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Abstract: The D+
s → K+K−µ+νµ decay is studied based on 7.33 fb−1 of e+e− collision

data collected with the BESIII detector at center-of-mass energies in the range from 4.128
to 4.226 GeV. The absolute branching fraction is measured as B(D+

s → ϕµ+νµ) = (2.25±
0.09 ± 0.07) × 10−2, the most precise measurement to date. Combining with the world
average of B(D+

s → ϕe+νe), the ratio of the branching fractions obtained is B(D+
s →ϕµ+νµ)

B(D+
s →ϕe+νe) =

0.94± 0.08, in agreement with lepton universality. By performing a partial wave analysis,
the hadronic form factor ratios at q2 = 0 are extracted, finding rV = V (0)

A1(0) = 1.58± 0.17±
0.02 and r2 = A2(0)

A1(0) = 0.71± 0.14± 0.02, where the first uncertainties are statistical and
the second are systematic. No significant S-wave contribution from f0(980) → K+K− is
found. The upper limit B(D+

s → f0(980)µ+νµ) · B(f0(980) → K+K−) < 5.45× 10−4 is set
at 90% credibility level.
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1 Introduction

The study of charm semileptonic (SL) decays provides valuable information about weak
and strong interactions in mesons composed of heavy quarks. The SL partial decay width
is related to the product of the hadronic form factors (FFs) describing the strong inter-
actions between final-state quarks, including non-perturbative effects, and the Cabibbo-
Kobayashi-Maskawa (CKM) matrix elements. Precise measurements of FFs are impor-
tant for comparison with the theoretical calculations. From the theoretical point of view,
hadronic FFs play a crucial role in the study of leptonic Ds decays. They are calculated
by non-perturbative methods, including lattice quantum chromodynamics (LQCD) [1–4]
and phenomenological quark models. The latter category includes the covariant confined
quark model (CCQM) [5], the constituent quark model (CQM) [6], the light-front quark
model (LFQM) [7], as well as the HMχT model [8] (based on the combination of heavy
meson and chiral symmetries). The D+

s → ϕℓ+νℓ decay is particularly interesting since the
ϕ meson is a narrow resonance, which can be isolated, providing a good testbed.
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In the Standard Model (SM), SL decays offer an excellent opportunity to test lepton
flavor universality (LFU) and search for new physics effects. Previously, LHCb tests of
LFU using B+ → K+ℓ+ℓ− decays hinted at LFU violation, with a significance of 3.1σ [9].
However, more recently LHCb tests of LFU in B+ → K+ℓ+ℓ− and B0 → K∗0ℓ+ℓ− de-
cays [10] are consistent with the SM at the 1.0σ level. The possible tension is addressed by
various theoretical models [11–15]. Searches for LFU violation have also been performed
in SL decays of D0(+) and D+

s mesons [16–21] and baryons [22–25], without any clear
evidence for deviation with respect to the SM predictions. Hence, higher precision mea-
surements are desirable. For D+

s → ϕℓ+νℓ decays, BABAR performed the most precise
measurement of the absolute branching fraction (BF) of D+

s → ϕe+νe with an uncertainty
of 6.6% [26]. In comparison, the uncertainty of the BF of D+

s → ϕµ+νµ measured by
the BESIII experiment previously is 26.3% [20], which limits the precision of LFU studies
using D+

s → ϕℓ+νℓ decays. Therefore, a precision measurement of the absolute BF of
D+

s → ϕµ+νµ can provide a critical, complementary test for LFU.
Using the 7.33 fb−1 data sample collected by BESIII at center-of-mass energies (ECM)

in the range from 4.128 to 4.226 GeV, a measurement of the BF of the D+
s → ϕµ+νµ decay

with significantly improved precision is reported. LFU is tested using the world average
value of the D+

s → ϕe+νe BF. Additionally, the hadronic FFs of D+
s → ϕµ+νµ are extracted

through a partial wave analysis (PWA) and the size of a possible f0(980) component in
the decay D+

s → K+K−µ+νµ is limited. An f0(980) contribution would be interesting,
in view of the unconventional nature of this state [27–31]. Charge conjugation is implied
throughout this work.

2 Detector and Monte Carlo simulations

The BESIII detector [32] records symmetric e+e− collisions provided by the BEPCII storage
ring [33] in the ECM range from 2.0 to 4.95 GeV, with a peak luminosity of 1×1033 cm−2 s−1

achieved at ECM = 3.77GeV. BESIII has collected large data samples in this energy
region [34, 35]. The cylindrical core of the BESIII detector covers 93% of the full solid angle
and consists of a helium-based multilayer drift chamber (MDC), a plastic scintillator time-
of-flight system (TOF), and a CsI(Tl) electromagnetic calorimeter (EMC), which are all
enclosed in a superconducting solenoidal magnet providing a 1.0 T magnetic field [36]. The
solenoid is supported by an octagonal flux-return yoke with resistive plate counter muon
identification modules interleaved with steel. The charged-particle momentum resolution
at 1GeV/c is 0.5%, and the resolution of the specific ionization energy loss (dE/dx) is 6%
for electrons from Bhabha scattering. The EMC measures photon energies with a resolution
of 2.5% (5%) at 1GeV in the barrel (end cap) region. The time resolution in the TOF
barrel region is 68 ps. The end cap TOF system was upgraded in 2015 using multi-gap
resistive plate chamber technology, providing a time resolution of 60 ps [37]. About 83% of
the dataset used in this analysis benefits from this upgrade.

The data samples corresponding to a total integrated luminosity of 7.33 fb−1 are used
in this analysis. The integrated luminosity of each data sample is shown in table 1 [38, 39].
Simulated data samples produced with a geant4-based [40] Monte Carlo (MC) package,
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ECM (GeV) Lint (pb−1) MBC (GeV/c2) NST
j ϵ̄j (%)

4.128 401.5 [2.010, 2.061] 31803± 695 18.07± 0.06
4.157 408.7 [2.010, 2.070] 51026± 839 19.03± 0.06
4.178 3189.0± 0.2± 31.9 [2.010, 2.073] 401179± 2487 18.84± 0.05
4.189 570.0± 0.1± 2.2 [2.010, 2.076] 67575± 927 19.97± 0.06
4.199 526.0± 0.1± 2.1 [2.010, 2.079] 63076± 950 19.51± 0.06
4.209 572.1± 0.1± 1.8 [2.010, 2.082] 63119± 1052 20.24± 0.06
4.219 569.2± 0.1± 1.8 [2.010, 2.085] 53466± 943 20.46± 0.06
4.226 1100.9± 0.1± 7.0 [2.010, 2.088] 85390± 1551 21.64± 0.06

Table 1. The integrated luminosities (Lint), the requirements on MBC, the total ST yields (NST
j ),

and the averaged signal efficiencies (ϵ̄j = (
∑

α(NST
α,j/N

ST
j ) · (ϵDT

α,sig,j/ϵ
ST
α,j))) at various energy points.

The first and second uncertainties are statistical and systematic, respectively. The Lint for data
samples of ECM = 4.128 GeV and ECM = 4.157 GeV are estimated by using online monitoring
information. The definition of MBC is given in eq. (4.1). The efficiencies do not include the BF
of ϕ→ K+K−.

which includes the geometric description of the BESIII detector and the detector response,
are used to determine detection efficiencies and to estimate backgrounds. The simulation
models the beam energy spread and initial state radiation (ISR) in the e+e− annihilations
with the generator kkmc [41]. An inclusive MC sample with a luminosity equivalent to 40
times that of data is generated at ECM ∈ [4.128, 4.226] GeV. This MC is used to determine
the distributions of kinematic variables and estimate the detection efficiency. It includes
the production of open charm processes, the ISR production of vector charmonium(-like)
states, and the continuum processes incorporated in kkmc [41]. The production of open
charm states directly via e+e− annihilations is modeled with the generator conexc [42],
and their subsequent decays are modeled by evtgen [43, 44] with known BFs from the
Particle Data Group (PDG) [45]. The ISR production of vector charmonium(-like) states
and the continuum processes are incorporated in kkmc [41]. The remaining unknown
charmonium decays are modelled with lundcharm [46, 47]. Final state radiation (FSR)
from charged final-state particles is incorporated using the photos package [48]. A phase-
space (PHSP) MC sample is produced for D+

s → K+K−µ+νµ and is used to extract the
detection efficiency. Initially, this PHSP MC sample is used to calculate the normalization
integral used in the determination of the amplitude model parameters in the fit to data.
Then, the signal MC sample is regenerated with the D+

s meson decaying to K+K−µ+νµ

using the fitted amplitude model. It is used to find the final PWA solution and obtain the
signal efficiency.

3 Analysis method

A double-tag (DT) method is used in this analysis following refs. [49–51]. At ECM between
4.128 and 4.226 GeV, Ds mesons are mainly produced via the process e+e− → D∗+

s [ →
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γ(π0)D+
s ]D−

s . One D−
s meson is fully reconstructed in one of the hadronic decay modes,

called a single-tag (ST) candidate. Based on this, among the particles recoiling against the
ST D−

s meson, we select the signal decay of the D+
s meson and a transition γ(π0) from the

D∗+
s ; success results in a double-tag (DT) candidate.

To measure the BF of the signal decay, the following equations for one ST mode
are used:

NST
tag = 2ND∗±

s D∓
s
Btagϵ

ST
tag , (3.1)

NDT
tag,sig = 2ND∗±

s D∓
s
BtagBsigϵ

DT
tag,sig , (3.2)

where NST
tag is the ST yield for the tag mode, NDT

tag,sig is the DT yield, ND∗±
s D∓

s
is the total

number of D∗±
s D∓

s pairs produced in the e+e− collisions, Btag and Bsig are the BFs of the
tag and signal modes, respectively, ϵST

tag is the ST efficiency to reconstruct the tag mode
and ϵDT

tag,sig is the DT efficiency to reconstruct both the tag and signal decay modes. In the
case of more than one tag mode and energy point, eq. (3.2) can be written as

NDT
total =

∑
α,j
NDT

α,sig,j = Bsig
∑
α,j

2N j

D∗±
s D∓

s
Bαϵ

DT
α,sig,j , (3.3)

where α represents the tag-mode and j is the energy point (from 0 to 7, corresponding to
the energy points in table 1). Bsig is isolated by using eq. (3.1):

Bsig = NDT
total∑

α,j
NST

α,jϵ
DT
α,sig,j/ϵ

ST
α,j · Bsub

, (3.4)

where NDT
total denotes the total number of DT events obtained from the fit to the signal

peaks (see below) of the selected DT candidates, while NST
α,j and ϵST

α,j are obtained from the
data and inclusive MC samples, respectively. Finally, ϵDT

α,sig,j is determined with signal MC
samples. These efficiencies do not include the product of the BFs, Bsub, for the intermediate
resonance decays.

4 Single tag selection

Candidates for the ST D−
s mesons are reconstructed via fourteen hadronic decay modes

D−
s → K+K−π−, K−π+π−, π+π−π−, K+K−π−π0, η′γρ0π−, ηγγρ

−, K0
SK

−π+π−,
K0

SK
+π−π−, ηγγπ

−, K0
SK

0
Sπ

−, ηπ0π+π−π−, η′ηγγπ+π−π−, K0
SK

−π0, and K0
SK

−. Through-
out this paper, the subscripts of η and η′ indicate the decay modes used for reconstructing
the corresponding particle.

The selection criteria of π±, K±, K0
S , γ, π0, and η candidates follow refs. [19, 52]. All

charged tracks are required to be within |cos θ| < 0.93, where θ is the polar angle defined
with respect to the symmetry axis of the MDC. For the charged tracks that are not from
K0

S decays, the distance of closest approach to the interaction point must be less than
10 cm along the beam direction and less than 1 cm in the plane perpendicular to the beam.
Particle identification (PID) of the charged particles is performed by combining dE/dx
measurements in the MDC with flight time measurements in the TOF system. Tracks are
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identified by the PID likelihood Lh (h = π,K) for each hadron h hypothesis. Pion and
kaon candidates are required to satisfy Lπ > LK and LK > Lπ, respectively.

TheK0
S candidates are selected by looping over all pairs of tracks with opposite charges,

which distances to the interaction point along the beam direction are within 20 cm; these
tracks are treated as pions without applying PID. The π+π− invariant mass is required
to be in the range of (0.487, 0.511) GeV/c2. The signed decay length, L, of the recon-
structed K0

S is required to be separated from the interaction point by greater than twice
its resolution, σ: L/σ > 2.

Photon shower candidates are selected from energy clusters in the EMC that are not
associated with any charged track. To reduce the number of photon candidates that result
from noise and beam background, each shower is required to start within 700 ns of the
event start time. The deposited energy of showers in the barrel region and in the end-cap
region must be greater than 25 MeV and 50 MeV [32], respectively. To exclude showers that
originate from charged tracks, the angle subtended by the EMC shower and the position of
the closest charged track at the EMC must be greater than 10 degrees as measured from
the interaction point.

Photon pairs are used to reconstruct the π0 and η mesons. The invariant masses
of the selected photon pairs are required to be within the intervals (0.115, 0.150) and
(0.500, 0.570)GeV/c2, respectively. To improve the momentum resolution and suppress
background contributions, a kinematic fit is applied to each selected photon pair, whose
invariant mass is constrained to the nominal mass of π0 or η [45].

For the D−
s → ηπ0π+π−π− tag mode, the invariant mass Mπ0π+π− of the π0π+π− combi-

nations used to form η candidates is required to be within the interval (0.530, 0.570)GeV/c2.
The two decay modes ηπ+π− and γρ0 are used to reconstruct η′ candidates, while
their invariant masses are required to fall in the ranges of (0.946, 0.970)GeV/c2 and
(0.940, 0.976)GeV/c2, respectively. Additionally, the energy of the γ from η′ → γρ0 decays
are required to be greater than 0.1 GeV. The π+π− and π−π0 combinations are used to
form ρ0 and ρ− candidates, respectively, and their invariant masses are required to fall in
the range of (0.570, 0.970)GeV/c2.

To suppress the transition pions from D∗+ → D0π+, the minimum momenta of all the
pions, which are not from the K0

S , η, or η′ decays, must be greater than 0.1 GeV/c. For
the D−

s → K−π+π− and D−
s → π+π−π− tag modes, the peaking background events from

D−
s → K0

SK
− and D−

s → K0
Sπ

− are suppressed by requiring the π+π− invariant mass to
be at least 0.03GeV/c2 away from the known K0

S mass [45].
To reject the non-D±

s D
∗∓
s backgrounds, we define the beam-constrained mass of the

ST D−
s candidate as

MBC ≡
√
E2

CM/4− |p⃗D−
s
|2 (4.1)

and require MBC to be within the region listed in table 1. This selection criterion accepts
most of the D−

s mesons from the e+e− → D±
s D

∗∓
s process.

If there are multiple combinations in one event, only the candidate with the D−
s re-

coil mass
Mrec ≡

√(
ECM −

√
|p⃗D−

s
|2 +m2

D−
s

)2
− |p⃗D−

s
|2 (4.2)
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Figure 1. Fits to the Mtag distributions of the ST D−
s candidates. Points with error bars are data

for all energy points. Blue solid lines are the best fits. Red dashed lines are the fitted background
shapes. For the K0

SK
− tag mode, the blue doted line is from the D− → K0

Sπ
− background. For

each tag mode, the Mtag signal region are denoted by the pair of red arrows.

closest to the D∗+
s nominal mass [45] is kept for further analysis per tag mode per charge.

Here, p⃗D−
s

is the momentum of the D−
s candidate and mD−

s
is the nominal D−

s meson [45].
Figure 1 shows the invariant mass (Mtag) spectra of the accepted ST D−

s candidates for the
individual tag modes in data combined from all energy points. The ST yield for each tag
mode is obtained through fitting the corresponding Mtag spectrum. In the fit, the signal
is modeled by the simulated shape, for events where the solid angle between the generated
and reconstructed four-momentum is no more than 15◦, convolved with a Gaussian function
to take into account the resolution difference between data and simulation.

For the D−
s → K0

SK
− tag mode, there is a peaking background from D− → K0

Sπ
−,

which is modeled by the simulated shape convolved with the same Gaussian function used
in the signal shape with its size left as a free parameter. A second-order polynomial is used
to describe the non-peaking background, which has been validated with the inclusive MC
sample. The fit results are shown in figure 1. Events within the signal regions are kept
for the further analyses. As an example, the ST yields (NST

α,2) for different tag modes in
data at ECM = 4.178 GeV and the corresponding ST and DT efficiencies (ϵST

α,2, ϵ
DT
α,sig,2) are

summarized in table 2. The values of NST
α,j and ϵST

α,j at the other energy points are obtained
similarly. The ST yields NST

j in data and the averaged signal efficiencies ϵ̄j at each energy

– 6 –
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Tag mode NST
α,2 ϵST

α,2 (%) ϵDT
α,sig,2 (%)

K+K−π− 137317± 608 40.92± 0.02 6.84± 0.03
K−π+π− 16514± 632 45.42± 0.07 8.52± 0.12
π+π−π− 36497± 873 52.13± 0.05 9.97± 0.09
K+K−π−π0 42119± 851 11.77± 0.01 2.03± 0.02
η′γρ0π− 24698± 656 32.53± 0.04 6.78± 0.08
ηγγρ

− 39670± 1673 19.88± 0.02 4.99± 0.04
K0

SK
−π+π− 7621± 270 18.51± 0.05 3.07± 0.07

K0
SK

+π−π− 14855± 235 21.12± 0.04 3.68± 0.06
ηγγπ

− 19239± 468 48.79± 0.06 9.97± 0.12
K0

SK
0
Sπ

− 5088± 149 22.82± 0.07 4.20± 0.10
ηπ+π−π0π− 5693± 201 23.49± 0.07 4.83± 0.11
η′π+π−ηγγ

π− 9730± 140 25.26± 0.05 4.89± 0.08
K0

SK
−π0 11182± 449 17.01± 0.04 3.64± 0.06

K0
SK

− 30956± 261 47.63± 0.05 9.29± 0.09

Table 2. The obtained values of NST
α,2, ϵST

α,2, and ϵDT
α,sig,2 in the α tag mode at ECM = 4.178GeV,

where the efficiencies do not include the BFs for the intermediate resonance decays and the uncer-
tainties are statistical only.

point are summarized in table 1. Summing over all tag modes and energy points gives the
total ST yield to be N tot

ST = 816634± 3679, where the uncertainty is statistical only.

5 Selection of D+
s → K+K−µ+νµ

After the selection of the tagged D−
s candidate, a transition γ or π0 is searched for among

the unused (by the ST) photon candidates passing the basic criteria mentioned before. All
possible γ or π0 candidates are looped over; if there are multiple candidates, the one giving
the minimum |∆E| is kept. Here, |∆E| is defined as

∆E ≡ ECM − ED−
s
−

√
| − p⃗γ(π0) − p⃗D−

s
|2 +m2

D+
s
− Eγ(π0), (5.1)

with Eγ,π0,D−
s

and p⃗γ,π0,D−
s

being the respective energy and momentum. In the presence of
the STD−

s and transition γ(π0), the final state particles of the signal decay are selected from
among the residual tracks. K+ and K− candidates are selected in a similar manner as the
ST decay products. The muon candidates are identified based on combined information of
the dE/dx measurement from the MDC, the TOF data and the energy deposit in the EMC.
The combined likelihoods Le, Lµ, and LK for the electron, muon, and kaon hypotheses
are calculated and the muon candidates are required to satisfy Lµ > LK , Lµ > Le, and
Lµ > 0.001. Then, with information of the ST side, two kaons, muon, and γ (π0), Umiss is
defined as:

Umiss ≡
(
ECM − ED−

s
− Eγ/π0 − EK+K− − Eµ+

)
−

∣∣∣p⃗D−
s
+ p⃗γ/π0 + p⃗K+K− + p⃗µ+

∣∣∣ (5.2)
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as a signal variable related to the missing neutrino. To improve the Umiss resolution, the
candidate tracks and the missing neutrino are subjected to a 3-constraint kinematic fit.
Energy and momentum conservation along with three mass constraints is applied while
the neutrino four-vector is determined. The invariant masses of the two Ds mesons are
constrained to the nominal Ds mass. Finally, the invariant mass of the D−

s γ(π0) orD+
s γ(π0)

combinations are constrained to the nominal D∗
s mass, and the Dsγ(π0) combination with

the smaller χ2
3C is kept.

It is required that both the number of unused reconstructed charged tracks (N char
extra) and

unused π0 (Nπ0
extra) candidates should be zero in all DT candidate events. To suppress the

peaking background of D+
s → K+K−π+, which is caused by misidentifying a π+ as a µ+,

MK+K−νµ
is required to be greater than 1.30 GeV/c2. To reject the remaining background

of D+
s → K+K−π+, it is also required that MK+K−µ+ is less than 1.75 GeV/c2. To suppress

the peaking background of D+
s → K+K−π+π0, which is mainly caused by misidentifying

a the π+ as a µ+ and missing the π0, the maximal energy of the photons (Emax
γ extra) is

required to be less than 0.2 GeV. All requirements are obtained by optimizing the figure
of merit defined by S/

√
S +B, where S and B denote the signal and background yields

based on normalized inclusive MC samples. The optimizations of all requirements have
been iterated for several times to obtain stable cuts.

6 Branching fraction measurement

After imposing all of the aforementioned selection criteria, the resulting Umiss distribution of
the accepted D+

s → K+K−µ+νµ candidate events in the data sample is shown in figure 2.
To extract the signal yield, an unbinned extended maximum likelihood fit is performed
on this distribution. The signal is modeled by the MC-simulated shape convolved with
a Gaussian function, which represents the resolution difference between data and MC
samples. The peaking background of D+

s → K+K−π+ is fixed according to the MC
simulations and the peaking background of D+

s → K+K−π+π0 is allowed to float. Other
backgrounds are dominated by processes of open charm production and continuum qq̄,
which are modeled by the inclusive MC simulation with a luminosity about 40 times that
of the data sample.

The PWA (described later) shows that the only significant resonance contribution to
the K+K− system is D+

s → ϕµ+νµ. Using eq. (3.4), where the Bϕ→K+K− = (49.1± 0.5)×
10−2 [45] and the signal yield is 1725 ± 68, the ST yield and the ST/DT efficiencies are
mentioned in section 4, the corresponding BF is determined to be B(D+

s → ϕµ+νµ) =
(2.25 ± 0.09 ± 0.07) × 10−2, where the first uncertainty is statistical, while the second is
systematic. The systematic uncertainties will be described in more detail in section 8.

7 Partial wave analysis

To obtain data samples with high purity for the PWA, two further constraints of |Umiss| <
0.02GeV and χ2

3C < 100 are imposed on the accepted candidates. After these conditions,
939 signal events remain, with an estimated average background level of (9.8 ± 0.7)% at
all energy points.
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Figure 2. Fit to the Umiss distribution of the candidate events for D+
s → K+K−µ+νµ. Points with

error bars represent data. The blue solid curve denotes the total fit. The red dotted curve shows
the signal process. Green long-dashed, black short-dashed, and dash-dotted violet curve are the
background contributions from D+

s → K+K−π+, D+
s → K+K−π+π0, and the other background

contributions, respectively.

7.1 Kinematics and decay rate formalism

The differential decay rate for D+
s → K+K−µ+νµ depends on five variables [53]: m, the

invariant mass of the K+K− system; q, the invariant mass of the µ+νµ system; θµ (θK),
the angle between the momentum of the µ+ (K−) in the µ+νµ(K+K−) rest frame and the
momentum of the µ+νµ (K+K−) system in the D+

s rest frame; and χ, the angle between
the normals of the decay planes defined in the D+

s rest frame by the K+K− pair and
the µ+νµ pair.

The differential decay rate as a function of these variables is given in ref. [53]. The
formula is updated in ref. [54], based on chiral perturbation theory and heavy-quark
symmetry; muon mass effects are treated in ref. [55]. The differential decay width of
D+

s → K+K−µ+νµ is expressed as

d5Γ = G2
F |Vcs|2

(4π)6m3
Ds

Xβmβl I(m2, q2, θK− , θµ, χ) dm2dq2d cos θK−d cos θµdχ, (7.1)

where X = pK+K−mDs , pK+K− is the modulus of the momentum of the K+K− in the D+
s

rest frame, βm = 2p∗/m and βl = 2p′/q, in which p∗ is the modulus of the momentum of
the K− in the K+K− rest frame, while p′ is defined as the modulus of the momentum of
µ+ in the µ+νµ rest frame. The Fermi coupling constant is denoted by GF . The decay
density I is given by

I = I1 + I2cos2θµ + I3 sin2 θµ cos 2χ+ I4sin2θµ cosχ+ I5 sin θµ cosχ
+ I6 cos θµ + I7 sin θµ sinχ+ I8sin2θµ sinχ+ I9 sin2 θµsin2χ,

(7.2)
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where I1,...,9 depend on m2, q2, and θK− . These quantities can be expressed in terms of the
four FFs F1,2,3,4. Then one can expand Fi=1,2,3,4 into partial wave amplitudes including
S-wave (F10), P -wave (Fi1), and D-wave (Fi2), to show their explicit dependence on θK− .
The detailed formulas can be found in ref. [55]. Based on the existing data, we do not
find D-wave components, so the amplitude Fi2 is ignored. Consequently, the FFs can be
written as

F1 = F10 + F11 cos θK− , F2 = 1√
2
F21, F3 = 1√

2
F31, F4 = F41 cos θK− , (7.3)

where Fi1 can be parameterized with the helicity basis FFs H0,±(q2). The helicity FFs
can in turn be related to two axial-vector FFs A1,2(q2) and one vector FF V (q2). The
A1,2(q2) and V (q2) all take the simple pole form Ai(q2) = A1,2(0)/(1− q2/m2

A) and V (q2) =
V (0)/(1− q2/m2

V ), and the pole mass mV and mA are fixed to mD∗
s
≃ 2.1 GeV/c2 and

mDs1 ≃ 2.5 GeV/c2, respectively. The FF A1(q2) is common to all three helicity amplitudes.
Therefore, it is natural to define the two coupling constants, rV = V (0)/A1(0) and r2 =
A2(0)/A1(0) as FF ratios at the momentum square q2 = 0. They are determined from
the PWA fit.

The amplitude of the P -wave resonance A(m) is expressed as a relativistic Breit-Wigner

A(m) = m0Γ0(p∗/p∗0)
m2

0 −m2 − im0Γ(m)
B(p∗)
B(p∗0)

, (7.4)

where B(p)=1/
√
1 + r2

BWp
2 with rBW=3.0 (GeV/c)−1 and Γ(m)=Γ0

(
p∗

p∗
0

)3(m0
m

)[B(p∗)
B(p∗

0)

]2
,

where p∗0 is the modulus of the momentum of the K− at the pole mass of the resonance m0.
The S-wave contribution, characterized by the FF F10, is parametrized, assuming only

f0(980) production, as
F10 = pK+K−mDs

1
1− q2

m2
A

AS(m), (7.5)

where pK+K− is the modulus of the momentum of the K+K− system in the D+
s rest frame.

Here the term AS(m) corresponds to the mass-dependent S-wave amplitude. The Flatté
formula is used for the f0(980) contribution,

AS(m) = aSe
iδS

m2
0 −m2 − i(g1ρππ + g2ρKK) , (7.6)

where aS and δS are the magnitude and phase of the S-wave amplitude; they are relative
to the D+

s → ϕµ+νµ amplitude. The parameters g1 and g2 are taken from ref. [56]; ρππ and
ρKK are the phase-space (PHSP) factors for the decay channels ππ and KK, respectively.

7.2 Fit method

The PWA fit is performed using an unbinned maximum likelihood method. For one can-
didate event, the probability density function (PDF) can be expressed as:

PDF(ξ, η) = (1− fb)S + fbB = (1− fb)
ω(ξ, η) ϵ(ξ)∫
dξ ω(ξ, η) ϵ(ξ) + fb

B(ξ)∫
dξ B(ξ) , (7.7)
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where ξ denotes the five kinematic variables characterizing of one event and η denotes the
fit parameters such as rV and r2; ω(ξ, η) is the decay intensity, and B(ξ) is a function that
describes the background; ϵ(ξ) is the reconstruction efficiency for the final state ξ and fb

is the fraction of background events. The above PDF can be rewritten as:

PDF(ξ, η) = (1− fb)S + fbB = ϵ(ξ)
[
(1− fb)

ω(ξ, η)∫
dξ ω(ξ, η) ϵ(ξ) + fb

Bϵ(ξ)∫
dξ Bϵ(ξ) ϵ(ξ)

]
, (7.8)

where Bϵ(ξ) is defined to be the background distribution corrected by the acceptance
function ϵ(ξ) [57]. By factorizing ϵ(ξ) out as a common factor, it becomes a part of the
normalization. Then the likelihood is the product of probabilities of all the events:

L =
N∏

i=1
PDF(ξi, η) =

N∏
i=1

ϵ(ξi)
[
(1− fb)

ω(ξi, η)∫
dξi ω(ξi, η) ϵ(ξi)

+ fb
Bϵ(ξi)∫

dξiBϵ(ξi) ϵ(ξi)

]
. (7.9)

In the fit, we optimize the parameters η by performing a minimization of a negative log-
likelihood (NLL):

− lnL=−
N∑

i=1
ln(ϵ(ξi))−

N∑
i=1

ln
[
(1− fb)

ω(ξi, η)∫
dξi ω(ξi, η) ϵ(ξi)

+ fb
Bϵ(ξi)∫

dξiBϵ(ξi) ϵ(ξi)

]
. (7.10)

The first term in eq. (7.10) depends only on the events and efficiency, and remains constant
during the fit. So actually we only compute the second term while performing the fit. Let
σS be

∫
dξiω(ξi, η)ϵ(ξi) and σB be

∫
dξiBϵ(ξi)ϵ(ξi). We minimize NLL:

NLL = −
N∑

i=1
ln

[
(1− fb)

ω(ξi, η)
σS

+ fb
Bϵ(ξ)
σB

]
. (7.11)

The acceptance efficiency has been considered in the calculation of the normalization inte-
gral factors σS and σB, which we calculate with MC integration using the signal MC. The
normalization integral terms can be given as:

σS =
∫
dξi ω(ξi, η) ϵ(ξi) ∝

1
Nselected

Nselected∑
k=1

ω(ξk, η)
ω(ξk, η0)

, (7.12)

σB =
∫
dξiBϵ(ξi) ϵ(ξi) ∝

1
Nselected

Nselected∑
k=1

Bϵ(ξk)
ω(ξk, η0)

. (7.13)

Here the terms η and η0 represent the values of the parameters used in the fit and those
used to produce the simulated events, respectively, while Nselected denotes the number of
the signal MC events after reconstruction and selection.

A correction γϵ is introduced to account for the potential bias caused by the tracking
and PID efficiency differences between data and MC simulations. By weighting each signal
MC event with γϵ, the MC integration is given by

σS =
∫
dξi ω(ξi, η) ϵ(ξi) ∝

1
Nselected

Nselected∑
k=1

ω(ξk, η) γϵ(ξk)
ω(ξk, η0)

. (7.14)
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The background shape is modeled with the inclusive MC and its fraction fb is fixed
according to the result of the Umiss fit. We model the background with non-parametric
functions belonging to the class RooNDKeysPDF that use an adaptive kernel-estimation
algorithm [58]. The value of ϵ(ξi) is obtained by calculating the ratio between the numbers
of selected and truth events using PHSP MC samples, which are divided into 3× 5× 4×
5 × 3 bins in the five-variable space (m2, q2, θK− , θµ, χ). For some edge bins, we merge
neighboring bins until twenty events are accumulated.

The data samples from the entire energy interval [4.128, 4.226]GeV are divided into
two groups: one group is ECM = 4.178GeV, while the other combines the intervals
ECM ∈ [4.128, 4.157]GeV and ECM ∈ [4.189, 4.226]GeV. The reason for combining the
latter intervals is their low statistics. A simultaneous fit is performed to the two groups
with the combined likelihood function:

Lab = La(ξ|η)Lb(ξ|η) =
n∏

i=1
PDFa(ξi|η)

m∏
j=1

PDFb(ξj |η), (7.15)

where ξ and η are defined as before and a, b denote the likelihood values for the two data
groups mentioned above.

7.3 PWA results

A simultaneous PWA fit is performed on the two data groups. The structure of the K+K−

system is dominated by the vector meson ϕ; nevertheless, the S-wave contribution from
the f0(980) has been considered but no significant contribution has been observed and
the effect of f0(980) on the central solution is negligible. Therefore, only the ϕ in the
K+K− system is considered in the nominal solution. In the fit, the mass and width of
ϕ are fixed to the PDG values [45]. The FF ratios rV = V (0)

A1(0) = 1.58± 0.17± 0.02 and
r2 = A2(0)

A1(0) = 0.71± 0.14± 0.02 are obtained, with a correlation coefficient ρrV ,r2 = −0.29,
where the first uncertainties are statistical and the second ones are systematic, see section 8
for their derivation. The projections of the five kinematic variables for the data are shown
in figure 3.

A possible f0(980) component, an S-wave contribution to the F10 term, is studied
by adding it to the nominal solution, where the f0(980) is parameterized with the Flatté
formula and the parameters are fixed based on the BES measurement [56]. The statistical
significance of this component is only 2.2σ as determined by the change of −2 lnL in
the PWA fits with and without this component, taking into account the change of the
number of degrees of freedom. The systematic uncertainty on the f0(980) is estimated as
0.28%, similar to the central value. By scanning the magnitude of the f0(980) component,
the posterior probability variation of the expected BF is obtained and shown in figure 4.
To take the systematic uncertainty into account, the posterior probability is convolved
with a Gaussian function with a width equal to the systematic uncertainty. The upper
limit obtained is B(D+

s → f0(980)µ+νµ) · B(f0(980) → K+K−) < 5.45 × 10−4 at 90%
credibility level.
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8 Systematic uncertainties

8.1 Branching fraction measurement

The sources of systematic uncertainty in the BF measurement are discussed below:

• N tot
ST . The uncertainty due to N tot

ST is mainly from the fits to the Mtag spectra. It is
estimated by varying the signal and background shapes in the fits to data and inclu-
sive MC sample. The alternative signal shape is obtained by varying the matching
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Source Uncertainty (%)
N tot

ST 0.5
Tracking of K± 1.8
PID of K± 0.8
Tracking of µ+ 0.3
PID of µ+ 0.4
Selection of transition γ(π0) 1.0
Tag bias 0.1
Emax

extraγ , N char
extra and Nπ0

extra 0.4
Mϕνµ and Mϕµ+ 1.0
Umiss fit 1.6
Least |∆E| 0.4
MC statistics 0.2
MC model 0.8
Quoted BF 1.0
Total 3.3

Table 3. Relative systematic uncertainties in the BF measurement.

requirement between generated and reconstructed angles from 15◦ to 10◦ and 20◦.
The alternative background shape is obtained by replacing the nominal shape to be
a third order polynomial function. The difference of the ST total efficiency-corrected
yields in data is taken as systematic uncertainty. The uncertainty arising from the
background fluctuation of the total ST yield is considered as a systematic uncer-
tainty. Adding these three terms in quadrature gives the systematic uncertainty in
N tot

ST to be 0.5%.
• K± tracking/PID efficiency. The uncertainties in the tracking and PID efficiencies

of K± are studied with a control sample of e+e− → K+K−π+π−. The momentum-
weighted data-MC differences are 1.008 ± 0.009 (1.009 ± 0.009) and 1.001 ± 0.004
(0.998 ± 0.004) arising from K+ (K−) tracking and PID efficiencies, respectively. The
signal efficiencies applied to data are corrected by these factors. The uncertainties on
these corrections are taken as the systematic uncertainties due to K± tracking and
K± PID, as listed in table 3.

• µ+ tracking/PID efficiency. The µ+ tracking and PID efficiencies are studied with a
control sample of e+e− → γµ+µ−. The data-MC differences are 0.987 ± 0.003 for µ+

tracking and 1.040 ± 0.004 for µ+ PID efficiencies. We correct the signal efficiencies
to data by these factors. The uncertainties on these corrections are taken as the
systematic uncertainties due to µ+ tracking and µ+ PID, as listed in table 3.

• Transition γ(π0) reconstruction. The efficiencies of the γ(π0) reconstruction
have been investigated with the control samples of J/ψ → π+π−π0 (e+e− →
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K+K−π+π−π0). The systematic uncertainty of the γ(π0) selection is assigned to
be 1.0% in this analysis.

• Tag bias. The ST efficiencies determined from the inclusive MC sample and those
from the signal MC sample may be different, which may cause an uncertainty asso-
ciated with the ST selection, called tag bias. With the tracking and PID efficiencies
for kaons and pions with different track multiplicities, the average difference, 0.1%,
is assigned as the systematic uncertainty due to tag bias.

• Emax
extraγ , N char

extra and Nπ0
extra. The systematic uncertainty in the Emax

extraγ , N char
extra, and

Nπ0
extra is estimated to be 0.4% with the DT hadronic sample of D+

s → K+K−π+,
a mode with tracks similar to the signal decay. The differences of the efficiencies
between the data and MC simulation is 1.035 ± 0.004. After correcting the MC
efficiency by this factor, we take 0.4% as the systematic uncertainty.

• Mϕνµ and Mϕµ+ . The uncertainties of the Mϕνµ andMϕµ+ requirements are estimated
with a control sample of D+

s → ϕe+νe, and the difference of the efficiencies between
the data and MC simulation of 1.0% is taken as the uncertainty.

• Umiss fit. The uncertainty related to the Umiss fit is estimated with alternative signal
and background shapes. The systematic uncertainty from the signal shape is esti-
mated by varying the ρ parameter of RooNDKeysPDF from 1 to 2; this increases
the smoothing. The systematic uncertainty due to the background shape is studied
by varying the relative fractions of the major backgrounds from e+e− → qq̄ and the
non-D∗+

s D−
s open charm processes by ±30%, based on the errors of input cross sec-

tions in the inclusive MC sample. Quadratic sum of the change of the fitted signal
yield for each item, 1.6%, is assigned as the systematic uncertainty in the Umiss fit.

• Least |∆E|. To estimate the systematic uncertainty in the least |∆E| method
in the selection of the transition γ(π0) from D∗+

s , we use the control samples of
D+

s → K+K−π+ and D+
s → ηπ0π+. The difference in the efficiencies of selecting

the transition γ(π0) candidates between data and MC simulation, 0.4%, is assigned
as the uncertainty.

• MC statistics. The uncertainty due to MC statistics, 0.2%, is assigned as a systematic
uncertainty.

• MC model. The systematic uncertainty of MC model is estimated by comparing
the signal efficiency obtained with the alternative signal MC samples generated by
varying the input FF ratios by ±1σ statistical error. The larger change of the signal
efficiency, 0.8%, is taken as the corresponding uncertainty.

• Quoted BF. The uncertainty of the quoted BF of ϕ→ K+K− is 1.0% [45]. We have
also examined the averaged signal efficiency by varying the quoted BFs of D∗+

s →
γD+

s and D∗+
s → π0D+

s within ±1σ and find the change of the signal efficiency is
less than 0.2%. Adding these two items in quadrature gives the total systematic
uncertainty due to the quoted BFs to be 1.0%.

The above sources are summarized in table 3. The total systematic uncertainty,
obtained by summing the contributions in quadrature, is 3.3%.
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Source rV r2

Background estimation 0.31% 0.49%
rBW 0.06% 0.28%
mV 0.95% 0.03%
mA 1.10% 2.39%
ϕ line shape 0.01% 0.07%
Efficiency corrections 0.13% 0.28%
Total 1.46% 2.47%

Table 4. Relative systematic uncertainties of the measurements of the FF ratios.

8.2 Measurement of form factors

The following sources of systematic uncertainties, summarized in table 4, have been con-
sidered in the FF ratio measurements:

• Background estimation. First, the fractions of backgrounds for the two sample
groups, i.e. fb in eq. (7.11), are varied by their corresponding statistical uncertainties,
addressing background levels. Second, an alternative MC-simulated shape is used to
examine the uncertainty arising from the background shape modeling. Alternative
background shapes are obtained with the relative fractions of the backgrounds from
e+e− → qq̄ and non-D∗+

s D−
s varied by the statistical uncertainties of their cross

sections. The differences caused by these variations are assigned as the uncertainties.

• rBW. The effective radius of the resonance is set to 3.0 (GeV/c)−1 in the nominal fit.
This value is varied from 1.0 (GeV/c)−1 to 5.0 (GeV/c)−1, taking the largest difference
in the results as the systematic uncertainties.

• mV and mA. The fixed parameters mV and mA are varied by ±100MeV/c2 to
estimate the uncertainties associated with the pole mass assumption. The differences
from the nominal result are assigned as systematic uncertainties.

• ϕ line shape. The uncertainty is estimated by varying the mass and width of the ϕ
meson by ±1σ; the largest difference is taken as systematic uncertainty.

• Efficiency corrections. These corrections compensate for efficiency differences be-
tween data and MC simulation from PID and tracking, reflected in the γϵ parameters
in eq. (7.14). The uncertainties due to the γϵ parameters are obtained by performing
the PWA while varying PID and tracking efficiencies by their uncertainties. The
difference from the nominal result is assigned as systematic uncertainty.

9 Summary

A PWA is performed on the SL decay D+
s → K+K−µ+νµ for the first time using 7.33 fb−1

of e+e− collision data collected by the BESIII detector at ECM in the range from 4.128GeV
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Experiments rV r2

PDG [45] 1.80± 0.08 0.84± 0.11
This analysis 1.58± 0.17± 0.02 0.71± 0.14± 0.02
BABAR [26] 1.807± 0.046± 0.065 0.816± 0.036± 0.030
FOCUS [59] 1.549± 0.250± 0.148 0.713± 0.202± 0.284
Theory rV r2

CCQM [5] 1.34± 0.27 0.99± 0.20
CQM [6] 1.72 0.73
LFQM [7] 1.42 0.86
LQCD [3] 1.72± 0.21 0.74± 0.12
HMχT [8] 1.80 0.52

Table 5. Measured FF ratios and comparison with previous measurements.

to 4.226GeV. The absolute BF of D+
s → ϕµ+νµ is measured as (2.25± 0.09± 0.07)× 10−2.

The precision of the BF is a factor of 4.3 better than the world average value. Combining
this result with the world average of B(D+

s → ϕe+νe) [45], the ratio of the two BFs
obtained is B(D+

s → ϕµ+νµ)/B(D+
s → ϕe+νe) = 0.94 ± 0.08, consistent with the SM

prediction. Assuming that the only S-wave contribution is from the f0(980), the process
of D+

s → f0(980)µ+νµ, f0(980) → K+K− was searched for and no significant signal was
found. The upper limit B(D+

s → f0(980)µ+νµ) · B(f0(980) → K+K−) < 5.45× 10−4 is set
at the 90% credibility level.

By assuming only the ϕ contribution, the FF ratios rV = V (0)
A1(0) = 1.58±0.17±0.02 and

r2 = A2(0)
A1(0) = 0.71± 0.14± 0.02 are extracted. These FFs measurements are summarized

in table 5 and compared to the previous measurements and the theoretical calculations.
These FF measurements are consistent with the BABAR [26] and FOCUS [59] mea-

surements. The obtained FF ratios confirm the theoretical predictions [3, 5–7], which have
been used in the determination of |Vcs| and CKM unitarity tests.
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