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CrossMark
Abstract

We compare the structures of the theory of causal fermion systems (CFS), an
approach to unify quantum theory with general relativity (GR), with those of
modified measure theories (MMT), which are a set of modified gravity theor-
ies. Classical spacetimes with MMT can be obtained as the continuum limit
of a CFS. This suggests that MMT could serve as effective descriptions of
modifications to GR implied by CFS. The goal is to lay the foundation for
future research on exploring which MMTs are consistent with the causal action
principle of CFS.

Keywords: causal fermion systems, modified measure theories,
quantum gravity, effective theory

1. Introduction

This paper is part of a series of papers comparing the structures and ideas of different
approaches to fundamental physics that was started with [24] and will be continued in [27].
Each of these papers contains an introduction to the theories under consideration including
an overview of their accomplishments. These overviews serve as a starting point for a reader
familiar with one of the approaches to engage with the other approach. The papers proceed
with a detailed comparison between these two theories. Ultimately, the goal is to motivate the
community to establish an extensive collection of such articles as a sort of “Rosetta’s stone”
for approaches to fundamental physics. The hope is that such a set of dictionaries of ideas helps
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the exchange across approaches and thereby catalyzes progress in the foundations of physics.
This addresses a distinctly different goal from overview articles such as [15, 66, 69] or [2]
(which originated the present work) that try to cover the development across many approaches
simultaneously. By focusing on two sets of ideas at a time, a greater level of depth can be
covered and more specific issues addressed.

Two of the main challenges in fundamental theoretical physics are finding a theory unifying
general relativity (GR) and the standard model of particle physics and explaining the ‘dark’
components of the Universe, namely dark matter and dark energy. Assuming dark energy to
be given by the cosmological constant, its value in the present Universe can be determined
from the observed accelerated expansion of the Universe [57, 77, 79, 80] and is found to be
positive. Explaining the value of the cosmological constant from first principle is an open
problem, the so-called cosmological constant problem. A naive derivation from quantum field
theory leads to a number that differs from the observed value by about 120 orders of magnitude.
This number is often cited as ‘the worst theoretical prediction in the history of physics’ [85].
However, more elaborate treatments can lead to values much closer to observation, for an
overview of these developments see, e.g. [68].

Addressing these challenges, in the present paper we will compare modified measure the-
ories (MMT), an approach to modified theories of gravity, and causal fermion systems (CFS),
a novel approach to fundamental physics.

MMT are a set of modified theories of gravity developed by Guendelman and collaborat-
ors [7,9, 45, 48, 52, 53]. Originally, these theories were developed with the goal to modify the
variational principle for gravity in such a way that the equations of motion become invariant
under the addition of a constant to the Lagrangian. This puts gravity conceptually on the same
footing as the fields of the standard model which satisfy this symmetry naturally. If one con-
siders the cosmological constant to be an effective description for the energy of the vacuum
state in quantum field theory, then this symmetry corresponds to the old wisdom from classical
mechanics that one can never measure absolute energy levels but only relative ones.

Thereby, MMT are one possible solution to the cosmological constant problem. In the
simplest versions of MMT, the cosmological constant A becomes an integration constant to
be determined by observation. In the second order formalism, the measure density introduces
an additional degree of freedom consisting of a scalar field. Variations of this scheme with
two or more measures have been used successfully to model inflation, for a review see [7]°. In
this case, the integration constants do not only allow for a shift in the cosmological constant,
but also determine the shape of the scalar field potentials. In particular, they determine the
level of the flat sectors that could serve to describe the inflationary period as well as the sector
responsible for the late slow inflation phase of the Universe.

The theory of CFS was developed by Finster and collaborators [1, 20] as a new approach
to unify GR with the standard model of particle physics. It has been worked out in details in
perturbations around Minkowski space and has proven viable in general classical spacetimes.
In particular, CFS succeeds in deriving the three generations of fermions in the standard model
and in resolving the hierarchy problem. The latter is resolved by the fact that the standard
model interactions/gauge fields are obtained at leading order in the expansion with respect to

3 The attentive reader might notice, that additional measures provide more freedom in model building. This freedom
manifests in the number of constants of integration. These additional parameters of course facilitate the model-to-data
fit. The value of these models lies in the fact, that they demonstrate what is possible in terms of phenomonology, could
one derive such a model from more fundamental considerations.
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the regularization length € while the coupling of matter to gravity only comes in at the next-
to-next-to-leading-order in an expansion in powers of this regularization length*.

In recent years also the quantum field theory limit for the standard model fields has been
worked out [18, 31, 34, 35]. This completes the derivation of our well-established theories in
suitable limits (except for the Higgs field, for which the dynamics have not yet been worked
out).

The focus of current research is on further solidifying the mathematical foundations of
the theory and in obtaining novel predictions for open problems. In this direction it was
recently shown [30] that the CFS theory allows for a novel mechanism for baryogenesis.
Phenomenological consequences of this mechanism are subject of ongoing research, see, for
example [28]. The present comparison paper was motivated by the fact, that the mechanism
of baryogenesis in [30] in fact requires the introduction of modified measures.

For more extensive introduction to CFS tailored for physicists see [22, 29, 38], whereas [19,
21] might be a good starting point for mathematicians. For a more gravitational perspective
see [23]. We also refer the interested reader to the textbooks [20, 37] and the website [1]. The
website is built in a modular way for the interested reader to pick those aspects of the theory
they are most interested.

Some connections between CFS and MMT have already been touched in [30]. The present
comparison should lay the foundation to exploring these connections in more detail and in
particular to launch a systematic investigation as to which of the phenomenological results
in MMT can be recovered in the setting of CFS. On the one hand, this would be a major
step in connecting CFS to observation/experiment. On the other hand, this would allow for a
constraint on MMTs as an effective theory of an underlying fundamental theory.

In an upcoming paper [27] some of the authors will compare the CFS theory with thermody-
namic approaches to gravity [3-6, 10, 13, 42, 58, 62-64, 76, 78, 83, 84] with a particular focus
on the work by Padmanabhan [70-74]. The underlying motivation behind Padmanabhan’s
approach is the same as for MMT to resolve the cosmological constant problem. In the above-
mentioned paper, we will argue that CFS in a certain sense incorporates both sets of ideas
to resolve the cosmological constant problem. The reason to mention the thermodynamic
approach here is that it has recently been claimed that the theory of gravity emerging from
these thermodynamic considerations is unimodular gravity [3]. It is worth noting that a cov-
ariant formulation of unimodular gravity is a subset of two-measure-theories (TMT). This
connection will be explored in [75] where it is shown that unimodular gravity is the subset of
canonical ensembles while MMT correspond to grand canonical ensembles. This result is a dir-
ect spin-off of the current work demonstrating the value of such efforts to compare approaches.
Finally, a similar analysis to the one presented here could be done in the future comparing the
present two approaches to the torsional formulation of GR, the so-called teleparallel equivalent
of GR (TEGR) [11, 65].

1.1. Organization

The paper is organized as follows. In section 2 we give a brief introduction to the theory of
CFS and MMTs. The core of the paper is section 3, where we compare various aspects of
the two theories, in particular their fundamental structures (section 3.1) and the equations of
motion (section 3.3). In section 3.2 we discuss which new structures are introduced in order to

4 In CFS one has to introduce a regularization length ¢ for the various structures to be mathematically well-defined.
One then studies the limit where € N\, 0. In the context of physics the regularization length can be thought of as the
Planck length /.
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replace the metric and how the different tasks which the metric fulfills in the standard second
order formulation of GR are reassigned to those structures at the fundamental level. Finally,
in section 4 we give a brief conclusion and outlook on future research.

2. The theories

In this section we will give a basic introduction to CFS and MMT. The main purpose of this
section is to serve as a starting point for a reader familiar with one of the approaches to engage
with the other approach. To that end the overviews introduce the basic ideas of both theories,
as well as their key results. The focus is on those mathematical and physical concepts for
which something interesting can be said in the next section. Therefore we will keep these
introductions relatively short and provide a guide to more in depth literature, both introductory
and on current research, for readers interested in engaging with one of the approaches at a
deeper level.

2.1. CFS

The central postulate of the CFS theory is the causal action principle, from which the field
equations of GR and the SM can be derived in the continuum limit (see [20]). The theory
thus provides a unification of the weak, the strong and the electromagnetic forces with gravity
on the level of second-quantized Dirac fields coupled to classical gauge fields. Moreover, the
approach has led to concise notions of ‘quantum spacetime’ and ‘quantum geometry’ (see [25,
26]) and the quantum field theory limit has recently been established rigorously (see [33—35]).

As CFS introduces an entirely new language to encode our physical words, we begin with
a few preliminary considerations to develop an understanding, for how the basic concepts of
the theory are motivated. When introducing the theory, we explain how its concepts relate to
more familiar structures in physics.

2.1.1. Preliminary considerations.  To build up to the structures used to represent the phys-
ical world in CFS we start with some considerations that should be familiar to most readers.
Suppose we have a quantum mechanical wave function ¥ describing a particle satisfying the
Klein—Gordon equation

(VAV, —m*) ¢ (x) =0. 2.1

Now suppose further that we have only access to the information contained in the density
|4)(x)|?. The question then is, given this information, what can we say about the classical
spacetime? First let the wave function ¥ be a solution evolved from compactly supported
initial data as illustrated in figure 1. Then the finite speed of propagation guarantees that the
density |t/ (x)|* vanishes outside the causal future of the support of the initial data. Therefore,
the support of the density [t/(x)|* contains some information about the causal structure of the
classical spacetime.

Of course, there is only a limited amount of information which one can extract from a single
wave function. However, if instead we probe classical spacetime with many wave functions,
as illustrated in figure 2, the situation is different. If we aggregate over all wave functions
evolved from compact initial data, then we can extract the complete causal structure of the
classical spacetime. This fixes the metric up to a conformal factor [59, 67], i.e. up to the volume
form/volume density.
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Next, if we allow the wave function to couple to the electromagnetic field, e.g. through
minimal coupling

(V¥ +igA™) (V,, +igA,) —m*) 1 (x) = 0. (2.2)

And instead of just the density of a single wave function we consider the entire information
contained in the correlations v (x)$(x) of all the wave functions. Then one can expect that
this also encodes information about the electromagnetic fields in the classical spacetime, as
illustrated in figure 3. Therefore there is hope that, increasing the number of wave functions,
we can recover both the classical spacetime structure and the matter fields therein.

Now we go one step further and mathematically formalize the idea of encoding classical
spacetime in a family of wave functions. Consider wave functions, mapping from a classical
spacetime into the complex numbers v1,...,1y: M — C, which are orthonormal vectors in a
Hilbert space

(Vlvr)u = du- (2.3)
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They form an f dimensional Hilbert space. We can now introduce the local correlation operator
atapoint x, F(x) : H — H as

(F ()Y, = ¥ (e (), (2.4)
in terms of matrix elements, or
(W|F(x) )y =1 (x)9(x), for all ¢, € H, (2.5)

in basis invariant form. From the construction it is clear that the operator F(x) is positive semi
definite of rank at most one. We have thus constructed a map from the classical spacetime to
the set B of semi definite bounded linear operators’ and of rank at most one on a Hilbert space
of dimension f.

B :={y € L(#) |y positive semi-definite of rank at most one}. (2.6)

This map encodes all the physical information contained in the wave functions. As mentioned
before this information does not include the volume measure. Therefore, we need to introduce
the volume measure as an additional structure. We can define a volume measure on the set 3
by the push-forward measure defined by

p(Q):=p(F1(Q) = / O d'x. (2.7)
FH(Q)

We now have all the ingredients at hand needed to define a CFS. However, in that case instead

of complex wave functions we will work with sections of a spinor bundle. One consequence of

that is that the local correlation operator will no longer be positive semi-definite. They will still

be of finite rank but instead with a fixed upper bound for the number of positive and negative
eigenvalues.

2.12. General definitions. ~ We are now ready to introduce the abstract definition of a CFS.
It consists of three objects:

(1) a Hilbert space H,

(2) a suitably chosen subset F of the bounded linear operators on the Hilbert space,

(3) and a measure p defined on the Borel o-algebra with respect to the norm-topology on the
bounded linear operators L(H).

Definition 2.1. Let (#,(.|.)3) be a Hilbert space. Given the parameter n € N (‘spin dimen-
sion’), we let F be the set

F :={y€L(H) with the properties:
» y is self-adjoint and has finite rank

» y has at most n positive and at most n negative eigenvalues }.

Moreover, let p be a Borel measure on F. We refer to (H,.F, p) as a causal fermion system
(CES).

The operators with exactly » positive and n negative eigenvalues constitute the subset F™¢
of regular points in the set . One can show [36, 41] that the subset /™ is a Banach manifold.

3 In this paper we use L(#) to denote the set of all bounded linear operators on a Hilbert space.

6
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Hence, the theory of CFS is based on the mathematical structure of an operator manifold,
thereby fusing the underlying structure of GR and quantum theory. The measure then encodes
the classical spacetime and all structures therein. In order to understand how this comes about,
we need to be able to connect these fundamental descriptions to established notions of classical
spacetimes and matter in GR. In the following, we will only give a schematic description of
how this works. The key tool will be the local correlation map which we introduced for a
simplified setting in the preliminary considerations. To begin with, we only introduce it as an
abstract map

Flguw,Ay,...]: M — F
X — Flgu,Apu,...](x).

The crucial point is that the map allows us to identify points in a classical spacetime M with
operators in the set . The map F depends on the metric g, as well as the matter fields
defined on the classical spacetime under consideration. Hence all these structures are encoded
in the map itself. We will explain the construction of this map in Minkowski space in some
detail in section 2.1.3 while the precise construction can be found in [20]. We can then use the
local correlation map to define the measure p of a subset {2 C F as the push forward of the
measure u of the classical spacetime under the map F

p(Q):=p(F1(Q) = / ddx. (2.8)
FH(Q)
Here @ is the density function of the measure on the manifold. If one considers the geomet-
ric measure on the manifold then ® = \/@ . However the construction of the push forward
measure also works for more general measures on the manifold M. In particular it allows for
the measures studied in the context of MMT, which will be introduced in section 2.2.
For further considerations, it is convenient to introduce the notation

Spey =F(x)(H) CH subspace of dimension < 2n
TRy - H — Spe) CH orthogonal projection on Sgy) .

With that notation at hand, the local correlation map allows us to give an explicit realization
of the Hilbert space in the manifold M in terms of physical wave functions

wu (x) = WF(X)M.

Here u is a vector in the Hilbert space H. As a result of this construction, for every point x,
the physical wave function ¥*(x) is a 2n dimensional vector that is an element in the vector
space Sg(y). One can think of the vector space Sg(,) as a fiber space attached to a point F(x)
in the operator manifold. The realization of vectors in the Hilbert space in terms of physical
wave functions allows us to formulate a CFS entirely in the language of classical spacetimes
and structures therein. In the other direction, the local correlation map allows us to describe
any classical configuration of spacetime and matter as a CFS. These classical structures can
be thought of as an (approximate) effective description.
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With the local correlation map at hand, we can introduce the notion of ‘spacetime’ in the
setting of CFS as the support® of the measure,

M = suppp.

Hence, in the contrast to GR where the support of the measure is the entire manifold on which
the variation principle is defined, in the context of CFS the measure is the fundamental variable
and its support is typically only a proper subset of the set F. In particular, the dimension of the
spacetime in CFS can be much lower than the dimension of of the set F (or the manifold F™¢
for that matter) which can in principal be infinite. Furthermore, despite the subset 7'¢ being
a manifold, the spacetime M need not be so, but can in fact also have a discrete structure. This
explains how a single scalar quantity, like the density function of the measure p, can describe
such a plethora of physical systems: by changing the configuration of the metric and matter
fields in the local correlation map F[g,,,,,A,,,...| we map into a different subset of the set F.
This also gives us a different realizations of the Hilbert space in the classical spacetime M in
terms of physical wave functions’.

To summarize, the points in the set M are called spacetime points, and the entire set M is
referred to as spacetime. In order to implement this identification in a compact notation, in the
following we will omit writing the map F explicitly and refer to elements in the set F by x with
x = F(x) whenever a CFS can be written as the image of a local correlation map from a classical
spacetime. Throughout the paper classical spacetime refers to a (3 4 1)-dimensional, time-
orientable, Lorentzian manifold while spacetime corresponds to the aforementioned structure
in CFS.

We now proceed to summarize those structures presented in [20], which will be essential
for what follows. In particular we will focus on the fact that starting from the abstract definition
of a CFS, one can obtain the usual spacetime structures such as causal relations. To achieve
this, given a CFS, one introduces additional mathematical objects which are inherent in the
sense that they only use information already encoded in the CFS. Then one shows that these
inherent structures correspond to familiar structures in a classical Lorentzian spacetime, at
least in suitable limiting cases.

In order to define a causal structure in spacetime, we study the spectral properties of the
operator product xy. This operator product is still an operator of rank at most 2n. However,
in general it is not symmetric (note that (xy)* = yx # xy unless the operators commute) and
therefore not an element of F. We denote the rank of xy by k£ < 2n. Counting algebraic multi-
plicities, we choose A}, ..., \;” € C as all the non-zero eigenvalues and set A, |, ..., X5, = 0.

These eigenvalues give rise to the following notion of a causal structure.

6 The support of a measure is defined as the complement of the largest open set of measure zero, i.e.

suppp == F\ | J{ C F|Qis open and p () = 0} .

7 A change in the local correlation map identifies a different operator with a particular point in the classical spacetime.
This changes the value of the physical wave functions at that point. Therefore, if we vary the measure by changing
the local correlation map, we vary the family of all physical wave functions in spacetime. In fact, as we will show
below, in examples of CFS describing classical spacetimes we reverse the order of the construction. Hence, we change
the realization of the Hilbert space in terms of physical wave functions to vary the measure by changing the local
correlation map. Therefore, in the continuum limit, a variation of the measure can be thought of equivalently as a
variation of the family of all physical wave functions.
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Definition 2.2. The points x,y € F are said to be

spacelike separated if [\ = |X}| forall j,k=1,...,2n

timelike separated if \7,..., A5, are all real
and |X| # [X;”| for some j, k
lightlike separated otherwise .

More specifically, the points x and y are lightlike separated if not all the eigenvalues have the
same absolute value and if not all of them are real. We point out that this notion of causality
does not rely on an underlying metric. But it reduces to the causal structure of Minkowski
space or general curved classical spacetimes in certain limiting cases (for Minkowski space
see [20, section 1.2] or section 2.1.3; for curved classical spacetime see [25]). This notion of
causality will be explained a bit more later in this section.

Next we want to define a connection. In a classical spacetime the connection is defined
pointwise. However, as its name implies, it serves the role to connect between the fibres of
neighboring points in a classical spacetime, i.e. to encode which elements in the fibers can be
identified if we move within the manifold. More precisely, the so-called spin connection Dy,
is a unitary map from S, to S,

v oSy — Sy unitary . 2.9)

It can be constructed from the kernel of the fermionic projector P(x,y) = myx. For details of
this construction see [25]. The spin connection also gives rise to a corresponding metric con-
nection, being a mapping between corresponding Clifford structures. The associated curvature
is introduced as the holonomy of the connection.

We now come to the core of the theory of CFS: the causal action principle. In order to single
out the physically admissible CFS, one must formulate constraints in the form of physical
equations. To this end, we require that the measure p be a minimizer of the causal action S
defined by

2n
1 1) 2
Lagrangian: L(x,y) = . E (\)\m — A7 |) (2.10)
=
causal action: S(p) = // L(x,y) dp(x) dp(y) .11
FxXF

under suitable constraints (for the detailed form of the constraints see [20, section 1.1.1]).
A minimizer satisfies the Euler—Lagrange (EL) equations which state that for a suitable para-
meters s, £ > 0 (which can be understood as Lagrange multipliers of the constraints), the func-
tion £ : F — Ry defined by

2
/ﬁxy dp(y +/<;/ Z|X‘)’ dp(y) —s (2.12)
j=1
is minimal and vanishes in spacetime, i.e.
Uy = mfﬁ 0. (2.13)
These equations describe the dynamics of the CFS. In a suitable limiting case, referred to as

the continuum limit, the EL equations give rise to the equations of motion for the fields in
the standard model and GR. The continuum limit consists in specifying the fermionic vacuum

9
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configuration as well as choosing a regularization which is admissible by the causal action
principle. This setup is then studied in the limiting case when the regularization length is much
smaller than all other length scales in the system. We will introduce the regularization in some
detail below. The precise definition of the continuum limit as well as all the choices required
in its construction has been worked out in [20].

We finally give more details on the notion of causality. In definition 2.2 we already introduce
notions of timelike, spacelike and lightlike separation. The Lagrangian (2.10) is compatible
with this notion of causality in the following sense. Suppose that two points x,y € F are space-
like separated. Then the eigenvalues A} all have the same absolute value, implying that the
Lagrangian (2.10) vanishes. Thus pairs of points with spacelike separation do not enter the
action. Even more, these pairs of points also drop out of the EL equations (2.13). This can be
seen in analogy to the usual notion of causality where points with spacelike separation cannot
influence each other.

In addition to the above notions of causality, a CFS also distinguishes a direction of time.
Indeed, we can introduce the functional

C:MxM—R, C(x,y) :=itr(yxmymy —Xymemy) ,

which leads to the following notion of time direction (for details see [20, section 1.1.2]).

Definition 2.3. For timelike separated points x,y € M,

y lies in the future of x  if C(x,y) >0
y lies in the past of x ifC(x,y) <0

We finally point out that this notion of ‘lies in the future of” is not necessarily transitive. This
corresponds to our physical conception that the transitivity of the causal relations could be viol-
ated both on the cosmological scale (there might be closed timelike curves) and on the micro-
scopic scale (there seems no compelling reason why the causal relations should be transitive
down to the Planck scale). However, in [14, 40] causal cone structures were constructed, which
do giverise to transitive causal relations (for details see in particular [ 14, section 4.1]). All these
causal relations coincide on length scales which are much larger than the Planck length. On
very small length scales, however, the causal structure of spacetime may be more intricate,
making it necessary to work with different notions. A concrete exploration on how the causal
structure may look like on the Planck scale is given in [17] (see in particular figures 5-7).

In order to illustrate the concepts introduced in this section in a specific example, we will
now discuss Minkowski space as a CFS.

2.1.3. CFS in Minkowski space. In this section we explain using the example of the
Minkowski vacuum how the abstract ideas introduced above are implemented in practice.
For notational simplicity, we work in a fixed reference frame and identify Minkowski space
with R!3, endowed with the standard Minkowski inner product with signature conven-
tion (4+,—,—,—). We consider the smooth, spatially compact solutions of the Dirac equation
in Minkowski space

(ivk(?k —m) Y =0,
endowed with the usual scalar product

wlo)= [ (@20 w0,

10
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where 1) = 1)T~? is the adjoint spinor and ¥ the elements of the # = const hypersurface. We
then choose the Hilbert space H to be the completion of the subspace of all negative-energy
solutions. We denote the restriction of the scalar product by {.|.) := (.|.)|xx#-

We now want to build the local correlation map assigning an operator F(x) for any point x of
Minkowski space. This is obtained by applying Riesz ‘s representation theorem to the bi-linear
map

bJ\(’l/),gZS):* (x)¢(x) V¢7¢€H
We thus obtain the map to be

WIFx)¢) =) ¢(x)  Vi,¢ €H. (2.14)

This operator encodes information on the local densities and correlations of all the wave func-
tions in H at the classical spacetime point x. Therefore, it is referred to as the local correlation
operator. By construction, this operator is self-adjoint, has rank at most four and has at most
two positive and at most two negative eigenvalues. Therefore, following definition 2.1, the
local correlation operator F(x) is an element of F if we choose the spin dimension n=2.
Hence we have successfully constructed the local correlation map F[),,,,| from Minkowski
vacuum to F. According to the construction (2.8) this gives us the measure

p=F.u or equivalently p(Q):=pu(F (), (2.15)

where p is the standard Lebesgue measure on Minkowski. We thus have constructed a
CFS (F,H,p) of spin dimension two.

Now, the above explanation was a bit oversimplified because the wave functions in H are
defined only up to sets of measure zero, and therefore the right side of (2.14) is generally
ill-defined point-wise. As a consequence we need to introduce a regularization by setting

1/}5 :me (W ’

where the regularization operator R, : H — C°(R"*,C*) N H is a linear operator which maps
to continuous Dirac solutions® and fulfills the relation’

¥ = lim % ().

Working with the regularized wave functions, the right side of (2.14) is a bounded sesquilinear
form. Therefore, we can introduce the regularized local correlation operator F¢(x) by

(Ve | F* (x) ¢e) := =1 (x) @e (%) Vi, €H

and applying the above construction to the regularized local correlation map F*° gives a
CFS (H,F,pe).

It is shown in [20, section 1.2], that all the structures of Minkowski space can be recovered
from this CFS in the limit € ™\ 0. For example, in this limit the causal structure of definitions 2.2
and 2.3, reproduces the causal structure of Minkowski space and the connection (2.9) agrees
with the spin connection on Minkowski space.

8 Here, for simplicity of presentation, we have chosen a regularization which is compatible with the Dirac equation.
This need not be the case for general regularizations in general spacetimes.
9 A simple example for a regularization is the convolution by a suitable mollifier (for details see [20, example 1.2.4]).
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It turns out that to describe Minkowski vacuum we have to choose H as the space of
all negative-energy solutions of the Dirac equation. This in a sense realizes Dirac’s original
concept of the Dirac sea, that in vacuum, all the states of negative energy should be occu-
pied. In the theory of CFS, the Dirac sea arises as the realization of the Hilbert space H in
terms of physical wave functions. Therefore CFS does not share the problems of the original
concept (like the infinite negative energy density of the sea) because the Dirac sea, describ-
ing the underlying Hilbert space, drops out of the Euler—Lagrange equations derived from the
causal action principle'”.

The intuition for the action of the regularization operator is, that it ‘smoothes’ the wave
functions on a microscopic scale. In the theory of CFS, the regularization is not merely a
technical tool in order to make divergent expressions finite, but it realizes the concept that
on microscopic length scales, the structure of spacetime itself is modified. Thus we always
consider the regularized objects as the physical objects.

In order to describe systems involving particles and/or anti-particles, following Dirac’s hole
theory one extends H by Dirac solutions of positive energy and/or removes vectors of negative
energy. Bosonic fields (like electromagnetic or gravitational fields), on the other hand, corres-
pond to collective “excitations” of the Dirac sea, where the particle wave functions satisfy the
Dirac equation modified by a potential 5,

(id+B—m)y =0.

If we build the local correlation map F'[1,,,,B,] from these solutions, varying the field B,,
induces a variation of the measure constructed by (2.8). This measure can again be analyzed
in the limit € \, 0 to obtain the equations of motion for the vector potential B,,. To do so
we can use the fact that the Minkowski vacuum with B, = 0 is a critical point of the causal
action. We can therefore study the linearization of the Euler Lagrange equations around this
minimizer. As already mentioned above, this analysis of the continuum limit makes it possible
to derive classical field equations like the Maxwell and Einstein equations from the causal
action principle (for details see [20]).

2.2. MMT

MMT were originally motivated by the cosmological constant problem. On the mathematical
level this boils down to an inconsistency between the matter sector and the gravitational sector.
As it is well known, in non-gravitational physics, like in particle mechanics, for example, the
origin from which we measure energy is not important. In mathematical terms that means that
the equations of motion are invariant under addition of a constant to the matter Lagrangian £,,

Ly,— L,+C.

10 The attentive reader might note, that this problem of the infinities originating in the Dirac sea (and many more
infinities with different origin) has already been solved in QFT with its associated toolbox of regularization and
renormalization flow. The point is, to make progress, CFS first takes one step back, reinstating the Dirac sea in its
original form. CFS then solves the problem in a different way, which eventually allows for the re-derivation of QFT,
but now with gravity built in from the start.
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The same does not hold true for the standard second order variational formulation of GR based
on the Einstein Hilbert action

S= / R(g) v/—gd'x.
M
If we add a constant to the Lagrangian,

L — L+ C,

the equations of motion get an extra contribution of the form Cg,, from the variation with
respect to the metric g of the additional C |’ Iy \/—gd*x term in the action. In the semi-classical
setup this makes the gravitational equations dependent on the vacuum expectation value of all
the quantum fields. To make these calculations compatible with observation requires a lot of
fine tuning of the parameters in the matter Lagrangian.

MMT are one way to resolve this conceptual inconsistency between the matter and the
gravitational sector. Instead of integrating the Lagrangian against the measure /—gd*x we
pick the measure to be an independent quantity. The total action is then given by

1
Sz/L(I)(A) d'x  with  L=—R(T,g)+ Ly, (2.16)
M K

where k is the gravitational coupling constant. The scalar curvature is given in terms of the
connection and the metric and the measure by

1
D(A) = c P DA

where Ag,,,, is the tensor gauge potential of a non-singular exact 4-form w = dA. Thus the mod-
ified measure density ®(A) is given by the scalar density of the dual field-strength associated
with that potential. As a result, ®(A)d"*x is invariant under general coordinate transformations.
We would like to emphasise at this point, that MMT is an umbrella term for a whole class of
physical models with the common feature being, that the general measure, introduced above,
replaces the metric measure for the integration in the variation principle.

This approach to modify gravity was first introduced in [52] and later expanded upon in [45]
to include applications concerning spontaneous symmetry breaking of scale invariance. Field
theoretic aspects were discussed in [53]. After developing some examples using only one meas-
ure, multi-measure theories were developed, for example see [48] where it was demonstrated
that those can accommodate cosmological solutions with an early inflationary phase and a late
time exponential growth phase with a small cosmological constant. Modified Measures have
also been used in the formulation of string and brane theories with dynamical tensions [46].
For a recent review on the applications of Modified Measures to Modified Gravity Theories
and Cosmology see [7].

Finally, we notice the non-holomorphic structure of standard GR due to the use of the meas-
ure \/—g. This problem is avoided when using a modified measure while still introducing the
determinant —g into the action. In this way we can construct complex extensions of GR, or
other gravity theories as holomorphic MMTs. For more details see [44].

2.2.1. Single measure theory. ~ Among the papers using modified measure using only one
measure, we can emphasize [52], which was in fact the first paper on modified measures.
Later generalizations allowed to include gauge fields, like in [43, 49, 50]. Also string theories
with a modified measure have been formulated, see [46] and follow up papers.
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In two dimensions, where Einstein gravity becomes trivial because the Einstein tensor van-
ishes identically, a single modified measure provides an acceptable theory of gravity. That is,
we can consider

S:/R(F,g) dd’x,
M

where

d(A) = ésaﬁaaAﬁ ,

and where the variation with respect to the gauge field Ag leads to the condition that the
curvature R =M, where M is a constant. This is in fact the Jackiw—Teitelboim model [61].

Returning to 3 + 1 dimensions let us recall the difference between the first order, or Palatini,
formalism and the second order formalism. In the first order formalism the connection I' is
considered as an independent degree of freedom. In the second order formalism it is given by
the Levi—Civita connection. The name formalism is deceptive here because generally these are
different theories with the single exception of Einstein gravity

S:/MR<P,g> Vg,

where the two formalism give the same equations of motion. When the gravitational coupling
in the Lagrangian differs from that in the Einstein—Hilbert action, e.g. in f(R) gravity, when
higher curvature terms are included or when one works with modified measures, then they are
different theories. There is no purely theoretical way to determine which is best, only which
one fits better with experiment and hence we will discuss MMT in both formalisms.

For the first order formalism, following [52], if we vary the action (2.16) with respect to
the measure field Ag,,,,, we get that the derivative of the Lagrangian is zero. This implies that
the following equation is satisfied,

-1
7R(F,g)+l‘m :M,

where M is the constant of integration. For the first order formalism that is the end of the
story. The measure does not introduce new degrees of freedom, instead it is solved in terms
of other fields through a constraint equation. The constant of integration M corresponds to the
cosmological constant and has to be determined by observation.

In the second order formalism however we get more. Here it is convenient to introduce the

scalar field y = 3(—%. Following [52] we get the following system of equations
1 K 1
R;Ly - ERg;Ly = E (Tp,u +Mg/u/) + ; (X,,u;u* g/LvDX)

K 1 (D-2) B
Dx—D_l[<M—|—2T>+ 3 Lm]X—O.

Here, T is the trace of the stress energy tensor and the integration constant M = —A takes the
role of the cosmological constant. We see that this system of equations can only give rise to
solutions compatible with the equations of Einstein’s GR if (M + %T) + 2 ;2) L,, = 0. This

condition is in particular satisfied by a classical Minkowski vacuum spacetime. However, it

14
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fails in classical de Sitter spacetimes. Therefore classical de Sitter spacetimes are not a solution
to MMT with a single measure in the second order formulation.

An interesting consequence of the above results in the second order formalism is that
one gets a non-conservation of the conventionally defined matter stress energy, that does not
include a contribution from the field x ,

oL
U m. o
T,,"=-2 g 8 Volny. (2.17)

The non-conservation is dependent on the gradient of the scalar field . That means, in a sense
we can transfer ‘energy’ from the measure, hence the gravitational sector of the theory, to the
matter sector of the theory.

In [45] the so-called Einstein frame was introduced to examine the physical implications of
the theory When working with an action of the type defined by (2.16) , to get to the Einstein
frame one applies a local conformal transformation

8uv —>guV:Xguy; (218)

which restores the gravitational equations to the Einstein form. All additional equations are
expressed just as well in terms of the metric g,,,,.

In the first order formalism, the scalar field » is not dynamical,does not introduce new
degrees of freedom and can be solved for. Accordingly, when changing to the Einstein frame
it only rearranges the interactions when reintroduced into the equations of motion. To some
extent this reformulation implies running coupling constants in the Einstein frame. This is due
to the fact that when performing the conformal transformation (2.18), terms in the Lagrangian
that are not conformally invariant get a y-dependent weight. For a general discussion see [51].
In the case of the standard model all interactions are dimensionless, except for the Higgs field’s
potential terms.

In the first order formalism, the Einstein frame has another advantage. In the Hamiltonian
formulation of the theory the original metric does not have a canonically conjugated
momentum. In contrast, the canonically conjugated momentum to the connection turns out
to be a function exclusively of the Einstein frame metric. Following a very similar calculation,
in the case of GR, e.g. in the book by Sundermeyer [81] and references therein, using the action
defined in (2.16) the canonically conjugate momenta to Ff;,, becomes,

v -1 v ! v 1 v —1 = [ spv 1_ v 1—1/
o — (g“ 59 — Eg”()é)\ - 58 05;) = 7,@; <g” 89— Eg*“’aA ~ 58 05;”) . (2.19)

The Einstein metric is therefore a genuine dynamical canonical variable, as opposed to
the original metric, which has zero canonical momentum. Therefore only the Einstein metric
appears in the Hamiltonian. In this sense, going to the Einstein frame is equivalent to trans-
itioning from the Lagrangian formulation of the theory to the Hamiltonian formulation.

We now briefly return to the second order formulation of the theory, where the conformal
factor x in the transformation to the Einstein frame corresponds to a dynamical scalar field. In
this case going to the Einstein frame and rewriting the field as Y = expu/+/3 leads to a standard
kinetic term in the action for the field « [7]. This scalar field represents a new degree of freedom
and the constraint equation becomes a dynamical equation for this field. Because the Einstein
tensor of the re-scaled metric is divergence free, a total conserved energy momentum can be
defined. Howeyver, it contains a contribution from the scalar field « in addition to the matter.
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2.2.2. Multi-measure theories.  Instead of action principles with a single measure we can
also consider action principles of the form

En: / Li® (A;) d*x, (2.20)

i=1

where the Lagrangian L; is integrated with respect to the measure density ®(4;). Such multi-
measure theories can be formulated for both the first order or the second order formalism. Most
work on multi-measure theories has been done for the case of TMT where we have n=2.

In a recent study [47] the application of TMT in the first order formalism to all phases
of the Universe, stating from a non singular emergent phase, followed by inflation and then
by a Dark matter and Dark Energy era has been investigated. Here, the fact that the scalar
field x rearranges the interactions when reintroduced into the equations of motion plays a key
role. The rearrangement manifests, for example, in the masses and interactions of the matter
fields as well as in the unusual structure of their contributions to the energy-momentum tensor.
All these quantities appear to be y dependent which leads to the appearance of unsuspected
interactions.

The result in the Einstein frame is an effective Lagrangian containing effective scalar field
potentials that are non trivial functions of the integration constants and the original potentials
that coupled to the measures ¢ and 1/—g . In the context of cosmology, for example in [54],
this can lead to a scalar field potential with two flat regions. One flat region is used to describe
inflation and the other is used to describe the slowly accelerated phase of the Universe observed
now.

Furthermore, it has been shown that the well known theory of unimodular gravity when
formulated in a generally covariant form [60]

5:/d4x\/?g(R+2A+£m)—/d4xq>(A) 24,

appears as a special case of TMT. Note that in this case the first and second order formalism
are indeed the same theory, as the Ricci scalar couples linarly to the metric measure as in
the Einstein—Hilbert action. Here, a priori, A is a dynamical scalar field, and the measure
density ®(A) is as above. Variations with respect to the potential A imply that the scalar field A
is a constant, whereas variations with respect to the scalar field A yield ®(A) = \/—g.

Another interesting example are TMT models that can relate to the mimetic theory of grav-
ity [12] in the cosmological setting. Instead of forcing the Lagrangian to equal a certain con-
stant through the use of a Lagrange multiplier, we will show that similar results can be obtained
via the use of modified measures. For that we use the following non-conventional gravity-
scalar-field action [56] as a starting point:

S:/d“x\/?gRJr/d“xWTngcb(A))L(qs,X) . (2.21)

Here L(¢,X) is the general-coordinate invariant Lagrangian of a single scalar field ¢ (x) of a
generic ‘k-essence’ form

N

L(§,X)=Y A()X'=V(¢), X=-g"0,00,0.

n=1
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This was also generalized to a more generic form for L, for example see [S5]. Varying w.r.t.
g", ¢ and A, yield the following equations of motion, respectively:

1
Ruu - ERg/u/ = T;w (2.22)
d(A)\ OL
Ty = guL (¢, X) + (1 + \/%> 87(8“¢8V¢ . (2.23)

The variation of the measure fields A require that L = M = constant, implying that the first
term proportional to the metric behaves exactly like a cosmological constant, or Dark Energy.
The second term has exactly the behavior of cosmic dust for a scalar field that depends on
cosmic time. These results are again independent of the formalism.

3. Comparison

In this section we will highlight and compare the mathematical structures and the conceptional
ideas behind CFS and MMT.

3.1. Foundations of the approaches

We begin with a discussion of the basic building blocks of the theories.

3.1.1 MMT  MMT are formulated on classical manifolds with the Lagrangian for both mat-
ter and gravitation unchanged. It assumes the measure to be independent of the metric. In
the second order formalism it thereby introduces one additional scalar degree of freedom not
present in the standard formulation of GR and the standard model. Meanwhile in the first
order formalism the measure, through the equations of motion, can be resolved in terms of
other fields. In this case the measure does not introduce new degrees of freedom, but just adds
a constant of integration.

3.12. CFS. CFS is formulated on an operator manifold ™ over a Hilbert space and the
measure is the only ‘dynamical’ degree of freedom in the theory. However, the fact that the
support of the measure is typically restricted to a proper, lower dimensional subset of the
operator manifold together with the intrinsic causal structures allows for the measure to encode
a plethora of physical systems. In contrast to GR, for example, the operator manifold on which
the variational principle is formulated does not fix the topology of the spacetime described by
a minimizing measure.

3.13. Discussion.  Given the different starting points for the theories, a comparison
is only possible close to the continuum limit where the regularized local correlation
map F.[g,.,,A.,...]| allows us to think of a CFS in terms of classical spacetime structures.
It is immediately clear from the construction of the measure (2.8) that, in this setup, the meas-
ure on the manifold does not have to coincide with the measure derived from the metric g,,,,
which entered the local correlation map F.[g..,A., .. .].

3.2. Splitting the tasks of the metric

In the standard second order formulation of GR the metric encodes all gravitational degrees
of freedom in the Einstein—Hilbert action. In particular the metric encodes
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(1) the map from the tangent space to the co-tangent space,
(2) the causal structure,

(3) the connection,

(4) and the measure.

Furthermore, the action is composed from the matter fields and the metric, whereby the
gravitational part of the action is exclusively composed from the metric. It is plausible that
in a fundamental theory not all of these properties will be encoded by the same mathematical
object and that additional degrees of freedom are introduced by such a cut.

First a comment on the standard formulations of gravity for comparison. In the first order
formulation the connection is promoted to an independent field that appears in the action in
combination with the metric. It turns out that for pure gravity this is equivalent to the second
order formulation. As already mentioned in section 2.2, this equivalence is not true in a more
general setting. For example, when matter is added to the model or, when the action contains
higher order curvature terms. In these cases, by making the connection independent of the
metric, we obtain new gravitational theories.

3.2.1. MMT. Itis well known, that geometry is given by the combination of causal structure
plus volume, i.e. measure density (see [59, 67] and, e.g. [82, p 9] for a discussion of this fact
in the context of Causal Sets Theory). With that in mind it is quite a natural cut to consider
the measure as an independent degree of freedom as is the case in MMT. In the second order
formalism the metric still encodes (1)-(3) and the measure becomes an independent dynamic
degree of freedom encoded in the field x. The gravitational action is now composed of the met-
ric and the measure density.In the first order formulation however the metric now only encodes
(1) and (2) while the connection and the measure are independent variables. In this case the
field x can be resolved in terms of other fields. The gravitational action is now composed of
the metric, the connection and the measure. As discussed in section 2.2.1 in contrast to GR
this now leads to different equations of motion from the second order formulation. Being dif-
ferent theories, ultimately only experiment/observation can decide which formalism should be
preferred. Conceptually, one might prefer the first order formalism based on the fact it already
makes one fundamental geometrical object independent of the metric and MMT then goes one
step further. In this sense, if one buys into the modified measure program, it might seem more
natural to use the first order formalism.

3.2.2. CFS. In CFS the causal structure and the connection is already encoded in the oper-
ator manifold F"¢: the causal structure via the eigenvalues of the operator product xy between
any two points in the manifold (see definition 2.2) and the connection (2.9) via the polar decom-
position of the fermionic projector 7,x mapping from S, to Sy. Given the fact that S, is a sub-
space of a Hilbert space, it is itself a Hilbert space with the induced scalar product. In the
limiting case the space S, in some sense corresponds to the fiber at x and we obtain the bundle
as the emergent limiting structure.

In CFS the measure p plays the role of the fundamental degree of freedom encoding the
geometry and the matter content of the limiting classical spacetime. Again, it is crucial to
note that the support of the measure varies for different minimizers, thereby encoding physical
systems with a different causal structure and ultimately even a different topology of the limiting
classical spacetimes.

The map between the tangent and the co-tangent space is obtained in CFS as follows. First
of all, for the tangent and co-tangent space to be well-defined, we need to assume that the
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spacetime M := supp p is a four-dimensional smooth manifold. Under this and a few tech-
nical assumptions (more precisely, that the tangent cone measure be non-degenerate; see [32,
definition 6.7]), it is shown in [32, section 6] with measure-theoretic methods that at every
spacetime point x € M there is a distinguished Clifford subspace C/, together with a canonical
mapping -y, from the tangent space 7, M to the Clifford subspace,

Yo+ TeM — Cl, .

This mapping corresponds to the usual Clifford multiplication. The anti-commutation rela-
tions {7, (u),vx(v)} =: 2g(u,v) define a Lorentzian metric, which gives rise to the usual iden-
tification of the tangent and co-tangent space.

The Lagrangian is a bi-distribution £(x,y) built from the eigenvalues of the operator
product of the two spacetime points x,y € F and integrated against the measure over both
variables dp(x) dp(y) to obtain the causal action. Only the measure is varied to find a minim-
izer of the action.

3.2.3. Discussion.  The first order formulation promotes one of the functions of the metric in
the second order formulation to an independent variable, namely the connection. MMT then
makes an additional cut to either the first or the second order formalism by separating the
measure from the metric. CFS on the other hand is much more radical, promoting the measure
to be the only fundamental degree of freedom while the connection and the causal structure
are already encoded in the operator manifold JF"&.

At face value, the cut made by the first order formalism does not fit well conceptually with
CFS as there both the causal structure and the connection are encoded in similar mathematical
objects, namely the eigenvalues of the operator product and the polar decomposition of the
fermionic projector. However, those are not really variables in the CFS theory therefore there
might as well be a cut in the effective description.

Finally, CFS only features a single fundamental measure making it seem unlikely that a
multi-measure theory could emerge as an effective description.

3.3. Derivation of the field equations

Both MMT as well as CFS in the continuum limit, are field theories based on a variation
principle. Ultimately, the predictive power of any such theory lies in its field equations. Here
we discuss how the field equations are obtained.

3.3.1. MMT.  The variation principle in MMT is identical to standard GR except for the fact
that we have an additional variable, the measure. Accordingly to obtain the full set of field
equations we also have to vary the action with respect to this variable. While for theories,
where the gravitational sector is described by the Einstein—Hilbert action, the predictions of
the first order formulation and second order formulation coincide, this is not true anymore for
MMT. The field x only becomes a dynamical scalar degree of freedom in the second order
formulation.

3.3.2. CFS. A priori, in CFS there is only a single object, the measure p, to be varied in
the action principle. However, close to the continuum limit, where we can approximate the
CFS by standard fields in a classical spacetime, we can vary the measure in a more controlled
fashion according to the effective degrees of freedom in the continuum description. This is
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achieved by varying the fields that enter the local correlation map F [g,,,,A,,,...]. The stand-
ard results for matter and gravitational field equations are obtained in the continuum limit
where the regularization length is taken to zero € N\, 0. However, given the fact that matter
only couples to gravity as a third order effect of an expansion in the regularization length ¢,
we know that for CFS to describe the physical world we live in, the regularization length has
to be finite € # 0. Accordingly, one expects deviations from the standard results in the effective
description. This was demonstrated as a proof of principle in the case of the CFS mechanism
for baryogenesis [30] and requires modified measures for a minimizing classical spacetime
and matter configuration as we will elaborate now.

The method described in section 2.1.3 for constructing a CFS in Minkowski space gener-
alizes in a straightforward way to curved classical spacetimes (for details see [21, section 1]).
However, analyzing the causal action principle in curved classical spacetimes yields surprising
effects. We now outline those findings which are of relevance for the comparison with MMT.

To set the stage, let (.#Z,g) be a classical globally hyperbolic spacetime. Choosing a
subspace H of the Dirac solution space as well as a regularization operator R, :H —
CO(M ,S.#) NH (where S.# denotes the spinor bundle), we define the local correlation oper-
ator similar to (2.14) by (¢ | F(x) ¢) = — <1 (x)|¢(x) >, (where <.|.>, is the inner product on
the spinor space S,.#). Following the procedure in (2.15), we can take the push-forward meas-
ure of the volume measure du_y := /— detgd”x in classical spacetime, i.e.

This gives a CFS describing the curved classical spacetime (.#,g).

The first observation is that the regularization behaves dynamically. This means that, even
if we choose a simple regularization on an initial Cauchy surface (for example, a cutoff in
momentum space with respect to an observer), the dynamics as described by the Dirac equation
in curved classical spacetimes has the effect that, at a later time, the regularization has a more
complicated structure. In particular, the regularization length € must not to be considered as
a constant (say, the present day Planck length), but instead it becomes a function &(x) which
changes dynamically on cosmological scales. This effect was worked out in detail in [39] by
introducing the so-called regularized Hadamard expansion. In this formulation, the dynamics
of the regularization is obtained by solving transport equations along null geodesics.

The second observation is that, in curved classical spacetime, the measure p constructed by
taking the push-forward of the volume measure (3.1) does not have to be a minimizer of the
causal action principle anymore. Instead, one has to start with a more general measure of the
form

pe :=F.(X ba) (3.2)

for a smooth function x € C*°(.#,R*) which is not constant. Le., we consider the push-
forward of a modified measure ®(A) = x 1 in curved classical spacetime.

In simple terms, this result can be understood as follows (for details see [30, section 4]). In
order for our CFS to satisfy the physical equations, we must satisfy the EL equation (2.13).
Hence the function ¢ defined by (2.12) must vanish identically in spacetime. As just explained,
in curved classical spacetime the regularization length £ (x) is a function of the spacetime point.
This function enters the integrals in (2.12) in a non-trivial way, meaning that, working with the
geometric measure (3.1), the first two summands in (2.12) depend on the function €(x), but the
last summand does not. As a consequence, the EL equations will be violated. In order to satisfy
these equations, we must work with (3.2) and choose x in such as way as to compensate for
the spacetime dependence of £(x). In this way, the causal action principle forces us to modify
the measure according to (3.2).
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3.3.3. Discussion. MMT is arelatively minor modification of GR, and its field equations are
accordingly compatible with standard predictions in the local Universe. However, there is no
fundamental argument that allows to distinguish which formulation, first order, second order
or multiple measures, is fundamental. Accordingly, when building phenomenological models,
there are many free parameters to fit observation. CFS, on the other hand, comes with a single
fixed variation principle. However, in this case working out the full phenomenology is a diffi-
cult task. As argued above CFS requires modified measures in the effective description when
working in curved classical spacetimes. This was first noted in the proof of principle deriva-
tion of a new mechanism for baryogenesis [30] from CFS. Modified measures turn out to be
crucial for the consistency of the approximate effective description. The departure from geo-
metric measures implies a non-conservation of the matter stress-energy tensor in the second
order formulation (2.17); a property necessary when describing baryogenesis as a transition
from a vacuum configuration. In a sense, the mechanism transfers ‘energy’ from the gravita-
tional sector, to the matter sector.

4. Outlook and conclusion

In the present paper we have discussed the relationship between MMT and CFS. While it is
clear that a connection exists, a substantial amount of work will be needed to constrain those
MMT that are compatible with CFS. Working out the precise dynamics of the scalar field x for
a CFS in the continuum limit will be subject of future work. In particular it will be important
to work out whether CFS gives rise to the dynamics of the first or the second order formula-
tion of MMT or whether one obtains something more general. If deriving such constraints in
a rigorous manner is successful, this will allow to study these MMT models as effective phe-
nomenological models for CFS in cosmological/astrophysical settings without having to take
the full CFS formalism into consideration. Meanwhile multi-measure theories at first glance
seem incompatible with CFS. Ideally, this will be different for other approaches to unifica-
tion/quantum gravity, which would provide an efficient pathway to derive phenomenological
predictions that can distinguish these approaches from CFS.

On the conceptual level there are open questions concerning the scalar field x that appears
in MMT. It is a priori not clear how to interpret this field exactly. It is tightly connected to the
volume of the classical spacetime and can play the role of the inflation field when using the
second order formalism [8]. However, it only encodes deviations from the geometric volume.
Hence, if one were to quantize the modified measure [16] and with it the scalar field x, then
quanta of this field can not directly be interpreted as a quantum of volume. It is interesting to
note that in [16] modified measures are related to a change in the fundamental length scale.
This is very similar to the relation discovered in [30] where the modification of the measure is
related to a change in the regularization length. These questions are subject of ongoing research
and we hope to shed some light on them in our upcoming papers [27, 75].

The present comparison shows that in absence of a full theory of quantum gravity it is
worthwhile to study the effect of separating different aspects of the functions the metric fulfills
in the second order formulation of GR into independent variables/degrees of freedom more
systematically. This gives a set of conceptually well motivated modifications of gravity which
stand a chance to be emergent as an appropriate limit of an underlying theory of quantum
gravity. In particular with respect to possible phenomenology on cosmological scales. Having,
e.g. a literature with a wide variety of MMT models available will help significantly to speed
up the investigation of phenomenological implications of CFS once the connection can be
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made rigorous. Similar research efforts regarding other, well motivated, modifications of GR
might have similar synergies with various approaches to Quantum Gravity.
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