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Abstract

Discretization of probability measures is ubiquitous in the field of ap-
plied mathematics, from classical numerical integration to data com-
pression and algorithmic acceleration in machine learning. In this the-
sis, starting from generalized Tchakaloff-type cubature, we investigate

random convex hulls and kernel quadrature.

In the first two chapters after the introduction, we investigate the
probability that a given vector # is contained in the convex hull of
independent copies of a random vector X. After deriving a sharp in-
equality that describes the relationship between the said probability
and Tukey’s halfspace depth, we explore the case § = E[X] by using
moments of X and further the case when X enjoys some additional

structure, which are of primary interest from the context of cubature.

In the subsequent two chapters, we study kernel quadrature, which
is numerical integration where integrands live in a reproducing kernel
Hilbert space. By explicitly exploiting the spectral properties of the
associated integral operator, we derive convex kernel quadrature with
theoretical guarantees described by its eigenvalue decay. We further
derive practical variants of the proposed algorithm and discuss their

theoretical and computational aspects.

Finally, we briefly discuss the applications and future work of the thesis,

including Bayesian numerical methods, in the concluding chapter.
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Chapter 1

Introduction

In this thesis, we tackle the problem of discretizing probability measures. This
involves numerically approximating integrals, finding efficient samples to repre-
sent randomness in nature or big data, and accelerating scientific computing that
involves randomness. Although the concrete topics of the thesis cover random con-
vex hulls and kernel quadrature, they both originate from the following concept of

discretization — cubature.

1.1 Cubature and random convex hulls

Let i1 be a Borel probability measure on some topological space X'. Consider d
integrable functions ¢y,...,04 : X — R. We denote ¢ = (¢1,...,04)", the
d-dimensional vector-valued function. Then, we know there exists a “good reduc-

tion” of p with respect to ¢ by the following theorem:

Theorem 1.1. There are n points xy,...,x, € supp pu and weights wy, ..., w, > 0
withn < d+ 1 such that wy + - +w, =1 and

/X o) o) = 3" wigp(a) (1.1)

This is often referred to as Tchakaloff’s theorem [162, 12], although a more
accurate nomenclature would involve Wald, Richter, Rogosinski, and Rosenbloom
(175, 162, 141, 142, 143]; see di Dio and Schmiidgen [40] for a historical perspective.

The proof is essentially given by classical Carathéodory’s theorem [25]. The

points and weights treated in Tchakaloff’s theorem are called cubature [161] — an

1



important object in the field of numerical integration. An equivalent problem is
also treated as a useful way to compress data in the field of data science [111, 34].
When X is a subset of a Euclidean space, monomials are a typical choice of test
functions ¢;, so the the discrete measure » . w;d,, is a good approximation of
4 in terms of smooth integrands. However, constructions in general settings are
also useful; for example, in the cubature on Wiener space [110], X is the space
of continuous paths, p is the Wiener measure, and the test functions are iterated
integrals of paths.

To the generalized cubature construction (or measure reduction) problem, when
w is discrete, there are efficient deterministic approaches [103, 163, 111]. In the
general case, although there is no universal efficient algorithm, we can consider the
following naive sampling-based approach. We are given a d-dimensional random
vector X = (Y). Given its independent copies X; = ¢(V;) for i = 1,2,... n,
once E[X]| € conv{Xy,...,X,} is satisfied, by using a linear programming (LP)

solver, we can find sparse weights w; > 0 with >  w; = 1 such that

Elp(Y)] =E[X] = ZwiXi — Zwicpm,

which yields a generalized cubature formula. This approach is explicitly proposed
by Hayakawa [66] and called Monte Carlo cubature construction, and it empirically
works for constructing classical polynomial cubature [66] and cubature on Wiener
space [68] of moderate size with a “reasonable” magnitude of n (e.g., 3d). But
there was no theoretical explanation of why it works except for the case that the

distribution of X has a strong symmetry [178, 172].

Contributions on random convex hulls. To estimate the necessary compu-

tational time of this approach, we investigate the quantities
Pnx(0) :=P(0 € conv{Xy,...,X,,}), Nx(0):=inf{n|p,x(0) > 1/2},

for a d-dimensional random vector X and 6 € R?, which are about the number of
i.i.d. vectors we should sample before we get # in the random convex hull. A sharp
upper bound of Nx (E[X]) can be used as a threshold for the sample size we need to

generate in the Monte Carlo cubature construction. In the first part of this thesis,



we derive sharp upper bounds of p, x and lower bounds of Nx (Chapter 2) for a
general random vector X as well as with a structured one X = ¢(Y") (Chapter 3),
while the previous studies have been on the bounds of the opposite directions

[178, 172] or on a specific class of random vectors such as Gaussian [81].

1.2 RKHS and kernel quadrature

The setting in Section 1.1 is quite general — we have a probability measure that
we want to approximate and a family of test functions. To make it usable, we
need to specify the test functions or the function space of our interest; we explore
kernel quadrature as a somewhat concrete objective.

On a topological space X, we are given a symmetric function k£ : X x X — R.
It is called a positive definite kernel if the (Gram) matrix (k(z;, x;))} ;- is positive
semi-definite for each xy,...,z, € X. Then, it has an associated Hilbert space Hj

called reproducing kernel Hilbert space (RKHS) with the following properties:
e span{k(-,x) | z € X} is a dense subspace of Hy;
o (f,k(-,2))y, = [(z) holds for each z € X and f € Hy.

See, e.g., Berlinet and Thomas-Agnan [18] for a formal introduction to RKHSs.
We treat real RKHSs throughout the thesis. For an f : X — R, f € H; if and
only if there is a constant ¢ > 0 such that k(z,y) — cf(x)f(y) is still positive
definite (see Paulsen and Raghupathi [135, Theorem 3.11]; though they work with
a complex RKHS, the same proof works for a real RKHS).

Let us then explain kernel quadrature. Given a Borel probability measure p
on X, our objective is to find a good n-point quadrature (), composed of points

r1,...,T, € X and weights wq, ..., w, € R with a small worst-case error:

wee(Qn; Hi, pt) == sup

(1112, <1

/X £(@) dute) = 3 wif @)

It gives a criterion to evaluate how well the discrete measure » ;.  w;d,, (also

denoted by @) approximates the target measure p. This worst-case error is also

known as the mazimum mean discrepancy (or MMD distance) In general, given



two Borel (probability) measures p and v with z — /k(z,z) € L' (u) N L' (v)
(this condition can be weakened to k(x,y) € L*(u x u) N LY (v x v)), their MMD
distance MMDy (4, v) is defined and can be computed as

MMDy(p,v) :=  sup

| £l <1

)

[ @ aua) = [ s ave

MMDy(p, v)? = //XXX k(z,y) dp(z) du(y) —2//XM k(z,y) dp(z) dv(y)
+//X><X k(x,y)dv(z)dv(y). (1.2)

The latter is a well-known formula for computing the MMD distance [58, 159].

Contributions on kernel quadrature. It is known that, under mild assump-
tions (e.g., supp pu = X, k is continuous, and = — k(z,x) € L'(u)), we can have
the following Mercer decomposition [160]: k(z,y) = >, oie;(x)e;(y), where o; is
an eigenvalue of the integral operator K : L?(u) — L*(p) given by

£ = [ Koo f(e) duta) (13
X

corresponding to the eigenfunction e;, and they are ordered (o7 > g9 > -+ > 0)
and normalized (||e;||z2¢,) = 1). The eigenvalue decay has been known to be

closely related to the worst-case error of a good n-point kernel quadrature, such
as wee(Qp; Hy, 1) ~ o, [6, 16, 17], but there were no practical algorithms that
exploit this eigenvalue decay and are applicable to general pair of (k, ) with access
to an i.i.d. sample from p; a detailed literature review will be given in Chapter 4
(see also Table 4.1 for a comparison of relevant methods). In Chapters 4 & 5, we
shall give a novel kernel quadrature method that has, among other benefits, (1)
a practical algorithm and (2) theoretical guarantees based on the above spectral

decay, which have not been satisfied at the same time in the previous studies.

1.3 Overview and outline

In this thesis, starting from the generalized cubature problem, we address the

following questions in Chapters 2-5:



o Why does the naive randomized cubature construction work?

e How can we apply the idea to the kernel quadrature problem?

We also briefly discuss applications and future directions of the thesis in Chapter 6.
We shall explain more details of our contributions together with the outline of
the main body (Chapters 2-5) in the following.

Why — Random convex hulls (Chapters 2 & 3). The first two chapters after
this introduction are devoted to analyzing p, x and Ny introduced in Section 1.1.

In Chapter 2, we treat a general random vector X and point out that the Tukey
depth [169] (or halfspace depth) defined as

ax(0) = . Hi@g\f{()} P(c"(X —0) <0)

plays an essential role in analyzing random convex hulls. Indeed, in Theorem 2.13,

we prove the inequality
1/2 < ax(0)Nx(0) <3d+1

for a general X, which is sharp up to a constant. This main result further yields
a bound of Nx(E[X]) based on the moments of X (Section 2.4) as well as a
description of the deterministic body included in a random convex hull with high
probability (Section 2.5).

In Chapter 3, we consider the case where X is given by a vector-valued function
with some structure X = (YY), e.g., ¢ is given by multivariate polynomials up
to some degree. By generalizing the hypercontractivity arguments in Gaussian
Wiener chaos [79, Chapter 5] and applying it to our result in Chapter 2, we prove
the following result (Corollary 3.20):

Let £, m be positive integers and Z be an R-valued random variable
with E[|Z]*™] < co. If a d-dimensional random vector is given by
X =p(Zy,...,%Z;), where Zy, ..., Z; are independent copies of Z and
each coordinate of ¢ : R¥ — R? is given by a polynomial up to degree

m, then there is a constant C,, > 0 independent of ¢ such that

>



This partially explains what we observe in Hayakawa [66], but is just an instance
of our more general argument on cubature problems with product structure, and
our examples also include the Monte Carlo approach to kernel quadrature (see the

next section) and cubature on Wiener space [110].

How — Kernel quadrature (Chapters 4 & 5). The final two chapters of the
thesis address the kernel quadrature problem from the viewpoint of generalized
cubature. Recall we are given an RKHS H; with a Borel probability measure p,
which admits the Mercer decomposition k(z,y) = >, giei(x)e;(y).

In Chapter 4, the essential idea behind the general theory is the use of ¢ =
(e1,...,en_1)" in the context of generalized cubature (1.1). Indeed, with this ¢,
we can prove that, if a conver quadrature @, = (w;, x;)!, (“convex” means that
the weights satisfy w; > 0 and >, w; = 1) satisfies

S uiple) = [ e@dn) S wr D oen@r < [ 3 onen(w) o)

then we have wee(Qy; Hy, 1) < 4> > 0y, (Theorem 4.5). Indeed, such a convex
quadrature can be obtained via random sampling in the spirit of the Monte Carlo
cubature construction.

This construction gives a nice convergence guarantee as well as the convexity
condition of weights, which makes ), a probability measure, but requires the
knowledge of the Mercer decomposition, which is not necessarily available in a
general situation. It is also beneficial to have the option of avoiding the use of
random convex hulls as there are still open questions on them, despite the progress
in Chapters 2 & 3. Thus, we generalize the above approach in the following two

ways and confirm their performance in numerical experiments.

(a) Use of any finite-rank approximation of k. We develop a theory that is
applicable to any finite-rank kernel ko(z,y) = 31— cipi() @i (y) with ¢; > 0
and k, := k— ko being positive definite as well. If we use ¢ = (¢1,...,Pn_1)"

and replace the constraint by

S uiple) = [ e)du(o). S wiianr) < [ ko) du). (14



then we have wee(Qy; Hi, p1)? < 4 [, ki(z,2) du(z) (Theorem 4.5), where

the above method of using eigenfunctions is just a special example with
ko(x,y) = Z?z_ll oiei(z)ei(y).

(b) Use of empirical measure and the recombination algorithm. Finding
a set of points and weights with (1.4) would require the use of random convex
hulls, but we can consider replacing p in (1.4) by its empirical measure
N = % Zf;l dy, where y; are independent samples from p. Then, we can
find such a convex kernel quadrature in O(nN + n3log(N/n)) computational
steps by using the recombination algorithm [103, 163], and the resulting @,
satisfies (Theorem 4.1)

E [wee(Qp; i, p1)*] < 8/ ki(z,z) dp(x N/ z,x)du(z

which yields a practical instance of our convex kernel quadrature.

Among possible choices of kg introduced in (a), arguably the most promising
choice is the Nystrom approximation [179, 43, 97]; the s-rank Nystrom approxi-
mation based on ¢ (> s) landmark points Z = (z;){_, C X is given by

k(z,y) m kZ(x,y) = k(z, 2)k(Z, 2) [ k(Z,y),

where k(A, B) for A = (a;) and B = (b;) generally represents the matrix (k(a;, b;))ij,
and k(Z, Z)f is the Moore—Penrose pseudo-inverse of the best s-rank approxima-
tion of the Gram matrix k(Z, Z) = (k(z, )5 - -

In Chapter 5, we first investigate how well kZ approximates the original kernel

k by estimating the quantity

/\/k::v$ Z(x,x) du(x),

which yields a subsequent theoretical guarantee of a relevant kernel quadrature

rule, in the case where Z is given by independent samples from p. Our analysis is
based on the observation that kZ is given by a truncated Mercer decomposition of
the kernel k7 = kZ, and an application of statistical learning theory. By general-
izing this observation, we further propose other low-rank approximations k:SZ ., and
kSZ y for a non-i.i.d. Z and prove their favorable theoretical properties, which are

confirmed both in theory and numerical experiments.
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Chapter 2

Estimating the probability that a
given vector is in the convex hull
of a random sample

For a d-dimensional random vector X, let p, x(6) be the probability that the
convex hull of n independent copies of X contains a given point . We also define
Nx(0) as the smallest n for which p, x(6) > 1/2, as introduced in Section 1.1. In
this chapter, we provide several sharp inequalities regarding p, x and Nx. As a
main result, we derive a totally general inequality, 1/2 < ax(0)Nx(0) < 3d + 1,
where ax(0) (known as the Tukey depth) is the minimum probability that X is in
a fixed closed halfspace containing the point #. We also show several applications
of our general results. One is a moment-based bound on Nx(E[X]), which is an
important quantity in randomized approaches to cubature construction or measure
reduction problems. Another application is the determination of the canonical
convex body included in a random convex polytope given by independent copies
of X, where our combinatorial approach allows us to generalize existing results in

the random matrix community significantly.

2.1 Introduction

Consider generating independent and identically distributed d-dimensional random
vectors. How many vectors do we have to generate in order that a point 6 € R?

is contained in the convex hull of the sample with probability at least 1/2? More



generally, what is the probability of the event with an n-point sample for each

n? These questions were first solved for a general distribution which has a certain

symmetry about § by Wendel [178]. Let us describe the problem more formally.
Let X be a d-dimensional random vector and X3, X, ... be independent copies

of X. For each # € R? and positive integer n, recall we have defined
pnx(0) :==P(0 € conv{Xy,...,X,}), Nx(0):=inf{n|p,x(0) > 1/2}

as quantities on a reasonable sample size we need (in Section 1.1). As p, x and
Nx are only dependent on the probability distribution of X, we also write p,,
and N, when X follows the distribution p. We want to evaluate p, x as well as
Nx for a general X.
Wendel [178] showed that
d—1

Pox(0) =1— 2n1_1 > (n; 1) (2.1)

i=0
holds for an X such that X and —X have the same distribution and X,..., Xy

are almost surely linearly independent. In particular, Nx(0) = 2d holds for such

random vectors. For an X with an absolutely continuous distribution with respect
to the Lebesgue measure, Wagner and Welzl [172] showed more generally that
the right-hand side of (2.1) is indeed an upper bound of p, x(0), and they also
characterized the condition for equality (see Theorem 2.5). Moreover, Kabluchko
and Zaporozhets [81] recently gave an explicit formula for p, x when X is a shifted
Gaussian.

In this chapter, our aim is to give generic bounds of p, x and Ny, and we
are particularly interested in the upper bound of Ny, which is opposite to the
bound given by Wagner and Welzl [172]. Estimating p, x and Nx is of great
interest from application, which ranges from numerical analysis to statistics, and
compressed sensing. As a by-product, we also give a general result explaining
the deterministic body included in the random polytope conv{ Xy, ..., X}, which
is a generalization of recent work in the random matrix community [60]. The
remainder of this section will explain more detailed motivation from related fields
and implications of our results.

Throughout the chapter, let {-,-) be any inner product on R%, and || - || be the

norm it induces.



2.1.1 Statistical depth

From the statistical context, ps41 x () for a d-dimensional X is called the simplicial
depth of § € RY with respect to the (population) distribution of X [107, 27], which
can be used for mathematically characterizing the intuitive “depth” of each point ¢
when we are given the distribution of X. For an empirical measure, it corresponds
to the number of simplices (whose vertices are in the data) containing 6.

There are also various concepts measuring depth, all called statistical depth
[27, 122]. One of the first such concepts is the halfspace depth proposed by Tukey
[169]:

0) = inf P((c,X—6)<0
ax(0):= if Ple ) <0),

which can equivalently be defined as the minimum measure of a halfspace contain-
ing 6. Donoho and Gasko [42] and Rousseeuw and Ruts [144] extensively studied
general features of ax. We call it the Tukey depth throughout the chapter.

Our finding is that these two depth notions are indeed deeply related. We prove
the rate of convergence p, x — 1 is essentially determined by ax (Proposition
2.24), and we have a beautiful relation 1/2 < axNx < 3d + 1 in Theorem 2.13.

2.1.2 Inclusion of deterministic convex bodies

Although we have seen the background of the p, x(6), which only describes the
probability of a single vector contained in the random convex polytope, several
aspects of such random polytopes have been studied [112, 77]. In particular,
people also studied deterministic convex bodies associated with the distribution
of a random vector. For example, one consequence of the well-known Dvoretzky—
Milman’s Theorem (see, e.g., Vershynin [171, Chapter 11]) is that the convex hull
of n independent samples from the d-dimensional standard normal distribution is
“approximately” a Euclidean ball of radius ~ /logn with high probability for a
sufficiently large n.

Mainly from the context of random matrices, there have been several pieces of
research on the interior convex body of conv{ Xy, ..., X, } or its “absolute” version
conv{+Xy,...,+£X,} for various classes of X such as Gaussian, Rademacher or
vector with i.i.d. subgaussian entries [56, 52, 104, 37, 61]. One result on the

Rademacher vector is the following:

10



Theorem 2.1 ([52]). Let d be a sufficiently large positive integer and Xy, Xo, . ..
be independent samples from the uniform distribution over the set {—1,1}¢ C R,

Then, there exists an absolute constant ¢ > 0 such that, for each integer n >
d(log d)?, we have

conv{+Xy,...,+X,} D¢ (x/log(n/d)Bg N ijo)

with probability at least 1 — e~%. Here, BY is the Euclidean unit ball in R and
Bd =[-1,1]%

Although each of those results in literature was based on its specific assump-
tions on the distribution of X, Guédon et al. [60] found a possible way of treating
the results in a unified manner under some technical assumptions on X. They

introduced the floating body associated with X
KX):={s e R*|P({s, X) > 1) < a}

to our context (the notation here is slightly changed from the original one), and ar-
gued that, under some assumptions on X, with high probability, conv{ X, ..., X,,}
includes a constant multiple of the polar body of K®(X) with log(1/a) ~ 1 +
log(n/d). Note that their main object of interest is the absolute convex hull, but
their results can be extended to the ordinary convex hull (see Guédon et al. [60,
Remark 1.7]).

Let us explain more formally. Firstly, for a set A C R?, the polar body of A is
defined as

A°={z e R?| (a,x) <1forallac Al

Secondly, we shall describe the assumptions used in Guédon et al. [60]. Let |||

be a norm on R? and v, §, 7, R > 0 be constants. Their assumptions are as follows:
e (,9) small-ball condition: P(|(t, X)| > ~||t[|) > ¢ holds for all ¢ € R%.

e L, condition with constant R: E[|(¢, X)|"]"/" < R|||¢|| holds for all ¢ € R,

Under these conditions, they proved the following assertion by using concentration

inequalities.

11



Theorem 2.2 ([60]). Let X be a d-dimensional symmetric random vector that
satisfies the small-ball condition and L, condition for a norm ||| and constants
7,6, R > 0. Let 8 € (0,1) and set a = (en/d)=?. Then, there exist a constant
co = co(B,0,r,R/y) and an absolute constant ¢y > 0 such that, for each integer
n > cod,

conv{Xy,..., X,} D %([?“(X))O

holds with probability at least 1 — 2 exp(—cin'~Pd?), where X1, X, ... are indepen-
dent copies of X.

Though computing ([? “(X ))o for individual X is not necessarily an easy task,
this gives us a unified understanding of existing results in terms of the polar of the
floating body K° (X). However, its use is limited due to technical assumptions. In
this chapter, we show that we can completely remove the assumptions in Theorem
2.2 and obtain a similar statement only with explicit constants (see Proposition
2.20 and Corollary 2.23, or the next section).

Finally, we add that this interior body of random polytopes or its radius is
recently reported to be essential in the robustness of sparse recovery [60] and the
convergence rate of greedy approximation algorithms [119, 32] when the data is

random.

2.1.3 Organization of the chapter

In this chapter, our aim is to derive general inequalities for p, x and Nx. The
main part of this chapter is Section 2.2 to 2.5. We first give general bounds of p, x
without specific quantitative assumptions in Section 2.2, and present novel bounds
of p, x uniformly determined by the Tukey depth ax in Section 2.3, which is the
primary contribution of this chapter. Section 2.4 then gives uniform bounds of
Nx(E[X]) based on the moments of X, while the results on deterministic convex
bodies included in random polytopes are given in Section 2.5.

Let us give more detailed explanations of each section. Section 2.2 provides
generalization of the results of Wagner and Welzl [172], and we give generic bounds
of p, x(0) under a mild assumption py x(#) = 0, which is satisfied with absolutely
continuous distributions as well as typical empirical distributions. Our main result

in Section 2.2 is as follows (Theorem 2.7):
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Theorem. Let X be an arbitrary d-dimensional random vector and 6 € R?. If

pax(0) = 0 holds, then, for any n > m > d+ 1, inequalities

HECY

i=0 d+1)

Pn,x (0 Pm,x (0) < pnx(0) < ( 1)me(9)

hold.

In Section 2.3, we introduce p;,  and a5 for an € > 0, which are “e-relaxation”
of pnx and ax in that p) v = p,x and o = ax hold. For this generalization,
we prove that the convergence of pj, y — 1 is uniformly evaluated in terms of a5
(Proposition 2.24), and obtain the following result (Theorem 2.12):

Theorem. Let X be an arbitrary d-dimensional random vector and 0 € R:. Then,
for each € > 0 and positive integer n > 3d/a5 (0), we have
Pox(®) > 1 o
Although we do not define e-relaxation version here, we can see from the case
e = 0 that, for example, Nx(6) < [3d/ax(f)] generally holds (see also Theorem
2.13).
In Section 2.4, we derive upper bounds of Nx without relying on ax, which
may also be unfamiliar. By using the result in the preceding section and the Berry—
Esseen theorem, we show some upper bounds of Nx in terms of the (normalized)

moments of X as follows (Theorem 2.17):

Theorem. Let X be a centered d-dimensional random vector with nonsingular

covariance matrix V. Then,

ceR? Jc[|2=1

2
Ny <17d (1 +2 sup E|lc"v2x]’] )

holds.

Here, || - ||2 denotes the usual Euclidean norm on R¢. Note that the right-hand
side can easily be replaced by the moment of ||V =1/2X]||, (see also Corollary 2.18).

Section 2.5 asserts that K%(X) := {0 € R? | ax(0) > a} (o € (0,1)) is a canon-
ical deterministic body included in the random convex polytope conv{ Xy, ..., X, }.
We see in Proposition 2.20 that this body is essentially equivalent to the ([N( “X ))O

mentioned in Section 2.1.2, and prove the following (Theorem 2.22):
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Theorem. Let X be an arbitrary symmetric d-dimensional random vector, and

let o, 6,¢ € (0,1). If a positive integer n satisfies

2d log(1/d 1
n > —max{Mleog—, 6},
« d €

then we have, with probability at least 1 — 9,
conv{Xy,...,X,} D (1 —¢e)KYX),
where X1, Xo, ... are independent copies of X.

A consequence of this theorem (Corollary 2.23) enables us to remove the technical
assumption of Theorem 2.2.

Note that all these results give explicit constants with reasonable magnitude,
which is because of our combinatorial approach typically seen in the proof of
Proposition 2.9 and Proposition 2.14. After these main sections, we give some
implications of our results on motivational examples in Section 2.6, and we finally

give our conclusion in Section 2.7.

2.2 General bounds of p, x

In this section, we denote p, x(0) by only p, x. As we always have p, x() =
Pn.x—0(0), it suffices to treat p, x(0) unless we consider properties of p, x as a
function.

Let us start with easier observations. Proposition 2.3 and Proposition 2.4 are

almost dimension-free. Firstly, as one expects, the following simple assertion holds.

Proposition 2.3. For an arbitrary d-dimensional random vector X with E[X] =0
and P(X #0) > 0, we have

0 < pati,x <Payox <+ <ppx <---— L
It still holds if we only assume p, x > 0 for some n instead of E[X]| = 0.

The next one includes a little quantitative relation among p, x and Nx.

14



Proposition 2.4. For an arbitrary d-dimensional random vector X and integers
n>mz2>d+1,

n n
Pn,x S <m>pm,X7 NX <

hold.

Remark 2.1. Although the estimate Nx < 5 " looks loose in general, Ny < 2d

n, X P2d,x
is a sharp uniform bound for each dimension d up to a universal constant. Indeed,

in Example 2.33 and Example 2.34 (Appendix 2.C), we prove that

. Nxpaax _ 1
lim sup e — Z —
eN\O X:d-dimensional 2d 4

P2d,x <€

holds for each positive integer d. In contrast, the other inequality p,, x < (;‘L) DPm.X
is indeed very loose and drastically improved in Proposition 2.6.

In Proposition 2.3 and 2.4, we have never used the information of dimension
except for observing ps41,x > 0 in Proposition 2.3. However, when the distribution
of X has a certain regularity, there already exists a strong result that reflects the

dimensionality.

Theorem 2.5 ([172]). When the distribution of X is absolutely continuous with
respect to the Lebesgue measure on R,

Zl (n - 1) _ 2711_1 ”2‘: (n - 1) 2.9

=0 %

1
2n—1

Pn,xX S 1—

holds for each n > d+ 1. The equality is attained if and only if the distribution is
balanced, i.e., P({c, X) < 0) = 1/2 holds for all the unit vectors c € R%.

Wagner and Welzl [172] derived this result by showing the existence of a non-
negative continuous function hx on [0, 1] such that hx(t) = hx(1 —t), hx(t) <

L min{t?, (1 — t)?} and

1
Pnx = Z(dz 1) / " hx (1) dt. (2.3)
0

We shall provide an intuitive description of the function hy. Let us consider

a one-dimensional i.i.d. sequence Y7,Y5,... (also independent from X, X, ...),
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where each Y; follows the uniform distribution over (0, 1). If we consider the (d+1)-
dimensional random vectors X; := (X;,Y:), then, for each n, 0 € conv{Xy,..., X,} C
R? is obviously equivalent to the condition that the (d + 1)-th coordinate axis (de-
noted by ¢) intersects the convex set C, := conv{X,..., X,} C R,

Under a certain regularity condition, there are exactly two facets (a d-dimensional
face of C,,) respectively composed of a (d + 1)-point subset of {X;,..., X, } that
intersects . Let us call them top and bottom, where the top is the facet whose
intersection with ¢ has the bigger (d + 1)-th coordinate. Let us define another

random variable H as
e 0 if £ does not intersect conv{)Nfl, o ,)N(d+1},

e otherwise the probability that 0 and )Afd+2 are on the same side of the hy-
perplane supporting conv{)N(l, . ,)N(d+1} (conditioned by Xi,... ,)N(d+1).

Then, for a given realization of {)?1, e )~(n}, the probability that conv{)?l, . ,)Zdﬂ}
becomes the top of C,, is H"~9~1. As there are ( dil) choice of (equally) possible

“top,” we can conclude that

Pnx = P(ﬁ intersects 6’n>
— <dj— 1)]?({)(1, . ,Xd+1} is the tOp of 671) = (dz 1>E[Hn_d_1} .

A similar observation shows p,, x = (dL)E[(l — H)" H > 0}, and so we can
understand hy as the density of a half mixture of H and 1 — H over {H > 0}.
This has been a simplified explanation of hx. For more rigorous arguments and
proofs, see Wagner and Welzl [172].

By using this “density” function, we can prove the following interesting rela-

tionship.

Proposition 2.6. Let X be an R%*-valued random variable with an absolutely con-

tinuous distribution. Then, for any integers n > m > d + 1, we have

1 nn—=1)---(n—4d) nn—1)---(n—d)
on—m m<m_ 1).._(m_d)pm,X Spn,X < m<m_ 1)"'(m—d)pm’X' (24)
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Proof. The right inequality is clear from (2.3). For the left inequality, by using
hx(t) = hx(1 —t), we can rewrite (2.3) as

Pnx = (di 1) /Olt”‘d—l(hx(t) + hx(1—1t))dt
- ( " ) /0 1(t”_d_1 (1= " Y (t) dt.

d+1

We can prove for a > b > 0 that % attains its minimum at t = 1/2, e.g., by

using the method of Lagrange multipliers. Accordingly, we obtain

1
Pn,x _/ (tnfdfl + (1 . t)nidil)h)((t) dt
0

(at1)

1
0 (d+1>

which is equivalent to the inequality to prove. O

Remark 2.2. The left inequality has nothing to say when n and m are large
so 2"~™ is faster than (n/m)?. However, for small n and m, it works as a nice
estimate. Consider the case n = 2d and m = d+ 1. Then, the proposition and the

usual estimate for central binomial coefficients yield

1 (2 J 1 d 2% _24/d
P2 x Z 201\ g1 1 Pd+1.x = 21\ d 1 12v4d Pd+1,x = d+ lpd+1,x.

This is comparable to the symmetric case, where pgy1.x = 1/2% and pygx = 1/2
hold.
The right inequality is an obvious improvement of the dimension-free estimate

given in Proposition 2.4.

We next generalize these results to general distributions including discrete ones
such as empirical measures. However, at least we have to assume p; x = 0. Note
that it is weaker than the condition that X has an absolutely continuous distribu-
tion, as it is satisfied with usual empirical measures (see Proposition 2.8).

From smoothing arguments, we obtain the following generalization of inequal-
ities (2.2) and (2.4).
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Theorem 2.7. Let X be an arbitrary d-dimensional random vector with pg x = 0.

Then, for any n > m > d+ 1, the following inequalities hold:

1 Zdl n—1 1 (,4) )
pn,X S 1-— n— < . >7 n—m 7—; pm,X S pn,X S ,—; pm,X-
2nt =0 t 2 (d+1) (d+1)

We should remark that ps x = 0 is naturally satisfied with (centered) empirical

measures.

Proposition 2.8. Let i be an absolutely continuous probability distribution on R?
and Y1,Ys, ... be an i.i.d. samplings from p. Then, with probability one, for each
M > d+ 1, distributions

1 & Ly
= Zldy and iy = M zéYiAﬂZ?QYj

Satisfy Pauy, = Pajin; = 0. We also have pq,,, = 0 for 1 < M < d; it only requires

pa,p = 0 rather than absolute continuity.

2.3  Uniform bounds of p, y via the relaxed Tukey
depth

We have not used any quantitative assumption on the distribution of X in the
previous section. In this section, however, we shall evaluate p, x and its e-
approximation version by using the Tukey depth and its relaxation. We shall
fix an arbitrarily real inner product (-,-) on R¢, and use the induced norm || - ||
and the notation dist(x, A) := infueca ||z — al| for an z € R? and A C R%.

For a d-dimensional random vector X and § € R¢, define an e-relaxation version
of the Tukey depth by

ax(0) := inf P({c, X —0) <e¢).

llell=1

We also define, for a positive integer n,
Py x () == P(dist(0, conv{ Xy, ..., X, }) < ¢),

where Xy, ..., X,, are independent copies of X. Note that p, x = p?h . Although
we regard them as functions of 6 in Section 2.5, we only treat the case § = 0 and

omit the argument 6 in this section.

18



Proposition 2.9. Let X be a d-dimensional random wvector with an absolutely
continuous distribution with respect to the Lebesque measure. Then, for each e > 0
and positive integer n > d + 1, we have
n(l—a%)
1—p5 < ———(1—p :
pn,X — n—d ( pn—l,X)
Before going into details of quantitative results, we note the following equiva-

lence of the positivity of a5 and pf, y as an immediate consequence of this assertion.

Proposition 2.10. Let X be an arbitrary d-dimensional random vector and let
e > 0. Then, p, x > 0 for some n > 1 implies a5 > 0. Reciprocally, a5 > 0
implies p;, x >0 for alln > d+ 1.

Let us prove Proposition 2.9. We give its combinatorial proof here since it is

the primary technical contribution of this chapter.

Proof of Proposition 2.9. Let m > d be an integer. We first consider the quantity
gm = 1 —pf, x. Let A, be the event given by dist(0,conv{X;}i2;) > e. Also,
let B,, be the event that {X;,...,X,,} is in general position. Then, we have
P(B,,) =1 and ¢, = P(A,, N By,).

Under the event A,, N B,,, we have a unique point h,, € conv{X;}, that
minimizes ||h,,||. Let H,, be the open halfspace defined by H,, := {z € R? |
(x — hy, hyn) > 0}. Then, the boundary 0H,, is the hyperplane going through h,,
and perpendicular to h,,. From the general-position assumption, there are at most
d points in { X}, NOH,,. Let I, be the set of indices i satisfying X; € 0H,,, then
I,, is a random subset of {1,...,m} with 1 < |I,,,] < d under the event A,, N By,.
Note also that X; € H,, for each i € {1,...,m}\ I,,. For simplicity, define I,,, = ()
for the event (A,, N B,,)°.

As I, is a random set determined uniquely, we can decompose the probability

P(A,, N B,,) as follows by symmetry:

Gm = P(Ay N By, i() =11 k).

Hence, we want to evaluate the probability P(1,,, = {1,...,k}). Note that we can

similarly define hj as the unique point in conV{Xi}i:1 that minimizes the distance
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from the origin. Then, Hj, is the open halfspace Hy, = {z € R? | (x — hy, hy) > 0}.

Then, we have

P(I,, = {1,...,k}) =E

1{||hk||>€, conv{X;}F_ COH.} H ]P)(XJ € Hk ‘ {Xl}le)]
j=k+1

m—k
= E[H{Hhku», convixiy comy P (X' € Hy | {Xi}i) ] :

where X’ is a copy of X independent from X7, X5, .... As ]P’(X’ € Hy | {Xi}i?:l) <
1 — a5 under the event {||hs|| > &, conv{X;}F | C 3Hk} we have

m+1—k
P(ln1 ={1,...,k}) = E[]l{||hk||>s, comixipt comgP(X € Hy [ {Xi}iy) }
<A —=ax)P(Ln={1,....k}).

Therefore, we have

d
m+1
Qm+1 = Z ( L )]P)(Im-i-l ={1,...,k})
k=1
m+1 m -
_Zm+1_ ( )(1—aX)IP>(]m:{1,...,k:})
< (m+1)(1 — a%)
- m+1l-d
By letting n = m + 1, we obtain the conclusion. O]

If we define g4, () for a € [0,1] by gan :=1forn=1,...,d and

n(l—a«)

gan(@) := min {1, n—_dgd,n_1<a>} (2.5

forn=d+1,d+2,..., we clearly have 1 — pf, v < ggn(a5) from Proposition 2.9

for a d-dimensional X with density. We can actually generalize this to any X.

Lemma 2.11. Let X be an arbitrary d-dimensional random vector. Then, for

each € > 0 and positive integer n, we have 1 — p}, v < gan(a%).

For a special choice n = [3d/«], we obtain the following main result from a

concrete estimate of g4, ().
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Theorem 2.12. Let X be an arbitrary d-dimensional random vector. Then, for

each € > 0 and positive integer n > 3d /a5, we have

- 1
pn7x>1_@

We also know the following assertion as a consequence of Theorem 2.12.
Theorem 2.13. Let X be an arbitrary d-dimensional random vector. Then, we

LSng{ﬁ]

20&X ax

have

Proof. The right inequality is an immediate consequence of Theorem 2.12. To
prove the left one, let n be a positive integer satisfying % > ay. Then, there
exists a vector ¢ € R\ {0} such that P((c, X) < 0) < 5-. Then, for X1, X,,..., X,

(i.i.d. copies of X), we have

N | —

Pnx =P(0 € conv{Xy,..., X, }) < P(CJ{(C, X;) < O}) <nP({c, X) <0) <

i=1
Therefore, Nx must satisfy ﬁ < ay. O

Remark 2.3. The above theorem states that 1/2 < axNx < 3d 4+ 1. This
evaluation for ayNx is indeed tight up to a universal constant. For example,
if X is a d-dimensional standard Gaussian, we have axy = % and Nx = 2d, so
axNx = d. Moreover, for a small ¢ € (0, 1), if we consider X = (X*,..., X%) such
that

e P(X?=1)=cand P(X"=-1) =1—c¢,
o (X1 ..., X% |xa_, is a standard Gaussian,
o X!=...= X1 =0if X! = —1,
then we can see ax =¢/2 and Nx = Q((d —1)/¢) as (0,...,0,1) has to be in the

convex hull of samples to include the origin in it. Hence the bound axNx = O(d)
is sharp even for a small ax.
On the contrary,
inf axNy <2

X :d-dimensional

holds (even when requiring psx = 0) for each positive integer d from Example
2.33 and Example 2.34 in the appendix (Section 2.C).
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We complete this section with a stronger version of Proposition 2.9 only for
¢ = 0. Indeed, by summing up the following inequality, we can immediately obtain

the € = 0 case in Proposition 2.9.

Proposition 2.14. Let X be a d-dimensional random vector with an absolutely
continuous distribution with respect to the Lebesgue measure. Then,

n(l — «
Pnt+1,X — Pnx < (nde)(pn,X — DPn-1,x)

holds for allm > d+ 1.

2.4 Bounds of Ny via Berry—Esseen theorem

In this section, we discuss moment-based bounds of Ny for a centered X, which
are of particular interest from the randomized measure reduction (see Section 1.1).

Although Theorem 2.13 has strong generality, we have little information about
the Tukey depth ax in many situations. Indeed, approximately computing the
Tukey depth itself is an important and difficult problem [36, 184]. However, if we
limit the argument to a centered X, we can obtain various moment-based bounds
as shown below. In this section, we use the usual Euclidean norm || - ||2 given by
|z|ls = VaTx for simplicity.

Let X be a d-dimensional centered random vector whose covariance matrix
V :=E[XX "] is nonsingular. We also define V~='/2 as the positive-definite square

root of V1. Then, for each unit vector ¢ € R% (namely ||c||s = 1), we have
E[(c"VT2X)?] =E[c"VTAXXTV 2] =E[c"c] = 1, (2.6)
We have the following simple result for a bounded X.

Proposition 2.15. Let X be a centered d-dimensional random vector with non-
singular covariance matriz V. If |V~2X ||y < B holds almost surely for a positive

constant B, then we have

@Xzﬁ, ng (66132—‘
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Let us consider the unbounded case. The Berry—FEsseen theorem evaluates the
speed of convergence in the central limit theorem [19, 48]. The following is a recent

result with an explicit small constant.

Theorem 2.16 ([95]). Let Y be a random wvariable with E[Y] = 0, E[Y?] = 1,
and E[|Y]?] < oo, and let Y1,Ys, ... be independent copies of Y. Also, let Z be a

one-dimensional standard Gaussian. Then, we have

P Yi+--+Y,
NLD

for arbitrary x € R and n > 1.

9)—@(29)‘3%;“3/'3]

We can apply the Berry-Esseen theorem for evaluating the probability IED(CTSn < 0)
from (2.6), where S,, is the normalized i.i.d. sum \%V‘l/z(Xl—i-- -+ X,). By elab-

orating this idea, we obtain the following bound of Ny.

Theorem 2.17. Let X be a centered d-dimensional random vector with nonsin-

gular covartance matriz V. Then, we have
9 2
Ny <17d (145 swp  E[lTV X)),
c€R?[lcfl2=1

Remark 2.4. The bound in Theorem 2.17 is sharp up to a constant as a uni-
form bound in terms of E[‘CTV_l/ 2X ﬂ Indeed, if X is d-dimensional standard

Gaussian, then ]EUCTV_UQXP] = %ﬁ holds for all ||c|s = 1 while Nx = 2d, so
Tiy-1/2y 3]
sup E“C v X| ] Nx = —d.
ceR ||c|l2=1
From Theorem 2.17, we also obtain several looser but more tractable bounds.
Corollary 2.18. Let X be a centered d-dimensional random vector with nonsin-
gular covariance matriz V. Nx can be bounded as

2
)

9 . - 3 - 4
Nx < 17d (1 + 4 min {EMV 1/2)(\\2} E[HV 1/2XH2} }) .
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Remark 2.5. In the order notation, the first bound in this corollary states
1/2 v 1131
Nx = O(dE[[|[v-2x]] ).
This estimate is also sharp up to O(d) factor in the sense that we can prove

Ny X is d-dimensional, E[X] =0,
V= E[XXT} is nonsingular, E[HV*U2X|E} < 00

AV
N | —

sup

3 2
E[|[v-1/2x 3]

for each positive integer d. For proof of this fact, see Example 2.33 and Example
2.34 in the appendix (Section 2.C).

We finally remark that there are multivariate versions of the Berry-Esseen
theorem [182, 140] and we can use them to derive a bound of Ny in a different

approach which does not use ax. However, their bounds only give the estimate
3 2
Ny — o(m[”v—v?x“?] > , (2.7

which is far worse than the bounds obtained in Theorem 2.17 and Corollary 2.18.
However, it is notable that this approach from multidimensional Berry—Esseen
formulas is applicable to non-identical X;’s if the second and third moments are
uniformly bounded, while the combinatorial approach based on ax seems to be
fully exploiting the i.i.d. assumption. Therefore, we provide the details of this
alternative approach in the appendix (Section 2.B).

2.5 Deterministic interior body of random poly-
topes

For each o > 0, define a deterministic set defined by the level sets of Tukey depth
K*(X):={0 € R | ax() > a}.

This set is known to be compact and convex [144]. We can also naturally generalize
this set for the e-relaxation of Tukey depth, and the generalization also satisfies

the following:
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Proposition 2.19. Let X be a d-dimensional random vector. Then, for each e > 0

and a > 0, the set {6 € R? | a5 (0) > a} is compact and conver, and satisfies
{0 € R | a5 (0) > a} D {0 € R | dist(0, K*(X)) < &}.

Remark 2.6. Note that the inclusion stated in Proposition 2.19 can be strict.
For example, if X is a d-dimensional standard Gaussian, K“(X) is empty for each

a > 1/2, but the e-relaxation of Tukey depth can be greater than 1/2 for ¢ > 0.

From this proposition, we can naturally generalize the arguments given in
this section to the e-relaxation case; natural interior bodies of e-neighborhood
of conv{Xy,..., X, } are given by the e-relaxation of Tukey depth. However, to
keep the notation simple, we only treat K“(X) the interior body of the usual
convex hull in the following.

We next prove that the polar body (l? %(X))" used in Guédon et al. [60],
which we have introduced in Section 2.1.2, is essentially the same as K%(X) in
their setting, i.e., when X is symmetric. Recall that K®(X) is defined as

K*(X) = {s e R*| P({s, X) > 1) < a}.

Note that the following proposition is not surprising if we go back to the original
background of K [150], where X is uniform from some deterministic convex set,

and recent research on its relation to the Tukey depth [124].

Proposition 2.20. Let X be a d-dimensional symmetric random vector. Then,
for each o € (0,1/2), we have

{8 e R? | ax(h) > o} C (K*(X))" € K¥(X).

We are going to prove the extension of Theorem 2.2 by finding a finite set
of points whose convex hull approximates K*(X). The following statement is
essentially well-known [138, 10], but we give the precise statement and a brief

proof (Appendix 2.A.14) for completeness.

Proposition 2.21. Let K be a compact and convex subset of R? such that K =
—K. Then, for each € € (0,1), there is a finite set A C R? such that

9\ ¢
(1-¢e)K CconvACK, |A| < (1—|—g) :
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Theorem 2.22. Let X be an arbitrary symmetric d-dimensional random vector,

and let a, 0,e € (0,1). If a positive integer n satisfies

2d log(1/d 1
n > —max{Mleog—, 6},
« d €

then we have, with probability at least 1 — 9,
conv{Xy,...,X,} D (1 —¢e)KYX),
where X1, Xo, ... are independent copies of X.

Remark 2.7. Although the bound given in Theorem 2.22 requires n > 12d/«, it
can be loosened for moderate 6 and . For example, if we want to obtain a bound
for the case § = ¢ = 1/2, then we can prove n > 5d/a to be sufficient by using
the bound in Proposition 2.24. Moreover, we should note that we have used the
assumption that X is symmetric only to prove that K*(X) is symmetric (so that
we can use Proposition 2.21). If we take a symmetric convex subset K C K*(X),

we can prove a similar inclusion statement for K even for a nonsymmetric X.
If we want a generalized version of Theorem 2.2, we can prove the following:

Corollary 2.23. Let X be an arbitrary d-dimensional symmetric random vector.
Let 3 € (0,1) and set o = (en/d)™P. Then, there exists an absolute constant
c > 0.45 such that, for each integer n satisfying n > (12¢%)Y1=8d  we have

1
conv{Xy,..., X,} D éKa(X)

with probability at least 1 — exp(—ce Pnt=PdP), where X1, X5, ... are independent
copies of X.

2.6 Application

We discuss the implications of the results of this chapter in two parts. The first
part discusses the use of the bounds we gave on p, x, while the second part gives

the implication of Nx’s bounds on the randomized cubature construction.
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2.6.1 Bounds of p, x

Firstly, the inequality between p,, x and p,, x given in Proposition 2.6 provides the

inequality

24./d

P2d,x = d 3 1Pax (2.8)

as i1t 1s mentioned in Remark 2.2.

Measure reduction. Consider a discrete (probability) measure pp = >, .0,
for a finite subset of X C R? In Cosentino et al. [34], randomized algorithms for
constructing a convex combination satisfying Ex.,[X] = S0 Ny (2 € X),
whose existence is assured by Tchakaloff’s theorem [162, 12], are considered. As a

basic algorithm, the authors consider the following scheme:
(a.1) Randomly choose d points A = {zy,..., 24} from X.

(a.2) For each z € X'\ A, determine if Ex.,[X] € conv(AU{z}) or not, and finish
the algorithm and return AU {z} if it holds.

(a.3) Go back to (a.1).

Although we can execute the decision for each z in (a.2) with O(d?) computational
cost with an O(d?) preprocessing for a fixed A, the overall expected computational
cost until the end of the algorithm is at least (d?/psi1.x) under some natural
assumption on pu (see Proposition 2.8).

However, we can also consider the following naive procedure:
(b.1) Randomly choose 2d points B = {x1, ..., x4} from X.
(b.2) Return B if Ex.,[X] € conv B, and go back to (b.1) if not.

By using an LP solver with the simplex method we can execute (b.2) in (empiri-
cally) O(d?) time [133, 151]. Hence the overall computational cost can be heuristi-
cally bounded above by O(d?/pq x ), which is faster than the former by (d=3/?24)
from the evaluation in (2.8). Note also that we have rigorously polynomial bounds
via other LP methods (e.g., an infeasible-interior-point method; [120]), and so the

latter scheme is preferable even in worst-case when the dimension d becomes large.
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Relation between two depths. We can also deduce an inequality between two
depth concepts in statistics. As mentioned in Introduction, for a random vector
X € RY, pgi1x is called the simplicial depth whereas ax is the Tukey depth of
the origin with respect to X.

Naively, we have ax > =% for each n, so axy > * 2% holds. However, by
using (2.8) here, we obtain a sharper estimate
1 24/d 2d-1
S Pax Vd

_ > .
ax =~ 9 _2dd+1pd+1’x_\/E(d+1)pd+1’x

In contrast, deriving a nontrivial upper bound of ax in terms of py;; x still seems

difficult.

2.6.2 Bounds of Ny

Secondly, we give applications of the bounds of Nx given in Section 2.4.

Random trigonometic cubature. Consider a d-dimensional random vector
X = (cosb,...,cosdd)" € R?

for a positive integer d, where 6 is a uniform random variable over (—m, 7). Then,
1

from an easy computation, we have V := IE[X X T} = 514, and so we obtain
|V=12X||? < 2d almost surely. Therefore, from Proposition 2.15, we have Nx <
1 + 12d?. This example is equivalent to a random construction of the so-called
Gauss—Chebyshev quadrature [114, Chapter 8]. Although we can have a bound for
the number of observations required in a random construction as above, concrete
constructions with fewer points are already known.

Deriving a bound for random construction of cubature without any known
deterministic construction, such as cubature on Wiener space [110, 68] with general
degree, which is more important, is addressed in the next chapter by using the

concept of hypercontractivity.
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Beyond naive cubature construction. Recall the cubature construction prob-
lem described in Section 1.1. We consider a random variable of the form X = f(Y'),
where Y is a random variable on some topological space X and f = (fi,..., f4)" :

X — R is a d-dimensional vector valued integrable function. Our aim is to find

points y1,...,y4r1 € X and weights wy, ..., wgr1 > 0 whose total is one such that
d+1

E[f (V)] =Y w;f(y;) (2.9)
j=1

A naive algorithm proposed by Hayakawa [66] was to generate independent copies
Y1,Ys, ... of Y and choose y; from these random samples. Without any knowledge

of Nx, the algorithm would be of the form
(c.1) Take k = 2d.

(c.2) Randomly generate Y; up to ¢ = k and determine if (2.9) can be satisfied
with y; € {Y;}}_, by using an LP solver.

(c.3) If we find a solution, stop the algorithm. Otherwise, go to (c.2) after replacing
k with 2k.

This procedure ends at k < 2Nx(E[X]) with probability over half. We can then
heuristically estimate the computational cost by ©(C(d, Nx(E[X]))), where we
denote by C(d,n) the computational complexity of a linear programming problem
finding the solution of (2.9) from n sample points. Empirically, this is estimated
as Q(d*n) or more when we use the simplex method [151].

However, our analysis on Nx via the Berry—Esseen bound tells us the possibility

of an alternative (Algorithm 2.1).
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Algorithm 2.1 Randomized cubature construction for recombination

Input: An integer ¢ > 2
Output: (wi,y1),. .., (Wn,yn) € Rxp x X satisfying D7 w; = 1 and E[X] =
> i wif (y5)

1: Initialize:

2: T, ..., Ted, 21, .., 204 : vectors in R k<0
3: fori=1,...,¢d do

4: Sample Y;

5: T; < f(Y;)

6: end for

7. while E[X]| & conv{xy,..., 24} do
8: for:=1,...,4d do

9: 2z < 0 (as an R? vector)
10: end for
11: for j =2F ... 281 _1do
12: fori=1,...,4d do

13: Sample Yy

14: Zi & Zi + 2_kf(Y}gd+Z')
15: end for

16: end for

17: fori=1,...,4d do

18: z; < (i + 2)/2

19: end for
20: k+—k+1
21: end while

DN
[\

: Take @, ..., 2, and A1, ..., Agy1 such that E[X]| = S Az, by solving
an LP
. Return (27%\,,, Yi¢ari,,) for (j,m) €{0,...,2" =1} x {1,...,d+ 1}

[\
w

Although the pseudocode may seem a little long, this just uses ¢d random
vectors of the form n~!'(X; +---+ X,,) as the possible vertices of the convex com-
bination, which is used for deriving bounds of Ny in Section 2.4. After executing
Algorithm 2.1, we can use any algorithm for deterministic measures (typically
called recombination; [103, 163, 111]) to obtain an actual d + 1 points cubature
rule, whose time complexity is rigorously bounded by (’)(k:d3 + 2kd2) by using the
final value of k in the above algorithm.

As we can carry out Algorithm 2.1 within O(2%(d* + kC(d,(d)), the overall
computational cost is O (kC/(d, (d) + 2*¢d?). Then we heuristically have the bound
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(’)(Md?’ + 2k€d2) for a small /. By using the number N = 2%/d, which is the number
of randomly generated copies of Y, this cost is rewritten as O(log(N/{d){d® + Nd).

As our bound for Ny (E[X]) in Theorem 2.17 is applicable for this N because
of the use of Berry—Esseen type estimate (¢ = 17 is used in the proof), we can
also give an estimate for this alternative algorithm. If the N is not as large
as Q(dNx(E[X])) for an appropriate choice of ¢, we indeed have a better scheme,
though the comparison itself may be a nontrivial problem in general. In any event,

the fact that we can avoid solving a large LP problem is an obvious advantage.

2.7 Concluding remarks

In this chapter, we have investigated inequalities regarding p,, x, Nx and ax, which
is motivated by the fields of numerical analysis, data science, statistics and random
matrix. We generalized the existing inequalities for p, x in Section 2.2. After
pointing out that the convergence rate of p, x is determined by ax in Section 2.3
with introduction of e-relaxation of both quantities, we proved that Nx and 1/ax
are of the same magnitude up to an O(d) factor in Theorem 2.13. We also gave
estimates of Nx based on the moments of X in Section 2.4 by using Berry—Esseen
type bounds. Although arguments have been based on whether a given vector
is included in the random convex polytope conv{Xj, ..., X, }, in Section 2.4, we
extended our results to the analysis of deterministic convex bodies included in the
random convex hull, which immediately led to a technical improvement on a result
of the random matrix community. We finally discussed several implications of our

results on application in Section 2.6.

Appendix for Chapter 2
2.A Proofs

2.A.1 Proof of Proposition 2.3

Proof. For the proof of psgx > 0, see, e.g., Hayakawa [66]. From this and
Carathéodory’s theorem, we also have pg11 x > 0. We clearly have p,11 x > pn.x
for each n > d + 1.
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The strict inequality also seems trivial, but we prove this for completeness.
Assume ppi1.x = pnx for some n. This implies that 0 & conv{X;}?, = 0 &
conv{X;}"*! holds almost surely. By symmetry, for any J C {1,...,n + 2} with
|J|=n+1,0¢conv{X;}'*! = 0 & conv{X;}ic; holds almost surely. Therefore,
we have 0 € conv{X;}, = 0 ¢ conv{X;}!"? with probability one. By repeating

this argument, we obtain
0¢&conv{Xy,...., X} = 0 conv{Xy,..., Xpiqn1} = 0¢& conv{X,41,..., Xntar1}

with probability one, but this is only possible when P(0 ¢ conv{X3,..., X,}) =0
as pa+1,x > 0 and the variables X411, ..., X,4q41 are independent from the others.
This is of course impossible from the assumption P(X # 0) > 0 (there exists a unit
vector ¢ € R such that P((c, X) > 0) > 0), so we finally obtain p, x < pp1.x-

Proving p, x — 1 is also easy. From the independence, we have
Pm(d+1),x = 1 — ]P’(O ¢ conv{Xy,... ,Xm(d+1)})

Z 1-P <m{0 Q/ COHV{X(k_l)(d+1)+1, e uXk‘(d—I—l)}})

k=1
:1_(1_pd+17X)m_>1 (m—>oo)

This leads to the conclusion combined with the monotonicity of p,, x.
Note that we have used the condition E[X] = 0 only to ensure pgy; > 0. Hence

the latter statement readily holds from the same argument. O]

2.A.2 Proof of Proposition 2.4

Proof. Let M be the number of m-point subsets of {Xj,..., X, } whose convex

hull contains 0. Then, we have

As p, x =P(M > 1) < E[M], we obtain the first inequality.
For the second part, we carry out the following rough estimate: For the min-

imum integer k satisfying (1 — p, x)¥ < 1/2, we have Nx < kn. If p,x > 1/2
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holds, then Ny < n immediately holds. Thus it suffices to prove k < [—1_” "’X—‘

Pn,X

when p, x < 1/2. Indeed, by the monotonicity of (1 + 1/z)* over x > 0, we have

1-pn, x 1-pp x

1 Pn, X pn X ) Pn, X
_ = (14 Pex > 2,  pax < 1/2
<1_pn,X> ( 1_pn,X ( X / )

so the conclusion follows. O

2.A.3 Proof of Theorem 2.7

Proof. Let U be a uniform random variable over the unit ball of R? which is inde-
pendent of X. Let also Uy, Us . .. be independent copies of U, which is independent
from X, X,.... We shall prove that lim.\ o pn,x+sv = pn,x for each n. Note that
the distribution of X + U has the probability density function

1

fla) = 5aPUX —zf: <),

where V' denotes the volume of the unit ball. Therefore, once we establish the
limit limo\ o pn,x+e = Pn,x the statement of the theorem is clear.

From pg x = 0, we know that

qﬂ&:P( inf MMSO—W, 5\, 0. (2.10)

yEconv{X;}¢_;

For each n > d+1, consider the event A,, := {0 € conv{Xj,..., X, }}. If the closed
e-ball centered at 0 is included in conv{Xj,..., X}, then 0 is also contained in
conv{X;+eU;}", as ||eU;]| < e for all i (more precisely, we can prove this by using
the separating hyperplane theorem). Therefore, by considering the facets of the

convex hull, we have

Pl A, N ﬂ { inf llyll > g} <P(0 € conv{X; +cU;}_1) = pn x+eU-
}

yeconv{X;}ics
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By using (2.10), we have

Pn,X+eU 2 P(An) - P U { inf ||y|| < 6}
}

econv{X;};
Jc{l,.m Y {Xi}ies
|J|=d

> poax = ()o@ S (N0

and so we obtain liminf.\ o pp x4e0 > Pn,x-
On the other hand, if we have 0 € conv{X;+cU;}?_; and 0 ¢ conv{X;} ;| at the
same time, then there exists J C {1,...,n} such that |J| = d and infycconvix,}ic, |¥]| <

e. Indeed, we can write 0 as a convex combination Y\ | X;(X; 4+ ¢U;) = 0, so

=1 =1

As 0 & conv{ X}, there is a facet within e-distance from 0. Therefore, we obtain

n
<) MU <.
i=1

PO € con(X ety <Pl a0 U { it llse)|.
}

yeconv{X;}ics

and similarly, it follows that
n .
Prx+ev S pux + | Jax(e) and  Hmsupp,xicv < pnx.
e\0

Thus we finally obtain lim.\ o pn x4e7 = Pn,x- O

2.A.4 Proof of Proposition 2.8

Proof. For iy, it suffices to prove that with probability one there are no J C
{1,..., M} with |J| = d such that 0 € conv{Y;};c;. This readily follows from the
absolute continuity of the original measure y. The extension to the case u satisfies
only pg, = 0 is immediate.

For the centered version jiy;, what to prove is that with probability one there
are no J C {1,..., M} with |J| = d such that ; SMY; € conv{Y;}ics. Suppose

this occurs for some J. Then, we have that w7 >, 4 Yi is on the affine hull
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of {Y;}ics. However, as {Y;}igs is independent from {Y;},c; for a fixed J, this
probability is zero again from the absolute continuity of u. Therefore, we have the

desired conclusion. OJ

2.A.5 Proof of Proposition 2.10

Proof. 1f dist(0,conv{X;}? ;) < e, there exists a point x € conv{X;}? , with
|z|| < e. Then, for each ¢ € R? with ||c|| = 1, we have {(c,z) < e and so (¢, X;) < ¢

for at least one i € {1,...,n}. Hence we have a uniform evaluation

P((e,X) <) = - (e, Xi) < 2)

I 1
> EP (Z:LJI{@, X;) < 6}) > EIP’(dist(O,conv{Xi}?:l) <e¢),
and the first assertion follows.

For the latter, if a% is positive, we have p; v > 0 for a sufficiently large n
from Proposition 2.9. Finally, Carathéodory’s theorem yields the positivity for all
n>d+1. O

2.A.6 Proof of Lemma 2.11

Proof. Note first that g4, (a) is non-increasing with respect to o € [0, 1]. Let X
be a d-dimensional random vector such that | X — X|| < & for some d > 0. Then,

for an arbitrary ¢ € R? with ||c|| = 1, we have
(e, X) < (e, X) +9,

so P((¢, X) < &) <P({¢, X) < &+6). Hence we have a5 < a}*‘s.
Consider generating i.i.d. pairs (X, )Zl), ooy (X, )?n) that are copies of (X, )?)
Then, for each z € conv{X;}?,, there is a convex combination such that z =

Yo AX; with A; > 0 and Y1 | A; = 1. Then, we have

=1

< Z)\iHXi - X <.
i=1
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It means that inf |z —y|| < ¢ holds for every x € conv{X;}" ,, and we

yeconv{)?i}?:l
+26 +6
can deduce that p; 'y > p; < holds.

In particular, we can choose X having density, so that we have 1 — pf:}‘g <

gd,n(a}”). Therefore, from the monotonicity of g4, we have

L=p <197 < gan(0F?) < ganl0X)-
As 6 > 0 can be taken arbitrarily, we finally obtain
1 - p;X < gd,n(a;)

by letting 6 — 0. The d-relaxation technique used in this proof is a big advantage

of introducing pj, y extending pj, x. ]

2.A.7 Proof of Theorem 2.12

First, from Lemma 2.11, we obtain the following general bound.

Proposition 2.24. Let X be an arbitrary d-dimensional random vector. Then,

or each € > 0 and positive integer n > d/o5, we have
p g X

d

nos 1 1 nos
1—p° o < X —1 14+ o5 — —X .
p"’X_< d exp{<a§< Ogl—O&)( Ty )})

Proof. From Lemma 2.11, it suffices to prove that

gan(a) < <%exp{(él®g1ia) (1+a— %)})d (2.11)

holds for each o € (0,1) and n > d/a. From the definition of g4, (see (2.5)), if

we set ng := [d/a], then we have

n(n—1)---ng
n—d)(n—d—1)---(nyg—d)
nn—1)--(n—d+1) R
(no—l)(no—Z)...(no_d)(l )

d
n
< 1_ n—n0+1‘
< (no_ d) (1-a)
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As we know d/a < ny < d/a + 1 by definition, we have

gan(a) < (d/&n_ d>d (1—a) s = <%>d(1 _ )i

This is indeed the desired inequality (2.11). ]

Remark 2.8. As Llog -1~ > 1 holds on (0,1) for n > U%¢ " the bound (2.11)

yields a looser but more understandable variant

Gan(a) < (% exp (1 +a— %))d.

Note that we have a trivial lower bound of 1 —pf, v > (1 — a%)", which is proven

by fixing a separating hyperplane between the origin and sample points.

By calculating the bound in Proposition 2.24 for a specific choice of n = [3d/a/],

we can prove Theorem 2.12 as follows.

Proof of Theorem 2.12. From Proposition 2.24, it suffices to prove

3exp{(élog1ia) (a—2)} <3 (2.12)

for all @ € (0,1). If we let f(z) = £2log = for z € (0, 1), then we have

-
1 1 z(2 —x) 1 1 1
J(w) x2( 1 2 1—x) :c2( Ogl—x+( z) 1—37)
If we set t := log ﬁ, t takes positive reals and we have
21 ! + (1 —2) ! 2t + e —e' = 2(t —sinht) < 0
0 —r)— = —e' = —s )
S x T2 e e in

Therefore, it suffices to consider the limit a \, 0. In this limit, the left-hand side
of (2.12) is equal to 3e~2, which is smaller than 1/2 since e > /6 holds. O
2.A.8 Proof of Proposition 2.14

Proof. First, observe that p,+1 x—pnx =P(0 € conv{Xy,..., X;41} \ conv{Xy,..., X,,})
for n > d+1 and independent copies X7, X, ... of X. Assume 0 € conv{X1,..., X, 1}\
conv{Xy,...,X,} holds and no d 4+ 1 points of {0, Xy, ..., X,,411} lie on the same
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hyperplane (the latter is satisfied almost surely as X is absolutely continuous).

Then, there exists an expression such that

n+1 n+1

0= > XX, > N=1X\>0.
=1

=1

Here 0 < A,41 < 1 must hold as 0 & conv{X3,..., X,,} and X, 11 # 0. Therefore,

we can rewrite
n

1 )\n+1
NX, = X,
1 — A1 — 1= At1 i
and this left-hand side is a convex combination of {Xj,..., X, }. Therefore, the

line ¢ passing through X, and 0 intersects conv{ Xy, ..., X, } after 0 (if directed
from X, 1 to 0). Also, ¢ never intersects conv{Xy,..., X,,} before 0. Indeed, if
we have AX,, 11 € conv{Xy,..., X, } for some A > 0, then

An
0 € convi AX, 1, ——HXnH C conv{Xy,..., X,}
- )\n+1

holds and it contradicts the assumption.

Hence, we can define the first hitting point of ¢ and conv{Xj,..., X, } after
0. More formally, let P be the minimum-normed point in ¢ N conv{ Xy, ..., X, }.
Then, by the general-position assumption, there exists a unique J C {1,...,n}
with |J| = d such that P € conv{X;};c; (more strongly, P is in the relative interior
of conv{X;};cs). In other words, conv{X;};c; is the unique facet which intersects
¢ first. Then, there exists a unique normal vector c¢; that defines the hyperplane
supporting { X, }ics, i.e., {cs, X;) =1 for each i € J. Since (c¢;, P) = 1 also holds,
we have (cy, X,+1) < 0. We can also prove (c;, X;) > 1 for eachi € {1,...,n}\ J.
Indeed, if we have (c;, X;) < 1 for some j € {1,...,n}\ J, then there are interior
points of conv{X;};csuq;; that belongs to £ and this contradicts the minimality of
the norm of P.

Therefore, for a fixed J C {1,...,n} with |J| = d, the probability that 0 €
conv{Xy,..., X1} \ conv{Xy,..., X, } holds and conv{X;};c; becomes the first
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facet intersecting ¢ after 0 is, from the independence,

= E[P(O € conv{Xi}icsuminy | {Xities) P((cs, X) > 1| {Xi}z'eJ)nfd] :

where X’ is a copy of X independent from {X;};>;. By symmetry, this J is chosen
with equal probability given 0 € conv{Xy,..., X, 11} \ conv{Xy,..., X,,} (almost

surely without overlapping). Hence, we obtain

Pn+1,X — Pn,X

= (Z)E[P(O € conv{Xy,..., Xg1} | {Xi}ier) P({cs, X') > 1| {Xi}ief)n_d] ’

where I = {1,...,d}. Observe that this representation is still valid for n = d.
From the definition of arx, we have P({c;, X') > 1 | {X;}ier) < 1 — ax, so finally
obtain, for n > d + 1,

Prn+1,X — PnX

N <Z)E[P(O € conv{Xy,..., Xap} | {Xitier) P({er, X') > 1| {Xi}ig)nid}

< (1-oax) (Z)E[P(O € conv{Xy, ..., Xg1} | {Xitier) P({cr, X') > 1| {Xi}ief)nilid}

~
Q3
~—~—

(1 - OéX) (pn,X - pn—1,X)

~—

"7
n(l —ax)

= ﬁ(pn,X — Pn-1,X)-

This is the desired inequality. O]

2.A.9 Proof of Proposition 2.15

Proof. For a one-dimensional random variable Y with E[Y] = 0, E[Y?] = 1 and
Y| < B, we have

BB(Y < 0) > E[-min{Y, 0}] = JE[V]
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and so

EY) _ E[Y]Y] _ 1

P(Y <0) > > = _
(Y'=0)= 2B — 2B? 2B?
By observing this inequality for each Y = ¢"V~Y2X with ||c[| = 1, we obtain the
bound of ax. The latter bound then follows from Theorem 2.13. O

2.A.10 Proof of Theorem 2.17

Proof. Let n be an integer satisfying

9
n>-—  sup IE“CTV_”ZX’S}
4 cerd lefo=1

2

Then, for an arbitrary ||c|l2 = 1, from Theorem 2.16, we have

Ty —1/2 Ty -1/2
P(eV (X1 + +X”)§0):P(CV (X1 + +Xn)§0)
n vn
1 2 9
> —2.048 = —
-2 3 50’

where X1, Xy, ... are independent copies of X. Hence a,-1(x,+...+x,) = 9/50 holds.

Then we can use Theorem 2.13 to obtain
50
Nnil(Xl‘i‘“"f'Xn) S E ° 3d S 17d

Since Nx < nNp-1(x,+.4x,) holds, we have

ceR? ||c[|2=1

9 2
Ny <17d (1 +5 s E[lvorx]] ) ,
which is the desired conclusion. ]

2.A.11 Proof of Corollary 2.18

Proof. From Theorem 2.17, it suffices to prove
2 2
E[!CTV’”QX\S} < E[HV’”QXIE] : E[HV’”QXHﬂ
for each unit vector ¢ € R?. The first bound is clear from

[TVIEX] < el ||V, = ([,
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The second bound can also be derived as
IE“CTV”QXHQ <E[|lcTv X B[V x| ] = [TV
<E[[v-2x],).

where we have used the Cauchy—Schwarz in the first inequality. m

2.A.12 Proof of Proposition 2.19

Proof. We fix a and denote
K. = {6 € R | a5 (6) > a}.
Note that Ko = K%(X). Let ¢ € R? satisfy ||¢[| = 1. Define t(c) by
t(c) :=inf{t e R| P((c, X) < t) > a}. (2.13)

If t(c) = o0, i.e., the right-hand set is empty for some ¢, then each set K. is empty.
t(c) > —oo is clear from a > 0. Suppose t(c) € R for all ¢. From the continuity of

probability, the infimum can actually be replaced by minimum, so we have
P({c, X —0)<e)>a <= (c,0)+ec>t(c)

for each 6§ € R%. Hence, if 6y € K, and ||§ — 6y|| < &, then we have § € K, so we
obtain the inclusion statement.

Let us prove that K, is compact and convex. Define H.(c) := {§ € R? | {c,0) >
t(c) — e} for each ¢ € R? with ||c|| = 1. From (2.13), we have K, = Njej=1 He(0)-
As H_(c) is closed and convex, K is also closed and convex. To prove compactness,
we shall prove K. is bounded. As X is a random vector, there is an R > 0 such
that P(|| X || > R) < a. Then, for each 0 € R? satisfying ||| > R + ¢, we have

P((~ror X —0) <) =((~m X} <<~ o] ) <B(X| 2 B) <o

Therefore, we have ||0|| < R + ¢ for each § € K. and so K. is bounded. O
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2.A.13 Proof of Proposition 2.20

Proof. Consider the set
A = {s e RY|P({s,X) > 1) < a}.

Then, we clearly have A* ¢ K%(X) and so (A%)° D ([?O‘(X))O. We first prove
that (A%)° = K*(X) actually holds. From the definition of a polar, § € (A%)° if
and only if

P((s,X)>1)<a = (s,0)<1

holds for each s € R?\ {0}. If we represent s = r~lc by r > 0 and ¢ € R? with

||le|]] = 1, this is equivalent to
P((c,X)>r)<a = (¢0)<r (2.14)

for each r > 0 and ||c|| = 1. As we have assumed that X is symmetric and oo < 1/2,
(2.14) is still equivalent even if we allow r to take all reals.
We shall prove that, for a fixed ¢, (2.14) is equivalent to P((c, X — ) > 0) > a.
Indeed, if
B((c, X — 0) > 0) = P({c, X) > (¢, 6)) <

holds, there exists a 6 > 0 such that P({(c, X) > (¢,0) —0) < a. Then, we have
the negation of (2.14) by letting r = (c,0) — . For the opposite direction, if we
assume P({c, X) > (c,0)) > «, we have P((c, X) > r) > a for all r < (¢, 0) and so
(2.14) is true. Therefore, we obtain (A4%)° = K*(X).

For each 8 € (o, 1/2), we clearly have K*(X) C A?. Therefore, we have

U K(X) C (K*(X))° € K*(X),

a<f<1/2

which is the desired assertion. O

2.A.14 Proof of Proposition 2.21

Proof. We can only consider the case K has full dimension, i.e., K has a nonempty
interior. Then, the Minkowski functional of K (e.g., see Conway [33, IV.1.14])

llaf] == nt{t | £> 0, = €t}
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defines a norm on R? (note that all norms are equivalent on R?). For this norm,
it is known that there is a finite subset A C S such that minge4 ||z — y|| < € for
all z € B and |A] < (1+2/¢)? [138, Lemma 4.10]. Tt suffices to prove (1 —&)K C
conv A. Assume the contrary, i.e., let xy be a point such that [|z|| < 1 — ¢ and
1o € conv A. Then, there exists a (d — 1)-dimensional hyperplane H C R? such
that o € H and all the points in A lie (strictly) on the same side as the origin
with respect to H. Let y € argmin, y ||2z||. Then, we have ||y|| < 1 —¢, and
z = ||y|| "y satisfies mingep ||z — || > e. Hence, we have minge4 |z — z||| > ¢

and it contradicts the assumption for A. n

2.A.15 Proof of Theorem 2.22

Proof. As K%(X) is symmetric and convex, there is a set A C K*(X) with car-
dinality at most (1 + 2/¢)¢ such that (1 — ) K*(X) C conv A from Proposition
2.21. We shall evaluate the probability of A C conv{X;}! ;. As each point § € A

satisfies ax(0) > «, from Remark 2.8, we have

1 — pox(8) < (% exp (1+a— %))d (2.15)

for each § € A. Hence, it suffices to prove the right-hand side of (2.15) is bounded
by (1 +2/¢)745. By taking the logarithm, it is equivalent to showing

log(1/6 2
E—logE21—|—oz+&/)—l—log 1+-).
d d d €

Let us denote z := na/d. For x > 12, as /2 — log x is increasing, we have
g—logx26—log622—|—log32 14+ a+log3

by a simple computation. Therefore, from log(1 + 2/¢) < log3 + log(1/¢) and the

assumption for n, we obtain the inequality (2.15). O

2.A.16 Proof of Corollary 2.23

Proof. For a = (en/d)~", we have

«Q 1 (n)lﬂ
—n = —
12d 12e8 \d ’
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so n > 12d/a is equivalent to n > (12¢%)Y/(0=9d. Hence, from Theorem 2.22, it

suffices to determine how small § can be taken so as to satisfy

2 (1og<1/5>

——— +log2|.
na P —l—og)

As n > 12d holds for all 3, for a := 1°§2 < 0.1, we have an > %d log 2. Therefore,

we can take 4 as small as

l1—a
e Pnt=Bds.

log(1/6) = %(1 —a)n =

Therefore, we can take ¢ = 1;2“ > (.45 as desired. O

2.B Bounds of Ny via multivariate Berry—Esseen
theorem

In this section, we provide two different estimates of Nx. Although we can prove
that the first bound (Section 2.B.2) is strictly stronger than the second one (Section
2.B.3), we also give the proof of the second as there seems to be more room for
improvement in the second approach than in the first.

The following first bound is the one mentioned in (2.7). The proof is given in
Section 2.B.2.

Theorem 2.25. Let X be an Ré-valued random vector which is centered and of

nonsingular covariance matriz V. Then,
2
Ny < 8d (1 +36%(424"/* +16)°E |||V 72X | )

holds.

Note that ) 5
E[|V-2X 5] > E]vex]fy] = @

holds so we can ignore the O(d) term. In the case sup ||V /2X||, < oo, we have

E[|v-2x ]3] < B[|[v-ex s [vex ] = sup|voex].
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Therefore, the following proposition, which only states Ny = O <d15/2 sup || V_I/ZX‘E) ,
is weaker than Theorem 2.25. However, the approach of proofs is different and
there seems to remain some room for improvement in the proof of Proposition

2.26, so we give the proof in Section 2.B.3.

Proposition 2.26. Let X be an R%-valued random vector which is centered, bounded

and of nonsingular covariance matriz V. Then, for all n satisfying

T lognp S 210002 sup [V 12X,

Nx < 6dn holds.

2.B.1 Multivariate Berry—Esseen bounds

Before proceeding to the evaluation of Ny, we briefly review multivariate Berry—
Esseen type theorems. The following theorem should be the best known bound

with explicit constants and dependence with respect to the dimension.

Theorem 2.27 ([140]). Let Y, ..., Y, bei.i.d. D-dimensional independent random
vectors with mean zero and covariance Ip. For any convexr measurable set A C RP,

it holds

(42D + 16)E[|| 3 |]
\/ﬁ )

P

where Z is a D-dimensional standard Gaussian.

eA)—MZeAﬂg

Note that the original statement is not limited to the i.i.d. case. However,
similarly to the other existing Berry—Esseen type bounds, Theorem 2.27 only gives
information about conver measurable sets. Thus we cannot use this result directly.
However, Section 2.B.2 gives a creative use of Theorem 2.27.

Unlike the usual Berry—Esseen results, the next theorem can be used for non-
convex cases with reasonable dependence on dimension. We denote by Wy (u, v)
the Wasserstein-2 distribution between two probability measures 4 and v on the

same domain. This is defined formally as

Wa(u,v) = inf E[|Y - Z|j].
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where the infimum is taken for all the joint distribution (Y, Z) with the marginal
satisfying Y ~ p and Z ~ v. Although it is an abuse of notation, we also write
Wi (Y, Z) to represent Wh(ju, v) when Y ~ pand Z ~ v for some random variables
Y and Z.

Theorem 2.28 ([182]). Let Y1, ...,Y, be D-dimensional independent random vec-
tors with mean zero, covariance 3, and ||Y|ls < B almost surely for each i. If we
let Z be a Gaussian with covariance X, then we have
Wy }/1+"‘+Yn’Z §5\/EB(1+logn).
vn vn

For a set A C R? and an € > 0, define

inf ||z — yl, < A= RP | inf ||z —y|ls > e .
inf ||z yl!2_€}> {xe Jnf = yH2_€}

By combining the following assertion with Theorem 2.28, we derive another bound
of Nx in Section 2.B.3.

Af = {.’/EERD

Proposition 2.29. Let Y, Z be D-dimensional random vectors. Then, for any

measurable set A C R? and any ¢ > 0, the following estimates hold:

2

P(Y € A) <P(Z € A®) + WQ((C_LQ’Z),
2
P(Y€eA)>P(Ze AF) - WQ(gL;Z)

Proof. This proof is essentially the same as the argument given in the proof of
[182, Proposition 1.4]. Let (Y’,Z’) be an arbitrary couple of random variables
such that Y’ ~ Y and Z’ ~ Z. Then, we have

PY' € A)=P(|Y = Z'|la<e, Y e A)+P(|Y = Z'|2 > ¢, Y € A)
<P(Z'e A+ P(|Y' = Z'||; > ¢)
1
<P(Z' € A%+ SE[[Y' = Z'|;] . (by Chebyshev’s inequality)
£

By taking the infimum of the right-hand side with respect to all the possible couples

(Y', Z"), we obtain the former result. The latter can also be derived by evaluating
P(Z e A=) =P(|Y = Z'|a<e, Z€e A)+P(|Y = Z'||s > ¢, Z € A7)
<PY' e A)+P(|]Y = Z'|| > ¢)
1
SP(Y' € A)+ SE[IY - Z'||3]
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and again taking the infimum. O]

2.B.2 The first bound

In this section, we prove Theorem 2.25. We shall set D = d and make use of
Theorem 2.27.

First, fix a set S C R? and consider the set C(S) := {x € R? | 0 € conv(S U
{z})}. We can prove this set is convex for any S. Indeed, if 0 € conv .S, then
clearly C(S) = R?. Otherwise, x € C(S) is equivalent to the existence of some
k>0and zy,...,2, € S, A >0, A,..., A\ > 0 such that

AN+ + N =1, AT+ Ay - A Az = 0.

Here, A > 0 comes from the assumption 0 ¢ conv.S. This occurs if and only if
x is contained in the negative cone of S, i.e., C(S) = {Zleim | k>0, A <
0, x; € S}. In both cases, C(S) is convex, so Sy is always convex (and of course
measurable).

Let X be an R%valued random vector with mean 0 and nonsingular covariance
V. Suppose E [HV‘UQXHE] < 0o. Let X1, X, ... be independent copies of X, and

for a fixed positive integer n, define

o V_I/QX(i—1)n+1 o+ VX,
T T \/ﬁ

fori=1,...,2d. We also let Z;,..., Z5; be independent d-dimensional standard

Gaussian which is also independent from Xi, Xs,.... Then, by using Theorem

2.27 and the above-mentioned convexity of C'(S), we have

PO € {W1,..., Wa}) =P(Wy € C({Ws,..., Waq}))

(420 4 1608 [V X
> P(Zy € C({Wa, ..., War})) —

NG

3

=P(0 € conv{Z;, Wy, ..., Way}) —

(4244 + 16)E| V12 x 3]

NG
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By repeating similar evaluations, we obtain
P(0 € conv{ Wy, ..., Wa})
(42474 + 16)E[|V1/2X |3
Vn
2424 + 16)E ||V 172X ]
Vn

> P(0 € conv{Zy, Wy, ..., Waq}) —

> P(O c COIIV{Zl, ZQ, Wg, “en ,ng}) -

(424" + 16)E | [[V-12x]

>P(0 € conv{Zy,...,Z;, Wis1,...,Wa}) — NG
n

2(424"/* + 16)E || V12X |3

> P(0 € conv{Zy, ..., Zsa}) —
vn

| 2d(42dY 4 16)E [V

2 NG

Therefore, by letting

n= {36d2(42d1/4 + 16)2E[HV—1/2X||§] 1 :

we have P(0 € conv{X1,..., Xog}) > 1/6. Since (1—1/6)* < 1/2 holds, we finally
obtain Ny < 8dn.

2.B.3 The second bound

In this section, we provide a proof of Section 2.26 in a different manner from the

one given in the previous section. We set D = 2d? and define A; C R” as follows:
Ay = {x = (z1,...,209) € (RH* ~RP | 0 € conv{zy, ..., x4} C R},

Then, it suffices to find a suitable upper bound of IP’(Z € Ad\A;‘E) for a D-
dimensional standard Gaussian Z for our purpose. For an ¢ > 0, By, 1= Ay \ A;°

can be explicitly written as

0 € conv{z;}#
_ _ D 1 fi=1>
Ba.e = {x = (z1,...,72) €R d7z = (fl)fil eRP sit.|z — 2|2 <&, 0¢ conv{z; 1211 '

(2.16)
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For a (finite) set S = {vy,...,v;} C R% define the negative box N(S) C R? by
N(S) = {awl + -+ a4 ‘ a; € [—1,0]}
N(S) is obviously a convex set.

Lemma 2.30. For an arbitrary x = (x1,...,%24) € By., there exists an index
ke{l,...,2d} such that x, € N({z; | i # k})\ N({a; | i # k})=V24,

Proof. As 0 € conv{x;}?4,, there exist nonnegative weights A, ..., Aag such that
AMxi+- -+ Aogrog = 0 with the total weight one. Let k£ be an index such that wy, is
the maximum weight. Then, ) is clearly positive and we have z;, =), Lk —/’\\—kxl

Therefore, we obtain z, € N({z; | i # k}).

By (2.16), there exists an ¥ = (7;)?¢, € R? such that Z?il |z — Z:||3 < €* and
0 & conv{Z;}?4,. We can prove that 7, ¢ N({Z; | i # k}). Indeed, if we can write
Ty = — Z#k a;x; with a; € [0,1], then

(1 + Za) R (Es’k + Za?a’) =0

ik itk

is a convex combination and it contradicts the assumption 0 ¢ conv{Z;}?¢,. There-

fore, we can take a unit vector ¢ € R? such that
c'Tp >max{c'y |y € N({z; | i #k})}. (2.17)

Let us assume the closed ball with center x; and radius § is included in N({x; |
i # k}) for a 0 > 0. Then, if 6 > ||zx — T2, the closed ball with center 7y and
radius ¢’ := § — ||zp — Tgl|2 is included in N({z; | i # k}). In particular, we have
some coefficients a; € [—1,0] such that z 4+ d'c = Z#k a;x;. By the inequality
(2.17), we have

T >l Z a;T; =c' (fk +dc+ Z a;(z; — xl)> ,
itk ik

so by arranging

(5, < Z(IZ‘CT((L‘Z‘ — jfz) S Z ||Iz — 37/1”2

ik ik
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Therefore, from the definition of §’, we obtain

2d 2d 1/2
§ <Y i =Tl < <2dz | z; — %Z-Hg) < ev2d
i=1 i=1
by Cauchy-Schwarz and the assumption. It immediately implies the desired asser-
tion. O
Proposition 2.31. P(Z € B,.) < 8/2d"/*c holds.

Proof. By Lemma 2.30, we have By, C 2% {z | 2 € N({zi | i # k})\ N({s |
1 k})_am}. Therefore, letting Z = (Z1, ..., Zsy) be a standard Gaussian in R”

(where each Z; is a independent standard Gaussian in R?), we can evaluate

P(Z € By.) < Zp(zk e N({Z |i £ k) \N{Z | i+ k})*é\@) .

For each k, Zj is independent from the random convex set N({Z; | i # k}).

Therefore, we can use the result of Ball [8] to deduce
IP’(Zk e N({Z i £ k) \N{Z | i+ k})*&m}) < 4dV* . ev/2d.
Therefore, we finally obtain
P(Z € By.) < 2d - 4d"* - ev/2d = 8v/2d"/ e
O

By letting ¢ = 2713/2d=7/4 we have P(Z € Bgy.) < 1/8. Under this value of ¢,
if we let n satisfy

n 8- 25D B?
>

= 400d%B? - 2'3q7/? = 215100 B2d*'!/? 2.18
(1+1logn)? — g2 ) ( )

for a constant B, then we have

5vDB(1 + logn) ’ < g2
NG -8

Now consider a bounded and centered R%valued random vector X with V =
E[XXT} nonsingular. Then B’ := sup HV_I/QXH2 is finite. Let X, X5,... be
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independent copies of X. Define RP-valued random vectors Y;,Ys,,... by Y; :=
(VY2 X i 1yas1s - -, V% Xoiq) T for each . Then, note that ||Y;||s < v2dB'. By
taking B = v/2dB’ in (2.18), we have from Theorem 2.28 that (for ¢ = 2713/24~7/4)

1 Yi+---4Y, 1
_WQ<Q,2) Sg'

1
P(Z € B,.) < -,
( d’>_8 g2 vn

From Proposition 2.29, we obtain

Vi +Y, 1 Vit +Y, 1
Pl —— e A, | >P(Ze€ Ay)—P(Z € By.)—— —_— 7| > -.
(P e ) 2p@ e ai-p(z e oo (B ) >

Therefore, 0 is contained in the convex hull of {X7,..., Xs4,} with probability
at least 1/4. Since (1 — 1/4)® < 1/2, Nx < 6dn holds. Therefore, our proof of

Proposition 2.26 is complete.

2.C Extreme examples

Before treating concrete examples, we prove a proposition which is useful for eval-

uating Ny.

Lemma 2.32. For a random vector X and its independent copies X1, Xo, ...,
define Nx as the minimum index n satisfying 0 € conv{Xy,..., X, }. Then, we
have .
SE [NX} < Ny < 2E [NX} .
Proof. From the definition of Nx, P(0 € {Xy,..., Xny-1}) < 1/2 holds. Thus
IP’(NX > NX> > 1/2, and so we obtain E[]VX} > %NX.
For the other inequality, we use the evaluation IP’(ZK7 x > kN X> < 27% for each

nonnegative integer k. As Ny is a nonnegative discrete random variable,
n=1 k=0
holds. O

Note that all the examples given below satisfy pqx = 0. They are given as
one of the worst-case examples for uniform estimates of Ny in Proposition 2.4 or

Theorem 2.25. Let us start with the simplest extreme case.
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Example 2.33. Let d = 1. For an € € (0,1), let X be a random variable such
that P(X =1/¢) = and P(X = —1/(1 —¢)) =1 —e. Then E[X] = 0.

In this example, we can explicitly calculate p, x as
Ponx =1—¢"—(1—¢)".

In particular, py x = 2¢ — 2¢2. We have lim o(1 — €)% = ¢7¥/2 = 0.60.. ., so

Pri/2e1,x < 1/2 holds for a sufficiently small €. For such an €, we have

1 1—¢ 2
Ny > — = S 2.19
X =9 2 pax’ ( )

and so Ny < z% in Proposition 2.4 is sharp up to constant.
For ¢ € (0,1/2), Nx can also be evaluated above as Nx < 2E [NX} <
2 (% + (1_;)> by using Proposition 2.32. We also have ax = ¢ for ¢ € (0,1/2), so

2e
inf axNx <2+ — 2 (€—>0)
X:1-dimensional 1 — &
As the variance is V = E[X?] =1 + L = ﬁ, we have

IE“V‘”QX}?’]Q —v (6% + ﬁf

3 s (1 2 :
=e’(l—¢) (g+€2(1_5)2+(1—6)4)

Therefore, from (2.19), we obtain

sup {EDV‘I/QXH TNy

X is 1-dimensional, E[X] =0, 1
> -
V =E[X?] € (0, 00), E[ V*l/QXﬂ <oo [T 2

which is what is mentioned in Remark 2.5 when d = 1.

The next example is a multi-dimensional version of the previous one.

Example 2.34. Let d > 2. Let {e1,...,e;} C R? be the standard basis of R?.

Let us first consider, for an arbitrary ¢ € (0, 1), a random vector X given by

d—1 1 1
X=Y (Z Z'ei— 6ed> +-(1=Y)eq,
=1
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where P(Y =1)=1—¢,P(Y =0) =c and Z*,..., Z% ! are independent uniform
random variables over [—1,1]. (also independent from Y). Namely, X is e tey
with probability € and a (d — 1)-dimensional uniform vector over a box on the

hyperplane {x € R? | eJx = —(1 — )71} otherwise. E[X] = 0 also holds.

Let us estimate pgi1 x,peqx and Nx for this X. To contain the origin in the
convex hull, we have to observe at least one X; with Y = 0. Therefore, for an

e < 1/d, we have

d+1
piens =@+ Dt 20 = LEL (1 o))
d
2d
P2d.x = Z (k‘ >€k(1 — &) pagix

k=1

1 2d — 2
= 2depog—1 x' + C’)(d252) =d (1 + J2d2 ( Jo1 )) €+ O(d252)

2d<1+ )5+O(d252),

1
2Vd—1
where X’ represents a (d — 1)-dimensional uniform random vector over the box
[—1,1]%"1. We can see that pogx = 297 pgy1 x holds for a small € as Remark 2.2
suggests.

For the calculation of Ny, we can exploit Proposition 2.32. We first bound
the expectation of NX. For independent copies Xi, Xo,... of X, let Ny be the
minimum integer n satisfying X,, = e le;. We also define N, as the minimum
integer n satisfying —(1 — €)7'eg € conv{Xy,..., X,,}. Then, Ny = max{ Ny, No}
holds. Thus we have N; < Nx < N; + Ny. E[N;] = 1/e clearly holds. For Ny, we

can evaluate (again using X') as

1

1—¢

IE[NX/} < 2Ny _ 4(d — 1)’

E[N,s| =
[2] —1—¢ 1—¢

where we have used Proposition 2.32 for the inequality. Therefore, from Proposi-

tion 2.32, we obtain

8(d—1)

T (2.20)

2
E[NX} < Ny szE[NX} <y
£
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We finally compare the naive general estimate Ny < ﬁ in Proposition 2.4

with this example. From (2.20), we have

Nxpaax _ paax _ 1 1
— > = > 4+ —— + O(de) .
2d —4d5—4+8 d_1jL (de)

Therefore, the evaluation Ny < z% is sharp even for small psg x up to constant

in the sense that we have

N 1 1
lim sup XD, X > -+ —.
€0 X4 dimensional 2d 4 8vd—1
P2d,x <€

Also in this example, we have ax = ¢ for € € (0,1/3). Hence, combined with
(2.20), we have

2 8d-1 (d—1
O‘XNX§€(E+%€)):2+%—>2 <€—>O)

Therefore, we have inf x.qgim axNx < 2.
We next evaluate the value of E[HV‘l/QXHZ}, where V = (V#¥) is the co-
variance matrix of X with respect to the basis {e1,...,es}. Then, for (i,j) €

{1,...,d — 1}* we obtain

1—¢

VY =E[Y?Z'Z’] =E[Y?|E[Z2'Z] = 6, (6%: Kronecker’s delta)

Vid:IE[YZ" (—1{€+1;Y)] :E[Zi}E{Y (—1i5+1gy>} =0

by using the independence of Y, Z, ..., Z;_1. For the V¥ we have

1 1 1
ydd — - = .
1—5+5 e(l1—c¢)

Therefore, V~2X can be explicitly written as

VoRX =y (Fz Zie; — \/i d) + \/?(1 —Y)ea.

Thus we have

2d—1)+¢ 1—¢
1—+

[v=ex|, <y
— & £
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and so

(2(d — 1) +¢)3/? N (1—¢)%
Vi—e Ve

holds when 0 < ¢ < 1/2. By using (2.20), we obtain

2
< A2 4 712

E|||v-72x]],] <

Nx 1 1

> =
2 = 3/2 1 o—1/2)2 3/2.1/2 2
E[HV’IQXHE} 2e(4d3/? + e71/2) 2(4d3/2e1/2 + 1)

Therefore, by taking ¢ — 0, we finally obtain the estimate

Ny X is d-dimensional, E[X] =0,
V = E[X?] is nonsingular, E[”V*I/QXW] < 00

N | —

sup

E[jv-ex(i]

as mentioned in Remark 2.5.
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Chapter 3

Hypercontractivity meets random
convex hulls

Given a test function vector ¢ : X — RP and a random variable x taking values
in X', we have analyzed the naive random sampling for constructing a cubature
in the previous chapter. However, it is not fully sufficient to explain what hap-
pens in the more concrete interesting cases. Here we analyze the computational
complexity of this approach when ¢ exhibits a graded structure by using so-called
hypercontractivity. The resulting theorem covers not only the classical cubature
case of multivariate polynomials but also integration on path-space and kernel

quadrature for product measures.

3.1 Introduction

Let X be a random variable that takes values in a set X, and F C R a linear,
finite-dimensional space of functions satisfying E[| f(X)|] < oo for each f € F. A
cubature formula for (X, F) is a finite set of points (z;) C X and weights (w;) C R
such that .
E[f(X)] =) wif(x;) for all f € F. (3.1)
i=1
This is a reformulation of cubature introduced in Section 1.1 from the viewpoint
of function spaces. We also denote p = Law(X) and refer to g = > w;d,,
as the cubature measure for (X, F). The existence of such a cubature formula

that further satisfies n < 1 + dimF, w; > 0 and Z?ﬂ w; = 1 is guaranteed
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by Tchakaloff’s theorem (Theorem 1.1). Arguably the most famous applications
concern the case when X is a subset of R? and F is the linear space of polynomials
up to a certain degree, that is F is spanned by monomials up to a certain degree.
However, more recent applications include the case when X is a space of paths and
F is spanned by iterated Ito—Stratonovich integrals [110], or kernel quadrature [84]
(see also Chapter 4) where X is a set that carries a positive definite kernel and F
is a subset of the associated reproducing kernel Hilbert space that is spanned by
some “test functions” including eigenfunctions of the integral operator induced by
this kernel.

Random convex hulls. If F is spanned by m functions ¢1,...,¢, : X — R,
then we can denote ¢ = (¢1,...,¢m) : X — R™ and see that (3.1) is equivalent
to E[p(X)] = >, wip(x;). Given an N(>> n) i.i.d. sample X,..., Xy ~ X, we
want to know the probability of the event

E[p(X)] € conv{ep(X1),...,(XN)}, (3.2)

under which we can construct the desired cubature satisfying (3.1) by using linear
programming as explained in Section 1.1.

Empirically, this approach turns out to work well already for “reasonable”
magnitudes of N [66] (also see the experiments in the next chapter). The aim
of this chapter is to provide theoretical guarantees for the number of samples
N for which this approach leads to a successful cubature construction with high

probability, for a class of ¢ of practical interest.

Hypercontractivity. Our main tool is hypercontractivity. This allows us to

prove the existence of a constant C!, satisfying (mainly for p = 4)
2
E[(0) < CLE[S(0P]”

uniformly for a large class of functions f, where X follows the product measure
1®?. While hypercontractivity is classically studied for Gaussian, discrete, and
uniform probability measures on hypercubes or hyperspheres [20, 125, 13, 14], we

generalize it to function classes that have a certain graded structure.

o7



Contribution. Our main result is to provide an upper bound for the number of
samples N such that an N-point i.i.d. sample of random vectors contains the expec-
tation in its convex hull, i.e. the event (3.2) occurs, with a reasonable probability.
Although the connection between the bound for N and the hypercontractivity of
the given random vector /function class has implicitly been proven in Chapter 2 in
the form of Theorem 2.17, generic conditions for having a good hypercontractiv-
ity constant and why the magnitude of required N becomes reasonably small in
practice have not been established or understood.

In this chapter, we address these questions by

e extending the hypercontractivity for the Wiener chaos to what we call gen-

eralized random polynomials (Section 3.3) and

e showing that this extension naturally applies to important examples in nu-
merical analysis including classical cubature, cubature on Wiener space, and

kernel quadrature (Section 3.4).

We explain the intuition behind these points by introducing Theorem 3.1 and
Example 3.2:

Theorem 3.1 (informal). Let u be a probability measure on X. Suppose we have

F=B U Fim

d>1 m>0

a “natural” function class

where Fy,, denotes a set of functions from X to R of “degree” up to m. Then,
under some integrability assumptions, there exists for every m a constant C,, =
Con (i, F) > 0 such that the following holds:

Let d and D be two positive integers and ¢ = (p1,...,¢p) : X4 — RP
with ¢1,...,0p € Fam. Then, for all integers N > C,, D, we have

B(E[p(X)] € conv{p(X1), .., 0(Xn)}) >

N —

where X, X1,..., Xn are i.i.d. samples from the product measure %

on X%,
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Example 3.2. Although the above statement is somewhat abstract, the assump-

tion of a “natural” function class covers the following important examples:

e Classical Cubature [161]: p is a probability measure with finite m mo-

ments and Fy,, is the space of d-variate polynomials up to degree m .

e Cubature on Wiener space [110]: p is the Wiener measure and Fg,, is

spanned by up to m-times iterated Ito—Stratonovich integrals.

e Kernel quadrature [84] (also see the next chapter): p is a probability
measure on set X’ that carries a positive definite kernel k and Fy,, is spanned
by some test functions suitable to k®?, e.g., eigenfunctions down to some
eigenvalue of the integral operator g — [ k®?(-, x)g(x) du®?(z), where k%% is

a tensor product kernel.

Related work. If the measure p has finite support, the problem (3.1) is also
known as recombination. While in this case, the existence follows immediately
from Caratheodory’s theorem, the design of efficient algorithms to compute the
cubature measure is more recent; we mention efficient deterministic algorithms
[103, 163, 111] and randomized speedups [34]. For non-discrete measures, the
majority of the cubature constructions are typically limited to algebraic approaches
that cannot apply to general situations. Related to our convex hull approach but
different, is a line of research aiming at constructing general cubature formulas with
positive weights by using least-squares instead of the random convex hull approach
[55, 116]. As their theory is on the positivity of the resulting cubature formula given
by solving a certain least squares problem, requires more (or efficiently selected)
points than that needed for simply obtaining a positively weighted cubature.
Hypercontractivity is the key technical tool for our estimates. Although it is
a classic tool in probability, its use seems to be novel in the context of cubature
resp. random convex hull problems. Somewhat related to the special case of kernel
quadrature, [115] proves a generalization error bound for kernel ridge regression
with random features, however, hypercontractivity appears there just as a tech-
nical assumption. Further, for low-degree polynomials of a sequence of random

variables, Kim and Vu [90], Schudy and Sviridenko [149] give similar estimates on

29



their higher order moments, but they mainly estimate the concentration of the
moments, and do not generally analyze the kurtosis-type values appearing in the

hypercontractivity.

Outline. In Section 3.2, we briefly explain recent results on random convex
hulls, and give some assertions that additionally follow from them. In Section
3.3, we introduce the Gaussian hypercontractivity and show its generalization
that is suitable for multivariate cubatures. Section 3.4 gives some applications
of Gaussian/generalized hypercontractivity to random convex hulls with product
structure, including cubature on Wiener space and kernel quadrature. The chapter

is concluded in Section 3.5. All the omitted proofs are given in Appendix 3.A.

3.2 Random convex hulls

Our main interest is the probability of the event (3.2) that the mean is contained
in the random convex hull. To quantify this probability, it turns out to be more

convenient to study a more general problem. Therefore we define

Definition 3.3. Let X be a D-dimensional random vector and Xy, Xs,... be 1id
copies of X. For every integer N > 0 and 6 € RP define

pnx(0) =P(0 € conv{Xy,...,Xn}) and Nx(0) =inf{N | py x(8) > 1/2}.

Both of these quantities are classically studied for symmetric X by Wendel
[178], but more recently sharp inequalities for general X [172] (also Chapter 2 of
the thesis) as well and calculations on the Gaussian case [81] have been established.
Note that, by considering m independent copies of (Xi,...,Xy), we have 1 —
Pmnx(0) > (1—pn.x(0))™, and so knowing Nx(6) also yields some high-probability
bounds.

Our main interest is the case §# = E[X]. We can bound Ny (E[X]) if the distri-

bution of X satisfies some good properties including symmetry and log-concavity:

Proposition 3.4. For a D-dimensional random vector X for which E[X] exists,

we have:
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(a) If the distribution of X is symmetric about E[X], then Nx(E[X]) < 2D.

(b) If the distribution of X is log-concave, then Nx(E[X]) < [3eD].

Here, (a) is a well-known result [178] while (b) follows from a combination of
Caplin and Nalebuff [24] and Theorem 2.13; see Section 3.A.1 for details. However,
what we use for our main results is the following reformulation of Theorem 2.17.

We give its proof in Appendix 3.A.2 for completeness.

Corollary 3.5. Let X be any D-dimensional random vector with E[|| X %] < oo.
If a constant K > 0 satisfies ||c" (X — E[X])||zs < K|l¢"(X — E[X])||z2 for all

c € RP, then we have
Nx(E[X]) < 17(1 + 9K®/4)D.

This result recovers a sharp bound Nx(E[X]) = O(D) up to constant for a
Gaussian, where we have detailed information about the marginals. The sort of
inequality assumed in the statement is also called Khintchin’s inequality (see e.g.,
(94, 47]) and there are known values of K for a certain class of X such as log-
concave distributions [108, Theorem 5.22] or a Rademacher vector. Indeed, we

can easily show the following estimate under a clear independence structure:

Proposition 3.6. Let X = (Xy,...,Xp)" be a D-dimensional random vector
whose coordinates are independent and identically distributed. If E[X;] = 0 and
1 X1|lzs < K||Xi||zz holds for a constant K > 0, then we have |c"X|[ps <
Kllc"X||z2 for all c € RP.

While such an explicit independence yields Nx(E[X]) = O(D), we can see that
we can go much further by carefully looking at how one can prove hypercontrac-
tivity in Gaussian Wiener chaos. In the following section, we generalize the whole

argument and provide natural conditions for X to achieve Nx(E[X]) = O(D).

3.3 Hypercontractivity

The previous section provides bounds on Ny but the assumptions—log-concavity
or coordinate-wise independence—are too strong for many applications. We now
develop an approach via hypercontractivity; this results in bounds that apply

under much less strict assumptions.
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Hypercontractivity: the Gaussian case. It is instructive to briefly review
the classical results for Gaussian measures by following Janson [79] since we need

several generalizations of this.

Theorem 3.7 (Wiener Chaos Decomposition). Let H be a Gaussian Hilbert space'
on a probability space (Q2,G,P) and let o(H) be the o-algebra generated by H. Then

L*(Q,0(H),P) =P H"™,
n=0

where H™ := P,(H) N P,_1(H)* with
P.(H) ={f(Y1,...,Y,) | f is a polynomial of degree <n, Yy,...,Y,, € H, m > 1}

with P_1(H) := {0} and P,(H) denotes the completion in L*(Q,G,P).

Hence, for each X € L*(Q,0(H),P), we have a unique decomposition X =
Yoo o X, such that X,, € H ("), The simplest case is expanding a random variable

Y (measurable by a Gaussian variable X) with Hermite polynomials of X.

Theorem 3.8 (Hypercontractivity, [79], Theorem 5.8). For r € [0, 1] denote
T,: L*(Q,0(H),P) = L*(Q,0(H),P), X =) rX,.
n=0

Ifp>2and0<r < (p—1)""2, then we have
1T (X) |z» < | X2

From this, we have the following moment bound on P, (H), which is also re-

ferred to as hypercontractivity, see for example [127].

Theorem 3.9. Let n > 0 be an integer. For each p > 2, we have

IX|lze < (0 = D)"|IX|z2, X € Pu(H).

LA Gaussian Hilbert space is a closed linear subspace of L?(£2,G,P) whose elements all follow
Gaussian distributions, where G is the o-algebra of the given probability space.
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Proof. Let X =" _ X,,, with X,,, € H™. For 0 < r < (p—1)"'/2, by Theorem

3.8, we have

it = o (32 )| €32 <3 e <
m=0 p m=0 L2 m=0
We obtain the conclusion by letting r = (p — 1)71/2, O

We included the proof since we are going to generalize it in the following.

Hypercontractivity for generalized random polynomials. The phenomenon
of hypercontractivity is not limited to the Gaussian setting. Indeed, the hyper-
contractivity of operators on the space of boolean functions (i.e., {—1,1}" — R)
associated with the uniform measure was established even before the Gaussian
case [20, 154]. Our focus is to obtain estimates analogous to Theorem 3.9 when a
graded class of test function is given; we refer to such a class as generalized random

polynomials.

Definition 3.10. Under a probability space (2,G,P), a triplet G = (Y,Q, \) is
called GRP if it satisfies the following conditions:

e Y is a random variable taking values in a topological space X .

o Q= (Qn)_, is a nondecreasing sequence of linear spaces of L*(Py )-integrable
functions X — R. Namely, if we let Q,,(Y) :={f(Y) | f € Qun}, then each
Qm is a linear subspace of L*(P), with Qy C Q C --- C L*(P). We addi-

tionally assume Qg is the set of constant functions.

o A= (A, satisfies 1 =Xg > A > Ay > > 0.

m=0
If G is a GRP, we also define (/ilgg/GX =1inf{1/\, |m>0,X €QnY)}

Intuitively, each @,, is a generalization of degree-m polynomials and a?eéG
indicates the “degree” of such functions (though Y plays a role in the latter). In
the setting of actual polynomials like Wiener chaos, we can define A\,, = b~ for a
certain b > 1, and then we have deg X = log, agéGX for the usual degree of X as

a random polynomial.
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Definition 3.11. Let G = (Y,Q, \) be a GRP. We define

Hp(Y) = Qu(Y) N Q1 (V)

in terms of L*(P) where Q_1(Y) := {0} and
Heo = L*(9,0(Y),P) 0 (| Qu(¥))"

We refer
L2 (Q,0(Y (@H ) (V)

as the orthogonal decomposition associated with G.

Definition 3.12. Let G = (Y,Q, \) be a GRP. The operator T(G) is defined as

T(G): L*(Q,0(Y),P) = L*(Q,0(Y),P), X+ i A X,

m=0

where (X)) menuso With X, € Hp,(Y) is the orthogonal decomposition of X asso-
ciated with the GRP G. By letting T(G)*X =3 °_ A8, X,,, for s >0, we say that
a GRP G = (Y,Q,\) is (2, p; s)-hypercontractive if

IT(G) X le < IX ][22, X € LH(Q,0(Y),P).

Thus, if G is (2, p; s)-hypercontractive, it is (2, p; t)-hypercontractive for all
t > s as T(G)""® is a contraction in L. The formulation of G associated with

“degree” concept given by A then naturally extends to the multivariate case.

Definition 3.13. We call a set of d GRPs, G = (Y@ QW D) fori=1,....d
independent, if the Y ’s are independent random variables taking values in X s
For d independent GRPs, their product is a GRP G = (Y, Q, \) that is defined as

e V=YW YD)y ex®x...xx@,

o )\, is the (m+1)-th largest value in the set {Hle A

)\%)ie)\(i),z':l,...,d}.

e (),, = span {f (e, xg) & H?Zl fi(z;)

fi € QUL TIL N < A}
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As Q. (Y) C L? it follows from independence for each m that G = (Y,Q,\) is
indeed a GRP. We also denote it by G =GY @ - @ G,

Example 3.14. Consider the case when Q%) are degree-m polynomials of Y and
AD = gm for some t € (0,1) independent of i. This shows that the product GRP
generalizes the multivariate random polynomials. Also, when YO are i.i.d. and
(QW, A are the same for alli =1,...,d, then we say G are i.i.d. and we can

particular write G ~ (GM)®2,

A straightforward generalization follows from the classical way of proving hy-
percontractivity. This turns out to be useful for treating multivariate hypercon-

tractivity of our GRP setting.

Theorem 3.15. Let r € (0,1] and p > 2. If d independent GRPs G, ... G
are all (2, p; s)-hypercontractive, then their product G = GO @ - @ G9D is also
(2, p; s)-hypercontracitve.

Remark 3.1. We only use the (2, p; s)-hypercontractivity in this chapter, but we
can also deduce the same results for the general (g, p; s)-hypercontractivity with

1 < ¢ <p < o (for the operator norm of L? — LP), analogous to e.g. Janson [79].
The following is analogous to Theorem 3.9 and the proof is almost identical.

Proposition 3.16. Let s > 0 and p > 2. If G is a GRP that is (2,p;s)-
hypercontractive, then we have || X || < (deguX)*|| X | 2 for all X € L2,

Remark 3.2. Although we have treated general GRPs G = (Y, @, ) in these
propositions, we are basically only interested in the moment inequality for X up
to some “degree” fixed beforehand (in the case of Wiener chaos, it suffices to treat
P,(H) for some finite n to obtain Theorem 3.9). Thus, our main interest is in
“finite” GRPs, satisfying @), = Qo1 = --- for some n, and their product in
practice, which might be better for readers to have in mind when reading the next

proposition.

We next show the following “converse” result for the relation of the hypercon-

tractivity and moment estimate for a (truncated) GRP when p = 4.

65



Proposition 3.17. Let G = (Y,Q,\) be a GRP. Suppose there ezists a s > 0
such that
[ Xmllzs < A0 Xz, Xin € Hi(Y)

holds for all m. Ift > s satisfies Y 1 A\° < 1/v/3 and N\, < 1/2, then G is
(2, 4; t)-hypercontractive.

By using this, we can also prove the following as a non-quantitative result.

Theorem 3.18. Let K > 0 and G be a GRP such that the space {X € L?* |
a?eéGX < K} is included in L*(Q, G, P) and finite-dimensional. Then, there exists
a constant C' = C(G, K) such that for an arbitrary d, | X||p« < C||X||z2 holds if
we have &gcmx < K.

3.4 Applications

The generality of Proposition 3.17 and Theorem 3.18 allows quantifying the num-
ber of samples resp. probability of success of the random convex hull approach to
the problem of cubature. Concretely, we give formal statements of Theorem 3.1 for
various cubature constructions: (i) Classical Cubature, (ii) Cubature on Wiener

Space, (iii) Kernel Quadrature.

3.4.1 Classical polynomial cubatures

When the GRP G are actual random polynomials, we recover the following result.

Corollary 3.19. Let m be a positive integer and XV, X @ . be i.i.d. real-valued
random variables with E[|X(1)|4m] < 00. Then, there exists a constant C,, > 0
such that

XD, XD e < Coll F(XWY, L X D)2

for any positive integer d and any polynomial f : RY — R with degree up to m.

Proof. By introducing a truncated GRP given by a random variable XV, function
spaces @; of univariate polynomials up to degree i, and \; = 27 for 0 < i < m,

we can apply Theorem 3.18 to obtain the desired result. O

66



If we combine this with Corollary 3.5, we obtain the following result for poly-

nomial cubatures:

Corollary 3.20. Let m > 1 be an integer and XM, X @ .. be i.i.d. real-valued
random variables with E[|X(1)|4m} < 00. Then, there exists a constant C,, > 0,
depending on the law of XU, such that the following holds:

Let d > 1 be an integer and ¢ : R? — R” be a D-dimensional vector-
valued function such that each coordinate is given by a polynomial up to
degree m. If we let Xglzd), Xélzd), ... be independent copies of X1 =
(XWX DY we have

P(E|p(X")] € conv{p(X{"),...,p(X§)}) =

N | —

for all integers N > C,,,D.

3.4.2 Cubature on Wiener space

Cubature on Wiener space [110] is a weak approximation scheme for stochastic
differential equations; at the heart of it is constructing a finite measure on the
space of paths, such that the expectation of their first m-times iterated integrals
matches those of Brownian motion. Some algebraic constructions are known for
degree m = 3,5 [110] as well as m = 7 [126]. The random convex hull approach
applies in principle for any m, however, a caveat is that the discretization of paths
becomes an issue in particular for high values of m; some experimental results are
available in [68] for constructing them by using random samples of piecewise linear
approximations of Brownian motion. In this section, we use hypercontractivity to

estimate the number of samples needed in this approach to cubature via sampling.

Random convex hulls of iterated integrals. For a bounded-variation (BV)

path x = (2°...,2%) : [0,1] — R¥! and a d-dimensional standard Brownian

motion B = (B',..., BY) with B := ¢, we define the iterated integrals as

(e o ol 93 (e} R a1 A
I%(x) .—/ daf - -+ dayk, I%(B) .—/ odBf'---odB;F,
0<ty<---<tp<1 0<t1 <<t <1
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where the latter is given by the Stratonovich stochastic integral. Then, a de-
gree m cubature formula on Wiener space for d-dimensional Brownian motion
is a set of BV paths zy,...,2z, : [0,1] — R4 and convex weights wy, ..., w,
such that "  w;I*(z;) = E[I%(B)] for all multi-indices a = (ay,...,q;) €
U {0, 1, d} with Jlaf ==k +[{j | a; = 0}] < m.

Indeed, if we consider the Gaussian Hilbert space given by

b= {Z/ fi(t) dB;

the iterated integral 1%(B) with ||«|| < m is in the m-th Wiener chaos P,,(H) (see

Section 3.3) as it can be expressed as a limit of polynomials of increments of B.

S, fa € LQ([Oa 1])}7

We thus have the hypercontractivity given in Theorem 3.9 and the following:

Corollary 3.21. Let d,m > 1 be integers and B be a d-dimensional Brownian

motion. Then, for an arbitrary linear combination X = Z||a||§m coal*(B) with
ca € R, we have || X||zs < 22| X|| 2.

As the bound is independent of the dimension d of the underlying Brown-
ian motion, we have the following version of Theorem 3.1 by combining it with

Corollary 3.5 as follows:

Corollary 3.22. Let d,m > 1 be integers and B, By, B, ... be independent stan-
dard d-dimensional Brownian motions. Then, if @(B) is a D-dimensional random
vector such that each coordinate is given by a linear combination of (I*(B))ja|<m,

then we have
P(E[p(B)] € conv{p(B1),...,¢(Bn)}) >
for all integers N > 17(1 + 18 - 8™ 1) D.

N —

The above allows to choose the number of candidate paths that need to be
sampled. However, as mentioned above, one challenge that is specific to cubature
on the space of paths is that one cannot sample a true Brownian trajectory which
leads to an additional discretization error. However, we conjecture that the number
of random samples divided by D and the number of time partitions for piecewise
linear approximation in constructing cubature on Wiener space can be independent

of the underlying dimension d.
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Remark 3.3. One can also apply these estimates to fractional Brownian motion
[134], though we also need to obtain the exact expectations of iterated integrals
of fractional Brownian motion (we can find some results on the Ito-type iterated

integrals without the time integral by BY =t in the literature [11, Theorem 31]).

3.4.3 Kernel quadrature for product measures

Recall the kernel quadrature problem introduced in Section 1.2; we are given a
positive definite kernel £ and a Borel probability measure p on a space X. Our
aim is to find a good kernel quadrature rule, a set of points x; € X and weights
w; € Rsuch that Q,, = >, w;d,, with the small worst-case error wee(Qy,; Hy, ),
which we might just denote by wee(@,,). We call a kernel quadrature convex if @,
is a probability measure, i.e., w; > 0 and > | w; = 1.

In this section, we see that the complexity of randomized kernel quadrature
algorithm (a version of Algorithm 4.2 in the next chapter) is related to the hy-
percontractivity discussed in this chapter, and give some bounds based on GRPs

when RKHS has a product structure.

Tensor product kernels. With d space-kernel pairs (X, k1), ..., (Xy, kq), the

tensor product kernel on the product space X; X - -+ X Xy is defined as
d
(kl K- ® k’d)(%y) = H kl(xzu yz)7
i=1

where © = (z1,...,24),y = (Y1,---,Ya) € X1 X -+ X X;. This is indeed the
reproducing kernel of the tensor product Hy, ® --- ® Hy, in terms of RKHS [18].
The most important example of this construction is when the underlying d kernels
are the same, k®¢ = k®---®k. Given a probability measure x in the (conceptually
univariate) space X, constructing a kernel quadrature for u®¢ with respect to k®4
is a natural multivariate extension of kernel quadrature that is widely studied in
the literature [131, 82, 6, 84], and corresponds to high-dimensional QMCs [41].
While we will ultimately consider kernel quadrature for (k®¢, u®?), let us start

from the “univariate” (k, u) in the following.
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Mercer-like expansions and quadrature. Let us consider the Mercer-type

expansion:

k(ay) =Y oredx)edy), (3.3)
=1

where we suppose 01 > g9 > -+ > 0 and ¢, € L*(u) (not necessarily normalized).
Although (0y,€0)32, are given by normalized eigenpairs of the integral operator
K:f— [,k(y)f(y)du(y) in the case of Mercer expansion [160], we can also
use other expansions such as power-series expansion [185] and the Nystrom-based
(truncated) expansion (discussed in the next two chapters). The following propo-
sition, which will formally be proven in a more general form as Proposition 4.8
in the next chapter, shows how a finite-dimensional cubature in the sense of (3.1)

yields some meaningful kernel quadrature.

Proposition 3.23. Let Q,, = (w;, z;); be a convex kernel quadrature satisfying
[y ee(x) dp(x) = 37 wieg(x;) for each € =1,...,n—1. Then, by letting r,(x) =

Z;’j:n Omem(1)?, we have wee(Q,)* < Asup,cy ().

We can have more favorable bounds on wee(@),,) by assuming more (see the next
chapter), but the important fact here is that the event (3.2) for a vector-valued
¢ given by “basis” functions eq,...,e,_1 enables us to construct an interesting
numerical scheme. A similar approach, specialized to a Gaussian kernel over a
Gaussian measure can be found in [84]. Given a Mercer-like expansion (3.3), we

can also consider the multivariate version

E e y) = Y onon(en @ @eg)(@)(en @ Deg)(y),  (34)
e lg=1

and the same result as Proposition 3.23 holds for the properly reordered expansion.
For the interaction between the convergence rate and the dimension d in the case

of Mercer expansion, Bach [6, Section 3.4] provides some informative examples.
As the construction of such @, in Proposition 3.23 for general k£ and p relies
on random sampling, we want to estimate Ne(x)(E[p(X)]) for X ~ p and ¢ =
(é1,...,€,_1), where our main interest lies in the multivariate case despite using

the univariate notation for simplicity.
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From RKHS to GRP. To make it compatible with the framework of GRPs
introduced in the previous section, we further assume the following condition,

which ensures that the kernel is in an appropriate scaling.

Assumption A. The expansion (3.3) converges pointwise, y o, 0, < 00, o1 < 1,

and the strict inequality o, < 1 holds if e, € L*(p) is not constant.

Under Assumption A, we can naturally define a GRP G = (Y,Q,\) with Y
following p, @, = span{l,ey,...,e,} and \,, = o, for m > 1. Note that it
violates the condition A\ < 1 if o1 = 1 and e; is constant, but in that case we can
simply decrement all the indices of (Q, Ayy) by one. We call it the natural GRP
for k (with the expansion) and y, and we denote it by G = G, .

Remark 3.4. The scaling given in Assumption A is essential to the hypercontrac-
tivity under the framework of tensor product kernels when considering “eigenspace

down to some eigenvalue”. Indeed, if o, > 1 for some nonconstant e,;, we have

d
lef ooty (I!eellm(u))

e 2oy \Meellzzg

for p > 2, which increases exponentially as d grows, whereas the corresponding
(o) is lower bounded by 1. So the hypercontractivity in our sense never gets

satisfied if o, > 1 for a nonconstant e;.

By introducing GRPs as above, we can prove the following statement, written
without GRPs.

Proposition 3.24. Let k satisfy Assumption A and Y1, Ys, ... independently follow

. For each € > 0, define a set of random variables as
S(e) :=span({1}U{es (Yin,) - - €e,(Yom,) | d > 1, my < --- <myg, o¢, -+ 0g, > €}).

Then, if ||eo(Y1)||za < 0o holds for all ¢ with oy > €, then there is a constant C. > 0
such that || X |12 < C.|| X2 for all X € S(e).

Proof. The finiteness of the dimension of “eigenspace” for Y7, i.e, the finiteness of
the number of ¢ satisfying o, > ¢ follows from »",°, 0y < oo in Assumption A.

Thus, Theorem 3.18 gives the conclusion. O]
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If we only had Y7,..., Yy, then S(g) would correspond to the truncation of the
d-variate expansion (3.4). So this assertion includes a hypercontractivity statement
for an “eigenspace” of k%? and p®? given the expansion (3.4). However, we can go
further to a quantitative statement by imposing another assumption in the case

of actual Mercer expansion.

Quantitative bounds for Mercer expansion. We first set up two additional
assumptions for obtaining a quantitative statement. We shall discuss The following

assumption says that (3.3) is actually the Mercer expansion.

Assumption B. (e/)2, and (\/a.e0)32, are orthonormal sets in L*(u) and Hy,

respectively.

Mild conditions already imply that Assumption B holds, e.g., suppu = X, k is
continuous, and x — k(z, z) is in L'(u) is sufficient, see [160]. Another assumption

requires further orthogonality of these test functions against a constant function.

Assumption C. The kernel k can be written as k = 1+ kg, where kg : X X X —
R is a positive definite kernel satisfying [, ko(z,y) du(y) = 0 for (u-almost) all
reX.

Under Assumption A, B, this is simply equivalent to e; being constant. This

might seem artificial, but naturally arises in the following situations:

(a) X is acompact group and p is its Haar measure. k is a positive definite kernel

given as k(z,y) = g(z~'y), where g : X = Rxg and [, g(x) du(z) = 1.
(b) ko is a kernel called Stein kernel [129, 5] with appropriate scaling.

One theoretically sufficient condition for these assumptions can be described as

follows:

Proposition 3.25. Let X be compact metrizable and path-connected, supp p = X,
and k be continuous and nonnegative. If [, k(z,y)du(y) =1 holds for all v € X,
Assumption A—C' hold.
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From this proposition, for instance, an appropriately scaled exponential / Gaussian
kernel over the n-sphere with the uniform measure satisfies Assumption A—C.

Under these two assumptions, the operator T(Gy,,) in terms of GRPs cor-
responds to the integral operator K : f — [, k(-,y)f(y)du(y), so the situ-
ation becomes simpler. We can directly apply Proposition 3.17 by replacing
N's with o’s, but we also have the following sufficient conditions for the hyper-
contractivity without explicitly using the eigenvalue sequence. In the following,
|1Ko|| := 02 < 1 is the operator norm of Ko : f — [, ko(-,y)f(y) du(y) on L*(u),
and tr(Ko) := [, ko(x, ) dp(x). We have the following quantitative condition for

hypercontractivity.

Proposition 3.26. Let k = 1 + ko satisfy Assumption A-C. When ||KCol| > 0, if
r,s > 1 satisfy

1KCol| 77 > 2, 1o~ > VB tr(Ko), 1Kol ™Y > kol 4 oy

then Gy, is (2,4; r+s)-hypercontractive. In particular, if we have sup ¢ y|ko(x, )| <
1//3, then Gy, is (2, 4; 2)-hypercontractive.

Example 3.27 (Periodic Sobolev spaces over the torus.). Following Bach [6], we
consider periodic kernels over [0,1]. Therefore let X = [0,1], u be the uniform

distribution on X, and define

(_1)1"71(27.(.)27“
(2r)!

for each positive integer s and § € (0,1), where By, is the 2r-th Bernoulli polyno-

kr,é(x7y> =1+4- B2r(’x_y’) (35)

mial [173]. 6 =1 is assumed in the original definition, but it violates Assumption
A (see also Remark 3.4). Albeit this slight modification, the kernel k,s gives an
equivalent norm to the periodic Sobolev space in the literature. For 6 € (0,1), ks
satisfies Assumption A-C. The eigenvalues and eigenfunctions with respect to the
uniform measure are known [6]; the eigenvalues are: 1 for the constant function,
and dm=%" for ¢, (-) == V2 cos(2rm -) and sy, (-) = V/2sin(2rm-) form > 1,2, .. ..
We now apply Proposition 3.17 with (for sake of concreteness) 6 = 1/3. This gives
lemllpaigy = smllragy = (3/2)Y4. Thus, to satisfy the condition of Proposition
8.17, it suffices for s < t to satisfy 3° > (3/2)Y4, 6*=3¢(2r(t — 5)), 3t > 2, where
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¢ is Riemann’s zeta function. Hence a simple numerical sufficient condition for
this is s = 0.1 and t = 1.1 forr =1, and t = logy2 < 0.631 for r > 2, which
can be derived by letting 2r(t — s) > 2. To sum up, in the case r > 2, we only
need O(X"°9ID) times of sampling for meeting (3.2) with probability over a half,
if X ~ p® and each coordinate of ¢ : X4 — RP is in the eigenspace of the

eigenvalue .

3.5 Concluding remarks

We investigated the number of samples needed for the expectation vector to be
contained in their convex hull from the viewpoint of product/graded structure.
We demonstrated that we empirically only need O(D) times of sampling for the
D-dimensional random vector in practical examples can partially be explained by
the hypercontractivity in the Gaussian case as well as the generalized situation
including random polynomials and product kernels. There are also interesting
questions for further research; for example, although in the asymptotic d — oo
we established that the required number of sampling divided by D is independent
of d, the constants are larger than what purely empirical estimates given in [66]
(and the next chapter, where 10D is sufficient in practice). Another direction, is
the case of cubature of Wiener space, as one cannot actually sample from Brow-
nian motion and discretization errors propagate to higher order m; a promising
research direction could be to study “approximate sampling” or consider unbiased

simulations [74] for the iterated integrals.

Appendix for Chapter 3
3.A Proofs

3.A.1 Proof of Proposition 3.4(b)

For a D-dimensional random vector X, recall the following Tukey depth defined
in Chapter 2:
ax(@) = inf P(c"(X—-6)<0). (3.6)

ceRP\{0}
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We have shown Nx(6) < [3D/ax(0)] in Theorem 2.13.
The above can be used to provide a novel bound on Nx(E[X]) for a general
class of distributions called log-concave as in the statement of Proposition 3.4. A

function f : R? — Ry is called log-concave if it satisfies

fltz+ (1 —t)y) > f(=) fly)™

for all z,y € R? and t € [0,1]. A probability distribution with a log-concave
density is also called log-concave, and this class includes the multivariate Gaus-
sian/exponential/Wishart distributions, the uniform distribution over a convex
domain, and many more univariate common distributions [4, 21]. For the log-

concave random vectors, the following result is known:

Theorem 3.28 ([24]). If X is a d-dimensional random vector with log-concave
density, then we have ax(E[X]) > 1/e.

The case, when X is uniform over a convex set, is proven in Griinbaum [59],
and Lovasz and Vempala [108, Section 5] gives simpler proofs than the original
result in Caplin and Nalebuff [24].

Simply combining Theorem 3.28 and Nx(E[X]) < [3D/ax(E[X])] in Theo-
rem 2.13 yields the desired result.

3.A.2 Proof of Corollary 3.5

Proof. Let Y := X — E[X]. First assume that V := ]E[YYT} is nonsingular, then
we have ||c"Y |2 = Ve Ve = |[VY2¢||y. Thus, we have

TY V1/2 Tv—l/QY
sup —HCT s _ JV7e) 7 e _ sup  [la" VTV s,
cero\joy €T Y |22 cerpy\(0y [V1/2¢||o a€RD, afla=1

Therefore, the assertion follows by observing that the sixth power of the right-hand
side appears in the bound of Theorem 2.17 (by using Y instead of X).

We next consider the case when V' is singular. We prove by induction on
D. D = 1 with a singular V implies that X is almost surely a constant and
Nx(E[X]) = 1. Let us assume D > 1. Since V is singular, there exists a vector
u € RP\ {0} such that u"Vu = 0. Therefore, we have

0=u'Vu= UTE[YYT} U= E[(UTY>2]
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and so u"Y = 0 almost surely. Therefore, there exists an index i such that Y
(i-th entry of Y') is (almost surely) determined by a linear combination of the other
entries. Say, Y = vTY” holds almost surely with v € RP~! and Y’ being the
(D — 1)-dimensional random vector given by omitting the i-th entry of Y. Let
A; € RP=UxD he the linear map of omitting the i-th entry of the given vector.

For any ¢ € R”, we have
= (Ai0) Y + Y0 = (Ae + Do) TY

almost surely, so we have the same constant K in the assumption of the corollary
for Y and Y’. Now it suffices to prove ay(0) = ay/(0) from D — 1 < D and the
induction hypothesis.

Indeed, let Y7,...,Yy be independent copies of Y and Y/,... Y} be given
by omitting their i-th entries. The latter sequence is independent copies of Y.
Then, for ¢;,...,exy > 0 with ¢; +--- + ¢y = 1, Z;V:1 ¢;Y; = 0 clearly implies
Zé\[zl ¢;Y] = 0. The contrary also holds almost surely, because, for the i-th entries
Yl(i), e Y]\(,i ), we almost surely have

N
ch Zc] —UTZCJY/—O
=1

if Z;il ¢;Y] = 0. Therefore, we have ay(0) = ay(0) = ax(E[X]) and obtain the

desired estimate for when the dimension is D. O

3.A.3 Proof of Proposition 3.6

Proof. Tt suffices to consider the case || Xi||ps < oo. If we write ¢ = (¢1,...,¢p

then by using independence, we have

le" X1 =E[(c"X)] =D dE[X/]+ > dEE[XPE[X?]

i=1 1<i<j<D
K4ZC4E + Z cc [XZ}
1<i<j<D
D 2
<K' (Z cfE[Xﬂ> < K'E[(c"X)?]”
i=1
as we clearly have K > 1 (or X = 0 almost surely). O
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3.A.4 Proof of Theorem 3.15

Proof. We give the proof by generalizing the proof of Lemma 5.3 in Janson [79].

It suffices to prove the statement for d = 2, as the product of GRPs is as-
sociative. Let GO = (Y® QW D) for 4 = 1,2 be independent GRPs. Let
HP2YO) = QY(v®) n Q¥ (YL for i = 1,2. If we denote the product
by G = G @ G®. Then, for a random variable X = >t Xem with Xy, €
Hél) ® HY, the operator T(G) acts as

T(G)X =Y AVAD X,
m
If each X, can be written as a finite sum Xy, = >, X ;S;,lz),mX ,gng with X ,E,le)m €

Hél)(Y(l)) and X&)m € Hﬁ?)(Y@)), then by using Minkowski’s integral inequality
[65] and the (2, p; s)-hypercontractivity of G*) and G?, we have

e

1)\s 1 s 2
=Eyo)|Eye Z()\é )) Xlg) (AP) Xlg,ﬁ),m

IT(G) X ||1» = By | By || (A ) X

L LI ¢,m

1/p

T

Lm\"'m
L LIk,¢,m
[ B 2 p/2 L/p
<Eyo |Bye || A X X (by G®)
k,lm
[ r p2/p] /2
< Eye|Eyw Z(Aél))sX,gle)mX,gze)m ] (by Minkowski)
LIk, e,m
- - 077 1/2
< By | By || D X0 X =Xl (by GO)
L | k4m
The general case follows from the limit argument. O

3.A.5 Proof of Proposition 3.16

Proof. Let G = (Y,Q, \). Suppose EiééGX < oo and let n be the minimum integer
satisfying X € @,,(Y). Then, by decomposing X = > _ X,, with X,,, € H,,(Y),
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we obtain

1 Xzr = < A IX 22,

G)* Xn: A X En: AP X
m=0 m=0 L2

where we have used the (2, p; s)-hypercontractivity in the second inequality. O

Lp

3.A.6 Proof of Proposition 3.17

Proof. It suffices to consider X having the decomposition X =) X,, with X,,, €
H,,(Y). Recall that we have assumed that @)y is the space of constant functions,

so Xy is a constant. First, suppose Xy = 0. In this case, for ¢t > s, we have

2
TG X |70 = || D NuXm| < (Z AfgSA;||Xm||L4>
m>1 4 m>1
2
< (Z A¢;S||Xm||L2> < (Z Aggt—s>) | X||%.. (Cauchy-Schwarz)
m>1 m>1

Therefore, when 3 ) A 279 < 1/4/3 we have
IT(G) X 1o < 371X e (3.7)

for all X satisfying X, = 0.

In the case Xy # 0, we can assume X, = 1 without loss of generality. Let
W=X—-1and Z =T(G)'W = T(G)'X — 1. Note that E[W] = E[Z] = 0 holds
by the orthogonality. We can explicitly expand the L* norm as follows:

IT(G) X[ = 1+ 6E[2%] +4E[Z°] + E[Z]
< 1+8E[Z%] +3E[Z"]. (AM-GM)
We also have
1X[14 = E[(1+W)?]* = (1 + E[W?])? = 1+ 2E[W?] + E[W?]*.
So it suffices to show 4E[Z2] < E[W?] and 3E[Z*] < E[W?)?, but the latter imme-
diately follows from (3.7). The former holds when X} < 1/2:

E[7] = 3" A%E[X2] < AME[W?].
m>1

Therefore, we have completed the proof. n
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3.A.7 Proof of Theorem 3.18

Proof. Let G = (Y,Q,)\) and X be the space in which Y takes values. By
truncating @ and A (i.e., ignoring @, with 1/),, > K), we can assume that
QY)={X e L*| agéGX < K}. Then, as dim @ < oo, we can take a vector-

valued measurable function

o=(p1,...,0n) : X = RN
such that (;(Y))Y, is an orthonormal basis of Q(Y’). Then, we have

X Ty
" IXle gy M e@lls o T o) < 00,

xenoy 1XNze  cermypoy leT@(YV)llze cem, gt

where the right-hand side is the supremum of a continuous functions over a com-
pact domain, and so is indeed finite. Hence, we can apply Proposition 3.17, and

there exists a constant s > 0 such that
IT(@) X0 <Xz X €QY),

because A; < 1 and (\;,)., is of finite length now. So G = (Y, Q, \) (with trun-
cation by K) is actually (2, p; t)-hypercontractive and it extends to G®? for any d
by Theorem 3.15 (note that the truncation does not affect the random variables
with a@gGmX < K). Then, we finally use Proposition 3.16 to obtain the desired
result with C' = K*. O

3.A.8 Proof of Proposition 3.25

Proof. Let f € L*() be an eigenfunction with eigenvalue A > 0 of the integral
operator, i.e., it satisfies [, k(z,y)f(y) du(y) = Af(x) (assume this equality holds
for all z, not just p-almost all). As >",°, 0y < co and Assumption B is met from
the general theory [160], it suffices to show A > 1 if and only if f is constant. Note
that f =1 is an eigenfunction for A = 1 by assumption.

Assume A > 1. Since k is bounded from the assumptlon for an (xn) ° | con-

verging to x, we have f(z,) = 3 [, k(@n,y)f — 5 [y k( y)du(y) =
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f(z) by the dominated convergence theorem. Thus, f is continuous. Let F =

max,cy f(z). If * € f~1({F}), then

0=F - f(a) = [

X

o) (F = 10)) auto)

As k(z*,-) is a probability density (recall £ > 0 from the assumption) with respect
to p and supp u = X, we must have A < 1 and k(z*,y) =0 for all y & f~1({F}).
Now, it suffices to prove f~'({F}) = X actually holds when A = 1. Let K =
max, yex k(z,y). By taking an e > 0 such that pu(f~'([F —¢,F))) < 1/(2K), we
have, for x & f~1({F}),

f(x) = /X k(. 9)f (y) duly)

< / k() () duly) + / k(z, )£ (y) duly)
f71((—o0,F—¢)) Y [F—e,F))
<(F-¢) / k(o) duly) + F / ke, ) du(y)
f=1((—o0,F—¢)) J~H[F—e,F))
£ g
F- k(z,y)d Foe)+o=F_%,
<(F—e)+ e/f_l([F_E’F)) (z,y) duly) < (F —¢) + 3 3

Therefore, if f~'({F}) = X, f is disconnected (because X is path-connected), and

it is a contradiction. This completes the proof. ]

3.A.9 Proof of Proposition 3.26

We first prove the following lemma.

Lemma 3.29. For p > 2, we have [|Kof||r < ||kollte(uew ||z for all f € L*(p).
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Proof. By Minkowski’s integral inequality, we have

P 1/p
1Kol = ( [ o)1) duty) du<x>)

<[ ( / ol ) F )P (e >)Up du(y)
< [ ([ mtepants >)1/p| £l duly)

( / ( / o, y)I” du )) pdu(y)>l/2f|m (Cauchy-Schwarz)

< llkollzruep | I z2-

]
From this lemma, we have
1 [ kollz
lewllr = ——[IKoemllzr < T2 ey 12 (3.8)

for each m > 2.

Proof of Proposition 3.26. 1t suffices to consider the case ||ko||z1(ueu) < 00. Note
that A\p_y = o, for £ =1,2,... for the GRP Gy, so \; = g2 = [|[Ko]|.
Let 7o be the minimum nonnegative number satisfying ||Ko =™ > /3 tr (o).

Then, for r := 1+ ry, we have

[o.¢] (o0 1
D op <o > o =|K|"0tr(Ky) < —= (3.9)
(=2 (=2 \/§

Let sy be the minimum nonnegative number satisfying ||Ko|| ™% > ||Ko||L4(ugp)- As
1Co]| € (0,1) from Assumption A, sq is well-defined. Then, for s := 1 + sy and
m > 2, from (3.8), we have

’|k0’|L4(M®M)H ”L

1
c_ 1 < o150 (310
Om € P = O'mHICOHSO HemHL2 > 0y, ”emHL2 ( )

lemllzs <

Thus, the condition for s and ¢ := r + s of Proposition 3.17 is satisfied, and so

we have the desired conclusion. O
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Chapter 4

Positively weighted kernel
quadrature via subsampling

In this chapter, we study kernel quadrature rules with convex weights. Our ap-
proach combines the spectral properties of the kernel with recombination results
about point measures. This results in effective algorithms that construct convex
quadrature rules using only access to i.i.d. samples from the underlying measure
and evaluation of the kernel and that result in a small worst-case error. In addi-
tion to our theoretical results and the benefits resulting from convex weights, our
experiments indicate that this construction can compete with the optimal bounds

in well-known examples.'

4.1 Introduction

The goal of numerical quadrature/cubature is to provide, for a given probability
measure p on a space X', a set of points zy, ..., z, € X and weights wq,...,w, € R
such that

3w /X f(x) du(x) (4.1)

holds for a large class of functions f : X — R. As already discussed in Section 1.2,
kernel quadrature focuses on the case when the function class forms a reproducing
kernel Hilbert space (RKHS). What makes kernel quadrature attractive, is that

!Code: https://github.com/satoshi-hayakawa/kernel-quadrature
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the kernel choice provides a simple and flexible way to encode the regularity prop-
erties of a function class. Exploiting such regularity properties is essential when
the integration domain X is high-dimensional or the function class is large. Addi-
tionally, the domain X does not have to be Euclidean but can be any topological
space that carries a positive definite kernel.

As we have already introduced the notation in Section 1.2, given a set (quadra-
ture) Q, = (w;, ;) with (w;,z;) € R x X, we also regard it as a quadrature
measure (), = ¥ ., w;0,, and try to minimize the worst-case error wee(Qy,; Hi, 1t),
where H; denotes the RKHS associated with a positive definite kernel k. If the

weights satisfy w; > 0 and Y, w; = 1, we refer to @Q),, as a convex quadrature.

Contribution. The primary contribution of this chapter is to leverage recombi-
nation (a consequence of Carathéodory’s Theorem) with spectral analysis of kernels
to construct convex kernel quadrature rules and derive convergence rates. We also
provide efficient algorithms that compute these quadrature rules; they only need
access to i.i.d. samples from g and the evaluation of the kernel k. See Table 4.1
for a comparison with other kernel quadrature constructions.

The table is written by using ¢, and r,, which represents a sort of decay of
the kernel with respect to u. Typical regimes are o, ~ n™? (e.g. Sobolev) or
on ~ exp(—yn) (e.g. Gaussian) depending on the ‘smoothness’ of the kernel [e.g.,
49, 6] (see also Section 4.B.3), and in such regimes (with 5 > 2 or v > 0), o, or
(S noy,) provide faster rates than wee? ~ 1/n of the usual Monte Carlo rate. For

more examples including multivariate Sobolev spaces, see Bach [6, Section 2.3].

Limitation. Our proposed methods are based on either Mercer or Nystrom
approximation. Though our Mercer-based methods result in strong theoretical
bounds, they require the knowledge of Mercer decomposition like [6, 16, 17], which
is not available for general (k, 11). Our Nystrom-based methods apply to much more
general situations and outperform existing methods in experiments, but the n/ Vi
term makes their theoretical bound far from competitive. Further study is needed
to bridge the gap between theory and empirical results. This point is addressed in

the next chapter under additional assumptions on spectral decay.
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Table 4.1: Comparison on n-point kernel quadrature rules. We are omitting the
O notation throughout the table. Note that the assumption under which the the-
oretical guarantee holds varies from method to method, and this table displays
just a representative bound derived in the cited references. Here are remarks
on the notation. (1) o, is the m-th eigenvalue of the integral operator K, and
Tm = 9 oo, 0. (2) The symbols in the first line respectively mean C: convex, M:
not using the knowledge of Mercer decomposition, and E: not using the knowledge
of expectations such as [, k(x,y)du(y). (3) The (m: global optimization) is in-
dicating the cost of globally optimizing a function whose evaluation costs ©(m).
(4) N (N,,) refers to the size of the candidate set from which we subsample, s is a
batch size in the batch herding, and ¢ is another parameter for the Nystrom-based
methods. () Mercer/Nystrom are the algorithms based on random convex hulls,
see Section 4.2.4 and Appendix 4.D. () M./N. + empirical are the algorithms
discussed in the main text. References for the itemized methods are as follows:
Herding [30, 7], Batch herding [164], SBQ [78], Leveraged [6], DPP [16, 15], CVS
[17], RPCholesky [46], and KT++ [44, 45, 152]. We may have better bounds for
specific cases such as i.i.d. sampling for Sobolev spaces with uniform measure [96],
but such methods are not included.

Method Bound of squared wce Computational complexity C M
Herding 1/n n - (n: global optimization) v v
Batch herding  (slog(n/s)log N)/n+ 1/N n?N* v 7
SBQ Not found n - (n?: global optimization) v
Leveraged Om, m S n/logn Unavailable
DPP Tril n3 - (rejection sampling)
CVS On+1 (with assumptions) Unavailable v
RPCholesky il n 2 m log(%) n - (rejection sampling) v
KT++ (1/n? + 1/N) polylog(N) Nlog® N Y
Ours:
Mercer? Tn nNy, + C(n, N,) v
M. 4 empirical* "+ + nN + n?log(N/n) v
Nystrom! noy + rpe1 + % nlN, + nt? 4+ C(n, N,) v
N. + empiricalt noy + rpe1 + % + % ndN +nfl? +n3log(N/n) v

Why convex weights? There are several reasons why convex weights are prefer-
able: (i) Positive integral operator: Kernel quadrature provides an approxi-

mation of the integration operator f + I(f) = [ f(x)du(z). Hence, a natural re-
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quirement is to preserve some basic properties of this operator and positive weights
preserve the positivity of this operator. (ii) Uniform estimates and robust-
ness: In applications, the RKHS H; may be misspecified and, if a quadrature rule
with possibly negative weights and large total variation (3 . ,|w;| in (4.1)) is ap-
plied to a function f ¢ Hy, the approximation error (4.1) can get large; in contrast,
a simple estimate shows that convex weights give uniform bounds, see Appendix
4.B.4. (iii) Iteration: Consider the m-fold product of quadrature formulas for
approximating u®™ on X™. This is a common construction for multidimensional
quadrature formulas (e.g., for polynomials) from one-dimensional formulas [163]
or numerics for stochastic differential equations [110]. In doing so, working with
a probability measure is strongly preferred, since otherwise, the total variation of
their m-fold product gets exponentially large as m increases (||Q®™||rv = ||Q |4

for a quadrature @, where ||-||rv is the total variation norm).

Related literature. Roughly speaking, there have been two approaches to kernel-
based quadrature formulas: kernel herding and random sampling. In kernel herd-
ing or its variants, the points (x;)!, are found iteratively, typically based on the
Frank—Wolfe gradient descent algorithm [30, 7, 78].

In the random sampling approach, (z;)?, are sampled and subsequently, the
weights are optimized. Generically, this results only in a signed measure u? but
not a probability measure. Bach [6] and Belhadji et al. [16] use the eigenvalues and
the eigenfunctions of the integral operator K : f — [, k(-,y)f(y) du(y) to obtain
a Mercer-type decomposition of k [160]. Bach [6] then uses the eigenvalues and
eigenfunctions of K to define an optimized measure from which the points (x;),
are i.i.d. sampled. This achieves a near-optimal rate, but the exact sampling from
this measure is usually unavailable, although, for special cases, it can be done
efficiently. In contrast, Belhadji et al. [16] proposes non-independent sampling
based on determinantal point processes (DPPs [76]). These two papers also treat
the more general quadrature problem that includes a weight function g € L*(u),
i.e., approximating [, f(z)g(x)du(z) for f € Hy C L*(pn), which we do not discuss
in this chapter. Another recently introduced method is kernel thinning [44, 45],

which aims at efficient compression of empirical measures that can be obtained by
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sampling like our ‘+ empirical’ methods. Its acceleration [152] makes it competitive
in terms of compressing N ~ n? points (‘KT++" in Table 4.1).

Finally, we emphasize that the kernel quadrature literature is vast, and the dis-
tinction between herding and sampling is only a rough dichotomy, see e.g. [39, 106,
22, 82, 129, 85, 83, 156]. Beyond kernel quadrature, our algorithms can also con-
tribute to the density estimation approach in [170] which relies on recombination

based on Fourier features although we do not pursue this further here.

Outline. Section 4.2 contains our main theoretical and methodological contri-
bution. Section 4.3 provides numerical experiments on common benchmarks. The
Appendix contains several extensions of our main result, proofs, and further ex-

periments and benchmarks.

4.2 Main result

Assume we are given a set? of n—1 functions ¢y, ..., ¢,_1 : X — R such that their
linear combinations well approximate functions in ;. Then our kernel quadrature
problem reduces to the construction of an n-point discrete probability measure
pen =3 w,d,, such that

/Xgpl(x) dpln (z) = /Xgoz(x) du(z) foreveryi=1,...,n—1. (4.2)

A simple way to approzimately construct this 9" is to first, sample N > n points,
(y;)X,, from p such that their empirical measure, jiy = %Zf\; dy,, is a good
approximation to g in the sense that [ ¢;dpan ~ [¢;dpfori=1,...,n—1, and
secondly, apply a so-called recombination algorithm (Remark 4.1) that takes as
input (yl)fil and n functions ¢4, ..., p, 1 and outputs a measure MQ" = Z wiéxi
by selecting a subset (x;)™, of the points (y;)X, and giving them weights (w;)™,
such that p@ is a probability measure that satisfies the equation (4.2) with u
replaced by fiy.

2The number n — 1 stems from Carathéodory’s theorem, Remark 4.1, and leads to an n point
quadrature rule.
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The challenging parts of this approach are (i) to construct functions @1, . .., ©,_1
that approximately span the RKHS H;, for a small n; (ii) to arrive at good quan-
titative bounds despite the (probabilistic) sampling error resulting from the use of
the empirical measure jiy, and the function approximation error via ¢y, ..., @, 1.

To address (i) we look for functions such that

n—1

k(z,y) = ko(z,y) = ZQ%(I)%@) (4.3)

i=1
with some ¢; > 0. Two classic ways to do this are the Mercer and Nystrom
approximations. The remaining, item (ii) is our main contribution. Theorem 4.1
shows that the worst-case error, (4.4), is controlled by the sum of two terms: the
first term stems from the kernel approximation (4.3), the second term stems from

the empirical measure.

Theorem 4.1. Let p be a Borel probability measure on X and k a positive definite
kernel on X such that [, k(x,x)du(x) < co. Further, let n be a positive integer

and assume ko is a positive definite kernel on X such that
1. k — ko is a positive definite kernel on X, and 2. dimHy, < n.

There exists a function KQuad such that if Dy is a set of N i.i.d. samples from

i, then @, = KQuad(Dy) is a random n-point convex quadrature that satisfies

Ep, [wee(Qn; Hi, 1)?] < 8/ (k(z, 1) — ko(z, 2)) du(z) + Ly (4.4)

Pt N

where ¢y = [y k(z,z) dp(x) — [[y, 4 k(z,y) dp(e) du(y).
Moreover, the support Oan 15 a subset of Dy and given functions o1, ..., pn_1 €

LY(u) with Hy, C span{py,...,on 1}, Qn = KQuad(Dy) can be computed with
Algorithm 4.1 in O(nN + n3log(N/n)) computational steps.

The function KQuad is deterministic but since Dy is random, the resulting
quadrature rule @, is random, hence also the resulting worst-case error wee(Q; H, 1)
and the expectation in (4.4) denotes the expectation over the N samples in Dy.
The theoretical part of Theorem 4.1 follows from more general results that we

present and prove in the Appendix: Theorem 4.7 proves the inequality, essentially
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by comparing H; with Hy,; Theorem 4.9 proves the existence. The algorithmic
part of Theorem4.1 is discussed in Section 4.2.1 below. Theorem 4.1 covers our
two main examples for the construction of kg, resp. the choice of 1, ..., v, 1, and
for which the error estimate gets quite explicit: the Mercer approximation, see
Section 4.2.2, and the Nystrom approximation, see Section 4.2.3. The former re-
quires some knowledge about the spectrum of the kernel which is, however, known
for many popular kernels; the latter works in full generality but yields worse the-
oretical guarantees for the convergence rate. Finally, we emphasize that N and n
in Theorem 4.1 can be chosen independently and we will see that from a compu-
tational point the choice N ~ n? is preferable in which case (4.4) is a faster rate
than Monte Carlo, see also Table 4.1.

4.2.1 Algorithm

Algorithm 4.1 Kernel quadrature with convex weights via recombination KQuad

Input: A positive definite kernel k on X', a probability measure ;1 on X', integers
N > n > 1, another kernel kg, functions ¢i,...,¢,—1 on X with Hy, C
span{yy,...,¢,—1} and a set Dy of N ii.d.samples from p.

Output: A set Q,, = {(w;,z;) |i=1,....,n} CRX X with w; >0, >."  w; =1

1: Apply a Recombination Algorithm (Remark 4.1) with =
(01, -+ Pn-1, Frdiag) |, to the empirical measure Y ., 4, to obtain points
{Z1,...,Tnsy1} C Dy and weights v = (v, ..., v,41)" > O that satisfy 1Tv = 1
and ¢ (@)v = & 310, (T:), where (@) = [p(Z1), . .., (Tni1)] € RMOHD,

2: Apply SVD with the matrix A = [p;_1(y;)];; € R+ with ¢y = 1 to find a
nonzero vector u € R"*! such that Au = 0 and ki giag(Z) v > 0

3: Compute the smallest o > 0 such that v —au > 0 and v; — au; = 0 for a j

4: Return (w;); « (vx — oug)ker and (), < (Tk)ker, where I = {1,...,n+

1\ {7}

Suppose we are given kg and ¢, ..., p,_1 € L'(u) with Hy, C span{py,..., 00 1},
and also N independent samples from p denoted by Dy = (y1,...,yn). Theo-
rem 4.7 in the Appendix shows that if we construct a convex quadrature ), =

(wy, ;)" satisfying

n N n N
1 1
> wip(a) = N doow), Y wikigiag(wi) < N > krans(yi),  (4.5)
=1 =1 =1 =1
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where @ = (p1,...,0n-1)" and ky giag(z) = k(z, ) —ko(z, ), it satisfies the bound

(4.4). For this problem, we can use the so-called recombination algorithms:

Remark 4.1 (Recombination). Given d—1 functions (called test functions) and a
probability measure supported on N > d points, there exists a probability measure
supported on a subset of d points that gives the same mean to these d—1 functions.
This follows from Carathéodory’s theorem and is known as recombination. Efficient
deterministic [103, 111, 163] as well as randomized [34] algorithms ezist to compute
the new probability measure supported on d points; e.g. deterministic algorithms
perform the recombination, step 1, in O(c,N + d*log(N/d)) time, where c,, is the
cost of computing all the test functions at one sample. If each function evaluation

is in constant time, c, = O(d).

Let us briefly provide the intuition behind the deterministic recombination
algorithms. We can solve the problem of “reducing (weighted) 2d points to d points
in R? while keeping the barycenter” by using linear programming or a variant of
it. If we apply this to 2d points each given by a barycenter of approximately %

points, we can reduce the original problem of size N to a problem of size d- 2—]\& =X

2

By repeating this procedure logQ(%) times we obtain the desired measure.
Although the recombination introduced here only treats the equality con-
straints in (4.5) we can satisfy the remaining constraints just with n points by
modifying it. This is done in Algorithm 4.1 which works as follows: First, via
recombination, find an (n + 1)-point convex quadrature R, 1 = (v, y;)""! that ex-
actly integrates functions 1, ..., ¢@n_1, k1 diag With regard to the empirical measure
% SN 8, Second, to reduce one point, find a direction (—u in the algorithm) in
the space of weights on (7;)""! that does not change the integrals of ¢y, ..., @, 1
and the constant function 1, and does not increase the integral of ki giag. Finally,
move the weight from v to the above direction until an entry becomes zero, at
v —au. Such an a > 0 exists, as u must have a positive entry since it is a nonzero

vector whose entries sum up to one. Now we have a convex weight vector with at

most n nonzero entries, so it outputs the desired quadrature satisfying (4.5).
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4.2.2 Mercer approximation

In this section and Section 4.2.3, we assume that k& has a pointwise convergent
- Umem(l’)em(y) with 0y > 09 > --- >0

m=1

and (e,,)%°_,; C L*(u1) being orthonormal [160]. If we let K be the integral oper-

ator L*(p) — L*(pn) given by f — [, k(-,y)f(y) du(y), then (0, em)e—; are the
eigenpairs of this operator.

Mercer decomposition k(x,y) = >

The first choice of the approximate kernel kg is just the truncation of Mercer

decomposition.

Corollary 4.2. Theorem 4.1 applied with ko(z,y) = S\ omem(@)em(y) yields

m=1

a random convex quadrature rule (Q, such that

26[67#
N

Ep, [wee(Qn; Hi, 1)?] <8 Z Om + (4.6)

Proof. It suffices to prove the result under the assumption [, k(z,z)du(z) =
> Om < 00, as otherwise the right-hand side of (4.6) is infinity.

m=1
For ky = k — ko, we have that ki(z,y) = > °_ omem(x)en(y) and it is the
inner product of ®(z) = (\/omen (), and ®(y) in £2({n,n + 1,...}) and so

positive definite. Thus k£ and kq satisfies the assumption of Theorem 4.1, and
[y Fi(z,z)dp(z) = Y om applied to (4.4) yields the desired inequality. O

m=n

4.2.3 Nystrom approximation

Although the Nystrom method [179, 43, 97] is primarily used for approximating a
large Gram matrix by a low-rank matrix, it can also be used for directly approxi-
mating the kernel function itself and this is how we use it. Given a set of ¢ points

7 = ()%, C X, the vanilla Nystrém approximation of k(z,y) is given by

k(l’,y) = <k(7‘r)’k(7y>>7{k ~ <PZk(’x)7PZk(ay)>’Hk = ]{Z(J},y), (47)

where Py : Hp — Hy is a projection operator onto span{k(-,z)}‘_,. In matrix
notation, we have

k(zla y)
k2 (x,y) = k(x, 2)k(Z, 2) k(Z,y) = [k(zx, 21), ..., k(z, 2)|k(Z, Z)" : ,

k(ze,y)
(4.8)
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where k(Z, Z) := (k(zi, %))} -, is the Gram matrix for Z and k(Z, Z)" denotes
its Moore—Penrose inverse. We discuss the equivalence between (4.7) and (4.8) in
Appendix 4.B.5. As kZ is an (-dimensional kernel, there exists an (¢ + 1)-point
quadrature formula that exactly integrates functions in H,z. For a quadrature
formula, exactly integrating all the functions in H,z is indeed equivalent to exactly
integrating k(z;,-) for all 1 < i < /¢, as long as the Gram matrix k(Z,7) is
nonsingular. Proposition 4.8 in the Appendix provides a bound for the associated
worst-case error. From this viewpoint, the Nystrom approximation offers a natural
set of test functions.

The Nystrom method has a generalization with a low-rank approximation of
k(Z,Z). Concretely, let k(Z,Z)s be the best rank-s approximation of k(Z,2)

(given by eigendecomposition), and we define the following s-dimensional kernel:
K2 (2,y) = k(w, 2)k(Z, 2)FK(Z,y). (4.9)

Let k(Z,Z) = UAU " be the eigendecomposition of k(Z, Z), where U = [uy, . .., us] €
R* is a real orthogonal matrix and A = diag(\y, ..., \¢) with Ay > --- > X\, > 0.
Then, if A\, > 0 we have

kK (z,y) = Z% u k(Z,2))(u] k(Z,y)). (4.10)

So we can use functions u; k(Z,-) (i =1,...,s) as test functions, which is chosen
from a larger dimensional space span{k(z;,)}{_;. Although closer to the original
usage of the Nystém method is to obtain u k(Z,-) as an approximation of i-th
eigenfunction of the integral operator I with Z appropriately chosen with respect
to p, we have adopted an explanation suitable for the machine learning literature
[43, 97].

The following is a continuous analogue of Kumar et al. [97, Theorem 2] showing
the effectiveness of the Nystrom method. See also Jin et al. [80] for an analysis

specific to the case s = £.

Theorem 4.3. Let s < ¢ be positive integers and 6 > 0. Let Z be an {-point
independent sample from u. If we define the integral operator KZ : L*(n) — L*(p)
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by f e [y EZ(,y)f(y) du(y), then we have, with probability at least 1—4, in terms

of the operator norm,

2 k / 1
“’CSZ _ ICH < oun + Supxe\?/(z (x,x) <1 +1/2log 5) . (4.11)

The proof is given in Appendix 4.C.5. By using this estimate, we obtain the

following guarantee for the random convex quadrature given by Algorithm 4.1 and

the Nystrom approximation.

Corollary 4.4. Let Dy be N-point independent sample from p and let Z be an
(-point independent sample from p. Theorem 4.1 applied with the Nystrom approx-
imation ko = kZ_, yields an random n-point convex quadrature rule Q,, such that,

with probability at least 1 — & and kyax = Sup,cy k(z, ),

16(n — 1)k 1\ 2
Epy [wee(Qu; Hi, 1)? | Z] < 8(”%, + Z Om> + — 7 <1 +1/2log 5) + N”.

m>n

Proof. From (4.10), k7 (z,y) — kZ_(z,y) = Sr_ A7 (u] K(Z,2))(u] k(Z,y)) (ig-
nore the terms with \; = 0 if necessary), and it is thus positive (semi)definite.

If we define P# : Hy — Hj as the projection operator onto the orthogonal com-
plement of span{k(-,z;)}‘_,, then, from (4.7), we also have k(x,y) — kZ(z,y) =
(Prk(-,z), P7k(, y)>Hk Now k—FkZ is also positive definite since we have a ' (k(X, X)—
K X))a = SV ey (PEk(3i), PARC, 7)),y = 150 aiPAkC, 20l for

any M >0, a = (a;)M, € RM and X = (z;)M, € XM. In particular, k — k7 | =
(k—k?)+ (k% —kZ_)) is positive definite. Also, it suffices to prove the result when
> Om < 00, s0 we can now apply Theorem 4.1.

For ky := k—kZ_,, we prove the inequality [, ki(z,2) du(z) = Y0, (em, (K = KZ)en) , <

(n =K —=KZ||+ >, <, om (see (4.30) in Appendix 4.D.2 for details), and the
desired inequality follows by combining Theorem 4.1 and Theorem 4.3 (i.e., (4.4)

and (4.11)). O

m>n

Remark 4.2. Algorithm 4.1 with the Nystom approximation can be decomposed
into two parts: (a) Nystom approzimation by truncated singular value decompo-
sition (SVD) (the first n — 1 eigenvectors from an €-point sample), (b) Recombi-

nation from an N -point empirical measure. The complexity of (a) is O(nf?), and
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it can also be approzimated by randomized SVD in O(n*( + (*logn) [63]. The
cost of part (b) is O(ndN + n3log(N/n)), where n{N stems from the evaluation

of k1 diag for all N sampling points. If we do not impose the inequality constraint
regarding ki giag, which still works well in practice, the cost of part (b) becomes
O((N + n*llog(N/n)), by using the trick + SN U Kk(Z,y) = U1~ SN K(Z, ),
where Uy, = [uy, ..., up_1] € R&(=1) s o truncation of the matriz that appears

in the Nystrom approzimation (4.9,4.10). So the overall complexity is given by
O(néN + nl? + n®log(N/n)) while an approzimate algorithm (randomized SVD,
without the inequality constraint) runs in O(UN + ?logn + n?(log(N/n)).

4.2.4 Kernel quadrature using expectations of test func-
tions

Algorithm 4.1 and the bound (4.4) can be generally applicable once we obtain a
low-rank approximation ky as we have seen in Section 4.2.2 and 4.2.3. However,
since by construction, we start by reducing the empirical measure given by Dy, it
is inevitable to have the 2(1/N) term in the error estimate and performance. We
can avoid this limitation by exploiting additional knowledge of expectations.

Let ko and k; be positive definite kernels with k = ko+k1. Let o = (¢01,...,¢0n1)"
be the vector of test functions that spans Hy,. When we know the expecta-

tions of them, i.e., [, ¢(x)du(z), we can actually construct a convex quadrature

Qn = (wy, x;)" satisfying
Wip(ti) = x) dp(z), wiki(z;, ;) < [ ki(z, ) dp(x )
Soweple) = [ o@D whin) < [ bndie) (112

with a positive probability by an algorithm based on random convex hulls (Ap-
pendix 4.D, Algorithm 4.2). For this @,, we have the following theoretical guar-
antee (see Theorem 4.6 in Appendix 4.B):

Theorem 4.5. If a convex quadrature Q,, satisfies the condition (4.12), we have

wee(Qn; Hi, 1)? < 4/ ki(z, ) du(z).
x

If kq is given the Mercer/Nystrom approximations, we immediately have the
following guarantees; they correspond to Mercer and Nystrom in Table 4.1. See
also Theorem 4.14 and 4.16 for details.
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o If ko(2,y) = Y0 Omem(x)em(y) is given by the Mercer approximation, for

a convex quadrature ), satisfying (4.12), we have
wee(Qn; Hi, p1)? < 4 Z Om.

e Let kg = kZ_| be given by the Nystrom approximation (4.9) with Z being
an (-point independent sample from p (with ¢ > n). Then, for a convex
quadrature @), satisfying (4.12), with probability at least 1 — ¢ (with respect

to Z) and kmax = Sup,cy k(z, z), we have

wee(Qn; Hig, 1)? < 4<nan + Z 0m> + 8(71_—\/12)]%% <1 +1/2log %)

m>n

4.3 Numerical experiments

In this section, we compare our methods with several existing methods. In all the
experiments, we used the setting where we can compute [, k(z,y) du(y) for z € X
and [, k(x,y)du(z) du(y) since then we can evaluate the worst-case error of
quadrature formulas explicitly. Indeed, if a quadrature formula @, is given by

points X = (x;)"; and weights w = (w;)?",, then we have
wee(Qns Hi, 1)* = w ' k(X, X)w — 2B, [w" k(X y)] + By [k(y,y)]  (4.13)

for independent y,y’ ~ p under [, VE(z,2) du(z) < oo, which is a special case of
(1.2). An essential remark shown in Huszar and Duvenaud [78] is that the Bayesian
quadrature [131] with covariance kernel k given observation at points (z;)’, (au-
tomatically) estimates the integral as >  w;f(z;) with (w;)!_; minimizing the
above expression. Once given points (x;)?; and additional knowledge of expecta-
tions, we can compute the optimal weights (w;)?_; by solving a convex quadratic
programming (CQP), either without any restrictions or with the condition that
(w;)f, is convex. Although the former can be solved by matrix inversion, we have

used the optimizer Gurobi® for both CQPs to avoid numerical instability. For the

3Version 9.1.2, https://www.gurobi.com/
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recombination part, we have modified the Python library by Cosentino et al. [34]
implementing the algorithm of [163].

Our theoretical bounds are close to optimal in classic examples and we see
that the algorithm even outperforms the theory in practice, especially in Section
4.3.1. We also execute a measure reduction of a large discrete measure in terms of
Gaussian RKHS and our methods show a fast convergence rate in two ML datasets

in Section 4.3.2. 4

4.3.1 Periodic Sobolev spaces with uniform measure

For a positive integer r, consider the Sobolev space of functions on [0, 1] endowed
with the norm || f||? = (fol f(z)dz)?+(2m)* fol f™(z)?dz, where f and its deriva-
tives f1), ... f0) are periodic (i.e., f(0) = f(1) and so forth). This function space
can be identified as the RKHS of the kernel
(_1)1”71(27.{.)27‘
(2r)!

for x,y € [0,1], where By, is the 2r-th Bernoulli polynomial [173, 6]. If we let

kr(z,y) =14 B (|2 = yl)

i be the uniform measure on [0, 1], the normalized eigenfunctions (of the integral
operator) are 1, ¢, (+) = v/2cos(2rm-) and s,,(-) = v2sin(2rm -) form = 1,2, ...,
and the corresponding eigenvalues are 1 and m~%" (both for ¢, and s,,). Although
the rectangle formula f — n=' 3" | f(i/n) (a.k.a. Uniform Grid below) is known
to be optimal for this kernel [183, 128] in the sense of worst-case error, this RKHS
is commonly used for testing the efficiency of general kernel quadrature methods
(6, 16, 83]. We also consider its multivariate extension on [0,1]%, i.e., the RKHS
given by the product kernel £%%(x,y) = Hle kr(zi,y;) for @ = (xq,...,24),y =
(Y155 ya) € [0,1)7.

We carried out the experiment for (d,r) = (1,1),(1,3),(2,1),(3,3). For each
(d,r), we compared the following algorithms for n-point quadrature rules with
n € {4,8,16, 32,64, 128}.

N. + emp, N. + emp + opt: We used the functions u, k&(Z,-) (i=1,...,n —

1) given by the Nystrém approximation (4.10) with s = n—1 as test functions

4All done on a MacBook Pro, CPU: 2.4 GHz Quad-Core Intel Core i5, RAM: 8 GB 2133 MHz
LPDDRS3.
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The average of

log,(wee(Qn; Hy, 11)?) over 20 trials is plotted for each method of obtaining Q.
The shaded regions show their standard deviation. The worst computational time
per trial was 57 seconds of Thin + opt in (d,r,n) = (3,3, 128), where Thinning
was 56 seconds and N. + emp [+ opt] was 22 seconds.
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©1y -+, pn_1 in Algorithm 4.1. The set Z was given as an (¢ =)10n-point
independent sample from p. We used N = n? samples from p. In ‘4 opt’

we additionally optimized the convex weights using (4.13)

M. + emp, M. + emp + opt (d =1): We used the first n— 1 functions of the
sequence of eigenfunctions 1, ¢y, s1, o, So, . . . as test functions 1, ..., p,_1 in
Algorithm 4.1. We used N = n? samples from p. In ‘+ opt’ we additionally

optimized the conver weights using (4.13).

Monte Carlo, iid Bayes: With an n-point independent sample (z;)", from pu,
we used uniform weights 1/n in Monte Carlo and the weights optimized

using (4.13) in iid Bayes.

Uniform Grid (d =1): We used the rectangle formula f +— n='Y"" | f(i/n).
This is known to be optimal (not just up to constant, but exactly [183, 128]),
and thus equivalent to the Bayesian quadrature on the uniform grid, i.e., the

weights are already optimized.

Halton, Halton + opt (d > 2): For an n-point sequence given by the Halton
sequence with Owen scrambling [64, 132], the uniform weights w; = 1/n is
adopted in Halton and the weights are additionally optimized using (4.13)
in Halton + opt.

Thinning, Thin + opt: Given an N-point independent sample (y;)Y , with N =
n? from p, an n-point subset (x;)?, taken from a KT++ algorithm (kernel
thinning [44, 45] combined with Compress++ algorithm [152] with the over-
sampling parameter g = min{4, log, n}, implemented with GoodPoints pack-
age: https://github.com/microsoft/goodpoints) is adopted in Thin-
ning. In ‘+ opt’ we additionally optimized the convex weights using (4.13).

The results are given in Figure 4.1. In d = 1, the optimal rate given by
Uniform Grid is known to be O(n™2"). As the uniform sampling is equal to
the optimized distribution of Bach [6] in this case, iid Bayes also achieves this
rate up to log factors. Although our theoretical guarantee for M. + emp is
O(n'~? 4+ N71) with N = n? (Corollary 4.2), in the case (d,r) = (1,1), we can

observe that in the experiment it is better than iid Bayes and close to the optimal
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error of Uniform Grid, but slightly worse than Thinning. Moreover, N. +
emp, which does not use the information of spectral decomposition, is remarkably
almost as accurate as M. + emp in d = 1. Furthermore, if we additionally use
the knowledge of expectations, which iid Bayes is already doing, M./N. + emp

2. They are worse than

+ opt become surprisingly accurate even with N = n
Thinn + opt when r = 1, but well outperform it when r = 3. Nonlinearity in the
graph of these methods when (d,r,n) = (1, 3,128) should be from the numerical
accuracy of the CQP solver (see also Section 4.E.1).

The accuracy of N. + emp + opt becomes more remarkable in multivariate
cases. It behaves almost the same as Halton 4+ opt in d = 2 and clearly beats it
in d = 3. Also, the sudden jump of our methods around n = 30 in (d,r) = (3, 3)
seems to be caused by the jump in eigenvalues. Indeed, for the integral operator
given by k$® with uniform measure, the eigenspace of the largest eigenvalue 1
is of dimension 27, and the next largest eigenvalue is 1/64. Again in the latter
case, N. 4+ emp + opt outperforms Thin + opt, and these results suggest that
our method works better when there is a strong spectral decay, as is explicitly
incorporated in our algorithm.

Note also that we can compare Figure 4.1 with Belhadji et al. [16, Figure
1] which includes some other methods such as DPPs, herding, and sequential
Bayesian quadrature, as we did experiments under almost the same setting. In
particular, in the case (d,r) = (1, 3) where the eigenvalue decay is fast, we see that

our method substantially outperforms the sequential Bayesian quadrature.

4.3.2 Measure reduction in machine learning datasets

We used two datasets from UCI Machine Learning Repository (https://archive.
ics.uci.edu/ml/datasets/). We set p as the equally weighted measure over
(a subset of) the data points X = (XM ... X@)T (d = 3,5, respectively),
where each entry is centered and normalized. We considered the Gaussian kernel
exp(—||z — y||?/(2A?)) whose hyperparameter X is determined by median heuris-
tics [50], and compared the performance of N. 4+ emp, N. + emp + opt (with
¢ = 10n, N = n?), Monte Carlo, iid Bayes, Thinning, Thin + opt. We
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Figure 4.2: Measure reduction in Gaussian RKHS with two ML datasets: The aver-
age of logyy(wee(Qn; Hi, p1)?) over 20 trials is plotted for each method of obtaining
@n. The shaded regions show their standard deviation. The worst computational
time per trial was 14 seconds of Thinning [+ opt] in Power Plant data with
n = 128, where N. + emp [+ opt] was 6.3 seconds.

also added Herding, an equally weighted greedy algorithm with global opti-
mization [30], and its weight optimization Herd + opt within conver quadra-
ture given by (4.13). Note that we chose the initial point for herding by uni-
form sampling, and this causes the randomness in Figure 4.5. We experimented
n € {4,8,16, 32,64, 128}.

The first is 3D Road Network Data Set [88]. The original dataset is 3-
dimensional real vectors at 434874 points. To be able to compute the worst-case
error (4.13) efficiently to evaluate each kernel quadrature, we used a random subset
X of size 43487 = [434874/10] (fixed throughout the experiment) and defined p
as the uniform measure on it. We determined A with the median heuristic by using
a random subset of X with size 10000 and used the same X and A throughout the
experiment. The second is Combined Cycle Power Plant Data Set [89, 168].
The original dataset is 5-dimensional real vectors at 9568 points. We set the whole
data as X and defined p as the uniform measure on it. We determined A with
median heuristics by using the whole X.

Figure 4.2 shows the results. We can observe that in both experiments N. +

emp + opt successfully exploits the fast spectral decay of the Gaussian kernel and
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significantly outperforms other methods. Also, even without using the knowledge
of any expectations, N. + emp (and Thinning) show a decent convergence
rate comparable to Herding or iid Bayes, which actually use the additional
information. See also the end of Section 4.E.2 for the plot of wee(Q.,; Hg, i) for

another set of empirical data p'.

4.4 Concluding remarks

We leveraged a classical measure reduction tool, recombination, with spectral prop-
erties of kernels to construct kernel quadrature rules with positive weights. The
resulting algorithms show strong performance within our experiments for small n
(up to around 100) despite their restriction to convex weights. Our method has
also recently been applied to Bayesian inference problems [1].

Although our method is applicable to fairly general situations, the usage or
performance can be limited when it is difficult or inefficient to directly sample
from the target measure . Hence, an interesting follow-up question, is how one
could replace the i.i.d. samples with smarter sampling (DPP, importance sampling,
etc) before the recombination is carried out. Further, our theoretical results do not
fully explain the empirical superiority; especially the 1/ v/ term does not match
the experiments and it is a challenging future research question to reduce this
theoretical gap. Nevertheless, we believe that our Nystrom-based method is the
first generally applicable algorithm with convex weights with a guarantee from

spectral decay, given access to i.i.d. samples from .

Appendix for Chapter 4
4.A Outline of Appendix

Appendix 4.B contains general results from which the results presented in the main
text, in particular, Theorem 4.1, follow as special cases. Appendix 4.C contains
the proofs of these theoretical results and needed technical lemmas. Appendix 4.D
shows that if the expectations [ ¢;(z) du(x) are known, then this knowledge can be

used to further improve the theoretical bounds; it also gives a simple modification
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of Algorithm 4.1 doing this efficiently. Appendix 4.E provides additional numerical

experiments and benchmarks.

4.B Theoretical results and remarks

In this section, we present theoretical results that include our main results as a

special case. The proofs are given in Section 4.C.

Notation. For simplicity, for a quadrature @,, given by points (x;) ; and weights
(w;)?_, and a probability measure p, we denote the integration of an integrable

function f on X with respect to these measures by
A=Y wf),  uh) = [ fe)dnt)
i=1

respectively. We also write the inner product and norm of an RKHS H;, by (-, '>Hk
and ||-||3,. Furthermore, we use the probability simplex A™ and convex hull conv A

of a set A C R? in the proofs:

A" = {(wi)?’:l w; > 0, Xn:wi = 1} , conv A = {Zn: W;Q;

i=1 i=1

(UJZ')GAn,CLiGA,nZl}.

4.B.1 Quantitative results

We work under the following setting as in the assumption of Theorem 4.1.

Assumption A. p is a Borel probability measure on X, and k is a positive definite
kernel on X such that [, k(z,z)dp(z) < co. Further, ko is a positive definite
kernel on X such that ki := k — ko is a positive definite kernel on X .

The following is a general result regarding a quadrature formula exactly inte-

grating functions in Hy,.

Theorem 4.6. Under Assumption A, if an n-point convezr quadrature @, on X
satisfies Qn(f) = p(f) for any f = ko(-, x) with x € X, we have

wee(Qn; Hi 1) < Qnlg) + 11(9), (4.14)
where g is the function given by g(x) = \/ki(z,x). In particular, the following

assertions hold for such a quadrature Q,:
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(a) We have wee(Qn; Hi, 1) < 2[|gloc = 25upger / k1(z, ).
(b) If we additionally have Q,(g) < u(g), then we have wee(Q.; Hy, 1) < 2u(g).

(c) If we additionally have Q,(g?) < u(g?) instead of (b), we still have
wee(Qu; Hi, 1)? < 4/ ki(z, ) dp(z).
X

Remark 4.3. For a Borel probability measure v on X and a nonnegative function
h: X — Rsg, we have an inequality [, /h(z)dv(z) < ([, h(z) dl/(x))l/2, so the
above p(g) can be upper bounded by [, ki(x,x)du(x), which is equal to the trace
of the integral operator given by ky. Also, the assumption in Theorem 4.6 can be
weakened to the integrability of \/m from the same inequality as you can see
in the proof.

We can combine Theorem 4.6 with an empirical approximation of y to obtain

the following result, which essentially implies Theorem 4.1.

Theorem 4.7. Under Assumption A, let Dy be a set of N independent samples
from p, and @y be its empirical measure, i.e., iy = %ZyeDN dy. Then, if an
n-point conver quadrature @, on X satisfies Qn(f) = pn(f) for any f = ko(-, z)
with x € X, we have

20k p

N Y
where g(x) = /ki(z,z) and ¢y, = [, k(z,2)dp(z) — [[v, 5 k@, y) dp(z) duy).

In particular, the following assertions hold for such a quadrature QQ,,:

E [wee(Qu: My, 1)*] < 2E[(Qu(9) +Fin(9))?] + (4.15)

(a) We have Elwce(Qn; Hi, 1)?] < 8sup, ey ki(z, ) + 2¢x,/N.

(b) If we additionally always require Q,(g) < pn(g), then we have

QC]C#

Bfwce(Qui M )] <8 [ b)) +

X

The requirement Q,(g) < fin(g) can be replaced by Q,(g*) < uin(g?)

Although we have assumed k — k is positive definite in the previous assertions,

the uniform bound works without the assumption as follows.
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Proposition 4.8. Let p be a Borel probability measure on X. Let k and ko be

positive definite kernels on X satisfying [, v/k(x,x)du(z), [ /ko(z, z) du(z) <
oo. If an m-point conver quadrature Q, on X satisfies Qn(f) = u(f) for any
f=ko(-,x) with x € X, we have

ch(Qn;Han/) <2 sup \/‘k(%,y) - kO(*T?y)‘

r,yeX

Furthermore, if dim Hy, < n, there exists an n-point conver quadrature @, satis-

fying Qn(f) = p(f) for each f = ko(-, z).

In this chapter, we focus on the cases where kg is either given by the truncated
Mercer decomposition or Nystrom approximation. For many important kernels,
however, we may also use the random Fourier features [139] or its periodic version
[165] which can easily be combined with Proposition 4.8, but it is beyond the scope
of this chapter to choose its appropriate variant for each kernel (see Liu et al. [105]

for a list of variants).

4.B.2 Existence results

The existence of quadrature formulas satisfying the estimate of Theorem 4.6 or

Theorem 4.7 is guaranteed when dim Hy, < n.

Theorem 4.9. Under Assumption A, if dimHy, < n, there exists an n-point
convez quadrature @, satisfying Qn(f) = p(f) for each f = ko(-,x). This still
holds even if we additionally require Q,(g) < u(g) or Q.(g9?) < u(g?) for g(x) =

Vki(z, ).

Remark 4.4. This also implies the existence result of Q,, satisfying the condition

in Theorem 4.7 if we replace p by iy .

The algorithm for constructing a kernel quadrature with Theorem 4.7 is given
in the main body, see Algorithm 4.1. The ones with Theorem 4.6 requires further
knowledge of the expectation of test functions, i.e., the values of [, ¢;(z)du(z)
with Hy, C span{¢1,...,p,_1}. Under this additional information, we have an
algorithm (Algorithm 4.2) based on random sampling given in the following sec-

tion.
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4.B.3 Eigenvalue estimate for Gaussian kernels

We provide proof of a folklore estimate on the eigenvalues of integral operators
given by a Gaussian kernel. Let k(z,y) = exp(—5z(x — y)?) for an £ > 0 and
x,y € R. Then, it has the following expansion [117, 86]:

- r x?
o) = D en@enlt) onle) = e () (@19

Let p be a Borel probability measure supported on a compact domain, i.e., u({z €
R | |z] > R}) = 0 for some R > 0. Let us consider the RKHS given by k over

X = supp p.
Recall that o, is the n-th eigenvalue of the integral operator

K:IA() = L) fes Kf = /X K 9) £ (y) duly).

From the minimax property of eigenvalues of compact Hermitian operators,

op = inf sup (LCf)
9159n—1€L2 (1) FeL2(1)N{g1,....gn—1}+, 17Nl 2,y =1 o
< Sup <f7 ICf)LQ(u)

f€L2(/‘L)m{§00 7777 <P7L72}L7 Hf||L2(,u,):1

hold, where the orthogonal complement is taken in terms of L?(u)-inner prod-
uct and ¢, are functions given in (4.16). They are indeed in L?(u) as p is
compactly supported. Now, let k,(z,y) == > - | om(x)on(y). For an f €
L*() N {@o, -, @n_2}t, we have

(f, ) 2 / N Xf ) f(y) dp(y) dp(z)
_ / [ F@kal9) ) o) dua)
< / [ VR DVE W) () dute)

(positive definiteness)

- ([ vEGa@ du(w))2
< ([ koo du(o)) 1112 (Cauchy-Sclwarz)
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Therefore, we have the estimate o, < [, kn(z,z) du(z). We have
.1 sx\2m 2
e = 3 (7)o (<(7)),

and this can be regarded as the remainder term of the Maclaurin expansion, so
there is a § € (0,1) such that

)\ 2 \ 2(n—1 T 2(n—1)
kﬂ%@:mimamﬁﬁb>)@>()S%ggm‘

In particular, if we have |z| < R for p-almost all z, we have a factorial decay

(R/0)"—D)
Tn S T

4.B.4 Uniform robustness

In applications, the RKHS #; may be misspecified and the quadrature rule p®
when computed for the misspecified function class H; but applied to a function
f & H;. leads only to the attainable bound

Lﬂ@@%@—éﬂ@w@)

< sup| f () - F@)|(1Crv + i) + [ £, woe(n?; Ha, p)

via triangle equality and standard integral estimates. Note that |- |ty denotes the
total variation norm and the above applies to any ]7 € Hy; in particular, to the
best approximation in uniform norm to f in Hj. Since u is a probability measure,
|pt|tv = 1 but if u@ is a signed measure with non-convex weights, its total variation

|19| 1ty can be large, resulting in arbitrary large integration errors.

4.B.5 Equivalence between the projection/matrix Nystrom
approximations

Let k be a positive definite kernel on X, Z = (z;)i_, C X. Let Py : Hy — H,;, be
the projection operator onto span{k(-,z;) | i = 1,...,¢}. For arbitrary z,y € X,
we can write

L L

Pyk(-,x) = Zaik(-, i), Pzk(-y) = Zbik(-,zi),

i=1 i=1
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where a = (a;)f_,,b = (b;)’{_; € R’. From the properties of projection, we have

k(25 2) = (K, 29), k(@) = (RCo2), Prk(2))y, = Y aik(z, 2)-

=1

In matrix notation, we have k(Z,z) = k(Z,Z)a, and k(Z,y) = k(Z,Z)b from
the same argument. Thus, by combining it with the property of Moore-Penrose

inverse, we have

(Pzk(, ), Pzk(-,y))y, = a'k(Z,2)b
= a"k(Z, 2)k(Z, 2)" k(Z, Z)b (Moore—Penrose)
— k(z, 2)k(Z, Z2) k(2. y).

This shows the desired equivalence.

4.C Proofs

4.C.1 Proof of Theorem 4.6

Before proceeding to the proof of the theorem, we prepare a couple of assertions.
The following is a well-known estimate proven by using the Cauchy—Schwarz in-

equality (see, e.g., Muandet et al. [123, Lemma 3.1 and its proof]).

Proposition 4.10. Let k be a positive definite kernel on X, and v be a Borel
probability measure with [, \/k(x,x)dv(x) < oo. Then, for each f € Hy, we have

< HfHHk/XV k(x,z)dv(x).

By using the proposition, we obtain the following technical lemma.

/X f(@) dv(a)

Lemma 4.11. Let k and ky be a positive definite kernels on X such that k — k
1s also positive definite. Let v be a Borel probability measure on X. Then, for
anyn > 1, ar,...,a, € R, xy,...,2, € X, if we let [ = D" ak(-,z;) and
fi =" aiki(-,z;), then we have

/X filw) dv(z)

< ||f\|%k/)(\/k1(x,a:)dy(x).
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Proof. From the positive definiteness of ky = k — k1, we have

Hflug'ikl = Z aiajkl(:ci,xj) S Z aiajkl(:vi,:vj) + Z aiajko(mi,xj)

ij=1 ij=1 ij=1
=Y aiagh(i, ;) = |15,
ij=1
Hence it suffices to prove |v(f1)] < [[filla,v(9) for g(z) = \/ki(z,z), but it
directly follows from Proposition 4.10. O]

Proof of Theorem 4.6. Note first that, for each f € Hy,, f is integrable with

respect to p. Indeed, we have

[F @) = [(F5 RoCs @)y | < N gy 1o Gy @), = 1 o, vV'Eo () <1 f gy, v R (2, ),

and it is integrable from assumption, so the equality Q,(f) = u(f) with f =
ko(,x) is attained at a finite value.

Once we establish (4.14), item (b) is clear, and (a) follows from the fact that
Q. (g) and u(g) are both integrals of the function g with respect to a probability

measure. Also, (¢) is justified as follows:

wee(Qn; His 1) < (Qn(9)+1(9))” < 2Qn(9)*+20(9)? < 2Qn(9?)+21(g?) < 4u(g?),

where 1(Q,)? < u(Q?) and u(g)? < u(g?) follows from the Cauchy-Schwarz.
To prove (4.14),we first prove

|Qn(f) = 1(D] < NS 0 (Qulg) + 1(9)) (4.17)

for any f of the form f = """, a;k(-,2;) with n > 0 and ay,...,a, € R. Given
such an f, we have Q,(fo) = u(fo) for fo == > " | aiko(-,x;) from the assumption.
Thus, by letting f1 == f — fo = >, aiki(-, z;), we have

Qn(f) = u(f) = (@n(f) = 1(f) = (@n(fo) = p(fo)) = Qu(fr) — u(f1).

As we have [v(f1)] < ||fll#,v(g) for v = Qn,p from Lemma 4.11, we obtain
1Qn(f1) — p(f)] < || f124,(@Qn(g) + 11(g)), and so (4.17) is shown for f of the form
f= Z?:l alk(vxl)
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Finally, we generalize (4.17) to any f € Hy. Let fE ‘Hj. can be written in the
form Y a;k(-, x;). If we let h(z) = \/k(z, z), from Proposition 4.10, we have

Qul(f = NI <|If - fIIHan(h% u(f = DI = Fllres(h).

Note that u(h) < oo follows from the integrability of k(z,z) in Assumption A.

Therefore, we have

1Qu(f) — ()] < 1Qu(f) = (D] +1Qu(f = F) — u(f = )]
< |l (@u(9) + 1(9)) + ILf = Fllre (Qu(R) +
) +

(9) Qn p(h))
< 11 £ 1134 (@nl9) + 1(9)) + I1f = Fll,(@nlg

1(g) + @n(h) + p(h)).

As we can make ||f — f||, arbitrarily small from the definition of #, the proof
of (4.14) is completed by taking the limit. O

4.C.2 Proof of Theorem 4.7

Proof. Denote Dy = {y1,...,yn} and note that the result follows from (4.15) and

E[fin(9)’] = Elin(g?)] <E %Zg(yi)Ql = /Xlﬁ(x,x) du(z), (4.18)

=1

where the first inequality is given by the Cauchy—Schwarz.

Indeed, (a) is an immediate consequence of (4.15) and @, and py making a
probability measure, and (b) is obtained as 2E[(Q,(g) + fin(9))?] < 8E[an(g)?] <
8 [ k1(x,x) du(z) by using (4.18) and the requirement Q,(g) < fin(g)-

When the requirement is Q,(¢%) < fin(g?), as we have Q,(9)* < Q,(¢?) and
in(9)? < fin(g?) by the Cauchy—Schwarz, we also have by the AM-GM,

2E[(Qu(9) + fin(9))*] < 4E[Qu(9)°] +4E[fin(9)*]
<AE[Q ()] + 4B [fin (¢7)]
<8E[fin(g*)] <8 Xkl(:v,x) dp()

For showing (4.15), we remark that we always have

wee(Qn; i, in) < Qnlg) + 1in(9) (4.19)
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by applying Theorem 4.6 with gy instead of p.
Let h(p), h(fin), h(Q,) € Hy, be the kernel mean embeddings of p, fiy and u@n,

ie.,

) = [ Fa)duta), hGin) = 5 D0 k), - sz v

where (w;)?, and (x;)!", are weights and points defining the quadrature @),,. Re-
mark that h(u) is well-defined as [, k(z,z)du(z) < oo [123, Lemma 3.1]. As we

can rewrite the worst-case error as

wee(@Qn; Hi, in) = [[M(Qn) = BN ) [, Wee(Qn; Hi, 1) = [[M(Qn) = h(p) |34y,

by triangle inequality and the AM-GM, we obtain

E [wee(Qn; M, )] < E[(wee(Qus; iy fin) + [|R(1) — h(fin) [|2,)°]
<2E [ch(Qn; He, ﬁN)Q} + QE[”h(N) - h(ﬁN)Hgik]
< 2E[(Qn(9) + fin(9))?] + 2E[||h (1) — h(En)IF,] »

where we have used (4.19) in the last inequality. It now suffices to prove E[[|h(p) — h(an)|[3, ] =
i /N for showing (4.15).

Indeed, we have
E[lIa() = h(fin) 3] = E[IA() 3] — 2E[{A(u), h(Tin))s,, | + E[IR )15, ]

N N
2 1
(z,y)dp(z)du(y) — = /E z, ;)] dp(z) + 5 Elk(yi, y;
//M v, @)+ 577 D Elk(yivy)

ij=1

_ % ;E[k(yi, yi)] + (1 —24 w> //XX k(z,y) du(z) duly) = %

since [[, o k(z,y)du(z = [y E[k(z,y)] du(z) = E[k(y;,y;)] holds for i #
7. Thus, the proof is completed. O
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4.C.3 Proof of Proposition 4.8

Proof. As @, exactly integrates the functions in Hy,, we have wee(Q.,; Hg,, 1) = 0.
So, if we set Q,(f) = > i, w; f(x;), then we have, from (4.13) with kernel ko,

0= Zwleko T, Tj) QZwZ/ ko(z;,y) du(y // (,y)dp(x) du(y).
XxX

4,7=1
(4.20)
If we extract this from the formula (4.13) for the kernel k, we have, by letting
ky =k — ko,

ch(Qn; Hkv M)Q = ch(Qn; Hkv )2 - WCG(Qn; Hkov )2

= szwﬂﬁ Ti, ;) 2211)1/ ki(zi,y) du(y)

4,7=1

N / /X by du(e) duly).

So, if we define M = sup,cv|k1(z,y)| = sup,ex|k(z,y) — ko(x,y)|, we have

wee(Qn; He, ) (Z wyw; M + ZZUJ@/ M du(y /X XMdu(a:) d,u(y)) = 4M,

i,0=1

as (), is a convex quadrature. The existence follows from almost the same proof as
in the proof of Theorem 4.6, but in this case, it directly follows from Tchakaloff’s
thorem [162, 12]. m

4.C.4 Proof of Theorem 4.9

Proof. We prove the existence of the version @, (g) < u(g). The other follows just
by replacing every ¢ in the proof below by g¢?.

Let @1,...,¢0n1 € Hy, satisfy Hg, = span{¢1,...,on_1}. Also, let y,y1,ya, . ..
be independent samples from p. Now, consider the vector-valued function ¢ =
(01, ,0n_1,9)" € R". Note that E[||1p(y)||] < oo follows from the integrability
of elements in Hy, and g with respect to p. Therefore, by [66, Theorem 11], with
probability 1, there exists an NV such that E[¢(y)] € conv{e(y1),...,%(yn)}. So

in particular, there exist deterministic points x1,...,xy € X satisfying E[t)(y)] €
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conv{p(zy),...,¥(xy)}. For such (z;)Y,, consider an optimal solution that is

also a basic feasible solution of the following linear programming problem:
N

minimize Z w;g(x;)
i=1 (4.21)

subject to  [p(x1) - - p(an)]w = /Xw(x) du(z), w =0,

where ¢ = (1,1,...,p,_1)" € R™is another vector-valued function (note that its
first coordinate is constant so that any feasible solution of (4.21) sums up to one).
Such a basic solution w has at most n nonzero entries, say (w;,...,w;,) € A"
with 1 <) < -+ <, < N. Then, the quadrature @, given by weights (w;,)}_,
and points (v;,)}_, satisfies Q, () = p(p) and Qn(g9) < p(g). The latter follows
from the optimality of w and the fact that E[¢)(y)] € conv{e(y1), ..., ¥ (yn)} leads
to a feasible solution with the objective E[g(y)] = u(g)). O

4.C.5 Proof of Theorem 4.3

We prove the theorem by using an existing bound regarding the Nystom approxi-
mation for matrices, which is more common in the machine learning literature.
Let A = (Aj)Y;—; € RV*N be a symmetric positive semi-definite matrix. Let
us denote it as A = [ay,...,ay]| by using ay,...,ay € RY. Then, we inde-
pendently sample i1, . ..,7, from {1,..., N} uniformly, and construct a submatrix
B = (ai;i, )} 1 If we let B, be the best rank-s approximation of B and B its
pseudoinverse, the matrix
a;,
A=la;,...,a;,)Bf | : (4.22)
a;,

works as a rank-s approximation of A.

We use the following result on this matrix version:

Proposition 4.12 ([97, Theorem 2|). For a positive semi-definite matriz A, the
rank-s approrimation A given above satisfies, with probability at least 1 — ¢, the

following:

~ 2N DA N —/ 1 1
”A_A”2 S |’A_ASH2+_AmaX <1+\/ L 10g—> ,

VY Apax N —1/2 (¢, N) )
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where B(¢,N) =1— m, Apax = max; Ay, D =max; j(A;+ Aj; —2A;)

and Ay is the best rank-s approximation of A.

As DA < 2A,.y, if we have N > 2/, it holds that

DA N—(¢ 1 N—{¢ N—-(-1/2

max

<
Ao N—1230N) S N1z N=1(

<2,

and we can just state

~ 2N 1
A—Al < J|[A—=Aglla+ —=Amax [ 1 +1/2log = | . 4.23
4= Al < A~ A+ ( /2108 5) (423)

We show the following lemma as a consequence of this proposition.

Lemma 4.13. Let s < ( be positive integers and 6 > 0. Let k : X x X be
a symmetric and positive definite kernel and yi, 1o, ... be i.i.d. random variables
taking values in X. For each N, define the N x N matrices K(N), K,(N), KZ(N)

AR

ki, ;) RN
K(V)y = M) e )y = LS enlpdentys). KZ(N), = )
m=1

N

where Z = (y1, ..., Ye).

Then, there exists a sequence ey — 0 such that

P 2sup, k(z, ) 1
[K(N) = KZ(N)[2 < [K(N) = KS(N)||2+T (1 +4/2log 5) (4.24)

is met with probability at least 1 — § — ep.

Proof. We assume N > 2(. Let 1q,...,1; be independent uniform samples from
{1,...,N}. Consider the event Ey that iy,...,i, are all different. Then, P(Ey) =

Hfﬂ% converges to 1 as N — oo, and let ey = 1 — P(Ey). By using

Proposition 4.12, (4.24) and max; K(N);; < N~'sup, k(x, ), we have that the
probability
EN)

P(HK(N) - RN < IR N) = Kl 2P (1 +1210g %)
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is at least (1 — 6 —en)/P(Ey) > 1 — 6 — en, where K,(N) is the rank-s Nystrom
approximation of the matrix K (N) by using indices i1, ...,7,. From (4.22), if we

take W = k(i yl-k)?kzl and WS its best rank-s approximation, it actually satisfies

~ 1 —~ 1
K (N)i; = Nk(yi,D)ij(D,yj) = — kP (yi, ),

= 3 Fs
where D = (yi,,...,v;,) and kP is the Nystrom approximation given in the main
body.

As y1,...,yn are i.i.d. samples, we can see that (Z, (y;)Y,) (without any con-

ditioning) and (D, (y;)¥,) conditioned on Ey actually have the same distribution,

so we are done. O
We finally prove the result for the Nystrom approximation of integral operators.

Proof of Theorem 4.3. Take a sufficiently large N and let us use K (N), K,(N), KZ(N)
defined in the previous lemma with 31, 99, ... independently sampled from pu.

It suffices to consider the case Cy = sup,cy k(z,z) < oco. It is clear that
Ky (N)y; < K(N);; < Cy/N, and from (4.9), we also have

ksZ(x,x) - k<x7 Z)Ws+k<Za SL’) < ]{?(l‘, Z)W+k<Zv JI) = ||PZ]€<7*75)||3-L;C < Hk(x)Hg-lk = k?(CC,ZE),

and so KZ(N); < C,/N.

For a matrix A(N) € RM*¥ defined by A(N);; = (1 — ;) (K(N) — KZ(N)),
i.e., the matrix given by deleting the diagonal, we have ||A(N)|]s — ||[KZ — K|| as
N — oo almost surely [93, Theorem 3.1]. Since we have observed that ||K(N) —
KZ(N)— A(N)]|]2 < Ci/N, we have

IK(N) = KZ(N)ll2 > IKZ = Kll, N — o0

almost surely. The same argument yields || K(N)—Ks(N)||2 — 0511, as it converges
to the norm of the integral operator given by the kernel ) - -\ omen(2)en(y).
Now, by letting Ay be the event that (4.24) holds (so IP’(_AN) >1—0—ep),
the desired inequality (4.11) almost surely holds under the event limsup Ay =
NyseUnrsn An- Indeed, under this event, we can just take the limit of both sides

of (4.24) for an appropriate subsequence of (2¢,2¢ +1,...). As we have

P(limsup Ay) = ]\}im IP’( U AN) > lim(1-90—ey)=1-9,
—00

N—o0
M>N

the proof is completed. m
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4.D Kernel quadrature when expectations are
known

When we use an approximate kernel ky and know the exact expectations of test
functions ¢1, ..., p,_1 with Hy, C span{p1,..., @, 1}, we can obtain an n-point

kernel quadrature that exactly integrates o1, ..., p,_1 by Algorithm 4.2.

Algorithm 4.2 Kernel quadrature with random convex hulls

Input: A positive definite kernel k£ on X', a probability measure p on X', integers
N > n > 1, another kernel ky and functions ¢1,...,p,—1 on X with Hy, C

span{@y, ..., Pn-1}
Output: With some probability, returns @Q,, = {(w;,z;) | i=1,...,n} CRx X
1: Calculate the expectations [, ¢1(x) du(z), ..., [ ¢n-1(z) du(z)
2: Sample ¥y, ..., yy independently from p
3: For a vector-valued function ¢ = (p1,...,0,-1)" and ki ging(z) = k(z,z) —
ko(x,z), solve the linear programming problem (|-|o denotes the number of
nonzero entries)

minimize w " ky diag ()

wwmw[wm~w@Mw=/wwwm, (4.25)

X
w>0, 1Tw =1, |wly <n.

to obtain points {x1,...,2z,} C {y1,...,yn} and weights (w;) € A" satisfying

wamzémmwm

if (4.25) is feasible.

We make several remarks on this algorithm. First, the problem (4.25) is, strictly
speaking, not a linear programming (LP) problem, as it includes the sparsity
constraint |w|y < n. However, as it only contains n equality constraints, its basic
feasible solution always satisfies |w|o < n and the simplex algorithm automatically
gives such a sparse (and optimal) solution even if we do not explicitly impose this
constraint, so we call it an LP for simplicity. Second, this algorithm occasionally

fails to output (), as, with some probability, the LP has no feasible solution.
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Although we can repeat the algorithm until we succeed, the number N should be
chosen appropriately. See Remark 4.5 for this point. Finally, our algorithm has
possibly related approaches such as sparse optimization and Sard’s method, see
Remark 4.6 and 4.7.

Remark 4.5. A simple approach for constructing a quadrature formula [66] was
recently proposed: randomly sample candidate points and find a solution by using a
linear programming (LP) solver. Indeed, for an independent sample yq, ..., yn ~
1, we can construct a quadrature formula with conver weights exactly integrating
the functions in F = span{¢i, ..., pn_1} using a subset of these points if and only

if we have

/X o) du(z) € conv{p(y), .., o(ux)}, (4.26)

where @ = (p1,...,0n-1)" : X — R* ! and conv A denotes the conver hull of
A. Several sharp estimates for the probability of the event (4.26) are available in
Chapter 2 & 3. Under the event (4.26), we can find a desired rule by using the
simplex method for the LP problem (4.25).

Remark 4.6. From the viewpoint of subsampling, a direct way to obtain quadra-
ture formulas with convex weights supported on a small number of points, is to first
sample N candidate points Dy = (x1,...,zN) and then solve the following sparse

optimization problem:

minimize w'k(Dy, Dy)w —2w" [, k(Dy,y)du(y)

subject to w > 0, 1Tw = 1, ]w|0 <n, (4-27)

where k(Dy, Dy) is the corresponding N x N Gram matriz. Unfortunately, exactly
solving this problem 1s computationally challenging, in particular in contrast to our
approach that exploits the spectral properties of k and p. Nevertheless, one could
use sparse optimization to obtain an approximate solution of (4.27): although the
simplex constraint (w > 0, 1Tw = 1) makes it impossible to exploit the classical
0y regulatization, there are possible alternatives under this constraint [137, 98, 102]
or use the DC' (difference of convex functions) algorithm to incorporate the sparsity
constraint to find local minima [57]. This is a promising research direction, and

our general sample estimates might provide a first step toward this direction.
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Remark 4.7. Sard’s method [147, 99] for constructing numerical integration rules
uses the n degree of freedom (of choosing weights in our setting) separately; m
(< n) for exactness over a certain m-dimensional space of test functions, and the
remaining n — m for minimizing an error criterion such as the worst-case error.
In the context of kernel quadrature, one way to use Sard’s method with eractness

over F (an m-dimensional space of test functions) is as follows [85, 156]:

minimize wTk(Dn,:cn) 2'wT f;v (T, y) du(y)

subject to w' f(D,) = [, f( ), Vf € F, (4.28)

where D, = (x1,...,2,)", f(D,) = (f(x1),..., f(x,))". This amounts to solving
a convex quadratic programming for w in an (n —m)-dimensional subspace of R™
(without constraint). This is similar to our approach in that it enforces exactness
i a certain finite-dimensional space of test functions. One key difference is that
Sard’s approach aims for a quadrature formula on a given set of points, whereas
our method determines also the points themselves. Hence, the combination of these

two approaches seems to be an interesting future research topic.’

Computational complexity. A tricky part of this approach, essentially based
on random convex hulls, is that the algorithm possibly does not output a quadra-
ture formula. Hence, the following quantity plays an important role to estimate

the essential complexity of the algorithm:

N, = int {2 1| B(Elp()] € convlipn)..-. i) = 5.

where y, y1, ¥o, . . . are independent samples from y. This value is known to be finite
and estimated under a variety of conditions on ¢(y) (see Chapter 2 & 3 for details).
If we have some knowledge of u, we can just keep trying the algorithm with N =
N, until it succeeds, and its expected computational time is O(nN, + C(n, N,)),
where C(a, b) is the (expected) cost of solving an a x b LP with a simplex method.

Note that, though the worst-case computational time of the simplex method is

5For example, we can pick the first m eigenfunctions of the integral operator as test functions,
and find n points and weights that minimize the worst-case error while exactly integrating the
test functions from a larger set of candidate points. An obvious challenge is that quadratic
programming does not supply sparsity, whereas the approach of this chapter has been fully
based on the sparsity of a basic feasible solution of an LP problem.
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exponential, it is empirically O(abmin{a,b}) in practice [133, 151]. In addition,
N, = O(n) holds in examples with some symmetry [178, 66], so in that case we

have a heuristic complexity estimate of O(n?).

Choice of approximate kernels. Similarly to the empirical version discussed
in the main text, we prove quantitative estimates when kg is given by the Mercer
approximation or Nystrom approximation. Remark that the necessary information
for using these methods is different. Whereas using the Mercer approximation re-
quires the knowledge of Mercer decomposition k(z,y) = >~ omem(x)en(y) and
their exact integration [, e,,(z)du(x), the Nystrom approximation only requires
the exact integral values of the kernel, [, k(z,y)du(y), and so is more generally
applicable. See the following sections for details.

In the following, we assume that the kernel attains the Mercer decomposition
k(z,y) = > Omem(x)em(y), where oy > 09 > -+ > 0 and (e,)%_ is an
orthonormal set of L?(p).

4.D.1 Algorithm 4.2 with Mercer approximation

If we use the truncated Mercer decomposition as an approximate kernel, we have

the following result.

Theorem 4.14. If Algorithm 4.2 with kg = an;ll Omem(T)en(y) and @; = e;

successfully outputs a convex quadrature QQ,, then it satisfies the following:

(a) If C = sup,,>;|lemlsc < 00, we have wee(Qu: Hi, p1)> < 4C* Y0 o

m=n

(b) As N in Algorithm 4.2 tends to infinity, we have
]P’(vvce(Qn;”;‘-lk,,u)2 <4 Z am> — 1.

Proof. As in the proof of Corollary 4.2, k — kg is positive definite. Thus, when

> om < 00, the kernel and the measure p satisfies Assumption A. So The-

m=n
o0
m=n

orem 4.6(a) implies (a) of this theorem, since ki(z,x) = > 00 open(z)? <

C2 anozn Om-

117



For (b), if we have Q,, (k1 diag) < 1(Kk1 diag), then Theorem 4.6 implies

wee(Qp; Hy, p)* < / ki(z,z) du(x / Z Omem(x)* du(x) =4 Z O

So it suffices to prove P(Q, (k1 diag) < p(k1diag)) = 1 a8 N — o0, and it is shown by
considering the optimal basic feasible solution of the LP (4.25) and the following
fact [66, Theorem 11]:

P(E[s(y)] € conv{ep (1), ..., b(yx)}) =1, N = oo,

where ¢ = (p1,...,0n1, kfl,diag)T- Indeed, if $(y) € conv{ep(y1), ..., ¥(yn)}, the
LP becomes feasible and @, (k1 diag) < (K1 diag) follows from optimality. See the

proof of Theorem 4.9 (Section 4.C.4) for a more detailed explanation. ]

Note that the boundedness of C' is a typical assumption [see 109, Assumption
3.2 and references therein|, while it does not necessarily hold [118, Section 3]. Un-
der some assumptions, we can quantify the probability that the LP (4.25) becomes

feasible.

Sampling bound. Suppose 1 is an eigenfunction of IC. This is satisfied, e.g., in

the following cases:

e 1 is a Haar measure on a compact group and k is shift-invariant.

e k is a kernel based on Stein’s identity [129, 156, 5] with respect to .

In this case, we have a theoretical bound of the required N in Algorithm 4.2 as

follows.

Theorem 4.15. Suppose 1 is an eigenfunction of K, 1 fx p(y) is a
constant function. Then, for each n > 2 and N > 6(n — 1) SUD,cx Zm 1 em(x)Q,
Algorithm 4.2 returns a feasible quadrature with probability at least 1 — 2" i.e.,

for an independent sample yy,...,yn from p, we have
1

P( [ (o) duto) € convfiplm. . ot} ) 2 1- 5

where @ = (e1,...,e,—1)". If the value C' = sup,,>||em || is finite, N > 6C(n —

1)% is also sufficient for the above estimate.

Proof. This follows from Theorem 2.12 and Theorem 2.15. m
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4.D.2 Algorithm 4.2 with Nystrom approximation

Although the method discussed in the previous section requires the exact infor-
mation on Mercer decomposition, if we make use of the Nystrom approximation,
we only require the values of [, k(x,y)du(y) for z € X.

Recall that kZ(x,y) is the rank-s Nystrom approximation of the kernel k& based
on the point set Z = (zy,...,2). From (4.10), we can use p? = u/ k(Z,) as test

functions.

Theorem 4.16. Let n < ¢ and d > 0, and let Z be an {-point independent sample
from p. If Algorithm 4.2 with ko = kZ_, and @; = o successfully outputs a convex
quadrature Q,, then with probability at least 1 — 6, we have

= 8(n — 1) sup,cy k(z, x) / 1
wee(Qn; H, 1)? < 4no, + 4 O + € 1+ 1/2log =

m=n+1

Proof. As in the proof of Corollary 4.4, k — kZ | is positive definite. Also, we can
assume » -, 0, < 00, as otherwise the right-hand side is infinity. Thus & and
ko = kZ_ | satisfy Assumption A.

Note that for a function of the form c(z,y) = a - b(z)b(y) with a € R and b €
L?(u), and an orthonormal set (f;);er € L*(p) of L*(n) with b € span{f; | i € I},

we have

> / [ R@ela) ) @) ) = 0 3 (0 17

— af}p|% = /X (e 2) dp(x).  (4.20)

If we here use the orthonormal set (e,,)>°_; that appears in the Mercer decom-

position, by letting k; == k — kZ | and using the linear extension of (4.29), we
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have

/X k(2. 2) dpl) =

T

X(k’(l‘, ) — ko(z, z)) du(z)

g

= <em, (K —-KZ 1)6m>L2
1

[e'e) n—1
<3 (em Kew) g + DK~ K2 lenl2
m=n m=1
- Z Om + (n—1)|IK = KZ_]. (4.30)

Then, by combining this with Theorem 4.3 and Theorem 4.6(c), we obtain the

desired estimate. O

Remark 4.8. If we denote by N, the required number of samples, the computa-
tional complezity of the above algorithm becomes O(ndN, + nt? + C(n, N,)), in-
cluding the cost of computing the Nystrom approximation as well as test functions

at N, samples (see also Remark 4.2).

4.E Additional numerical experiments

In this section, we provide additional experiments on Algorithm 4.2 using random
convex hulls, as well as the approximated version of the N. 4+ emp described
in Remark 4.2. Section 4.E.1 shows the comparison of Algorithm 4.2 (with Mer-
cer/Nystrom approximation) with some of the methods mentioned in the main
text under the periodic Sobolev spaces with uniform measure. Section 4.E.2 inves-
tigates Algorithm 4.2 (with Nystom approximation) as well as the approximate but

fast algorithm for N. + emp, under the setting of empirical measure reduction.

4.E.1 Periodic Sobolev spaces with uniform measure

We conducted experiments under the same setting as in Section 4.3.1, except that

we additionally have the following methods:

Nystrom, Nystrom + opt: We used the same test functions as N. + emp
with the random set Z of size £ = 10n, but for Algorithm 4.2. We used
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N = 10n samples for the LP (4.25). In Nystrom 4+ opt we additionally

optimized the convex weights using (4.13).

Mercer, Mercer + opt (d =1): We used the same test functions as M. +
emp, but for Algorithm 4.2. We used N = 10n samples for the LP (4.25). In
Mercer + opt we additionally optimized the convex weights using (4.13).

The results are given in Figure 4.3. The weights of Nystrom and Mercer are
already almost optimized as they exactly integrate a certain family of functions, so
the additional CQP (4.13) does not change the error so much. Surprising is that
N. 4+ emp + opt is almost as good as Nystrom + opt or even better. This
implies that the recombination points with respect to a moderately large (N = n?
in this case) empirical measure can provide a good convergence rate in Bayesian
quadrature [78], even though the (equally weighted) empirical measure itself is not

that close to the true measure.

Odd behavior of ‘Mercer’. As we can see in Figure 4.3(a,b), the methods
based on the exact Mercer decomposition becomes very close to optimal when
n = 15,65. As it seemed to be caused by the parity of n, we carried out an-
other experiment for n € {5,9,15,19,29, 39,49, 65, 79} (Figure 4.4), then Mercer
and its optimization clearly became the best methods except the exact optimal
Unifrom Grid. It might be related to the structure of the periodic Sobolev
space, that has, for each eigenvalue except for 1, two-dimensional eigenspace (cos
and sin), but needs further investigation. Also, in the case (d,r) = (1,3), we see ‘+
opt’ make the quadrature less accurate for a big n, but it is theoretically almost

impossible, so it seems to be caused by the numerical accuracy of the CQP solver.

4.E.2 Measure reduction in machine learning datasets

We conducted experiments under the same setting as in Section 4.3.2. We addi-
tionally adopted Nystrém, Nystrom + opt (with N = 20n), and FNE, FNE
+ opt, where FNE (stands for ‘fast N. + emp’) is the approximate algorithm for
N. + emp by omitting the inequality in (4.5) and using the randomized SVD [63]
(see Remark 4.2).
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Figure 4.3: Periodic Sobolev spaces with kernel k¥4  The average of

logo(wee(Q; Hy, 1)?) over 50 trials is plotted for each method of obtaining @Q,,.
The shaded regions are sample standard deviations. The worst computational time
per trial was 5 seconds of N. 4+ emp and N. + emp + opt in (d,r,n) = (3, 3, 80),
while Nystrom and Nystrom -+ opt ran in 0.9 seconds under the same setting.
There were no infeasible LPs.
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Figure 4.5: Measure reduction in Gaussian RKHS with two ML datasets: The aver-
age of logyy(wee(Qn; Hi, p1)?) over 50 trials is plotted for each method of obtaining
@,. The shaded regions are sample standard deviations. The worst computational
time per trial was 13 seconds of N. 4+ emp and N. + emp + opt in 3D Road
Network data with n = 160. There were 7 infeasible LPs (and 800 feasible LPs) in
the experiment (a) with Nystrom or Nystrom + opt. There were no infeasible
LPs in (b).

The results are given in Figure 4.5. N. 4+ emp + opt and FNE + opt
show almost the same convergence. While in the largest case n = 160, the average
runtime of (N. + emp + opt, FNE + opt) was (13.0,2.07) seconds in 3D Road
Network data and (12.8,2.09) seconds in Power Plant data, respectively. Although
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our theoretical guarantee no longer holds for FNE, it accelerates the algorithm
while surprisingly maintaining the accuracy. Nystom or Nystrom + opt behave
much better than iid Bayes, but are slightly less accurate than N. + emp +
opt and FNE 4 opt, whereas they have good theoretical guarantees (Theorem
4.16). Their computational time was basically between that of FNE + opt and

N. + emp + opt.

Comparison with another empirical measure. The setting of ‘ML datasets’
treated here is empirical measures given by some real data, so it is also just an
approximation of a true distribution from the viewpoint of frequentists. Therefore,
if we want to evaluate the performance of measure reduction methods with regard
to the true distribution, we should measure the worst-case error using it. As it is
not feasible in reality, we take another empirical measure i’ (of the same size as
but different from the empirical measure u, used in the construction of a kernel
quadrature rule @), and plot the quantities of wee(Q,,; Hg, it') to better estimate
the actual performance of (), in this section.

The overall setting is the same as in Section 4.3.2, except for the following

points:

e In the 3D Road Network Data Set, we used another random 43487-point
subset from the remaining 434874 — 43487 data points to define u’.

e In the Combined Cycle Power Plant Data Set, we used exactly half of the
whole data points to define p (so the size of supp p is different from the

original experiment) and the other half to define 4.

Note that p and p’ were randomly taken at first and fixed throughout the experi-
ment. The median heuristics as well as the normalization of the data (for both of
the points in p and p') was carried out by using the statistical information solely

given by pu.
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Figure 4.6: Measure reduction in Gaussian RKHS with two ML datasets with
another empirical measure: The average of log,(wece(Q,; Hi, it')?) over 20 trials is
plotted for each method of obtaining (),,. The shaded regions show their standard
deviation. The worst computational time per trial was 14 seconds of Thinning
[+ opt] in Power Plant data with n = 128, where N. 4+ emp [+ opt] was 6.2
[6.1] seconds.

The results are given in Figure 4.6. We can see that, though our methods are
still competitive, the error eventually becomes dominated by the (MMD-)distance
between p and p' as m gets larger. This is inevitable as we are only using the
empirical measure p to construct (), so in an application to this kind of setting,
we can just pick any method whose error is sufficiently small compared to the

‘inevitable’ error.
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Chapter 5

Sampling-based Nystrom
approximation and kernel
quadrature

We analyze the Nystrom approximation of a positive definite kernel associated with
a probability measure. We first prove an improved error bound for the conventional
Nystrom approximation with i.i.d. sampling and singular-value decomposition in
the continuous regime; the proof techniques are borrowed from statistical learning
theory. We further introduce a refined selection of subspaces in Nystrom approxi-
mation with theoretical guarantees that is applicable to non-i.i.d. landmark points.
Finally, we discuss their application to convex kernel quadrature and give novel

theoretical guarantees as well as numerical observations.

5.1 Introduction

Kernel methods form a prominent part of modern machine-learning tools. How-
ever, making kernel methods scalable to large datasets is an ongoing challenge.
The main bottleneck is that the kernel Gram matrix scales quadratically in the
number of data points. For large-scale problems, the number of matrix entries
can easily be of the order of hundreds-thousands or millions so even storing the
full Gram matrix can become too costly. Several approaches have been developed
to deal with these, among the most prominent are the Random Fourier Features

and the Nystrom method. In this chapter, we revisit and generalize the Nystrom
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Table 5.1: Main quantitative results. Individual bounds are available in Re-
mark 5.1, Theorem 5.11, and Proposition 5.13. For the explanation on each
kernel, see at the end of Contribution section. Here are remarks on the no-
tation. (a) o; is the i-th eigenvalue of the integral operator K : L*(u) —
L*(p);g — [y k(- 2)g(x) du(x). (b) px denotes the equally weighted empirical
measure ~ SN 8., given by X = (z,)N,. (c) u(-) and pux(-) denote the integrals
over the diagonal. See (5.4).

Quantity Bound Assumption

E[u(y/k — kZ)] (log £)2H+1 Z ~iq ki bounded
ol > o+—2~1
Elpu(k — k7)) ( Z: SR 0; S exp(—pi'/?)

HVEZ = kZ,)° S Z: fixed
uk? = kZ,) =
Elux (VEZ — kZ )2 Zai Z: fixed, X ~yq p
Elpx (k% — kZy)] i>s

method and provide new error estimates. Consequences are theoretical guarantees
for kernel quadrature and improvements on the standard Nystrom method that

goes beyond uniform subsampling of data points.

Nystrom approximation. While already discussed in Section 4.2.3, the main
idea of the Nystrom method is to replace the original positive definite kernel k with
another kernel k,,,, that is constructed by random projection of the elements in the
(in general infinite-dimensional) RKHS associated with % into a low-dimensional
RKHS. A consequence of this is that the Gram matrix of k,pp, is a low-rank ap-
proximation of the original Gram matrix. Concretely, let 1 denote a probability
measure on a (Hausdorff) space X and k a kernel on X’; then the standard Nystrom

approximation uses the random kernel
k2 (x,y) = k(z, 2)k(Z, Z) " k(Z,y). (5.1)

where Z = (2;){_, is an (-point subset of X usually taken i.i.d. from pu [43, 97].
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Further s-rank approximation. While less common, the following rank-reduced
version is of interest in the context of kernel quadrature, as explained in Sec-
tion 4.2.3:

kapp(xay) = kf(xvy) = k(I’ Z)k(Z’ Z):k(zv y)’ (52)

where k(Z, Z) is the Moore—Penrose pseudo-inverse of the best s-rank approx-
imation of the Gram matrix k(Z,Z) = (k(z;,z));;-, with s < £. Note that
kZ = k?.

Let us briefly review our motivation for this rank reduction coming from kernel
quadrature. If we are given an s-rank kernel k,,, and a probability measure p, by
Tchakaloft’s theorem there is a discrete probability measure v supported over at
most s+ 1 points satisfying fx fdu= fx Jfdvfor all f € Hy,,,, where Hy, is the
finite-dimensional RKHS associated with the kernel £,p,. Such a measure v works
as a kernel quadrature rule if the k,,, well approximates the original kernel £, and
the rank s directly affects the number of (possibly expensive) function evaluations

we need to estimate each integral. The primary error criterion in this chapter is

/X \/k(x’ z) = kapp(2, 2) dpu(z), (5.3)

which arises from the error estimate in kernel/Bayesian quadrature (Chapter 4
and [1]).

Contribution. Our first theoretical result is that the expectation of (5.3) is of
the order O(/>,.,0: + polylog(¢) /) when the eigenvalues (o), of the ker-
nel integral operator induced by (k, 11) enjoy exponential convergence (the expec-
tation is taken over the empirical sample Z). Key to the proof of this bound
is the use of concepts from statistical learning theory; in particular, the (lo-
cal) Rademacher complexity. This error estimate is far better than the bound
O(spectral term + s'/2/¢Y/ 4) that follows from the existing high-probability esti-
mate [, (k(z,2) — kZ(z,2)) du(z) = O(sos + 3., 0 + s/V{) (see the proof of
Corollary 4.4). Combining our new bound with known kernel quadrature esti-
mates explains the strong empirical performance of the convex kernel quadrature
given in Chapter 4; the theoretical bounds in Chapter 4 were not even better than

Monte-Carlo in terms of /.
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Our second contribution is the use of other k,p, than £Z with better bounds
of (5.3), for a general class of landmark points Z rather than just an i.i.d. sample
from p. This generalization allows to use other sets Z in (5.2) to achieve better
overall performance; e.g. sampling Z from determinantal point processes (DPPs)
on X is known to be advantageous in applications. To construct and provide
theoretical guarantees for such improved Nystrom constructions we revisit and
generalize a method that was proposed in Santin and Schaback [146] and give
further theoretical guarantees applicable to kernel quadrature rules.

The following is the list of low-rank approximations presented in the chapter:

e k7 and kZ: Usual Nystrom approximations using landmark points Z. See

(5.1) and (5.2).

e kZ,: The s-rank truncated Mercer decomposition of the kernel k” with re-

spect to the measure u. See (5.11).

o kZy: A version of k7, with p given by the empirical measure & > &, of
the set X = (z;)Y,. This actually coincides with kZ when X = Z; see (5.6).

See Table 5.1 for a summary of our quantitative results.

Outline. Section 5.2 discusses the existing literature and introduces some nota-
tion. Section 5.3 contains our first main result, namely the analysis of kZ for an
i.i.d. Z; Appendix 5.A provides the necessary background from statistical learning
theory. In Section 5.4, we then treat a general Z to give refined low-rank approx-
imations together with theoretical guarantees, rather than the conventional kZ.
In Section 5.5, we discuss how our bounds yields new theories and methods for
the recent random kernel quadrature construction, which enables us to explain the
empirical performance as well as to build some strong candidates whose perfor-
mance is assessed by numerical experiments. All the omitted proofs are given in
Appendix 5.B.
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5.2 Related literature and notation

To simplify the notation, we denote

v(f) :/Xf(x) dv(x), wv(h) ::/Xh(x,x) dv(x) (5.4)

for any functions f: X - R, h: X Xx X — R and a (probability) measure v on X,
whenever the integrals are well-defined. In this notation, the aim of this chapter is
to bound p(/k — kapp) or p(k — kapp) for a class of low-rank approximation kypp.

Also, A" denotes the Moore—Penrose pseudo-inverse of a matrix A.

Approximation of the Gram matrix. The standard use of the Nystrom
method in ML is to replace the Gram matrix k(X, X) for a set X = (z;)¥, by
the low-rank matrix k% (X, X) where kZ is defined as in (5.1). A well-developed
literature studies the case when Z = (z;){_, is uniformly and independently sam-
pled from X, see Drineas et al. [43], Kumar et al. [97], Yang et al. [181], Jin et al.
[80], Li et al. [101]. Further, the cases of leverage-based sampling [54], DPPs
[100], and kernel K-means samples [130] have received attention. Moreover, two
variants of the standard Nystrom method have been studied: the first replaces
the Moore-Penrose inverse of k(Z, Z) in (5.1) with the pseudo-inverse of the best
s-rank approximation of k(Z, Z) as in (5.2) via SVD [43, 97, 101]; the second uses
the best s-rank approximation of k% (X, X), see [166, 177]. For a brief overview in
this regard, see Wang et al. [177, Remark 1].

Approximation of the integral operator. The matrix k(X, X) can be re-

garded as a finite-dimensional representation of the linear (integral) operator

K DA - LA, (Kf)() = /X K, 9)f(y) du(y).

We denote with (0;,€;):2, the eigenpairs of the operator I, and assume the eigen-
values are ordered o; > g9 > - -+ > 0. The Mercer decomposition exists under mild
assumptions (for example, supp u = X, k is continuous and [, k(x,z) du(z) < oo

[160] are sufficient) and gives the representation
k?(.f(], y) = Z O-iei(x)ei(y)v (55)
i=1
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where ||e;]|z2(,) = 1, and (y/07€;)52; is an orthonormal basis of the RKHS H;, of
k. Hence, a natural approach is to just truncate this expansion after s terms,
Kapp = D5y 0i€i(x)ei(y), to get a finite-dimensional approximation of the kernel
k. This approach is natural since the approximation quality of the operator I
determines the resulting error estimates. Unfortunately, it is often rendered useless
since the Mercer decomposition depends on the tuple (k,u), and while explicit
expression is known for special choices, in general, it is unlikely to have a closed-

form representation of the eigenpairs (o, €;)2;.

Other approximations. A compromise that is relevant to our work is proposed
in Santin and Schaback [146]. Instead of using the Mercer decomposition of K one
uses the Mercer decomposition of (5.1). Our main result allows to generalize this
approach and to provide theoretical guarantees missing in the reference. Related
is the paper Gauthier [51] that studies the interactions of several Hilbert-Schmidt
spaces of (integral) operators given by a Nystrom approximation/projection of a
kernel-measure pair as in the present chapter; further, Chatalic et al. [29] consid-
ers a low-rank approximation of an empirical kernel mean embedding by using a
Nystrom-based projection. The leverage-based sampling studied in Gittens and
Mahoney [54] has continuous counterparts. One with a slight modification is in
the kernel literature [6], while the exact counterpart can be found in a context
from approximation theory [31] under the name of optimally-weighted sampling,

which essentially proposes sampling from s7' Y7  e?(z) du(z).

=1 "1

The power function. Finally, the square root of the diagonal term +/k(z, z) — kZ(z, z)
or its generalization is known as the power function in the literature on kernel-based
interpolation [38, 145, 87]. There the primary interest is its L (uniform) norm,
rather than the L'(u) norm, p(y/k — kapp), or the L?(p) norm, pi(k — kapyp), that
appear in kernel quadrature estimates and error estimates of the Nystrém/Mercer

type decompositions.
Kernel quadrature. The literature on kernel quadrature other than Chapter 4

includes herding [30, 7, 78, 167], weighted/correlated sampling [6, 16, 17, 15, 46],
a subsampling method called thinning [44, 45, 152]. We refer to Table 4.1 in
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the previous chapter for a comparison of existing algorithms in terms of their

convergence guarantees and computational complexities.

5.3 Analyzing kZ for i.i.d. Z via statistical learn-
ing theory

Let Z = (2)f_; C X and kZ be the s-dimensional kernel given by kZ(z,y) =
k(x, Z)k(Z,Z)Fk(Z,y) as in the usual Nystrom approximation. Throughout the
chapter, suppose we are provided the singular value decomposition of the matrix
k(Z,7) = Udiag(\y,...,A\)U" with an orthogonal matrix U = [uy,...,u,] and
A1 > .- > Xy > 0. Note that

W) = 3" Loy (0] K(Z,0)) (0] KZ,9) (5:5)

is actually a truncated Mercer decomposition of k% with regard to the measure

I ;
Hz =5 Zizl 5zm simce

<u?k(Z, -),u;k(Z, )>

L2 (pz)

— %ujk(Z, Dk(Z, Z)u; = %5]

This fact is at the heart of our analysis: £Z is ‘optimal’ s-rank approximation for
the measure uz, and the statistical learning theory connects estimates in empirical
measure and the original measure.

Let us denote by Pz : Hj, — H. the linear operator given by k(-, ) — kZ(-, )
for all x € X. We shall also simply write Py = Py,.

Lemma 5.1. Pz, is an orthogonal projection in H.
This projection is related to the quantity of interest, in that
ko (,2) = (k(,2), Prok(,2))yy, = |1 Pzsk (-, 2)l[3, -

Thus, we have k(z,z) — kZ(z,x) = ||Pzk(-,z)|3, by using Pz, the orthog-

onal complement of P,,. So we are now interested in estimating the integral

132



(k= kZ) = [ Pzk(-,2) |3, du(x) from the viewpoint of the projection opera-
tor. We first estimate its empirical counterpart piz(\/k — kZ) = ; S |1 Pz k(- 2i) 17
where puy = %Zle J,, is the empirical measure. Indeed, we have the following

identity regarding pz(k — kZ):

Lemma 5.2. For any (-point sample Z C X, we have

Mz(vk—kszyﬁuz(k—ksz):—lz Ai

| =

where \y > -+ > \; are eigenvalues of k(Z, 7).

When Z is given by an i.i.d. sampling, the decay of eigenvalues \; enjoys the

rapid decay given by o; in the following sense:

Lemma 5.3. Let Z = (z;)!_, be an (-point independent sample from p. Then, for
the eigenvalues \y > -+ > Xy of k(Z,Z), we have

% i: /\1-] <> o

i=s+1 1>8

E

For a general random orthogonal projection operator, we can prove the follow-
ing bound by using arguments in statistical learning theory (Section 5.A). Recall

from the previous chapter that we have defined kyax := sup,cy k(z, x).

Theorem 5.4. Let Z = (z;)i_, be an {-point independent sample from p and P be
a random orthogonal projection in Hjy possibly depending on Z. For any integer

m > 1, we have the following bound:
9 !
| [ 1Pk o)l duto)| < ZZHPk(uzi)IIm]
i=1

Vs (80m?log(1 + 20)
+ 4\/Zai+ ; 5 +69 ),

i>m

where the expectation is taken regarding the draws of Z.

Recall that pu(y/k — kZ) = [, I|Pz.k(-, 2)|ln, du(z). By combining this theo-
rem when P = PZl,s and Lemma 5.2 & 5.3, we can obtain the following:
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Corollary 5.5. Let Z = (z)%_, be an (-point independent sample from pu. Then,

for any integer m > 1, we have

E[u(v/k—F7)] §2\/Zai+4\/20¢

i>s i>m
N/ 2log(1 + 20
+ (80m O%)( T )+69).

Remark 5.1. When o; < e=#""" with a constant 8 > 0 and a positive integer
d [typical for d-dimensional Gaussian kernel, see, e.g., 1, Section A.2|, by taking

m ~ (log £)?, we have a bound

B[ /i )] =0 o+ P20

1>8

for ¢ > 3; see Appendix 5.B.6 for the proof. Since k — kZ < @W,
the same estimate applies to E[u(/k — kZ)]. These also lead to an (s + 1)-point
randomized convex kernel quadrature Qs;1 with the same order of E[wce(Qs11)].
See Section 5.5 for details.

5.4 A refined low-rank approximation with gen-
eral 7

The process of obtaining a good approximation k., of k using k“ can be decom-

posed into two parts:

k—kapp =k — k7 + k7 — Kapp -
A B

In the previous section, we have analyzed the case Z is i.i.d. and k., = kZ.
However, we can consider more general Z, and indeed we actually have a better
way to select a subspace (i.e., kapp) from the finite-rank kernel k# rather than just

using kZ.
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5.4.1 Part A: Estimating the error of k“ for general Z

This part is relatively well-studied. Indeed, u(k—k?) = [, (k —kZ(z,2)) du(z)
for some non-i.i.d. Z can be bounded by using the results of Welghted kernel
quadrature. For example, Belhadji et al. [16] consider the worst-case error for the

weighted integral

L
(o) = [ F@ow)dnto) = Y wis () 1)

for any ||f]jz, < 1 and a fixed g € L*(u) with Z = (2;)_, following a certain

DPP. Now consider the optimal worst-case error in the above approximation for

— 3 k '7 7 Z;
- g (1 f 1100 - S0 )

¢
Kg — Z wik(-, ;)

=1

the fixed point configuration Z:

E wz Zz

inf sup
wi Hfllykgl

= ||Pé_ICgHHk'
Hi

= inf
Wy

(5.8)
By using this, we can prove the following estimate:

Proposition 5.6. For any finite subset Z C X and any integer m > 0, we have

pu(k — k%) = ZHP%@HM<Z||PLICeZ||Hk+ZaZ

i>m

where (0;,€;)32, are the eigenpairs of K.

The papers Belhadji et al. [16, 17], Belhadji [15] give bounds on the worst-case
error of the weighted kernel quadrature (5.8) when Z is given by some correlated
sampling, whereas Bach [6] gives another bound when Z is given by an optimized
weighted sampling rather than sampling from p. By using (5.8) and Proposition
5.6, we can import their bounds on weighted kernel quadrature with non-i.i.d. Z
to the estimate of pu(k —k”) = [ ||P7k(-, x)|[5, du(z). Here, we just give one such

example:
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Corollary 5.7. Let Z = ()i, be taken from a DPP given by the projection
kernel p(z,y) = Soi_, ei(x)e;(y) with a reference measure p, i.e., P(Z € A) =
%fA det p(Z, Z) du®“(Z) for any Borel set A C X?. Then, for any integer m > 0,

we have
Elu(k— k)] <3 o +4my o,

i>m >0

where the expectation is taken regarding the draws of Z.

In any case, by using those non-i.i.d. points, we can obtain a better Z in the
sense that [, (k(z,z) — k7(x,z))du(x) attains a sharper upper bound than the
bound given in the previous section for an /-point i.i.d. sample from p. However,
for a general Z, it is not necessary sensible to execute the SVD of k(Z,Z) and
get kZ accordingly, as an SVD of k(Z, Z) corresponds to approximating p by the
empirical measure %Zle J., (indeed, this observation is the key to the results in
the previous section). Thus, for points Z not given by i.i.d. sampling, there should

exist a better choice of k,,, than kZ. We discuss this in the following section.

5.4.2 Part B: Mercer decomposition of k%

Instead of using kZ, we propose to compute the Mercer decomposition of k7 with
<o Which is defined in the following. This
is doable if we have knowledge of h,(z,y) := [, k(x,t)k(t,y) du(t), since kZ is a

respect to p and truncate it to get kZ

finite-dimensional kernel. We can prove the followmg.
Lemma 5.8. We have h,(z,y) = > 0, oei(x)e;(y).

We now discuss how h, can be used to derive the Mercer decomposition of
k%. Note that this can be regarded as a generalization of Santin and Schaback
[146, Section 6]. Let KZ : L*(u) — L?(u) be the integral operator given by

9= [ k7 (x)g(x) dp(a).
For functions of the form f = a"k(Z,-) and g = b"k(Z,-) with a,b € R*, we

have

) pr = /X o Tk(Z, 2)k(x, Z)bdu(x) = a" hu(Z, Z)b, (5.9)
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So, if we write h,(Z,Z) = H"H by using an H € R*** (since h,(Z, Z) is positive
semi-definite), an element f = a"k(Z,-) € L?(p) is non-zero if and only if Ha # 0.

Furthermore, we have

K7 f = / k(Z,Z) k(Z, 2)k(z, Z)adu(x)
Z)k(Z, Z)+h (Z,Z)a
= [M Z) (2, 2)a) K(Z,-). (5.10)

Thus, f is a nontrivial eigenfunction of KX?, if Ha # 0 and a is an eigenvec-
tor of k(Z,2)*h,(Z,Z). 1t is equivalent to ¢ = Ha being an eigenvector of
Hk(Z,Z)"HT.

Let us decompose this matrix by SVD as Hk(Z, Z)*H" = V diag(k1, ..., k) V',
where the V = [vy,...,v,] € R is an orthogonal matrix and k1 > --- > Kk, > 0.

Then, we have

Hk(Z,Z)*H" = Z/{vl

Let us consider f; = (HTv;)"k(Z,-) = v, (H+)T/<:(Z,-) for i = 1,...,¢ as candi-

dates of eigenfunctions of K?. We can actually prove the following:

Lemma 5.9. The set {f; |t > 1, k; > 0} forms an orthonormal subset of L*(p)

whose elements are eigenfunctions of KZ.

Let us define k7 (z, y) := S kifi(x) fi(y); note that this is computable. From
the above lemma, this expression is a natural candidate for “Mercer decomposi-
tion” of kZ. We can prove that it actually coincides with kZ(x,y) p-almost every-
where, and so the decomposition is independent of the choice of H up to p-null

sets:

Proposition 5.10. There exists a measurable set A C X depending on Z with
w(A) = 1 such that k% (x,y) = kf(x,y) holds for all x,y € A. Moreover, we can
take A= X ifkerh,(Z,Z) C kerk(Z,Z).

Now we just define kSZ . for s < [ as follows:

S

kiu(x,y) = Z’fz‘fz‘(x)fi(y>- (5.11)

=1
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Theorem 5.11. We have p(k/ — kZ,) < Zf:s—f—l o; for any 7 = (z)t_, C X.

Proof. The left-hand side is equal to Zf:s .1 ki from Lemma 5.9 and the definition
of the kernels. Thus, it suffices to prove r; < o; for each i. It directly follows from
the min-max principle (or Weyl’s inequality) as k — k:f is positive definite on an

A C X with u(A) =1 from Proposition 5.10. O

Remark 5.2. The choice of the matrix H with H'H = h,(Z, Z) does not affect
the theory but might affect the numerical errors. We have used the matrix square-
root h,(Z,Z)'/?, i.e., the symmetric and positive semi-definite matrix H with
H? = h,(Z,Z), throughout the experiments in Section 5.5, so that we just need

to take the pseudo-inverse of positive semi-definite matrices.

Approximate Mercer decomposition. When we have no access to the func-
tion h
(xj)j]\il C X, denote by hx the function given by replacing p in h, with the

4, We can just approximate it by using an empirical measure. For a X =

empirical measure with points X:
1 < 1
h(@,y) = 57 > k(o 2))k(x;,y) = k(@ kX, y).
j=1

We can actually replace every h, by hy in the above construction to define k%
and kZy. This approximation is already mentioned by Santin and Schaback [146]
without theoretical guarantee. Another remark is that when restricted on the set
X, it is equivalent to the best s-rank approximation of (X, X) in the Gram-
matrix case [166, 177|, since the L*norm for the uniform measure on X just
corresponds to the £2-norm in RI¥I.

Note that we have k% (X, X) = kZ(X, X) from Proposition 5.10 in the discrete
case. As we have ker hx(Z,Z) = ker k(Z, X)k(X, Z) = ker k(X, Z), we addition-

ally obtain the following sufficient condition from Proposition 5.10.

Proposition 5.12. k% (x,y) = kZ(x,y) holds for all z,y € X. Moreover, if
ker k(X,Z) C kerk(Z,Z), then we have k% = k% over the whole X.

In particular, we have k% = k? whenever Z C X. These (at least u-a.s.)

equalities given in Proposition 5.10 & 5.12 are necessary for the applications to
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kernel quadrature, since we need k — kap,, to be positive definite for exploiting the
existing guarantees such as Theorem 5.15 in the next section.
Although checking k% = kZ is not an easy task, from the first part of Propo-

sition 5.12, szZ y satisfies the following estimate in terms of the empirical measure

Hx-

Proposition 5.13. Let Z C X be a fixed subset and X be an M -point independent

sample from . Then, we have
E[ux(k” —kZx)] = E[ux (K = kZx)] <o,
1>5
where the expectation is taken regarding the draws of X .

We can also give a bound of the resulting error u(k” — kZy) again by us-
ing the arguments from learning theory, but under an additional assumption as
stated in the following. Nevertheless, Proposition 5.13 is already sufficient for our

application in kernel quadrature; see Theorem 5.16.

Proposition 5.14. Under the same setting as in Proposition 5.13, ifker k(X, Z) C
ker k(Z, Z) holds almost surely for the draws of X, we have

E[u(\/kz —kix)} <2 N o t4 [y o+ Y E‘ (80m210gél+2M) +69) .

i>M >m

for any integer m > 1.

Remark 5.3. The assumption ker k(X, Z) C ker k(Z, Z) seems to be very hard to
check in practice. An example with this property is (X, k, 1) such that X = RP
with D, M > /, the kernel k is just the Euclidean inner product on R?, and p is
given by a Gaussian distribution with a nonsingular covariance matrix.

This being said, we have some ways to avoid this issue in practice. One way
is to use X U Z instead of X so that the condition automatically holds. Then,
the above order of estimate should still hold when ¢ < M, though it complicates
the analysis. Another way is effective when we use k% for constructing a kernel
quadrature from an empirical measure given by X itself; see the next section for
details.
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5.5 Application to kernel quadrature

Let us give error bounds for kernel quadrature as a consequence of the previous
sections. We are mainly concerned with the kernel quadrature of the form (5.7)
without the weight function, i.e., the case when g = 1, for efficiently discretizing
the probability measure pu.

Given an n-point quadrature rule @, : f — > w;f(x;) with weights w; €
R and points z; € X, the worst-case error of (), with respect to the RKHS
Hy and the target measure p is defined as wee(Qy; Hi, ) = MMDy(Qn, 1) =
SUP||f||Hk§1|Qn(f) — u(f)| as explained in Section 1.2. We again call Q),, convex if
it forms a probability measure, i.e., w; > 0 and Y  w; = 1.

Suppose we are given an s-rank kernel approximation k., (z,y) = >0, cioi(x)pi(y)
with ¢; > 0 and k — k,pp being positive definite (p-almost surely). The following
is taken from the previous chapter (Theorem 4.6 & 4.9 combined).

Theorem 5.15. If an n-point convex quadrature Q,, satisfies Q,(p;) = u(p;) for

1 <i<s and Qn(\/k — kapp) < p(v/k — kapp), then we have
wee(Qn; Hi, 1) < 20(\/k — Fapp).

Moreover, such a quadrature (), exists withn = s+ 1.

Although there is a randomized algorithm for constructing the @, stated in
the above theorem (Algorithm 4.2 with modification), it has two issues; it requires
exact values of yu(y;) (and zi(y/k — kapp)) and its computational complexity has no
useful upper bound unless we have additional assumptions such as well-behaved
moments of test functions ¢; or structure like a product kernel with a product
measure as in Chapter 3. This being said, we can deduce updated convergence

results for outputs of the algorithm as in Remark 5.1.

5.5.1 Kernel recombination

Instead of considering an “exact” quadrature, what we do in practice in this low-

rank approach is matching the integrals against a large empirical measure [see also
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1, Section 6], say py = & L SN 6, with Y = (). If we have

{@nw = uy(p), 1<i<s,
Qn(V/Ek = kapp) < v (\/k — Kapp),
then, from Theorem 5.15 with a target measure py and the triangle inequality of
MMD, we have

(5.12)

ch(Qrﬁ Hk? :u) S MMDk(QTu IMY) + MMDk(MY: :U’)
< 2py (Vb = kapp) + MMDy,(py, ). (5.13)

Indeed, such a quadrature ),, with n = s+ 1 points given by a subset of ¥ can be
constructed via an algorithm called recombination [103, 163, 34].

Existing approaches with this kernel recombination have then been using an
approximation k., typically given by kZ whose randomness is independent of the
sample Y, but it is not a necessary requirement as long as we can expect an efficient
bound of MY(M) in some sense. Another small but novel observation is
that k — k,pp being positive definite is only required on the sample Y in deriving
the estimate (5.13); not over the support of y in contrast to Theorem 5.15. These
observations circumvent the issues mentioned in Remark 5.3 when using kap, = k%
(kZx with X =Y).

Let us now denote the kernel recombination in the form of a function as @), =
KQuad(kapp, Y), where the output @), is an n-point convex quadrature satisfying
n = s+ 1 and (5.12); note that the constraint is slightly different from what is
given in Algorithm 4.1, but we can achieve (5.12) by replacing k1 giag With /%1 diag
in the cited algorithm.

We can now prove the performance of low-rank approximations given in the
previous section. Indeed, kiy and k:SZM with s = n — 1 have the following same

estimate.

Theorem 5.16. Let Z C X be a fixed subset and Y be an N -point z'ndependent

sample from p. The random convexr quadrature @, = KQuad(kZ_, y,Y) satisfies

Efwee(Qn; Hi, )] < 2u(Vk — k%) + 2 /Zaz «/ . (5.14)

where ¢y = (k) — [[, 5 k(x,y) du(z) du(y) and the expectation is taken regard-
ing the draws on The estimate (5.14) holds also for Q,, = KQuad(k?Z Y).

n—1,u’

141



5.5.2 Numerical examples

In this section, we compare the numerical performance of k%, and kZ

., for kernel
quadrature with the conventional Nystrom approximation for a non-i.i.d. Z in the

setting that we can explicitly compute the worst-case error.

Periodic Sobolev spaces. The class of RKHS we use is called periodic Sobolev
spaces of functions on X = [0, 1] (a.k.a. Korobov spaces), and given by the follow-

ing kernel for a positive integer r:

(_1)r—1 (27T)2T
(2r)!

where By, is the 2r-th Bernoulli polynomial [173, 6]. We consider the case u

being the uniform measure, where the eigenfunctions of the integral operator
JC are known to be 1,v/2cos(2mm -), v/2sin(2mm -) with eigenvalues respectively

2 m~% for each positive integer m. This RKHS is commonly used for mea-

1,m~
suring the performance of kernel quadrature methods [82, 6, 16]. We also consider
its products: k24(z,y) = [[, k»(z:,y;) and p being the uniform measure on the
hypercube X = [0, 1]%.

By considering the eigenvalues, we can see that h, = kS4 for each kernel k®¢

from Remark 5.8.

Experiments. In the experiments for the kernel k¢ we compared the worst-

case error of n-point kernel quadrature rules given by @, = KQuad(kapp,Y) with

Kapp = k& k2 K2y k2, (s =n — 1) under the following setting:

e Y is an N-point independent sample from p with N = n? (Figure 5.1) or
N =n? (Figure 5.2).

e H is the uniform grid {i/n | i = 1,...,n} (d = 1) or the Halton sequence
with Owen scrambling [64, 132] (d > 2).

e 7 is the union of H and another 20n-point independent sample from %%,

where v is the 1-dimensional (2,5)-Beta distribution, whose density is pro-
portional to (1 — x)* for x € [0, 1].
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We additionally compared ‘Monte Carlo’: uniform weights 1/n with i.i.d. sam-
ple (z;); from p, ‘Uniform Grid’ (d = 1): points in H with uniform weights 1/n
(known to be optimal for each n), and ‘Halton’ (d > 2): points in an independent
copy of H with uniform weights 1/n.

The aim of this experiment was to see if the proposed methods (kSZY and
k:SZ u> can actually recover a ‘good’ subspace of the RKHS given by k% with Z not

summarizing . To do so, we mixed H (a ‘good’ summary of 1) and an i.i.d. sample

from v to determine Z.

1 = kM
|«

7] Y ksz,v

1 —— Uniform Grid

—4— Monte Carlo

—— kZ,

0.5+

—— kK

4 —— Monte Carlo

1 —— Halton

—— K

=¥ Ky

—— kZ,

T T T T T T T T
0.6 0.8 1.6 1.8 2.0 0.6 0.8 2.0

— ke

logio(wce)?

| I
—4— Monte Carlo
1% Ky
z
B ks,u

—— Halton

12 14 16 18 20

logion

06 08 10

(c)d=3,r=3

Figure 5.1: Experiments in periodic Sobolev spaces with reproducing kernel k<.
Average of log;o(wee(Q,; Hy, 1)) over 20 samples plotted with their standard
deviation.

Figure 5.1 shows the results for (d,r) = (1,1),(2,1),(3,3) with N = n? and
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n =4,8,16,32,64,128. From Figure 5.1(a, b), we can see that our methods indeed
recover (and perform slightly better than) the rate of kf from a contaminated
sample Z. In Figure 5.1(c), the four low-rank methods all perform equally well, and

it seems that the dominating error is given by the term caused by MMDy (uy, ).

| N

—44 —— kH
kg
=51 —— Monte Carlo
—— KkZ,

—— kH

kg
-6 —&— Monte Carlo
—¥— KkZ,

z z
—— Ky —— Ky

-84 —»— Uniform Grid | = Uniform Grid

0.6 0.8 1.0 lZIog:(;ln 16 18 2.0 0.6 0.8 1.0 Ioglion 1.4 1.6 18
(a) N =n? (b) N =n?
Figure 5.2: Experiments in ko with N = n? n? for recombination algorithms.
Average of log;o(wee(Q,; Hy, 11)?) over 20 samples plotted with their standard
deviation.

Figure 5.2 shows the results for (d,r) = (1,2) with N = n? or N = n? and
n = 4,8,16,32,64. In this case, we can see that ksZy or kfu eventually suffers
from numerical instability, which is also reported by Santin and Schaback [146].
Since their error inflation is not completely hidden even in the case N = n? unlike
the previous experiments, one possible reason for the instability is that taking the
pseudo-inverse of k(Z, Z) or h,(Z, Z)"/? in the algorithm becomes highly unstable
when the spectral decay is fast. Although they have preferable guarantees in
theory, its numerical error seems to harm the overall efficiency, and this issue
needs to be addressed e.g. by circumventing the use of pseudo-inverse in future

work.

Remark 5.4. Unlike the kernel quadrature with k7, or k7, that with k7 does
not suffer from a similar numerical instability despite the use of k(Z, Z)F. This
phenomenon can be explained by the nature of Algorithm 4.1; it only requires (sta-
ble) test functions ¢; = u, k(Z,-) (i = 1,...,s) for its equality constraints, where

u; is the i-th eigenvector of k(Z, Z), while the (possibly unstable) diagonal term
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kZ(x,r) appears in the inequality constraint, which can empirically be omitted
(see Section 4.E.2).

Computational complexity. By letting ¢, N (larger than s) respectively be the
cardinality of Z and Y, we can express the computational steps of KQuad(kapp, Y)

with kapp = k7, k7, k7, as follows:

e Using kZ takes O(stN + sf? + s®log(N/s)), but by omitting the (empirically
unnecessary ) inequality constraint, it can be reduced to O(¢N + s€? + s31log(N/s))
(see Remark 4.2).

e Using kZy takes O((* 4 (>N + s*log(N/s)), where O(¢*) and O((*N) re-
spectively come from computing k(Z, Z)* and hy (Z, 7).

e Using k7, takes O(f* + s{N + s*log(N/s)) (if hy, available), where O(¢?) is
from computing k(Z, Z)™.

For example, in the case of Figure 5.1(c) with n = 128, the average time per trial
was respectively 26.5, 226, 216 seconds for kZ, k%, kZ , while it was 52.6, 57.8,

s Vs Y s,

41.2 seconds for the case of Figure 5.2(b) with n = 64.!

5.6 Concluding remarks

In this chapter, we have studied the performance of several Nystrom-type approx-
imations k,pp, of a positive definite kernel k associated with a probability measure
11, in terms of the error yu(y/k — kapp). We first improved the bounds for kZ, the
conventional Nystrom approximation based on an i.i.d. Z and the use of SVD,
by leveraging results in statistical learning theory. We then went beyond the

i.i.d. setting and considered general Z including DPPs; we further introduced two

Z Z
87 SHH

Mercer decomposition of the finite-rank kernel k? against the measure ; and the

competitors of k7, i.e., k7, and kSZ v, which are given by directly computing the

empirical measure uy, respectively. Finally, we used our results to improve the

LAll the experiments were conducted on a MacBook Pro with Apple M1 Max chip and
32GB unified memory. Code is available at the nystrom folder in https://github.com/
satoshi-hayakawa/kernel-quadrature.
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theoretical guarantees for convex kernel quadrature introduced in Chapter 4, and
provided numerical results to illustrate the difference between the conventional kZ
and the newly proposed k‘SZ ., and k:SZ x-

Despite its nice theoretical properties, a limitation of our second contribution
(i.e., the proposed kernel approximations) is that they involve the computation of
a pseudo-inverse, which can be numerically unstable when there is a rapid spectral
decay. This point should be addressed in future work, but one promising approach
in the context of kernel quadrature is to conceptually learn from the stability of
kZ mentioned in Remark 5.4; if we see the construction of the low-rank kernel
as optimization of the vectors u; for which functions u; k(Z,-) well approximate
Hiz in terms of L?(u) metric, we can possibly leverage the stability of convex

optimization for instance.

Appendix for Chapter 5

5.A Tools from statistical learning theory

In this section, F always denotes a class of functions from X to R, i.e., F C R*.
Let us define the Rademacher complexity of F with respect to the sample Z =
(2;)f_; C X as follows [121, Definition 3.1]:

Rz(F) Z:E Z

1
sup Z s; f(z5)
j=1

feF

where the conditional expectation is taken with regard to the Rademacher vari-
ables, i.e., i.i.d. variables s; uniform in {#1}.
The following is a version of the uniform law of large numbers, though we only

use one side of the inequality.

Proposition 5.17 (121, Theorem 3.3). Let Z be an {-point independent sample
from p. If there is a B > 0 such that ||f|lcc < B for every f € F, then with
probability at least 1 — 9, we have

2B? 1

sup(u(f) — uz(f)) < 2B[Rz(F)] + [ —;~log <.
feF
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For a pseudo metric d on F, we denote the e-convering number of F by
N(F,d;e). Namely, N(F,d;e) is the infimum of positive integers N such that
there exist fi,..., fx € F satisfying miny<;<y d(fi,g9) < e for all g € F.

Let us define a pseudo-metric dz(f,g) := \/% Z?Zl(f(z,;) —g(2))?. The fol-

lowing assertion is a version of Dudley’s integral entropy bound [158, Lemma A.3;

see Srebro and Sridharan [157] for a correction of the constant].

Proposition 5.18 (Dudley integral). For any (-point sample Z = ()., C X,

we have

Rz(F) < %/m VIog N (F,dg; ) de.
0

The following is a straightforward modification of Schmidt-Hieber [148, Lemma
4] tailored to our setting. It originates from an analysis of empirical risk minimiz-
ers, and this kind of technique has also been known in earlier work under the name

of local Rademacher complexities [62, 92, 53].

Proposition 5.19. Let F C L>(u) be a set of functions with f > 0 and || 1| Lo (u) <
F forall f € F, where ' > 0 is a constant. [ff 1s a random function in F possibly
depending on Z, then, for every e > 0, we have

E[M(f)} < 9R [uz(f)} +% (%ng + 64) + 5,

where N := max{3, N'(F, ||| .1 €)}-

Proof. The proof here essentially follows the original proof, where we re-compute
the constants as the condition is slightly different; see also Hayakawa and Suzuki
(67, Theorem 2.6] and its remark.

Let Z' = (21, ...2,) be an independent copy of Z. Let F. be an e-covering of
F in L'(u) with the cardinality N and f* be a random element of F, such that
w(|f = f*|) < e. Then, we have

E[uz()] —E[u(f)]| =
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Define T' := max ez, Zf:l(f:(z}))ff(zm, where we let r(f) := max{cy/ @, Vilf)}

for each f € F. with a constant ¢ > 0 fixed afterwards. Thus, we obtain

S WINC R

E

r(f)T
¢

< E{ ] < SE[r(Y] + 5Bl (5.16)

202

The first term can be evaluated as

log N
logN'

E[r(f*)z} < c? /

For the second term, we first have

14

Y E

=1

Since we have |f(z;) — f(z)|/r(f) < 2F/r(f) < 2FC\/¥% uniformly for f € F.,

Bernstein’s inequality combined with the union-bound yields

t 3c/log N
P(1* > ) =P(T > Vi) <2Nexp | - —— | <2Nexp (—%ﬁ)
4F (0 + —3c¢W) SFVI
for t > 9¢?¢log N. Therefore, we have
o o 3cy/log N
E[TQ} :/ ]P’(T2 > t) dt < 902€logN—|—/ 2N exp <_&\/¥> dt
0 9c2llog N SF\/Z
64F2(¢ 9¢*log N
=9c¢*log N +4N ( 8F¢ 4+ ——— —_—
9c¢“llog N + 8FU + 92 Tog N exp Ya

Let us now set ¢ = 1/8F/9 so that 9¢* = 8F'. Then, we obtain E[T?] < 8F¢log N +
64F'¢ since N > 3 by assumption. By combining it with (5.15)—(5.17), we finally

obtain

E[1(P)] — E[u(P)]| < Sfuth)] + LERENERD 5

from which the desired inequality readily follows. ]

148



5.B Proofs

5.B.1 Properties of the pseudo-inverse

For a matrix A € R™*" its Moore—Penrose pseudo-inverse A [136] is defined as

the unique matrix X € R™*™ that satisfies
AXA=A XAX =X, (AX)'=AX, (XA =XA

It also satisfies that A* A is the orthogonal projection onto the orthogonal com-
plement of ker A (the range of A"), while AAT is the orthogonal projection onto
the range of A [136, 153]. We use these general properties of A* throughout
Section 5.B. See e.g. Drineas et al. [43] for the concrete construction of such a

matrix.

5.B.2 Proof of Lemma 5.1

Proof. Recall that we have the SVD k(Z, Z) = U diag(\y, ..., A\)U " with an or-
thogonal matrix U = [uy,...,us]. and A\; > --- > Ay > 0. By using this notation,

we have

W) = 3 5 K, a) W] K(Z,). (5.19

If we denote by Q; : Hi — Hj, the projection onto span{uka(Z, )}, we have
= |luj K(Z, )5, AQik (- 2), Qik (-, y))y,,
= )‘j <ij('7x>’ij('7y>>Hk ) (519)

e u k(Z,Z)u; =
dijA;. Now let ﬁz,s be the orthogonal projection onto span{u; k(Z,-)}5_; in Hy.

k

where the last inequality follows from (u]k(Z,-),u] k(Z,-))

We prove Py, = P;,. From the orthogonality of {ujk(Z,-)}5_, we have Py, =
> ;-1 @ and

S

k(o 2) k2 (oy))yy, = Ko (@y) = D (Qik (), Qik (- 9))y,

j=1

= (Prak(a). Brk(0)) = (k(.2), Prak(m) )

Hy, Hy,
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for all z,y € X. In particular, kZ(-,y) = ]Szvsk:(-, y), so we have ]5275 = Pys. ]

5.B.3 Proof of Lemma 5.2

Proof. The inequality follows from Cauchy—Schwarz. Let us prove the equality.

We use the notation ), from the proof of Lemma 5.1. We first obtain P,k(-, z;) =
k(-,z) for i = 1,... ¢, since Py is a projection onto span{k(-, z;)}{_,. Thus, we
have Pé’sk(-, 2i) = (Pz — Pz )k(-, z) = (Qs1 + - - + Qo)k(-, ), and so

EZHPZS 2zl = EZ S Ll k(Z )

i=1 s+1<5</4 ]
A;>0

by using (5.19). Since k(Z,Z) = Udiag(\y,..., \)UT = S0 hug, , we can

explicitly calculate
l
=1

where 1; € R’ is the vector with 1 in the j-th coordinate and 0 in the other
coordinates. As U is an £ x £ orthogonal matrix, we actually have S¢_ (u] 1;)? = 1

foreach j =1,..., (.

and the proof is complete. O

5.B.4 Proof of Lemma 5.3

Proof. From the min-max principle, we have

Aj = min max v k(Z, Z)x;, (5.21)
VioiCRY zieVik ) flaglla=1
dim Vj_1 <j—1

where V;_; is a linear subspace of R’. Recall the Mercer expansion k(z,y) =
S oiei(z)ei(y). By letting e;(Z) = (ej(z1),...,€e;(2))" € R, we can write
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k(Z,Z) = Y2, 0iei(Z)ei(Z)". We assume that this equality holds in the fol-
lowing. We especially write the remainder term as k¢1(Z,72) = k(Z,7) —
Y oiei(Z)e(Z)"
Consider taking Vi = span{e;(Z2),...,es(Z)} and
z; € argmax ' k(Z,7Z)z, V; = span(V;_; U {z,})
2eViL, Ileflz=1
for j=s+1,...,£in (5.21). Then, X, := :E]Tk(Z, Z)x satisfies A\; < N, and so we

have
¢

¢ 14 ¢
S N= G2, 2w = 2] kaa(Z. 2)a,

j=s+l J=s+1 j=s+1 j=s+1
where we have used that ijeZ-(Z ) =0 for any i < s < j in the last inequality. By
taking some {zy,...,zs} C R, we can make {x1,...,7,} a orthonormal basis of

R, so we obtain

~

14

l
>N DY wfken(Z 2)x Z ko1 (2, Z)x; = tr ko1 (Z, 7).

j=s+1 Jj=s+1 7j=1

Therefore, we have

~

LSy <tihaz2) - Z a2,

Jj=s+1 =1

and we obtain the desired inequality in expectation since E[kg;1(2;, 2;)] = Z]Ois 4105

OJ
5.B.5 Proof of Theorem 5.4

We first prove the following generic proposition by exploiting the ingredients given

in Section 5.A.

Proposition 5.20. Let Q) be an arbitrary deterministic m-dimensional orthogonal
projection in Hy. Then, for any random orthogonal projection P possibly depending

on Z, we have

PIPQEC, )l < i (IPQRC,2) ) + 42 (36m+\/210g%> (522)
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with probability at least 1 — .

Furthermore, with regard to the expectation, we also have

Elp(| PQK(- ) [,)) < 2E[us (| PQR(, ) )]+ (80m B

+ 69>
(5.23)

Proof. Let {vi,...,v,} be an orthonormal basis of QHy. Let also {u;},c; and
{u;}ies be respectively an orthonormal basis of PHy, and (PHy)™, so {u;bieruy is
an orthonormal basis of H.

Let us compute ||[PQk(-,z)|3, . Since we have

m m

PQk(-,x) = P (Z (vj, k(- 2) ) Z% TPy =) > 0i(x) (i, v)y,, w

j=1 iel j=1

(where we can exchange the summation as they converge in Hy), we obtain

" 2
| POk, 2%, = (Z v;() <ui,vj>H,€) = 14puellizy = v ApgArqve,

i€l \j=1
where v, = (vi(z),...,vm(z))" € R™ and Apg is a linear operator R™ — ¢*(I)
given by a = (a1,...,a,)" — (Dom (wi V) gy, aj)iel, and Ap, : 2(I) — R™ is
its dual (defined by the property <a APQb> = (Apga, b>€2( ), which can be
understood as the “transpose” of Apg. Note that Ap,Apg can be regarded as

an m X m matrix and we have

<A*P7QAP’Q)j’h - Z <ui’ Uj>Hk <ui’ vh>7—lk = <ij7 th>7'[k

iel
We can also define Bpg = Ap. g by replacing P with P+. Then we have
(Ap0APQ)in+(BrgBra)in = (Pvj, Pu)y, +(Pvj, Prog), = (v, vn)5, = i,

SO A;QARQ is an m X m positive semi-definite matrix with A;QARQ <1I,.

It thus suffices to consider a uniform estimate of p(+/v)Sv,) — uz(v/v] Sv,)
with a positive semi-definite matrix S < I,,,. This S can be written as S = UTU

by using a U € R™*™ with ||U||2 < 1, so we shall solve the following problem:
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Find a uniform upper bound of u(||Uwv,||2) —uz(||Uv:||2) for any matrix
U e R™™ with |U]|s < 1.

Now we can reduce our problem to a routine work of bounding the covering number
of the function class F := {fy := x — [|[Uv,|2 | U € U}, where U := {U € R™*™ |
1U]]2 < 1}

For any x € X, we have

14

loall = vi(a)® = 1Qk(, 2)lIF, < k()5 = Kz, 2).

j=1

If Us is a d-covering of U, then { fu }uecus gives a dv/kmax-covering. Indeed, for any
U,V €U with |U — V|, <6, we have

¢
1
dz(fo, fv)* = 3 D (U Jl2 = Vs, ]l2)*
i=1
1< 1
2 2 2 2
= ZZH(U - V>,vzl 2 < 0 ZZIH’U%H2 < ) kmax-

1

(2

Here, we have the covering number bound log N'(U, ||-||2;6) < m?*log (1 + 2) for

6 <1 (and 0 for 6 > 1) as U can be seen as a unit ball of R in a certain norm

(174, Example 5.8], so log N (F,dz;e) < m?log(1 + 2¢/kmax/€) for € < VEmax-
Therefore, from Proposition 5.18, we have

12 [ Vhmax 2/ Kmax
— m? log (1 + ) de
Vi Jo €

1
_ 12mvEmax / log <1 n 2) dt < 187V Fimax.
Ve 0 t Vi

where we have used the estimate

1 1
/ 2 1 2 1 1. 27 3
log (1+=)dt< [ —(1l+log(1+>))dt==+-log=— <=

Since we also have a bound || f|leo < ||U]|2V/ kmax, We can use Proposition 5.17

Rz(F)
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to obtain

u([PQE( x)ll.) — pz([[PQE(, 2)l2,) < f}elg(uz(f) —u(f))

kmax ]'
<1/ / (36m+\/210g5>

with probability at least 1 — . So we have proven (5.22).

We next prove (5.23) by using Proposition 5.19. We have the same bound for

log N (F, ||| 1 (12); €) from the same argument as above, and so we especially get

. vkmax
B

log N <.7—", IRIFE ) < m?log(1 + 2/).

As || fllze() < VEmax =: F holds for all f € F, we can now apply Proposition
5.19 with e = F//{ to obtain the desired conclusion. O

We next prove the following proposition that includes the desired assertion by

using Proposition 5.20.

Proposition 5.21. Let Z = (2;)t_, be an (-point independent sample from u. Let
P be a random orthogonal projection in Hj possibly depending on Z. For any
integer m > 1, with probability at least 1 — §, we have

max 9
/HPk; )3, dp(z) ZHPk  20) a4/ (36m+\/—10g >+3 > o

i>m

Furthermore, in expectation, we have the following bound:
| [ 1Pk o)l duto)| < B ZHPk = m]

\/kmax 80m? log(1 + 2¢)
4 ;.
+— o +69) + /];naj

(5.24)

Proof. Note that we use the fact that for any projection operator P ||Pf]| < || f]|
frequently within the proof. For an ¢-point sample Z = (z1,...,2,) C X, let us
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denote pz be the mapping f %Zlef(zz) If we have f_,f € L'(u) with

f- < f, we can generally obtain

u(f) = pz(f) = () = p(f2)) + (=) = pz(f2) + (pz(f-) — pz(f))

< ulf = f2) + (ulf=) = pz(f-))- (5.25)
We here use £(z) = [ Ph(- )|, and f-(2) = |PPak(2)ll, — [|PPEk(C2) |,
for an m, where P,, is the projection operator onto span{e,...,e,} in H; and

P is its orthogonal complement. In this case, u(f — f_) can easily be estimated

by Cauchy—Schwarz as follows:

ulf = f-) < p@IPPLk( )llae,) < 26(1 Prk(, 7))

<2/l PEkC2IB,) =2, [> o5 (5:26)
j>m

where we have used the fact

1Pk, )l = kG ) 3, — 1Pk 2) 3y, = ka,2) =) owese)® = ) owes(a)?.
i=1

=m-+1

We also bound u(f-) — uz(f-) by

p(f-) = pz(f-) < p(IPPuk(-, 2) ) = iz (1P Pk (- @) la,) + 1z (| Pk (-, 2) 14,
(5.27)

where we have used the second inequality in (5.26) for uz. The last term puz (|| PLk(-,

above is estimated either in expectation or in high probability as follows:

E[uz(|1Pyk( 2)ll)] <[> o5
j>m
max ]- . 1.
pz (| PEk(-, 2)|2,,) < Z o; + \/ log 5 with probability at least 1 — .
j>m

(5.28)

The latter follows from a simple calculation of Hoeffing’s inequality.
Thus, it suffices to derive a bound for p(|| PPk (-, x)||%, ) — pz(|| PPnk(-, )||x,)
or its expectation; we do it by letting @) = P, and f = f in Proposition 5.20. By
combining (just summing up) the inequalities (5.25)—(5.28), and (5.22), we obtain
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the desired inequality in high probability. For the result in expectation, we first
combine the inequalities (5.25)—(5.28), and (5.23) to get the bound

Bl Eliz()] < BjuzIPPakC o)1+ 2 (B2 4 o) S,

9

(recall f(z) = ||Pk(-,x)||n,). Since we can also estimate E[pz(||PPnk(-, z)|#,)]

as

Elpz (| PPk (-, 2) )] < Elpz(I1PEC, 2)ll3)] + E[nz(IPPyk(, @)l )]

< Eluz(|1PkC,2) )]+ > oy,
j>m

we obtain the desired conclusion. O

5.B.6 Proof of Remark 5.1

Proof. We assume £ > 3 here. Let F(x) := —g ta!"Vdexp(—B2'/9). If d > 2, its

derivative is

F'(z) = exp(—ﬁf/d)—l_T;/dx_l/d exp(—fzt/?) = (1 — %ix_l/d) exp(—pBz/?).

Thus, if 2 > (log£)?/3¢, we have F'(x) > dexp(—Bx'/?). This inequality is still
true if d = 1. By taking m = |(2log£)?/B¢], we obtain

24-1d  (log ¢)4!
> o N/ exp(—B2Y?) dx < —dF(2(log 0)?/B%) = — - ( gg;
i>m 2(log )4/ 54 ﬁ

Therefore, this choice of m satisfies

og )(d=D/2
> o= 0(%) , m?=0((log)*).

i>m

Combining these with the inequality in Corollary 5.5 gives the desired estimate. [

5.B.7 Proof of Proposition 5.6

Proof. We basically just compute the trace of the operator Pz K. Indeed, we have
JIpskC 0l = [ (ko) = 1 (0,2 duta), (5.29
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and, from (5.5), we also have the following identity:
[ ko) duta) = 3 (e Kei)g (5.30)
X i=1

For k7, as we can write k% (z,y) = S°'_, gi(2)gi(y) by using g; € L*(u) (see e.g.,

(5.18)), we can also have

/kZ x, ) du(z Z<el,lC eZ L2 Z<61,K 62>L2 , (5.31)
X

el

where K7 : L*(p1) — L?(p) is the integral operator given by g — [, k7 (-, z)g(x) du(x),
and (e;);er is an orthonormal basis of L?(1) including (e;)°,. The second equality
follows from the fact that K — K7 is a (semi-)positive definite operator since k — k?
is a positive definite kernel, and so we have 0 < <ei, ICZeZ->L2(#) < (e, ICeZ>L2 =0
for any i € I\ Z-. For this integral operator, since we have kZ(-, z) = PZk( .,

we caln prove

K@:A&Mwmmwm:&LMwmmwmz&@

for any g € L?(11) under the well-definedness of K. Thus, from (5.29)-(5.31), we

have

/XHPZL )5, = Z(e“/C K2)e) 1o, Z<61,PLIC61>L2 . (5.32)

For general f € H;, and g € L?(u1), we can prove

(f, Kg)y, = <f/ k(- x)g(x) dﬂ($)> =/ (f k(o @))ay, 9(@) dp(x) = (f. 9) 12 »
X Hi X

so that in particular
(9, P7KG) 2,y = (Kg. PzKg),, = Pz Kqll3,-

By letting g = ¢; in the above equation, we can deduce the desired equality from
(5.32). For the inequality, use the bound

1Pz Keillzy, < IKeillzy, = lloieills, = aillVoiels, = o

for each 7 > m. O
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5.B.8 Proof of Corollary 5.7

Proof. From Proposition 5.6 and (5.8), it suffices to prove for an arbitrary g €
L?(u) that

2
§ 4ZO'Z

>0

1Pz Kgll3, = inf sup

Wi || fllag, <1

pu(fg) — szf(zz)

It is indeed an immediate consequence of Belhadji [15, Theorem 4]. O

5.B.9 Proof of Lemma 5.8

Proof. Given the Mercer decomposition k(x,y) = Y >, 0se;(x)e;(y), we can com-

pute
hu(e.9) = [ K k(e 9) du)
x
= >~ aeilo)es(y) [ bt dutt)
ij=1 X
= Z dijoiojei(z)e;(y) = Zafei(x)ei(y),
ij=1 i=1
where we have used the fact that (¢;)$, is an orthonormal set in L?(u). O

5.B.10 Proof of Lemma 5.9
Proof. From (5.9), we have

(fis f3) 1o = vi (HY) "HTHH v; = (HH ;)" (HH " vy). (5.33)
Here, note that {v;, x; > 0} C (ker H")* as we have, for any v € ker H,

¢ ‘
0=v'Hk(Z,Z2)"H v = Z kv v v = Z ri(v ;)2

i=1 i=1

Therefore, HH v; = v; if k; > 0 since HH™' is the projection onto (ker H ")+,
and so {fi, ki > 0} is orthonormal from (5.33). We can also see that f; =
(H"v;)"k(Z,) is an eigenfunction of K7 from the remark below (5.10) and HH "v; =
V;. ]
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5.B.11 Proof of Proposition 5.10

Proof. We rewrite kf in terms of another summation as follows:

ACHY anfz

=k(z, Z)H" (vaz ) (H")Tk(Z,y)

=1

= k(a, Z)H*Hk;(Z Z)Y*H'(H") k(Z,y)
— Z u] H'(HY) k(Z, 2)k(y, Z)H" Hu;, (5.34)
Ai>0 A
where (\;, u;) are eigenpairs of k(Z, Z). Recall also that we have
1
K (x,y) = k(z, 2)k(Z,Z2) k(Z,y) = ) Xujk<z, ) k(y, Z)us. (5.35)
x>0 7
From (5.34) and this, it suffices to prove u'k(Z,) =u"H"(HT)"k(Z,-) in L*(u1)

for any u € R’. Indeed, we have
/ (" k(Z, ) —u H (H")k(Z,2))* d(a)

— HT(HY)T) k(Z,2))” du(x)

><\

=u' (I,—H'(H")T") (/X k(Z,x)k(z, Z) du(az)) (I, — H"H)u
=u' (I, —H"(H")")H'"H(I, — H"H)yu =0

since H'(HY)"H" = H" and HH*H = H hold (I is the identity matrix). Thus,
we obtain the desired assertion.

Finally, we prove that k7 and k“ coincide when kerh,(Z, Z) C kerk(Z, Z).
From (5.34) and (5.35), it suffices to prove H* Hu; = w; for indices ¢ with \; > 0.
Note that H*H is the orthogonal projection onto the orthogonal complement
of ker H = ker H'H = h,(Z,Z) from a general property of the pseudo-inverse.
Since u; is an eigenvector of k(Z, Z) with a positive eigenvalue \;, it is orthogonal
to any v € kerk(Z,7Z) (as u,; v = A\, 'uk(Z, Z)v = 0). Therefore, if we have
kerh,(Z,Z) C kerk(Z,Z), w; is also orthogonal to ker h,(Z,Z) and so Ht*Hu; =

u; as desired. ]
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5.B.12 Proof of Proposition 5.13

First, we give a proof for a folklore property of products of positive semi-definite

matrices.

Lemma 5.22. Let {,m > n be positive integers and A, B € R"*™ be (symmetric)
positive semi-definite matrices. Assume B = CTC = D'D for a real matrix

C € R™" and D € R*™. Then, CAC'" and DAD" have the same set of nonzero

eigenvalues with the same multiplicity (in terms of real eigenvectors).

Proof. For a real square matrix M € R/*J and a real number A, let us define
S\(M) := {v € RI | Mv = Mv} be the real eigenspace of M corresponding to .

We shall prove there is a bijection between Sy(AB) and S\(CACT) for each
real A\ # 0 (and the same for Sy(DADT) by symmetry). Once we establish this,
we see that each A\ # 0 has the same multiplicity as an eigenvalue of CACT and
DADT (multiplicity can be zero; in that case X is not an eigenvalue), and the
desired assertion follows.

Let us fix A # 0. If v € Sy(CACT), we have CACT (Cv) = CABv = A\(C), so
Cv € S\(CACT). We also have Cv' # Cv for another element (v #)v’ € S\(AB)
since ACT(Cv' — Cv) = AB(v' —v) = A\(v/ — v) # 0. Thus, matrix multiplication
by C'is an injective map from Sy(AB) to Sy(CACT).

Let us finally prove Sy(AB) > v + Cv € Sy(CACT) is surjective. Let u €
S\(CACT). Then, u = A () = A\ TCACTu = C(A\"TACTu), so we can write
u = Cv for v = \"PACTu. Tt remains to prove v € Sy(AB), but we can see it as
follows:

1

HACTC)ACTu = %ACT(CACTu) _ %ACT(/\u) ~w.

ABv = AB GACTU)
Therefore, we have a bijection between S\(AB) and Sy(CACT) and we are done.
O

Recall pu(k7 — kZ,) < S .. i holds for eigenvalues k; > -k > 0 of
H,k(Z,Z)"H, with H; H, = h,(Z,Z) (that immediately follows from the defi-
Z,, and that f; are L*(u)-orthonormal). By replacing y with
pix, we have px (k% — kZy) < Zf:SH kX for eigenvalues of k¥ > -+ >k >0 of

Hxk(Z, Z)tHY, where HyHy = hx(Z, Z) = =k(Z, X)k(X, Z).

nitions of k‘f and &
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By using the lemma, we can see that kX are actually the same as the eigenvalues
of :k(X, 2)k(Z, Z)Tk(Z,X) = k% (X, X). As k—k? is a positive definite kernel,
k(X, X)—k?(X, X) is a positive semi-definite matrix, the i-th largest eigenvalue of
kZ(X, X) is bounded by the i-th largest eigenvalue of k(X, X) (Weyl’s inequality).

Now, let A > Af > -+ > 0 be the eigenvalues of k(X, X). From the above

argument, we have

l l M
i~ k) < 3 k¥ < Z Z

i=s+1

Notice that we can apply Lemma 5.3 with X instead of Z, and obtain E [ux (k% — kZx)] <

> ivs 0i as desired.

5.B.13 Proof of Proposition 5.14

Proof. Fix a sample X with ker k(X,Z) C kerk(Z,Z) and let us use the same

notation as in y, i.e.,
e H'H =hx(Z,7) =

o Hk(Z,Z)TH" = V diag(k1,...,k)V" with k1 > ---k;, > 0 and V being

orthogonal,

o fi= (H+Uz‘)Tk'(Z7 -) and k)Z((x,y) = Zle kifi() fi(y).

In this case, from the same argument as the last paragraph in the proof
of Proposition 5.10, we have HTH is an identity map over (kerhx(Z, 7))t =
(ker k(X,Z))t D (kerk(Z,Z))*. By considering the SVD of k(Z,Z), we see
that (ker k(Z, Z))* is exactly the linear subspace of R spanned by eigenvectors
of k(Z,7) with nonzero eigenvalues, which is equal to {k(Z,Z)v | v € R*} =
{k(Z,Z) v | v € R*}. In particular, we have HYHk(Z, Z)" = k(Z,Z)*.

We now prove that {\/k;f; | ¢ > 1, k; > 0} actually forms an orthonoramal set
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in Hy. Indeed, if K;, k; > 0, we have

(V¥ifis /i i)y, = VEiRo (HT) ' k(Z, Z)H
v [Hk(Z,Z)"H'] (H+)Tk(z, ZYH" [Hk(Z,Z)"H ] v,

—_

— v] HK(Z, Z2)"k(Z, 2)k(Z, Z)TH "v;

Kikj

3

’UZTH]{I(Z, Z)+HTUJ‘ = 61’]’7

3

Rik;

where we have used the fact that v; and v; are eigenvectors of Hk(Z, Z)*H" with
eigenvalues ; and s;, respectively.

Let P : Hj, — My be the orthogonal projection onto span{./k;f; | i > s, Kk; >
0}. Then, we have

14

Pk(-x) = > (Vrifi, k(- 2))yy, VEifi = Z VEifi(@)V/Efi,

1=s+1 1=s+1

and so ||[Pk(-,2)[3, = i, #ifi(2)? = k?(x,2) — kZy(2,2). Note that the
projection P is a random operator depending on the sample X. Now, we can use

Theorem 5.4 with the empirical measure given by X instead of Z to obtain

E[u(y/k? — kZy)]
< 2B [ux (/6 — kZy)| + 4\/2 o5 + \/Eax <8om2 logél +2M) 69) '

1>m
(5.36)

for any integer m > 1, where we have used || Pk(-, )| 3, = \/kz(a:, x) — kZy(v,0) =

\/k)Z((a:, x) — k7 (x,2) almost surely. From Proposition 5.13, we have

E[MX(\/k)Z( - kf,x)r < ]E[ux(\/k)z( - ng)2} <E[ux(k% —k2y)] <Y o,

i>8

and combining it with (5.36) leads to the desired conclusion. O
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5.B.14 Proof of Theorem 5.16

Proof. We first prove the result for Q,, = KQuad(ksy, Y). Since k(z,z) > k?(z,z) =
ki (z,x) > kY ,(x,z) for € Y from Proposition 5.12, we have

py (\Jk = kZy) < py(VE = k) + py (VK¢ = K2y ).

From Proposition 5.13, by taking the expectation with regard to Y, we have

E | (/i ~ kiy)] < Bl ~ k2] <[>0

and so we obtain

E[W(ﬂ/k—kgy)} w(Vk —k2) + e

By combining it with (5.13), it is now sufficient to show E[MMDy(uy, un)] <
v/ ¢ku/N, but actually, it follows from the identity E[MMDy(uy, 1)?] = cx./N,
which can be shown by a straightforward calculation (see, e.g., proof of Theo-
rem 4.7).

In the case of Q,, = KQuad(k?

Y'), we instead have the decomposition

ENTR
py (k= kZ,) <y (VE =) + py (K] = kZ,);
Theorem 5.11 yields the desired estimate for expectation. O]
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Chapter 6

Conclusion

We have studied the discretization of probability measures from two viewpoints.
For random convex hulls, we have derived sharp bounds on the probability p,, x (),
which enables us to estimate the computational complexity of randomized con-
struction of general cubature rules for a random vector X. For kernel quadrature,
we have proposed an algorithm for constructing a kernel quadrature rule that en-
joys (1) a practical algorithm with recombination and the Nystrom approximation
and (2) theoretical guarantees based on the spectral decay associated with the
given kernel-measure pair.

To conclude it, we shall discuss the studies of Bayesian methods [1, 2, 3] ob-
tained as applications of our research in Section 6.1 and other possible future

research directions after this thesis in Section 6.2.

6.1 Bayesian numerical methods

As a direct application of our study, we work on Bayesian numerical methods.
The setting is that we have an unknown function, which we want to estimate or
optimize, modeled by a Gaussian process f ~ GP(m, k), where m : X — R is the
mean function and &k : X x X — R is the covariance kernel (i.e., E[f(z)] = m(z),
E[(f(z) —m(x))(f(y) —m(y))] = k(z,y)).

There can be several regimes on the nature of the problem, but we assume
that evaluating the function f is expensive but can be queried in parallel, such as

simulation-based parameter estimation [113] or drug discovery [26]. In this setting,
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we observe functions values in a batch X = (x;)!,; we observe n function values
y = f(X) = (f(x;))™, at the same time. Our task here is to find a good point set
X to reduce the uncertainty as much as we can, i.e., to reduce the variance of the
posterior GP f |y ~ GP(my, ky) with

my(r) = m(z) + k(z, X)k(X, X) Ny,
ky(z,2") = k(z,2') — k(x, X)k(X, X) k(X 2)).

In batch Bayesian quadrature/inference/optimization, we query the function val-
ues at an optimized batch X, update the GP as above, and repeat this iteration
to reduce the uncertainty. In reality, this GP can be warped (e.g., we can only
observe the square f2 not f) and we also need to take into account the optimiza-
tion and update of hyperparameters of the prior covariance k, but we here only
consider the vanilla GP for simplicity.

In Adachi et al. [1], we address the problem of Bayesian quadrature [131], where
we want to estimate an integral Z = [, f(z) du(x) for a Borel probability measure

p. From the linearity, the posterior Z |y is a Gaussian variable with

BIZ|¥) = [ my@)duta), VarlZly) = [[ k(o) dnto)duty).

This is closely related to kernel quadrature, that we discussed in the previous
section. Let us consider the quadrature Q) x given by weights w = (w;)?; and
points X = (z;)"_;. Then, the posterior variance after observing y = f(X) can be
represented as the minimum worst-case error for the fixed point configuration X
[78]:

Var[Z |y] = Wiélﬂgn wee(Quw.x; Hi, 1)

By using this equivalence, we can import our method in kernel quadrature to this
iterative batch Bayesian quadrature. Although we need some engineering, e.g.,
when sampling from g is not easy, our proposed method works as a scalable batch
Bayesian quadrature as well as additional Bayesian inference.

In the more recent papers [2, 3|, we approach the batch Bayesian optimization

problem from the viewpoint of discretization of measures. When we have a function
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forue We want to maximize, it can be seen as optimization over P(X), the set of all
the Borel probability measures on X:

0+ € arg max/ fowe(x)dp(x)  if 2" € argmax fiue(2).
X

HEP(X) zEX

Our basic idea then is to iteratively update the probability measure p representing
the estimated location of the maximum z* and efficiently discretize this “region of
interest” by kernel/Bayesian quadrature to find an informative point configuration
as the next batch sample. This can also be seen as an acceleration of the batch
Thompson sampling [75], and shows a strong empirical performance in terms of
sample efficiency as well as wall-clock computational time.

We believe that these are just a part of many possible applications of numerical
quadrature to the field of Bayesian numerics. One problem with our approach
is that, since Bayesian methods iteratively update the Gaussian process, we do
not have a theoretical guarantee of the full quadrature/optimization process yet,
whereas efficiency within one iteration can be explained by the spectral decay of
the covariance kernel. In other words, we lose track of the change in spectral decay

over iterations; this is an outstanding theoretical question.

6.2 Future directions

At last, we discuss a few directions for future research that can follow from this

thesis.

Weighted sampling. When we construct a quadrature, what we often do is
first sample a large number of candidate points from the target distribution p and
take its weighted subset for approximating pu, as described in Chapter 4.
However, in the setting of kernel quadrature with kernel k, it has been suggested
that sampling from v with dv(x) oc \/k(x, z) dp(z) has better properties, such as
smaller error of kernel mean embedding [1, 176]. Another example is that, when
we are given an n-dimensional subspace V,, C L?(u) spanned by an orthonormal
basis {e1, ..., e, }, sampling from v with dv(z) =n"t(e;(z)*+ -+ en(x)?) du(z)
has favorable properties in terms of function approximation [31] and numerical

integration [116] with respect to V.
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In our context, it would be great to understand the behavior of the random
convex hulls given by the above-mentioned (or more general) weighted sampling.
In this way, we could construct a cubature with random convex hulls, even with a
small Tukey depth ax(E[X]).

Signature kernels. The initial motivation of hypercontractivity studies in Chap-
ter 3 was on the possibility of random construction of the cubature on Wiener
space [110] with general degree and dimension. Cubature on Winer space can be
regarded as an exact kernel quadrature for a truncated signature kernel [91] with
respect to the Wiener measure. We can naturally consider its untruncated version
with an appropriate signature kernel and apply our method; the relation between
signature kernel quadrature and cubature on Wiener space is also discussed in Cass
et al. [28, Section 7.2]. So the interesting problem in this regard is the spectral
decay of the integral operator (1.3) of the (lifted or unlifted) signature kernel with

the Wiener measure.

Stochastic optimization. A typical setting of applications of stochastic op-
timization is that, we want to minimize a loss function L(0) := E[fy(X)] with
respect to 6 € ©, where X ~ p is random “data” taking values in X and (fj)sco
is a parametrized family of functions X — R. When p is a massive discrete mea-
sure or an intractable continuous measure, by the so-called mini-batch stochastic

gradient descent, we approximate the gradient VyL(6) as

VoL(0) = [0y fo(X)] = %Zaefe(Xi),

where X1, ..., Xy are i.i.d. sample from pu.

This is basically a Monte Carlo estimate of the gradient, and it is reported
that increasing the batch size N (i.e., having a more accurate gradient estimator)
has a practical benefit in training high-quality GANs [23]. Ways to reduce the
computational complexity (by carefully choosing a non-i.i.d. smaller batch) while
keeping the accuracy of the gradient estimate are explored, e.g., coresets [155],
DPPs [9], and Carathéodory subsampling [35]. If we choose an appropriate RKHS
that fits dy fy, we could apply our kernel quadrature algorithms for updating the

parameters.
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