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ABSTRACT

The objective of the present work is to didactically analyze, in the context of relativistic
guantum mechanics, the algebraic structuring of the dot product between two quantum
wavefunctions relative to a spin-0 quantum particle, assuming the light cone coordinates.
For that, the linear momentum tensor is used in four dimensions, considering the
description of the operational and quantum character of energy and linear momentum in
three dimensions, as well as defining a pseudo volumetric probability density from which
the product is reached scalar, properly written in terms of light cone coordinates.

Keywords: scalar product, light cone coordinates.

RESUMO

O objetivo do presente trabalho é analisar didaticamente, no ambito da mecéanica quantica
relativistica, a estruturacdo algébrica do produto escalar entre duas funcbes de onda
quantica relativas a uma particula quantica de spin-0, assumindo as coordenadas do cone
de luz. Para tanto, utiliza-se do tensor momento linear em quatro dimensoes,
considerando a descricdo de carater operatorial e quantico da energia e do momento linear
em trés dimensdes, bem como se define uma pseudo-densidade volumétrica de
probabilidade a partir da qual se obtém o produto escalar, devidamente escrito em termos
das coordenadas do cone de luz.

Palavras-chave: produto escalar, coordenadas do cone de luz.

1 INTRODUCTION

The dynamics of a spin-0 quantum particle endowed with properties such as rest
mass and electric charge, moving in a regime described by Einstein's Special Relativity
has been analyzed and studied in the context of Relativistic quantum mechanics aiming
at a better understanding of the formalisms of Quantum Electrodynamics and Quantum
Field Theory (GOMES, 2015). In this scenario, the present work proposes to present a
didactic text on how to write the dot product (or inner product) between two quantum
wavefunctions associated with a relativistic spin-0 quantum particle, appropriating of the
formalism of light cone coordinates.

To properly achieve this dot product, it initially considers the covariant and
contravariant components of the position tensor and the linear momentum tensor, both in
four dimensions. Then, within the ambit of Minkowski spacetime, it uses the relativistic

expression of the energy of the particle through the tensor contraction between the
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covariant component and the contravariant component of the linear momentum four-
vector, performing the substitution of algebraic structure of the quantum energy operator
and the three-dimensional linear momentum operator. Additionally, a pseudo volumetric
probability density is obtained from which the dot product between two quantum
wavefunctions is defined, finally writing said inner product in terms of light cone

coordinates in four dimensions.
2 ANALYSIS OF THE PROBABILITY DENSITY TENSOR

Consider the following contravariant component of the order-1 tensor, which

describes the position of an event or structure in 4-dimensional spacetime:
xt = (ct,x,y,z) (1)
It is still possible to write its respective covariant component as
Xy = GuvX” )

Being the components of the order-2 tensor, called metric tensor associated with

the 4-dimensional Minkowski spacetime, given by:
g, = diag(1,-1,-1,-1) (3)

Thus, we can write the covariant components in terms of the temporal variable
and the spatial Cartesian coordinates, as (BASSALO, 2008):

x, = (ct,—x,—y,—2) 4)

Analyzing about linear momentum in its 4-dimensional tensor form and

considering its contravariant component, there is:

E
pt = [p°p'p%p°l = [;,px. py.pz] ®)
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In this case, it is also possible to write the covariant components of the linear

momentum four-vector, as follows:

E
pﬂ = [pOJ P1, D2, p3] = ;) —Dx» _py' —Dz (6)

The multiplication of the tensor contraction type between the linear momentum
tensors of order-1 in 4-dimensions is given by (BASSALO, 2006):

prpub = micy ()

Making use of the properties of the order-2 metric tensor for the 4-dimensional

Minkowski spacetime, it is verified:

P, = g’ = p°p° — pi — 0 —pZ
=% —-pi —py; — D2

E?

=§—ﬁ—ﬁ—ﬁ

E?

_E Lo 8
= B (8)

Wherein g = ip, + jp, + kp,.

Identifying the quantum energy operator as:

~ 0
— ih— 9)
E=1I Y

Consequently, it is possible to write the following expression:

oL 2
EE _ _p2 0 (10)
c? d(ct)?
Defining the linear momentum operator in 3-dimensional space
R 0 . ., 0 ) .
Px = —lha ) py = —lha, Pz = —lh& (11)
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We can, conveniently, write the relations below:

02 02 02
PxPx = —h° ez Dby = —hza—yz . PDgpy = —h? pys (12)
Developing the first term of equation (8), as follows:
E? 5 5
pipub = ¥ —p-p¥
02 02 02 02
—h? Ld 2 ¢+h2 ¢+h2—¢
d(ct)? dx2 dy? 0z2
0%y -
= —h? + h?y?
ooz TV
Substituting this result into equation (7), we have:
0%y .
_hZ hZ 24 — 2.2
2(c0)? + n°VAY = mGeyY
Therefore, this expression can be rewritten as:
h? 02 .
S~ VY + mbcp = 0 (13)

méc? .
f(1)2 , S0 that equation (13)

For the purpose of simplification, it is considered a =

will be presented as:

1% 1o, (14)
c2 9t2 aV v=9v
And in an equivalent way:
(15)

Brazilian Journal of Development, Curitiba, v.8, n.5, p.33831-33845, may., 2022.



Brazilian Journal of Development
ISSN: 2525-8761

33836

In the meantime, let us consider the quantum wavefunction expressed as:

¥ = exp(—Lp,x") (16)

And performing tensor multiplication

3
puxt = Z pix’
i=0

E
=;Ct—xpx—ypy—2pz
=Et—ﬁ-1:) (17)

Being 7 = ix + jy + kz. In this case, the above quantum wavefunction can be

rewritten as:

b=exp|1 G o7 - B0 (19)

Remembering that p#p, = m§c? and the relationship expressed in equation (8),

it is concluded that:

E =4 cy/|p|? + m3c? (19)

E=—c¢ hﬁlz + m2c? (20)

Being the equations (19) and (20) corresponding to positive and negative energy,
respectively.

Returning to equation (7), it is verified that:

proY = mic*y = (13“13# —m2c2)P =0 (21)
prpup = mdctP* = (pHp, — m3c?)yp* =0 (22)

In this case, it is possible and convenient to write the following relations:
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W (p*p, —m3ct)P = 0 (23)
Y(prp, —mic)p* =0 (24)

Then, subtracting equation (24) from equation (23)
Y (p*p, — m3c2)w — Y(prp, — m3c2)p* =0 (25)

Considering that:

54 = ih2-C5 — in9
pt =ih o py = ih o (26)
And still expressing in detail, we have:
o= M0 s wd ol po_anl @
p cot’ p Mox’ p ' oy’ p Moz @)
ih 0 d d d

Ny — —— N, — h— - fl— S h— 28
Po c at ’ P1 +i ax’ P2 +i ay' pP3 +1 aZ ( )

We can substitute the relations (26) in equation (25), obtaining:

lp*

e 0 (. 0 2.2 2 0 (., 0 2.2 0% —
lha<1hﬁ)—moc ll/)—l/)[lhaGh@)—moc Y =0

(’)xuax/‘

0%y

axuax”

0?2 K
P* (—hz —m(2)62>l,0 —l,li<—h2 —mgc2>¢* =0
x,,0x
621/)*
ax#axu
azl/) azl/)* B
ax#axu ax#axu B

—y 0 (allj>+¢ 0 (alp*)zo

axu Oxk axﬂ OxH

d (d)* azp) 4 0 (¢ a¢*> _o 29)

C0x, \" axt) " ax, \" axk

—*h? —Y*mécyP + Ph? + Ymictyp* =0

_-(IJ*

Developing the partial derivatives of equation (29), as follows:

Brazilian Journal of Development, Curitiba, v.8, n.5, p.33831-33845, may., 2022.



Brazilian Journal of Development | 33838

ISSN: 2525-8761
0 oy oY* 0P , 0 (oY
o) = +
OxH 6xﬂ OxH 6xu OxH (')xu

0 oy* oY oyP* 0 (oy*
o) Lol

OxH axﬂ T OxH axﬂ OxH axﬂ

And substituting them in equation (29), we reach the following relationship:

oY oy _ 9y dy”

= (30)
OxHdx, OxHOx,
We can also identify the following relationship:
9] oY ad oy*
prat) - () = o
dxH 0x, Ox# \" dx,
ad ad *
L0 (2,0 (3w
Ox# \dx,, Ox# \ 0x,
0 o a¢*>
dxH (lp 0x, lpax“ (1)

In practice, it is possible to define a candidate order-1 tensor to be configured as

a 4-dimensional probability current density tensor, relative to the quantum wavefunction,
expressed in 4-dimensions as:

B ih L0y B oY* 5
A= 2m, (lp 0x, v ax#> (32)

For reasons of simplification in the notation, it is assumed that axiu = d,. Based

on expression (31) and considering that the term % is a constant, we can highlight:
0

0 J* =0 (33)

Using the order-2 metric tensor, we have:
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v

guva”]v =0 = guvi =0 (34)
0x,

In detail, it is possible to obtain:

aJ° aJt dJ? aJ3
Joo 7 9o + 9115 o, t 9225 o1, t+ 9335 91, =0 (35)

Substituting the components, we have:

0/ ot 9 9P
d(ct) 9(-x) d(-y) d(-z)
19° 9t 9% 9

= 2 42 _ 36
c6t+6x+6y+6z (36)
Using these relations, we easily obtain:
ih oY oy*
2m, d0x, 0xg
ih oy *
2V 305~ 5e0)
2my d(ct) d(ct)
ih ( Loy a¢) (37)
ZCmO ot
Applying the partial derivative with respect to time about J°
0 .
9° 0 [ ih ( oY oyp* )] (38)
ot ot 2cmy ot
And following similar procedures, we obtain:
Lo R ( oY a¢*> 39
J 2m, v dx 0x (39)
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e (220

(40)
2my dy dy
__tho 09 0y
= 2m, (lp 0z 0z ) (1)

Substituting the expressions (38), (39), (40) and (41) in the expression (36), we
obtain:

%[erilzcz (l/) > e ) ] 2m, [6x< )]
ol (% 65’;*)] gl (¥ Z'f 2] =
%[zrrl:@( *g_lf_ aawt*)] zlr:Oaax( *a_lp_"b )
‘zl—,io%( ?;lj ‘/’aad;) zﬁoai(l/’ %_lp ) 0
% [eri:cz (l’b* (Z_lf B a(;l;*) ] ZLrZO aax ( * %)

P2 (00
2my 0x v ox

At

2m0 ay\" dy 2m0 0z 0z
ih 0 o™ B
+2moaz(lp VA ) =0
L R Y D N
at [Zmocz (l,l) at dj?)] 2m, [V . (d) Vdi)] + 2m, [V' ('l’v'ab )] =0

o [2,::62 (w2-w2)]+7 |- 21_:;0 (7w —yiy)| =0 (@)

Considering that J° = cp, being p = 2ci2ino (1/)*%— 1/;%) a scalar quantity
candidate to be configured as volumetric density of probability and J = §J* + jJ2 + kJ3
Is a vector in 3-dimensions, which is candidate to be configured as volumetric density
vector of probability current, which can be written as:
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ih
2m,

J=—— (v — pvy*) (43)

In such a way that is appropriate to write equation (42) as:

ap = - ap — -
—_ o | = 0 — = —\ e (44)
Y +VeJ = ot Ve]J

Making use of the divergence theorem (ARFKEN et al., 2012):

[[[Genai=fiea (45)

with respect to which d37 and d?7 refer to the infinitesimal element of volume
and the infinitesimal element of area of a surface, respectively.

Assuming that ¢ = (x,y, z, ct) is a bounded function at all points, this implies
that y does not tend to infinity at any point (x, y, z, ct) (PIZA, 2009). Reiterating that the
guantum wavefunction does not diverge to infinity in 4-dimensional regions of spacetime

infinitely distant from the quantum particle, it is possible to write:

i =0, i =0
ol V50 =0 iyt )

Considering that the limits of the closed surface are located in regions infinitely

distant from the probability density current J, it is appropriate to write (BASSALO e
CATTANI, 2010):

g lh — —
li o d%7 = li #I:—— * — * ]o 270 =0 a7
o~ #1 dr (x,y.é?lioo 2m, (¢ Vi — vy ) dr 47)

(x,y,2)>t00

Using the relationship given in equation (44), we have:
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[ GDaz=o0 = ([ o) =0 (48)

The result of equation (48) indicates that [f[ pd3# is constant in time (ABERS,
2004). Infact, it is natural to interpret the quantity p as the volumetric probability density.

9Y(x,y,z,ct)

However, considering an instant t, ¥ (x,y, z, ct) and o

present positive and

negative values so that p can also assume negative and positive values. Because it is

considered that the probability function must satisfy the following properties, namely:

o 0 < P(A;) < 1: being A; random event belonging to or contained in a
sample space;

o P(E.A.) = Y,;P(4;) = 1, being E. A. the sample space (union of all 4;) is
trivial to observe that the fact of p admitting negative values makes it unfit to play

the role or to be defined as a probability density function.

3 SCALAR PRODUCT BETWEEN WAVE FUNCTIONS OF A SPIN-ZERO
QUANTUM PARTICLE
Considering the inner product relative to the Klein-Fock-Gordon relativistic

quantum equation properly defined as:

W1, ;) = th f f f (zp;%—lpz %) d37 (49)

2myc? ot

And making use the description presented by (BAGROV and GITMAN, 1990)
and (KAMASSURY et al., 2020), it is possible to relate the Cartesian coordinates
(cdt,dx,dy,dz) with the light cone coordinates (du™0 ,du”1,du”2,du”3), as follows:

dx = du?, dy = du?, dz = g(du0 —du?), dt = \/Z—E (du® + du?) (50)

Considering x° = ct, we have (MEIRA FILHO et al., 2021):
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0 _V20 V20 10 _V2 0 V20 (51)
9x0 2 9u® 2 oud’ cdt 2 aud 2 oud

ct+z ct—z
uw="72, ul=x, v=y, w="45 (52)

a0, oY; V2oy, 2oy V2oy: 2oy
Vige V2 at_cw<26§+26u32'> lpz(za; toas) &

If the coordinate u”0 is constant, y_1, y_ 1"y 2,y_2"* it does not depend on

this variable, that is:

P G \/E oY, V2 oy
Vit b= o o (4)

Thus, it is convenient to write the expression (49) assuming that the coordinate

u”™0 is equal to a numerical constant:

ih cV2 ﬂf W, a¢1> e (55)

(lpll lpz)uozcte = zm CZ 2 2 au3

And performing the appropriate substitutions of the coordinates, we have:

L

oY;
-, 6_u~°1’> dutdu?du3

e ] (0155

— Y, i;) dutdu?du?

[ (a2 o0
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. - .. 0 ~ “ . 0 \* ., Ay . .
Being p; = —ih—— e [Ps1]" = (—Lha—u;) = Lha—u;, we can write the inner

product between the wavefunctions y_1 and y_2 under the condition that u™0 is equal to

a numerical constant:

1 ~ ~ ¥
W1, P2)y0=cte = Wﬂf dutdu*du’ [EbI(Psl/)z) +2(Psypy) ] (57)

4 FINAL CONSIDERATIONS

Throughout this content review work, we present the algebraic procedures
necessary to obtain the scalar product (or inner product) between the wavefunctions,
which are solutions of the Klein-Fock-Gordon relativistic wave equations, considering a
quantum particle of spin-zero immersed in a 4-dimensional Minkowski space-time

parameterized by the light cone coordinates.
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