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Disordered hyperuniform vortex matter with rhombic distortions in FeSe at low fields
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In the current quest to synthesize hyperuniform materials with interesting applications, addressing the coupling
of the objects composing the system to the physical properties of the host medium is crucial. With this aim we
study a model system: vortices in the FeSe superconductor subject to a considerable magnetoelastic coupling
with the host sample. We reveal that the low-field FeSe vortex structure is of the weakest hyperuniform
type possibly due to the relevance of the anisotropic and long-ranged interaction term introduced by the
magnetoelastic coupling. This work indicates that it is possible to tailor the hyperuniformity class of material
systems by tuning the coupling of interacting objects with elastic properties of the host medium.
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I. INTRODUCTION

Hyperuniform structures are attracting much attention
in applied and basic research due to the search of novel
disordered systems with promising properties for applica-
tions [1–12] such as complete photonic band gap materials [3]
and highly efficient vortex pinning structures in superconduc-
tors [13]. This topic is at the crossroads of several research
fields on structural properties of systems in condensed matter
physics, materials science, biology, mathematics, cosmology,
out-of-equilibrium phenomena, and technological devices.
This ubiquitous state of matter, characterized by vanishing
density fluctuations at infinite wavelengths or small wave
numbers [14], exhibits novel electrical, optical, and structural
properties [3,5,14,15]. Hyperuniform material systems com-
posed of interacting objects present a homogeneous density
of constituents at large scales like in a crystal, but they can be
also isotropic and disordered. Mastering the synthesis of hype-
runiform materials requires us to assess the effect of quenched
disorder in the host medium where objects are nucleated:
Disorder can induce imperfections affecting or even destroy-
ing hyperuniformity [16,17]. Furthermore, the coupling of
the objects with electronic, magnetic, or elastic properties of
the host medium can drive structural distortions affecting the
amount of suppression of density fluctuations known as the
hyperuniformity class of the system.

Accessing the long-wavelength density fluctuations in ex-
tended fields of view is mandatory to understand these issues
since it allows studying the small-wave-number limit of the
structure factor of the system S(q). Hyperuniform systems
present a vanishing S(q) ∼ qα when q → 0, with α charac-
terizing the hyperuniformity class of the system: α > 1 for
class I, α = 1 for class II, and 0 < α < 1 for the weakest
class III [14]. We follow this approach using vortex matter
in type-II superconducting samples as a toy model system
since these materials are host media with different types of
quenched disorder and couplings with the vortex structures.

The nature and magnitude of disorder is provided by the
sample defects acting as pinning centers for vortices. Despite
the apparent disorder of the glassy vortex phases [18–20],
class-II hyperuniform structures are nucleated in host media
with weak point defects [6]. In contrast, the vortex structure
in samples with strong point defects is class-III hyperuni-
form [7] and lacks hyperuniformity in samples with planar
disorder [17]. Some superconductors have peculiar electronic
and elastic properties that induce symmetry changes in the
vortex structure [21–26]. How this affects the hyperuniform
properties of the system has not yet been elucidated.

We study this issue in FeSe, a host medium presenting
an interplay of nematic electronic order [27–30], nonlocal
crystal-vortex structure interaction [31], and magnetoelas-
tic [32–34] effects. The nematic order induces an elliptic
spectroscopic vortex halo in FeSe at high fields [23,28,35–37]
and can drive a structural transition to an oblique lattice [26].
A hexagonal-to-rhombic transition is indeed observed at high
vortex densities and was explained considering the multiband
superconductivity of FeSe [23]. Nevertheless, this transition
can also be driven by nonlocal effects [23]: The coupling of
the vortex system with the shape of the Fermi surface yields a
nonlocal anisotropic vortex interaction [31]. A hexagonal-to-
oblique vortex structure transition is predicted on increasing
field for nematic and nonlocal electronic couplings [26,31].
In contrast, rhombic distortions are expected at all fields if
the superconductor has a strong magnetoelastic coupling with
vortices [25]. This effect is relevant for materials with a
strong critical temperature Tc vs pressure P dependence as
FeSe [32–34]. This coupling adds to the short-range London
vortex interaction a long-range anisotropic term given by the
crystal symmetry of the sample [34]. FeSe is thus a rich
playground to elucidate how the coupling with electronic and
elastic properties of the media affects hyperuniformity.

In this work we present experimental as well as simulation
results of the vortex structure nucleated in FeSe. By imaging
vortices in extended fields of view, we reveal that at low
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fields the vortex structure in FeSe is disordered but presents
hexagonal symmetry with rhombic distortions. Performing
Langevin dynamics simulations of the vortex structure in
FeSe we provide evidence that these distortions are quite
likely produced by the magnetoelastic effect that introduces
a weak, yet anisotropic and long-range, extra term in the
vortex-vortex interaction. In addition, the polycrystalline vor-
tex structure actually displays a disordered hyperuniform
order and presents a quasi-long-range orientational order
locked to the symmetry axis of the magnetoelastic interaction
(determined by the crystal structure of the material). In a
more general scenario, we show that if a system of elastic
interacting objects is coupled to a host medium that induces
an anisotropic long-range interaction between the objects, in-
stead of being ordered hyperuniform [6] the system becomes
disordered (class-III) hyperuniform.

II. EXPERIMENTAL

A. Magnetic decoration vortex imaging

We access the small-q limit of S(q) by imaging thousands
of individual vortices via magnetic decoration [38]. We take
snapshots of the magnetic halo of vortices by evaporating
ferromagnetic particles that are attracted toward the local field
gradient entailed by a vortex when impinging in the sample
surface. This technique discerns individual vortex positions at
low fields B ∝ 1/a0, with a0 the average vortex spacing. We
succeeded in imaging vortices in FeSe only below ∼5 G (a0 =
2.2 µm) after field-cooling down to 2.3 K. During this process
the structure gets frozen at length scales of a0 at a temperature
close to the irreversibility one where pinning sets in [39]. For
the studied samples this temperature is ∼8.1 K at 5 G, as
obtained from the collapse of the field- and zero-field-cooling
magnetization. On further cooling, vortices profit from dis-
order making excursions on length scales of the coherence
length 10−2 times smaller than the spatial resolution of the
decoration technique ∼λ(8.1 K) = 0.5 µm ∼ 0.2a0. Thus, the
snapshots taken at 2.3 K reveal the structural properties of
the system at the freezing temperature. Details on the sample
growth and characterization can be found in Appendix A.

B. Langevin dynamics simulations

To quantify the effect of the extra term in the vortex-
vortex interaction introduced by the magnetoelastic cou-
pling of vortices nucleated in FeSe, we perform finite-
temperature Langevin dynamics two-dimensional simula-
tions considering this term in the approximation of Kogan
et al. [25,34]. Although in three-dimensional vortex structures
two-dimensional simulations are exact only in the case of
rigid vortices, if vortex fluctuations along the c axis direction
are weak enough compared to λ, two-dimensional simula-
tions provide an effective model to understand the structural
properties of the top layer of three-dimensional vortex mat-
ter [6]. Two-dimensional simulations have the computational
advantage that a relatively large number of vortices, compa-
rable to the typical number of vortices revealed by magnetic
decorations in extended fields of view, can be achieved. We
thus consider a system of N overdamped straight vortices at

positions ri(t ) in two dimensions with equation of motion

αBS
dri

dt
=

∑
j �=i

F(ri − r j ) + ζi(t ). (1)

Here αBS is the Bardeen-Stephen friction and ζi(t ) = x̂ζ x
i (t ) +

ŷζ y
i (t ) an isotropic Langevin noise with 〈ζ γ

i (t )〉 = 0 and

〈ζ γ
i (t )ζ γ ′

j (t ′)〉 = 2αBSkBTeffδi jδγ γ ′δ(t − t ′). The latter is in-
troduced to produce steady-state configurations with different
degrees of structural disorder as to model the effects of tem-
perature and point quenched disorder in the experiments.
Quenched disorder is not explicitly considered in the simu-
lations since for low vortex densities its effect is just to slow
down the dynamics during cooling. This issue is discussed in
detail in Appendix G. The noise amplitude is controlled by the
effective temperature per unit length, Teff . We consider a pair
interaction force F(r) = −∂rU that derives from the Kogan
pair interaction potential [25,34] for a tetragonal superconduc-
tor with magnetoelastic coupling

U (r, φ)

ε0
≈ K0

( r

λ

)
+ η

cos (4φ)

r2
. (2)

ε0 is the vortex energy per unit length and η quantifies
the relative strength of the anisotropic long-ranged magnetoe-
lastic interaction. Even though in the superconducting phase
FeSe has an orthorhombic structure, the departure from tetrag-
onality is tiny since a/b ∼ 1.003, and the Kogan model is
thus an acceptable approach to introduce anisotropy and sim-
ulate the main structural properties of the system. In this
approximation the interaction force between a pair of vortices
separated a displacement vector r = (x, y) reads

F(r, φ)

ε0
= r

r
K1

(
r

λ

)
+ ηf (r, φ) (3)

with φ = arctan(y/x) for the two-dimensional coordinate sys-
tem aligned with the a crystalline axis of the sample. The
in-plane components of the extra force introduced by the
magnetoelastic effect are

fx(r, φ) = 2

r4
[x cos(4φ) − 2y sin(4φ)], (4)

fy(r, φ) = 2

r4
[y cos(4φ) + 2x sin(4φ)]. (5)

The normalized force field, f (r) = ( fx, fy)/
√

f 2
x + f 2

y ,

arising from the magnetoelastic interaction term for a vortex
located at the origin is shown in Fig. 1. Vectors are normalized
for clarity, but the strength of the interaction forces decays as
r−3. Attractive and repulsive angular sectors are appreciated.
In particular, the φ = 2nπ/4 directions are repulsive while the
φ = (2n + 1)π/4 are attractive for n integer.

We adopt periodic boundary conditions and simulate N =
8192 vortices with average spacing a0 = 5λ(Tirr ), both mag-
nitudes close to the experimental situation. In order to sample
different configurations we let the system relax from a high
effective temperature to a target one at which the total interac-
tion energy reaches a plateau. We analyze the structure factors
and Delaunay triangulations of the configurations for different
values of Teff and η.
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FIG. 1. Normalized magnetoelastic interaction force field ex-
erted by a vortex located at the origin.

III. RESULTS

A. Polycrystalline vortex structure with rhombic distortions
nucleated in FeSe

Figure 2(a) shows a zoom-in image of the 13 586 vortices
(white dots) nucleated at 5 G and imaged at the surface of
one of the studied samples. The bottom edge of this crystal
is aligned along one of the Fe-Fe bond directions and no
twin boundaries were revealed by decoration in the whole
sample. Results are similar in a smaller sample of the same
batch with no twins detected; see Appendix B. We studied
30 samples of the same batch and only two were untwinned
(see Appendix C for data in twinned samples). Samples being
twinned or untwinned may have origin in variations on the
uniaxial stress level while cooling throughout the tetragonal-
to-orthorhombic transition. Here we focus on samples with no
detected twin boundaries and thus disorder in the host media is
pointlike. The vortex structure is rather disordered. Delaunay
triangulation analysis reveals 50% of non-sixfold-coordinated
vortices and crystallites with ∼10 sixfold-coordinated vortices
[blue regions in Fig. 2(b)]. Density fluctuations are moderate
at short length scales: The variance in the first neighbor’s
distance is 0.2a0. The probability density function of the
angles of the Delaunay triangles is fitted by two dominant
Gaussian contributions centered at 55◦ and 70◦, plus a small
contribution at 60◦; see Fig. 2(c). Thus, the low-field FeSe
vortex structure has rhombic distortions. The orientational
correlation function G6(r) [18] has a two-step exponential
decay. A fast decay is followed by a slower one with char-
acteristic distances ∼a0 and ∼70a0; see Fig. 2(d). This weak
orientational order persisting in the polycrystalline structure
is consistent with the observation of vortex rows at 55◦ from
the b axis.

These distortions and orientational order are also evident in
the S(q) data of Fig. 3 presenting the diffraction pattern of a
rhombic or likewise uniaxially distorted hexagonal structure.
We computed S(q) ≡ S(qx, qy) = |ρ̂(qx, qy, z = 0)|2, with ρ̂

FIG. 2. Field-cooled vortex structure nucleated in FeSe at 5 G.
(a) Magnetic decoration image of vortices (white dots) taken at 2.3 K
in a sample with horizontal edges along the Fe-Fe bond direction
a of the orthorhombic (low temperature) crystal structure. We can-
not ascertain whether a is the shortest or largest vector since XR
measurements were performed in the tetragonal phase. (b) Delaunay
triangulation: First neighbors joined with blue lines and non-sixfold-
coordinated vortices (50%) highlighted in red. (c) Probability density
function of the internal angles of the triangles (circles). Red area:
Sum of Gaussian distributions centered at 55◦ (orange), 70◦ (yellow),
and 60◦ (light yellow) with respective weights of 60%, 30%, and
10%. (d) Orientational correlation function of the structure (pink)
compared with that of a random distribution.

the Fourier transform of the local vortex density modu-
lation [20]. The broad maxima result from the positional
disorder of the structure, but the six spots of a distorted
hexagon are evident. The angles between the spots 1, 2, and 3
in Fig. 3(a) indicate that most crystallites present a distorted
hexagonal symmetry with a triangular unit cell with two an-
gles of 55◦ and one of 70◦. Each diffraction peak is broad
since it collects the signal from domains either expanded
or compressed along the b Fe-Fe bond direction; see blue-
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FIG. 3. (a) Structure factor S(q) of the FeSe vortex structure
nucleated at 5 G. Angular sections 1, 2, and 3 (highlighted) con-
sidered for computing the partial angular averages 〈Si (q)〉. (b) Left:
Oblique (blue and red) and hexagonal (orange) unit cells observed
in real space in different crystallites. Right: Corresponding structure
factors. Arrows indicate the strain applied to the hexagons as to
obtain the observed oblique cells. Internal angles, lattice vectors and
wave vectors are indicated. (c) 〈Si (q)〉 data in the vicinity of the
peaks. The black curve corresponds to the average of S(q) in the
regions outside sections 1, 2, and 3. Blue and red circles highlight
the two local maxima coming from the blue and red oblique cells.

or red-type domains in Fig. 3(b). In this figure the orange
isotropic hexagons with lattice spacing a0 have the same area
as the two distorted hexagons (expanded and compressed)
with internal angles as revealed by the S(q) data. The unit cell
vectors of the distorted hexagons have moduli a1 = 0.956a0

and a2 = 1.1a0, with a1 at 55◦ (0◦) from b in the blue (red)
hexagon. Figure 3(c) shows that the mixture of blue and red
hexagons yields local maxima in the angularly disaggregated
〈Si (q)〉 data. These maxima detected at q1 and q2 are high-
lighted with blue/red circles associated with the spots from
expanded/compressed hexagons. The average of S(q) outside
the 1 to 3 areas has a broad peak around q0, the Bragg wave
vector of a hexagonal lattice with spacing a0, due to the small
contribution of the domains of isotropic hexagons.

B. Class-III hyperuniform vortex matter in FeSe

We study the nature of long-wavelength vortex density
fluctuations by computing the angularly averaged structure
factor 〈S(q)〉; see Fig. 4(a). This magnitude algebraically

FIG. 4. (a) Angularly averaged structure factor 〈S(q)〉 of the
FeSe vortex structure nucleated at 5 G obtained experimentally and
from simulations considering a magnetoelastic coupling. In the low-q
limit the data follow an algebraic growing with an exponent α =
0.29 ± 0.04 (blue line). Insert: Partial angular averages of the struc-
ture factor in regions 1 to 6 indicated in the S(q). (b) Top left: Spatial
dependence of the pair interaction potential of the long-ranged
anisotropic magnetoelastic interaction in a tetragonal superconduc-
tor. Bottom left: Structure factor of the simulated structure. Right:
Typical snapshot obtained from Langevin dynamic simulations us-
ing the London plus magnetoelastic interactions between vortices.
(c) Left: Structure factor of the experimental structure. Right: Zoom-
in of the experimental snapshot in a region covering the same area as
the results shown in (b). Non-sixfold (sixfold) coordinated vortices
are presented in red (blue). The overall orientations of the simulated
(experimental) vortex structure at 45◦ (55◦) from the b axis (vertical
direction) are indicated.
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FIG. 5. (a) Algebraic growth exponents obtained from fitting
the angularly averaged structure factor data in three different low-q
ranges indicated by vertical black dotted lines. The fitted exponents
are similar within the error. The data presented in Fig. 4(a) corre-
spond to the fitting range of the bottom panel with q/q0 ranging
between 0.05 and 0.3. (a) Fitted algebraic growth exponent α as a
function of the fitting range, extending from the lowest accessible
wave vector qmin/q0 = 0.05 up to a variable qmax/q0. The vertical
blue dashed line indicates the qmax/q0 = 0.3 considered to obtain
the fit of 〈S(q)〉 data shown in Fig. 4(a). The horizontal black line
corresponds to α = 0.29. (b) χ 2 goodness of the fit for different
fitting ranges.

decays to zero when q → 0 with a dependence ∝ (q/q0)α

with α = 0.29 ± 0.04 (see blue line). This exponent is quan-
titatively supported by the growth with distance of the vortex
number variance; see Appendix D. Thus, despite the low-field
FeSe vortex matter being disordered, the fit to the data of
Fig. 4(a) is a clear indication that it possess the hidden order
of disordered hyperuniformity.

In order to provide evidence on the robustness of the fitted
algebraic exponent α = 0.29 ± 0.04, Fig. 5(a) shows that this

value is, within our error estimation, stable under changes of
the fitting region. This is more systematically quantified in
Fig. 5(b) where we plot the fitted algebraic growth exponent α

as a function of the fitting range, extending from the lowest ac-
cessible wave vector qmin/q0 = 0.05 up to a variable qmax/q0.
This figure shows that there is a plateau or range of qmax/q0

where α is well defined, fluctuating within the error around the
value of 0.29 ± 0.04 (see black horizontal line). A departure
from the plateau is observed at very small qmax/q0 since data
are very noisy and are affected by the finite size of the ex-
perimental field of view. A departure from the plateau is also
observed at large qmax/q0 due to the crossover to a different
regime in the structure factor when the Bragg wave vector q0

is approached. In order to further support the robustness of the
value of the growth exponent of 〈S(q)〉, Fig. 5(c) shows that
the χ2 goodness of the fit is quite acceptable precisely in the
plateau where α = 0.29 ± 0.04. Thus, this analysis strongly
supports that the long-wavelength vortex density fluctuations
follow a class-III hyperuniform behavior.

In addition, the vortex system in FeSe is isotropically class-
III hyperuniform despite the anisotropic interaction term due
to the magnetoelastic effect. This is evident in the angularly
disaggregated data shown in the insert of Fig. 4(a) where
we plot 〈Si(q)〉, the averaged structure factor in each of the
six angular sectors highlighted in the two-dimensional struc-
ture factor pattern. The main point of this figure is to pass
two messages: (1) The α = 0.29 ± 0.04 obtained from the fit
of 〈S(q)〉, see black line in the figure, is consistent within
the error with values obtained from angularly disaggregated
data; (2) S(qx, qy) vanishes isotropically in the q → 0 limit,
thus bringing evidence of disordered hyperuniformity with
S(qx, qy) ≡ S(q) ∼ q0.29.

Although the experimental disaggregated data have large
fluctuations in the small-q region, these two messages can be
clearly extracted from the results of a progressive smoothing
over q of the 〈Si (q)〉 data. To smooth the data we used a
logarithmic binning in order to avoid a distortion of the power
law behavior. In order to smooth the data, we average 〈Si(q)〉
data with an identical [log(q/q0)sm]/sm value, where [. . .] is
the integer part and sm is a smoothing parameter (the smaller
sm the larger the logarithmic bins). Figure 6 shows the result
of smoothing for different values of sm and the black line
corresponds to a fit to the data yielding α = 0.29 ± 0.09, the
same exponent found in the case of the angularly averaged
〈S(q)〉 data within the error. This brings further evidence
that at small q the amplitude of vortex density fluctuations
vanishes isotropically since the same smoothing is applied to
every direction.

Finally, it is important to recall that, despite that the vortex
structure in FeSe is disordered hyperuniform, the decay of G6

with distance indicates that there is a non-negligible locking
of the vortex structure to a particular crystal direction. Ac-
cording to S(q) and Delaunay triangulation data this direction
corresponds to 55◦ from the b axis.

C. Simulated vortex structures with an extra anisotropic
long-range interaction term

We now study the possibility of the coupling with the host
medium inducing the weakest class-III hyperuniformity in
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FIG. 6. Smoothed angularly disaggregated structure factor data
〈Si (q)〉 data in the 6 angular sectors indicated in the inset of
Fig. 3(a) of the main text. We smooth 〈Si (q)〉 data with an identical
[log(q/q0 )sm]/sm value, where [. . .] is the integer part operator and
sm is a smoothing parameter (the smaller sm the larger the logarithmic
bins). We show data in the panels (a) the raw data, and different
smoothing parameters of (b) 160, (c) 80, and (d) 10. The black line
is an algebraic fit to the data yielding a value α = 0.29 ± 0.09.

a material with point disorder that would otherwise present
class-II hyperuniformity [6]. First, we argue that for low B the
electronic nematicity of FeSe seems not to play a determinant
role in the vortex structure. The roundlike magnetic halo of
vortices imaged at 5 G (see Appendix E) differs from the
nematicity induced elliptical vortex shape observed at large
fields [23,37]. Nematicity might induce a transition to an
oblique vortex structure, but the low-field phase is an undis-
torted hexagon [26]. Second, short-range nonlocal electronic
coupling is expected to induce this transition, but the low-field
phase would not present rhombic distortions either [31]. This
effect is dominant for low-κ weak coupling superconductors,
conditions hardly fulfilled in FeSe (κ = 55 and 2�/kBTc ∼
6.3). Third, the long-range anisotropic magnetoelastic effect
arising from the weak elastic crystal perturbations induced by
the nucleation of vortices has a magnitude η ∝ (dTc/dP)2. In
FeSe dTc/dP � 10 K/GPa [32], a hundred times larger than
in conventional superconductors. Thus, the magnetoelastic
effect is the dominant coupling of the vortex system with the
FeSe host medium.

Here we show that the long-range anisotropic vor-
tex interaction term arising from magnetoelasticity, besides
producing rhombic distortions and orientational locking, in-
duces the weakest class-III hyperuniformity. We perform
two-dimensional finite-temperature Langevin dynamics sim-
ulations following the technical details described in the
Experimental section. In order to mimic the experimental field
cooling, we start simulations from a highly disordered config-
uration and let the system relax at an effective temperature
per unit length Teff until the total interaction energy reaches
a plateau. With the aim of reproducing the experimental data,
we compute 〈S(q)〉 for final configurations varying η and Teff .

Figure 4(b) shows the results of the simulation with the
best quantitative fit with the experimental data (η = 0.1 and
kBTeff = 0.004ε0). The right panel shows a zoom into a snap-
shot of a typical simulated structure. Many vortex rows are at
±45◦ from b, the directions where the magnetoelastic interac-
tion is attractive.

Details on how the changes on the effective tempera-
ture and strength of the magnetoelastic coupling produces a
departure from the structural properties observed experimen-
tally are presented in Appendix F. This optimal value of η

is roughly that expected for a material with dTc/dP � 10
K/GPa [34]. If this magnitude is decreased to half, η de-
creases by a factor of four ∼0.2 and in that case there is
no agreement between the simulated and the experimental
structures. Thus, we estimate that if the host media have a
dTc/dP ∼ 0–5 K/GPa no important spoiling of the hyper-
uniformity class of vortex matter is expected. Therefore, the
hyperuniformity class of vortex matter can be tailored by
adequately choosing the superconducting sample as to tune
the value of η in the mentioned range of values.

The data obtained from averaging over tens of config-
urations following a similar field cooling protocol as in
the experiments show a very good agreement with the ex-
perimental results. For instance, Figs. 4(b) and 4(c) show
typical simulation and experimental results in regions with the
same number of vortices. Non-sixfold-coordinated vortices
are highlighted in red whereas sixfold-coordinated are shown
in blue. These typical images illustrate what is observed in
the larger field of view structures: The experimental and sim-
ulated patterns have a similar value of topological defects,
size of crystallites, and present the same type of large-scale
density fluctuations as observed in the angularly averaged
S(q) data of panel (a) of Fig. 4. Both structures also present
quasi-long-range orientational order, but the overall orienta-
tions of the simulated (experimental) vortex structure is at 45◦
(55◦) from the b axis. This is connected to the fact that the
structure factor for the simulated pattern displays diffraction
spots at the vertices of a square instead at those of a rectangle
as observed in the experimental data. This difference is only
relevant for the structural properties of vortex matter at wave
vectors q ∼ q0. Nevertheless, in the q → 0 limit the 〈S(q)〉
obtained in simulations is isotropic and coincides with the
experimental data; see violet squares in Fig. 4(a).

Finally, we would like to recall that these simulation results
are not altered by explicitly including the effect of weak
random pinning that significantly increases the computational
time. We show in Appendix G that the effect of pinning is
captured in our simulations by considering a system without
pinning but with a slower dynamics.

IV. DISCUSSION

In order to provide stronger support for our claim that
the magnetoelastic effect is responsible for degrading the
hyperuniformity of the system to class III, now we discuss
a qualitative comparison between the structural properties
of vortex systems obtained in simulations considering dif-
ferent interaction models and the experimental results in
FeSe. To start with, we consider the standard case in most
three-dimensional superconductors of an isotropic London
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(a) (b)

(c) (d)

FIG. 7. Structure factor of simulated vortex structures consid-
ering different vortex-vortex interaction models: (a) London model
U (r) ∼ K0(r/λ). (b) Anisotropically modulated London model
with U ∼ K0(r/λ)[1 + cos(4φ)/2]. (c) Coulomb U ∼ 1/r repulsion.
(d) U ∼ 1/r2 repulsion. In all simulations we consider 8192 vortices
with an average spacing a0 = 6.5λ and kBTeff = 0.004ε0.

interaction between vortices [η = 0 in Eq. (3)]. Figure 7(a)
shows the structure factor obtained in this case for the same
vortex density and effective temperature as considered in our
former simulations; see Sec. II B for details. The diffraction
pattern is ringlike indicating that the system presents a liquid-
like structure at this density. This type of order is observed
experimentally in vortex structures nucleated at low fields in
materials with a negligible magnetoelastic effect [20]. Thus,
anisotropy in the interaction term is required to induce non-
isotropic distortions in the vortex structure as the rhombic
ones observed experimentally in FeSe.

Nevertheless, anisotropy alone does not produce vortex
structures with the structural properties observed experimen-
tally. For example, now we consider anisotropic interactions
with the same quadrupolar symmetry as the magnetoelastic
but short ranged, described by the anisotropically modulated
London model

U (r, θ )/ε0 = K0(r/λ)[1 + η̃ cos(4θ )]. (6)

This is a particular case of the more general interaction
form used in Ref. [22], with η̃ controlling the strength of
the anisotropic contribution. Figure 7(b) shows the S(q) data
considering this interaction that is closer to the experimental
results. These data are obtained for η̃ = 0.5, much larger than
the η = 0.1 used to reproduce the experimental data using the
Kogan interaction (data of Fig. 13). The structure factor in the
case of this anisotropically modulated London model presents
some diffuse peaks but their angular location in q space differs
from the peaks observed experimentally in FeSe. Then both
long-ranged and anisotropic interactions in register with the

crystal structure are mandatory to satisfactorily describe the
structural properties of vortex matter nucleated in FeSe.

In order to strengthen this last assertion, Figs. 7(c) and 7(d)
show the structure factors obtained in simulations when con-
sidering other types of isotropic but long-ranged interactions
between vortices. Panel (c) depicts the result obtained in the
case of a repulsive U ∼ 1/r Coulomb interaction whereas
panel (d) corresponds to a purely repulsive U ∼ 1/r2 inter-
action. In both cases the structure is isotropic though the
local order is, as expected, stronger for the case of Coulomb
interactions. Coulomb-like interactions have been argued to
be effective two-dimensional interactions in the top layer of
three-dimensional objects if transverse fluctuations along the
c direction are integrated out, while the 1/r2 interaction is
typical from elastic interaction kernels.

Therefore, only a vortex-vortex interaction that is both
long ranged and anisotropically locked to the sample crystal
structure can reproduce the observed FeSe vortex structure
presenting rhombic distortions and class-III hyperuniformity
at low vortex densities. This kind of interaction is compatible
with the magnetoelastic coupling between the vortices and the
host superconducting crystal.

V. CONCLUSIONS

In conclusion, the magnetoelastic interaction plays a deter-
minant role in weakening hyperuniformity in diluted vortex
structures. This is an example of the relevance of the coupling
between the interacting objects and the host medium on de-
termining the hyperuniformity-class of the former. Whether
this is the only mechanism to induce class-III hyperuniformity
remains an interesting open question. This work opens a new
avenue on how to tailor the hyperuniformity-class of material
systems by means of tuning the elastic and electronic proper-
ties of the host media where interacting objects are nucleated.
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APPENDIX A: SAMPLE GROWTH
AND CHARACTERIZATION

We grow single crystals of β-FeSe applying the vapor
transport method using AlCl3/KCl as flux [40]. We ob-
tained platelet-shaped crystals with the tetragonal β-FeSe
phase only, as checked by x-ray diffraction measurements.
We performed transport measurements in the four-probe con-
figuration varying temperature at fixed fields of up to 16 T.
Figure 8 presents ab-plane resistivity results for a crystal
of the same batch as the ones studied by magnetic decora-
tion. These crystals present two characteristic temperatures:
the structural transition from tetragonal to orthorhombic
symmetry at Ts ∼ 90 K, and the superconducting transition
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FIG. 8. Temperature dependence of the ab-plane resistivity of
β-FeSe for magnetic fields applied along the c axis of 0 and 16 T.
The temperatures of the structural, Ts, and superconducting transi-
tions, Tc, are indicated with arrows. Inset: Superconducting critical
field, Hc2, and irreversibility field, Hirr , as a function of the reduced
temperature.

temperature Tc = 9.6(2) K. The increase of the resistivity in
the normal state with increasing magnetic field is a charac-
teristic of the multiband nature of FeSe [40]. The inset of
Fig. 8 shows the superconducting critical field, Hc2, and the
irreversibility field, Hirr .

APPENDIX B: DATA IN A SMALLER SAMPLE
WITH NO TWINS DETECTED

The results presented in the main text correspond to data
in sample A where 13 586 vortices are imaged and no twin
boundaries are detected in the whole sample. In another
smaller sample from the same batch, sample B, also no twin
boundaries were detected but only 2500 vortices are imaged
in this sample; see Fig. 9(a). In the case of the vortex structure
nucleated in sample B, Fig. 9(b) shows the structure factor
and its angular average 〈S(q)〉. The same figure presents data
of sample A for comparison: The 〈S(q)〉 data are similar in
both samples within the error. Since a smaller amount of
vortices is imaged in sample B than A, the minimum mod-
ulus of the wave vector down to where we can compute the
structure factor is larger in sample B. This reduces the fitting
range of 〈S(q)〉 in the case of sample B. In the case of data
in sample A presented in the main text the fitting range is
between q/q0 = 0.05 and 0.3. Nevertheless, if both sets of
data are fitted with an algebraic growth in the range between
the minimum detected wave vector and q/q0 = 0.3, similar α

exponents are found within the error of the fit; see details in
main panel of Fig. 9(b).

APPENDIX C: TWIN BOUNDARIES IN SOME FeSe
SAMPLES AS IMAGED BY MAGNETIC DECORATION

Figure 10 shows a snapshot of the vortex structure nu-
cleated after a field-cooling process at 5 G. The magnetic

FIG. 9. (a) Magnetic decoration image of vortex matter nucle-
ated at 5 G in an untwinned FeSe crystal B. This sample is smaller
than the sample A presented in the main text: Only 2500 vortices
were imaged in contrast to 13 586 vortices imaged in sample A.
(b) Angularly averaged structure factor for samples A and B and
corresponding algebraic fits of the data with exponents α similar
within the error bars (see legend). Inset: Structure factor of the vortex
structure in sample B with the crystal unit cell vectors indicated.

decoration experiment was performed at 4.2 K. In this sam-
ple, Fe-Fe bond directions indicated as the crystallographic
axes �a and �b are aligned with the borders of the picture; see
white arrows in the schematic drawing of the inset in Fig. 10.
Whether a is the shortest or largest unit cell vector cannot
be ascertained since x-ray measurements were performed at
room temperature, in the tetragonal phase of the material. The
observed correlated defects are aligned at 45◦ from the a and
b axes, namely in the Fe-Se bond directions. In most of the
studied 30 samples from the same batch, twin boundaries were
detected. Only in two samples, samples A and B, no twin
boundaries were detected in the whole sample.

APPENDIX D: INCREASE OF THE VARIANCE OF
THE NUMBER OF VORTICES WITH DISTANCE

The disordered hyperuniformity of the low-field FeSe vor-
tex structure observed from the decay of the structure factor
in the q → 0 limit is also quantitatively supported by the
growth with distance r of the vortices number variance,
σ 2

N (r) = 〈N2(r)〉 − 〈N (r)〉2. The inset in Fig. 11 shows a
schematics of the calculation of this magnitude: The number

094508-8



DISORDERED HYPERUNIFORM VORTEX MATTER WITH … PHYSICAL REVIEW B 107, 094508 (2023)

FIG. 10. Magnetic decoration image of vortex matter nucleated
at 5 G in a FeSe crystal presenting several correlated defects. Inset:
Orientation of the orthorhombic crystal structure in this sample,
though whether a is the shortest or largest unit cell vector cannot
be ascertained since x-ray measurements were performed in the
tetragonal phase.

of vortices N (r) inside an area π (r/a0)2 changes for differ-
ent values of r/a0 and also depends on the location of the
circular area. We calculated σ 2

N (r) over thousands of circles
centered at random in the whole field of view. In the case
of data for sample A shown in the main text, this magni-
tude grows with distance with an exponent β = 1.72 ± 0.05.
It should be noted that for perfectly rhombic or hexagonal
structures the expected exponent is β = 1 while for random

FIG. 11. Increase of the variance σ 2
N of the vortex number N (r)

with r/a0: Algebraic growth yielding an exponent of 1.72 ± 0.05
(blue line). Error bars correspond to the standard deviation of data
obtained for circles with the same r/a0. Inset: Computation of the
number of vortices in circular windows with radius r/a0.

structures β = 2. The values of the exponents α and β found
experimentally support that the low-field vortex structure in
FeSe is class-III hyperuniform since theoretically a relation
β = 2 − α is expected [14] for a two-dimensional pattern of
points such as the tips of vortices we are observing at the
sample surface.

APPENDIX E: MAGNETIC HALO OF VORTICES
AT LOW FIELDS

Previous STM works reveal that at high magnetic fields
the spectroscopic halo of vortices is elliptical [23,28,35–37].
This is interpreted as the consequence of a strong electronic
nematicity manifested as an elliptic multiband Fermi surface.
FeSe has an electron band whose minor axis is oriented along
the a direction and a hole band with its minor axis oriented
along the b axis. In these works these unit vectors are de-
fined considering that in the orthorhombic low-temperature
(T � 90 K) phase a < b. For elliptical Fermi surfaces, in
the vortex core the number of quasiparticles (excitations of
the superconducting state) that travel along the minor axis
is larger than the number of quasiparticles traveling in the
largest axis. Thus, the vortex core, or the physical place
where quasiparticles live, develops an elongated shape along
the shortest axis of the Fermi surface. STM results at high
fields indicate vortices are elongated along the b direction,
and thus the elongated shape of vortices is associated to the
hole band of the multiband Fermi surface in FeSe. The mag-
nitude of the eccentricity of the elliptical vortices can change
with field, and indeed in Ref. [23] it seems to decrease its
magnitude for smaller vortex densities and the orientation of
the shortest axis of the ellipse has local deviations from the b
direction.

If the spectroscopic halo of vortices is elliptical, then the
magnetic halo of vortices is expected to be elliptical. Thus,
in order to ascertain whether the diluted vortex structures
revealed in our study are strongly affected by electronic
nematicity, we analyze the shape of the magnetic halo of vor-
tices. Figure 12(a) shows a zoom-in to a magnetic decoration
image where the shape of vortices was fitted with ellipses (col-
ored forms superimposed to the image). Figure 12(c) shows
the definition of eccentricity ε =

√
1 − (Rs/Rl )2 where Rs and

Rl are the short and long axis of the ellipse, respectively.
Thus ε = 0 represents the case of a vortex with a circular
halo whereas ε → 1 corresponds to a very elongated vortex.
The probability density function of the eccentricity in the
magnetic halo of vortices shown in Fig. 12(c) follows a rather
homogeneous distribution in the 0.2–0.8 range, with no no-
ticeable peak in this range. In contrast, a rough estimation of
the eccentricity of the spectroscopic halo of vortices nucleated
in FeSe at 6 T from the images shown in Ref. [23] indicates
its probability density function is peaked around ε ∼ 0.95
(corresponding to roughly a three times shorter minor than
larger axis).

We also studied the orientation of the long or semimajor
axis of the ellipse associated to the magnetic halo of vor-
tices defining an orientation θ = 0◦ as the b direction and
θ = 90◦ as the a direction. We recall that in this analysis
we cannot ascertain whether a is the shorter or larger axis
but we measured by x-ray diffraction that these are the two
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FIG. 12. Eccentricity and orientation of the magnetic halo of
vortices in FeSe for diluted vortex densities of 5 G. Data are obtained
in sample A presented in the main text. (a) Zoom-in of a magnetic
decoration image where the magnetic halo of individual vortices
is fitted with an elliptical shape (superimposed in various colors).
Right: Schematics of the orientation of fitted ellipses with respect to
the Fe-Fe bond directions a and b identified in the studied sample.
(b) Probability density function of the orientation of the semimajor
or long axis of the ellipses with respect to the b axis corresponding
to θ = 0◦. (c) Probability density function of the eccentricity of the
ellipses as defined in the schematics shown in the top part of the
panel.

Fe-Fe bond directions. At low vortex densities, the long axis
is aligned along both crystallographic directions with roughly
equal probability; see Fig. 12(b). A lesser number of vortices
present their long axis aligned along intermediate directions.
This situation is in strong contrast with the phenomenology
observed at high fields in STM studies [23].

Thus, the moderate eccentricity of the magnetic halo of
vortices and the nonpreferential orientation of the large axis
of the less-elongated vortices in one of the two Fe-Fe bonds
directions indicate the effect of nematicity does not have a
strong impact in the structural properties of vortex matter in
FeSe for low vortex densities.

APPENDIX F: IMPACT OF EFFECTIVE TEMPERATURE
AND STRENGTH OF MAGNETOELASTIC COUPLING

ON SIMULATIONS

We have found that the optimal values for qualitatively
reproducing the experimental data are η = 0.1 and kBTeff =
0.004ε0. Here we will show how sensitive the results are to
deviations in both adjustable parameters.

In order to illustrate the effect of changing the temper-
ature, in Figs. 13(a) and 13(b) we compare snapshots of
configurations obtained for η = 0.1 for two different effec-
tive temperatures: kBTeff = 0.004ε0 that is the optimal value
for reproducing the experimental data and kBTeff = 0.001ε0.

(a) (b)

(c) (d)

(e) (f) 45°45°

FIG. 13. (a), (b) Typical zoom-ins of snapshots, (c), (d) struc-
ture factors, and (e), (f) Delaunay triangulations of simulated vortex
structures considering the London plus the magnetoelastic interac-
tion terms. In both cases η = 0.1 but the effective temperature is
kBTeff = 0.004ε0 for the left panels and kBTeff = 0.001ε0 for the right
ones.

Figures 13(c) and 13(d) show their corresponding struc-
ture factors averaged over some hundreds of configurations.
Choosing a lower temperature allows us to diminish the en-
tropy and to observe the interaction energy-driven relaxation.
We observe that both diffraction patterns present peaks at the
same positions but become sharper and brighter on decreas-
ing temperature. This indicates that the positional order is
enhanced if the structure is quenched at lower temperatures.
Nevertheless, irrespective of the temperature value, the struc-
ture presents a clear tendency to form a square lattice locked
to the principal directions of the (assumed) tetragonal crystal
structure (x-y axis).

A close inspection of the zoom-ins of Figs. 13(a) and 13(b)
reveals that although the density of defects is smaller at
lower temperatures, the structure resulting from simulations
that do not explicitly consider quenched disorder still has a
significant number of topological defects. These defects are
vacancies and disclinations; see the Delaunay triangulations
of Figs. 13(e) and 13(f). We also indicate the direction the
displacement vector direction φ = π/4 corresponding to one
of the directions along which the magnetoelastic contribution
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(a) (b)

(c)

FIG. 14. Structure factor of the vortex lattice considering Lon-
don plus magnetoelastic interaction terms for different magnitudes
of coupling (a) η = 0.001, (b) 0.01, and (c) 0.1. In all cases we
performed simulations for an effective temperature kBTeff = 0.001ε0.

in the pair interactions is purely attractive (the other is at φ =
3π/4; see Fig. 1). As can be better appreciated in Figs. 13(a)
and 13(b), vortices tend to form rows aligned along these two
directions.

In order to illustrate the sensitivity with η of our fit to
experimental data, Fig. 14 compares the structure factors
obtained by varying η for a fixed kBTeff = 0.001ε0. The
figure reveals that on decreasing η one or two orders of mag-
nitude from the optimal value of 0.1, the diffraction peaks are
no longer defined and the system tends quickly to the isotropic
order of a liquid phase. It is worth recalling in this respect
that the magnitude of the magnetoelastic coupling is predicted
to be η ∝ (dTc/dP)2; thus relatively small changes in the
slope of dTc with pressure may translate into large changes
of η.

APPENDIX G: EFFECT OF PINNING IN OUR
FIELD-COOLING VORTEX SIMULATIONS

In order to include disorder we modify Eq. (1) as

αBS
dri

dt
=

∑
j �=i

F(ri − r j ) + Fp(ri ) + ζi(t ). (G1)

The quenched pinning forces are Fp(r) = −∇Up(r), where
Up(r) is a random potential with adimensional correlation
length d = 0.1 and amplitude Ap = 0.1. For the simulation
we use N = 8192 particles with a mean vortex spacing of
a0 ≈ 3. This value of a0 is roughly half of the one used
in the simulations presented in the main text. It was cho-
sen so for practical reasons, to accelerate the relaxation
in the case of pinning. The field-cooling protocol con-

sists in decreasing the effective adimensional temperature a
s T (t ) = T0 + (T1 − T0)t/tramp, with T0 = 0.2, T1 = 0.0001,
t the adimensional time, and tramp = 1000 the adimensional
ramp interval, being λαBS/ε0 the unit of time. During the
process we monitor the angularly averaged structure factor
S(q, t ) vs t . The initial, highly disordered state at t = 0 has
a Poisson distribution, and hence S(q, t = 0) ≈ constant.

Two simulations were run following the same field-cooling
protocol and identical initial conditions, one without pinning
by solving Eq. (1), and the other with dense weak point
pinning, by solving Eq. (G1). In Fig. 15(a) we show the con-
figuration at t = 1, and in panels (b) and (c) the configurations
at t = 768 obtained without and with pinning, respectively.
Since we simulate only one disorder/thermal realization, the
S(q, t ) shown in Fig. 16 was smoothed over q in order to
reduce the fluctuations. We used logarithmic binning in order
to avoid a distortion of the emerging power law at low q:
It consists of averaging S(q, t ) over all q with an identical
[log(q)sm]/sm value, where [. . . ] denotes the integer part op-
erator and sm is a smoothing parameter (sm = 4 in the data of
Fig. 16).

The main results are shown in Fig. 16 that shows the
evolution of S(q, t ) without (a) and with pinning (b). In both
cases S(q, t ) evolves from an almost flat form S(q, t = 0) ≈
constant to an algebraically growing structure factor in the
q → 0 limit. It is evident from the plot that the whole evo-
lution is approximately controlled by a growing correlation
length scale L(t ). At a given time, modes such that qL(t )  1
have evolved, while those with qL(t ) � 1 are mostly frozen,
retaining memory of the initial condition. As time evolves,
L(t ) grows, and low-q modes have then in turn evolved. The
two cases in Figs. 16(a) and 16(b) look similar (within the
expected fluctuations for one sample). However, in the case
with pinning S(q, t ) evolves more slowly than without pin-
ning. This evolution becomes even slower as time/temperature
increases/decreases during the temperature ramp. This is due
to vortices being trapped in local minima and the dynamics
becoming thermally activated. Moreover, at large times the
structure has already relaxed much of the initial strain. Thus,
the energy barriers separating metastable states have also
grown with time, making the dynamics even slower. Although
the system (with or without pinning) strictly never stops
evolving, the characteristic timescale for equilibration grows
significantly at low T in the pinned case. We argue that this
is also true in the experiment. Hence, in practice it is usual to
refer to a “freezing temperature” to point out that the structure
observed retains memory of a larger temperature/time because
it cannot be equilibrated at the much lower final temperature.

In order to prove, as argued in the main text, that
in a diluted vortex system the main effect of pinning
is to slow down the dynamics, in Fig. 16(b) we show
that we can approximately match structure factors ob-
tained with and without pinning. For instance, in the plot
we show that Sclean(q, t = 3) ≈ Spin(q, t = 4), Sclean(q, t =
23) ≈ Spin(q, t = 32), and Sclean(q, t = 250) ≈ Spin(q, t =
512), where we have used Sclean(q, t ) and Spin(q, t ) to denote
the S(q, t ) obtained in simulations without and with pinning,
respectively.

A hand-waving way to interpret why very dense weak
pinning appears to be energetically the same as no pinning
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FIG. 15. Zoom snapshots of particular configurations obtained
from field-cooling Langevin simulations of an N = 8192 particle
system with effective magnetoelastic intervortex interactions. From
a common initial condition (a), we show configurations at t = 768
obtained without (b) and with a weak dense pinning (c).
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FIG. 16. Time evolution of the smoothed structure factor ob-
tained from Langevin dynamics simulation of N = 8192 particles
with mean separation a0 ≈ 3.0, interacting with the effective magne-
toelastic interaction potential, in the absence (a) and in the presence
of pinning (b). The initial condition and cooling protocol are identical
in both cases. In (b) the thick semitransparent lines correspond to
S(q, t ) obtained without pinning, but for different t , as indicated.
In both panels, the thin dotted line indicates the hyperuniformity
S(q) ∼ q−0.29 expected at longer times for small q.

is that pinned vortices can always reduce their vortex-vortex
interaction energy by jumping to one of the many available
very close pinning centers, without appreciably changing its
original pinning energy. This is valid as long as the vortex
density is low enough, so pinning is not collective and in-
dividual jumps cannot trigger other jumps (cf. Bragg glass
phase). Since jumps are thermally activated over finite pinning
barriers, and such process is much slower than purely vis-
cous diffusive motion at low temperatures, pinning only slows
down the dynamics which minimizes the interaction free
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energy. This picture is similar to the “discrete” superconductor
idea proposed in the context of low-field vortex systems with
columnar defects [41,42]. Therefore, the structure factor in
the case with pinning can be approximately “mapped” to the

one of the clean case at an earlier cooling time in the same
protocol. This mapping allows us to save computing time and
to determine the temperature/time at which the clean system
best mimics the experimental results.
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