(u,,) = oc.

In the case that sq(u,,) < 2e, the squareness will be odd. We may choose to multiply
u,, by a perfect square so that it’s m-adic expansion starts u,, = 1 +asq(um)7rs‘1(“m) +...,
since doing so will affect neither the squareness of w,, nor the type of extension of
K, we are generating. We can then consider the pair of conjugates |/u,, + 1 and
VUm — 1. They must have the same valuation in K,[,/u,,] and furthermore their
product is (y/im + 1)(\/tm — 1) = Uy — 1 = aggu,) 7% + ... 1t follows that (for 7
a uniformizer of K) vz ((y/tm + 1)(y/tm — 1)) = sq(un) is odd. Hence, our extension

is ramified.

Finally, any two units w,, of squareness 2e differ by a square unit factor and hence
generate the same extension. Thus, there is exactly one extension unaccounted for

above. Since we know K, has at least one inert extension, this must be it. O]

Definition 7.17. Let f(m) be given by the equation

2f(m) = vy (m) + 2e — n(m)
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where n(m) is given in terms of a relative discriminant.

n(m) = vr (Disc(Ky[Vim] /1))
If m =0, then take f(m) = co. If K,[v/m] = K,, take the discriminant to be 1.

Lemma 7.18. The valuation of the relative discriminant is given by

1 p is odd and v (m) is odd

)
0 p is odd and v (m) is even

m) =
n(m) 2¢e +1—sq(m) p is even and sq(m) < 2e
0 p is even and sq(m) € {2e,00}

The right hand side of the equation defining f is always even, so that f(m) is an integer.

Furthermore, if p € (1/2)Ok, and m € —p® + Ok, , then §f(—m) is non-negative.

Proof. We start by calculating 7. Note that for this step we only care about the value
of m up to a square factor. Temporarily let L = K,[/m]. Let 71, denote a uniformizer

(to be chosen) of L. Continue to let 7 with no subscript denote a uniformizer of K,.

Case 1: p is odd

If vz(m) is even then by the previous proposition either K,[y/m] = K, and
Disc(L/K,) =1 = n =0 or the extension is inert (and in particular unramified)
son=0.

If v, (m) is odd wlog take v, (m) = 1. Then 7, = y/m is a valid choice of uniformizer.

Hence Oy, has basis 1, y/m and from the formula for discriminant we have

=4m

Disc(L/K,) = H _%

Since we took v,(m) = 1, we have n = 1.
Case 2: p is even

If sq(m) € {2e, 00}, then similarly to the last case we see L/K, is unramified and

son =0.
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If sq(m) = 0, then v,(m) is odd so wlog v;(m) = 1. The argument then proceeds
in exactly the same manner as the last case except that at the end we get n(m) =
U (4m) = 2e + 1.

Finally, if 1 < sq(m) < 2e — 1, then sq(m) is odd by remark 6.73. In this
case the previous proposition tells us the extension is ramified and from its proof
we know that (up to choice of an equivalent m) we may choose the uniformizer

7L = (U + 1)/721m=D/2 The discriminant formula then gives

, 1 i+ 1) /msam)=1/2 |2 .
DZSC<L/KP> = 1 ((_\/u—_{_i)//ﬂ_(sq(m)l)ﬂ :4um/ﬂ- a(m)=1

So, n(m) = vy (4t /0™ = 2e + 1 — sq(m).

We next check the evenness claim, although we only do it in the case p is even and sq(m) <
2e, since the other cases are trivial to check. In this case, if v,(m) is odd, then by
definition sq(m) = 0 and we are done. If v,(m) is even, then remark 6.73 tells us

sq(m) will be odd and we are done.

Finally, for the non-negativity claim, our assumption is equivalent to v,(m) > —2e.

We proceed by casework.
Case 1: p is odd

In this case, we have e = 0 so v (—m) > 0. If v.(—m) is even, then 2f(—m) =
vz(—m) > 0 and we are done. If v, (—m) is odd, then we must have v,(—m) > 1. We

then see that 2f(—m) = v,(—m) — 1 > 0 and we are done.
Case 2: p is even, sq(—m) € {2e, 00}
In this case we have 2f(—m) = v,(—m) + 2e¢ > 0 and we are done.
Case 3: p is even, sqg(—m) =0
This is the case of v;(—m) odd, and we must have u € O since otherwise we

would have v,(—m) = 2v,(u) which is even. It follows that v,(—m) > 1. Then we

have 2f(—m) = vy(—m) +2e — (2e + 1) > 0.
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Case 4: p is even, 0 < sq(—m) < 2e, —m € Ok,
In this case
2f(=m) = vr(=m) + 2 — e + 1 = sq(=m)) = vx(=m) + (s¢(—m) — 1)
Both summands are nonnegative by assumption and we are done.
Case 5: p is even, 0 < sq(—m) < 2¢, —m ¢ Ok,
In this case, we have —m = u? + Ok, for u ¢ Ok,. Let p = u, 77, Then we
have sq(—m) = sq(u? + 7 2=Wz) for some = € Ok, . In particular, this immediately

implies sq(—m) > —2v,(u) = —vm(m). Since the squareness must be odd, we have

the stronger statement sq(—m) > —v,(m) 4+ 1. We now write
2f(=m) = vr(=m) + 2 — (2¢ + 1 = 5¢(=m)) = vz(=m) + (sq(=m) = 1) 2 0

]

Remark 7.19. Given some m in the global field K, one may consider the value of §
at varying finite places p, which we denote by f,(m). Then, one will have f(m) =0 at

almost all finite places.

Proof. At almost all places, we will have p odd and v,(m) = 0. Plugging this into the

above formulas gives the desired fact. O]

Remark 7.20. Define an ideal I} = [ < p(™) - Then, this ideal has the property
(4m) = Disc(K[\/m]/K)I?. This shows that I} is the ideal showing up in the definition

of Hurwitz class number.

Recall equation (7.15), which says

I _ k+e/ ( y ) /<_my)d
r(,m) = q yEOIX(p’Y etk ¥ ok )Y
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7.3.3 Finishing the Calculation

We can now give an explicit formula for I} (u, m) by evaluating this integral. The
output expressions are slightly unnatural for the sake of unifying all cases into a single

formula.

Proposition 7.21. Continue to assume that k >0, u € %OKp, and i —m € Ok, .

If k > 0 is even, then

1—qg! k < 2f(m)
Li(nm) =" =g (1= |(2)]) & =2f(m) +2
0 k> 2f(m) + 4

If k is odd, then

¢ (=) k= 2f(m) + 1

I ,m) = k/2
#lm) = {0 k # 2f(m) + 1
In the case m = 0, we have f(m) = 0o and these formulas reduce to

1—qg ' k even

I 70 — k/2
r(1,0) =g {0 & odd

Proof. We proceed via extensive casework. The case m = 0 is handled first via an

earlier lemma. All other cases implicitly assume m # 0.
Case 0: m =0
We have

10) = ¢ [ '<y )d
r(1,0) = ¢ yeOﬁpﬁy 2erk ) WY

Applying lemma 6.80 yields

% e —(2 1—q ' keven
(1, 0) = ¢" g~ +W2{

0 k odd

which is the desired result.
Case la: p is odd and k is even.

Since p is odd, we know that

1 pisodd and v,(m) is odd

0 pis odd and v,(m) is even

2f(m) = vz(m) — {
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From the formula for the Gauss sum, we have

‘ y my my
P g, 7 () (5 o= [ v (5
yeoy ' \m 7T yeoy, T
Uy
= (_ o ))dy (7.22)
yeoﬁp i vnim

We can then do further casework off to evaluate this latest integral.

If & < 2f(m), then in particular we have k — v,(m) < —n(m) < 0, and so the

integrand is identically 1. Thus, we get 1 — ¢~ 1.

If k = 2f(m) + 2, the integral becomes

k/2/ /(_ Umy )d _ 0 n(m) =
! yeofipw w2 ) YT gt p(m) =1

The integral vanishes when n(m) = 0, which is exactly when v,(m) is even. This is

equivalent to asking ‘(%)’ =1.

Finally, if £ > 2f(m) + 4, then we have k — v:(m) > 4 —n(m) > 3, and so the

integral vanishes.
Case 1b: p is odd and k is odd.

From the formula for the Gauss sum, we have

e (Y ) ,(_my>d _ (ka/ y (1) ,(_my>d
1 /yeof{p’y (726”“ 4 ok ) W= yeox \p T\x ¥ ok )Y

If we pull the v/ (l) out of the integral, what remains is a character Gauss sum and

™

so we get

1 -\ —m 1 . —U
Grny2 (AN () =M e (AN () T
4 7 (7T>7 ((p)’ 7Tk> 1 7 <7r)7 ((p)’wkvﬂ(m)>

By proposition 6.12, the Gauss sum is zero unless k — v,(m) = 1. Since k is odd,
this can only happen if v,(m) is even. However, this would imply n(m) = 0, and so
2f(m) = v.(m). Hence, our condition is k = v,(m) + 1 = 2f(m) + 1. Now that we

know when a nonzero value can occur, a particularly slick way to proceed is to use
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the fact

04 ((E)’ %) — (%)fy’ ((5)’ i) and the formula in remark 6.14 to write

o (1 1 . e (om N2 [(—up,
G0 2)/2 () 7,(()) = e m+2)/2, () < )
T P m T p

By proposition 6.13, this becomes

va(myy2 ) 1 p=lmod4 (—un
1 (—=1)Y p=3mod4 p

Now, we remark that

—1 »fo1 1 p=1mod 4
() =(-1)7 = f —
p (—1)) p=3mod4

where the second equality is just checked manually. Hence, the piecewise function

vr(m)/2 “m)
q
&

To convert this to the desired expression, note that since v,(m) is even, we have

() =)

cancels and we are left with

Case 2: p is even.

By proposition 7.14, it suffices to evaluate the formula

a2 gy 2e 18 [ Caaum) () v (~2F) dy

ye S 7-‘-26

To proceed from here, we will use a procedure very similar to that used to evaluate

m

the character Gauss sums.” Write m = w,,7°~(™ and substitute Ynew = Um¥Yold 1O get

¢ *292F g5 (2 + k) /y o (xarm ¥/ um))E <y/ um) W' ( y) dy

2e T k—vr(m
5 ™ h—ve(m)

We can move the u,, terms from denominator to numerator to make things look

prettier. This is possible because x is quadratic and the fact that from the definition

!The reason for the similar procedure is that our integrand is roughly of the form
(/274w (my /%), whereas the integrand for the character Gauss sum is e™*Pa(%0:¥)q)(my /7*).
That is, both are an exponential of something related to the quadratic form ¢ times a standard
exponential in y.
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of Gauss sum, it is clear 7/ (u?z) = 7/(z) for any unit v and any x € K. We get

. _ _ L umy y
" 29/2¢ R g 96 4 k) /y o Xty (tmy))* ( e ) 4 ( >) w

% o mk—vr(m
As before, the trick to evaluating this integral is to apply our integration lemmas. By

lemma 6.10, we get

q "2  gy(2e + k).

1 k1 (umyx) / ( yr )
v \Um ————— ) dxdy (7.23
/yeOIX(p #le(z /3660;(3 (XK[ ™ (U yl')) Y T2e @D h—vx(m) xray ( )

The first two factors of the integrand are unaffected by square unit x and so we get

q "2  gy(2e + k).

iy umy) ! / ’(—W )dd 7.24
/y _ le(p(XK[\/ﬂ(Umy)) g <7T26 402 xeoﬁw oy ) dedy (7.24)

By lemma 6.11, this is the same as

(k+2¢)/2 i 5

q - Um Y YT

et D) [ ) (252) [0 (s ) dods
Ky

1—gq yEOKp e

The inner integral looks very much like a Gauss sum and may easily be realized in
terms of such by re-expressing it as an integral over O minus an integral over 7Ok.
This gives us

(k+2¢)/2
q —
e ¥ gs(2e + k)-

1
k UmY -y 1 —Y
/yeO,X( (Xr[ym (umy)) Y ( 2e ) (7, <7Tk—v7r(m)> - &7/ (ﬂ-k—uﬁ(m)—2)> dy (7.25)
p

UmyY

We may expand ~/ (ﬁ> using the definition of B,. In particular, we know that

(UmY\ [ Um / Y
v (W%) =7y (W%)v (ﬂ) Xum (Y)

Using this and rearranging a few terms, our integral becomes

(k+3e)/2 _
q - U
1_761_1@%93(2@ + k) (X k1) ()™ (7?2@) ’

k (Y / —Y > . 1 / ( —Y ) d 796
/y or, Xu,, ()7 (ﬂe) (7 <7T’“_“7f(m) ) ) | v (7:26)
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By the parity shifting lemma 6.47, this equals

(b—vn(m))/24 f(k—k—vx(m)) gs(2e + k) Y (Um) .
g1 (2o 1+ F—oo(ny Cvm(n))

o vt (Y [ —y)_l (ﬂ/)
/yeolx(p X, W)y <7T2e+kwr(m)> (7 (7?"“””(’”) qu grk—vn(m)=2 dy

By the reflection formula (proposition 6.39), this equals

(k+3e)/2

q

qor(mt3)/2 ¢JE=F=urlmy) gs(2e )
1—q! 93(2¢ + k — vr(m))

Uﬁ(m) / y _ / y
/yeOzqu ") <7 (7?26—"?+“W(m)> K (W%_m(mm))dy

We may now evaluate this in subcases. However, instead of doing £ even and odd we

Cactym ) (25 -

m

will perform casework on the value of ( p>. Also note that since p is even, we have

2f(m) = vy (m) + 2e —

{26 +1—sq(m) sq(m) < 2e
sq(m) € {2e,00}

Case 2a: (%) =0.

In this case, either v,(m) is odd or sq(u,,) < 2e. As such, this case is equivalent
to XW being a nontrivial character. In either case, we have ¢, = 2e +1 — sq(m)
and 2f(m) = vy (m) + sq(m) — 1.

From proposition 6.81, (since x is nontrivial) if we want a nonzero result we must
have 2e — k + v:(m) = ¢, mod 2. However, it is easy to chcek that in this case
¢y = vz(m) mod 2, so at very minimum we need k to be even. This reduces our

integral to

L—q ! g3(2e +v.(m))

ey (ot )y (Y
/y o, Xum " (Y) (’V (er_m(m)) gl (W%_kﬂw(m) +2>)dy (7.27)

q(vw(m)+36)/2 CS_f(vW (m)) , (um ) .
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Applying proposition 6.81, we see that

vr (M) / Yy A Yy _
/yeo;( Xom " (Y) <7 (7-[-26—k:+v7r(m)> v <7r2e—k+v7r(m)+2>) dy
p
_ Um vr(m — —(e— v-(m ]. ]f S ’Uﬂ-<m) + Sq(m) — 1
=y () e s oo (- “ﬂ<””{

0 otherwise
Cet2—kton(m))2 ) L RS UW(.m) +sq(m) +1 (7.98)
0 otherwise

-9

Plugging this in, most terms cancel (don’t forget = ¢ °) and we are left

! [ u 2
v (%)

with

2 ({1 kgvﬂ(m)+sq(m)—1_q_1{1 kgv,r(m)+sq(m)+1>

0 otherwise 0 otherwise
Light rearrangement yields (for k even)

1—q ' k<wv:(m)+sq(m)—1

¢"?3 =g k=uvg(m)+sq(m) +1
0 k> vz(m) + sq(m) + 3

which is the desired formula.
Case 2b: (%) # 0.

In this case, we have 2f(m) = v.(m) + 2e. We also know v,(m) is even and so a

handful of terms cancel right away, leaving

(vr(m)+3e)/2 _
q koo Um' / Y Y Y
1—q! ety (tm)) ™y (772€> /yGOIX(p <7 (er—k+”ﬂ(m)> 7 <7r2e—k+”ﬂ(m)+2>> @

By proposition 6.81, we have the following expression for the above equation, which

we have rewritten using f(m).

g (e m ()
0 2f(m) > k is odd 0 2f(m) + 2 > k is odd
g (ehFuam)/2 0 95(m) > k is even — ¢ ¢~ (eF2RHv=(m)/2 0 95(m) 4+ 2 > k is even
2 25(m) < 2 2f(m) +2 < k

(7.29)
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(Here, the conditions are referring to the parity of k.)

The only way an odd value of k can give a nonzero result here is when k = 2f(m)+1,”

in which case we get

m
¢ X kerym (Um) = ¢ <p>

Now take k to be even for the remainder of this case so that we have

2 1 2f(m) >k - 1 2f(m) +2 >k
gPe—ktoe(m)/2 25(m) < k qet2=ktva(m)/2  25(m) 42 < k

By light casework, this is the same as

ko )1 — gt k< 2f(m)
Yo k> 2§(m)

This matches the desired formula as long as 0 = —¢~* (1 — ‘(%) D However, this is

true by the definition of case 2b. n

7.4 Putting it all together

The above calculations give us everything we need to compute the local Whittaker
function. First, I} (u, m) is given in all cases by propositions 7.8, 7.13, and 7.21.
Proposition 7.4 then tells us how to use I;(x, m) to compute the value of Ij(u, m, k).
Finally, we obtain Iy (1, m, As) as a power series whose coefficients are the Iy (i, m, k).
We collect these results together in one large proposition so that they are all in one

place.

Proposition 7.30.
(a)

IW(:U“v m, AS) = Z Ik(:ua m, K’)Xk
k=0

2If k is larger, the piecewise functions evaluate to ¢¢/2 — ¢¢/? = 0, whereas if k is smaller they
evaluate to 0 — 0 = 0.
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where X = q~2%. Furthermore,

(bi) For k >0
Li(pym, 1) = |6l T, ) (1, m/ K)

(bii) For r € Ok,

Loy, (ki —m) 2k € Ok,
[O<M) m, ’f) = -1 ku?—m
|2’€:u‘p ]lOKp( 261 ) 260 ¢ OKp
(biti) For k ¢ Ok,
k| o, (12 — m/K)  2u € Ok i
]0(/’6’ m7 KJ) - { 2 p _1K£ H#Q—m 2 O ’ + |I€|p ! ]k(/"LJm/K/)
Finally,

(ci) If k <0 then

I*(M m) = { ’ kOKp (,u2 m) qk l]lﬂ‘k 1OKp (/,L2 — m) k < ’Uﬂ-(QIM)
k ) =
k > ’Uﬂ-(QIU)

(cii) Let k > 0. If either p ¢ 3Ok, or > —m ¢ Ok, then
I nm) = 0

(ciii) If k > 0 is even, p € 1Ok, , and pi* —m € Ok, then

l—q! k< 2f(m)
Li(pm) = ¢ S =7 (1= |(3)]) & =2f(m) +2
0 k> 2f(m)+ 4

(civ) If k > 0 is odd, p € %OKP, and i —m € Ok, , then

f(m) (m -
) — 2 {7 G) =210 1
0 k # 2f(m) + 1
(cv) If k >0, p € %OKP, and p* —m € O, but m = 0, the above formulas aren’t well
defined. However, we still have
1

1—q " k even
I 70 _ k/2
R, 0) = ¢ {0 & odd
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Although this marks the calculation of Iy (u, m, As) complete, we are still not
quite able to conclude the value of W, (s, ®, ). This is because As must be a
non-negative integer in the defining relation for Iy,. Plugging in dim (V') = 1 into

lemma 5.40, we have

|det (V)|

mep (SO + ASa (DPJl) = 7(‘/) VOZ@(L)1/2

¢" Y22 Iy (11, m, As)

We will get around this by using the power series 322 I (1, m, k) X* to define the
function Iy (u, m, As) for all s € C, which will the give the value of Wy, , (s, @y ,,) for

all s.

Proposition 7.31. The power series >3 In(i, m, k) X* converges absolutely for
all s € C with Re(s) > 1 and admits a meromorphic extension to all of C. For

Re(so + As) > 1 we have the equality

|det (V)32

Wm,P (SO + AS? CI)P,H) = V(V) VOl@(L)l/Q

q"E B Ly (1, m, As)
which gives a meromorphic extension of Wy, , to all s.

Proof. The analytic properties of our power series follow directly from the calculations
summarized in proposition 7.30. If m # 0, then parts (cii),(ciii),(civ) tell us that
I} (p,m) vanishes for sufficiently large k. Part (bi) then lets us conclude that the

power series is in fact polynomial.

On the other hand, if m = 0, parts (cii) and (cv) let us conclude that for k& > 0,
I (u,m) is either identically 0 or given by the formula

1—qg ! keven

]* ’0:]{)/2
1 (11,0) = q {0 k odd

Hence, the tail of our power series is a geometric series of common ratio ¢ X? = ¢'=24%.

This clearly has the desired analytic properties (and even a slightly larger region of

convergence).
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In order to conclude the second claim of this proposition, first recall lemma 5.7,
which tells us that (fixing all parameters besides s), there is a meromorphic function

f on the open disc of radius 1/¢ such that for Re(s) > 1

Wm,p (87 qDP,u) = f(qis>

It is clear from this that for Re(sp + As) > 1 we may write

Wi (50 + As, D) = f(a7q75) = falg™)

for some meromorphic function f; defined on the open disc of radius ¢* /q.

On the other hand, through part 1 of this proposition, we know that there is a
meromorphic function g on the disc of radius 1/¢ such that

detss (V)5

q" A Iy (,m, As) = g(g o)

Finally, by definition of Iy (i, m, As), we know for As € N sufficiently large’ that

det (V)]

Vo2 s m, As)

Winp (50 + As, @, ) = y(V)

does hold. Hence, we have
fala™2*) = g(g™°)
for a sequence of ¢~2¢ that approaches 0. We may then apply analytic continuation

to conclude that f; = g. m

For our specific case of interest, we will want to compute the Whittaker function
for k = —1. The following proposition condenses proposition 7.30 down into a single
formula for Iy (1, m, As) in the case k is a unit. This proposition is based on equation

(2.16) of [KY'10] and is also closely related to the work on page 14 of [Sul6].

Proposition 7.32. Assume k € Of, . Let m" = m/x and also assume f(m') > 0.
Then Iy (1, m, As) only depends on m and k through their ratio m’, and it is given by

two cases.

3Just large enough so we don’t have to worry when W,, , (so + As, @y ,,) is well defined.
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If u ¢ %OKP, then I(p, m,As) is independent of As and is given by

2 /
_ p—m
Tl 89) = 20 Ty, ()

If u € %OKW then

9 , 1 - X?
Iw (p,m, As) = Lo, (" —m') T () x ) P
- (%)

where
1— (m?) X + (mT) gfm") X 2Hm)+1 . gHm")+1 X 25(m')+2

1—qX?

Py =

Proof. This makes heavy use of the various parts of proposition 7.30. Parts (bi) and

(bii) tell us that

1 2 —m 21 € 0O e
OKp—(iu ZQ—m’ : o + ]I;k(”7 m,)Xk
|2:U’|p ILOKP( 20 ) 2 ¢ OKp k=1

Iy (p,m, As) = {

In the case that p ¢ Ok,, part (cii) lets us conclude all the non-constant terms

vanish, from which the desired result follows.

We now tackle the case p € %OKP. Part (cii) makes it clear Iy vanishes as long as

p? —m' ¢ Og,, so from here out assume p> —m' € Ok,.

By (ciii), the even degree terms of I(m, p,7) sum to

f(m’

)
1+ qk(l o q—l)sz . (1 . ’(”;) D qf(m/)+1q—1X2f(m’)+2
k=1

On the other hand, by (civ) the sum of the odd degree terms contains at most one

element and is given by

<m> o) x 21 )+1
p
Putting it all together we get
I(m, p,7) =
f(m”) m' m'
1+ Z qk(l _q—l)XQk _qf(m’)XQf(m’)+2+’ <> qf(m’)XQf(m’)+2+ <> qf(m’)XQf(m’)—l-l
k=1 p p

(7.33)
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Focusing on all but the last two terms, we may regroup them to get

f(m”)
1+ Z qk(l . q—l)XQk o qf(m )X2f(m )+2 —
k=1

f(m’) f(m) f(m’) f(m’)

1+ Y X - gFIXE i) x2Rm) 2 ) 3 JF X 3 g X2+
k=1 k=1 k=0 k=0

1— qf(m’)+1X2f(m’)+2

e (7.34)

f(m')
=(1-X%) Y X =(1-Xx?
k=0

Plugging this in, we have

1 — qf(m’)-i—lXQf(m’)—i-Z m
1—qgX?

I(m, p,r) = (1-X?)

!/
) x20m)+2 <”;> ) x 2+

m’

p) = 0, so now we turn

It is easy to check this expression equals the desired one if (
our attention to when (mT/) = +1. We get

1 — qf(m’)+1X2f(m’)+2

1— X2

/
4 g0 x2im)+2 <m> ¢f0m) X 2im)+1
b

Factoring out a copy of 1 + (%)X , we get

m/)+1 v 2f(m')+2
(0= G = () amee)
p p 1—qX? p

The second (and larger) of these two factors simplifies if we put everything over a

common denominator of 1 — gz2. It becomes

1— (mT) X — g+ x2m)+2 4 (m?) gl )+1 X 2(m")+3

1—qgX?
(mT’)qf(m’)XZf(m’)-i-l _ (mT/)qf(m’)JrlX?f(M’)JrS (7.35)
1—qX? '
These terms then recombine to form
1— (mT/)X + (mT/) gfm") X 2Hm)+1 _ gim)+1 x2f(m’)+2
1—gX?
Plugging this computation in, we get
! 1— (@) X + (m) gfm) X241 _ f(m)+1 X 2(m')+2
1+ (—|X E :
1—qgX?

which is equal to the desired quantity. O
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7.5 The cases of interest

We will be constructing E“* in the case of half-integral [, x = (—1)*~'/2 (and hence
x(z) = (z,2k)4). Our main restriction will come from setting V = K, Q(x) = ra?
(hence (z,y)g = 2kxy), and L = Ok, in which case we must take u € O /2. Although
trivial, we remark that we will take the basis {1} of K (and of the completions Kj).
This ensures that the measure dy in Iy, (1, m, As) is simply the one such that the set
of integral elements has measure 1 (and so lines up with what we have been using this
entire time). We also have det4(V) = 2k and Volgz(L) = 1. All of the calculations in

this section except for the calculation of level are directly based on those performed

in the proofs of [[{Y10] theorems 6.1, 6.3, 6.5.

7.5.1 General l

By proposition 7.31 together with proposition 7.32, we get for all finite p

r —As 1— X2
Wi (s -+ A5, @y) = (V) 22657 Lo (4" — wm) ( = ()x) "
p

Proposition 7.36. At almost all finite places we have p, = 1. Let p = [lyco0 pp-
4 k=1
Ro =
1 kn=-1

L( (%), As
H Wmvp (SO + AS? (Dp,u) - (_i)n’{22_n/2|DZ’SC(K)|1/2_A8]]_OK (Mz — /{m)<(>)p
poo CK(QAS)

Proof. How one arrives at the indicator function, L function, and ( should be clear,

Furthermore, let

Then,

so we will now handle the remaining terms one at a time.

pp = 1 whenever f(m) = 0, which happens at almost all places by remark 7.19.

This proves the claim about p,.

For the |2|,:§/2 terms, the fact that

IT 212 =1

p<oo
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lets us infer that

H |2‘1/2 H ’2| 1/2 — 9~ n/2

p<oo ploo

For the ¢" terms, we have
1/2—As
11 4 p(1/2=As) — 11 I (1/2—As) |p _ (H !3p|p_1)
p<oco p<oo p<oo
where 0, is the local different and we used the definition of r being the exponent of
the different ideal. However, this last product is the product of the local discriminants,

which is the absolute value of the global discriminant.
Finally, for the local factors v,(V'), recall from proposition 5.33 that

(V) = s (—50etV) 30 (5 (V) = g (=) 70 (5 )

2

where the Hasse invariant vanishes because dim(V') = 1. The product formula for the

Weil constant then implies

H %W(V) =

p<oo
so that
- - I
[T %) =TT %) = T v (=5) " Y (2)
p<eo ploo ploo
Quick casework and fact 3.4 then tell us that this product is just (—i)™2. ]

We finally plug back into equation (5.10) to get (for so + As =s > 1)

B (7,5, ®%21) = 5,07 20 (gL, 5)+

L((#2),As
(—i)2 /2| Disc( )| Lo, (1" - mm>g(('2)m))p [T Wonsl.5,2}) (737

ploo

Since we calculated the Archimedean local Whittaker functions in lemma 5.29, this
marks a complicated but reasonable to evaluate formula for the Fourier series of
EY . Although E“* is only defined for s > 1, we may still define its Fourier series

at other values of s using equation (7.37) and gives an analytic continuation for
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E, (7,5, ®/?#). We will now try to simplify the formula in the case s = [ — 1 (and so
since sg = dim(V)/2 —1= —1/2 then As =1—1/2).
We need to be careful since some of the terms can sometimes be 0 or co. The

following lemma recalls some well known details and tells us what to expect.

Lemma 7.38. For K 2 Q totally real, (x(0) is a zero of degree n —1 >0, (x(1) is a

stmple pole, and (x(z) is finite nonzero for integers z > 2.

For L = K[\/a] a nontrivial extension of K 2 Q, let ny denote the number
of Archimedean places of K where « is positive. Then (1(0) has a zero of degree
n—1+ny>0. (1) is a simple pole, and (1 (z) is finite nonzero for integers z > 2.

In the case km is a perfect square, then L ((m), z) = (kx(z) and is described as
above. Otherwise, L ((m)) 0) is a zero of order ny. L ((m>,z> is finite and nonzero

for all integers z > 1.

Wy (7,1 = 1,®]) is zero for my <0 and is finite/nonzero for my, > 0.

Proof. The facts about (i are well known. The properties at z = 0 come from the

fact that the degree of the zero is the rank of the unit group.

The facts about the L function are just from the formula

)42
: Cr(2)
The properties of W, , are from proposition 5.29. ]

As one can tell from the above proposition, the cases | = 1/2,3/2 require the
most care since one will potentially have to cancel zeros and poles. In particular, for
s =1 — 1, one should define the quantity E,,(7, s, ®3/?*) for [ = 1/2,3/2 as the limit

as [ approaches this value.

Definition 7.39. Define

Ep(7,1/2,%%") = lim_E,, (1, s, ®¥/*")

s—1/2
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where E,, (7, s, ®3/%1) is defined by equation (7.37). One may alternately write this as
Em('ﬁ 1/2, (1)3/2,/‘) = Algill Em(’i _1/2 + AS, @3/2,;;)

However, for the most part we will only use limit notation when necessary since
it should generally be clear how things would need to be rewritten. Additionally,
although it wouldn’t be much more work to discuss the general case that generalizes

Cohen’s modular forms of arbitrary half-integral weight, we will stick to | = 1/2,3/2.

Lemma 7.40.
VRO T 1) = o, (1)
Proof. Start by recalling some notation. Write 7 = (7q,...,7,) and let 7; = u; + iv;.

We let v denote [];v; and g; = [gz, 1]4, where gz is the identity matrix at all finite
places and n(u;)m(,/v;) at the jth Archimedean place. Plugging this notation into

equation (4.11), we arrive at

n

U_Z/Q H (I)P,#([Iv 1]137 [ — 1) H q)3/2<[n<uj)m(\/v_j)v 1]L7l - 1)

p<oo 7j=1

(Note that since n(u;)m(,/v;) is upper triangular, there is no difference between using
Leray or normalized coordinates here.) Evaluating the finite places is easy. Since
our sections are standard, we have ®, ,([I,1].,l —1) = &, ,([I,1]5,50). Recalling

definition 4.13, the A mapping then gives

Buls' ) = (o 7 (rld )60l

Since ¢, is the characteristic function of 1+ Og,, we immediately get ®, ,([1, 1]z, s0) =

Lu+ox, (0). It follows that the term we are evaluating is just

Lo, (/L)’U_l/2 f[l@l([n(uj)m(\/v_j), 1,0 —1)

For the jth Archimedean place p, we use the definition of section (equation (4.3)) to

get

O (s )m(y/55), s 1= 1) = (/557,26 | /B L0, g, 1= 1) = v/20% (1, 1], 1-1)
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However, we have by definition ®'([/,1].,l — 1) = 1. Hence, we get

Loy (M)U_l/z H U;/Z = Loy (1)
j=1

7.5.2 The Case [ =1/2

Proposition 7.41. In the case l =1/2,k = 1,5 = —1/2, we have

B2 B(4F, —1/2) = Z 627rin;2-?

me2u+20k

Therefore,
> EVPHAT,-1/2) = 0k (7)

n€L0K /O
Proof. In the case | = 1/2,k = 1, we have As = 0. Because of this, the 1/(x(2As)
term introduces a pole of order n — 1 which could cause havoc if it doesn’t get canceled
out. In the case m is not a perfect square, the above lemma tells us that the L
function contributes a zero of order n,. On the other hand, at least n_ =n — ny of
the Whittaker functions will also be zero (although of unspecified orders). Hence, we

will have a zero of order at least n and so F,, = 0 in such cases.

We now consider the case where m is a perfect square. In the case m = 0, every
local Whittaker function will have a zero, which will again overpower the 1/(x(2As)

term. We get
Eo(7, —1/2, @'724) = v 12 (gl —1/2) = 1o, (1)

If m # 0, write m = k2. In this case, we have

CL((m) ) Ge(ds) 1
A T e RAs) AN C2As) 2

where the last step is because (i has a zero of order n — 1. We also have from lemma

5.29

I(_\l-1/2 o
HWm7p(T,S,@é) = H (271_)1(_‘(;)) l 1 mp = H\/_“{; 1|q 2”/2|N(k)|—1627mk -7

ploo ploo ploc
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Finally, since As = 0, we have X = ¢~®* =1 and so

1— (%)X + (%) g™ X Am+L _ gim)+1 x2im)+2 (m) + (%> gm — gftm)+1

_ _ P
Pp = 1—gX2 1—gq

Since m is a square, the “quadratic symbols" are 1 and by definition 7.17 we have
f(m> = Uw(m)/z +e. We get Pp = qv"(m)/2+ep_ 807

p=TI o = 2"/ IN(m)| = 2"|N (k)

p<oo
From this, we can plug into equation (7.37) (and use kg = 1) to get

1

T 2”’N(l€) ’2n/2 ’N(/{) ’71627”‘1@3-7’-'

B (7, —1/2,®Y21) = 277214 (1% — k?)

which simplifies to
B (7, —1/2,0Y21) = 210, (4? — /{2)62m1§2.;-
Set 1/ = 2u € Ok and k' = 2k so we get
B2 (47, —1/2, @31 = 2]14OK(M/2 _ ;{;/2)62@52;

The indicator function is equivalent to the condition k' € p/ + 20k (see the next

lemma), so we get

Eje(47, —1/2,8Y/%1) = 2150, (1 — k)27
which proves the result. O

Lemma 7.42. For integral x,y, v € y + 20k iff 2° € y* + 40k

Proof. The forward implication is trivial since z = y + 2d = 2% = y? + 4yd + 4d°.
For the reverse, if 22 — y? = 4d, then (x + y)(z — y) = 4d. Hence, at least one of the

two factors is divisible by 2. In either case, we get the desired result. O]
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7.5.3 The Case [ = 3/2

We now move onto the case | = 3/2,k = —1. In this case As = 1. This will be similar
to the previous case, but it require a bit more work so we break up the steps into a series
of propositions. Whenever km is a perfect square, we have L ((m>, As) = (k(1),
which introduces a pole to the formula. However, this pole will always cancel with a

zero in the Archimedean local Whittaker functions.

Proposition 7.43. E,,(7,1/2, ®¥2#) vanishes unless either m =0 or m > 0. In the
case m = 0,

Eo(7,1/2,®**#) = 1o, (1)

In the case m > 0,

L((—™),1 -
En(7,1/2,8%2#) = 1o, (4+m)-(~1)"2"x"\ /N () rDz'sc<K>|1(C(K'(2)) ) mn

Proof. To show that FE,, vanishes, it suffices to show that

lim L ((—m) , As) I Wonp (7. s, @é) =0

As—1
ploo
We will do this by first considering the possible impact of the L function. In comparison
to the Whittaker functions, the L function has a limited ability to contribute to this
limit - whenever —m is not a perfect square in K, it will take on a finite, nonzero

value. This follows by writing

lim L ((im),As) = lim —CK[M}(AS)

As—1 As—1 (i (As)
and noting that each zeta function has a simple pole at 1. On the other hand, it —m
is a perfect square in K, then we will have L ((ﬂ), As) = (x(As), and so there will
be a simple pole at As = 1. Note that in order for —m to be a perfect square, we
must have m < 0.
The vanishing of F,, now follows by casework. First, assume that m # 0 and m is

neither totally positive nor totally negative. Since m is not totally negative, the L
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function will take on a finite, nonzero value. On the other hand, since m is not totally
positive, there will be some Archimedean place so that m, < 0. Then, lemma 5.29

tells us that the local Whittaker function at that place vanishes and so

lim L ((—m) : As) I Winp (7. s, CIDé) =0

As—1
ploo

On the other hand, if m < 0, then the L function has a simple pole. However, every
single local Whittaker function will have a simple zero. Since we are assuming K # Q,
there will be more than one Archimedean place and the result is a net zero.”

The case m = 0 is handled by lemma 7.40.

Finally, we deal with the case m > 0. In this case, we are evaluating the expression

=m) 1
(—i)"27"2|Disc(K)| 1o, (u* + m)(c('(%)p [T Wanp(7,1/2, ®3/%)
K ploo

Since m > 0, the L function will not have a pole, so we have simply plugged in

s =1/2. Lemma 5.29 part (iv) tells us that for [ =3/2,s =1 —1 = 1/2, we have

2 3/2(__» )
Wp(r, 12, 89) = 210 71:)< ; /;) ) a2 g2rimn

Since I'(3/2) = /7/2, we see that

[T Wi (7, 1/2,€7%) = (=0)"272a"\/ N (m)e*™ 7

ploo

Plugging this in, we get

L((—/),1 L
Loy (1 +m) - (~1)"2*"7" /N (m) |Dz’sc<K>rl(§K'<2>> ) i

which is the desired expression. O

There is still some room to clean up the expression when m > 0. We also finally

get to see the appearance of the Hurwitz class numbers.

4In the case K = Q, one has precisely one zero and one pole, which cancel each other out. In
this case, one would end up with additional terms for each negative square number. For example, in
Zagier’s weight 3/2 modular form, these are precisely the non-holomorphic summands.
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Lemma 7.44. Let p,(K[v/—m)]) denote the “Hurwitification” factor defined earlier.

In the case s = 1/2, we have

pn(K[v/=m]) = 2"/|N(m wd'dZSC(K)' )|p

Proof. When s = 1/2, we have As = 1 and so X = ¢2* = ¢~'. In this case, we have

el il - L

-1
p<oo 1 - qp

Working from the other side, we have the definition
—m _
(=) = SN T (1 () v
C|If p|( p
where ¢ runs over integral divisors of the integral ideal I; and p runs over prime divisors
of ¢. We rewrite this formula as
pn(K =511 < yr(©) <%>N(p)vp(c)l>
I} plc b
which may again be rewritten as
N(p)»© — (S2)N(p)»©O~" ple
on(K[V/=m)) =ZH{ &)
o i L1 pic
This factors as
fp(—=m) -
Jp=0
'Oh( H Z —m Ip— -
ol 7p=0 { (T)N(P)]" by >0
This identity is not the easiest to see, so it may help to note that going in the opposite
direction is just the distributive law. The inner sums may now be evaluated as
geometric series. We also swap out N(p) = ¢, yielding

pn(K[V=m]) =] (1 LT (—m) G — q,i“‘m))

ol 1 —q p I —q

Combining under a common denominator yields

1—(=2)g —m ;:p(— m) ép(—m)-‘rl
phucwm):n( 2o+ () ™~ )

plIy 1 =g
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It should now be clear that

pr(K[V/—m]) - 11 qu( o ~ 1] qu(—m _

N(If)
P p<oo —Gp p<oo

To convert N(I;) to the desired expression, we can use the relation

(—4m) = Disc(K[y/—=m]/K)I?, which nets us

N) =2y N \/]N Disc(K m/K))|

The formula Disc(K|[y/m]) = Disc(K)*N(Disc(K[,/m]/K)) then gives us the desired

result. O

Lemma 7.45. The reflection formula for (x tells us

1 |Dise(K)P? 1
Ck(2) (=27 (x(-1)

and

L)) |
— =" |Disc(K[v/—m])/Disc(K)|
L((=2):1)

Proof. This is just an arrangement of the well known reflection formula, so the proof

is omitted. However, we mention that the reflection formula for the L function was

obtained from the zeta reflection formula via
I ((—m>’s> _ Skiy=m)(5)
: Cx(s)

Corollary 7.46. E,,(7,1/2, ®3/>) vanishes unless either m = 0 or m > 0. In the

O

case m = 0,
Eo(7,1/2,®**#) = 1o, (1)
In the case m > 0,

1 2"t H(m)
Cr(=1) Qrry=m hx

27im-T

Em(?a 1/27 @3/2,u) = ILOK (qu + m) :
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for some Q_,, € {1,2} that will be determined later. This may alternately be written
as

L{(=),0 N
Em(’?v 1/27 (1)3/2#) = HOK (:u2 + m) ’ gl(((—)l) )ph(K[m])e%mm‘T

Proof. We pick up where proposition 7.43 left off. Take m > 0 and assume m €
—u? + Og. We will continue to simplify the quantity
L{(—),1 N
(_1)n22nﬂ_n /N(m)|Disc(K)|_1 (( : ) >p62mm~7-
Ck(2)
By lemmas 7.44 and 7.45, this quantity is equal to

(ymsc<K>yS/2> ( Vldise(K[y/=m)| )
(—2m2)" 2n J|N(m)||disc(K)|

L((==),1
(—1)”22%"\/N<m>\Disc<K>|1Mphmmwm'f (7.47)

A whole bunch of cancellation later and we have

L((=),1 L
w—"|Disc<K>|-1/2|disc<K[M]>|1/2Mmmmne%m'T

An application of lemma 7.45 gives the alternate formulation mentioned above. To get

the first formulation, we instead write the L function as a ratio of two zeta functions

and apply the class number formula. Writing this out, we have

L <<_m> 1) i Sty ( (2m)" Reg (K[ —m))hxiy=m) ) (2”R69(K )hK) h
) =1 (x(t) Hwier =\ | Disc(K[V—m])| ) \2y/|Disc(K)|

Plugging this in and canceling gives

1 H(m) Reg(K[y—m])
(k(=1) hx  Reg(K)

[Was97] Proposition 4.16 and Theorem 4.12 tell us that the ratio of regulators is of the

form 2"~ /Q e /= for some Q= € {1,2}, which gives us the desired result. [

Corollary 7.48. Take V = K with Q = —2%. Take u € (1/2)Ok. Then we get
2mim-T

1 ot H(m)
Cx(—=1) hg m>>0 QK[\/%]

mE—M2+0K

E32H(71/2) =1+
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If we plug in AT and let p' = 2pu and m' = 4m, we may define a version of the series
where these parameters are integral. For u' € Ok, we have

1 2nt H(m)
Ce(=1) he =y Qiiy=m)

m/G—MIQ +4OK

2mim/ T

B3P (47 1/2) = 1 +

We may now give our form an explicit level structure. We recall the statement of
proposition 5.19, since we will be evaluating the formula therein. Let I' = SLy(K) N
(I'y x SLy(R)™) for the group I'y guaranteed by proposition 5.12. For vy € T,

Elyu(%ﬂ_—’a 3) = Eu([’}/o,p, 6(7(])71]) H BP(PYU:P) ’ 300([70,007 1]R> 7__')QZEWZ’M(F? S) (749)

ploo
where € is the character giving the splitting of S'Ly(/) given in proposition 3.42, €4,  is
the character given by proposition 4.16 (and its argument is in Leray coordinates for p
even and normalized coordinates for p odd), and S,(g) = Y (2(g),1/2) " 7 (1/2) 779

is from definition 3.22.
Proposition 7.50. 7.5.4 Finding the Level

Let

T, = {(‘2 Z) € SLy(K)

(i) Consider the casel = 1/2,x =1 (and hence x(x) = (x,2)4), V = K, Q(z) = 2?

1
a,d € Op, be Za—l, c€40, (a—p e OK}

(hence (z,y)g = 2xy), and L = O (in which case we must take p € O /2). Then,
EY2H1(47) 5) transforms as in equation (7.49) with T =T ,. EY21(47,s) transforms
like a modular form of parallel weight 1/2 and level I',, N KCo(4) ).

(i) Consider the case | = 3/2,k = —1 (and hence x(z) = (x,—2)), V = K,
Q(z) = —2? (hence (z,y)g = —2xy), and L = O (in which case we must take
pw € Og/2). Then, E3*1(47 s) transforms as in equation (7.49) with T = T,.
E3/21(47 . s) times the theta function Ok transforms like a modular form of parallel

weight 2 and level I',, N ICo(4).
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In either case, it is not difficult to determine the automorphy factor on all of ', by

considering how the action of a matriz n(b) with b € i(?_l affects the Fourier series.

Proof. In either case (i) or (ii), since u € Ok /2, proposition 4.15 tells us the set of
places with nonspherical ®,, , is a subset of the even places. However, since even places
cannot be spherical (by definition), it follows that the nonspherical places are exactly
the even places. So, we get
El”u(’yoi 3) = 6(70) H €ppup ([’YOJM 1]L) H 513(70,13) ’ 300([707007 1]R? 7—_»)21El,u(7—_»’ S)
p[2 ploo

Our next step is to determine the group I' as a function of y. Looking at proposition
4.16, we will need to determine for an even place p which elements of &' € K ,(4) take

®up as an eigenfunction. We now proceed by casework.
Case 1: (i)
The Weil representation is given by

1

(g, 21e)0(t) = 2(a(9),2)s 7 (

i(9) ,
5 w7 ()

. (abt2 + 2bcty + cdyQ) ¢ (at + cy) dyy

re(g)ot) = |

yecV

To check whether ¢ is an eigenfunction under wy (k'), it suffices to check whether

it is an eigenfunction under ry (k). Let k = <CCZ Z

a,d € Og,, b€ 07", and c € 40.) Plugging in ¢, we have

) € Kop(4). (Recall this means

rv(k)gu(t) = |

v (abt® + 2bety + cdy?) ¢, (at + cy) dgy
yecV
Case la: ¢ =0

In this case,

TV(k)Qbu(t) =9 (abt2) oy (at) u(g)

for some positive real p(g) (unrelated to the variable u) to make the operation unitary.

We may ignore the p(g) since if ¢, is an eigenfunction, then p(g) will only serve to
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make sure the eigenvalue is in T. As such, once we compute an eigenvalue we can

always normalize it to unit length at the end.

It is clear we must have ¢, (at) = ¢, (t), which is equivalent to asking apy =
p mod Ok, , or alternatively (a — 1)u € Ok,. We also need the ¢ term to be constant
on p+ Og,. Writing t = p+x for x € Ok, , we get ¥(abt?) = (abp®)p(2pabx 4 aba?).
Since 2p € Ok, and ab € 071, we get ¥ (abt?) = ¢(abp?), so ¥ will always be constant.
It follows that in this case ¢, is an eigenfunction iff a = 1 mod 7** and the eigenvalue

under 7y (k) will be ¥ (abu?).
Case 1b: ¢ #0

In this case, change variables t0 Ynew = at + cyoq to get

r(k)ou(t) = |

yept+Or,

d
0 (abt2 + 2bt(y — at) + E(y - at)2> dgy

where we absorbed the Jacobian into dyy. This simplifies to

2d d d
/ w<<ab—2ab—|—a>t2+2(b—a)ty+y2>dgy
yG;H—OKp C C C

2 d
— / Wb (‘%2 — Sty + y2> dgy (7.51)
yG,u—i—OKp & C C

A further change of variables y,q = it + Ynew gives the following where to save space,

we will use C' to denote the v term out front.

2 d d d—t
Y (atQ — Ztp+ M) / Y <y2 +2k y) dgy
c c c y€O0K, c c

d d—t
— C’/ ) <y2 + 2”y> dyy (7.52)
yEOKp C C

We know that ¢ € 40, so if we define ¢/ = ¢7/(47"), we will have ¢ € Ox. We may

rewrite the above quantity as

Td T(pd —t)
C — 4+ =y d
Y€OK, 4 (47rrc’y + 2! y) gY

Change variables via yolq = Ynew/ and rewrite using ¢’ to get

d ud —t
C ! 2 d
yGOpr <7r2€c’y + wec y) gy
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Now let ¢ = usm""(¢) to get

d d—t
C ¢’< e y)f%y
y€O0K,

2etor (c/)uc/ etvn (c/)uc/

We may evaluate this using corollary 6.35. In the notation of that formula, we have

the parameters

d pd —t
t = 2 s 4 9 Y o ()
(CL, u, ) ( ety (C ) U W(”ﬂ(cl)v“(c/))/2u0’>

We ignore the gy term since we can always normalize at the end (as noted in case la).

The g; term is given by

(d/ux) = S (7 ) GO IS CO R )

ﬂ-’U7r<C,)*U7T(C/)u2/
c

10O,

vr(c)

0 else

v

If we multiply through by uz,ﬂ”’f(cl)* ~(¢) | the condition becomes

04 (¢d) = (pud — t)* mod Ok,

The left hand side is in Og,, and so we get the condition ¢ = ud mod Og,. Since
we want to get the characteristic function ¢, back out at the end, we must have
p = pd mod Ok, or (d — 1)p € Ok,. (Note that this is equivalent to the earlier
condition (a — 1)u € Ok, ')

In the case this condition does hold, we can plug in the rest of the terms and get

1 |:| —vr(c (d/uc’ - Md—t 2 (WUW(C/)_muzl)
C’@/}’( e S ) ) —( )/ 0s(26 4 0.()

Aqrox(c) d/ucl

Multiplying top and bottom by ug,ﬁ”’*(cl)_”“(c') gives

o (AP 01=0) 0

We must now determine when the above function is constant for ¢ € u + Og,. By
assumption, this is the same as t € ud + Ok, so write t = pud + x for x € Ok, and

plug back in for C' to get

. (pnd 4 ) + (jp?) g3(2e + v ()Y (1 Dl(dc’)) W <—562>

a 2~
v <C(,ud+x) c 4 dcd 4dc’
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We can rewrite the last term to 1(—z%/cd). Rearranging then gives

e (2450 o) (2 ) (22 )

This simplifies to

g3(2e + v () (i chgjcl)> v (bdp?) (Zﬁ + 2bm:>

= g5(2e + v(¢))Y' (i Dﬁd)) v (bdu?) (7.53)

where the last term is 1 since b/d € O~ and 2bu € 9. Rewrite this one more time as

1 Dl_m(d/ud)

R e

We may now recognize the product of the first two terms as a Gauss sum ~/(d/ (%))

(while still disregarding the factor vy since we will normalize at the end). This gives us

=7 (ﬂi’) v (bdi®) =7 (i) v (bdps?)

This proves that we may take I' = I', in equation (7.49). If one wishes, one may

explicitly determine the characters €4, , from the calculation above.

We will now show that the automorphy factors for the E'/?# are the same as that
of the theta function 6. We know that O (7) = ¥ ,c(1 /210, /05 E/** (47, —1/2). The
crucial point here is that the entire process wherein one takes a Schwartz function,
forms a section and builds a modular form out of it is linear. In particular, this implies
that if we start with Schwartz functions ¢, = 1, /2)0x, and let ®; denote the product
of their associated sections, then E(47,s, ®; x ®L ) = 0 (7).

We now write 0 (7) = EY21(47, —1/2) + (0x(7) — EV/?1(47,—1/2)). So that we
have written 0 (7) as a sum of two functions. All three functions obey equation
(7.49) under the group I', N ICy(4) and at the level of Schwartz functions, this sum
corresponds to the disjoint sum 1(1/2)0Kp = ]1u+oKp + (]1(1/2)0Kp — ]1#+0Kp)~

Given an element vy € I'), N Ky(4), it will act on the Schwartz functions of

EY21 (47, —1/2) and Ok (7) with some eigenvalue, and hence from the disjointness of
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the sum the eigenvalues must be the same. It follows that we get the same factor of
automorphy in equation (5.12).
Case 2: (ii)

In this case,

rv(g)o(t) = /yecv (0 (—(abt2 + 2bcty + cdy2)> ¢ (at + cy) dgy

so we can see that ry(k)¢,(t) will be exactly the complex conjugate of whatever we
got in case (i). Hence, the conditions on I' are the same and so we can still take
I'="T,.

To argue how they vary under I', N Ky(4), it suffices to prove the result for
Y ue(1/2)0x j0x E¥HH(47,1/2), since the rest will follow from the same “disjoint Schwartz
functions" argument as above. However, this level is provided by [Sul6]. See page
3 where he sets I' = Ky(4), page 23 for the statement that the modular forms E he
computes are in a set Ms/o(I"). [Sul6] Theorem 10.3 with trivial twisting character x’
gives exactly the Fourier series for 3 ,c(1/90, /0, E*/*#(47,1/2), showing it is indeed
part of Mjs/,(I"). Finally, a look at pages 1 and 2 makes it clear that elements of
Ms5(I") have the desired transformation property. (One should be careful since Ren’s

412 is our jy.)

7.6 Computing Qg /=

Finally, given m € Ok, m > 0, we determine a formula for Qg /= . Let L =
K[v/—m]. By our setup, L/K is a degree 2 extension where K is totally real but L
has no real embeddings. This is known as a CM extension. Every CM extension arises
in this way, and so we are essentially computing the value of Q x/=m) (and hence the

ratio of regulators) for an arbitrary CM extension.

We start by collecting some useful observations.
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Lemma 7.54. (i) Qg /=m = Qv=mzz) for any x € Ok so m only matters up to a
square factor.

(ii) If K[\/a] = K[\V/b] then a = bx? for some x € K.

(iii) L contains a root of unity of order divisible by 4 iff L = K[i].

(iv) Let d be the largest integer so that L contains the cyclotomic field Q((ya). Let

¢ € L be some root of unity. Then there exists a root of unity ¢’ € L so that (("? is

either 1 or a primitive 2%th root of unity. In particular, if L # K[i] then (" = £1.

Proof. (i) and (iii) are trivial. (ii) is mostly trivial - if v/b € K[/a], then we may write
Vb = y\/a + z for some 5, z € K. Then we have b = 2 + ay® + 2yz+/a from which it
follows yz = 0. Hence either b = 22 or b = ay? and some trivial casework finishes the
proof.

For (iv), first observe that (L) = Z/n for some n. Let H = Z/n. We may
decompose H = Z/2¢ x Z/n' where n' is some odd integer. It then follows that
H/2H = 7,/2 and that the two congruence classes have representatives of the desired
forms.

In the case that L # KJi], we have d = 1 and this part of the claim follows

easily. O]

The following theorem is [Was97] theorem 4.12 and gets us most of the way to an
answer. It says that () is given by a particular index and that this index is always

either 1 or 2.

Theorem 7.55. For a CM extension L = K[\/—m]/K, one has
Qxry=m = 0f : m(L)Og] € {1,2}

where p(L) is the group of roots of unity of L.

We now give conditions for when @) takes on each possible value. In the case m

is not a perfect square (that is, when L # KJ[i]), the conditions are clean and easy
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to use. If L = K[i], one can still write down an interesting condition, although it is
much more complicated to verify. Fortunately, this is only a single extension where

the more difficult condition needs to be checked. We start with the easier cases.
Proposition 7.56. Continue to let K be totally real and m > 0.
(i) If m cannot be written in the form m = ux® for some unit u, then Qrpy=m = 1.
(i) If we can write m = ux? for a unit u and u is not itself a perfect square, then

Qily=m = 2-

Proof. We prove (i) by contrapositive. In the case that [Of : u(L)Ofg] = 2, let o/
denote some unit in OF — u(L)Of. Since the index is 2, we can write > = (u for

some root of unity ¢ and some unit u € O%.

Let d be the largest integer so that L contains a 2%th root of unity. Using part
(iv) of the lemma, we may assume our choice of u’ is such that either ( =1 or { is a

primitive 2¢th root of unity.

Case 1: ( =1

Let us consider the case that for our chosen u' we have ( = 1. Then, we have
uw? = u for u € OF and it follows that L = K[\/u]. By part (ii) of the lemma, we
know—m = uz?®. Hence, m = (—u)z? and so m may be written as a unit times a

square.
Case 2: ( is a primitive 2%th root of unity

If d > 2 then part (iii) of the lemma tells us L = K[v/—1]. Part (ii) of the lemma
allows us to conclude this case in the same way as the last one. On the other hand if

d =1, then L = K[\/—u] and the argument again concludes in the same way.

Now we prove (ii). In this case we have m = uz? for a totally positive unit u and
u,x € Og. It follows that L = K[\/—m| = K[/—u]. Since u is assumed nonsquare,
we know that L # K[i]. Our plan is to show that v/—u € O — u(L)Oj, so that

OF : 1(L)Of] # 1 and then we will be done by theorem 7.55.
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Since it is already obviously a unit of L, to prove /—u ¢ p(L)Oj, assume for
contradiction that we may write v/—u = (v’ for ¢ € u(L) and v’ € Of. Then we have
—u = ¢*u/? and it follows that (? € K. Since by assumption L # K|i], we have ( = +1.

However, this tells us that /—u = (v’ = +4’ € K which is a contradiction. O]

For the case L = K[i], we will need some lemmas.

Lemma 7.57. If we can write v = (u for v’ € O (we do not exclude v’ € u(L)OR!),
¢ € u(L), and u € Of then one of £u is totally positive. (And in particular we may

take u totally positive by swapping ¢ for —(.)

Proof. In the proof of [Was97] Theorem 4.12, it is shown that for a CM extension L/K
and any unit v’ € O, v/ /u’ € pu(L). Write o/ = '’ so that ('u/v' = u? = Cu. It then
follows that u = |u/[*¢'¢™t. Writing v/ = z+1y for z,y € O, we see u = (2% +y?)('¢ L.
It follows that /¢~ € K and hence is 1. Since 22 + 3?2 is totally positive, the result

follows. O

Lemma 7.58. Let n > 2 be an integer. There is an element o € Q((on) such that
a = Blont1 where B,Coni1r € Q((ont1), B is totally real and (oni1 is a 2" st root of

unity. In particular, we may take B = cos(2m /2" 1)L,

Proof. By the tangent half angle formula,

tan(2m/2") = 7 jii?gf/% € Qlcer)

and so we take o = 1 + i tan(27/2"*1). The desired factorization is given by
a = cos(27 /2" )L (cos(2m /2" TY) + isin(2m /27 1)) with 8 = cos(27/2"1)~! being

totally real. (Note n = 1 does not work since cos(27/2""1)~! would be undefined.) [

Let Q((an)™ denote the maximal totally real subfield of Q((sn). We introduce
the notation vy(z) as a type of 2-adic valuation of an element x € K. In particular,

v9(z) = n will mean that v,(z) = n * v,(2) for every even place p. In any other case
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vo(z) is undefined. Finally, we will use the notation 2 ~ 2'/™ to denote the equality of
ideals (z)™ = (2). In particular this is equivalent to vy(x) = 1/n and v,(x) = 0 for all

odd places. As such one could refer to such an element as a valuational nth root of 2.

Lemma 7.59. Let n > 2 be an integer. Then cos?(2r/2") € Q(Cn)T and

4 cos?(2m /27 ~ 212

Proof. That cos?(27/2" ™) € Q((en)™ is just the double angle formula. To prove the

ideal equality, define

f+(n):2+\/2+\/2+...+\/§, f(n):Q—\/2+\/2+...+\/§

where there are n 2s in each expression and all signs are + except for a single - at the

start of f_. We use the formula
4cos?(2m /2" = fi(n—1)

This formula may be proven by observing the n = 2 case to be 4cos?(27/8) = 2
and then inducting using the half angle formula 2cos(f) = \/m —
4cos?(0) = 2+ \/M . By direct calculation one may also observe the equations
f+(n) + f-(n) =4 and fi(n)f-(n) = f-(n —1).

Since f_(1) = 2 and all fi(n) are integral, the relation f,(n)f-(n) = f_(n —
1) implies that f.(n' — 1) = 4cos?(2r/2%+1) divides 2 for any n' > 2. It fol-
lows 4 cos?(2m/2"1) is not divisible by any odd primes, so if we can prove that
v (4 cos? (2 /27T1)) = 1/2"72 then we will be done.

Observe that fi(2) =24 v/2 = /2(v/2 £ 1). Since (v/2 £ 1) are units, we have
va(f£(2)) = 1/2.

For any even prime p, let a, b such that v,(f+(3)) = av,(2) and v,(f-(3)) = bu,(2).
Since all fi(n) are integral, we know a,b > 0. Since f4(3)f-(3) = f-(2), we have

a+b=1/2. However, f1(3) + f_(3) =4, so we must have a = b = 1/4. (This is true
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since if a # b then v, (f4(3)+ f-(3)) = min(v,(f+(3)), vo(f=(3))) < 1/2v,(2). However,
we know v, (f4(3) + f-(3)) = vy(4) = 20,(2).) Hence, vo(f1(3)) = 1/4. Repeating this
argument shows that vy(f1(n)) = 1/2"1. Tt follows vy(4 cos?(2m /2" ) = fL(n—1)) =
1/272,

]

Proposition 7.60. If m is a perfect square (in other words, if L = K[i]) let Q((3a)
be the largest power-of-2 cyclotomic field contained in K[i|. Then, Qrpy=m =2 i K

contains an element x such that © ~ 212",

Remark 7.61. By lemma 7.59, K always contains an element x ~ 2127 and so
vo(x) = 1/29°2. A rather loose phrasing of the above condition is that we are looking

for “a valuational diadic root of 2 that does not come from the cyclotomic field".

Proof. Since L = KJi] we have d > 2. Let us start with the forward implication.
Assume [O] : u(L)Og] = 2. Let o' € Of — u(L)Oj and since the index is 2 write
u? = Cu with ¢ € u(L) and u € OF. Just as in the proof of proposition 7.56, we may
use lemma 7.54 part (iv) make such a choice of v’ € O] — u(L)Oj so that either ¢ =1

or ( is a primitive 29th root of unity. We may further use lemma 7.57 to take u > 0.

The case ¢ = 1 is impossible - in this case u?> = . However, they only way an
element v = x 4 iy € K[i] can square into K is if x or y is zero. In either case, we

would have v’ € u(L)Og.

So, we have u?2 = (u for ¢ a primitive 2%th root of unity. By lemma, 7.58, there exists
an o € Q((e) C L so that o = cos(2m/291)~1/C where cos(27/2%1) 7! € Q((patn) is

totally real and /C is a 2971st root of unity. Let 2’ = u'/a € L so that we get
2/ cos?(2n/24Y) = u = (22')% = 4cos®(2m /2 u

Since cos(27/241) is totally real, it follows that cos?(27/2%t!) € L is totally positive.

We also know u > 0, and so we see that (22")? > 0. It follows that 22" is totally real and
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lies in L, so it therefore lies in K. Lemma 7.59 tells us that 4 cos?(2m /204 )y ~ 21/277

and so it follows that 2z’ ~ 21/2°"" is the element we were looking for.

For the reverse implication, assume there exists some element 22’ € K such that
24/ ~ 2Y/2" Then, (22/)%/(4 cos?(2m/29t1)) ~ 20 and is also an element of K (note
that the cos? term is in K since it is totally real and in L). Hence, it must be some
unit u € OF. Letting u' = az’, we get v? = Cu. Since the right hand side is a unit,

so is the left hand side and v’ € Of .

For the sake of contradiction, assume that we can write v’ = ('uy for ' € (L)
and uy € Ox. Then we get (u3 = Cu. It follows that (¢'~? € K and hence ("* = +(.
However, this is impossible since this would imply that ¢’ is a primitive 2¢th root of

unity. 0
Corollary 7.62. If K has narrow class number 1, then Q g(y=m = 1 always.

Proof. This is actually a corollary to lemma 7.57. As we have done before, since
[OF + u(L)OF] € {1,2}, any v’ € OF satisfies u* = (u for ¢ € p(L) and u € OF.
By lemma 7.57, we may choose u totally positive. By the narrow class number 1
assumption, it follows that w is a perfect square and so we write u = v? giving u? = (v
Rearranging yields (u'/v)? = ¢ and so u’/v is some root of unity ¢’. Hence v’ = v(’

and v’ € p(L)Ok. O
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