7%
university of 5%,
groningen YL

R

University Medical Center Groningen

University of Groningen

An intuitive approach to inventory control with optimal stopping
Van Foreest, Nicky D.; Kilic, Onur A.

Published in:
European Journal of Operational Research

DOI:
10.1016/j.ejor.2023.05.035

IMPORTANT NOTE: You are advised to consult the publisher's version (publisher's PDF) if you wish to cite from
it. Please check the document version below.

Document Version
Publisher's PDF, also known as Version of record

Publication date:
2023

Link to publication in University of Groningen/lUMCG research database

Citation for published version (APA):
Van Foreest, N. D., & Kilic, O. A. (2023). An intuitive approach to inventory control with optimal stopping.
European Journal of Operational Research, 311(3), 921-924. https://doi.org/10.1016/j.ejor.2023.05.035

Copyright
Other than for strictly personal use, it is not permitted to download or to forward/distribute the text or part of it without the consent of the
author(s) and/or copyright holder(s), unless the work is under an open content license (like Creative Commons).

The publication may also be distributed here under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license.
More information can be found on the University of Groningen website: https://www.rug.nl/library/open-access/self-archiving-pure/taverne-
amendment.

Take-down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Downloaded from the University of Groningen/lUMCG research database (Pure): http.//www.rug.nl/research/portal. For technical reasons the
number of authors shown on this cover page is limited to 10 maximum.

Download date: 01-02-2024


https://doi.org/10.1016/j.ejor.2023.05.035
https://research.rug.nl/en/publications/bf20a64a-8da9-430b-a288-fd5c83c1cd1b
https://doi.org/10.1016/j.ejor.2023.05.035

European Journal of Operational Research 311 (2023) 921-924

journal homepage: www.elsevier.com/locate/ejor

Contents lists available at ScienceDirect

European Journal of Operational Research

=
UROPEAN OURNAL OF
PERATIONAL ' ESEARCH

Production, Manufacturing, Transportation and Logistics

An intuitive approach to inventory control with optimal stopping N

Nicky D. Van Foreest*, Onur A. Kilic

Faculty of Economics and Business, University of Groningen, Groningen, The Netherlands

Check for
updates

ARTICLE INFO ABSTRACT

Article history:

Received 23 November 2022
Accepted 29 May 2023
Available online 30 May 2023

Keywords:

Inventory

Optimal stopping
Dynamic programming

In this research note, we show that a simple application of Breiman’s work on optimal stopping in 1964
leads to an elementary proof that (s,S) policies minimize the long-run average cost for periodic-review
inventory control problems. The method of proof is appealing as it only depends on the fundamental con-
cepts of renewal-reward processes, optimal stopping, dynamic programming, and root-finding. Moreover,
it leads to an efficient algorithm to compute the optimal policy parameters. If Breiman’s paper would
have received the attention it deserved, computational methods dealing with (s, S)-policies would have
been found about three decades earlier than the famous algorithm of Zheng and Federgruen (1991).

© 2023 The Authors. Published by Elsevier B.V.

This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/)

1. Introduction

The optimality of (s,S) policies for the single-item inventory
model is one of the classical results in the inventory control lit-
erature. It is discussed in virtually any book on inventory theory.
Scarf (1959) provided a first optimality proof. This work has later
been extended to a variety of inventory systems, e.g., finite or in-
finite planning horizons and long-run average cost or discounted
cost objectives. However, for about 30 years there was no efficient
procedure available to compute the optimal policy parameters. The
first relatively simple optimality proof and construction were given
by Zheng (1991) and Zheng & Federgruen (1991). We refer the
reader to Beyer et al. (2010) for an interesting and detailed dis-
cussion on the subsequent developments.

The aim of the current research note is to show that a simple
proof and construction of the long-run average optimal (s, S) pol-
icy could have been found in the 1960s if Breiman’s (1964) ideas
on optimal stopping were applied to inventory control. The ap-
proach to the proof and construction is particularly elegant. It does
not depend on ingenious (but somewhat specific) concepts such as
of K-convexity. Instead, it builds on the fundamental concepts of
embedding an optimization problem into a one-parameter family
of problems, renewal-reward processes, optimal stopping, dynamic
programming, and root-finding. Hence, it has the potential to be-
come a standard approach for inventory textbooks.

The paper is organized as follows. In Section 2, we introduce
the inventory problem and model. In Section 3, we provide a brief
overview of Breiman’s study. In Section 4, we provide the opti-
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mality proof and an efficient algorithm to compute the optimal
policy. In Section 5, we discuss how the presented approach re-
lates to the existing literature and establish directions for further
research.

2. Inventory problem and model

We consider a periodic-review inventory system with backlog-
ging. The demands per period {Y;} form a sequence of independent
random variables each distributed as the common non-negative
and integer-valued random variable Y. We let Y be the lead time
demand if there is a (constant) replenishment lead time. The prob-
ability mass of Y is given by p; =P(Y = j). We write (Pf)(i) =
E[f(i~Y)] = Xm0 Pif i = )-

Let I, be the (post-replenishment) inventory level at the start of
period n. The inventory process I = {I} is controlled by an inven-
tory policy 7t that decides whether to order or not, and if so, the
order quantity. In case no replenishment is placed at period n, the
inventory level in the next period is I, 1 = I — Yy, otherwise, it is
Iny1 > In — Yq. We say that a new replenishment cycle starts every
period in which a replenishment occurs. Like this, the inventory
system progresses from one cycle to the next under policy 7.

We let c(-) be the inventory (holding and shortage) cost func-
tion. The system incurs an (end-of period) expected cost L(i) =
(Pc)(i) when the inventory level is i at the start of the period.
We assume that c(-) is such that L(i) is quasi-convex and be-
comes sufficiently large when i — +oo to ensure that it is not
optimal to let the inventory drift to +oo, either by not ordering
at all or by ordering too much on average. Besides the inventory
cost, the system incurs a fixed replenishment cost K > 0 for each
replenishment.

0377-2217/© 2023 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/)
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We define the long-run average cost under policy 7w as

m
V; = limsupE, 1 > (cln = Yn) + K1{ly > Iy — Yo 1})
m=eo m n=1
where 1{.} is the indicator function, Iy is the (known) starting in-
ventory level and Yy := 0.

In the remainder of the paper we will be concerned with three
objectives. The first is to show that there is a policy that achieves
the minimal long-run average cost, in other words, there exists a
policy * with long-run average cost

V. =inf Vs (1)

The second is to prove that the optimal policy 7* has an (s, S)
structure. That is, it is optimal to start each cycle at the same in-
ventory level S and only place an order when the inventory be-
comes less than or equal to s. The third is to devise an efficient
procedure to compute the optimal policy parameters s and S.

3. An overview of Breiman’s study

In our analysis, we use several ideas of Breiman (1964) to
achieve the objectives mentioned above. But before doing so, it
seems fitting to provide a brief overview of the relevant parts of
Breiman’s study. Sections 10.1-10.4 introduce the concept of an
optimal stopping problem. Section 10.5 explains that any stopping
rule for a Markov chain can be characterized by two disjoint sub-
sets of the state space: a stopping set D and a continuation set C.
Evidently, the rule tells us to continue when the chain is in C and
to stop when it hits D. Section 10.7 uses dynamic programming
to find the value function i — V(i) which provides us with the ex-
pected payoff starting in some state i until stopping, under the op-
timal rule. Once V is known, the optimal stopping set can be iden-
tified as the set of states i in which V(i) is equal to the reward
of stopping directly in state i. The problem of finding the optimal
stopping set can be greatly simplified if there exists a set of un-
favorable states in which a penalty must be paid to continue and
the chain can never leave this set by continuing. Section 10.9 de-
fines this as an entrance fee problem. Now, stopping rules cannot
be immediately applied to repetitive problems where the system
can return to the origin and start anew at the expense of a fee. To
handle such cases, Section 10.13 discusses renewal rules and Sec-
tion 10.14 explains how to use renewal reward theory to reduce
finding an optimal renewal rule for a repetitive problem to finding
an optimal stopping rule for just one cycle. The work culminates
in Theorem 10.5 which shows that optimal control rules for re-
newal problems can be found by embedding such problems in a
one-parameter family of stopping-rule problems.

For the purposes of our study, we apply the aforementioned
ideas in the reverse order. That is, we initially consider the prob-
lem of minimizing the total cost over a single replenishment cy-
cle and embed it into a one-parameter family of optimal stop-
ping problems. Then, we reduce this problem to an entrance-fee
problem and characterize the associated optimal policy. Next, we
show there exists a parameter value for which this optimal pol-
icy minimizes the long-run average cost when applied repetitively
over consecutive replenishment cycles. This suffices to prove that
the long-run average cost optimal policy is an (s, S) policy. Finally,
we develop an efficient numerical method to compute the opti-
mal policy parameters. In the following, we provide the details of
this sketch and provide references to specific sections of Breiman
(1964).

4. Proof and construction of an optimal policy

Suppose that we receive a reward g > 0 per period to cover the
cost we make to operate the inventory system. In this case the ex-
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pected inventory cost per period is L(-) — g rather than L(-), so that
when L(i) — g < 0 we make a net profit. Now consider a cycle in
which the inventory level starts at i and we have a rule t that tell
us when to stop the cycle. We can write the expected cost over
this cycle as v(i, 7) = K + Ei[ Y 5_; (L) — 9)]-

We now consider the problem of finding the stopping time that
minimizes the expected cycle cost for a given starting inventory
level. Following Breiman (1964, Section 10.5), we can formulate
this problem as an optimal stopping problem in which the goal is
to compute the value function

v(i) = irrlfv(i, T)=K+ iIr]fEi XT:(L(I,]) -2 |

n=1

(2)

To solve this optimal stopping problem we introduce two cru-
cially important sets, namely the stopping and continuation sets.
These are respectively defined as

D={i:i<s} and C={i:L(i))—g<0} (3)

where

s=minC—-1.

(4)

Notice that the optimal stopping problem is trivial if C is empty.
Then it is optimal to stop right away at any inventory level, and,
we have v(-) = K. Therefore we assume henceforth that g is suffi-
ciently large so that C is non-empty. It is clear from its definition
that C is closed and bounded as the expected cost function L(i)
is quasi-convex and becomes sufficiently large when i — +oo. This
suggests that s is well-defined and D is non-empty.

We now characterize the optimal stopping rule for starting in-
ventory levels in D and C. It is evident that it is optimal to stop
in D, as it immediately follows by the definition of D and the quasi-
convexity of L that L(i) —g > 0 for all i € D. Hence, the inventory
process can never escape from D without issuing a replenishment
order. The following lemma is directly based on Breiman (1964,
Section 10.9) and establishes the optimal stopping rule for inven-
tory levels in C.

Lemma 4.1. The optimal stopping rule T that solves (2) for i e C is
7 =inf{n: I, e D}. (5)

The results presented above are critical as they show that the
optimal stopping rule is the same for all starting inventory levels
in D and C. That is, it is optimal to stop when the inventory process
hits D. We remark that we have not yet considered the optimal
stopping time for inventory levels that are neither in D or C. It will
be clear later on that such inventory levels are not relevant for the
analysis of the optimal inventory control policy.

Having established the optimal stopping time that minimizes
the expected cycle cost, we now turn our attention to the optimal
starting inventory level. The value function v gives the expected
cycle cost. Hence, we can minimize the expected cycle cost by ini-
tiating the cycle at an inventory level where v attains its minimum.

It follows from Breiman (1964, Section 10.7) that the value
function v can alternatively be expressed as the solution of the dy-
namic programming equation

v(i) = min{K, L(i) — g+ (Pv)(i)}. (6)

This equation can easily be solved from left to right, provided
the stopping and continuation sets. That is, on D we take v(i) = K
and on C we use v(i) =L(i) —g+ (Pv)(i) where (Pv)(i) only de-
pends on v(-) to its left as demand is non-negative.

The next lemma uses the above characterization of the value
function and provides an upper bound for its minimizer.

Lemma 4.2. There is a minimizer S of v that lies in C.
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Proof. We establish the proof by showing that L(S) — g < 0, which
implies that S e C. Let us first observe that v(i) =K on D and
v(i) <K on C. The former is evident. The latter follows from
L(i) —g <0 which suggests v(i) <L(i)—g+ (Pv)(i) < (Pv)(i) <
PK = K. Thus we immediately have that the minimizer S can-
not be in D and it should satisfy v(S) <K. Then, it follows
from (6) that v(S) = L(S) — g+ (Pv)(S). We proceed by contradic-
tion. Suppose L(S) —g > 0. Then we must have v(S) =L(S) —g+
(Pv)(S) > (Pv)(S). But this cannot be true as the expectation of a
function cannot be strictly lower than its minimum. Finally, sup-
pose L(S) —g=0. Then we must have v(S) =L(S) —g+ (Pv)(S) =
(Pv)(S) =30 pjv(S — j). There are two possibilities. First, we
may have minj,o{v(S - j)} < v(S) < max;,o{v(S— j)}. This cannot
be true as it suggests that the minimum of v(-) must lie to the
left of S. Second, we may have v(S) = v(S—j) for all j >0 with
p;j > 0. This cannot be true if there is a j >0 with p; >0 such
that S — j € C. Otherwise, we can apply the same reasoning to S — j.
This completes the proof. O

The policy that solves the optimal stopping problem is also an
applicable policy for the original problem (1). The next lemma
sheds light onto the average cycle cost of such a policy.

Lemma 4.3. Let (S, T) be the policy that solves the optimal stopping
problem given a reward g. If the expected cycle cost of this policy is
negative (positive), then its average cycle cost

K+ Es[Yn_4 L]
Es[7]

is smaller (larger) than g.

Proof. Suppose that the average cycle cost v(S) is negative. Then
we have from (2) that

0>v(S) =K+ ES[Z(L(In) g)}

n=1

=K +Es [an)] ~ gEs[7]

n=1

which implies that the long-run average cost is smaller than g. The
same reasoning applies to the opposite claim. O

Lemma 4.3 immediately translates into a method for finding
a policy with minimum average cycle cost. It is evident that the
expected cycle cost is decreasing in g. Hence, by solving a series
of optimal stopping problems with different rewards one can con-
verge to a reward g* for which the expected cycle cost is zero. The
average cycle cost of this policy will be exactly g*. We discuss this
procedure further at the end of this section.

The policy that minimizes the average cycle cost can be used
cycle after cycle. It is clear that the long-run average cost of the
policy is independent of the starting inventory level, as the inven-
tory process reaches the stopping set from any inventory level in
finite time at finite cost. Then, we have from the renewal-reward
theorem that its long-run average cost is equal to its average cy-
cle cost. We do not yet know whether this policy is the long-run
average cost optimal policy that solves (1). Breiman (1964, Sec-
tion 10.14) shows that this is indeed the case.

Lemma 4.4. Let g* be the reward such that the expected cycle cost
of the policy that solves the associated optimal stopping problem is
zero. Then, this policy is also the long-run average cost optimal and
its long-run average cost is g*.

Proof. In Breiman’s (1964, Section 10.14) terminology, the inven-
tory control problem (1) is a binary decision renewal problem with
origin S. The cost to return to the origin is K, the incentive fee
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is —L(i), and the time of return to the origin is 0. With this, the
claim directly follows from Breiman (1964, Theorem 10.5). O

We can now establish the optimality of (s, S) policies as an im-
mediate consequence of the result presented above.

Theorem 4.5. The long-run average cost optimal policy is an (s, S)
policy.

Proof. It is sufficient to show that the policy that solves the op-
timal stopping problem for any given reward g is an (s, S) policy.
The optimal policy always initiates a cycle at the same inventory
level in S in C, and it stops whenever the inventory process hits D.
This is clearly an (s,S) policy with s as the right boundary of D,
and S as the minimizer of v on C. O

We have thus far achieved the first two objectives mentioned
in the previous section. We now consider the third objective and
devise an efficient procedure to compute the optimal policy pa-
rameters. The procedure proceeds with the steps described below.

1. Define bounds g_ and g, such that the optimal long-run aver-
age cost g* is an element of (g_, g, |. For instance, g_ = min L(i)
and g, =g_ +K are sensible options because if g < g_ the re-
ward is smaller than the minimum achievable cost per period
and if g > g, the reward is larger than the average cost under
the optimal base stock policy.

. Use a root finding algorithm to choose g e (g_,g].

. For the current g, identify D, C, and, s as in (3) and (4). Com-
pute v(-) on C with the dynamic programming Eq. (6) and find
S where it attains the minimum.

. Terminate if v(S) is sufficiently close to zero (for a more refined
termination criterion see Corollary 4.7). Otherwise, if v(S) <0
set g, =g and if v(S) > 0 set g_ =g, and return to Step 2.

The procedure outlined above is computationally efficient as it
converges exponentially fast and requires only a line search over a
limited domain in each iteration. It is also conceptually simple and
can be coded in a few lines.

Finally, we establish a result that leads to a simple and more
efficient termination criterion for our procedure.

Lemma 4.6. Suppose there exists an optimal policy that solves the
optimal stopping problem for rewards g_ and g, with g_ < g,. Then
this policy also solves the optimal stopping problem for any ge
(8-.8+).

Proof. Because the optimal policies are the same for the rewards
g_ and g, the continuation set C must be the same for g_ and g,.
Then, it follows from (3) that C is also the same for any ge
(g-,g+). This in turn implies that the stopping time 7 is the same
for g < [g_,g+]. Hence, it suffices to show that the value function
is minimized at the same S for all rewards on [g_, g.].

To denote the dependence on the reward ge (g_,g:), we
use a subscript and write the value function as vg(i) =K+
Ei[ X251 (L) — &) ], where 7 is the (common) optimal stopping
time. Then, we see that

Vg (1) — vg(i) = (g — g-)Ei[T],
Vg (i=1) —vg(i—1) = (g— 8- )Eiq[7]
If we subtract these equations, we obtain
Vg (i) —vg (i—1) = vg(i) —vg(i—1) + (g — &) (Ei[T] — Ei4[T]).

Observe that g—g_ >0 and Ejt]—E;_{[t]> 0. Therefore, we
have vg_ (i) —vg_(i—1) > vg(i) —vg(i—1) for all i € C. Also, by as-
sumption, S is a minimizer of vy_, hence, v;_(S—1) > v5_(S),
which in turn implies that 0 > vg_(S) — vg_ (S — 1). Combining this
with the previous inequality, we obtain

0> (S) =g (S—1)=1e(S) —1g(S—1),



N.D. Van Foreest and O.A. Kilic

which immediately shows that S — 1 cannot be a minimizer of vg.
We can use similar reasoning to see that as S is a minimizer
for vg,, then S+ 1 cannot be the minimizer for vg. O

Corollary 4.7. If the lower and upper bounds of g yield the same pol-
icy, then this policy is optimal.

5. Discussion

In this paper, we showed that simple methods to establish the
existence and characterization of optimal policies and efficient nu-
merical procedures to compute optimal policy parameters could
have been developed much earlier if stochastic inventory problems
were looked through the lens of optimal stopping theory, based
on Breiman's (1964) results. To that end, we focused on the clas-
sical periodic-review stochastic inventory problem with convex in-
ventory costs under the long-run average cost criterion—a prob-
lem which has been subjected to detailed scrutiny (see e.g. Beyer &
Sethi, 1999; Feng & Xiao, 2000; Iglehart, 1963; Tijms, 1986; Veinott
& Wagner, 1965; Zheng, 1991; Zheng & Federgruen, 1991). We now
conclude with a brief discussion on how the presented approach
relates to the existing literature.

Our approach combines and builds upon concepts of renewal-
reward processes, optimal stopping, dynamic programming, and
root-finding; yet it follows a rather simple recipe. That is, de-
compose the overall inventory problem into replenishment cycles—
which is possible due to the renewal-reward structure of the
problem—and formulate the sub-problem associated with a sin-
gle replenishment cycle as a parametric optimal stopping problem.
The cycle decomposition and parametric optimization ideas have
already been used for the very problem we consider in this study.
Zheng (1991) uses cycle decomposition in his proof of the opti-
mality of (s,S) policies. Feng & Xiao (2000) employ cycle decom-
position and parametric optimization in their method of finding
optimal (s,S) policies. Their computational method is perfectly in
line with the procedure outlined in the current manuscript, despite
they do not depart from the optimal stopping characterization of
the underlying problem. They also present further algorithmic re-
finements and conduct a detailed comparative study that shows
their method outperforms Zheng & Federgruen’s (1991) well-
known algorithm with respect to computational efficiency. Like the
aforementioned studies, we rely on the renewal-reward structure
of the inventory system. The point we deviate is formulating the
parametric problem as an optimal stopping problem. This enables
us to directly use Breiman’s (1964) results in establishing the op-
timality of (s,S) policies and computing the optimal policy pa-
rameters. Bell (1970) considers the discounted cost counterpart of
the problem and uses a very similar approach to ours where the
sub-problem is formulated as an optimal stopping problem. This
permits him to limit the search space of optimal policy parame-
ters and improve on Veinott & Wagner’s (1965) algorithm. In con-
trast, we iteratively solve a sequence of optimal stopping prob-
lems which eventually lead to the optimal policy. There are also
studies that use cycle decomposition and parametric optimization
to establish proofs and computational methods of optimal poli-
cies for problems beyond the periodic-review stochastic inventory
problem with convex inventory costs. For instance, Chen & Feng
(2006) consider inventory problems with non-quasi-convex costs,
Feng & Chen (2011) focus on joint inventory and pricing problems,
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Foreest & Wijngaard (2014) address production-inventory systems.
Germs et al. (2016) consider production-clearing systems. In all
these studies, the analysis rests on exploiting the renewal-reward
structure of the underlying inventory system, and follows by cy-
cle decomposition and parametric optimization where the sub-
problem is tailored to account for the specifications of the prob-
lem.

We note that there also are other studies that approach inven-
tory problems with methods of optimal stopping (see e.g. Berling
& Martinez-de Albéniz, 2011; Frenk et al., 2019; Oh & Ozer, 2016;
Ozyoruk et al., 2022; Shi & Liu, 2020; Weiss, 1980). We do not pro-
vide a detailed account of these since they have little resemblance
to our work as they do not use optimal stopping in conjunction
with the renewal-reward structure of the inventory systems.
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