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A B S T R A C T 

Precise measurement of stellar properties through the observation of continuous gravitational waves from spinning non- 
axisymmetric neutron stars can shed light onto new physics beyond terrestrial laboratories. Although hitherto undetected, 
prospects for detecting continuous gravitational waves improve with longer observation periods and more sensitive gravitational 
wave detectors. We study the capability of the Advanced Laser Interferometer Gravitational-Wave Observatory, and the Einstein 

Telescope to measure the physical properties of neutron stars through continuous gravitational wave observations. We simulate 
a population of Galactic neutron stars, assume continuous gravitational waves from the stars have been detected, and perform 

parameter estimation of the detected signals. Using the estimated parameters, we infer the stars’ moments of inertia, ellipticities, 
and the components of the magnetic dipole moment perpendicular to the rotation axis. The estimation of the braking index 

pro v ed challenging and is responsible for the majority of the uncertainties in the inferred parameters. Using the Einstein 

Telescope with an observation period of 5 yr , point estimates using median can be made on the moments of inertia with error 
of ∼ 10 –100 per cent and on the ellipticities with error of ∼ 5 –50 per cent , subject to the inference of the braking index. The 
perpendicular magnetic dipole moment could not be accurately inferred for neutron stars that emit mainly gravitational waves. 

Key w ords: gravitational w aves – stars: neutron – pulsars: general. 
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 I N T RO D U C T I O N  

ne hundred years after Einstein ( 1915 ) published his paper on the
eneral theory of relativity, the first gravitational wave detection
the binary black hole merger GW150914, Abbott et al. 2016 ) was
ade on September 14, 2015 by the Advanced Laser Interferometer
ra vitational-Wa ve Observatory (LIGO, Aasi et al. 2015 ), a major
ilestone for gravitational wave astronomy. The observation of the

inary neutron star merger GW170817 by LIGO and Virgo (Acernese
t al. 2014 ) in both gravitational and electromagnetic radiation
Abbott et al. 2017a , b ) is an example of multimessenger astronomy
nd offers hope to further our understanding of neutron stars, which
re known for their extreme densities and currently poorly understood
hysics. 
Gra vitational wa ves from mergers of binary neutron stars only

onv e y information at the end of their life cycle, when they are under
trong mutual gravitational perturbation. Alternatively, a neutron star
ith asymmetries about its axis of rotation can generate continuous
ra vitational wa ves (henceforth ‘continuous wa ves’) that are long-
ived and quasi-monochromatic (Zimmermann & Szedenits 1979 ;
onazzola & Gourgoulhon 1996 ; Riles 2017 ; Sieniawska & Bejger
 E-mail: hankhua@protonmail.com (YH); karl.wette@anu.edu.au (KW) 
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Published by Oxford University Press on behalf of Royal Astronomical Socie
Commons Attribution License ( https:// creativecommons.org/ licenses/ by/ 4.0/ ), whi
019 ). As continuous waves are generated by neutron stars in their
quilibrium state, they could provide complementary insights into
he stars’ physical properties not conv e yed through binary neutron
tar mergers. Continuous waves are weaker than gravitational waves
rom mergers, ho we v er, and hav e yet to be detected by the current
econd-generation detectors LIGO and Virgo (Piccinni 2022 ; Riles
023 ). 
Efforts to detect continuous waves from neutron stars include

evelopment of, and improvements to, data analysis techniques for
arious types of searches (Tenorio, Keitel & Sintes 2021 ; Wette
023 ). These are typically specialized to a variety of sources, includ-
ng but not limited to targeted searches and narrow-band searches
or known pulsars (Zhang et al. 2021 ; Abbott et al. 2022b ), directed
earches for supernova remnants (Lindblom & Owen 2020 ; Abbott
t al. 2021b ), and all-sky surveys for undiscovered neutron stars
Abbott et al. 2019 , 2022a ; Covas et al. 2022 ). Directly increasing the
ensitivities of gravitational wave detectors by further suppressing
he noise sources also impro v es the prospect of a first detection.
urrent upgrades to the second-generation detectors are anticipated

o reduce the noise amplitude spectral density by a factor of two
Miller et al. 2015 ). 

The planned third generation detectors are expected to achieve a
enfold increase in strain sensitivity in a wide frequency range, offer-
ng hope to the detection of gravitational waves from other sources
eyond binary compact object mergers (Sathyaprakash et al. 2012 ;
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ailes et al. 2021 ; Hall 2022 ). Proposed third generation ground-
ased detector concepts include the Einstein Telescope (ET) and the 
osmic Explorer, both of which are planned to begin construction 

n the 2030s. The Einstein Telescope is e xpected to hav e three arms
f 10 km length, arranged in an equilateral triangle formation and 
ocated underground. It will have three detectors at the vertices of the
riangle and two interferometers at each detector, forming a total of
ix interferometers (Punturo et al. 2010 ; Sathyaprakash et al. 2012 ).
osmic Explorer is planned to be constructed on the surface with a
esign similar to that of LIGO, but with arm length increased tenfold
o 40 km (Reitze et al. 2019 ; Evans et al. 2021 ). 

In this work we present a study of the potential for observations
f continuous waves from isolated neutron stars by LIGO and the 
hird generation detector Einstein Telescope, and the estimation of 
he continuous wave signal parameters. In addition, we also estimate 
he errors from the inference of neutron star properties, including 
he principal moment of inertia, ellipticity, and the component of 

agnetic dipole moment perpendicular to the rotation axis, using a 
heoretical framework developed by Lu et al. ( 2023 ). After reviewing
ele v ant background in Section 2 , we synthesize a population of neu-
ron stars emitting continuous waves and electromagnetic radiation 
n Section 3 , and infer the stellar properties of ten neutron stars with
he largest continuous wave characteristic strain amplitude using 
ayesian inference in Section 4 . We conclude with a discussion in
ection 5 . 

 B  AC K G R  O U N D  

urrently, neutron stars are observed primarily as pulsars. A pulsar 
mits electromagnetic radiation, typically directed along its magnetic 
ipole axis as a result of a strong stellar magnetic field ( ∼10 12 G). The
pen field lines of the magnetic field are strong enough to accelerate
harges to a relativistic speed sufficient to escape the magnetosphere 
Kramer 2005 ). If the dipole axis of the magnetic field is not aligned
ith the axis of rotation, the accelerated charges produce regular 
ulses of electromagnetic radiation at the same frequency as the 
otation of the pulsar. A pulsar may be thought of as an extraterrestrial 
lighthouse’ that emits radiation at a fixed location for an observer. 
ulsar evolution is well described using its period P and spin-down 
˙
 , as both its characteristic age 

 char. = 

P 

( n − 1) Ṗ 

(1) 

nd magnetic field strength 

 = 3 . 2 × 10 19 
√ 

P Ṗ G (2) 

epend only on these two parameters (Kramer 2005 ). (The braking 
ndex n is defined and explained below in equation ( 5 ).) 

In addition to electromagnetic radiation, neutron stars may also 
mit continuous waves through several mechanisms, such as de- 
ormation away from axi-symmetry due to their magnetic fields 
Zimmermann & Szedenits 1979 ; Bonazzola & Gourgoulhon 1996 ), 
uasi-normal fluid perturbations known as r -modes (Andersson 
998 ; Friedman & Morsink 1998 ; Owen et al. 1998 ), or accretion
f matter from a binary companion star (Bildsten 1998 ; Watts et al.
008 ). Deformation of neutron stars about their rotation axes can be
aused by cooling and cracking of the crust (Pandharipande, Pines 
 Smith 1976 ), a non-axisymmetric magnetic field (Zimmermann 
 Szedenits 1979 ), magnetically confined mountains (Melatos & 

ayne 2005 ), or electron capture gradients (Ushomirsky, Cutler & 

ildsten 2000 ). The characteristic strain amplitude of a continuous 
ave signal from a deformed neutron star is given by (Jaranowski, 
r ́olak & Schutz 1998 ) 

 0 = 

4 π2 G 

c 4 

I zz ε

r 
f 2 , (3) 

here G is the gravitational constant; c is the speed of light; I zz is
he principal moment of inertia aligned with the rotation axis; ε is
he equatorial ellipticity that characterizes the extent of the neutron 
tar’s deformation; r is the distance to the detector; and f = 2 ν is
he gra vitational wa v e frequenc y, taken to be twice the rotational
requency ν. 

As a neutron star rotates, it may emit energy through electro-
agnetic and gra vitational wa ve radiation, which extracts rotational 

inetic energy and in turn reduces its spin frequency. The spin-down
f a neutron star can be characterized as (Manchester, Durdin &
ewton 1985 ) 

˙ = −Kνn , (4) 

here K is a constant, and the braking index n is obtained by
ifferentiating and rearranging equation ( 4 ): 

 = 

νν̈

ν̇2 
. (5) 

t is expected from theory that neutron stars have a braking index
anging between 3 and 5, with 3 being the case when the neutron star
mits only electromagnetic radiation (Ostriker & Gunn 1969 ), and 
 being the case for only continuous wave emission through time-
arying mass quadrupole. Gravitational waves can additionally be 
mitted through a current-type quadrupole moment due to r-modes, 
hich results in a breaking index of 7. There are measured braking

ndices from pulsars that span orders of magnitude outside this range
Johnston & Galloway 1999 ; Zhang & Xie 2012 ; Lower et al. 2021 ),
o we ver this likely reflects the difficulty of accurately measuring
he second deri v ati v e ν̈ of the rotational frequenc y, or the impact of
litches (Ho et al. 2020 ) or timing noise (Hobbs et al. 2004 ; Vargas
 Melatos 2023 ). We adopt the commonly accepted range of 3 ≤ n
5. 
The amplitude of a continuous wave signal observed by a detector

rom a neutron star will be modulated by the detector’s antenna
attern. We henceforth assume the neutron stars to be biaxial rotors
ith continuous wav e frequenc y of f = 2 ν and amplitude given by

Jaranowski, Kr ́olak & Schutz 1998 ): 

 ( t) = h 0 

{
1 

2 
(1 + cos 2 ι) F + 

( t , ψ ) cos [ φ0 + φ( t )] 

+ cos ιF ×( t , ψ ) sin [ φ0 + φ( t )] 

}
, (6) 

here h 0 is the characteristic strain amplitude; φ( t ) is the phase
f the signal with initial value φ0 ; and cos ι is the orientation
ngle, describing whether the neutron star is viewed face-on (spin- 
xis along the line of sight, cos ι = ±1) or edge-on (spin-axis
erpendicular to the line of sight, cos ι = 0). The F + , × are the
etector response functions for + or × polarized gravitational waves 
espectively, and are parametrized by the polarization angle ψ . The 
arameters � A ≡ ( h 0 , cos ι, ψ, φ0 ) are commonly referred to as the
mplitude parameters. 

The continuous wave signal of an isolated neutron star is expected 
o be nearly monochromatic in the neutron star reference frame; with
espect to the detector reference frame, ho we ver, it is Doppler shifted
y the rotation and the orbital motion of the Earth. On the time-scale
f a day, the signal is modulated by the rotation of the Earth; while
n the time-scale of a year, the signal is modulated by the orbit of the
arth around the Solar System Barycentre (SSB). (The velocity of 
MNRAS 527, 10564–10574 (2024) 
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he SSB relative to the neutron star could further affect the detected
requency, although this effect is approximately constant on the time-
cale of measurements.) In the neutron star frame of reference, the
ontinuous wave signal phase is modelled, up to the second-order
ime deri v ati ve, as (Jarano wski, Kr ́olak & Schutz 1998 ) 

( τ ) = 2 π

[
f τ + 

1 

2 
ḟ τ 2 + 

1 

6 
f̈ τ 3 + O( τ 4 ) 

]
, (7) 

here τ is time in the SSB frame; and f , ḟ , f̈ are the continuous
av e frequenc y and its first- and second-order time deri v ati ves, or

pin-downs, at a reference time τ = 0. The neutron star time τ can
e converted to time t in the detector’s frame of reference by 

( t) = t + 

� r · ˆ n 

c 
, (8) 

here � r is the position of the detector with respect to the SSB, and ˆ n
s the unit vector pointing from the SSB to the neutron star. (Here we
gnore relativistic effects, and assume the neutron star is at rest with
espect to the SSB.) The parameters � λ ≡ (

f , ḟ , f̈ , ̂  n 
)

are typically
eferred to as the phase evolution parameters. 

 N E U T RO N  STAR  POPULATION  SYNTHESIS  

ince no continuous waves have been detected from the Galactic
eutron star population, a simulated neutron star population must
ealistically contain stars that emit electromagnetic and/or continuous
ra vitational wa v es. Such a population has been previously inv esti-
ated by a number of authors (Palomba 2005 ; Knispel & Allen 2008 ;
itkin 2011 ; Wade et al. 2012 ; Woan et al. 2018 ; Cie ́slar et al. 2021 ;
eed, Deibel & Horowitz 2021 ). In this work we utilize Monte Carlo
ethods to simulate a neutron star population. We assign neutron star

arameters drawn from theoretical probability distrib utions, ev olve
he neutron stars temporally, and use their final spin frequency to
imulate continuous wave signals. 

.1 Simulation method and parameters 

he initial spin frequency ν0 can be obtained through the inverse of
he initial period P 0 . Three models for the initial period distribution
ave been proposed (Palomba 2005 ; Knispel & Allen 2008 ). The
rst model is a lognormal distribution with P̄ 0 = 5 ms , σ = 0.69,
nd excludes all P 0 < 0.5ms. The second model uses the same
ognormal distribution but with all P 0 < 10 ms set to 10 ms ; this

imics the potential existence of r -modes in young neutron stars,
hich increases the spin period to 10 ms 1 once r -modes become

aturated. The third model simply uses a uniform distribution of
 0 ∈ [2 , 15] ms ; this is intended to accommodate both r -modes, and

he fall-back of matter after the supernova which decreases the period
hrough additional angular momentum (Watts & Andersson 2002 ).
 uniform initial period distribution was fa v oured by simulations of
alactic binary neutron stars performed in Sgalletta et al. ( 2023 ). We

ollow Palomba ( 2005 ) and Knispel & Allen ( 2008 ) and adopt the
hird model for P 0 . 

We assume an average birth rate of one Galactic neutron star
very 100 years, as evidenced by the observation of core-collapse
upernovae in the Galaxy (Diehl et al. 2006 ; Rozwadowska, Vissani
 Cappellaro 2021 ). An array of random variables drawn from
 Poisson distribution with rate λ = 100 yr is generated and
NRAS 527, 10564–10574 (2024) 

 Reported to be between ∼5 and ∼ 15 ms in Andersson, Kokkotas & Schutz 
 1999 ); taken to be 10 ms by Palomba ( 2005 ). 

T  

G

umulatively summed, and the values of the summed array are taken
s the ages of the simulated stars. Similar to Palomba ( 2005 ), an
pper bound of t max = 10 8 yr is used, as a compromise between
he computer memory required to store a simulated population and
ealistic expectations of Galactic neutron star ages. 

The magnetic field strength B and ellipticity ε are chosen from
og-uniform distributions, in line with Wade et al. ( 2012 ), Knispel &
llen ( 2008 ), and Reed, Deibel & Horowitz ( 2021 ). Unlike Cie ́slar

t al. ( 2021 ), we do not evolve the ellipticity in time since there is
o well-e videnced e volution model as yet. The magnetic field B is
ounded between 10 8 G and 10 15 G (Reisenegger 2001 ; Konar 2017 ).
he range for ellipticity ε is 10 −6 (Horowitz & Kadau 2009 ) to 10 −9 

Woan et al. 2018 ). The moment of inertia I zz is chosen uniformly
rom the widely accepted range of [1 , 3] × 10 38 kg m 

2 (Mølnvik &
stgaard 1985 ; Worley, Krastev & Li 2008 ; Miao, Li & Dai 2022 ). 
Instead of evolving neutron stars through the Galactic potential,

e populate the Galaxy with stationary neutron stars according to
 theoretical spatial distribution, similar to the approach used by
eed, Deibel & Horowitz ( 2021 ). Current understanding suggests

hat the spatial distribution of Galactic neutron stars follows a
aussian distribution in the radial direction and a double-sided

xponential (Laplace) distribution in the vertical direction (Binney
 Tremaine 2008 ; Faucher-Gigu ̀ere & Loeb 2010 ). In the Galacto-

entric cylindrical frame ( ρ, θ , z), the distribution for the radial
istance ρ is given by 

( ρ) = 

1 

σ
√ 

2 π
exp 

(
− ρ2 

2 σ 2 

)
, (9) 

ith ρ > 0 and σ = 5 kpc . The vertical distribution is given by 

( z ) = 

1 

2 z 0 
exp 

(
−| z | 

z 0 

)
, (10) 

ith z 0 ∈ [0 . 5 , 1] kpc for conv entional stars (Binne y & Tremaine
008 ). In their work, Reed, Deibel & Horowitz ( 2021 ), ho we ver,
hose z 0 = 0.1, 2, 4kpc to investigate the effect of supernova kicks on
he distribution of neutron stars. We use z 0 = 2 kpc as a compromise
etween a clustered vertical distribution ( z 0 = 0.1kpc) and a spread-
ut distribution ( z 0 = 4 kpc ). We use a uniform distribution of angle
between each neutron star and the Sun with respect to the Galactic

entre, with θ ≡ 0 for the Sun. With the location of the Earth assumed
o be coincident with the Sun ( ρe = 8 . 25 kpc , θe = 0 , z e = 0 . 02 kpc ;
umphreys & Larsen 1995 ; Reed, Deibel & Horowitz 2021 ), the
istance r between a neutron star at ( ρ, θ , z) and the Earth can then
e calculated. 
One can determine the spin-down ν̇ of a neutron star from the

onservation of energy, as follows. Assuming the total kinetic energy
udget from the star’s rotation is expended either in electromagnetic
r continuous wave emission gives (Lu et al. 2023 ) (

d E 

d t 

)
EM 

+ 

(
d E 

d t 

)
GW 

= −
(

d E 

d t 

)
rot 

. (11) 

ue to the expected scale of the ellipticity ε � 1, neutron stars can
e assumed to be nearly spherical, and hence the rotational energy
an be approximated as that of a rotating sphere (Wette et al. 2008 ): (

d E 

d t 

)
rot 

= 4 π2 I zz νν̇. (12) 

he energy emitted by a rotating magnetic dipole is (Ostriker &
unn 1969 ) (
d E 

d t 

)
= −32 π4 B 

2 R 

6 sin 2 αν4 

3 c 3 μ0 
= −32 π4 μ0 m 

2 
p ν

4 

3 c 3 
, (13) 
EM 
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Figure 1. An example of the spin frequency ν( t ) as a function of time. The 
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showing the extent to which the true age is outside the interpolation samples. 
The true age is plotted as the green line. 
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here μ0 is the vacuum permeability and R is the radius of the neutron 
tar. The component of the magnetic dipole moment perpendicular 
o the rotational axis m p can be related to the magnetic field strength
t the surface B by (Condon & Ransom 2016 ) 2 

 p = 

1 

μ0 
BR 

3 sin α. (14) 

he simulation assumes, for simplicity, that the magnetic dipole 
oment is entirely perpendicular to the rotation axis, i.e. sin α = 

. The power emitted in continuous waves is given by (Ostriker &
unn 1969 ; Riles 2017 ) (
d E 

d t 

)
GW 

= −32 G 

5 c 5 
I 2 zz ε

2 ( 2 πν) 6 . (15) 

ubstituting equations ( 13 ) and ( 15 ) into equation ( 12 ) and rearrang-
ng yields the equation for the spin-down ν̇: 

˙ = −512 π4 GI zz 

5 c 5 
ε2 ν5 − 8 π2 

3 c 3 I zz μ0 
B 

2 sin 2 αR 

6 ν3 . (16) 

ade et al. ( 2012 ) solve equation ( 16 ) and obtain an analytical
xpression for the neutron star age t as a function of its final and
nitial spin frequencies, ν and ν0 respectively: 

( ν, ν0 ) = 

1 

2 | γEM 

| 
[

ν2 
0 − ν2 

ν2 
0 ν

2 
+ γ ln 

(
ν2 (1 + ν2 

0 γ ) 

ν2 
0 (1 + ν2 γ ) 

)]
, (17) 

here 

GW 

= −512 π4 GI zz 

5 c 5 
ε2 , γEM 

= − 8 π2 

3 c 3 I zz μ0 
B 

2 sin 2 αR 

6 (18) 

nd γ = γ GW 

/ γ EM 

are used for brevity. 
To obtain the spin frequency evolution ν( t ) of a neutron star,

e need to invert equation ( 17 ). One approach is to numerically
olve equation ( 17 ) through root-finding; this method suffers from
oor convergence, ho we ver, due to the rapid decrease of ν at small
 . Alternati vely, one e v aluates equation ( 17 ) at an array of sample
requencies { ν i } to obtain the corresponding time array { t i } , then
nterpolate to obtain a continuous function of ν( t ). This approach,
o we ver, is limited by the range of sample frequencies [ ν lower , νupper ],
hich corresponds to a range for { t i } of [ t lower = t ( νupper ), t upper =

 ( ν lower )]. The upper bound for { ν i } can easily be set as νupper =
0 , giving a lower bound t lower = t ( νupper ) = 0. The lower bound
or { ν i } may, ho we ver, be higher than the true value, i.e. t upper =
 ( ν lower ) < t age , and hence interpolation cannot be performed. This
ccurs for very old stars with large t age and very small ν. While one
an simply lower ν lower , doing so requires significantly more points 
n { ν i } (assuming linear sampling) and is generally inefficient. 

We therefore employ a hybrid approach of Piece-wise Cubic 
ermite Interpolation (PCHIP) at small t and root-finding using the 
evenberg–Marquardt algorithm at large t to solve equation ( 17 ).
ig. 1 illustrates this process. Interpolation is tractable when ν( t age )
 [ ν0 , 0.005 ν0 ], which is the case for most neutron stars. For older
eutron stars with ν( t age ) < 0.005 ν0 , root-finding is then used, starting
ith the initial guess t = t lower , ν = 0.005 ν0 . 

.2 Synthesized population 

ig. 2 (a) summarizes the simulated population, containing 10 6 neu- 
ron stars, in a P –Ṗ diagram. The shape of the simulated population is
 Note that equation ( 14 ) expresses m p in the standard SI units for a magnetic 
oment of A m 

2 . This equation differs by a factor of 1/ μ0 from the equi v alent 
xpressions in Condon & Ransom ( 2016 ), which assume CGS units; and Lu 
t al. ( 2023 ), which assume units of T m 

3 . 

m  

n
r
p  
 result of the various assumptions and limitations of the simulation
ethod, as described in Section 3.1 , and can be understood through
ig. 2 (b). 
The population may be partitioned into four regions in the P –Ṗ 

pace. The purple region in Fig. 2 (b) contains mainly young neutron
tars; they do not have the time to spin down significantly, and hence
ave higher final spin frequencies (smaller periods) and higher period 
eri v ati ves than older stars. This positions them in the upper left
egion of the P –Ṗ space. Conversely, older stars have more time to
pin down, so the y hav e higher periods and lower period derivatives.
t a constant birth rate, there are more older neutron stars than young
nes, e.g. 10 times more neutron stars with age 10 7 yr than those with
ge 10 6 yr. This results in a lack of simulated neutron stars in the
urple region and a high concentration of older neutron stars. 
For a neutron star with negligible ellipticity, its spin-down is 

ominated by electromagnetic radiation, and it follows a trajectory 
imilar to path (1) in Fig. 2 (b). It has a slo wer spin-do wn of ̇ν ∝ −ν3 ,
orresponding to Ṗ ∝ P 

−1 , and will eventually occupy the green
egion in Fig. 2 (b). A neutron star with both significant ellipticity
nd a strong magnetic field initially radiates energy mostly through 
ontinuous waves, then switches to mostly electromagnetic radiation 
s the spin frequency ν becomes smaller. Its braking index evolves 
rom n ∼ 5 to n ∼ 3, resulting in a nonlinear trajectory e x emplified
y path (2). 
The energy emission of a neutron star with significant ellipticity 

nd low magnetic field strength is dominated by continuous wave 
adiation. Its trajectory is therefore steeper, with spin-down ̇ν ∝ −ν5 , 
r Ṗ ∝ P 

−3 , as shown by path (3) in Fig. 2 (b). It can reach a
lower Ṗ than stars dominated by electromagnetic radiation with 
he same characteristic age. This results in the discontinuity in 
he line of maximum t age seen in Fig. 2 (b). This can also be seen
rom equation ( 1 ), which yields different characteristic ages for stars
ith different braking indices. Given their steeper gradient in the 
 –Ṗ plane, these neutron stars are typically located in the red

egion. 
For a neutron star with both insignificant ellipticity and weak 
agnetic field strength, its spin-down will be small, and there will be

o significant difference between its initial and final spin frequencies, 
esulting in a short or even unobservable trajectory demonstrated by 
ath (4) and the stationary star next to it in Fig. 2 (b). The blue region
MNRAS 527, 10564–10574 (2024) 
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(a)

Figure 2. (a) P –Ṗ diagram of a representative synthesized population (coloured pixels) with observational data from the ATNF superimposed (crosses). The 
top 10 neutron stars with the largest h 0 are plotted as blue dots, from which we then perform parameter estimations and will be detailed in Section 4 . A line of 
constant magnetic field strength B is drawn in green; lines of constant ellipticity ε are drawn in red; lines of constant characteristic age t are drawn in purple. 
(b) A schematic illustration of four different regions in the P –Ṗ diagram; see the text for details. Example evolution trajectories from t = 0 to t = t age for four 
neutron stars are labelled (1) to (4). 
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3 This continuous wave signal is assumed to be given by the signal models 
defined in equations ( 6 ) and ( 7 ), have positive f̈ , and no unaccounted-for 
frequency modulation or evolution. 
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ypically occupied by these neutron stars is defined by the minimum 

nd maximum initial period, and the minimum ellipticity. 
To be precise, in Fig. 2 (b), the upper bound of the population

green solid and dashed lines) is defined by the maximum magnetic 
eld strength B max through equation ( 2 ); the right boundaries of the
opulation (two purple solid lines) are defined by the maximum 

ge through equation ( 1 ) and the maximum ellipticity; the two solid
lue lines are defined by the minimum and maximum initial period; 
nd the lower bound of the population (solid red line) is defined by
he minimum ellipticity through equation ( 16 ). Inside the population 
nvelope, the red dashed line used to bound the blue region is defined
y the intersection of the blue line P 0, max and t max ; the intersection of
hat line with P 0, min is then used to define the purple region; and the
ed and green regions are then separated by the red dashed line defined
y εmax . While these four regions provide a basic intuition regarding 
he distribution of the population, they do not map one-to-one to 
ll neutron stars. For example, the majority of the continuous wave- 
ominated (red) re gion, e xcept near the boundary of t max , can still
ontain neutron stars with predominantly electromagnetic radiation. 

The Australian Telescope Network Facility (ATNF) hosts a 
atalogue of observed pulsars (Manchester et al. 2005 ), which 
re superimposed on the synthesized population in Fig. 2 (a). The 
ajority of the pulsars are clustered at the centre of the diagram,

ccupying the electromagnetic radiation-dominated (green) region 
escribed in Fig. 2 (b). In addition, the majority of neutron stars are
bserved at low frequencies f = 2 ν = 2 /P � 10 Hz , where present-
ay gravitational wave detectors have limited sensitivity. This is 
onsistent with the current lack of detection of continuous waves 
hrough targeted searches of existing pulsars (Abbott et al. 2022b , 
 ). Note that, while most of the observed pulsars coincide with the
imulated population, some pulsars have characteristic ages > 10 8 yr. 
his is a direct consequence of t max = 10 8 yr set for the simulation.
egardless, such discrepancies are not likely to drastically affect 

he usefulness of the simulation in respect of the detectability of
ontinuous waves from young neutron stars. 

A subset of pulsars is located in the lower left region of Fig. 2 (a),
ith P < 0 . 01 s . These pulsars are millisecond pulsars and are

ypically in binary systems. Even though they coincide with the 
ow Ṗ region of the simulated population, the underlying physics of 
he two are different as we did not consider spin-ups due to accretion
n our simulation. Ho we ver, as argued in Wade et al. ( 2012 ), while
e did not explicitly account for millisecond pulsars, we did not 

xclude them either. An old neutron star that has spun-up through 
ecycling can be thought of as a young neutron star born with a high
pin frequency. 

Similar to Fig. 2 (a), Cie ́slar et al. ( 2021 ) plotted simulated neutron
tars with continuous waves detectable by the Einstein Telescope in 
heir fig. 7. Examining the Ṗ axis, we notice differences between the 
wo sets of results. The detectable neutron stars simulated by Cie ́slar
t al. have higher Ṗ , younger characteristic ages and therefore fall 
n the young (purple) region in Fig. 2 (b). This may be due to their
ssumption of a decay model for the ellipticity ε, which means that for
lder neutron stars their ellipticities, and consequently h 0 , are lower. 
n their model, therefore, only young neutron stars are detectable. 

 C O N T I N U O U S  WAV E  PARAMETER  

STIMATION  

e now investigate using continuous waves to infer properties of 
eutron stars in the simulated population. Continuous waves may be 
etected in various ways, such as through a targeted search of known
ulsars, or from a blind all-sky search. In this work we assume that
 continuous wave signal has already been detected and sufficiently 
ocalized to allow a targeted search with maximum sensitivity. 3 

Previous work has investigated the detectability of continuous 
aves from a population of neutron stars. Wade et al. ( 2012 )

ompared the continuous wave amplitude with the estimated noise 
urve of the detectors; a neutron star is considered detected if its
train amplitude is abo v e the noise curve. Wade et al. also derived
 theoretical framework to describe the detectability of continuous 
aves from neutron stars, which holds for young neutron stars aged
 10 7 years. Cie ́slar et al. ( 2021 ) took into account the spatial

osition of the neutron star relative to the detector, calculated a
ignal-to-noise ( S / N ) ratio, and assumed detection only for stars
ith S / N > 11.4 (based on Abbott et al. 2004 ). Reed, Deibel &
orowitz ( 2021 ) used the results from existing continuous wave

earches (Abbott et al. 2019 ; Dergachev & Papa 2020 , 2021 ;
teltner et al. 2021 ) to obtain a function of strain amplitude and
requency, which is then applied to the simulated population and 
he ATNF catalogue to determine detectability. Pitkin ( 2011 ) used

arkov Chain Monte Carlo (MCMC) methods to obtain the posterior 
istributions of signal amplitude parameters, and constraints on the 
ossible range of gravitational quadrupole moment Q 22 and magnetic 
eld strength B , assuming LIGO, Virgo, and Einstein Telescope 
ata. We simulate continuous wave signals from the synthesized 
opulation and use Bayesian inference to estimate the continuous 
ave signal parameters. From the posteriors of the parameters we 

hen infer the physical properties of the neutron stars and estimate
he errors from the inference. 

.1 Bayesian inference of simulated signals 

rom the simulated neutron star population, we select the 10 neutron
tars with the largest h 0 for the parameter estimation study, which
re summarized in Table 1 . We note that the first three neutron stars
n our population have h 0 that exceeds the best upper limit of h 0 ∼
.1 × 10 −25 ruled out by existing targeted searches using O3 data
Abbott et al. 2022a ). This could happen as we did not incorporate
uch restrictions during the simulation. Ho we ver, the continuous 
av e frequenc y range in which the best upper limit is obtained is
 = 100 –200 Hz . None of the top three stars have frequencies in this
ange, so there is no strong contradiction with the result of existing
earches. 

We utilize the CWInPy (CW Inference in Python, Pitkin 2022 )
ackage and perform software injections to simulate continuous wave 
ignals. Currently, the only third generation detector supported by 
WInPy is the D configuration of the Einstein Telescope (ET-D). 
ence, we limit the scope of this work to LIGO and ET-D. We

ssume Gaussian noise with a standard deviation defined by the 
mplitude spectral density specific to each detector at the continuous 
ave signal frequency f = 2 ν. Comparing the sensitivities of LIGO

Betzwieser 2021 ; Kissel 2021 ) and ET-D (Hild et al. 2011 ; Evans,
arms & Vitale 2016 ), the latter will have noise amplitude spectral
ensity ∼10 times smaller than that of LIGO, resulting in higher
ignal-to-noise ratios. 

For LIGO, we simulate detector data at times identical to the
eal data recorded by each of the two LIGO detectors (Hanford
nd Livingston) across all observation runs, O1–O3 (Abbott et al. 
021a , 2023 ). For the Einstein Telescope, we perform two separate
MNRAS 527, 10564–10574 (2024) 
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Table 1. Continuous wave parameters and physical properties of the ten simulated neutron stars with the largest continuous wave strain amplitude h 0 . 

Name h 0 cos ι ψ φ0 f ḟ f̈ n I zz ε m p r Age 

[Hz] [Hz s −1 ] [Hz s −2 ] [kg m 

3 ] [Am 

2 ] [kpc] [yr] 

J1749-0156 2.2 × 10 −25 −0.56 0.71 0.77 4.4 × 10 + 02 −1.4 × 10 −12 2.3 × 10 −26 4.86 2.3 × 10 + 38 1.5 × 10 −07 9.6 × 10 + 23 0.31 2.0 × 10 + 06 

J1746-0156 1.7 × 10 −25 −0.69 0.40 2.20 2.1 × 10 + 02 −4.0 × 10 −14 3.8 × 10 −29 5.00 1.1 × 10 + 38 2.2 × 10 −07 4.0 × 10 + 22 0.07 4.2 × 10 + 07 

J1829-0110 1.3 × 10 −25 0.98 0.32 1.74 6.4 × 10 + 02 −1.3 × 10 −10 1.3 × 10 −22 5.00 2.7 × 10 + 38 5.0 × 10 −07 1.5 × 10 + 22 4.43 3.9 × 10 + 03 

J1907-0159 8.4 × 10 −26 0.61 0.10 3.02 6.3 × 10 + 02 −2.3 × 10 −10 4.0 × 10 −22 4.75 2.6 × 10 + 38 6.8 × 10 −07 9.9 × 10 + 24 8.67 1.8 × 10 + 04 

J1827-0124 7.8 × 10 −26 −0.92 0.79 3.01 3.9 × 10 + 02 −3.7 × 10 −11 1.8 × 10 −23 4.96 2.8 × 10 + 38 9.2 × 10 −07 3.4 × 10 + 24 5.33 4.5 × 10 + 04 

J1746-0157 5.8 × 10 −26 −0.95 1.45 1.81 4.9 × 10 + 02 −1.6 × 10 −13 2.7 × 10 −28 4.97 1.9 × 10 + 38 4.2 × 10 −08 1.1 × 10 + 23 0.35 6.6 × 10 + 06 

J1716-0204 5.5 × 10 −26 −0.77 1.48 1.97 3.0 × 10 + 02 −3.1 × 10 −12 1.6 × 10 −25 5.00 2.9 × 10 + 38 5.1 × 10 −07 1.9 × 10 + 22 2.50 5.7 × 10 + 05 

J1747-0158 5.3 × 10 −26 −0.11 0.99 0.65 1.1 × 10 + 02 −2.5 × 10 −14 2.7 × 10 −29 4.99 3.0 × 10 + 38 5.3 × 10 −07 3.6 × 10 + 23 0.39 1.8 × 10 + 07 

J1729-0144 5.2 × 10 −26 0.13 0.47 0.77 3.3 × 10 + 02 −8.8 × 10 −13 1.2 × 10 −26 5.00 2.7 × 10 + 38 2.2 × 10 −07 4.1 × 10 + 22 1.31 1.7 × 10 + 06 

J1704-0203 5.0 × 10 −26 0.71 0.88 2.96 4.5 × 10 + 02 −9.9 × 10 −12 1.1 × 10 −24 5.00 1.4 × 10 + 38 4.7 × 10 −07 1.9 × 10 + 22 2.85 1.9 × 10 + 05 
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nalyses with gap-less detector data spanning 2 years and 5 years
espectively. The 2-year analysis is approximately the combined
f fecti ve observ ation time of LIGO from O1 to O3b, while the 5-
ear analysis is similar to the total amount of time spanned by these
bservation runs (2015-2020), during which the continuous wave
ignal can evolve. 

The amplitude parameters � A and frequency parameters � λ of
he simulated neutron stars are used to generate continuous wave
ignals in CWInPy. Each simulated signal is then heterodyned and
own-sampled to a frequency of 1 / 60 Hz (Dupuis & Woan 2005 ).
e perform parameter estimation of both amplitude and frequency

arameters, namely h 0 , cos ι, φ0 , ψ, f , ḟ , f̈ . To obtain the posterior
f a parameter, one requires the likelihood, the evidence, and the
rior. The likelihood comes from the Gaussian noise assumption, and
e use nested sampling (Skilling 2004 , 2006 , see Ashton et al. 2022

or an intuitive illustration) to evaluate the evidence and obtain the
osterior. The nested sampling scheme is implemented in CWInPy
ia the Bayesian Inference Library (BILBY, Ashton et al. 2019 )
hich uses dynesty (Higson et al. 2019 ; Speagle 2020 ) for nested

ampling. 
The choice of priors represents the initial assumptions made for the

arameters, which in turn affects the performance of the sampler and
onsequently the estimated posteriors. The prior on h 0 is chosen to
e a uniform distribution [0, 10 −24 ] to include any likely continuous
ave strain amplitude; in the simulated population, h 0 � 2 × 10 −25 .
he value of cos ι is unknown a priori and is thus chosen uniformly
 v er [ − 1, 1]. The prior on φ0 is chosen only between [0, π ], as in
WInPy φ0 is the initial rotational phase offset, and will co v er the

ull phase range when converted to a gravitational wave frequency via
 = 2 ν. The prior on ψ is set to [0, π /2] to account for the de generac y
n ψ given by the transformation of ψ → ψ + π /2 (Jones 2015 ). 

For targeted searches, the phase parameters f = 2 ν, ḟ , f̈ are
ssumed to be roughly determined based on previous observations,
.g. from electromagnetic detection of a known pulsar, or from
ollow-up of a continuous wave candidate found in an all-sky
earch. To ensure a physical braking index, we substitute f̈ for n
sing equation ( 5 ) and impose the constraint 3 ≤ n ≤ 5. We use
niform prior distributions on f , ḟ , n centred at the true values
ith single-side widths 3 σ , where σ is obtained from the inverse
isher information matrix (Jaranowski & Kr ́olak 2010 ; Lu et al.
023 ). The priors are chosen to be broad enough to not restrict the
osteriors produced by the Bayesian sampler, but narrow enough to
llow convergence of the posteriors. Explicitly, σ for each parameter
s given by: 

2 
f = 

D 

2 

π2 

1875 

16 T 3 
, (19) 
NRAS 527, 10564–10574 (2024) 
2 
ḟ 

= 

D 

2 

π2 

1125 

T 5 
, (20) 

2 
n = 

375 D 

2 

π2 

(
5 n 2 

16 f 2 T 3 
+ 

3 n (4 n − 7) 

ḟ 2 T 5 
+ 

420 f 2 

ḟ 4 T 7 

)
. (21) 

ere, 

 = 

√ 

S h ( f ) 

h 0 
(22) 

s the sensitivity depth, which is related to the signal-to-noise ratio ρ2 

y (Behnke, Papa & Prix 2015 ; Dreissigacker, Prix & Wette 2018 ) 

2 = 

4 

25 

h 

2 
0 T 

S h 
≡ 4 

25 

T 

D 

2 
; (23) 

 is the observation time; and S h is the power spectral density of the
train noise in the detector. 

Fig. 3 shows a corner plot of the prior and posterior distributions
f h 0 , f , ḟ , n for continuous waves from a simulated neutron star in
T-D data with an observation time of 2 yr. The 1D distributions for
ach parameter are shown along the diagonal; the off-diagonal plots
how the 2D distributions o v er pairs of parameters. We plot relative
rrors E defined by 

( A ) = 

A − A 

truth 

A 

truth 
, (24) 

.e. the true values of each parameter are located at E = 0. The
onvergence of the posteriors is consistent with our prior assumption
f the detectability of continuous waves, in particular by the Einstein
elescope. Fig. 3 also highlights the difficulty in accurately estimat-

ng n ; we will see in Section 4.2 that this limitation dominates the
ncertainty in inferring the stellar properties. 

.2 Inferring physical properties 

tarting with equation ( 16 ), Lu et al. ( 2023 ) developed a theoretical
ramework where the continuous wave signal parameters h 0 , f , ḟ , f̈ 

nd the distance to the neutron star r can be used to infer the physical
roperties of the star: the principal moment of inertia I zz , the ellipticity
, and the perpendicular magnetic dipole moment m p : 

 zz = 

K GW 

c 8 r 2 h 

2 
0 f 

8 π4 G 

2 ḟ (3 − n ) 
, (25) 

= 

2 π2 G ḟ (3 − n ) 

K GW 

c 4 rh 0 f 3 
, (26) 

 p = 

c 4 rh 0 

4 μ0 π2 Gf 

√ 

K GW 

( n − 5) 

K EM 

(3 − n ) 
, (27) 
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Figure 3. Corner plot of the prior (blue) and posterior (red) distributions of 
parameter estimation results for an example simulated neutron star (labelled 
J1704-0203). The ET-D detector with observation time of T = 2 yr is used. 
Relative errors E of the posteriors are shown, with true values at E = 0. The 
vertical dashed lines in the 1D histograms represent 1 σ confidence, and the 
three contours in the 2D histograms represent 3 σ . Note that the distributions 
of E( h 0 ) is zoomed in to make the posterior distribution visible. 
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Figure 4. Corner plots for the distributions of the logarithm of the principal 
moment of inertia I zz , ellipticity ε, and perpendicular magnetic dipole moment 
m p . Results are for the example simulated neutron star J1704-0203 and (a) 
advanced LIGO for the duration of O1-O3, (b) ET-D with T = 2 yr , and (c) 
ET-D with T = 5 yr . 
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here K EM 

= 2 π2 /3 c 3 μ0 and K GW 

= 32 G π4 /5 c 5 . We assume a 20
er cent error in the measurement of r (i.e. r ∼ r truth (1 + 0.2 Z ), where
 is drawn from the standard normal distribution) which is expected 

o be achie v able by the upcoming radio telescope Square Kilometre
rray (Smits et al. 2011 ). 
Fig. 4 shows example corner plots of the inferred physical 

roperties, with the posterior distribution of the braking index n 
ositioned at the top right. Comparing Figs 4 (a) and (b), there is
ittle difference between the posteriors inferred using LIGO versus 
T-D with T = 2 yr of data. As seen in Fig. 3 , f and ḟ are very well
onstrained, whereas f̈ ∝ n is not: the posteriors of n are uniform
 v er the range 3–5. (In the 1D histogram of n , n truth = 5, and E 
anges from E( n = 3) = −0 . 4 to E( n = 5) = 0 . 0). This means that
he majority of the uncertainty in the inferred parameters stems from
he uncertainty in f̈ . Since n in both Figs 4 (a) and (b) is badly
stimated, the uncertainties in I zz , ε, m p are similar for both LIGO
nd ET-D at T = 2 yr . With an observation time of T = 5 yr , ho we ver
Fig. 4 c), σ n [equation ( 21 )] is small enough so that the prior on n is
 narrow subset of [3,5], and consequently the uncertainty on I zz and
is impro v ed. 
The inference of m p is challenging due to the behaviour of

quation ( 27 ). Fig. 5 plots the theoretical model for m p as a function
f f̈ (or equi v alently n ). The posterior of n is shown in red, and the
rue m p is plotted in green. Note the asymptotic behaviours of m p at
 = 3 and 5; consequently, when a neutron star has n ≈ 5, any small
eviation of the estimated n will drastically affect the estimation of
 p . Therefore, while the posterior of m p is supposed to contain the

rue value since the posterior of n contains the true value, in reality,
he fact that we obtain the posterior through sampling, coupled 
ith the asymptotic behaviour of m p , makes it unlikely that any

ampled n will be close enough to n truth to produce a good estimate
MNRAS 527, 10564–10574 (2024) 
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Figure 5. Theoretical model by Lu et al. ( 2023 ) of m p as a function of f̈ on 
top of the posterior distribution of n for ET-D at T = 5 yr . The true value is 
plotted in green. 
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Figure 6. Violin plots showing the distributions of (a) I zz , (b) ε, and (c) m p 

for the parameter estimations with CWInPy on ten neutron stars, arranged 
in descending order of h 0 . The 90 per cent highest density intervals from 

each run are shown in red; the medians are shown in blue; and true values are 
shown as green crosses. ET-D is used with T = 5 yr . 
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f m p . This is unsurprising: given that we are inferring neutron star
roperties from continuous wave detections, we expect most of the
etected neutron stars to have a continuous wave-dominated spin-
own with n ≈ 5. As the magnetic dipole moment is related to the
trength of the electromagnetic radiation, which is not the dominant
orm of radiation for these stars, the amount of energy emitted via
lectromagnetic radiation, and hence the ability to infer m p through
his method, is limited for neutron stars with n ≈ 5. Similarly, the
kewed distributions of I zz and ε in Figs 4 (a) and (b) are also a
onsequence of the theoretical framework [equations ( 25 ) and ( 26 )]
nd the posterior on n . Both equations have asymptotes at n = 3,
ith lim n → 3 + I zz = +∞ and lim n → 3 + ε = 0. As the posterior on n

pproaches 3, therefore, I zz and ε will increasingly diverge from their
rue values. Unlike m p , however, a much higher fraction of posterior
amples (when n > 3) produce good estimates of I zz and ε; as seen
n Fig. 4 , the highest densities in the I zz –ε distributions coincide with
he true values for both LIGO and ET-D. 

In Fig. 6 , we show the inferred physical properties of the 10 neutron
tars with the largest h 0 in the simulated population, in descending
rder of h 0 . The posterior distributions are shown in the form of
iolin plots, in which the widths of the ‘violins’ give the posterior
robability densities. The red lines represent the highest density
ntervals (HDI) of the distributions, defined as the smallest possible
0 per cent credible intervals, i.e. the smallest bounds we can place
n the physical properties. The varying sizes of the distributions are
ue to the different extents to which n is constrained. For neutron
tars where n is well constrained, the uncertainties in the inferred
roperties are also smaller. This is confirmed in Fig. 7 : for neutron
tars with higher f̈ , the uncertainties in the inferred parameters, as
uantified by the relative error E , are smaller. This can be understood
y considering the continuous wave signal searched for by CWInPy.
he contribution of f̈ to the frequency evolution of a continuous
ave is more pronounced if f̈ is larger, and hence CWInPy can
ore readily constrain larger f̈ . 
From Fig. 7 we see that, for five years of continuous wave

bservations using ET-D, the physical properties of the 10 neutron
tars in the synthesized population have errors that depend on the
stimation of n , with f̈ being a contributing factor. For neutron stars
ith small f̈ , I zz can be inferred with an error of ∼ 100 per cent

or point estimates using the median. The 90-th percentile credible
nterval yields a maximum error of ∼ 1000 per cent . For the
llipticity ε, a point estimate with relative error ∼ 50 per cent can
NRAS 527, 10564–10574 (2024) 
e made, and the 90th percentile credible interval giving a maximum
rror of ∼ 100 per cent . For neutron stars with more significant f̈ ,
he median of the posterior of I zz is accurate enough to be within

10 per cent of the true value, while the 90-th percentile credible
nterv al gi ves a maximum error of ∼ 100 per cent . The ellipticity ε
an be estimated using median with a relative error of ∼ 5 per cent ,
nd a maximum error from the credible interval of ∼ 50 per cent .
e w alternati v e methods e xist to measure I zz . Separate measurement
f neutron star mass and radius can provide a measurement of I zz ,
ut measuring these two properties simultaneously is challenging
Steiner et al. 2015 ; Miller et al. 2019 ). Another technique measures
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Figure 7. Magnitudes of relative errors in I zz (filled markers) and ε (hollow 

markers) plotted against f̈ for ET-D with T = 5 yr . The maximum errors of 
the 90 per cent HDI are shown in red, and that of medians are shown in blue. 
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 zz through the higher-order relativistic correction to the periastron 
dvance of rapidly spinning binary pulsars (Damour & Sch ̈aeer 
988 ). To date, this approach can only be applied to the double pulsar
SR J0737-3039, with the measurement yielding errors of ∼10–20 
er cent (Miao, Li & Dai 2022 ), comparable with our point estimates
f ∼ 10 per cent for neutron stars with large f̈ . So far, no alternative
pproach to measuring ε is available other than through a continuous 
ave detection (Lu et al. 2023 ). We are unable to accurately infer

he perpendicular magnetic dipole moment, but it may be inferred 
hrough alternative methods, such as from pulsars directly through 
he measurement of frequency and spin-down (Kramer 2005 ). 

 DISCUSSION  

his paper presents an analysis of the capability of LIGO and ET
o measure physical properties of neutron stars using continuous 
ra vitational wa ves. We first synthesized a population of neutron 
tars using Monte Carlo techniques, performed parameter estimation 
sing Bayesian inference on the ten gravitationally loudest simulated 
ontinuous wave signals, and finally inferred their physical proper- 
ies, namely the stellar moment of inertia I zz , equatorial ellipticity ε,
nd the perpendicular magnetic dipole moment m p . 

Targeted searches for continuous waves from the synthesized 
eutron stars produced well-constrained posteriors for the continuous 
ave strain amplitude h 0 , frequency f , and its first-order time
eri v ati ve ḟ , for both LIGO and ET-D. The inference of the braking
nde x n pro v ed challenging, and was the cause of the majority
f the uncertainty in the inference of the physical properties I zz ,
, m p , but this can be impro v ed with longer observation periods.
sing the ET-D configuration with five years of observations, 
epending on estimation of n , which is related to the size of
 ̈, 90-th percentile credible intervals can be placed on I zz and 
with errors of ∼ 100 –1000 per cent and ∼ 50 –100 per cent , 

espectively; and point estimates using median can be made with 
rrors of ∼ 10 –100 per cent and ∼ 5 –50 per cent , respectively. 
he perpendicular magnetic dipole moment could not be properly 

nferred for neutron stars with n ≈ 5 due to the asymptotic behaviour
f equation ( 27 ). 
Lu et al. ( 2023 ) found that measurement of I zz , ε, and m p , with

elative errors of � 27 per cent, might be achie v able with continuous
aves. In comparison, our headline results (summarized abo v e) are 
omewhat less promising for the accurate estimation of these parame- 
ers. The reason for this discrepancy is readily apparent from Table 1;
he 10 neutron stars used for parameter estimation all have relatively
mall spin-downs ( | ḟ | � 1 × 10 −10 Hz s −1 , | f̈ | � 1 × 10 −22 Hz s −2 )
ompared to what is typically assumed for continuous wave searches. 
ndeed, as seen in fig. 4 of Lu et al. ( 2023 ), the | ḟ | of the 10
eutron stars are similar to (or even smaller than) the smallest
 ḟ | ∼ 1 × 10 −11 Hz s −1 co v ered by Lu et al. ( 2023 ), where errors
ere found to be worst ( E � 30). Our results, therefore, reaffirm the

ntuition that the detection, not only of continuous wa ves, b ut from
 relatively luminous neutron star with high spin-down, would be 
equired for any useful estimation of its physical parameters. 

Future work could impro v e upon some of the simplifying as-
umptions used in the neutron star population synthesis, such as 
erforming n -body simulations of the spatial evolution of the neutron
tars through the Galactic potential, or adopting evolution models for 
he ellipticity and the magnetic field strength. In addition, directed or
ll-sky searches could be performed on the synthesized population to 
rovide a more comprehensive assessment of the detection prospects 
or LIGO and the Einstein Telescope. 
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