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A B S T R A C T

Additive manufacturing (AM) has developed rapidly in recent years and has the potential to
enable fabrication of structurally optimized components that have hitherto been impossible to
manufacture. When the degree of design freedom is high it can be observed that structurally
optimized components are often truss-like in form, such that truss topology (or ‘layout’)
optimization methods can be used to rapidly and directly identify optimal forms. However,
these forms are often geometrically complex, and the presence of overhanging elements means
that they generally need to be manufactured with support structures when traditional 3-
axis AM machines are employed. To reduce, or even completely eliminate, the need for
support structures, multi-axis AM machines with 5 or more axes can instead be used. In this
contribution a novel process-aware truss layout optimization strategy tailored for multi-axis
AM machines is proposed, which involves combining curved printing surface identification
with truss layout and geometry optimization. Due to the non-linear and non-convex nature
of the resulting optimization formulation, two strategies are proposed: (i) performance-based,
to obtain highly materially-efficient structures, though which have as little need for support
structures as possible; (ii) printability-based, to obtain fully self-supportable structures, though
which consume as little material as possible. Several examples are presented to demonstrate
the effectiveness of the proposed approach. It is shown that fully self-supporting optimized
structures can often be identified, with little or no sacrifice in terms of structural performance.

. Introduction

In recent years additive manufacturing (AM, also commonly referred to as ‘3D printing’) has gradually shifted from being a rapid
rototyping tool to being a large-scale automated manufacturing technology, with a range of AM methods now available for use by
ndustry. For example, the direct energy deposition approach (DED) can be used in conjunction with multi-axis machines, defined
erein as machines with 5 or more axes of motion (most usually 6 or 8 axes), including a tiltable base platform. Compared with
-axis AM machines (e.g., those using the powder bed fusion approach), DED provides increased fabrication flexibility, speed and
fficiency [1].

One challenge affecting many AM processes is the placement of material that extends outwards over a previous layer, commonly
eferred to as the overhang problem. This issue can be addressed by utilizing temporary support structures. However, when using
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DED processes such as wire arc additive manufacturing (WAAM), it is usually desirable to keep the use of temporary support
structures to an absolute minimum. This is because they increase material costs and deposition time [2], and can also be labour
intensive and time-consuming to remove [3]. To address this problem, model decomposition (or ‘segmentation’) approaches can
be considered; these involve separately manufacturing a series of sub-parts and then bringing these together to form the final
component. However, the final assembly process generally introduces additional manufacturing costs and may also affect structural
performance [4]. On the other hand, when using a multi-axis configuration, this assembly process is potentially no longer required,
since all parts can be printed as part of a continuous process. This technology is therefore of growing research interest. For example,
algorithms have been developed to decompose a component into zones [5–7], each of which are assigned local build directions. Also,
in [2] a given 3D model is separated into overhang-free interior elements and exterior elements where overhangs are allowed. In
other studies the decomposition concept has been extended by introducing curved printing surfaces, which permit different printing
directions at different points of a component. For example, Dai et al. [8] developed an approach that divided a 3D voxel model into
curved voxel layers to minimize the effects of the overhang problem. Xu et al. [9] extended the curved printing surface approach to
be applicable to any surface mesh model, with Li et al. [10] then improving its computational efficiency by employing a geodesic
distance field approach. Xie et al. [11] further extended the curved printing surface approach to ensure only convex surfaces are
present, such that collisions between the printer nozzle and parts of the fabricated component are avoided. Also, Li et al. [12]
considered a vector field-based approach to take support-free and collision-free conditions, together with mechanical performance,
into consideration at the path planning stage. However, although the aforementioned workers proposed methods of addressing the
overhang problem, they focused solely on the identification of printing surfaces for a given, predetermined, component form, which
in some cases may be found to be too complex to manufacture without supports. The latter is particularly likely when components
with optimized structural forms are considered.

For components manufactured via 3-axis AM machines a common approach to identify optimal or near-optimal structural
orms that can be printed without supports has been to utilize topology optimization. Most often, well-known density based
ethods [13] have been used to achieve this. For example, in [14] the authors decomposed the optimized structure into multiple

elf-supporting components. In [15,16] a 45◦ filter function that enforced self-supporting structural forms was introduced for 2D
topology optimization problems. The filter function was extended in [17,18] to allow a wider range of maximum overhang angles to
be considered; in [19] the method was made even more versatile by allowing consideration of a range of element shapes. In addition
to the filter approach, Qian [20] and Garaigordobil et al. [21] directly imposed overhang constraints by limiting the inclination angle
of structural edges. Similarly, van de Ven et al. [22,23] used a front propagation technique to identify overhanging elements, such
that these could be eliminated during the optimization process. Wang [24] considered the build direction as an additional variable
in the topology optimization problem with overhang constraints, so that more efficient designs could be obtained. In addition to
the density approach, the overhang problem has also been incorporated into other topology optimization formulations, such as
the level-set method (e.g., Allaire et al. [25],Wang et al. [26] and Zhang and Zhou [27]), the evolutionary structural optimization
approach (e.g., Bi et al. [28]), the Moving Morphable Component and Moving Morphable Void methods (e.g., Guo et al. [29]) and
truss topology optimization methods (e.g., Mass and Amir [30] and He et al. [31]). These studies show that the overhang constraint
problem has been quite extensively studied for 3-axis configurations. The studies have also indicated that whilst the imposition of
overhang constraints may often cause relatively little performance sacrifice in a design problem with a large volume fraction (ratio
between optimized structural volume and starting design domain volume), larger performance sacrifices are likely in the case of
low volume fraction design problems, where truss-like forms are often identified as being optimal [25].

To obviate the need to use post-processing techniques to convert into a truss a solution obtained via continuum topology
optimization methods, truss layout optimization approaches (after [32–34]) can be used to directly identify an optimal form. The
use of truss layout optimization methods to design AM components has been considered previously by workers such as Smith et al.
[35], Zegard and Paulino [36] and He et al. [31]; here the use of a geometry optimization rationalization step is also considered
to reduce the complexity of the designs, without sacrificing performance (after He and Gilbert [37]). However, as observed by He
et al. [31], relatively large performance sacrifices can be observed when fabricating truss structures using 3-axis AM machines unless
temporary support structures are employed. To help address this, in the present contribution multi-axis AM machines are instead
employed. Also, to properly realize the potential of multi-axis AM machines, it is of interest to consider the holistic optimization
problem in which printing surface identification and component design optimization are considered simultaneously, noting that,
when multi-axis AM machines are used, curved, rather than horizontal, printing surfaces can be employed. Since the resulting
holistic optimization problem is non-linear and non-convex, two approaches are here proposed, prioritizing either performance or
printability. In the former case the aim is to maximize the material-efficiency of the structure, while also keeping the need for
support structures low. In the latter case the aim is to generate structures that are completely self-supporting, while also keeping
material-efficiency high.

The paper is organized as follows. Section 2 describes a means of identifying the curved printing surfaces associated with
multi-axis AM for a given structural component of predetermined form, whilst Section 3 describes a holistic optimization approach
capable of simultaneously identifying suitable printing surfaces and optimal structural layout. The efficacy of the approach is then
demonstrated via application to example problems in Section 4. Finally, conclusions from the work are drawn in Section 5.

2. Printing surface identification for multi-axis additive manufacture

2.1. Multi-axis additive manufacture

The present work focuses on additive manufacture (AM) using multi-axis DED machines. In such a machine a printing nozzle is
2

usually attached to a robot arm, as shown in Fig. 1(a). Arising from the overhang problem mentioned in the previous section, the
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Fig. 1. Multi-axis AM configuration: (a) DED machine with machine arm and rotatable base platform; (b) the printable angle range when the base platform is
tilted; (c) expanded printable range due to base platform tilt capability (note that a 180◦ range will not always be reachable due to the potential for collision
between the printing nozzle and the base platform).

maximum printable angle for a printing surface (i.e., 𝜙max in Fig. 1(a)) is limited. However, taking advantage of rotatability of the
base platform, the maximum effective printable angle range can be extended; see Fig. 1(b) and (c).

A consequence of the ability of the printing nozzle and/or base platform to tilt is that the printing surface no longer needs to
remain horizontal, and can become curved. To illustrate the concept, Fig. 2(a) and (b) show planar and curved printing surfaces.
Although the maximum printable angle limitation remains the same (see green regions in Fig. 2(a) and (b)), the use of curved
printing surfaces significantly increases flexibility, for example permitting manufacture of components with elements inclined at
shallow angles to the base platform, thereby helping to address the overhang problem. Note that, even though printing surfaces can
be curved, the primary build direction remains unchanged (i.e., from bottom to top in Fig. 2). Thus the choice of primary build
direction will still influence the printing process, as will be discussed later.

Although the use of curved printing surfaces provides a potential means of addressing the overhang problem, other issues can
arise. For example, as shown in [9], concave surfaces can lead to potential collisions between the printing head and already printed
elements, as shown in Fig. 2(c). To avoid this, the turning angle, 𝜙t, should be sufficiently small, as shown in Fig. 2(d).

It is also worth noting that curved printing surfaces need not necessarily be smooth or continuous. In fact the entire domain can
be divided into zones, each of which has a single local build direction, e.g., see Fig. 2(e), with a caveat being that the turning angle
𝜙t between zones needs to be sufficiently small to avoid collisions between the printing head and already printed elements. (There
may also be hardware-specific limitations on the speed at which the nozzle can be re-orientated, such that sudden changes in angle
may not always be feasible in practice.)

2.2. Identification of curved printing surfaces

2.2.1. Domain discretization
To maximize printability, suitable printing surfaces can be identified by referring to the structural form to be manufactured. For

sake of simplicity, herein piecewise linear printing surfaces are used. Firstly, the domain is divided into a number of zones; Fig. 3
shows a simple domain divided into four zones. Secondly, by analysing the orientations of the structural members present within
each zone, suitable local build directions are determined (Fig. 3(b)). Thirdly, a series of printing surfaces are created (Fig. 3(c)).
Since the curved printing surfaces are approximated via piece-wise linear surfaces, a suitably large number of zones needs to be used,
with the extents and locations of zones determined via optimization; see Section 2.2.4. Once the printing surfaces are identified,
appropriate base platform orientations can be determined (Fig. 3(d-h)). Note that in the simple example shown in Fig. 3, due to the
3
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Fig. 2. Horizontal and curved printing surfaces: (a) planar (horizontal) printing surfaces and associated printable build angle ranges; (b) curved printing surfaces
with associated printable build angle ranges; (c) potential collision between printing head and already printed elements when using a concave printing surface
and a large turning angle 𝜙t; (d) no collision occurs when the turning angle 𝜙t is small; (e) division of domain into zones possessing piece-wise linear printing
surfaces (printing surfaces indicated by green dashed lines; for interpretation of the references to colour in this figure caption, the reader is referred to the web
version of this article).

near-horizontal member orientations in Zones (2, 1) and (2, 2), a high turning angle 𝜙t is required, indicating that a sharp nozzle
would be necessary to ensure collision-free printing; the latter is discussed further in Section 2.2.3.

2.2.2. Local build direction
To identify a suitable local build direction for each zone, the orientations of structural members need to be taken into account.

For the single member shown in Fig. 4(a), it is clear that it is printable for any 𝜙 ∈ [𝜃 − 𝜙max, 𝜃 + 𝜙max], where 𝜙 and 𝜃 are,
respectively, the local build direction angle and the angle of inclination of the member, measured relative to the 𝑥+ axis. Also,
𝜙max is the maximum permitted overhang angle. If more than one member is considered (e.g., see Fig. 4(b)), a suitable local build
direction angle for a zone can be determined by minimizing the total overhang violation:

min
𝜙,𝜂

∑

𝑖∈M
𝜂𝑖 (1a)

s.t. 𝜂𝑖 = |𝜙 − 𝜃𝑖 − 𝜙max| + |𝜙 − 𝜃𝑖 + 𝜙max| − 2𝜙max,∀𝑖 ∈ M, (1b)

where 𝜂𝑖 and 𝜃𝑖 are respectively the overhang violation and orientation angle of member 𝑖; M is a set containing all members passing
through the given zone. Note that the objective function in (1) may not always reach zero, since it may not always be possible to
4
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Fig. 3. Discretizing a domain with zones for printing surface identification: (a) the design domain is discretized into four zones; (b) local build directions are
determined for each zone; (c) printing surfaces are determined based on local build directions; (d-h) base platform orientations following the printing surfaces
in (c) (where zone (𝜇, 𝜈) represents the zone on the 𝜇th row and 𝜈th column; arrows represent local build directions and green dashed lines represent printing
surfaces; for interpretation of the references to colour in this figure caption, the reader is referred to the web version of this article).

identify a suitable local build direction; e.g., see Fig. 4(c). In this case, the most ‘important’ members should be prioritized, where
herein the overhang violation is weighted by member volume, such that the objective function in (1) is modified to:

min
𝝓,𝜼

𝜼T𝐥𝐚, (2)

where 𝜼 = [𝜂1, 𝜂2,… 𝜂𝑚] is the member overhang violation vector with 𝑚 denoting the number of members; 𝐥 = (𝑙𝑖,𝑖),∀𝑖 ∈ M is a
𝑚 × 𝑚 matrix with member lengths on the diagonal, where 𝑙𝑖,𝑖 = 𝑙𝑖 is the length of the 𝑖th member. Also 𝐚 = (𝑎𝑖),∀𝑖 ∈ M is a vector
containing member areas.

2.2.3. Collision at concave printing surface
Given the local printing directions, printing surfaces can be generated by creating a series of parallel line segments perpendicular

to the printing directions within each zone. However, as mentioned in Section 2.1, collision can occur at concave printing surfaces
(e.g., see Fig. 2(c)). To prevent this, the turning angle 𝜙t between surfaces from two adjacent zones is restricted:

𝜙t ≤ 𝜙t,max, (3)

where 𝜙t is the difference in the building angle 𝜙 between any two adjacent segments of the printing surface; 𝜙t,max is a predefined
maximum turning angle to prevent collision. For printing nozzles with a relatively sharp shape, the risk of collision is reduced,
allowing for a relatively high 𝜙t,max. Conversely, a blunt-shaped nozzle necessitates the use of a lower 𝜙t,max. When 𝜙t,max = 0, the
printing surface can only be horizontal or convex, ensuring collision-free printing irrespective of nozzle shape. Note that Constraint
(3) effectively provides a simplified means of minimizing the risk of collision during the structural design phase. However, for
comprehensive identification and elimination of collision risks, a thorough collision assessment is required (e.g. see videos that
show complete simulation of the build process in the case of two of the example problems considered later in this paper).
5
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Fig. 4. Printable angle ranges for members: (a) Bar 1 is printable for any 𝜙 ∈ [𝜃−𝜙max , 𝜃+𝜙max]; (b) Bar 1 and 2 are both printable as the local build direction
angle can be selected from a range; (c) no local build direction angle can be found in this case (where 𝜙 and 𝜃 are, respectively, angles of the printing direction
and the member, measured relative to the 𝑥+ axis; 𝜙max is the maximum permitted overhang angle).

2.2.4. Problem formulation
Considering (1), (2) and (3), and assuming that the domain is discretized with 𝑛𝜇 × 𝑛𝜈 zones, the optimal printing surfaces for a

given truss structure can be identified by solving the following optimization problem:

min
𝝓,𝜼

∑

𝜇

∑

𝜈
𝜼T𝜇,𝜈 𝐥𝜇,𝜈𝐚𝜇,𝜈

s.t. 𝜼𝜇,𝜈 = |𝜙𝜇,𝜈𝐞 − 𝜽𝜇,𝜈 − 𝜙max𝐞| + |𝜙𝜇,𝜈𝐞 − 𝜽𝜇,𝜈 + 𝜙max𝐞| − 2𝜙max𝐞,∀𝜇 ∈ Z𝜇 ,∀𝜈 ∈ Z𝜈

𝝓t ≤ 𝜙t,max𝐞,

(4)

where 𝑛𝜇 and 𝑛𝜈 are the numbers of rows and columns of zones used in domain discretization shown in Fig. 3, where 𝜇 and
𝜈 are used for row and column indices, respectively. Z𝜇 = {1, 2,… , 𝑛𝜇} and Z𝜈 = {1, 2,… , 𝑛𝜈} are sets containing row and
column indices of zones, respectively. Also, 𝜼𝜇,𝜈 , 𝐚𝜇,𝜈 and 𝜽𝜇,𝜈 are vectors containing, respectively, overhang violations, areas and
orientation angles of members in the zone at the 𝜇th row and 𝜈th column, where 𝐥𝜇,𝜈 is a diagonal matrix of lengths of the
members, and 𝜙𝜇,𝜈 is the building direction of the zone. And 𝐞 = [1, 1,…]T is an all-one vector with appropriate length, and
𝝓t = [𝜙1,2 − 𝜙1,1, 𝜙1,3 − 𝜙1,2,… , 𝜙𝜇,𝜈 − 𝜙𝜇,𝜈−1,… , 𝜙𝑛𝜇 ,𝑛𝜈 − 𝜙𝑛𝜇 ,𝑛𝜈−1]

T is a vector containing turning angles between adjacent zones
in any row. In this problem, the printing surface parameters, 𝝓 and 𝜼, are variables, while the structure parameters, 𝐥, 𝐚 and 𝜃,
along with the printing configuration parameters, 𝜙max and 𝜙t,max, remain constant. Given that both the objective function and the
constraints are linear, Problem (4) is a linear programming (LP) problem, which can be solved efficiently using a modern commercial
LP solver, e.g., Mosek [38]. Moreover, in this case a globally optimal solution is obtained.

2.2.5. Example
To show the capability of the proposed algorithm to generate printing surfaces for a given structure, a simple example involving

a truss comprising solid members is tackled. For the structure shown in Fig. 5(a), it is assumed that a fixed vertical primary build
direction will be used and that 𝜙max = 45◦ and 𝜙t,max = 45◦. Four zones are employed, splitting the structure into four parts, Fig.
5(b). Then Problem (4) is solved to identify local building directions, Fig. 5(c). Finally, printing surfaces are generated in Fig. 5(d).
Note that in Fig. 5(d), the highlighted member on the top is still not printable due to the violation shown in Fig. 4(c). Nevertheless,
its printability has been improved relative to that possible using 3-axis AM. Although in this case other primary build directions
could be used to improve printability, in general more advanced techniques are needed to achieve this, which will be introduced
in the next section.

3. Simultaneous printing surface identification and truss optimization formulation

3.1. Overview

Although multi-axis AM can improve the printability of a structure, its potential can be more fully realized when it is used in
combination with structural optimization; Fig. 6 illustrates the various options available, considering both 3-axis and multi-axis
additive manufacture:

• In (A), a conventional structure is directly manufactured using 3-axis AM. Depending on the form of the structure, its
printability and performance may be low.

• Approach (B) is similar to (A), though multi-axis AM is now used, increasing printability.
• In (C), the structure is optimized first to achieve better performance. However, depending on its form, printability may be

low.
6
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Fig. 5. Multi-axis printing plan: (a) conventional truss structure design; (b) domain discretized into 4 zones; (c) local build directions identified for each zone;
(d) printing surfaces are determined from the local build directions (where Zone (𝜇, 𝜈) represents the zone on the 𝜇th row and 𝜈th column; arrows represent local
uild directions; red bars are not printable; green dashed lines represent printing surfaces; for interpretation of the references to colour in this figure caption,
he reader is referred to the web version of this article).

• In (D), multi-axis AM is used to fabricate the optimized structure, increasing printability.
• In (E), the structure is generated via a holistic optimization considering the constraints associated with the 3-axis AM process.

Although printability is good in this case, this is at the expense of structural performance.
• In (F), multi-axis AM offers more design freedom in the holistic approach. Good printability and performance are therefore

both achievable.

Approaches (A), (C) and (E) can be achieved via established 3-axis AM methods (see, e.g., Mass and Amir [30] and He et al.
31]). Techniques in Fig. 5 will improve printability when using approaches (B) and (D). However, to fully exploit the power of
ulti-axis AM, a holistic optimization is needed to achieve (F), which will be introduced later in this paper. However, first the basic

russ layout optimization formulation will be revisited.

.2. Basic truss layout optimization formulation

Numerical truss layout optimization methods [32–34] provide a powerful means of generating highly efficient truss-like
tructures with given conditions (e.g., domain, load and support conditions etc). The standard process involves a series of steps, as
hown in Fig. 7(a–c). Firstly, the design domain, load and support conditions are specified, Fig. 7(a); secondly, nodes are generated
nside the design domain and potential members are created by interconnecting these nodes, Fig. 7(b), forming a ‘ground structure’;
inally, the optimal layout is identified (Fig. 7(c)) by solving the following problem:

min
𝐚,𝐪

𝑉 = 𝐥𝐓𝐚 (5a)

s.t. 𝐁𝐪 = 𝐟 (5b)

− 𝜎𝑐𝐚 ≤ 𝐪 ≤ 𝜎𝑡𝐚 (5c)

𝐚 ≥ 0, (5d)

where 𝑉 represents total structure volume; 𝐥 = [𝑙1, 𝑙2,… , 𝑙𝑚]T is a vector of member lengths with 𝑚 denoting the number of members;
𝐚 = [𝑎1, 𝑎2,… , 𝑎𝑚]T is a vector containing the member cross-sectional areas; 𝐪 = [𝑞1, 𝑞2,… , 𝑞𝑚]T is a vector containing the internal

ember forces; 𝐟 = [𝑓1𝑥, 𝑓1𝑦, 𝑓2𝑥, 𝑓2𝑦,… , 𝑓𝑛𝑥, 𝑓𝑛𝑦]T is a vector containing the external forces applied on nodes, with 𝑛 denoting the
number of nodes. Also 𝜎𝑡 and 𝜎𝑐 are limiting tensile and compressive stresses respectively. 𝐁 is a 2𝑛×𝑚 equilibrium matrix comprising
irection cosines. Note that in this formulation, the member-related parameters 𝐪 and 𝐚 are design variables, while the node position
ependent parameters, 𝐥 and 𝐁, and the load vector 𝐟 and material stress limit 𝜎𝑐 and 𝜎𝑡 parameters, remain constant. Therefore,
roblem (5) is a LP problem. Further details of the traditional truss layout optimization can be found e.g., in [33,34].

Building on the traditional truss layout optimization formulation, in [31] an approach to design self-supporting structures for
-axis machines was proposed, where in this case the printing platform cannot move (i.e, tilt or spin). For this reason, the permitted
7

uilding directions are fixed (e.g., Fig. 2(a)), and thus are uncoupled from the optimization problem. However, multi-axis machines



Computer Methods in Applied Mechanics and Engineering 418 (2024) 116464H. Lu et al.
Fig. 6. Workflows for using AM on structural components, where workflows (A), (B), (C) and (D) consider AM and structural design separately, which lead to
not fully printable structures; workflows (E) and (F) design AM printing plan and structure simultaneously (*multi-axis represents machines with 5- or more-axis
configuration; green dashed lines represent printing surfaces; red bars are unprintable due to overhang; 𝜙max = 45◦ is used; for interpretation of the references
to colour in this figure caption, the reader is referred to the web version of this article).

Fig. 7. Steps in the layout optimization approach for AM components [31]: (a) specify design domain, loads and supports; (b) discretize domain using nodes and
interconnect these with potential members, forming a ‘ground structure’; (c) use the layout optimization formulation to identify the subset of members forming
the optimal structure; (d) use geometry optimization to rationalize the structure; (e) convert to solid 3D model ready for AM.

allow variable building directions (e.g., Fig. 2(b)), so in this work the printing surface identification process described in Section 2.2
can potentially be considered in conjunction with truss layout optimization, giving rise to a holistic problem formulation.

3.3. Holistic printing surface identification/truss optimization formulation

As mentioned earlier, a significant benefit of using multi-axis machines lies in the fact that the printing surfaces can become
curved, allowing members at shallow angles to the building platform to be manufactured (e.g., Fig. 3). As shown in Section 2.2,
the design domain is divided into zones, within which the directions of the printing surfaces are determined. Since the quality of
the solutions obtainable will be influenced by how these zones are arranged, it is beneficial to make the size and position of each
8
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Fig. 8. Zones with optimizable boundaries defined by 𝑥z
𝜇,𝜈 and 𝑦z

𝜇 : (a) initial locations and sizes of zones; (b) optimized zones (zone (𝜇, 𝜈) represent the zone on
he 𝜇th row and 𝜈th column and green dashed lines represent printing surfaces (for interpretation of the references to colour in this figure caption, the reader
s referred to the web version of this article).

one adjustable; see Fig. 8. Therefore, to simultaneously optimize structural layout and printing surfaces, the following holistic
ptimization problem can be formulated:

min
𝐚,𝐪,𝝓,𝜼,
𝐱,𝐲,𝐱z ,𝐲z

𝐥𝐓𝐚 (6a)

s.t. 𝐁𝐪 = 𝐟 (6b)

− 𝜎𝑐𝐚 ≤ 𝐪 ≤ 𝜎𝑡𝐚 (6c)

𝝓t ≤ 𝜙t,max (6d)
∑

𝜇

∑

𝜈
𝜼T𝜇,𝜈 𝐥𝜇,𝜈𝐚𝜇,𝜈 ≤ 𝜖 (6e)

𝜼𝜇,𝜈 = |𝜙𝜇,𝜈𝐞 − 𝜽𝜇,𝜈 − 𝜙max𝐞| + |𝜙𝜇,𝜈𝐞 − 𝜽𝜇,𝜈 + 𝜙max𝐞| − 2𝜙max𝐞,∀𝜇 ∈ Z𝜇 ,∀𝜈 ∈ Z𝜈 (6f)

𝐚 ≥ 0, (6g)

where 𝐱 = [𝑥1, 𝑥2,… , 𝑥𝑛]T and 𝐲 = [𝑦1, 𝑦2,… , 𝑦𝑛]T are vectors of node x- and y-coordinates with 𝑛 denoting the number of nodes;
𝐱𝑧 = [𝑥𝑧1,1, 𝑥

𝑧
1,2,… , 𝑥𝑧𝜇,𝜈 ,… , 𝑥𝑧𝑛𝜇−1,𝑛𝜈−1]

T and 𝐲𝑧 = [𝑦𝑧1, 𝑦
𝑧
2,… , 𝑦𝑧𝜈 ,… , 𝑦𝑧𝑛𝜈−1]

T are vectors containing, respectively, vertical and horizontal
positions of zone boundaries. Also, 𝜖 is a small positive number introduced to avoid numerical issues.

In order to prevent zones from reducing in size to below a set threshold (and potentially leading to a large turning angle 𝜙𝑡,
e.g., see Fig. 2(c)), the following constraints are introduced:

𝑥z
𝜇,𝜈 − 𝑥z

𝜇,𝜈−1 ≥ 𝛿𝑥, ∀𝜇 ∈ Z𝜇 ,∀𝜈 ∈ Z𝜈 (7a)

𝑦z
𝜇 − 𝑦z

𝜇−1 ≥ 𝛿𝑦, ∀𝜇 ∈ Z𝜇 , (7b)

here Z𝜈 = {2, 3,… , 𝑛𝜈 − 1} and Z𝜇 = {2, 3,… , 𝑛𝜇 − 1} are the indices vector for the concerned zone boundaries.
As mentioned in Section 2.2, the printing surfaces are determined using member directions within zones. However, the

optimization process may move members into different zones (e.g., see Fig. 9), making it challenging to determine suitable printing
surface locations without introducing discrete variables. Hence, for sake of simplicity, here members are restricted to lie within
their initially assigned zones in the geometry optimization step. Firstly, members are split using the zone boundaries so that each
member segment then lies entirely within a single zone (i.e., no member segment passes through two or more zones). Secondly, the
end nodes of member segments are restricted using:

𝑥z
𝜇,𝜈−1𝐞 ≤ 𝐱𝜇,𝜈 ≤ 𝑥z

𝜇,𝜈𝐞 (8a)

𝑦z
𝜇−1𝐞 ≤ 𝐲𝜇,𝜈 ≤ 𝑦z

𝜇𝐞, (8b)

where 𝐱𝜇,𝜈 = (𝑥𝑖),∀𝑖 ∈ N𝜇,𝜈 and 𝐲𝜇,𝜈 = (𝑦𝑖),∀𝑖 ∈ N𝜇,𝜈 are the x- and y- coordinate vectors for all end nodes of member segments
within zone (𝜇, 𝜈); N𝜇,𝜈 is a set containing indices of nodes within the zone.

Problem (6) is non-linear and non-convex, so the starting points are of importance [39]. An initial guess of the printing surface
can be obtained by solving (4), using a structural layout obtained from (5). However, an inappropriate initial distribution of zones
may lead to the same situation in Fig. 9(b), which will create numerical difficulties for the holistic optimization. Therefore, in certain
9
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Fig. 9. Incorrect node movement making part of the structure unprintable: (a) initial structure; (b) potential optimized structure if Constraints (8a) and (8b)
are not applied (unprintable area highlighted in red; green dashed lines represent printing surfaces; for interpretation of the references to colour in this figure
caption, the reader is referred to the web version of this article).

examples (see Section 4), the initial distribution of zones is manually adjusted to split truss structures at their joints. To generate a
starting structure for (6), two approaches are developed, prioritizing either structural performance (using an exterior starting point),
or printability (using an interior starting point).

3.3.1. Prioritizing structural performance (exterior starting point)
To prioritize structural performance, Problem (6) can be relaxed so as to be convex, such that a global optimum can be generated

and then used as a starting point. Since the solution from a relaxed convex problem is a strict lower bound of (6), this starting point
can prioritize structural performance, with, for the sake of simplicity, (5) used as the relaxed problem. Note that, since starting points
are generated by relaxing constraints, some constraint in the full Problem (6) are likely to be violated. To address this, instead of
directly imposing constraint (6e), it is included in penalized form in the objective function:

min
𝐚,𝐪,𝝓,𝜼,
𝐱,𝐲,𝐱z ,𝐲z

𝐥𝐓𝐚 + 𝑝(
∑

𝜇

∑

𝜈
𝜼T𝜇,𝜈 𝐥𝜇,𝜈𝐚𝜇,𝜈 ), (9)

where 𝑝 is a sufficiently large penalty factor (taken as 100𝑉0 in this paper, where 𝑉0 is the volume of the structure from problem (5)).
The penalization term, i.e., 𝑝(∑𝜇

∑

𝜈 𝜼T𝜇,𝜈 𝐥𝜇,𝜈𝐚𝜇,𝜈 ), can be viewed as additional costs associated with manufacturing support structures.
This approach is similar to the ‘soft constraint’ used in [31], with the optimization starting with an exterior starting point in which
overhang violations are allowed. Although the optimization process will reduce overhang violations, it does not guarantee that the
resulting optimized structures will be fully self-supported. Nevertheless, with the increased design freedom associated with printing
surface optimization, in many cases the penalization term can be reduced so as to become negligible after solving (9).

3.3.2. Prioritizing printability (interior starting point)
To prioritize printability, constraint (6e) has to be strictly satisfied. Given the initial printing surfaces, structural members

violating the angle constraint (i.e., members with 𝜂 > 0) can be removed from the ground structure. Note that, for zones without
structural members, horizontal printing surfaces are used. When all violated members are removed, Eq. (5) is solved for the second
time to generate a self-supporting structural layout. This approach is similar to the ‘hard constraint’ approach considered in [31],
where the optimization process now begins with an interior starting point without overhang violation. However, here an initial
guess of the printing surfaces is required; clearly, the selection of initial structural layout, and hence initial printing surfaces, will
influence the subsequent optimization. This is therefore identified as an area requiring further work. Also note that, due to the
removal of members from the ground structure, the volume of the interior starting point is likely to be relatively high; however,
given the increased design freedom provided in the printing surface identification step, it is likely that the structural efficiency can
be significantly improved after solving Eq. (6).

4. Numerical examples

To demonstrate the effectiveness of the proposed methods, several design examples are now considered. The linear optimization
Problem (5) is solved via Mosek [38], while the non-linear optimization problem (6) is solved using IPOPT (Wächter and Biegler
[40]), following the geometry optimization framework introduced in [37]. Unless specified otherwise, the material used is an
aluminium alloy (AlSi10Mg) with an allowable compressive and tensile stress of 255 MPa. Also, for sake of simplicity, domain
restrictions are only enforced on a centreline basis in the optimization process (see Fig. 10(a)); if a strict domain restriction is
required (e.g., see Fig. 10(b)), the approach described in Section 4.2 of He et al. [31] can be used. Here, for the printing surface
identification step, a domain that is large enough to cover all parts of all structural members is used (Fig. 10(c)).

Note that 3D models of the structures are generated using the approach described in [35]. Although the basic truss layout opti-
mization formulation assumes pin joints, some joint rigidity will inevitably be present when a structure is additively manufactured,
such that some bending stresses will be induced when the structure is loaded. However, for problems with a high degree of design
freedom (i.e., when the final optimized structure will occupy only a very small proportion of the design domain) the induced bending
moments and associated bending stresses will be relatively small. Also, moment redistribution will occur at the ultimate limit state
if the structure is formed from a ductile material, mitigating the issue [41]. Thus, for the sake of simplicity, bending stresses are
10

ignored in this study.
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Fig. 10. Definition of design domains: (a) structural optimization design domain (i.e. dashed line), where domain restrictions are enforced on a member centreline
asis; (b) enlarged design domain (i.e., solid line), with domain restrictions enforced on a model boundary basis; (c) domain for printing surfaces (i.e., green
egion), which is large enough to cover all parts of all structural members (for interpretation of the references to colour in this figure caption, the reader is
eferred to the web version of this article).

.1. Half wheel example

In this example the performance- and printability-based approaches described in Section 3.3.1 are applied to the well-known
half wheel’ optimization problem shown in Fig. 6. To identify printing surfaces, the domain is discretized using 9 × 12 zones of
equal size, apart from the central zones that are split into two (see Fig. 11(b)) to address the issue described in Fig. 9(b). Also, the
primary build direction is assumed to be vertical and the maximum overhang angle 𝜙max and maximum turning angle 𝜙t,max are
both set to 45◦.

The initially identified optimal (minimum volume) design shown in Fig. 11(a) is used as a starting point. Results for the printing
surface identification step are shown in Fig. 11(b), whilst results for the performance- and printability-based approaches are shown
in Fig. 11(c) to (f). In addition, iteration histories for the performance- and printability-based approaches are presented in Fig. 12.

Considering first the performance-based approach, members with initial overhang violations (highlighted in red in Fig. 11(c))
are penalized in Eq. (9). Therefore, in the holistic optimization process, the members affected by the overhang issue gradually shrink
in length and the structural volume increases (Fig. 12). The overhang violations are in this case successfully reduced to zero, with
the volume of the structure shown in Fig. 11(e) being only 2.57% above that of the reference design shown in Fig. 11(a).

Considering next the printability-based approach, members with overhang violations are removed from the ground structure,
with Problem (5) then solved to generate the structure shown in Fig. 11(d), which has a volume that is 3.70% above that of the
reference design. In the holistic optimization, as the structural geometry changes, the structural volume gradually decreases (Fig. 12),
and a more efficient structural form is obtained together with the associated printing surfaces; see Fig. 11(f), where the volume is
reduced to 2.96% above that of the reference design.

In this case it can be observed that the optimized designs and corresponding printing surfaces obtained using the performance-
and printability-based approaches are very similar - a phenomenon that is generally not seen when using 3-axis AM machines
(e.g., see [31]). Differences exist between the performance- and printability-based structures due to the non-linear and non-convex
nature of problem (6), which means that in general only locally optimal solutions are identified.

It is also worth noting that the horizontal member on the top of the structure shown in Fig. 11(a) is the member that most
violates the overhang constraints, and that in Fig. 11(b) to (f) the printing surfaces for the top part of the structure are concave.
For these concave printing surfaces, the maximum turning angles are restricted by Eq. (3) to avoid the collision problem shown
in Fig. 2(c). It is therefore of interest to carry out a parametric study in which the maximum turning angle 𝜙t,max is varied, which
represents the maximum concave angle permitted by the AM machine to avoid the printing head collision shown in Fig. 2(c). Thus
Fig. 13 shows the resulting structures and their associated printing surfaces obtained using the performance-based approach. It can
be observed that, as 𝜙t,max increases (e.g., for 7-axis AM machines, which have significant flexibility), more efficient structures are
generated. For AM machines with lower flexibility (e.g., for 5-axis machines, where 𝜙t,max = 0◦), a relatively large volume increase
of 14.92% is observed (compared with the reference design shown in Fig. 11(a)). Nevertheless, the design is still much more efficient
than that obtainable using a 3-axis machine (e.g. 60.4% compliance increase reported in [25]).

4.2. Cantilever example

In this section a cantilever truss example will be used to investigate the influence of primary build direction on the generated
optimal designs. This investigation was stimulated by the fact that the choice of primary build direction when using 3-axis AM
machines has been found to be of great significance (e.g., in [31] and [42] structural layouts and their associated performance
obtained were observed to vary greatly when using different primary build directions).
11
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Fig. 11. Half wheel example: (a) optimized structure obtained without considering the overhang problem, 𝑉 = 𝑉0; (b) initial zones and optimized printing
surfaces (assuming vertical primary build direction); (c) starting point for the performance-based approach, 𝑉 = 𝑉0; (d) starting point for the printability-based
approach, 𝑉 = 1.0370𝑉0; (e) optimized solution for the performance-based approach, 𝑉 = 1.0257𝑉0; (f) optimized solution for the printability-based approach,
𝑉 = 1.0296𝑉0; (g) 3D model of (e); (h) 3D model of (f) (where 𝑉 is the structural volume; red bars are not printable due to the overhang problem; green dashed
lines represent printing surfaces; for interpretation of the references to colour in this figure caption, the reader is referred to the web version of this article).

Details of the cantilever example are shown in Fig. 14(a), with the maximum printable angle 𝜙max taken as 45◦ and the maximum
turning angle 𝜙t,max taken as 30◦. The optimized results with the performance-based approach are shown in Fig. 14(b) to (e). As in
the case of the previous example, when using the holistic optimization formulation the initial overhang violations are eliminated in
all cases. When using a primary build direction of 90◦, only a small volume increase, of less than 1%, is reported, with the resulting
12



Computer Methods in Applied Mechanics and Engineering 418 (2024) 116464H. Lu et al.
Fig. 12. Half wheel example: iteration history, where the structures in the first four iterations of the performance-based approach are only partly printable
(volume increase is relative to the reference design shown in Fig. 11(a); red bars are not printable due to the overhang problem; green dashed lines represent
printing surfaces; black dashed lines represent extent of design domain; for interpretation of the references to colour in this figure caption, the reader is referred
to the web version of this article).

Fig. 13. Half wheel example: relation between volume increase and maximum turning angle (volume increase is relative to the reference design shown in
Fig. 11(a); green dashed lines represent printing surfaces; black dashed lines represent extent of design domain; for interpretation of the references to colour in
this figure caption, the reader is referred to the web version of this article).

optimized design shown in Fig. 14(b). The volume is then observed to increase slightly as the build direction angle reduces in
Fig. 14(c) and (d). The volume increase observed when a build direction of 0◦ is used (see Fig. 14(e)) is relatively large (8.15%
compared to Fig. 14(a)), principly because the top and bottom members are now inclined rather horizontal. However, in comparison
in [31] it was found that the volume difference between the most and least favourable build directions when using 3-axis AM was
much larger (>50.0%).
13
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Fig. 14. Cantilever example: (a) optimized cantilever without overhang constraint considered, 𝑉 = 𝑉0; (b) solution with 90◦ primary build direction, 𝑉 = 1.0074𝑉0;
(c) solution with 60◦ primary build direction, 𝑉 = 1.0283𝑉0; (d) solution with 30◦ primary build direction, 𝑉 = 1.0440𝑉0; (e) solution with 0◦ primary build
direction, 𝑉 = 1.0815𝑉0; (f) 3D model of (b) (where 𝑉 is the structural volume; green dashed lines represent printing surfaces; for interpretation of the references
to colour in this figure caption, the reader is referred to the web version of this article).

It is also worth noting that in some cases the use of a rotated primary build direction may require the presence of an additional
support structure to start the print (e.g., see Fig. 14(c)), or may induce a significant bending moment due to the presence of a single
point connecting the structure to the base platform (e.g., see Fig. 14(d) and (e)). Therefore, for the problem shown in Fig. 14(a),
90◦ is also likely to be the best primary build direction for practical reasons.

4.3. MBB beam example

The Messerschmidt–Bölkow–Blohm (MBB) beam is a widely studied example problem; Fig. 15(a) provides details of the particular
problem considered herein. The problem has also been investigated in [31], where it was found that the introduction of 3-axis AM
printability constraints led to an increase in the volume of the structure of 59%, caused in large part by the fact that the top
and bottom members were replaced with self-supporting but inefficient zig-zag elements (Fig. 15(b)). To demonstrate the benefit
of manufacturing the same part via a multi-axis machine, the methods proposed in this contribution will now be applied to the
problem. Taking advantage of symmetry, only half the domain needs to be considered. The maximum turning angle 𝜙t,max is taken
as 30◦.

Fig. 15(c) shows the design obtained when using the performance-based approach with a maximum overhang angle of 60◦. It
is evident that there are no overhang violations in this case. However, if the primary build direction is vertical then temporary
platforms need to be placed at the bottom left and right corners to enable the printing process to begin, as indicated in the Figure.
14

It can be observed that the volume of the design is only slightly higher than the reference volume (2.42%). Instead of significantly
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Fig. 15. MBB beam example: (a) optimized structure without overhang constraints considered, 𝑉 = 𝑉0; (b) 3-axis solution with 𝜙max = 60◦, 𝑉 = 1.5900𝑉0; (c)
multi-axis performance-based solution with 𝜙max = 60◦, 𝑉 = 1.0242𝑉0; (d) multi-axis printability-based solution with 𝜙max = 45◦, 𝑉 = 1.0332𝑉0; (e) multi-axis
performance-based solution with 𝜙max = 45◦, 𝑉 = 1.0310𝑉0; (f) 3D model of (c) (where 𝜙max is the maximum overhang angle; 𝑉 is the structural volume; red bars
are not printable due to the overhang problem; green dashed lines represent printing surfaces; the primary building direction is perpendicular to the long edge
of the design domain in all cases; for interpretation of the references to colour in this figure caption, the reader is referred to the web version of this article).

altering the structural layout, the holistic optimization process can now successfully identify suitable printing surfaces that satisfy
the overhang constraints.

When the maximum overhang angle is reduced to 45◦ then the problem becomes more challenging and only the printability-
based approach can identify a design with no overhang violations (see Fig. 15(d)), with several violations in evidence when the
performance-based approach is used in this case (see Fig. 15(e)). It is also worth noting that the performance-based approach
generally leads to identification of structures that are simpler in form than the reference design (e.g., compare the designs shown in
Fig. 15(c) and (e) with the design shown in Fig. 15(a)) as the overhang violation in Eq. (9) can be addressed by directly removing
violating members (by reducing selected member cross-sectional areas to zero).

4.4. L-shaped cantilever example

In this example, the influence of the maximum overhang angle 𝜙max is investigated via use of an L-shaped cantilever example.
The design domain, loading and boundary conditions are shown along with the reference solution in Fig. 16(a). The maximum

◦ ◦
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overhang angle 𝜙max is varied from 45 to 60 (at or beyond the limit of what can be achieved with current generation processes),
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Fig. 16. L-shaped cantilever example: (a) optimized cantilever without overhang constraints considered, 𝑉 = 𝑉0; (b) solution with 𝜙max = 60◦, 𝑉 = 1.0372𝑉0; (c)
solution with 𝜙max = 55◦, 𝑉 = 1.0710𝑉0; (d) solution with 𝜙max = 50◦, 𝑉 = 1.0857𝑉0; (e) solution with 𝜙max = 45◦, 𝑉 = 1.0934𝑉0; (f) 3D model of (b) (where 𝜙max
is the maximum overhang angle; 𝑉 is the structural volume; green dashed lines represent printing surfaces; for interpretation of the references to colour in this
figure caption, the reader is referred to the web version of this article).

with the maximum turning angle 𝜙t,max set at 30◦. The resulting optimized designs obtained when using the performance-based
approach are shown in Fig. 16(b) to (e).

Fig. 16 shows that the structural volume increases as 𝜙max decreases, since smaller 𝜙max values correspond to increasing overhang
limitations. The associated changes in structural form are also evident. It can also be observed from Fig. 16(a) that the most difficult
part of the reference design to reproduce is the horizontal member at the top of the domain, which is instead represented by a series
of inclined members in Fig. 16(b) to (e) to overcome the overhang problem.

4.5. MX3D cantilever example

In this example a cantilever structure recently designed using the Peregrine layout optimization plugin [43] for the Rhino/
Grasshopper parametric design software is considered. After the initial optimization, post-processing routines developed at Imperial
College London were applied to ensure compliance with codes of practice, prior to the structure being fabricated by MX3D using
the wire arc additive manufacturing technique (WAAM). The cantilever is a relatively large structural element comprising tubular
elements and was designed to evaluate the potential for additive manufacturing to be used in the construction sector; further details
of the design and manufacture process for this structure are outlined in Ye et al. [44]. Note that the first cantilever fabricated
was decomposed into separately manufactured sections that were then manually welded together. In this contribution the methods
described previously will be used to develop a single step manufacturing scheme, thereby avoiding the need for labour-intensive
manual assembly steps (note that a second cantilever was subsequently successfully manufactured in a single step).

A description of the design problem and also selected details of the optimized structure considered by Ye et al. [44] are shown
in Fig. 17. The material used was a carbon steel with a stress limit of 458 MPa. To overcome the overhang problem, printing
surfaces were manually identified; e.g. see Fig. 17(b). Even though the structure is relatively simple, and contains relatively few
joints, a total of 12 zones were used to manufacture the small region shown in Fig. 17(b) (this was to both maintain appropriate
printing orientations and to avoid collisions). It thus quickly becomes challenging to develop manufacturing schemes for larger,
more complex designs.

Here the maximum overhang angle and turning angle are set to 45◦ and 30◦ respectively. Rather than solving Problem (5), here
16

the structural layout shown in Fig. 17(a) is used as a starting point. The domain is discretized with 12 × 20 zones (see Fig. 18(a)),
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Fig. 17. MX3D cantilever example: (a) optimized structural layout; (b) 3D model, where the region highlighted includes 12 manually selected zones, each with
different printing surfaces; (c) manufactured cantilever using WAAM (all after [44]).

with horizontal zone boundaries placed to coincide with joints. Suitable printing surfaces are then identified by solving Eq. (4); see
Fig. 18(a). Note that as the structure depicted in Fig. 17(a) had already been optimized via geometry optimization by Ye et al. [44],
the structural layout remains the same after the holistic optimization process has been performed.

Once details of the 3D model and associated printing surfaces are available, the corresponding tool path can be obtained
automatically via a geometry intersection operation; see Fig. 18(b). Note that in this case the tool path only needed to be created
for the main cantilever element, as the loading and support ring were to be manufactured separately; see [44]. The tool path was
validated using the manufacturing simulation software VERICUT [45], with a multi-axis metal DED machine used to manufacture
the component virtually. This showed that no collisions occurred during the entire manufacturing process, thereby demonstrating
the manufacturability of the design. A video of the printing simulation is provided as electronic supplementary material (see ‘Data
availability’ section for details of how to access this).

4.6. Vertical 3D cantilever example

Although the algorithms for generating printing surfaces outlined in Sections 2 and 3 were described in the context of 2D design
problems, the same concept can be applied to 3D problems. Instead of utilizing line segments to represent curves (e.g., see Fig. 2), 3D
printing surfaces can be approximated via piecewise facets. To demonstrate this a simple 3D example problem is shown in Fig. 19,
with the maximum overhang angle and turning angles set to 45◦ and 30◦ respectively. For sake of simplicity, the design domain is
split into five ‘floors’, each discretized with 20 × 20 equally sized zones.

The optimized structure and corresponding printing surfaces are shown in Fig. 19(b). The 3D model was created using the
approach described in [35]. The tool path was generated by slicing the 3D model using the identified printing surfaces; see Fig. 19(c).
The printability of the design was confirmed using the manufacturing simulation software VERICUT, using the same settings as for
the MX3D cantilever described in Section 4.5, with no collisions detected during the entire manufacturing process. A video of the
printing simulation is provided as electronic supplementary material (see ‘Data availability’ section for details of how to access this).

4.7. Commentary

Table 1 shows volume increases arising from the presence of overhang constraints for all examples considered in Section 4. Note
that all solutions shown are fully self-supporting (i.e., have no overhang violations). It is evident that in most cases the volume
increases observed when using multi-axis AM are less than 10%. In the cases of the MX3D and vertical 3D cantilever examples
described in Sections 4.5 and 4.6, since it was possible to identify printing surfaces with no overhang violation without modifying
the structural layout, the reported volume increases are 0%. For the MBB beam example described in Section 4.3, when the solution
was compared with that obtained using a previously described 3-axis AM approach, it was found that the use of multi-axis AM led
to a significant reduction in the volume increase arising from the introduction of manufacturing constraints, from 59% to 2.42%.
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Fig. 18. MX3D cantilever example: (a) printing surfaces obtained using 12 × 20 zones (vertical zone boundaries hidden for clarity); (b) tool path, showing large
(10 mm) layer thickness for clarity; (c) virtually manufactured model using AM simulation software VERICUT (black dashed lines represent structural design
domain; the support and loading rings, and the lateral restraint fixings indicated in Fig. 17(b), have been omitted).

Fig. 19. 3D cantilever example: (a) case description; (b) optimized structure and printing surfaces; (c) 3D model of the optimized cantilever; (d) automatically
sliced tool path (validated via VERICUT simulation); (e) photorealistic image of the optimized space-truss cantilever.

In other words, the proposed multi-axis AM design approach is capable of identifying optimized designs that have high printability
and performance.

CPU times for all the examples described herein are presented in Table 1, obtained using a laptop PC running Microsoft Windows
10 equipped with an AMD 5900HX CPU. Note that in each case the reported CPU time only includes the time required for printing
surface identification (i.e., solving Problem (4)) and holistic optimization (i.e., solving Problem (6)); the time spent on identifying an
initial optimized structure is not included since Problem (5) can be solved very efficiently using e.g., the well-established adaptive
‘member adding’ approach [34]. It is evident from the table that the computational cost is relatively low in all cases, confirming
the high computational efficiency of the proposed approach. Most of the computational cost is associated with solving the non-
convex holistic optimization problem and, in examples where a holistic optimization is not required (i.e., the examples described
in Sections 4.5 and 4.6), the total computational cost is very low.
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Table 1
Volume increases (𝛥𝑉 ) caused by the overhang constraint for all examples considered in Section 4 (where 𝜙max
is the maximum overhang angle; 𝜙t,max is the maximum turning angle; note that multi-axis AM machines with
greater flexibility have higher 𝜙max and 𝜙t,max values; for the 3-axis AM machine 𝜙t,max = 0).

When considering multi-axis AM, ideally both the primary and local build directions shown in Fig. 2 should be able to be varied
n the optimization. However, in this study the primary build direction has been assumed to be fixed (and perpendicular to the
ase platform), with only the local build directions treated as variables. While this might appear to greatly restrict the flexibility
f the multi-axis AM process employed, and hence also the optimality of the structural forms generated, the benefit in terms of
umerical efficiency is significant. This is because the assumption greatly simplifies the printing surface identification problem,
aking Problem (4) linear. This is reflected in the relatively low CPU times presented in Table 1. The high numerical efficiency

f the presented approach makes it possible to explore a number of primary directions in order to determine the most favourable
ne, as illustrated in Section 4.2. Furthermore, in relation to structural efficiency, the presented examples suggest that the impact
f constraining the primary build direction will often be negligible; e.g., from Table 1 it is clear that the increases in volume due
o the overhang constraint are relatively small. Thus, the benefits of restricting the primary build direction appear to outweigh the
rawbacks.

In addition to the overhang problem considered in the present work, research indicates that, due to the anisotropic nature
f additively manufactured materials, optimal mechanical properties are usually achieved when the printing nozzle remains
erpendicular to already printed elements [46,47]. While the current formulation does not seek to take account of this, should
he requisite material property data be available, the formulation could readily be modified to model reduced strength properties in
on-perpendicular members. Also, in the present work, the approach has only been applied to one, relatively simple, 3D problem.
n area of future work is to apply the proposed approach (described in Section 3.3) to a range of more complex 3D problems,

hough, due to the nature of the underlying problem formulation, this will significantly increase the computational cost.

. Conclusions

A novel holistic optimization approach has been proposed that allows simultaneous identification of minimum volume truss
tructures and their associated curved printing surfaces for use with multi-axis additive manufacturing (AM) machines. In the
ptimization process, local build directions for the curved printing surfaces are defined using a zone decomposition method. Starting
ith a regular zone grid, a holistic optimization approach is used to automatically adjust the sizes and positions of zones, and to
efine local build directions for the resulting optimized structure. Due to the non-linear and non-convex nature of the underlying
ptimization problem, two strategies have been proposed:
19
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• A performance-based approach, in which standard numerical layout optimization is used to generate (near-) optimal truss
structures that may include overhang violations, which are then reduced or eliminated by simultaneously adjusting the
structural form and the associated printing surfaces.

• A printability-based approach, in which members violating overhang constraints are removed from the ground structure,
ensuring that the subsequently identified optimized structures, obtained by simultaneously adjusting the structural form and
the associated printing surfaces, are overhang-free.

The effectiveness of the above approaches has been demonstrated via application to various 2D and 3D example problems.
hen using the performance-based approach it was observed that overhang violations could often be completely eliminated using

he proposed holistic optimization approach. Also, when using the printability-based approach, it was observed that the structural
erformance of an initial design without overhang violations could be significantly improved upon.

Although the non-linear, non-convex optimization formulation involved means that only locally optimal solutions are obtainable,
he optimality of the designs generated can be appraised by comparing their volumes with those of reference solutions obtained
ithout imposing overhang constraints. It is evident that using multi-axis rather than 3-axis AM processes for design problems

nvolving overhang constraints will often lead to much smaller volume increases. For instance, in the case of one of the examples
onsidered in this study, the increase when using multi-axis AM was found to be 2.4%, compared to 59.0% when using 3-axis AM.
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