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TIME-PERIODIC SOLUTIONS OF ADVECTION-DIFFUSION
EQUATIONS ON MOVING HYPERSURFACES*

CHARLES M. ELLIOTT! AND HANS FRITZT

Abstract. In this paper we study time-periodic solutions to advection-diffusion equations of
a scalar quantity u on a periodically moving n-dimensional hypersurface I'(t) C R™**!. We prove
existence and uniqueness of solutions in suitable Holder spaces.

Key words. periodic solutions, advection diffusion, moving surface, existence and uniqueness
AMS subject classifications. 35A01, 35A02, 35B10, 35R01, 58J35

DOI. 10.1137/140977060

1. Introduction. In this paper we consider the advection and diffusion equation
(1.1) Apipyu —uVpyy v —0%u = f

for a scalar quantity u : G; — R on the space-time hypersurface G; := Useo, ) I'() %
{t} € R"*2, where I'(t) denotes a closed n-dimensional moving hypersurface I'(t) C
R"™*1. Such equations arise in many applications such as processes on biological cell
surfaces [10] and the transport of surfactants on fluid interfaces [14]. The variational
Hilbert space theory for the initial value problem has been considered in [1].

Here the motion of the hypersurface is assumed to be periodic in time with period
T in the sense that I'(0) = T'(T). The velocity, v : G — R"T! of the moving
hypersurface I'(t) is given by v = vy +vrp, where vy denotes the normal velocity of I'(¢)
and vy is an advective velocity field tangential to I'(¢). The tangential gradient and
the Laplace-Beltrami operator on I'(t) are denoted by V() and Ap(, respectively.
The material derivative 9°u of a function w defined in a neighborhood of T'(¢) is given
by

(1.2) 0°u = us +vn - Vu +vr - Vpgyu,

where V denotes the usual gradient in R"*!'. A solution u : G: — R of the advection-
diffusion equation (1.1) is called periodic if

(1.3) u(-,0) =wu(-,T) on TIV(0).

The aim of this work is to establish the existence and uniqueness of periodic
solutions. Since the mass m(t) := fF(t) u(-,t)do(t) of a solution u of the advection-

diffusion equation (1.1) evolves according to

m/(t)=— [ f(.t)do(t),

I'(t)
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a necessary condition for u to be periodic is that

(1.4) /0 ' /F , Jao=o

However, please note that neither f nor the velocity v is supposed to be periodic. That
is, in general limy~ o f(+,¢) # limy »p f(-,t) as well as limy~ o v(-,t) # limy ~pv(-,1).
Although we prove a slightly more general result, the main result of this paper is that
for each given mass mg € R there exists a unique periodic solution u € Hoy(Gt) of
the advection-diffusion equation (1.1) with initial mass m(0) = mo. Here Hotn(Gt)
denotes a suitable Holder space, which we introduce below.

Since for f = 0 the mass m(t) of a solution u is constant in time, u describes a
conservative scalar quantity in this case. In order to prove existence and uniqueness of
periodic solutions to the advection-diffusion equation (1.1) we have to look at slightly
more general linear parabolic PDEs on G;. In fact, we have to consider advection-
diffusion equations of the form

(1.5) Apgyu —cu —0%u = f,

where ¢ : G, — R is a scalar function on the space-time hypersurface G; that is not
required to be periodic. Unfortunately, it turns out that the periodicity condition in
(1.3) is too restrictive in this case even if we assume (1.4), since in general the mass of
a solution u to (1.5) cannot be periodic in time, that is, m(0) # m(T"). The reason for
this is the zero-order term in (1.5). For example, for f = 0 and ¢ = V) - v+ a with
a € (0,400) the mass decays exponentially, that is, m(t) = m(0) exp(—at). Hence,
a periodic solution would have to satisfy m(0) = fr(o) u(+,0)do(0) = 0 in this case,
which is, however, a much too restrictive assumption for applications. Therefore, we
slightly relax the notion of periodicity to

1.6)  u(-0) _]{‘(0) u(-,0)do(0) = u(-,T) _]£<0) (- T)do(0) on T(0),

where i udo := {f; [rudo denotes the mean value of u on I'. Fortunately, for the
advection-diffusion equation (1.1) this condition is equivalent to the condition (1.3)
as long as the constraint (1.4) is satisfied.

The study of time-periodic solutions to both linear and nonlinear parabolic equa-
tions has a long history; see, for example, [16] and references therein, and in particular
[12], [15], and [21], as well as [2] and [17]. However, we are not aware of any previ-
ous analytic work that studies the periodic problem on moving hypersurfaces. Our
methodology reformulates the problem on a moving closed hypersurface to a prob-
lem on a fixed hypersurface with time varying coefficients. In order to obtain some
analytic results it is then useful to relate the hypersurface equation to a Neumann-
type boundary problem on a flat domain; see the appendix for further explanations.
Observe that the problem in our case is slightly more involved than the results on
the oblique derivative problems for flat domains in [16], since we cannot assume that
the zero-order term ¢ is nonnegative. For example for the choice ¢ = V) - v this
is certainly not true in general. The fact that the zero-order term ¢ can be negative
is indeed the reason why this paper is beyond the scope of previous works. Further-
more, the slightly weaker periodicity condition (1.6), which ensures the existence of
periodic solutions for any initial mass m(0) = mo € R, does not seem to have been
used in the literature so far. Anyway, it is still possible to adopt the techniques used
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by Lieberman in [16] to our problem. Therefore, our existence proof mainly relies on
a simple fixed point iteration and standard Fredholm theory.

Our work is partially motivated by numerical simulations of periodic solutions of
advection-diffusion equations on moving two-dimensional surfaces for f = 0 performed
in [11] using an evolving surface finite element method. The periodic solutions were
obtained by computing the initial value problem for arbitrary chosen initial conditions.
Indeed, the numerical solutions for different initial conditions with same initial mass
appear to converge very quickly to the same time-periodic solution. We would like to
emphasize that in this numerical work the formulation (1.1), which entirely avoids the
use of local coordinates and surface parametrisations, is very suitable for the evolving
surface finite element method.

This paper is organized as follows. First, we introduce the notation and the
parabolic Holder spaces on the space-time hypersurface G; as well as their associated
norms. Then we rewrite the advection-diffusion equation on the moving hypersur-
face T'(t) as an advection-diffusion equation with time-dependent coefficients on a
fixed reference hypersurface M. This formulation is more amenable for our purposes,
since it can be easily related to a (nondegenerate) Neumann-type boundary prob-
lem on a flat domain. We derive this Neumann boundary problem in the appendix.
In section 2, we summarize the results of this paper. This also serves as a reader’s
guide to the proof of the main result in Theorem 3.5. The detailed proofs of all results
given in section 2 can be found in section 3. In the appendix, we discuss the tech-
nique to extend a surface PDE to a nondegenerate PDE on an extended neighborhood.
This result is used in sections 2 and 3 to prove existence and uniqueness to the initial
boundary value problem on hypersurfaces without using any local parametrizations
of the hypersurface.

2. Preliminaries. We make use of the convention to sum over repeated indices.

2.1. Hypersurfaces. Henceforward, we assume that I'(t) € R"*? is a family of
closed (that is, compact and without boundary), orientable, connected, n-dimensional,
embedded hypersurfaces of class C!, with I € N, and that there is a closed, orientable,
connected, n-dimensional, embedded hypersurface M C R™*! of the same class and a
Cl-embedding X : G — R™*2 from the closure of the cylinder G := M x (0,T) C R"*+2
onto R"2 such that for any ¢ € [0, 7] the map X (-,¢) is a bijection from M onto T'(¢).
This implies that G; := U,c,m I'(t) x {t} C R"*2 is an (n + 1)-dimensional space-
time hypersurface of class C!. Here, C} refers to I-times continuously differentiable
functions, whose derivatives are Lipschitz. Note that we use the notation C*! for
functions continuously differentiable in time and twice continuously differentiable in
space. We also assume that the motion of I'(¢) is periodic in time in the sense that
I'0) =T(T) and X (-,0) = X(-,T), respectively.

2.2. Tangential gradient and material derivative. Let A/ C R"*! be an
arbitrary hypersurface. The tangent space to A at the point x € N is the linear
space

TN = {r € R | 3y € O\ (e, ). ™), 5((—e,€) CNA0) = 2,7/(0) =7} ;

see [9]. For a function f on an arbitrary hypersurface N differentiable at x € N, we
define the tangential gradient of f at x € A by

Vnf(@) = V(@) = v(@)(z) - V(z) = P()Vf(2),

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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where f denotes a differentiable extension of f to an open neighborhood U C Rrt+1
of x, such that fixru = fixnu; see [9] for more details. Here, - denotes the Euclidean
scalar product in the ambient space, v(x) is a unit normal of N at z, and P(z) =
1 — v(z) ® v(x) is the projection onto the tangent space of A at z. It can be easily
shown that the tangential gradient only depends on the values of f on N and hence
is independent of the chosen extension f. The components of the tangential gradient
are denoted by
D, f
: =V f
QnJrlf
For a twice continuously differentiable function f on N we have the commutator rule

(2.1) D.Dyf =DgD,f = (Hpnva = Hanvs) D, f,

where H := Vv denotes the (extended) Weingarten map on N. The Laplace—
Beltrami operator on A is defined by

Anfi=VnN-Vnf.

These definitions can be easily generalized to moving hypersurfaces I'(t), as well
as to the space-derivatives on the space-time hypersurfaces G and G;. Since G is a
cylinder the definition of the time-derivative of a function f on G is obvious. On
the space-time hypersurface G; we define the material derivative 9°f of a function
f:G.— Rby

0°f:=(foX)oX L
Since the velocity v of T'(t) is given by
vi= X0 XL

this definition is consistent with formula (1.2).

2.3. Holder spaces. For a function f: G — R we define the norm

|flo,g == sup |[f(z,?)],
(z,t)EG

and we say that f is Holder continuous in G with exponent « € (0, 1] if the seminorm

[f(@,t) = f(y, )l

| e}

Hyg(f) = sup sup
(@06 (y.5)ed\{(@.0)} |(@:t) = (y,8)
1
is finite. Here |(x,t)| := max{|z|,|t|2} with |z| := (ZZE xi)2 is the parabolic
distance in R™*2. Furthermore, we define the norms
| fla,g == |flo,g + Ha,g(f),

|flitag = |flog + (f1+ac + IVmflag,
| flata.g = Iflo.g + [Vmflog + (Vamf)i4ag + Vi flag + | filags

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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where

<f>1+ G ‘= sup sup |f($,t)—f(a;,3)|.
, (z,t)eG (z,5)€G\{(z,t)} |t _ S|1+Ta

For k = 0,1, 2, we introduce the following Holder spaces on G:

Hiva(G) ={f:G =R |[flhtag < o0},

Obvious modifications of the above definitions lead to the definition of | - |4, for
k=0,1,2. For a function f on G the following inequality holds:

|f(',t)|k+a7M < |f|k+a7g Vt € [O,T],VO[ S (0, 1], k=0,1,2.

Let the hypersurfaces M and I'(t) as well as the embedding X be of class C?; then
the norm | - |x+q,g, on the linear space Hyra(Gt) :={f: G = R | fo X € Hi1a(G)}
is defined by

|f|k+a7gt = |f o X|k+a7g for k = 0, 1,2.

Henceforward, d denotes the oriented distance function to M C R**1: see, for
example, [7]. There exists § > 0 such that the decomposition

v = a(z) + d@)v(a(c))
with a(z) € M is unique for all & € Ns, where
(2.2) Ns = {z e R"™ | |d(z)| < 6}

Please note that for a Cl-hypersurface, [ > 2, the oriented distance function d is also
of class C*, whereas the projection a : N5 — M is of class C'~!. The oriented distance
function d is also Lipschitz continuous on Ny and so is the projection a, provided that
the width ¢ is chosen sufficiently small and [ > 2. This can be seen as follows:

la(z) — a(y)| < [z —y| + [d(z) — d(y)| + |[d(y)|[v(a(z)) — v(a(y))]
< Clz —y| + cdla(z) — a(y)].

The extensions of the unit normal v, of the projection P, and of the Weingarten
map H on M to the neighborhood Ny are defined by v(z) := Vd(x) = v(a(x)),
P(z) :=1 —v(z) ® v(z) and by H(z) := V2d(x). For a function f on M we define
the lift to N5 by f!(z) := f(a(z)). This is actually the extension of f to A that
is constant along the normal direction to the hypersurface M. A direct calculation
yields

(2.3) V=1 - dH)(Vmf),
(2.4) (Vaf)! = (1 —dH)"'V [
compare to (2.2.13) and (2.2.16) in [8]. The definitions of the norms | - |;1a.g, and of

the spaces Hia(Gs) for k = 0,1,2 on the cylinder G5 :== N5 x (0,T) are obvious. In
order to prove the norm equivalence

1
Cka

s

| flitag < 1 htags < Cralflitag

for functions f : G — R, we need the following statement.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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LEMMA 2.1. For functions f,g: G — R the following inequalities hold:

Haog(fg) < Hag(f)lglo.g + |flo.gHac(9),
|f9la.g < 1flaglglog + 1flo.glgla.g-

Analogue estimates hold for the norms |- |k+a.g; on Gs.

Proof. The first inequality easily follows from the definition of the Holder coeffi-
cient. The second inequality is then a direct result. O

LEMMA 2.2. For M of class C} there exist constants Ch,a > 0 such that

1
Ck,oz

(2'5) |f|k+a,g < |fl|k+a7ga < Ck,a|f|k+a,g
for k=0,1,2 and o € (0,1].

Proof. Since the lifted function f! is constant along the normal direction, we
obtain

|flo.g = 10,6,

For the Holder coefficient it is obvious that Hy g(f) < Ha.gs(f'). Furthermore, since
the projection a is Lipschitz-continuous on N5 for § > 0 sufficiently small, it follows
that

fl xz, t) — fl Y,s
Hag(f')=  sup f (@ t) ( a)|
(z,t),(y,5)€Gs |($7t) - (ya 5)|

(z,t)#(y,s)
|(a(x),t) — (aly), s)|* [f(a(z),t) — fla(y), )|

sup ) )
(z,t),(y,8)EGs |(CE, t) - (yv S)|a (z,t),(y,8)EGs |(a(x)7 t) (a(y), 5)|a

(@,t)#(y,s) (@,t)#(y,s)
< OHOc,Q (f)

< sup

This already establishes |f|a.g < [f|a.gs < C|fla,g- From Lemma 2.1 and formulas
(2.3) and (2.4) we then obtain

|flitag = |flog + (Fl1rag +VmFlag < [fo.gs + (F14a,65 + [(Vaf) s
<|fo.gs + (Y 1ta.6s + 1AV fHags
< CO(IF' 0,5 + (140,05 + IV lags):

and conversely,

|fl|1+oz,g5 = |fl|07ga + <fl>1+a,g5 + |Vfl|a,g5 = |fl|07ga + <fl>1+a,g5 + |A(VMf)l|0t7ga
< C(f Nogs + (F 14065 + (V) ags)
< C(lflog + (1400 + IVMSlag),

where A := 1 — dH. Similarly, the result for £ = 2 can be deduced from

(V2 £ aps = AasApy(DsD. f) + VaAsy (D, f),
(Vidas = (A (A IV, L4+ (ATH)Vs(A YV, f

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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which follows from formulas (2.3) and (2.4). For |- |214,¢ We then obtain

|flo+a.g = |flog + [Vmflog + (Vafhirag + [Viiflag + 1 filag
< C(If 0,65 + [(Vah) 0,65 + ((Vaaf) ) 14ags + (V) ags + |fHlags)
< C(If'o,gs + 1AV o,gs + (AT V) 14ags
H((ATH* ATV ) ags
+(ATH)*V (A ) ags + | filags)
< C(10.6s + [V o.65 + (V1465 + 1V lasgs + 1V ags + [ filags):
Since Hag; (VY < C(IV?fYags + (V) 14a,05), we can conclude that |flatra,g <
C|f"|2+a.05- The opposite direction follows in the same way. O
LEMMA 2.3. The spaces Hit+a(G), with k € {0,1,2} and o € (0,1], are Banach

spaces.
Proof. The statement follows directly from the equivalence (2.5) and the fact that

the spaces Hy+a,65, K =0, 1,2, are Banach spaces. a
LEMMA 2.4. Let o € (0,1). For each € > 0 there is a constant C(¢) such that
(2.6) |flag < c€ %[ fl24a,g + C(O)lflog  Vf € HaralG),

where the constant ¢ does not depend on €.
Proof. Without loss of generality we can assume that € < min{g, 1}. In the case
that |(z,t) — (y, s)| > €, we directly obtain

@0 = £ 9] _ 2flog
@O =l = e

For |(x,t) — (y, s)| < €, we have
A(@,t) + (L= A)(y,s) € Ns x [0,T] VA€ [0,1],

and there is some (£, x) = A*(z,t) + (1 — X*)(y, s) with A* € [0, 1] such that

(@, t) = fy,8) = [ @, 1) = Fly.s) = [V FEX) - (x —y) + fFHEXE— 9|
< [V ogslz =yl + | Fllogslt — sl
<V logsle =yl + | flog,lt — 5|2
< (IV 0,65 + 1 £l0.6:) (@, 8) — (4, 5)]
< | otangs | (2,1) = (y,5)]
<c|flevagl(z,t) = (y,5)],

where we have used (2.5) in the last step. Hence, we obtain

(1) = fly; s)]
(@, 8) = (y,8)|*

2.4. Reformulation on a stationary hypersurface. In Lemma 2.5 of this
subsection we reformulate the equation on the moving space-time hypersurface G; to
the fixed space-time cylinder G. In order to do this, we introduce a time-dependent,
symmetric, and positive definite map G : G — R +1Dx(+1) defined by

< dflarasl@ ) = (4, 8)' ™ < ' " flarag. O

(27) G .= (Gaﬁ)a,ﬁ:17...,n+l with Gaﬁ = QaX . QﬁX + Val/g.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Since X is time-periodic, we have G(0) = G(T'). The term D, X - Dz X is a kind of
Cartesian representation of the Riemannian metric (first fundamental form) induced
by the embedding X on M at time t. We explain in subsection 2.4.1 below how this
definition can be generalized to arbitrary Riemannian metrics on M.

Definition (2.7) is motivated by the following observations. For @ € M the map
G = (VimX)IV M X)(a) : ToM — TyM is a bijective linear map on T, M, because
X is an embedding. By adding a term (v ® v)(a) to G in the definition of G(a), the
map G is extended to a bijective map on R™*. We write G*? for the components of
the inverse G~!. Please also note that the eigenvalues of G are the eigenvalues of the
map G and the eigenvalue 1 with corresponding eigenvector v.

Henceforward, the volume form do(t) on T'(t) is given by the n-dimensional
Hausdorff measure, whereas the volume form do(t) on M is the corresponding volume
form weighted by the density /det G(t). That is, do(t) := +/det G(t)do, where do
is the volume form on M induced by the n-dimensional Hausdorff measure. We
also use the notation dop instead of do(0). Because of the periodicity we have
doy = do(T). From Jacobi’s formula we immediately obtain that <./det G(t) =

1/det G(t)G*PGiqp(t) and hence
(2.8) % /M (- t)do(t) = /M Rt + %GO‘BGmgf(~,t)do(t).

Below, it will become clear how this formula is related to the transport formula on
the moving hypersurface I'(¢), (see Theorem 5.1 of [9]),

d L]
(2.9) i/ 000 = [ 070+ (Trio -0 0ot
We define the linear elliptic operator Ay by
N 1 N
(2.10) Ayt = Do (G*PDyit) + 5 Par GG Dy Gan D, i,

where P, denotes the components of the projection onto the tangent space of M.
In section 2.4.1, we show that this operator is exactly the Laplace operator on M
with respect to a Riemannian metric ¢g(¢), which in this section is given by the metric
induced by the embedding X at time ¢. It then follows from the invariance of the
Laplace operator under reparametrizations (see p. 117 in [6]) that for a function u on
['(t) we have Ay)(uo X) = (Appu) o X = (Vp) - Vppu) o X. The advantage of
the above definition, however, is that the operator is defined in the global coordinate
system of the ambient space, whereas the Laplace operator with respect to a certain
metric is usually defined in local coordinates. This global perspective can simplify
proofs, since it is then no longer necessary to patch together local results, such as
estimates, to global ones. Below, we demonstrate the practicability of our global
approach by proving the identity Ay (uo X) = (Apyu) o X directly in the global
coordinate frame. N

LEMMA 2.5. Let ¢ € R. Suppose ¢, f : G, — R and ¢, f : G — R are such that
c=coX and f = fo X. Then a function u € Ha1(Gt) is a solution of

Argpu—cu—0%u=f in Gy,
][ ul(-,0)do(0) = c,
(o)

u(-,O):u(-,T)—(ﬁ(o)u(-,T)da(O)—c> on T(0)

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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if and only if t=uo X € Hota(G) is a solution of

Aypi—Si—t,=f in G,

][M u(-,0)dog = ¢,
u(-,0)=u(-,T)— (][M (-, T)dog — c> on M.

Proof. From the definition of the material derivative we have u; = (0°u) o X.
Now, let D/ u, a = 1,...,n + 1, denote the components of the tangential gradient
Vru. Then we have

(2.11) Dyii = DX, (Dhu) o X.
The projection P’ : G; — R(+1x(+1) onto the tangent space of T'(t) satisfies
(2.12) Pl oX=G"D,X,DsX, ong.
We thus obtain
Ay =G’ D, Dy — G'G? D, G5 Dyt + %Pwmneﬁpgﬁcangpa
= G’ (DX, D X,)(DypDyu) 0 X + G DDy X, (Dyu) o X
— GG? DG Dy X,y (Dyu) o X + %Pwmﬂcﬂpgﬁcangpxﬁ (Dju)o X
= Py, 0 X(DpDyyu) 0 X + G*P Do DX,y (Dyu) 0 X

-GG D,D X,DsX,DsX,(Dyu)o X
—GG"D, X,D,DsX,DsX,(Dyu)o X
+ %PMGWGW(QBQQXLQ”XL +D,X,DyD,X,)D,X.(Du)o X
= Aruo X +G’D Dy X, (Dju)o X —G'D,D X,(D)u)o X
-GG D,DsX,D X,DyX,(Dyu)o X
+ Poy GG DD X, D, X, D, X,.(D}u) o X
= Arguo X + Poy GG (DD X, — DD X,)D, X, D X (Dju)o X,

where we have used the fact that G~1v = v and that PG~! is symmetric. From the
commutator rule (2.1) it then directly follows that

Ag(t)ﬂ = Ap(t)u o X.

The rest of the proof is obvious. O
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Due to the result in Lemma 2.5 it is sufficient to consider the periodic problem
on the reference cylinder G. In particular, if ¢ = V() - v, then ¢ on M is given by

¢ = $G“%Grap =1 2try4)(g). This can be seen as follows:

1 1
iGaﬁGmﬁ = §Gaﬁ (QathQ,BXn + QaXnQ,Bth)

1
= iGaﬁ (QaXn(Q;Un) o XDgXy+ QaXnQBXK(Q;Un) o X)

= P, 0 X(Dyvy) 0o X = (Vry - v) 0 X,
where we have used (2.11) with @ = Xy, and u = Xy, 0 X 7! = v,, as well as (2.12).
This also shows the connection between formula (2.8) and the transport formula (2.9).

2.4.1. An arbitrary Riemannian metric. The main results of this paper in
section 3 are also valid for maps G : G — R +1Dx(+1) defined by

(2.13) G(a,t)X - Y :=g(a,t)(P(a)X, P(a)Y) + (v(a) - X)(v(a)-Y)

VX, Y € R"" V(a,t) € M x [0,T],
where g(t) is an arbitrary (sufficiently smooth) time-dependent Riemannian metric on
M, see also [13] for further details. Indeed, G(¢) is a kind of Cartesian representation
of the metric ¢g(¢). In particular, if we choose g(t) := X*h to be the (periodic)
pull-back metric of the Riemannian metric h on I'(t) C R™*! that is induced by the
Euclidean metric in R"*!, then definition (2.13) coincides with definition (2.7). Using

integration by parts on closed hypersurfaces (see Theorem 2.10 of [9]) leads to Green’s
formula for the operator A« defined in (2.10),

/M G )V mu - Vaqwdo(t) = /M G D uD gV det Gdo
= — /M uD,, (G“ﬁgﬂw)\/m + uGO‘ﬁQa\/MQ,@de
_ /M uD,, (G D yw) Vet G + u%GO‘BGP"QaGPnQﬁw\/MdJ
=— /M u (Qa(caﬁgﬁw) + %GQBG”"QQGP”Qﬁw) do(t)

= —/ ul gpywdo(t),
M
where we have used the fact that
G"'D oG oy = Py G7" DGy + 1oy G7D G oy

= Py G""D Gy + vpvy DGy
= PpyG"D Gy — D (Vp1y) Gy
= PpyG""D Gy — Dyvpvp — vy D1y
= Ppy G D, G-

The last identity also shows that Agu = D, (G“’Dyu) + %GO‘”GBPQBGQ,?QP&.
However, we keep formula (2.10), since it is also valid, if we would replace (2.7) by
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Gap = D, X - DX + A\vgvg with A : M — (0, +00) continuously differentiable. It
can be shown that the elliptic operator Ay defined in (2.10) is the usual Laplace
operator on M with respect to the Riemannian metric ¢g(¢). In order to see this,
assume that ¢ : Q@ € R® — M C R""! is a local parametrization of M and let
gij(0) = %(6‘) . %(6‘). Furthermore, let g%/ denote the components of the inverse
of § = (Jij)ijet,...n- Since Pag(p(0)) = 3% (0)222(6) %“gf (6), we immediately obtain
from definition (2.13) that

(214)  Cusl(6).1) = 222 (0)59 (0)g;1.(0. 17" () 222(8) + via (0(6))v5((6)).

00 06!
(215) GV (p(0),1) == 222 (0)g" (0,1) 222 (0) + vl 0) s (9(6)),

where g¢;;(6,t) = g(@(@),t)(%w), %(0)) are the components of the metric with
..... 53‘1:17...,11 are the com-
ponents of the inverse matrix. For a function u : M — R™*! the tangential gradient

on M satisfies

. 0U Oy
=qg¥ —_—
(Varu) o e =97 55 53

on {2,

where U := u o ¢; see, for example, in [7]. Using relation (2.15), we obtain

D,(G Dyu)(p(0)) = 39 (0) 222 (0) oo (G Dyu) (0(6))

i Bpa D [ Opa . OU
=70 5 0357 (5™ 55 ) ©

2
; (g’”” 8U><9>+§“<9>8%<9> 000y mn () 0 ).

~ o6m 0" 20" " 96ioe™ 0"
The same procedure gives

(Par GG DgGonD ) o @
_ %0 i; 000 008 mn0%p 095 1 O Gan © @) 00 - OU
a0t 7 07 aom?  Ber oo Y a0 007 oot
_ %a i;0pn 140(Gay © p) OU
00t 7 9019 T agl oo
_ 9%a ;900 1k O (0Pa—pm  —uw 0P oU
=207 9019 ggi \agn I 9mud" Ggu + Warn) o9 | 5o
mu Lk ag?’nua_[J a(pa gij%glkg i a(pa gnm’g’uv 89077 a_U
a0l ook 990 Y 9ei Y Imuael \ oen 20v | o6F
— ,mu lkagmua_U+2% lki (~uv%> ou

o6t ook " “aev? a0l a0° ) o6k
mu Lk 6977“1« a_U _ 2glk§uv 89077 82(0077 a_U
061 Do 26 9696 DOF
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Altogether, we obtain
o 1
<Qa(G ’Dgu) + §Pa7GV"GﬁPQ3Gangpu) op

= 9o aon ) T 29 9 Toel ger

S ( det(gij)gmna—U> ;
\ /det(gij) o0m oo
which shows that A, is indeed the Laplace operator on M with respect to g(t).
Our approach to define the Laplace operator with respect to g(t) via the Cartesian
representation G(t) of the metric in (2.10) instead of using the usual definition of the
Laplacian based on local coordinates is advantageous for two reasons. First, by the
global perspective we can avoid the need to patch together local results, such as
Schauder estimates, to global ones. Second, we believe that the global approach is
more advantageous for numerical simulations; see, for example, in [13] and [19] for
two different problems that are both reformulated in a global coordinate frame. See
also Remark 5.1 at the end of this paper.

2.5. Strong maximum principle. The (strong) maximum principle for para-
bolic PDEs in flat domains (see, for example, in [20]), is also valid for parabolic PDEs
on closed hypersurfaces.

LEMMA 2.6. Suppose that the hypotheses of Theorem 3.1 hold and that M is
connected. Furthermore, suppose that Agyu — cu —uy > 0 in G and that u(x*,t*) =
maxgu =: M for some (z*,t*) € G with t* > 0. Then u= M on M x [0,t*] if ¢ = 0,
orifc¢>0 and M > 0.

Proof. Although the result is known, here we sketch a proof that is based on our
global perspective of the problem. We use the maximum principle in flat domains
by observing that a linear parabolic operator L on M C R"*! can be extended to a
linear parabolic operator L on an open strip N5 C R"*! about M such that

Lu'(2,t) = Lu(a(z),t) V(z,t) € N5 x [0,T];

see the appendix for more details. Hence, if Lu > 0, we also have Lul > 0. Moreover,
u(x*,t*) = maxgu =: M for some (2*,t*) € G if and only if u'(z*,t*) = maxg, ul.
From the strong maximum principle in flat domains (see, for example, [20]), it there-
fore follows that the set S := {x € M | u(x,t) = M} for any fixed ¢ € [0, T] must be
open, provided that the zero-order term ¢ satisfies ¢ = 0 or that ¢ > 0 and M > 0.
Since S is also closed and M is connected, we have either S = () or S = M. See also

[4, Chapter 12] and [5] for a detailed discussion of the topic. O

3. Periodic solutions: Results. The starting point for the study of time-
periodic solutions on hypersurfaces is the following result on the existence and unique-
ness of solutions to the corresponding initial value problem.

THEOREM 3.1. Let M C R™*! be a closed, orientable, n-dimensional hypersur-
face of class C}, and let g(t), t € [0,T], be a family of Riemannian metrics on M
such that the map G defined in (2.13) is of class H14+a(G) for some o € (0,1). Fur-
thermore, let ¢ € Ho(G). Then for any f € Ha(G) and ug € C°(M) there is a unique
solution of

(S1) = Agpu—cu—ug=f in M x(0,7T),
v u(+,0) =uy on M.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/10/16 to 217.112.157.113. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

TIME-PERIODIC SOLUTIONS ON MOVING HYPERSURFACES 1705

If ug € Hogra(M), then u € Hoyo(G) and there is a constant C' such that

(3.1) [u|24a,6 < C(|flag + [uol24a,m)-

Using this result and a fixed point argument, it is possible to prove the existence
of periodic solutions for advection-diffusion equations on M with an explicit lower
bound on the zero-order term c.

PROPOSITION 3.2. Let M C R™ be a closed, orientable, and connected, n-
dimensional hypersurface of class C3, and let g(t), t € [0,T], be a family of Rieman-
nian metrics on M such that the map G defined in (2.13) is of class Hi1a(G) for
some o € (0,1). Furthermore, let ¢, f € Ha(G). If ¢ > co > B2, then there is a
unique solution u € Hoyo(G) of

Agpu—cu—ug=f in Mx(0,T),

u(-,0) =u(-,T) —][M u(-,T)doy on M

with
(3.2) [ul2ta,g < C|flag

for some constant C depending on M, g, and c.

This result is sufficient to establish conditional existence for the periodic problem
without a lower bound on c.

PROPOSITION 3.3 (Fredholm alternative). Suppose that the hypotheses of Propo-
sition 3.2 hold. Then either the homogeneous problem

Agpu—cu—u; =0 in M x(0,7T),

][ u(+,0)dog = 0,
M

u(-,0) = u-,T) —][M (- Tydoy on M

has zero as its only solution, in which case the problem

Agpu—cu—ug=f in Mx(0,T),

][M u(+,0)dog = ¢,
u(+,0) =u(-,T) — <][M u(-,T)doy — c> on M

is solvable in the class Hata(G) for all f € Ho(G) and ¢ € R, or the homogeneous
problem has nonzero solutions, in which case the nonhomogeneous problem cannot be
solved for some choices of f € Ha(G) and ¢ € R.

Using this proposition, one can prove existence for the special choice ¢ = 0.
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COROLLARY 3.4. Suppose that the hypotheses of Proposition 3.2 hold. Then for
all f € Ho(G) and ¢ € R there exists a unique solution u € Hayo(G) of

Agpyu—ug = f in M x(0,T),

][M u(+,0)dog = ¢,
(-, 0) = u(, T) — (][M (e, T)dop — c> on M.

Existence of solutions for the adjoint operator L*u := Aggyu(z,t) 4+ u(x,t) of
the operator Lu := Aypu — 3tr4(g:)u — uy can now be established in the following
way. First, we define g(t) := g(T —t) and f(-,t) := f(-,T —t) for all t € [0,T]. Here
f € Ma(G) and g(t) is assumed to be a given family of Riemannian metrics with
g(0) = ¢g(T") and with G(¢), defined as in (2.13), of class Hi44(G). From Corollary 3.4
it follows that there exists a unique solution u € Ha 1 (G) of

Agpu—u,=f in Mx(0,T),

][ u(-,0)dop = 0,
M
ﬂ('ao)ZQ(',T)—][MQ(~,T)CZOO on M.

Next, we define u(-,t) := u(-,T —t). Obviously, we have u(-,t) = —u,(-,T —1).
Furthermore, it follows that

(3.3)
Agpyu(@,t) + w(z,t) = Agyr—pu(@, T —t) —u(z, T —t) = f(z,T —t) = f(z,1),

][ u(-, T)dog = 0,
M

u(-,T) = u(-,0) —][M u(-,0)dop on M.

We use this result below to prove uniqueness of periodic solutions for the choice
¢ = 2trg(g:) of the zero-order term. That is, for the operator Lu := Ay
U — %trg (9t)u — u¢. The Fredholm alternative in Proposition 3.3 then gives the main
theorem of the paper.

THEOREM 3.5. Suppose that the hypotheses of Proposition 3.2 hold. Then for all
f € Ha(G) and ¢ € R there exists a unique solution u € Hoyo(G) of

Agiyu— strg(gu—u = f in M x(0,T),

][M u(+,0)dog = ¢,
(-, 0) = u(, T) — (][M (e, T)doo — c> on M.
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In particular, for all ¢ € R and for all f € Ha(G) with fOT S fGit)do(t)dt = O there
exists a unique solution u € Hoto(G) of

Agyu— trglgu—ur = f in M x(0,T),

][ u(+,0)dog = ¢,
M
u(-,0) =u(-,T) on M.

Finally, we obtain the following existence and uniqueness result for time-periodic
solutions to advection-diffusion equations on moving hypersurfaces.

THEOREM 3.6. Let I'(t) C R, t € [0,T], be a family of closed, orientable, con-
nected, n-dimensional hypersurfaces of class C3 with T'(0) = I'(T)), such that there ez-
ist a hypersurface M satisfying the hypotheses of Proposition 3.2 and a C3-embedding
X : G — Gy in the sense of section 2. Then for all ¢ € R and for all f € Ho(G:) with

fOT fF(t) f(, t)do(t)dt = 0 there exists a unique solution u € Hayo(G:) of

Apipyu —uVpyy v —0% = f in G,

][ u(-,0)do(0) = ¢,
r'(0)
u(+,0) =u(-,T) on I(0).

4. Periodic solutions: Proofs.

Proof of Theorem 3.1. Again we use the fact that the advection-diffusion equation
on M can be reformulated as a (nondegenerate) PDE on a neighborhood N of M; see
the appendix for more details. The theorem is a consequence of the norm equivalence
(2.5) and Theorem 5.18 in [18]. More precisely, the norm equivalence ensures that the
lifted data on N is sufficiently smooth and bounded. Hence, there exists a unique
solution 7 of the Neumann boundary problem on Nj satisfying a parabolic Schauder
estimate. A solution u to the problem (S7) can be easily constructed from this solution
4; see the appendix for details. Moreover, the solution u to the problem (Sy) is unique,
since it has to satisfy u! = @. Finally, the Schauder estimate for u follows from the
norm equivalence (2.5) and the corresponding estimate for @. See also section 3.1.3
in [3] for an alternative proof of the global Schauder estimates that is based on local
Schauder estimates for an atlas which are patched together. O

Proof of Proposition 3.2. We divide the proof in to two steps. First, we show
that there is a unique solution u € CO(M x [0,T]) N C*1(M x (0,T)) of (Sp) by
applying a contraction argument. Here, C%! refers to functions that are continuously
differentiable with respect to time and twice continuously differentiable with respect
to the space coordinates. Then in a second step, we choose a special series that
converges against the periodic solution with respect to the | - |2+4 g-norm in order to
establish the Schauder estimate (3.2).

Step (i) We define Jy : CO(M) — CO(Mx[0, T)NC?L(Mx(0,T)) by Jo(ug) := u,
where u is the unique solution to the initial value problem (Sy); see Theorem 3.1. Then
we define J : CO(M) — CO(M) by J(uo)(z) := Jo(uo)(z,T) = u(z,T) for all z € M.
In the following we show that J is a contraction with contraction constant 6; < %
Let wy,wy € CO(M) and w := w1 — wa, v := J(w1) — J(ws). We thus have to show
that

[v]o,am < O1]wlo,m
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for some 0 < 0; < % Henceforward, the linear second-order operator in (Sp) is

denoted by L, that is,
Lu = Agypu — cu — uy.
Let € € (122, ¢y); then we obtain

Le " =¢ee " —ce " = (e —c)e @

< (e—cple " <0.

Hence U* := +(Jo(w1) — Jo(ws)) — |w|o sme ¢ satisfies the conditions

LUi = :|:(LJO(’LU1) - LJO(U)Q)) — |U)|()’/\/(L€7675
==£(f~ f) — lwlomLe™
= —|wlomLe >0 in M x(0,T).

Furthermore, we have

U= (-,0) = £(Jo(wr) = Jo(w2))(:,0) = [w]o,r
= :|:(U)1 - 11)2) - |’LU|07M
(4.1) =dw—|wlom <0 in M.
Now we suppose that M* := mMaX(z,t)e Mx[0,T] U*(z,t) > 0. Then M* must be
attained at a point (x*,t*) € M x (0,T]. It follows from the maximum principle (see

Lemma 2.6) that U*(z*,0) = M* > 0, which contradicts (4.1). Hence M* < 0,
which means that U* < 0 in M x [0, T]. Tt follows that +v < |w|o_me™ " on M, and

wlo.m < e Fwlom-

In 2
- T

This shows that .J is a contraction with constant 67 := e~ T < e = % Now we

define
B = {u € C'(M) :][ udog = O}
M
and the operator K : B — C°(M) by

K(UO) = J(UQ) - ][M J(UQ)dOQ.

][M K () dop = (1 - ][M 1doo> ][M J(uo)doo = 0.

Hence K : B — B. Obviously, (B,] - |o,m) is a (nonempty) Banach space. In the
following we show that K is a contraction. Let wi,ws € B. We thus have to show
that

In fact we have

|K (w1) — K(w2)|o,m < Ok |wr — w2o,m

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/10/16 to 217.112.157.113. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

TIME-PERIODIC SOLUTIONS ON MOVING HYPERSURFACES 1709

for some 0 < 0 < 1. Using the fact that J is a contraction we obtain

1K (n) — K () lo.pq = }J(wﬂ ~ . twiydon — (wa) ~ f Iwn)ion

o,M

< |J(w1) - J(w2)|07/\/1 + b[/\/[ J(wl) - J(wg)dOQ

0, M
S <1 +][ 1d00> |J(w1) - J(w2)|o7M

M
< 20 5|w1 — walo,Mm-

We set O := 20; < 1. Since K is a contraction with constant g, it follows that
there is unique function u§ € B with K (u) = ug, that is,

J(ug) —][ J(ug)dog = ug.
M
Now let u* := Jo(uf). We then have

Lu*=f in Mx(0,T),

][M u*(+,0)dog = 0,
' (,0) = u() = J(u) - f

[ ugydon =7 —][ W (-, T)doo.

M

Now suppose @ € CO(M x [0,T]) N C?1(M x (0,T)) is a solution of (Sp). Then we
have g := 4(-,0) € B and @ = Jy(ig) as well as 4(-,T) = J(tp). Moreover, it follows
that

K (i) = J(itg) — ][M J(ito)dop = (-, T) — ][M il T)doo = i,

Therefore, we have & = u*, which completes the first step of the proof.
Step (ii) We now define wp := 0 and wg41 := K (wy) for k € Ny. By induction it
follows from Theorem 3.1 that Jo(wg) € Haya(G). Moreover, we have

|K(wk+m) - K(wk)|2+a7/\/l

< 1T (e — T(w0)|2sen + }][M T (thm) — J () doo

0, M
< | (Whtm) — J(we)l24a,m + [T (W) — (W) g
< 21 (Wktm) — J(Wk)| 240, M
< 2[Jo(Wk+m) — Jo(wk)|2+a,6-
In the following we show that |Jo(wk+m) — Jo(wk)|24a,¢ — 0 for k — oo and hence
uy = limpeowiy € Hora(M) as well as u* = Jo(ul) € Hoya(G) according to
Theorem 3.1. Furthermore, we then have u* = limy_, Jo(wy). We now choose
¢ € C>([0,T]) with ¢ =0 on [0,37], ¢ = 1 on [3T,T], and ¢’ > 0. The function
C(Jo(wis1) — Jo(wy)) then satisfies
L(¢(Jo(wr+1) — Jo(wg))) = =" (Jo(wp41) — Jo(wy)) in M x(0,T),
(C(Jo(wi+1) = Jo(wk)))(-,0) =0 on M.
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From the Schauder estimate (3.1) it follows that

I¢(Jo(wrr1) = Jo(wk))|24a,6 < CI¢" (Jo(wrr1) — Jo(wk))]a,g
< C(Q)]Jo(wi+1) — Jo(wk)]a,g,

and hence

| J(wrs1) = J(wWi)]24a,m < [C(Jo(wry1) — Jo(wr))|24a,0
(4.2) < C(O)]Jo(wry1) — Jo(wk)|a,g-

Since L(Jo(wrt2) — Jo(wr+1)) = 0, the estimate (3.1) also gives

[Jo(wit2) — Jo(Wkt1)|24a,¢ < Clwgts — wrt1|24a,m < C1K (wit1) — K(wk)|24a,Mm
< ClJ(wi1) — J(Wk)|24-0,Mm
< C(OJo(wit1) — Jo(wg)la,g,

where we have used (4.2) in the last step. The interpolation estimate (2.6) then yields

| Jo(wit2) — Jo(Wk+1)]2+a,6
< OO Jo(wrs1) — Jo(wk)|2+a,g + C(C, €)Jo(wrs1) — Jo(wi)o,g-

Moreover, the maximum principle gives
[Jo(wr+1) — Jo(wi)|o,g < |wkt1 — Wklo, M
and hence

| Jo(wr+2) — Jo(Wkt1)|2+a,6
< C(Q)e' ™ Jo(wrs1) = Jo(wr)|21a.g + C(C, €)|wrgr — wilo .

Choosing € > 0 such that C({)e!~® = 0k and setting C* := C((, ¢€) for this choice of
€ leads to

[Jo(wrt2) — Jo(Wit1)|2+40,6 < Or|Jo(wrt1) — Jo(wi)|2+4a,6 + CF|wiy1 — wi|o,m-

. . . . k+j
Since K is a contraction, we obtain |wy4j+1 — Witjlom < 057 w1 — wolo,am and

m—
|Jo(Wk+m+1) — Jo(Wkt1)|24a,6 < Z 0(Wrtjr2) — Jo(Wrrjt1)|2+ag
7=0

3

< {9K|J0(wk+j+1) — Jo(Wkt5)|24a,6 + C*9§<+j|w1 - wO|O,M}

<.
o

3

< {9];(+j+1|J0(w1) — Jo(wo)|24a,g + C*(k+j + 1)9];<+j|w1 - w0|07/v1}

=0
9k+1 o ek—‘,—m-‘,—l 8 9k+1 o ek—‘,—m-‘,—l

< |J —J, g S C* _ K K

< Wo(wr) = Jo(wo)lote.g———5 —— + C7[wn = wolomzs———— -

gt (k +1)0}
< ’ 1—05)2
< Ho(wn) = Jo(wo)larao 72 + €l = wolosm 7—5 55

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/10/16 to 217.112.157.113. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

TIME-PERIODIC SOLUTIONS ON MOVING HYPERSURFACES 1711
which converges to 0 for k — co. Therefore, the periodic solution u* = Jo(ug) is in
H2+a (g) and

O*
(1—-0k)*

+ w1 — wolo,m

0
() = Jo(wn)lz4ag < |Jo(wn) = Jo(wo)lza.97—g—

Since wp = 0 and |w1|24a,m < ClJo(wo)|2+a.6 < C|fla,g, as well as

|Jo(w1)]21a,6 < O fla,g + lwil24a,m) < Clflags
|Jo(w1) — Jo(wo)|24a,¢ < Clwilzyam < C|flag,

which hold because of (3.1), we finally obtain the estimate

[u*l210,6 < C|flag. O

Proof of Proposition 3.3. Since u solves the nonhomogeneous problem if and only
if u := u — ¢ solves the problem

Ayt — cu — up = f + cx,

][ (-, 0)doo = 0,
M
(- 0) = (-, T) —][ (-, T)doo,

M
we can assume without loss of generality that ¢ = 0. Now, let B := {u € Hata(9) :
Frqul-,0)dog = 0 and u(-,0) = u(-, T)—f,, u(-, T)dog on M} and let Lt : B = Ha(G)
be the linear second-order operator defined by

1
Lru= Agyu — Tu — Ug.
According to Proposition 3.2 the operator L is invertible and the inverse operator
L' is continuous. Hence, we can define the operator K : Ho(G) — B C Ha(G) by
Ku:=L;! (#u — cu). Because of the Schauder estimate (3.2) and the fact that B is
compactly embedded in H,(G), this is a compact operator. The equation Agqyu —

U — U = | is equivalent to
LTU + clu

& u—I—ICu:L:Flf.

Since 1 + K is a Fredholm operator, the second equation has a solution if and only
if (1 4+ K)u = 0 implies v = 0. The standard Fredholm theory therefore gives the
result. a

Proof of Corollary 3.4. Because of the Fredholm alternative in Proposition 3.3
we only have to establish uniqueness of the homogeneous problem. Suppose we have
a solution ¢ € Hatqa(G) of the homogeneous problem. Because of the maximum
principle (see Lemma 2.6), we then have

mﬁxw(, 0) > mﬁxw(,T) = In/\é}[X ((p(-, 0) —|—][M <p(-,T)d00>

= max ¢(+,0) +][ (-, T)doy,
M M
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and hence ,, ¢(-,T)doy < 0. In the same way we obtain

i (<p(-.0)) > max (—(.0)) = f_o(-.T)dn
and f,, @(-,T)doy > 0. Tt follows that f,, (-, T)dog = 0 and hence ¢(-,0) = ¢(-,T)
on M. Moreover, we know from the strong maximum principle that either ¢ is
constant or maxa ¢(+,T) < maxa ¢(+,0). Therefore, ¢ has to be constant. From
Fpq #(,0)dog = 0 it then follows that ¢ = 0. 0
Proof of Theorem 3.5. The second statement easily follows from the first state-
ment and the fact that

/Mu<-,T>doo= / u(-, T)do(T) = / / £ /
c|/\/l|+/ dt/

c|M| +/ / ug + Strg(ge)udo(t)dt

c|/\/l|—|—/ / Agpyudo(t) //fdo = c|M]|,

that is, f,,u(-,T)doy = ¢ and hence u(-,0) = u(-,T). In order to prove the first
statement, we mention that according to Proposition 3.3, it suffices to prove the
uniqueness result for the homogeneous equation, that is, f = 0 and ¢ = 0. Let
u € Hata(G) be a solution of the homogeneous problem. As above, we obtain u(-,0) =
u(-,T) on M. Next, we choose ¢ € Hay(G) such that

Ag(t)(p"_(pt =u n MX (OvT)v

][ (p(~,T)d00 = O,
M

w(-,T)=<p(-,0)—][M ©(-,0)doy on M.

According to Corollary 3.4 such a solution exists if we choose f = w in (3.3). We then
obtain

/ / Agyu — —trq(gt)u — ut) wdo(t)dt

u(A gy + @i )do(t)dt — /0 /M %trg(gt)wp + (up)do(t)dt
T

u(Agyp + @t )do(t)dt — /0 % /M updo(t)dt

lu|?do(t)dt — /M u(-, T)p(-, T)do(T) + /M u(+,0)¢(+,0)do(0)

|u|?do(t)dt — /M u(+,0)p(-, T)do(0) + /M u(+,0)p(+,0)do(0)
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T
- / / Jul2do(t)dt — / u(-0)(0( T) — (-, 0))do(0)
0 M M

:/OT/M |u|2do(t)dt+/M u(~,0)doo][M <p(~,0)d00=/0T /M |u[*do(t)dt

Hence, we have v = 0. This completes the proof of the claim. a
Proof of Theorem 3.6. The theorem directly follows from Lemma 2.5 and
Theorem 3.5. a

5. Appendix. In this section, we show that solving a parabolic PDE on the
hypersurface M C R™"*! is, in a certain sense, equivalent to solving a related parabolic
PDE on an open neighborhood of M C R™*!. The main advantage of this approach is
that the well-established machinery of parabolic PDEs on (n+1)-dimensional domains
of R"*! can be immediately applied after a suitable PDE on the open neighborhood
has been found. The main task therefore remains to formulate a PDE on an open
neighborhood of M from which the solution of the PDE on M can be extracted.

To motivate the idea, we first have a look at the following second-order parabolic
PDE on the n-dimensional hyperplane Mg := {z € R"*! : 2,,,1 = 0}:

) Ameu—u=f in Mgyx(0,T),
(P) = {u(-,O) =up(-) on Moy,

where Apyu = > 0" | Ug,q, denotes the standard Laplacian on M. Now, let u €
C°(Mgy x [0,T]) N C?*1(Mg x (0,T)) be a solution to this problem. Furthermore, let

Ns = {x € R"*! :|z,411] < 6} be an open neighborhood of width § around Mg. The

function u! : N5 x [0, 7] — R defined by u!(z,t) := u(z,t) with # = (z,7,41) is then
a solution to the following (strongly) parabolic initial value boundary problem:

At —d; = f' in N5 x(0,T),
(P =, =0 on ON;x(0,T),
a(-,0) =ub(-) on N;.
Here, f': N5 x (0,T) — R and u}, : N5 — R are defined by f!(z,t) := f(z,t) and

ub(x) := ug(z), respectively. At = 22:01 Ug,2, denotes the standard Laplacian on

R"*1. Obviously, we have Aul(z,t) = A u(z,t) + uzn+1zn+1(aj,t) = Apmou(z,t)

since ul, =0 on Nsx (0,T). Conversely, let 4 € C°(Ns x [0, T])NC* (N5 % (0,T))
be a solution of the hfted PDE (P). Then the function u : Mg x [0,7] — R defined
by u(z,t) := 55 f t)ds for all (z,t) € My x [0,T] is a solution to (P). This

easily follows from f(x t) = 35 f (2, 5), t)ds, uo(z) = 55 f_5 ub(z,s)ds and the
fact that

é
5 [ dila)0) ~ inl(z.5). 0
n+1

0
-2 Z/ Uz Ti Jf $ t)dS 215/ ﬂt((&a S),t)dS
-0

n 2 5
= 2_15 Z: 88—x12 »/—6 ﬂ((£7 5)7 t)dS + % (ﬁzn-u((&a 5)7 t) - arn+1 ((Ev _5)7 t))
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8 )
—21—55/ il(z, s),t)ds

—0

n
= g, (@,1) — ur(z,t)
i=1

for all (z,t) € Mo x (0,T).
Now we want to use this idea for the following second-order parabolic PDE on
the closed hypersurface M C R™t1:

) Lu=f in Mx(0,T),
(S)_{u(-,O):uo(-) on M,

where
Lu:= Aypyu+w - Vyu — cu — uy.

Here Ayhyu =D, (GQBqu) + %PMGW"G'BPQBGM]QPQL denotes the Laplacian with
respect to a (sufficiently) smooth time-dependent Riemannian metric g(t) on M,
where the map G(t) is the Cartesian representation of ¢(t) as defined in (2.13). w is
a given vector field on M. The corresponding lifted second-order parabolic PDE is
then given by

Lao=f' in N;x(0,T),
(8" = 5, =0 on 9N;x(0.T),
a(-,0) =ub(-) on N,
where N is the open strip of width § around M defined in (2.2), and f!(x,t) :=
fla(z),t) as well as ul(z,t) := u(a(w),t) are the lifted data. In order to define an
appropriate parabolic operator L on N, we first introduce the parallel hypersurfaces
M = {a+ sv(a) : a € M} for |s| < § and the bijective projections as : My — M

defined by as := ajrq,. Obviously, we have Ns = U‘S|<5 M. On M, we introduce
the rescaled tangential gradient for differentiable functions @ by

Vo alas) == (1 — d(z)H(xs)) 'V alzs) Vo, € My, Vs € (=6,6).

For § > 0 sufficiently small the map (1 — dH)(z;) is indeed invertible; see [8] for
further details. The Cartesian components of the rescaled tangential gradient V aq, u
are denoted by

Dy
= 6Msﬂ.
én—!—la
We then define the parabolic operator L by
(5.1)
Pa=D, (G99D,a) + 2 Pu GG DG Bt L8l agi— i
uw=D, Dgu +§ ay Dg an—p“+m+w' MU — €U — Uy,
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where G'*? denotes the components of (G')~" and G ;5 denotes the components of
G'(z,t) := G(a(x),t). Furthermore, w!(x,t) := w(a (a:), t) and ! (z,t) := c(a(z),1).
Below we show that for @ = u!(z, s) := u(a(x),t) we have

(5.2) Lul(xz,t) = Lu(a(z),t) Vz € Nj.

Moreover, we have 2 a =0, since u (a + sv(a)) = u(a) for all a € M, |s| < 4. Using
these facts, it is easy to show that u' is a solution to (S!) if u is a solution to (9).

Now suppose that @ : N5 x [0,7] — R"*! is a solution to (S!). In this case we
define u: M x [0,7] = R by

5
u(a,t) := % /4 w(a+ sv(a),t)ds V(a,t) € M x[0,T].

In order to see that u satisfies (S), we introduce the family of functions us : M X
[0,7] — R for s € [0, d] defined by
(5.3) us(a,t) = a(a+ sv(a),t) V(a,t) € M x[0,T],Vs € [-4,7].

We need this definition, because it is a priori not clear whether 4 is constant in the
normal direction. Obviously, we have

(5.4) jpm, = agws.

Since the tangential gradient v M, only depends on the values of 4 on M, we obtain

s 0%, 0%a
Li(zs,t) = Lt o(xg, 1) — W(%’t) + W(xs,t)
0%,

= Lug(a(xs),t) + (a(xs),t) Vas € Mg, Vs € (=6,0),

82

where we have used formula (5.2), a“* =0 and gljj (zs,t) = %(a(ms), t) in the last

step. It follows that for all a € M and t € (0,T) we have

5 s
fla,t) = %/ fYa+ sv(a),t)ds = % /—5 Li(a + sv(a),t)ds

1% 9%,
25/ Lusatds—i—— 82(a,t)ds

/usat

(LU) ),

s . e
where the term [* 5 aa %= ds vanishes, because of the Neumann boundary condition in

(S'). Hence, u = 35 f_5 usds is a solution to (9) if 4 is a solution to the lifted problem
(SY). From the uniqueness of solutions to (S') it follows that @ = wu!, which shows
that @ has to be constant in the normal direction.

In the following, we prove formula (5.2) and show that L is in fact a strongly
parabolic second-order operator on Aj. First, it is easy to show that the tangential
gradient of the projection a is given by

Vm.a(zs) = Plxs) —d(xg)H(zs) Vs € Ms.
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Using the fact that the v(z) = v(a(z)) and P(z) = P(a(x)), it follows that for
ul(-,t) := u(a(-),t) the following identity holds

Vol (zg,t) = (1 — d(xs)H(zs))Vmula(es), t).
Hence, for all (xs,t) € M, x [0,T] we have
(5.5) Vamu(a(zs),t) = (1 — d(ze)H(zs)) " Vvl (2, 1) = Vg, ul (24, 1),

or (Vapu) = v M. u!, respectively. From this result and the fact that %—15 =0 we
directly obtain that

. ~ - 1 - -
Lul(z,t) = D, (Glaﬂgﬁul) (2,8) + 5 (Pay GG DGl D i) 1)
+ wl(xa t) ’ 6./\/lsul(xv t) - cl(xv t)ul(x, t) - ué(xa t)
o 1
=D, (G ﬁQBu) (a(x),t) + 5(Pa.yG'mGﬁpQ,@Ganqu)(a(x),t)

+w(a(z),t) - Vymula(z),t) — c(a(x), t)ula(x),t) — ui(a(x),t)
= Lu(a(x),t).

In order to see that the operator Lis strongly parabolic, we consider the second-order
terms in (5.1). Using the notation A(z) := (1 — dH)(z) for all z € Ny as well as

o A1
(Aap)a g1, mi1 =4 (Aaﬁ)a,6:17...,n+1 =47

for the components of A and A~!, we obtain

ov?
= A’ D,(G'"P AP*D, i) — APv,v, D, (G'P AP D i) — A*P D, (G'*P AP v, v, D, a)
2 A~
+ Ao‘pypunDn(Gl"‘ﬁAﬁ“VKVLDLﬂ) + %
v
= A’ D,(G'"P AP* D, 1) — vovy D,y (G'*P AP*D,it) — A*P D, (v, D, it)
0%
+ vovy Dy (vav, D, 0) + 92
= A’ D,(G'"P AP D, 1) — v, D, (v, D, i) + G'*? AP'v, D, v Dt — v,D, (v, D, )
2 A
— A Dyvav, D0+ VnDn(ULDLﬁ) + VaUnDyvov, D, i + %
1%

- - 924
D, (G'? D 4i1) + 8—;; = A*P, D, (G"? AP P, D,a) +

= A"’ D,(G"P AP*D, i) — A’ D,vav,D,ii

= A’ D,(G"P AP D i) — (Vo - y)aﬁa
v

= AP*G'*P AP D, D, i + A*° D,(G'P AP)D, it — (V p, - V)aﬁﬁ'
14

Here we have used the fact that (G!)~'v = v and A~y = v as well as % = 0. For

G =1, this identity simplifies to

~ ~ 25 N
(5:6)  DaDai+ % = AP A D,Dyit+ A% D,y A% Dyt — (V , - y)%ﬁ.

= v
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Remark 5.1. A similar extension idea has been used only recently to develop
numerical schemes for the simulation of geometric PDEs on surfaces; see [19]. The
model problem considered in [19] is the following elliptic problem:

Aru—cu=f on T.

Using our notation, the authors propose the following nondegenerate extended equa-
tions:

V- (pA72Va) — pclt = pft in N,
% =0 on ON,
ov

where . = det A. This problem is of course equivalent to the problem

1
;v (uAT2Va) —da=f' in N

with zero Neumann boundary conditions. A long calculation now reveals that in the
case of G = 1 and w = 0 the resulting elliptic part of our parabolic operator L in
(5.1) indeed reduces to the operator V- (LA~*Va) — c'a,

1 1
—V - (WAT2Va) = — Dy (uA“P APY D)
1 I
1
= AP APYD,D i + A*P D, APYD.yii + Do AP APYD i+ ;Daqu‘ﬁAﬁVDva
0
= AP AP D, D i+ AP Do, APV D, it — A" Dyv,—1,

ov

since
1
Do AP APYD. i+ — Do AP APYD. i
n

= —A""AP' Dy A AP D+ A Do A AP APY DL
= A Do (dH ) AP APYD. it — A" Dy (dH,., ) AP APY D
= AV H, AP APV D i+ dA Do D,.D,dA"P AP7D. i
— A"V H o AP APYD. i — dA™ Do D, D, dA*" AP Do
= dA*"D,DyD.dAP APV D. it — A" M, v, Dyit — dA™ DD, D,dA*? APV D. s

0
= —-A"D,v,—1.
1% 8Vu

From (5.6) it hence follows that

1 ~ ~ U
;V (nA™2Vi) = DD i+ E%h
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