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Abstract

Otávio Bueno has pointed out an interesting and relevant topic about
quantification. He stresses that the meaning of quantifiers can have a
sense if and only if the entities being quantified have well defined identity
conditions. In this paper we discuss his view and show that this is not the
case in all situations, being quite reasonable to quantify also over entities
to which identity conditions fail to hold.
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“[A] Bose-Einstein condensate [is] a cloud
of atoms all occupying the same quantum
mechanical state.”

[Ketterle et al., 1999], my emphasis

1 Introduction

Otávio Bueno is a bright philosopher who has contributed a lot on the phi-
losophy of logic and in the logical and metaphysical foundations of quantum
physics. In this discussion about quantifiers, he addresses that the meaning
of quantification requires that the quantified entities do have identity condi-
tions and need to be counted [Bueno, 2023]. His argumentation is clear and
well done but in my opinion, despite he considers also ‘non-standard’ cases, is
grounded on a classical way of thinking. In this paper I will revise some of the
main points of his arguments. Then I show that quantification makes sense also
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for entities to which the standard notion of identity fails do hold; in particular,
these entities cannot be counted in the usual way. The relevant cases are, of
course, taken from quantum physics.

The quotation of the epigraph came from a Nobel Prize winner (W. Ketterle)
and collaborators. Ketterle received the prize working with bosonic conden-
sates. In such condensates, a wide quantity of bosons are cooled to quite near
the absolute zero and in such a situation, they became ‘a big wave’, behav-
ing as , all in they were just one thing, sharing the same quantum state (see
[Leggett, 2009] for an explanation). In such a situation, there are no differ-
ences among the bosons that form the BEC, not even in principle (see also
[Krause, 2024, Ketterle, 1999]).

In the quotation it is emphasised that in forming such quantum systems,
the indistinguishability of the involved ‘particles’ is important, even essential;
as the (also) Nobel Prize winner Frank Wilkzek (with Betsy Devine) says, “In
the microworld, we need uniformity of the strongest kind: complete indistin-
guishability.” [Wilczek and Devine, 1987] Ketterle et al. phrase, as we can see,
makes reference to all elements in a BEC (a Bose-Einstein condensate), that is,
they are making use of an universal quantifier being applied to entities that
cannot be discerned from one each other. In such situations, bosons don’t have
well defined identity conditions; more than that, we cannot attribute an identity
to a particular boson in any way, and in special they cannot be counted in the
standard sense; it is agreed that quantum entities are not ‘things’ like the objects
of our surroundings. Thus, this sample case shows that we really make use
of a quantified language even when the considered entities to fulfil any notion
of identity and that cannot be counted by standard means. We shall consider
this situation with more care in what follows. Another example involving the
existential quantifier will be considered soon.

2 Standard quantification

In classical logic (and also in most logical systems), there is an analogy between
∀, ∃, and ∧, ∨ [Kleene, 1952, p.177]. When interpreted in a finite non-empty
domain D = {a1, . . . , an}, the formula ∀xα(x) is synonymous with α(x1) ∧ . . . ∧
α(xn), where x1, . . . , xn are formal names for a1, . . . , an respectively. In the same
vein, ∃xα(x) is synonymous with α(x1) ∨ . . . ∨ α(xn). Thus it is quite clear what
is to mean that the elements of the domain need to have well defined identities.
The infinite case would require infinitely long formulas, but the reasoning is
the same: quantification seems to require identity; when we say that some entity
has a certain property, we generally don’t wish to say that all of them have the
property, so some distinction among them need to be considered.

The semantics of quantification is also something that requires identity, as
recalled by Bueno. Standard semantics, that is, one made in a standard set
theory such as ZFC, says that given a structure A with domain D , ∅, then a
sequence s of elements of D satisfies the formula ∀xα(x) iff every sequence s′ of
elements of D that differ from s in at most the component that corresponds to
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x satisfy α(x). The condition for the existential quantifier is given accordingly
[Mendelson, 1997, pp.59-60]. As Bueno observes, in order a sequence to differ
from another in some place identity is required.

We observe that this is so in standard semantics, and similar things can be
concluded in any kind of semantics we take into account. But Bueno himself
defined in [Bueno, 2000] a semantics for a quantificational logic constructed
in the theory of quasi-sets [de Barros et al., 2023, French and Krause, 2006] where
there may exist entities devoid of identity conditions, and one can see there how
to introduce corresponding notions of satisfaction and truth for domains with
elements without identity. Apparently, in his new works, he didn’t considered
his own previous paper. More on this below.

3 Bueno’s arguments and comments

Bueno is one of the few philosophers who, when speaks about identity, says
what he understand by this notion. According to him, identity is an equivalence
relation that obeys substitutivity.1 Let us accept this first-order definition. His
arguments go also to claim that “quantification requires counting”. We will
start with this last remark.

Counting and the attribution of cardinals — Bueno didn’t say what is count-
ing. But from his general ideas, we can presume that to count some things is to
give an association from the things to an initial segment of the natural numbers,
say from 1 to n. Since he not always work in a set-theoretical framework, we
shall avoid to say that such an ‘association’ can be characterised by an injective
function leaving it to an informal level. But it is clear that such a counting
requires identity of the counted things.

Comment — Take the fingers of my left hand and let us count them. I can
think of an informal and intuitive association such as ‘thumb ↔ 1’, ‘index ↔
2’, ‘middle↔ 3’, ‘ring↔ 4’ and ‘little↔ 5’. The association of course requires
that the fingers have identity and that they are different from one each other.
Furthermore, we can elaborate quantificational sentences such as ‘there exists
a finger in my left hand which is named ”the ring finger” ’ or then ‘all fingers
of my left hand are distinct from one each other’.

This informal and naı̈ve way of counting has to considered with some care.
We should recall the very important work by Patrick Suppes and collabora-
tors in the Theory of Measurement [Scott and Suppes, 1958]. One of the main
ideas is that, as says Suppes, “we cannot literally take a number in our hands
and ‘apply’ it to a physical object.” We need representation, which is usually
given by mathematical structures, that is, as Suppes recalls us, “What we can

1Let us recall that this is the first-order theory of identity. In higher order logics, identity can be
defined by Leibniz Law, but the main idea remains intact: every object is an individual.
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show is that the structure of a set of phenomena under certain empirical oper-
ations and relations is the same as the structure of some set of numbers under
corresponding arithmetical operations and relations.” [Suppes, 1998]

We agree that the informal association between numbers and my fingers
is just intuitive and not very useful in the practice of science; for instance it
does not account for the attribution of a certain number of electrons to a certain
atomic shell, as we shall see below. Furthermore, what about a great number
of physical objects or even an infinite number of them ? (even if there are no an
infinite number of physical objects, the idea makes sense and, after all, in our
account mathematical entities are also ‘objects’ in some sense).

The most precise way of counting a number of elements is by means of
the resources of set theory.2 Usually we represent the objects to be counted as
elements of a set and them use the fact that to every set we can associate an
ordinal (in the presence of the Axiom of Choice); the least ordinal equinumerous
with the set is its cardinal. This move, of course, involves several assumptions,
such as that the elements to be counted are members of a set, which makes
them distinct from one each other (in standard set theories), that we can define
a bijection between the set and the cardinal, etc. In my opinion, we can apply
mathematics (and logic) to reality only in very restrictive cases; the general
account requires representation by means of mathematical structures (usually,
sets).3

But we can also form quantificational sentences involving elements that are
not individuals; to understand what I mean, let me define individual as something
that obeys the theory of identity defined above (let us term it ‘STI’ for Standard
Theory of Identity). One of the main characteristics of such a theory is that
every object that satisfies it preserves its identity in different contexts or time;
so we can use H. Reichenbach’s word borrowed from the Gestalt psychologist
Kurt Lewin, genidentity: individuals have genidentity, what means that they are
always the same in different contexts. If I have made reference to my ring finger
once, when I refer to it again I shall be referring to the same finger and, more
importantly, I can identify it again in different contexts, say when washing my
left hand. I shall say that individuals do enable re-identification.

But now consider the two electrons in a neutral Helium atom. They have
a quantum property called ‘spin’, which can be measured in a given direction
and produce as outputs either UP or DOWN but never both at once (these are
just names for the distinct outputs). Then, consider a direction, the z-direction;
we can state that ‘there exists one electron (of the He atom, etc.) with spin UP
in the z-direction’, which is a quantificational sentence. Quantum physics says
that before measurement, the state of the join system of the two electrons is
an entangled state; this means that the state cannot be ‘factorized’ (or simply
‘separated’) into two states, one for each electron. The system must be seen as
a whole. Only after the measurement we can know the direction of the spin of

2But of course not necessarily; we can use higher-order logics or category theory to provide
a way of counting. But the main idea remains: the intuitive association of numbers to physical
objects has only a very restrict application, and has no logical meaning at all.

3About representation in this sense, see [Suppes, 2002, Frigg, 2023].

4



the measured electron and if one of them is UP, the other will be DOWN.
Can we count these electrons before measurement? Not at all! There is no

sense in defining an association from the electrons and the natural numbers 1
and 2. Of course we can numerate them or call them ‘Peter’ and ‘Paul’, but these
numbers or names are not proper names according to standard semantics; they
do not act as rigid designators, being nothing more than mock names, provisory
labels that mean nothing at all. Even if we define an association ‘Peter↔ 1’ and
‘Paul↔ 2’, we cannot make sense to the idea that we can know which electron
is Peter and which electron is Paul, contrary to what happens with my fingers
and with individuals in general.

Furthermore, we can ionise the neutral atom and expunge an electron, get-
ting a cation (a positive ion) He+. The cation has now just one electron and
you can ask: which electron was expunged? Peter or Paul? Quantum physics
will say that such a question has no sense. Furthermore, the expunged electron
does not preserve its supposed identification; once out of the atom, never more
we shall be able to ‘take it again’: electrons, so as all quantum entities, do not
have genidentity. Even if we make the cation to absorb an electron turning an
He neutral atom again, we shall never be able to say that the captured electron
is the same than the expunged one or that the ‘new’ neutral atom is the same
as the old neutral atom we had before, despite they have all the same prop-
erties. It should be beyond doubt that Leibniz’s Principle of the Identity of
Indiscernibles (PII) is being questioned here.

In most situations, there is no counting in the quantum domain. Even in the
case of fermions such as electrons, which must obey Pauli’s Exclusion Principle
which says that they cannot have the same quantum numbers, it would be
wrong to say that they are ‘different’ by this reason. In fact, despite presenting
a difference, which makes them distinguishable, this does not entail that they are
individuals having identity. Let us exemplify in order to make things clear.

Suppose now that we have an atom with many electrons. Chemistry tells us
how to know how many electrons there can be in each energy level, that is, how
to attribute a quantity, a natural number, without counting or identifying the
electrons. For instance, how can we know that in the second energy level there
can be eight electrons? The answer is done by quantum numbers, which result
from the solutions of the suitable Schrödinger equation.4 In the case of the
second energy level, we have n = 2 (the principal quantum number, indicating
the level), ℓ = 0, 1 (the angular momentum quantum number), −ℓ ≤ mℓ ≤ ℓ (the
magnetic quantum number) and ms ∈ {1/2,−1/2} (the spin quantum number).
So, for ℓ = 0, mℓ = 0 and ms ∈ {1/2,−1/2}, which gives us two electrons. If
ℓ = 1, then mℓ ∈ {−1, 0, 1} and ms ∈ {1/2,−1/2} for each value of mℓ, which gives
us six electrons. Then, 2+6=8 and we have eight places for electrons, whatever
they are: the important thing is that the places are occupied with electrons;
their ‘identities’ do not matter (by they way, they don’t even exist!). Note: no
counting, no identities: just kinds (of things) and quantities.

4A very clear explanation about ‘how quantum numbers arise from the Schrödinger
equation’ can be found in the HyperPhysics homepage: http://hyperphysics.phy-
astr.gsu.edu/hbase/hph.html.
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But we can form the quantificational sentence ‘There exists an electron in the
second energy level with quantum numbers n = 2, ℓ = 0, mℓ = 0 and ms = 1/2.’
Does this description provide an identity to the sole electron obeying it? Again,
not at all. Electrons can jump from one energy level to another and even if some
electron goes back to its original level, we shall never be able to say that it was
the same electron that has jumped and went back! We can have quantificational
sentences with no identity.

Some could say that the referred quantum numbers give an identity to the
electron while it is there, that is, while it is in the referred shell. But once we
agree that in order to be qualified as an individual something must obey re-
identification (if Julius Caesar was not the same man while in Rome and while
in Egypt, we surely would have troubles with our historical explanations), but
quantum entities don’t have it. So, despite temporarily isolated, it cannot be
qualified as something having identity, which would entail that it could be re-
identified other times (the case of Hans Dehmelt trapped positron was analysed
in [Krause, 2011]).

Non-individuals and the use of variables — The view that quantum entities
are viewed as non-individuals, meaning that they are not individuals obeying
STI, a notion borrowed from some founding fathers of quantum mechanics
such as Schrödinger, Weyl, Born and others, was termed the Received View
(RV) [French and Krause, 2006, French, 2019].5 But we need to take into account
that the RV claims that it is that notion of identity formalised in the STI that
would not hold for such entities. The reason is simple: if they obey STI, in
being more than one they are necessarily different and this implies the existence
of a predicate which is satisfied by just one of them; remember that some form
of Leibniz’s PII holds in STI: ‘complete’ indistinguishability, that is, agreement
with respect to all properties, implies identity and reciprocally. But the given
case of Bose-Einstein condensation clearly shows that this is not always the
case in the quantum domain.

The RV is grounded on a mathematical theory called quasi-set theory (for de-
tails, see [French and Krause, 2006, de Barros et al., 2023]). This theory admits
the existence of quasi-sets (‘qsets’) whose elements may be completely indis-
cernible and such that the standard notion of identity (STI) does not hold for
them. Even so, the qset may have a cardinal, its quasi-cardinal. We shall not dis-
cuss here the way to attribute a cardinal to a collection of things that do not have
identity, but indicate [Krause, 2024, Wajch, 2023]. One of the primitive notions
of the theory is indistinguishability, treated as a binary relation ‘≡’ which has the
properties of an equivalence relation, but fail to obey substitutivity; hence, it is
not the identity of STI.

Bueno claims that in postulating that ∀x∀y(x ≡ y → y ≡ x), the theory is
incurring into a mistake, since the variables would range over qsets requiring

5These forerunners of quantum mechanics didn’t speak of STI or of identity in logical terms.
But we should acknowledge that the core idea of STI is to formalise the intuitive idea of identity as
that thing an object has that makes it the object it is.
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identity. Our answer is as follows. Take quantum physics once more, which is
the paradigmatic case of the RV. Take a neutral Sodium atom whose electronic
decomposition reads 1s2 2s2 2p6 3s1. We can say (by means of a quantified
sentence) that all the electrons are either in the levels I or II or III, but we are not
requiring their identities in the sense of STI. In a simplified form just to clarify,
the sentence would be written as (with obvious meanings and the variable
ranging over the qset of the electrons of the atom)

∀x(x ∈ Na→ x ∈ I ∨ x ∈ II ∨ x ∈ III), (1)

that is, a quantified sentence with no identified (as individuals) the quantified
objects.

Bueno also mentions the reflexive law, namely, ∀x(x ≡ x), saying that the
variable x would refer to the same object in all occurrences. Well, syntacti-
cally, this sentence is equivalent to ∀y(y ≡ y), and we could put in question
whether x and y are referring to ‘the same’ things. But within the standard
understanding, of course they are. Our remark is just that in saying that, Bueno
is speaking semantically, so we need to interpret the sentence and of course it
would be a categorical mistake to claim that the interpretation would assume
some standard set whose elements have identity.

Comment — In a join paper [da Costa et al., 1995], Bueno says the following
when discussing semantics for non-classical logical systems:

“a set theoretical semantics for a non-classical logic (. . . ) being
constructed within classical set theory, (. . . ) reveals itself, from a
philosophical perspective, completely unsatisfactory. One reintro-
duces, so to speak, by the backdoors, exactly what was intended to
be left on the entrance!

This is in fact true; a ‘classical semantics’ is usually grounded on classical
logic, so departing from the very intention of the non-classical system. The
semantics would be consonant with the logic. Their case is not one involving
identity or the lack of it, but applies quite well to this case. If a semantics for a
logic where the identity of STI is being left out for some entities is elaborated in
a ‘classical set theory’ such as the ZFC system, we will enabling the identity to
enter by the backdoor! We need to read differently, as the mentioned authors
suggest.

In our sample case, when we say that the indistinguishability relation ap-
plies to all elements of a quasi-set, even if they lack identity conditions, we
mean precisely this: it holds for all elements. As the philosopher Joseh Melia
said, “if logician’s ‘∀’ doesn’t mean ‘all’, what does it mean?” [Melia, 1995].
Even if the quasi-cardinal of the qset is finite, say n, in this case there is no the
‘analogy’ with ∧ put before; it has no sense to associate the universal quantifier
with a sentence of the form α(x1) ∧ . . . ∧ α(xn) since the x j do not act as names
of the entities. The interpretation of the quantifiers must be different.
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The interested reader can find in [French and Krause, 2006, Chap.8] a se-
mantics for an intensional ‘Schrödinger logic’ built in the theory of quasi-sets;
there, it is shown how quantified sentences behave semantically in the presence
of entities devoid of identity conditions.

The collapse of quantifiers — Bueno argues that if we have a collection of
indistinguishable things and some of them has some property, them all of them
will have the property; so, ‘there exists one’ will imply ‘all of them’, and the
existential and the universal quantifier would collapse. Let us comment on this
idea.

Comment — Bueno starts his discussion by positing the following: “Suppose
one of them [from a collection of indistinguishable non-individuals] is F, [so
that] F(a).”6

We may ask: what is ‘a’? In classical logic, a is a term, a linguistic expression
that denotes an individual of the domain of the interpretation, which is sup-
posed to be (in most cases) a non-empty set D. Of course Bueno’s sentence is
not specifying which individual is a F, but as an element of a set, it ‘has identity’
(ascribed by STI in standard semantics).

Now suppose we have a collection of indiscernible non-individuals. Note
that it is not enough to say that they are non-individuals simpliciter since even
non-individuals can be discerned by their kinds (as electrons from protons and
muons). As a typical example, let us take again a neutral Sodium atom 1s2

2s2 2p6 3s1. The quantum numbers of the electron in the outer shell may be
n = 2, l = 0,ml = 0,ms = 1/2. Call this property F and name the electron ‘a’.
So F(a) and you can infer that ∃xF(x), where x is an individual variable ranging
over the quasi-set of the electrons of the atom. Bueno adds:

“since non-individuals are [better: maybe] indistinguishable and
identity [given by STI] does not apply to them, if a non-individual
a is F, then all non-individuals indistinguishable from a are also F
(. . . ) therefore ∀xF(x).”

In the Sodium atom, there exists an electron in the valence shell, that is, ∃xF(x).
But we would agree that (according to the above discussion) in order to say
that a obeys STI, it needs to be identified as such in other contexts. But suppose
our valence electron jumps to another orbital (and electrons do that!). Suppose
in addition that some electron went back to the 3s sub-shell. Can we say that it
is the same electron that went back? As already discussed, not at all! Despite
it makes perfect sense to say that there exists an electron in the outer shell and
that we cannot identify it, contrary to what happens in classical settings where
even if only in principle you can always identify the referent of a, this does not
imply that all electrons are in the outer shell. The physicist Anthony Zee gives
another example of a similar situation, but to revise it here would demand a lot
of space (see [Zee, 2023, p.299ff]). By the way, Zee emends that

6In our notation; Bueno writes ‘Fa’.
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“In the quantum world, individual identity does not exist.”

In conclusion, we arrive to the fact that in the quantum domain we can
say that ∃xF(x) ⊬ ∀xF(x) even if only indistinguishable quantum objects are
being considered; Bueno’s reasoning applies to ‘classical’ settings with standard
semantics.

To finish this section, let us address to a very important point that has ap-
peared above and that we think should deserve more attention by the philoso-
phers of logic; the problem of what can we presuppose when formulating a
logical (or mathematical) system. For instance, just to illustrate, in order to
define the number two are we already presupposing the idea of ‘two’? We
shall not enlarge the discussion here, but just to point to its importance, which
was considered by several authors, such as da Costa [da Costa, 1980], Nicholas
Rescher [Rescher, 1969], Tymothy Williamson [Williamson, 2013] among oth-
ers. In our opinion, we remain believing in the intuitive account we have when
approaching any logical system or even a scientific theory: our standard ways
of reasoning, which by the moment are grounded on what we could call con-
structive logic, but using it we can arrive at very strong systems that involve
non constructive notions, such as the Axiom of Choice; on this point and with
similar conclusions, see also [Kunen, 2009, Chap.3].

4 Conclusion

When leaving in a different world, we need to adapt ourselves to that world. It
would be an error to try to bring to the new land our atavistic ideas and methods
which were, as Einstein would said, “imbibed with their mother’s milk”; we
need to leave them. The XXth century brought us many non-classical logical
systems which depart from such atavistic concepts grounded on classical ways
of reasoning, such as the principles of non-contradiction, excluded middle,
the Boolean behaviour of the logical connectives, and several others. But the
taboo concerning that idea that everything must be endowed with identity still
remains in most philosopher’s minds. Perhaps it is time to leave this credo too.
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