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ABSTRACT

Recurrence relationships allow us to accurately determine logarithms, square roots, factorials, several
sequences (like Fibonacci), roots of equations and more. This paper aims to describe a recurrence
relationship and present some applications. It presents the concept of reciprocal matrix and allowed the
approximation of non perfect square roots of positive integers and their representation in continuous
fraction. In addition, there was a correspondence between this study and the so-called Fibonacci
polynomials. As it is a new job, more studies are needed to expand its concepts and applications.

Keywords: Recurrence relationship, Fibonacci Sequence, Reciprocal Matrix, Continued Fraction.

RESUMO

Relacdes de recorréncia permitem determinar com precisdo logaritmos, raizes quadradas, fatoriais,
diversas sequéncias (a Example da Fibonacci), raizes de equacdes e outros mais. O principal objetivo
deste trabalho é descrever uma relagdo de recorréncia e apresentar algumas aplicacdes. Ele apresenta
0 conceito de matriz reciproca e permitiu a aproximacao de raizes quadradas ndo exatas de nimeros
inteiros positivos e sua representacdo em fracdo continua. Além disso, houve a correspondéncia entre
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este estudo e os chamados polindmios de Fibonacci. Por ser um trabalho novo, sdo necessarios mais
estudos para ampliar seus conceitos e aplicacoes.

Palavras-chave: Relagdo de recorréncia, Sequéncia de Fibonacci, Matriz Reciproca, Fragdo Continua.

1 INTRODUCTION

A recurrence relationship is one where the first or first terms are given and the rest are obtained
according to the previous terms. There are several examples of recurrence relationships such as the
sequence of odd numbers, Fibonacci sequence and many others (ROSA, 2017; PEREIRA, 2014).
Among the several problems that can be solved using the recurrence relation we have the
approximation of non perfect square root of positive integers through the Pell’s equation (TEKCAN,
2007; KAPLAN & WILLIAMS, 1986).

This paper aims to study a new recurrence relation that, like the Pell’s equation, allowed us to
calculate with non perfect square root approximations of positive integers as well as their continuous

fraction, Fibonacci polynomials, among other things.

2 RESULTS
Consider that a, o = b, a,; = 0 and the recurrence relationship below:
h

Ak,i = )
Yoot Qg1

Condition of existence: h > —bTZ (hand b € R")

We can organize the terms a,, ; in matrix form Hy;,, not necessarily square:

Q10 A11 A2 a1,i] [b a1 A1z al,i'l

| @20 Q21 Qz2..- Qzi| |b Q21 Qz2... Gy

Hypipr =130 Q31 a3 az;i| = ib as; Qs a3,i|
lak,o ka2 e ak,iJ lb Ak,1 Qg2 - ak,iJ

Example 1: We will use b = 1 and h = 2 until the term as ,.

2 2
al’lzal,o+a0,1:1+0:2
2 2 2
a2'1:a2,0+a1,1:1+2:§
_ 2 2 6
613'1_513,o‘|‘az,1_1+§_g

2 2
a1, = 1

a1,1+a0,2_2+0_
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2 2 6
a = = = —
2,2 az’l + al'z % + 1 5
_ 2 _ 2 _5
ag'z_a3,1+a2,2_§+§_6

[1 2 1]

1 2 9

H3’3=| 3 5|

I1 6 5|

11 < &l

Example 2: Now if we do b =1 and h = 1 until the term a5, we will have the following

matrix:

(1 1 1 1 1 3

1 1 2 3 5

2 3 5 8

g |1 2 3 20 216

3X5 = 3 4 27 295

1 2 & &7 2360

5 27 40 3321

1 5 216 2360 3321
" 8 295 3321 4720 /

We can observe the following property in the matrix Hy, ;..

P1: The numbers ay, ; (k — o) converge to:

_ vb? +4h—b
lim ay, = ———— (1)
k— oo ’ 2
Example 3: If b = 1 and h = 2, so:
_ V12 +42-1
Illm g1 = — =1

2.1 Reciprocal Matrix

If b =1and h = 1, the matrix Hy;,, iS denominated by reciprocal matrix because each term
in the matrix not belonging to the first row and first column is equal to the reciprocal of the sum between

the number on the left and the number immediately above of the term (and vice versa). As an example,

ig. Based in (11), we have:

3 3 3
i i
5 4 4

. . . - 20
in the reciprocal matrix Hs, s seen in example 2 the term—

. i 1 V5-1 1
kl—{gak’l_kl—{gl+ak_l'l_ 2 ¢

<
I

golden ratio.
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In fact, in matrixHsys seen previously, we see that the sequence a; ; € {1, ' } is the

N | =
wlN

3
5

w|un

) )

ratio between a Fibonacci number (F;) and its successor Fibonacci (Fy41), that is:

) _F 1
A Firr @
Similarly, we have the limit:
i B JApz+1-—1
koo K2 =T

2.2.1 Properties of Reciprocal Matrix
P2: If the reciprocal matrix Hy ;.1 IS square, there will be a palindrome sequence in inverted L.

Example 4: In the matrix Hsys in the example 2 we have:

F1 1 1 1 1

1 2 3 5

1 = = = -

2 3 5 8

2 [ 3 20 216
He.._l11=2| 2 £ =3
53 3|4 27 205
113 |20 | 22 2360

5 | 27 | 40 3321

1|5 |26 | 2360 | 3321

\ " |8 | 295 | 3321 | 4720

P3: The product of the terms of a, ; until the term a , is equal to:

k
1
p= 1_[ a,, =—— (I
~ Fii1
p=1

The demonstration of (III) is easy because it is enough to note that each term a; ; = FF" :
k+1

Therefore:

P= _ARFKBFRF R F 1
=0a11.-031-031-A47 --- Qg1 = F2'F3'F4'F5 ...Fk+1 = Fk+1 = Fk+1

P4: Each term a,, , of reciprocal matrix is given by:

_ Fryr.q(k+1)

Where ¢q(1) =0,q(2) =1,q(3) =1 and (4) =3 . The remaining values of q(k) are

recursively found by the formula:
q(k +2) = Fi.[q(k + 1) + q(k). Fier11(V)

20
Example 5: The terma,, = ~, can also be calculated as follows:
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o F5.q(5)
Y2 q(6)
Fs.q(5) Fs.q(5) 5.12 20
2= 7006) " F[q(5) +q(4).Fs]  3.(12+35) 27
Proof of (IV).

- q(5) =F;5.[q(4) + q(3).F,] =2.(3+ 1.3) = 12

Each term ay , is constructed as follows:

Columns Aro Qrq Qg

Fy,_
Row k-1 1 -1 ay_q,

Fy ’

Fi
Row k 1 (25"

Fr41 ’

1 Fiiq
Q2 = 7 (2)

+ ak_l’z Fk + Fk+1' ak—l,Z
1

Let’s use the mathematical induction in (IV). For k = 1 we have:
o, < Feat ) o Feq@ _11_ o

T qk+2) TE) B
If (1V) is valid for any k(k > 1), so it is valid for every k + 1. Therefore:

_ Fiz.q(k +2)

= VII
ak+1,2 CI(k + 3) ( )
Of (VI) we have:
Fiet2
= VIII
Ter1.2 Fiv1 + Fii2- Qg2 ( )
: _ Fry1.q(k+1) )
Like ay, = TR SO
. _ Fiet2 _ Fiet2
k+1,2 — - F .q(k+1
Fiv1 + Frvz- Q2 Frol + Fk+2_%(2))
Fiyz-q(k +2) Fiyz.q(k +2)

a = e
L2 B [q(k + 2) + Fryp. gk + D] Fryq. [qle + 2) + q(k + 1). Fiey 2]

_ Fri2.q(k+2)
Q412 = q(k +3) (X) (g-e.d)

Proof of (V).
We have already proved to be valid (IV). From dividing numerator and denominator of (1V) by

q(k + 1), we have:

a4 = Fri1.q(k+1)  Fryq Fiev1 _ Fet1 (XI)
2T qlk+2) T a0t T Fela®kt D0 Pl T gy a0 g oo
q(k+1) q(k+1) ATOTE R
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Comparing (XI) with (V1), we have:

Friq Friq
_ — XI1
2 Fp + q(k) F,.F, Fy + Fiy1-Qr_q12 ( )
kT g+ Tk TkAL ’

From the above equation it follows that:

q(k)
W'Fk-Fk+1 = Fy + F41-Ag-1,2

q(k)
m-Fk-Fk+1 = Fyq1- Q1,2

Fp +

A Frq(k) A Fry1-q(k+1)
k12 T etk +1) 2T qk+2)

The above result (equation (1V)) has already been proven to be valid and therefore proves that

(V) is also true.

P5: The product of terms of a, , until ay , is given by:

k [T F
P=1_[a = iintakia XIV
| 1% = g0+ D + g0 o] &V

Proof of (XIV).

k
P = | | ap’z = al’z. a2’2. a3‘2.a4‘2 ...ak‘z

p=1

_F,.q(2) F3.q(3) Fi.q(4) F5.q(5) Fry1.q(k+1)
q3) "~ q4) " q®B) " q®6) T qk+2)
_FZ-Q(Z) F5.q(3) Fu.q(4) Fs5.q(5) Fiy1.q(k+1) _ Fy.F3.F,. F; o Fry1.q(2)
q3) g4 " qB) " q6) T qk+2) q(k +2)

_ By F3. FyFs o Fin 1 LI
q(k +2) Fr.[q(k + 1) + q(k). Fiey4]

Example 6: The product of terms of a, , until as , is:
b [13-1 Fps1 _ F.F3.Fu.Fs.Fg 12358 16
~ Fe.[q(6) + q(5).Fg] Fs.(81+12.8) 5.(81+96) 59

2 3 20 216 _ 16

Really, P =1.=.-.=.
3 4 27 295 59

3 APPLICATIONS OF RECURRENCE RELATIONSHIP
3.1 Determine of approximation of non perfect square roots of positive integers
To approximate non perfect square roots of positive integers we can use the term a,, ; with (II)

in a matrix Hy .
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Example 7: Let’s use the term ag ; of a matrix Hs,, to approximate v2.

JVh2 —
Solution: We know that ]lim g1 = w. We must choose satisfactory numbers b and h

to make /2 appear in the expression. Let’s use b = 2 and h = 1. Doing this we have:

vb% +4h—b V22 +41-2
ak,lzfqas,lzf=\/§_l

So, let's calculate the term ag ;which will be a good approximation for v2 — 1.

1
Q1o = 2 Qog = 0 and A1 = A o+tar—11

1 1 1

a = = = —

L1 ajotag; 240 2

1 1 2

a = = = —

2 Azot a1 2 +% 5

1 1 5

a = = = —
31 a3’0 + az’l 2 +§ 12
1 1 12
a = = = —
41 a4_’0 + a3’1 2 _|_ % 29
1 1 29

as1 = =

a5,0+a4,1_2+£_70

The value a5, = % is a good approximation to v2 — 1. Therefore, we can do:

29 99
\/5—1%%* ﬁz%z1,4142.

Example 8: Let’s use the term as ; of a matrix Hsy, to approximate v0,3.

Solution: A good possibility istouse b = 1 and h = — %.

Vb2 +4h—b v0,3—-1
Qg1 zf_>a3,1 zT

-7

a0 = 1 Qo1 = 0 and k1 = 40(agot+ar-11)

B -7 7
1= 40(ayo + apq) T 40
B -7 B -7 7
z1 = 40(a2,0 + a1,1) - 40 (1 — ﬁ) -~ 33
-7 -7 231

a = = —_—
17 40(az0 + az1) 40 (1 _ %) 1040
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-7 -7 182

a = = —
o 40(514,0 + a3,1) 40 (1 — %) 809

-7 -7 5563

T 0(ase + ayy) a0 (1-22) 25080

Assim:

V03-1 5563 6877
@51 ¥ 5 % “o5080 VO3 ¥ 13540 ~ 0018

3.2 Continued Fraction of non perfect square root of positive integers
With the non perfect square root approximations of a positive integer as in the previous topic,

it is easy to determine the continuous fractions.
Example 9: Using the example 7, let’s determine the continued fractions of /2 remembering

that in this example a; ; ~ V2 — 1.

Solution:
a;, =5 =1[0;2]
a21— —2+l=[0,2,2]
5 1
az1 =75 = 1 _[0F2)212]
12 2+E 2+m
2
z__1 ! [0;2,2,2,2]
a - AaAn = = ;;;;
v 2+152 2+2+1i
2+%
2__1 ! [0;2,2,2,2,2]
a =~ = = = ;JJJF
VU700 242 oy L
29 2+—25
2+m

2

If we continue this indefinitely, we will always obtain as a continuous fraction [0; 2]. Therefore:
V2-1=[0;2] »V2=1+1[0;2] = [1;2]
Example 10: Let’s calculate the continued fractions of /5.
Solution: We have already seen that in the reciprocal matrix;lllﬁlo ap1 = \/% which allows us
to state that V5 =~ 2. a1 + 1. So just calculate the terms a,, ; and observe the behavior of a possible
period, remembering that b = h = 1.

V5~2.a,,+1=21+1=3=[3]
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1
V5x2.a,,+1=2-+1=2=]2]

2
2 7
ﬁzz.a3,1+1=2.§+1=§= [2;3]
3 11
\/Ezz.a4,1+1=z.§+1=?= [2;5]
5 18
V5 = 2.051+1=2.5+1=—2=[24]

In doing so, we find the next continuous fractions to be [2;4,3], [2;4,5], [2;4.4],
[2;4,4,3],[2;4,4,5] , [2;4/4,4],12;4,4,4,3],[2;4,44,5], [2;4,4,4,4],(2;4,4/4,4,3],(2;4,44,4,5] ,
[2; 4,4,4,4,4]. Following these steps definitely, we find as a continuous fraction V5 = [2; 4].

Based on this, it’s possible to obtains the following expressions Vk € N* where

[ag; aq,ay, ..., ay] represent continuous fractions and Fis the Fibonacci number.

Fay
2. 3k ll 4,4, . l (XV)
3k+1 k 1 vezes
F
2, F"’"“ ll 4,4, . l(xw)
3k+2 k 1 vezes

F
2, 3kt [1 4,4, . l(xvn)

3k+3 k vezes

3.3 Fibonacci Polynomials
Fibonacci polynomials (generalization of Fibonacci numbers) are defined by the second order

linear recurrence relation:

0,ifn=0 noo .
E,(x) = Lifn=1 | :(x+\/x2 +24n) xz(j_c4 VaZ+ 4)

X.Fp_1(x) + F_y(x),if n > 2
We have E,(1) = F,
Example 11: Let’s determine the 6™ F, (x).

Fi(x)=1
F,(x) =x
F(x)=x%+1

Fu(x) = x3 + 2x
Fs(x) =x*+3x%2+1
Fo(x) = x° + 4x3 + 3x
Fibonacci polynomials relate to the recurrence relationship of this work as follows:
E,(x) x?+4 —x
oo Py (6) 2
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This is equivalent to finding lim a,,;, when we have b = x and h = 1 in the recurrence
q g n—oo ’

1

relationship a,, ; = ,ano =b =x,a,; =0 .50 we have:

anotan-11

. E@ J5-1 1 ,
lim = = — - qutomatic demo
n-o F (1) 2 (0]

lim £.(2) =2 -1

n-o n+1(2)

4 FINAL CONSIDERATIONS

The recurrence relationship studied in this work provided us with tools to determine
approximation for non perfect square roots of positive integers as well as their representation by
continuous fraction and relation to Fibonacci polynomials. The concept of reciprocal matrix proved to
be innovative and with intriguing properties when it is closely related to the Fibonacci sequence and
golden ratio. However, as it is a new tool, further studies can still be done to expand the fields of

application of these approaches.
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