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Provably Convergent Plug-and-Play Quasi-Newton Methods

Hong Ye Tan*, Subhadip Mukherjee*, Jungi Tang*¥, and Carola-Bibiane Schénlieb*

Abstract. Plug-and-Play (PnP) methods are a class of efficient iterative methods that aim to combine data
fidelity terms and deep denoisers using classical optimization algorithms, such as ISTA or ADMM,
with applications in inverse problems and imaging. Provable PnP methods are a subclass of PnP
methods with convergence guarantees, such as fixed point convergence or convergence to critical
points of some energy function. Many existing provable PnP methods impose heavy restrictions on
the denoiser or fidelity function, such as nmonexpansiveness or strict converity, respectively. In this
work, we propose a novel algorithmic approach incorporating quasi-Newton steps into a provable PnP
framework based on proximal denoisers, resulting in greatly accelerated convergence while retaining
light assumptions on the denoiser. By characterizing the denoiser as the proximal operator of a
weakly convex function, we show that the fixed points of the proposed quasi-Newton PnP algorithm
are critical points of a weakly convex function. Numerical experiments on image deblurring and
super-resolution demonstrate 2—-8x faster convergence as compared to other provable PnP methods
with similar reconstruction quality.

Key words. Plug-and-Play, inverse problems, quasi-Newton methods, image reconstruction

MSC codes. 49M15, 49J52, 65K15

1. Introduction. Many image restoration problems can be formulated as reconstructing
data x € R™ from a noisy measurement y = Az + ¢ € R™, where A is a linear forward
operator, and € is some measurement noise. One common way to solve this is the variational
formulation

(1.1) argmin (z) = f(z) + g(z),
zeR"

where f : R® — R is typically a continuously differentiable data fidelity term, and ¢ : R* — R
is a regularization term that controls the prior. In many cases, the fidelity term incorporates
a forward operator A : R™ — R™, which may correspond to physical operators such as
blurring operators or Radon transforms [28]. For a noisy measurement y = Az + ¢ with
additive white noise ¢ ~ AN(0,0%I), the fidelity term takes the form of the negative log
likelihood f(x) = ||Az — y||?/(20?). For many physical forward operators, such as blurring or
down-sampling, the optimization problem min, f(z) is ill-posed, thus a regularization term
is needed [36]. Classical examples for regularization include using Fourier spectra (spectral
regularization) or total variation (TV) regularization on natural images [62, 63|, whereas
recent works aim to learn a neural network regularizer [44, 49].

Fully data-driven approaches have been shown to outperform explicitly defined regularizers
[77, 76, 49]. However, the outputs of these learned schemes often do not correspond to
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2 H. Y. TAN, S. MUKHERJEE, J. TANG, AND C.-B. SCHONLIEB

closed-form minimization problems of the form (1.1). This is particularly limiting in sensitive
applications such as medical imaging, where interpretability is necessary [73, 72]. Recent
lines of work consider combining iterative algorithms with generic denoisers, with notable
examples including regularization by denoising (RED) [17, 58], consensus equilibrium [12],
and deep mean-shift priors [2]. In this work, we will focus on the line of Plug-and-Play (PnP)
methods, which arise from replacing proximal steps with denoisers. Under certain conditions
on the fidelity and denoisers as detailed in Section 1.2, fixed point convergence of certain PnP
methods can be established, characterized by critical points of a corresponding functional.

The PnP framework of replacing the regularization proximal step with a denoiser is flexible
in the choice of denoiser. In particular, it allows for the use of both classical denoisers such as
NLM or BM3D [11, 18], as well as data-driven denoisers [78, 77, 64]. This allows for extending
the use of Gaussian denoisers to other image reconstruction tasks, such as super-resolution or
image deblocking. Recently, PnP methods based on the half-quadratic splitting were able to
achieve state-of-the-art performance for image reconstruction using a variable-strength Gauss-
ian denoiser called DRUNet [78]. Named the deep Plug-and-Play image restoration (DPIR)
method, DPIR outperforms or is competitive with fully learned methods for applications such
as image deblurring, super-resolution, and demosaicing while using only a single denoiser prior
[77]. This work demonstrates the flexibility of PnP, using one prior for multiple reconstruction
tasks.

While PnP methods can be used to achieve excellent performance, empirical convergence
does not equate to traditional notions of convergence. Indeed, while DPIR is able to achieve
state-of-the-art results in as few as eight PnP iterations, there are no associated theoretical
results. Moreover, DPIR can diverge when more PnP iterations are applied [32]. This can
be empirically alleviated using various stopping criteria, but this raises an additional issue
for defining a notion of “best reconstruction”. In this work, we sidestep this by considering
provable PnP methods. We use the term “provable PnP” to refer to PnP methods equipped
with some notion of convergence, such as fixed-point convergence, or the stronger notion of
convergence to critical points of a function.

Various approaches for accelerating PnP methods have been proposed, including using
classical accelerated optimization algorithms, block-coordinate methods, parallelization, and
dimensionality reduction [38, 23, 71, 37, 68]. In the context of convergence to fixed points
of a functional, theoretical results for PnP based on accelerated classical methods such as
FISTA have not arisen in the literature. This work proposes to extend the work on provable
PnP methods by introducing a quasi-Newton step to accelerate convergence, while retaining
a corresponding closed-form minimization problem with relatively weak constraints.

1.1. Definitions and Notations. We begin with some definitions and notation. Let R =
RU{+00} be the extended real line. Recall that a function g : R — R is proper if the effective
domain dom g = {z € R" | g(x) < 400} is nonempty, and closed (or lower-semicontinuous) if
for every sequence ¥ — x in R™, we have g(z) < liminf}, g(z*).

Definition 1.1. For a scalar v > 0 and a proper closed convexr function g : R® — R, the
proximal map is

1
1.2 Prox.,(x :argmin{g u)+ —|lu—=x 2}.
(1.2) 19(®) = argmin | g(u) + 5 lu — 2]
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PLUG-AND-PLAY QUASI-NEWTON METHODS 3

The Moreau envelope is the value function of the prorimal map, defined as

1
1.3 Y(x) = mi ey — 22
(1.9 o) = min {o(w) + 5-lu |}
Properties of the Moreau envelope and proximal operators are well documented in classical
literature [59, 7, 48, 27]. In particular, for proper closed convex g, the proximal operator is
single-valued and nonexpansive, and the envelope function ¢” is convex and C! with derivative

Vg (z) =77}z — prox,y(z)).

1.2. Plug-and-Play Methods. The Plug-and-Play (PnP) framework was first introduced
by Venkatakrishnan et al. in 2013 for model-based image reconstruction [74]. PnP meth-
ods arise from composite convex optimization algorithms, wherein a prior regularization step
is associated with a denoising step. The first composite optimization algorithm considered
was Alternating Directions Method of Multipliers (ADMM), a classical proximal splitting
algorithm used for minimizing composite functions. In the case of image reconstruction, a
maximum likelihood estimation model can be decomposed into a composite problem. For a
noisy measurement y and unknown data x, let p(y|z) be the conditional likelihood, and p(x)
the prior of the unknown z. The maximum a-posteriori (MAP) estimate & is given as follows:

&= arg max {pylz) +p(x)}
= arg;nin{f(ﬂﬁ;y) +g(z)},

where f is the likelihood/fidelity term, and g is the prior/regularization term. A classical
example would be TV regularization for additive Gaussian noise, where the fidelity term is
f(z;y) = || Az —yl|3/202, and the prior term is g(z) = A||Vz||; [63]. To solve the minimization
problem for general convex f, g, proximal splitting algorithms such as ADMM consider alter-
nating applications of the individual proximal operators prox, prox, or subgradients df, dg.
The key observation of PnP is that the prior regularization step can also be interpreted as a
denoising operation [64].

More generally, the PnP framework can be applied to monotone operator splitting meth-
ods. Under light conditions, the composite convex optimization problem of minimizing f + g
can be reformulated as the monotone inclusion problem 0 € df(z) + dg(x) [59, 7]. For convex
f and g, the operators 0f and g are monotone operators. Monotone operator splitting meth-
ods aim to solve the inclusion 0 € df(x) + dg(x), using only the resolvents of the individual
operators df,dg, and/or the individual operators df,dg themselves [7]. In convex analysis
terms, this corresponds to splitting the proximal operator prox;, , in terms of the simpler
proximals prox; and prox, or gradients V f and Vg. Two common splitting algorithms are
the forward-backward splitting (FBS) and the Douglas-Rachford splitting (DRS), given as
follows [7, 21]:

(FBS) g+l = prox, (I — V1) ()

{az’“” = prox;(y"),

(DRS)
YL — 4 proxg(23:k+1 — k) = 2

This manuscript is for review purposes only.
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One classical application of a splitting algorithm is the iterative thresholding and shrinkage
algorithm (ISTA) for LASSO problems, where the fidelity f is quadratic, and the prior term is
the ¢1 norm g(x) = ||z||1 [19, 9]. Applying the PnP framework to FBS and DRS, by replacing
the prior proximal terms prox, with a denoiser Dy, gives the PnP-FBS and PuP-DRS methods.

(PnP-FBS) 2" = Dy (I = Vf)(a*);

k+1 _ k
(PnP-DRS) {x prox; (y),

yk—H _ yk + Dg(2$k+1 o yk) o .%']H_l.

Provable PnP results first arose by Chan et al. for the PuP-ADMM scheme, demonstrating
fixed-point convergence under a bounded denoiser assumption ||D,(z) — z|| < Co? [15]. Ryu
et al. demonstrate convergence of the PnP-FBS algorithm when f is strongly convex and the
denoiser residual D, — I is Lipschitz with sufficiently small Lipschitz constant, as well as for
PnP-DRS and PnP-ADMM in the case where D, — I is Lipschitz with Lipschitz constant less
than 1 [64]. Various works show fixed-point convergence of PnP-ADMM and PnP-FBS when
f has Lipschitz gradient under an “averaged denoiser” assumption, where (1 — 6)I + 0D, is
nonexpansive for some 6 € (0, 1), mainly using monotone operator theory [69, 70, 29]. Cohen
et al. show fixed-point convergence of a relaxed PnP-FBS scheme when f has Lipschitz
gradient under a demicontractive denoiser assumption, which is a strictly weaker condition
than nonexpansiveness [17]. Sreehari et al. show convergence of PnP-ADMM to an implicitly
defined convex function when the denoiser is nonexpansive and has symmetric gradient, by
utilizing Moreau’s theorem to characterize the denoiser as a proximal map of a convex function
[66, 48]. In the case of nonexpansive linear denoisers, PnP-FBS and PnP-ADMM converge to
fixed points of a closed-form convex optimization problem [51].

While plentiful, many of these convergence results impose restrictive or difficult-to-verify
conditions on the denoisers D,. Instead of replacing the regularizing proximal operator prox,
with a denoiser, Hurault et al. and Cohen et al. instead consider applying FBS with the
proximal operator on the fidelity term and a gradient step on the regularization, z¢t1 =
prox (I — Vg)(z*) [32, 16]. Replacing the regularization step with a denoiser D, = I — Vg,
results in the Gradient Step PnP (GS-PnP) algorithm z¢*! = (prox; oD, )(x*). Using this
parameterization, they show further that the fixed points of GS-PnP are stationary points of
a particular (non-convex) function. Moreover, a follow-up work shows that a gradient-step
denoiser of the form D, = I — Vg, can be interpreted as a proximal step D, = prox,
[33]. Using this, they are able to achieve iterate convergence under KL-type conditions to a
stationary point of a (non-convex) closed-form functional of the form (1.1).

The GS-PnP style schemes require that the gradient of the potential Vg, is Lipschitz with
Lipschitz constant L < 1. Methods of training neural networks with Lipschitz constraints
include spectral regularization, adversarial training against Lipschitz bounds during training,
or spline based architectures [64, 46, 22, 52]. Hurault et al. consider fine-tuning the DRUNet
denoiser by using spectral regularization to enforce the Lipschitz gradient condition [33]. While
it can be shown empirically that the Lipschitz constant is less than one locally, there is no
theoretical guarantee, which can lead to occasional divergence. One possible way of remedying
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PLUG-AND-PLAY QUASI-NEWTON METHODS 5

this is by averaging the denoiser with the identity operator, as remarked in [33]. This consists
of replacing the denoiser D, = I — Vg, with the relaxed D¢ := (1 — a)l + aD, = I — aVyg,
for some a € (0,1). We can rewrite the relaxed denoiser as DS = I — Vg%, where ¢ = ag,
has aL-Lipschitz gradient. Taking o < 1/L gives the appropriate contraction condition on g%
and thus convergence of the associated PnP schemes [33, 31].

1.3. Quasi-Newton Methods. For minimizing a twice continuously differentiable function
f:R™ = R, a classical second-order method is Newton’s method [54]:

(1.4) dH = b — (VP )TV (),

where V2f is the Hessian of f. This can be interpreted as minimizing a local quadratic
approximation

(150 fuly) = M)+ VI T - o) + (- 2 TR ) - o),
(1.5Db) = argymin Fe(y).

Newton’s method is able to achieve quadratic convergence rates with appropriate initialization
and step-sizes [54]. However, the inverse of the Hessian may be computationally demanding,
especially in high-dimensional applications such as image processing. Quasi-Newton (qN)
methods propose to replace the inverse Hessian (V2f)~! with (low-rank) approximations to
the inverse Hessian, with notable examples including the Broyden-Goldfarb-Fletcher-Shanno
(BFGS) algorithm, the David-Fletcher-Powell (DFP) formula, and the symmetric rank one
method (SR1) [54].

Like Newton’s method, quasi-Newton methods utilize the curvature information from the
Hessian approximation to accelerate convergence, with applications in non-convex stochastic
optimization, neural network training, and Riemannian optimization [13, 30, 75]. Classi-
cal theory gives asymptotic superlinear convergence under the Dennis-Moré condition, which
states that the Hessian approximation converges to the Hessian at the minimum [20]. Non-
asymptotic convergence of quasi-Newton methods is still an active area of research. BFGS and
DFP have only recently been shown to have non-asymptotic superlinear convergence rates of
O((1/k)*/?) when the objective function is strongly convex with Lipschitz continuous gradi-
ent, has Lipschitz continuous Hessian at the minimum, and satisfies a concordance condition
[35, 61]. However, BFGS sees empirical success even when these conditions are not explic-
itly verified, including in the non-convex setting [41, 42]. Interestingly, certain accelerated
proximal gradient methods can be interpreted as a proximal quasi-Newton method [55].

Variants of BFGS include limited memory BFGS (L-BFGS), stochastic BFGS, greedy
BFGS, and sharpened BFGS [43, 34, 47, 65, 60]. Of these variants, the limited memory
version is most suited to repeated iteration. Standard quasi-Newton methods continually
update the Hessian approximation using all the previous iterates, leading to a linear per-
iteration computational cost increase. L-BFGS instead utilizes only the last m iterates, where
m > 1 is a user-specified parameter, typically chosen to be less than 50. Moreover, the
Hessian need not be stored and/or computed at each iteration, as the method only relies on
Hessian-vector products, which can be computed efficiently with two loop recursions [54].

This manuscript is for review purposes only.
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To relate quasi-Newton methods to the PnP framework described previously, we would like
to consider applying Newton-type methods for convex composite optimization, by replacing
a proximal operator with a denoiser. Lee et al. consider the problem of minimizing

(1.6) p(x) = f(x) +g(x),

where f(z) is a convex C! function, and g is a possibly non-smooth convex regularizer [39].
For a symmetric positive definite matrix By, ~ V2f(z*), the proximal Newton-type search
direction Ax*, satisfying z**! = 2* + t;, Az¥, is given as the minimizer of a local quadratic
approximation on the smooth component fk(y)

(1.72) fuly) = £ + 97T~ 4) + 5y — a5 Buly — 2%,

(1.7b) Az = argmin ¢y, (a* + d) = fp(2* + d) + g(2* + d).
d
Define the scaled prozimal map for a positive definite matrix B as in [39]:

. 1
(L8) prox) (z) = arg min g(y) + 5 ly — =%,
yeR”

where the B-norm is defined as ||z||4 = 2" Bz. For example, taking B to be the identity
matrix results in the standard proximal map as defined in (1.2). The search direction (1.7b)
has a closed form in terms of the scaled proximal map:

(1.9) AzF :proxfk(x—BI;lVf(xk)) — k.

With this search direction, appropriate step sizes and By, the proximal Newton-type methods
are able to achieve similar convergence rates to Newton-type methods, achieving global con-
vergence and local superlinear convergence. While the scaled proximal map allows for such
analysis, it is not amenable to the PnP framework. For example, if we compute the Hessian
approximation By using a BFGS-type approach, a naive approach of replacing proxfk with
a denoiser would require a careful analysis of the interaction of B on the resulting regu-
larization, and possibly require the denoiser to depend on Bj. Instead, we seek a proximal
Newton-type method that utilizes only the unscaled proximal map, with possibly a scalar con-
stant which can be easily interpreted as a regularization parameter controlling the strength
of regularization.

In Section 2, we will detail a classical composite minimization algorithm that uses only
the unscaled proximal map prox,, as well as arbitrary descent steps that allow for Newton-
type steps. We further extend the classical analysis from convex to weakly convex functions,
inspired by the GS-PnP characterization of denoisers as proximal maps of weakly convex
functions. In Section 3, we use this extension to propose the PnP-quasi-Newton (PnP-qN)
method, further convergence and characterizing cluster points of the algorithm. In Section 4,
we evaluate the proposed PnP-gqN method with the quasi-Newton method given by L-BFGS,
and compare it with other provable and non-provable PnP methods with comparable recon-
struction quality.

This manuscript is for review purposes only.
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2. Proximal Quasi-Newton. In this section, we will first describe a classical algorithm for
optimizing composite sums of a (possibly non-convex) smooth function and a (possibly non-
smooth) convex function. We will then extend the analysis to allow for weak converity instead
of converity. By replacing proximal terms with deep denoisers corresponding to proximal
operators of weakly convex maps, we construct a Plug-and-Play scheme with convergence
properties of the classical algorithm.

Let us work on the Euclidean domain R". Let C}J’l denote the class of C' functions
f + R" — R with L-Lipschitz gradient, and I'g the class of proper, closed, and convex
functions g : R — R. Consider a variational objective having the following form:

(2.1) p=f+g. fecCr, geTy

We can consider f as the fidelity term and g as a regularization term. A prominent example
from inverse problems is the quadratic fidelity loss f(z;y) = %HAJE — y||* for some linear
forward operator A : R” — R™ and observation y € R, where the norm is taken as the
Euclidean norm.

2.1. MINFBE: Minimizing Forward-Backward Envelope. We first detail a classical com-
posite optimization algorithm for minimizing (2.1), which will serve as the base of our proposed
PnP scheme. Moreover, we describe some of its convergence properties that transfer to the
PnP framework. By constructing a smooth convex envelope function around the original ob-
jective ¢, this envelope can be shown to have desirable properties such as sharing minimizers,
smoothness, and being minorized and majorized by convex functions. By applying descent
steps and proximal mappings in a particular fashion, the classical algorithm is able to obtain
global objective convergence to critical points at a rate of O(1/k), local linear convergence if
the function is locally strongly convex, and superlinear convergence when the descent steps
are taken to be quasi-Newton with suitable assumptions [67].

For the problem (2.1), define the following expressions [67]:

(2.22) lo(u, ) = f(z) + (Vf(2), u—z) + g(u),
(2.2b) Ty(z) = argumin {l@(u, x)+ ;]\u - x||2} = prox.,(z — YV f(z)),
(2.2¢) Ry(x) = (& — Ty (),
. 1
(2.2d) oy (z) = min {l@(u,x) + %Hu — x||2} .

Here, [, is a local linearized decoupling of ¢, T can be interpreted as an FBS step (with
step-size v for f + g) and R, is a scaled residual or “gradient direction”. Note that z =
T, (x) < = € zer Oy, i.e. fixed points of T, correspond to critical points of ¢. ¢, is defined as
the forward-backward envelope of . We further explicitly write the Moreau envelope for g:

(230 o) =min { ) + 5 21?}
(2.3b) = g (prox.,(z)) + 217H prox. ,(z) — x|

This manuscript is for review purposes only.
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With the above definitions, we have the following closed-form expressions for the forward-
backward envelope:

(2.42) @y = [(@) +9(Ty(2)) = 1V f(2), By (@) + 2| By ()]
(2.4b) = (@) = ZIVI@) + 9" (& =7V F (2)).

In fact, ¢~ has many desirable properties, such as sharing minimizers with ¢, and having an
easily computable derivative in terms of the Hessian of f.

Proposition 2.1 ([67, Sec 2]). The following holds:
i. p(2) = py(2) for all v >0, z € zer Op;
ii. inf ¢ = inf ¢, and argmin C argmin ¢, for v € (0,1/Ly];
i4i. argmin ¢ = argmin ¢, for all v € (0,1/Ly).
Suppose additionally that f is C2. Then O~y 18 C! and the gradient of ©~ can be written as

(2.5) Vo (2) = (I - 7V2f(2) Ry(x).
Moreover, if v € (0,1/Ly), the set of stationary points of v~ equals zer Op.

Assuming that we are able to compute both ¢, and ¢, Proposition 2.1(i) allows us to
check whether we have converged to a stationary point of . Algorithm 2.1 is a classical
forward-backward algorithm for optimizing the nonsmooth composite objective (2.1).

Algorithm 2.1 MINFBE [67]

Require: 2%, v > 0,£ € (0,1),3€[0,1),k + 0

if R, (z*) =0 then
stop

end if

Choose d* s.t. (d¥, V., (z%)) <0

Choose 7, > 0 and w* = 2% + 7.d* s.t. @, (WF) < @, (2F)

i f(Ty, (w) > f(0h) =3 (VF(F), Ry (b)) + F57]| Ry (wh)|* then
Vi = &k, goto 1

end if

xk+1 — T’Yk (wk)

Vi1 < Vi

k< k+1,goto 1

_ =
== O

In Algorithm 2.1, £ is an Armijo backtracking parameter, while 3 is used to control the
strictness of the descent condition in Step 6. For appropriately chosen «, the condition in Step
6 never holds, as stated in the next lemma. Moreover, the step-sizes «; are bounded below
by a constant in terms of o, 3 and Ly. This guarantees that a step is always possible.

Lemma 2.2 ([67, Lem 3.1]). Let (vk)ken be the sequence of step-size parameters in Algo-
rithm 2.1, and let Yoo = min;en-y;. Then for all k > 0,

Vi = Yoo > min{yo, £(1 — B)/Ly}.
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PLUG-AND-PLAY QUASI-NEWTON METHODS 9

The MINFBE algorithm can be interpreted as a descent step (Step 5) followed by a FBS
step (Step 9). In particular, note that the descent direction d*¥ does not have to be the
direction of steepest descent, which allows for more flexibility in the algorithm. By combining
the two of these steps together, the algorithm achieves global convergence as well as local
linear convergence. This algorithm enjoys the following convergence guarantees.

Definition 2.3 (Linear and Superlinear Convergence). We say a sequence (z*)ren converges
to Ty;
i. Q-linearly with factor w € [0,1) if ||2*! — x| < wl|j2® — x| for all k > 0;
i. Q-superlinearly if [|2*T1 — z,||/||2* — 24| — 0.
The convergence is R-linear (R-superlinear) if ||x* — x,|| < ap for some sequence (ap)ren S.1.
ar — 0 Q-linearly (Q-superlinearly).

Theorem 2.4 ([67, Thm 3.6, 3.7]). Suppose that f is convex and that ¢ is coercive. In
particular, suppose that the level set {x € R"™ | p(z) < ¢(2°)} has diameter R, 0 < R < co.
Then for the sequences generated by Algorithm 2.1, either ¢(z°) — inf o > R? /vy and

(26) plah) —inf < 1
270
or for any k € N, it holds that
2R?

(2.7) p(*) —inf o <

kmin{~o,&(1 — B8)/Ls}

Suppose in addition that T is a strong minimizer of @, i.e. there exists a neighborhood N
of x. and ¢ > 0 such that for any x € N,

C
o) = plw2) 2 ko —

Then for sufficiently large k, (0(2%))ren and (-, (w*))ren converge Q-linearly to p(z4) with
factor w, where

o <max{ 11— Eminrn 61— /L) | € [1/2.0).

and (2F)pen converges R-linearly to x.. If x. is also a strong minimizer of Proe Where Yoo is
defined as in Lemma 2.2, then (o(w”))ren also converges R-linearly to x..

In MINFBE, the initial descent step w* can be chosen arbitrarily as long as the objective
function decreases. Suppose now that the descent direction is chosen using a quasi-Newton
method:

d* = —B,;1V<p7(xk).

If By, are positive definite, then d* are valid search directions. Assuming that By, satisfy the
Dennis-Moré condition [54, 20], we can get superlinear convergence of the iterates.
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Theorem 2.5 ([67, Thm 4.1]). Fiz v > 0. Suppose that V. is strictly differentiable at a
stationary point x, € zer Oy, and that VZLpW(a:*) is nonsingular. Let (By)ren be a sequence of
nonsingular R™*"™ matrices, and suppose the sequences

(2.8) wh = zF — B,;1V<p7(a:k), " =T (wh)

converge to T«. If 2%, w¥ ¢ zer Op for all k > 0 and the Dennis-Moré condition

(2.9) lim

holds, then (x*)ren and (wF)ren converge Q-superlinearly to x..

If By, are updated accordingly to the BEFGS update step, then the updates as given in the
previous theorem converge superlinearly to the minimum, under some additional assumptions
on ¢ such as being convex with strong local minimum z,, or satisfying a stronger Kurdyka-
Lojasiewicz property at cluster points w(2”) [67, Thm 4.3]. Moreover, it can be shown that
7, = 1 is a valid step-size for sufficiently large k. For completeness, the BFGS update steps
are given as below. Note that it is usually more practical to update the inverse Hessian
approximation Hy, = B, ' [54].

(2.10a) sP=wh —aF yF = Ve, () — Vi, (2F),
ykykT B Sk(B Sk)T . k k
(210b) Bk+1 = By + yFTsk kskTBlzsk if <3 Y > > 0, )
& otherwise
k, kT ko kT kokT .
(2 100) Hk+1 — (I - Zkyrsk> Hk (I - zk:grsk) + ;k:grsk if <Sk,yk> > O,
& otherwise

2.2. Weakly-Convex Extension. Suppose now that g is not convex, but instead is M-
weakly convex. Recall that a function g(x) is M-weakly convex if g + M| z||?/2 is convex.
For a M-weakly convex function g, we have for all z,y and z € dg(y) (where Jg denotes the
Clarke subdifferential of g),

(211a) o(x) > 9(0) + (22— 9) — 2 e .
(2.11b) gtz + (1= t)y) < tg(x) + (1 - t)g(y) + %t(l — )z —yll*.

In the following Section 3, we will model the proposed denoiser D, = prox, as the proximal
operator of a weakly convex function. In particular, a gradient step denoiser D, = I — Vg,
with contractive Vg, is the proximal operator of a weakly convex function [31]. We can extend
the classical convex analysis to this case as well, albeit with a smaller allowed ~.

To transfer the results from the previous section to the case where g is weakly convex, we
are required to check that the function values at the MINFBE iterates are non-increasing. As
we will show in the following proposition, this is still the case for sufficiently small v. Many
properties of the forward-backward envelope still hold, and we are still able to attain global
convergence and superlinear local convergence, subject to the Dennis-Moré condition (2.9).
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Proposition 2.6. For all z € R™, v > 0,

. _ 2

i () < () — TH|| Ry ()|

ii. P(T,(2)) < (@) = 31— L) [Ry ()] for all 5 > 0;
iii. (T, (2)) < o (x) for all 7 € (0,1/Ly].

Proof. (i). By the optimality condition in (2.2b), we have

Ry(z) = Vf(x) € 0g(T,(x)).

By (2.11a), we have

o(x) > 9(Ty () + (Ry(x) — V(@) 2~ T,(2)) — ol — T (2)
2 M~? 2
= 9T (@) ~ AV F (@), By (@) + 71 By ()2~ TR )]
Adding f(z) to both sides and applying (2.4a) gives the result.

(ii), (iii). The proof is identical to that in [67, Prop 2.2], requiring only the Lipschitz
convexity of Vf. [ |

Proposition 2.7. Suppose v — M~? > 0, or equivalently v € [0,1/M]. Then the following
hold:

i. py(2) = p(2) for all z € zer Dp;

ii. inf ¢ = inf ¢, and argmin C argmin ¢, for v € (0,1/Ly¢];

iii. argming = argmin . fory € (0,1/Ly).

Proof. (i). Proposition 2.6(i) combined with the condition v — M~? > 0 shows ¢, (z) <
(x). If z € zer Oy, then z = T, (z), and Proposition 2.6(ii) reads ¢(2) < ¢4(2).

(ii), (iii). Identical to [67, Prop 2.3]. [ ]

With weakly convex functions, we are still able to provide a lower bound on the ~ such
that the condition in Step 6 of Algorithm 2.1 does not hold, removing the need to reduce step-
sizes. The proof relies only on the Lipschitz constant of V f and does not require convexity of
g. However, we require that v — M~? > 0. In practice, the denoisers we use have M < 1/2,
which allows for any v € (0, 1).

Lemma 2.8. Suppose g is weakly conver. If 0 < v < min{(1 — 3)/L¢,1/M}, then the
condition in Step 6 in Algorithm 2.1 never holds. Moreover, this implies MINFBE iterations

satisfy Yi > Yoo > min{yo,&(1 — B)/Ly¢, 1/M} > 0 for all k.
Proof. Suppose 0 < v < min{(1 — 3)/Ls,1/M}, and for contradiction that the condition

in Step 6 holds. Then there exists some w such that
1—B)y
FT, () > Fuw) — (V£ (). By () + LT R, )2

Adding ¢(T’,(w)) to both sides and considering (2.4a), this becomes

(T () > oy () — 2 | Ry ) 2
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But from Proposition 2.6(ii), we also have
i
(Ty(w)) < py(w) = 5 (1= 7Ly By (w)]?
By
< ) — 2R, )

where the second inequality follows from v < (1 — 3)/Ly, giving a contradiction. The second
part holds since (7x)ren is & non-increasing sequence. [ |

Remark 2.9. While v < 1/M is not strictly needed for the proof of the above lemma, this
requirement is needed for convergence in future results.

The following theorem characterizes the convergence of the functional ¢, which relies on
the non-increasing condition of Step 5 in Algorithm 2.1. This is an analogue of [67, Prop 3.4].

Theorem 2.10. Suppose 0 < 9 < 1/M. Then the MINFBE iterations satisfy the following:

() < (k) = PRy ()2 - T Ry (o) 2
ii. Either the sequence || R, (x%)| is square- summable or p(zF) — inf o = —oo and the
set w(z%) of cluster points of the sequence (x*)ren is empty.
i, w(zY) C zer dp;
w. If B > 0, then either the sequence || R, (w*)|| is square-summable and every cluster
point of (w¥)gen is critical, or ., (w*) — inf p = —oo and (w¥)gen has no cluster
points.

Proof. (i). Recalling ¥+t =T, (wh),
ﬁ%
(™) < g, (WF) = | Ry (w) 2
B%
By (M)

/B’Yk Vi — M~}
(2.13) < o(a%) — S22 | Ry (wF) |12 - fk

(2.12) < o (a) -
| Ry ()2,

where the first and second inequalities come from Step 6 and 5 in Algorithm 2.1 respectively,
and the final inequality is Proposition 2.6(i).

(ii)-(iv). We follow [67] with minor modifications. Let (. = lim_,o ¢(2*), which exists
as (¢(z¥))ren is monotone by (i) and vy, — Mr2 > 0. If g, = —oo, then infy = —oco. By
properness and lower semi-continuity of ¢, as well as the monotonicity of ((x*), no cluster
points of (z¥)gen exist. If instead ¢, > —o0, by telescoping (2.13),

k
(2.14) %Z% (Bl Ry (w)I? + (1 = % M) || Ry, () |7) < (%) — (™) < p(a?) — gu.
=0

Since 7, is uniformly bounded below by Lemma 2.8, we have square summability of || R, (z¥)]|,
showing (ii).

By square summability, 12, (z*) — 0. Moreover, the functions R,, = R, are constant for
sufficiently large k, and R, is continuous by continuity of the proximal operator and of V f.
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Therefore, any cluster point z € w(x*) has R, (2%) — R,_(z) = 0 for some subsequence
a2k — 2. Thus 2z = T, (2) = 2 € zer Dy, showing (iii).

If 5 > 0, for sufficiently large k£ such that vp = v, the following chain of inequalities
holds:

(2.15) P (W) < 0o (@) = 00, (Ti(w?)) < 0 ().

The first inequality comes from Step 5, the equality from Step 9, and the final inequality
from Proposition 2.6. The monotonicity of ., (w*) for sufficiently large k allows for a similar
argument to hold for the w* sequence, giving (iv). [ |

Convergence results can also be extended to the weakly convex case. In particular, the fol-
lowing theorem shows the convergence of the residuals between each step.

Theorem 2.11 (Global Residual Convergence). Suppose 0 < vy < 1/(2M), and let ¢ =
min{vo,&(1 — B8)/Ly,1/M} > 0 be the lower bound for vys. The MINFBE iterations satisfy

) : 2 p(z%) —infyp
21 ()% < .

If in addition 8 > 0, then we also have

< 2 @(xo)—infgo.

2.1 i (w1
(2.17) min | By ()| < =5 =

Proof. Asin [67, Thm 3.5]. If inf ¢ = —o0, there is nothing to prove, so suppose otherwise
that inf ¢ > —o00. Considering (2.14) along with (v)ken being nonincreasing implies

(k+1)(ve — M~3) . i (k4 1)By
5 b gggHR%(x)H”f

(2.18) min ||y, (uw')[* < (") — inf .

1’_

Now note that v — M~? is increasing for v < 1/(2M), so v — M fy,? is lower bounded by
¢ — Mc? > 0. Rearranging yields both inequalities. |

To obtain convergence of the objective similar to Theorem 2.4, it is insufficient for g
to be weakly convex. We can alternatively utilize the KL property, which is a useful and
general property satisfied by a large class of functions, including semialgebraic functions [4].
Moreover, it can be used to show convergence in the absence of other regularity conditions
such as convexity [5, 10, 33].

Definition 2.12 (KL Property [5, 10]). Suppose ¢ : R® — R is proper and lower semi-
continuous. ¢ satisfies the Kurdyka-Lojasiewicz (KL) property at a point x, in dom dy if
there exists n € (0,400], a neighborhood U of z, and a continuous concave function ¥ :
[0,1) — [0, +00) such that:

1. ¥(0) =0;

2. W is C! on (0,n);

3. ¥'(s) >0 forse (0,n);

4. For allu € UN{p(zs) < ¢(u) < ¢(z+) + 1}, we have

¢ (p(u) — p(x.)) dist(0, dp(u)) > 1.

This manuscript is for review purposes only.



460

461
462
463
464

465

166
467

168
469
470
471
472
473
474

475

476
A77

178
479

480
481
482

183

14 H. Y. TAN, S. MUKHERJEE, J. TANG, AND C.-B. SCHONLIEB

We say that ¢ is a KL function if the KL property is satisfied at every point of dom 0.

Utilizing the KL property, we are able to show that the iterates generated by MINFBE are
sufficiently well-behaved, and hence converge. Moreover, from Theorem 2.10, we have that the
iterates converge to critical points of the non-convex objective . Under the PnP scheme, this
will correspond to convergence to critical points of some function determined by the denoiser.

Theorem 2.13. Suppose that f satisfies the KL condition and g is semialgebraic, and both
f and g are bounded from below. Suppose further that there exist constants 7,c > 0 such that
e < 7 and ||d¥|| < ¢|| Ry, (z%)|, B > 0, and that ¢ is coercive or has compact level sets. Then
the sequence of iterates (z*)xen is either finite and ends with R., (z¥) =0, or converges to a
critical point of .

Proof. Deferred to the supplementary material. The proof is very similar to that in [67,
Thm 3.9, Appendix 4]. [ |

The crux of using the MINFBE method is that we are able to incorporate Newton-type
steps into the iterations. Since we are able to get convergence to a critical point from the pre-
vious theorem, we are in a position to apply the next theorem to show superlinear convergence
in a neighborhood of a minimizer.

Theorem 2.14. Suppose that f is continuously differentiable with L-Lipschitz gradient and
g is M -weakly convex. Let v = v, as in Lemma 2.8. Suppose the search directions are chosen
as

d" = =B 'V, (ab),

the step-sizes in Step &5 are chosen with 7, = 1 tried first, and By satisfy the Dennis-Moré
condition (2.8). Suppose further that the iterates (x*)ren, (w*)ren converge to a critical point
x, at which V., is continuously differentiable with V2@ (z,) = 0. Then (z*)ren and (w*)ren
converge Q-superlinearly to .

Proof. The proof is nearly identical to [67, Thm 4.1]. If v, is M-weakly convex, then for
v <1/M, uws (g(u) + %Hu - xH2> is strongly convex. Thus prox,, is 1-Lipschitz [59]. The
rest of the proofs of Thm 4.1 and 4.2 of [67] follows as usual. [ ]

This shows superlinear convergence instead of linear convergence in the case where the critical
point is a strong local minimum, i.e. it is locally strongly convex. Note the differentiability
condition in the second part can be dropped if f and g are both C2. Moreover, assuming
either ¢ is convex and x, is a strong local minimum, or ¢ satisfies a stronger KL inequality,
these conditions indeed hold if By is updated according to the BFGS scheme [67, Thm 4.3].

3. PnP-gN: Deep Denoiser Extension. To convert Algorithm 2.1 to the PnP framework,
we consider replacing the proximal step in (2.2b) with a denoiser. In particular, we consider
the gradient-step denoiser setup in [33]. Let the denoiser D, be given by

(3.1a) D, =1—Vg,,

1
(3.1b) 9o = in - NU('%')”27
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where g, is a C? function with L-Lipschitz gradient with L < 1. Note the subscript in g,
represents a denoising strength, as opposed to the forward-backward envelope of g as we will
define for our problem later. The mapping N, (z) takes the form of a C? neural network,
allowing for the computation of g, explicitly. Under these assumptions, the denoiser D, takes
the form of a proximal mapping of a weakly convex function, as stated in the next proposition.

Proposition 3.1 ([31, Prop 1]). Dgy(x) = prox, (), where ¢, is defined by

(32) 60(x) = 00 (D7 () — 51D (&) — o

if © € Im(Dy), and ¢q(x) = +00 otherwise. Moreover, ¢y is L%_l—weakly convez.

This proposition allows us to take the weak convexity constant required in the previous section
as M = L/(L+1). Since L < 1, we have M < 1/2. This result can be thought of a slight
extension of the fact that a function f is a proximal operator of some proper convex l.s.c.
function ¢, if and only if it is a subgradient of a convex l.s.c. function ¢ and f is nonexpansive
27, 48].

Suppose that 7, = v > 0 is fixed in the MINFBE iterations, satisfying the conditions in
Lemma 2.8. Consider making the substitution with ¢, defined as in Proposition 3.1, targeting

p=f+g

(3-3) V9 = do-

The FBS step T, (z) = prox.,(z — vV f(z)) thus becomes, using D, = prox,_,
(3.4 T, (2) = Dyl — 1V f(2).

This will target the objective function p(z) = f(z) + g(z) = f(x) + ¢o(x)/v. To iterate
Algorithm 2.1 with this substitution, we need to evaluate . Recalling (2.4b), we can instead
evaluate the Moreau envelope ¢g7. By definition (2.3b) and the substitution (3.3), we have:

gv(y)(2§§ﬂ g(prox.,(y)) + é;ﬂlproxyg(y)<— yl?
(3.3) 1 1 B
- §¢U(D0(y)) + %HDa(y) yH2
32) 1 -1 L _ 2, 1 — 2
= VgoUZf(DaQDD 27HD01U1%yﬁ ll%yﬂ\-%2WHDoQD yll
= iga(y)'

Using this substitution, we obtain the Plug-and-Play scheme PnP-MINFBE, detailed in Al-
gorithm 3.1. We have a closed form for the forward-backward envelope of ¢, as well as some
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other expressions essential for iterating MINFBE, given by:

(3.50) P(w) = F(a) + Z6s(a),
(3.5b) ¢r(@) = (@) = FIVI@IP + go(e =1V (@)
(3.5¢) Voo (z) = (I —yV?f)R,(2),

B50)  pla) = F@) + = (g0 (0" = 1VF0h) = k= F(uh) = T (w)/2)

Algorithm 3.1 PnP-MINFBE

Require: z°,vy < min{yo, (1 — 8)/Ls,1/M},8€[0,1),k + 0
if R, (z¥) =0 then
stop
end if
Choose d* s.t. (d*, Vi, (zF)) <0
Choose 7 > 0 and w* = 2% + 71.d* s.t. ¢, (wWh) < p,(z)
ok < D, (wh — 4V f(wh))
k< k+1, goto 1

To compute the search direction d* at each step, we can use a quasi-Newton method
to approximate the inverse Hessian of ¢,. While a closed form exists for v2g07, such as in
[67, Thm 2.10], it requires the Jacobian of the denoiser D,, rendering methods requiring the
Hessian computationally intractable due to the dimensionality of our problems. Therefore,
we resort to a BFGS-like algorithm using the differences and secants

sF = wh — a2k, ¥ = Vo, (0F) — Vi, ().
In particular, we will use the L-BFGS method due to the memory restrictions imposed by using
images for our experiments. This can be implemented using a two-loop recursion, using only
the last m secants computed [54]. We additionally impose a safeguard to reject updating the
Hessian approximation if the secant condition (s*,y¥) > 0 is not satisfied. For completeness,
we write the two-loop recursion for L-BFGS in Algorithm 3.2. The initial (inverse) Hessian
approximations are chosen as Hé“ = ¢] as in [54], given by

o — <sk71, yk71>
(yk=1, yk=1)

Utilizing the results from the previous section, we can show the following convergence
results for PnP-MINFBE (Algorithm 3.1) and PnP-LBFGS (Algorithm 3.3).

Corollary 3.2. Suppose that f is C' and KL with Ly-Lipschitz gradient, g, is C? and semi-
algebraic with Lg-Lipschitz gradient with Ly < 1. Assume further that v < 1/(2M) is chosen
as in Lemma 2.8 such that v = Yoo, and there exist 7,¢ > 0 such that 7, < T and Hdk|| <
c|R,(z*)||. Then the PnP-MINFBE iterations of Algorithm 3.1 satisfy the following:

This manuscript is for review purposes only.
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Algorithm 3.2 L-BFGS [54]

— =
= o

Require: m > 0, secants (si)f:_klfm, differences (yi)f:_klfm, initial Hessian guesses (H})ken
q <+ Vgov(qck)'
pi < 1/{yt,s") fori=k—1,k—2,...k—m
fori=k—-1,k—2,....k—mdo
a; < pi(s',q)
qq—oy
end for
T H(]fq
fori=k—-—mk—m+1,..,k—1do
B« piy'sr) _
r <1+ (a; — B)s’
: end for
. stop with B} 'V, (2%) = H*Vp, (zF) =7

[
[\]

Algorithm 3.3 PnP-LBFGS

Require: z°,y < min{(1 - 3)/Ls,1/M}, 5 € [0,1),k < 0

1
2
3:
4: Compute d¥ + —Bk_1Vg07(:Ck) using L-BFGS (c.f. Algorithm 3.2) with differences and

. if R, (2%) =0 then

stop
end if

k—1

secants (s¢, yi)i:k—m‘

: Choose 14 € [0,1] and w* = 2% + 7.d* s.t. o (W) < . (aF)
c okt Da(wk - 7Vf(wk))

sk wh — k| yF Vgpw(wk) — Vgpw(xk)

k< k+1,goto 1

i. o(2¥) decreases monotonically;
ii. The residuals R (z*) converge to zero at a rate O(1/Vk);
wi. If the iterates are bounded, then the iterates are either finite or converge to a critical
point of o = f + %(;5(, Moreover, ¢ = @~ at these critical points.

iv. If furthermore d* = —B,€_1V<p7(xk) and the By satisfy the Dennis-Moré condition
(2.8), then the 2* and w* converge superlinearly to x..

Proof. (i), (ii). Follows from Theorems 2.10 and 2.11. (iii). By the Tarski-Siedenberg

theorem [5], compositions and inverses of semi-algebraic mappings are semi-algebraic. There-
fore D, and D! are semi-algebraic (on their domain), and hence so is ¢,. Therefore,

QOZf—i-lng
Y

is a KL function. Moreover, ¢, is also a KL function. So we have convergence by Theorem 2.13.
The final part follows from Proposition 2.7. (iv). Follows from Theorem 2.14. [ |
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Table 1: Hyperparameters for PnP-LBFGS.

Deblur SR
o 255 7.65 12.75 2.55 7.65 12.75
« 0.5 0.5 0.7 0.5 0.5 0.5
¥ 1
3 0.01
A 1 1 1 4 1.5 1
oqfo 1 0.75 0.75 2 1 0.75

Table 2: Hyperparameters for PnP-aPGD.

Deblur SR
o 2.55 T7.65 12.75 2,55 7.65 12.75
« 06 0.8 0.85 1 1 1

Ly 1 0.25
A (a+1)/(aLy)
& 1/(ALy)
oqfc 15 1 1 2 2 2

Remark 3.3. An essential part of the classical proof relies on the fact that = = 1 will
eventually always be accepted in MINFBE, under a Newton-type descent direction choice.
During numerical testing, we observed that the Armijo search for 7 was only occasionally
necessary when the image is being optimized, with at most 10 line searches required before
converging.

In our case, f will be a quadratic fidelity term of the form f(x) = || Az —yl|?/2 for some linear
operator A and measurement y. This is semi-algebraic and hence KL, and moreover trivially
bounded below. From (3.1b), we additionally have that g, is bounded below. Since N, will
take the form of a neural network which is a composition of semi-algebraic operations and
arithmetic operations, g, will also be semi-algebraic. Therefore, we can apply Corollary 3.2
and get convergence to critical points of the associated function ¢ = f + %qﬁg.

4. Experiments. In this section, we consider the application of the proposed PnP-LBFGS
method, given by Algorithm 3.3, with a pre-trained denoiser to image deblurring and super-
resolution. We use the pretrained Lipschitz-constrained proximal denoiser given in [33]. The
(gradient-step) denoiser takes the form (3.1), where N, is a neural network based on the
DRUNet architecture [77]. The Lipschitz constraint on Vg, is enforced by applying a penalty
on the spectral norm of V2g, during training. While this spectral constraint affects the
performance of the end-to-end denoiser, it provides sufficient conditions for convergence in
the context of PnP, in particular, convergence to a critical point of a closed-form functional.
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The datasets we consider for image reconstruction are the CBSD68, CBSD10 and set3c
datasets', containing images of size 256 x 256 with three color channels and pixel intensity
values in [0, 255] [45]. The forward operators corresponding to the considered reconstruction
problems of deblurring and super-resolution are linear, and we can write the fidelity term as
f(x) = \||Az —y||?/2, where A is the degradation operator, y is the degraded image, and X is
a regularization parameter. For reconstruction, y will be taken as y = Axtrue + €, Where Tirye
is the ground-truth image and the noise ¢ is pixel-wise Gaussian with standard deviations
o € {2.55,7.65,12.75} corresponding to 1%, 3%, and 5% noise (relative to the maximum pixel
intensity value), respectively. The underlying optimization problems corresponding to fixed
points of PuP-MINFBE thus take the form (as in (3.5a)):

. A 1
(4.1) min (z) = 7|4z —y|l* + o,

where v < min{(1 — 8)/Ls,1/2M?} as in Lemma 2.8 and Theorem 2.11. In this case, f is C?,
and we can easily compute the derivative of the forward-backward envelope using (3.5¢).

The methods we compare against are PnP methods with similar convergence guarantees,
namely O(1/vk) residual convergence and a KL-type iterate convergence [33]. Our analysis
additionally shows superlinear convergence to minima with positive-definite Hessian using
Newton’s directions. Although we can not verify whether the Hessian approximation By
obtained via L-BFGS satisfies the Dennis-Moré condition for superlinear convergence, we
will empirically demonstrate faster convergence in terms of both time and iteration count
compared to the competing methods.

The PnP methods that we will compare against are the PnP-PGD, PnP-DRS, PnP-
DRSdiff and PnP-aPGD methods [33, 31]. Here PGD stands for proximal gradient descent,
DRS for Douglas-Rachford splitting, DRSdiff for DRS with differentiable fidelity terms, and
aPGD for a-relaxed PGD. The update rules corresponding to the chosen PnP methods for
comparison are as follows:

k+1l _ .k k

28 =P — AV f(2")
(PnP-PGD) {:L,]H-l = D, (z"+1)

Y+ = prox, p(a")
(PnP-DRSdiff) L = D, (294 — 2F)

P = gk (PR )

yk—l-l — Dg(xk)
(PnP-DRS) ZML = prox, (257 — )

gL = gk (R bty

¢t = (1 - a)yF + ax”
(PnP-aPGD) aF Tt = Dy (aF = AV f(g"H1))
yk+1 — (1 _ d)yk 4 aghtl

"https://www2.eecs.berkeley.edu/Research/Projects/CS /vision /bsds/
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Figure 1: Performance of DPIR measured in terms of residual ||2*+1 — 2%||2/||2°||> and PSNR
for deblurring with noise levels o = 2.55,7.65, applied with two different denoiser strength
regimes. Each curve corresponds to one of the 10 images from the CBSD10 dataset. DPIR!
has denoiser strength decreased from 49 to o over 8 iterations for deblurring, and extended
with o4 = o for following iterations. DPIR? has denoiser strength decreased from 49 to o over
1000 iterations. We observe that both methods have decreasing PSNR at later iterations and
non-converging residual, and further that DPIR diverges for small noise levels.

4.1. Hyperparameter and Denoiser Choices. The hyperparameters for the proposed
PnP-LBFGS and the existing PnP-&aPGD methods are as in Tables 1 and 2, respectively,
chosen via grid search to maximize the PSNR over the set3c dataset for the respective image
reconstruction problems. The hyperparameter grid for PnP-LBFGS is given in the subsequent
subsections, while the grid for PnP-&PGD is given below. For the denoiser in our experiment,
we use the pre-trained network N, as in [33].

The convergence conditions for PnP-PGD and PnP-DRSdiff are that g, has L-Lipschitz
gradient for some L < 1, and directly using the denoiser D, maintains theoretical convergence.
For PnP-DRS, the condition needs to be strengthened to L < 1/2. In this case, the denoiser is
replaced with an averaged denoiser of the form (I+D,)/2 = I— %Vgg, which gives convergence
results but changes the underlying optimization problem. For PnP-LBFGS and PnP-aPGD,
we use an averaged denoiser DY = I — aVg, which appears to have better performance, with
the relaxation parameter « chosen as in Tables 1 and 2. As remarked in the introduction,
adding the relaxation parameter o means that the effective Lipschitz constant of the potential
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(a) Residual PnP-FISTA (b) PSNR PnP-FISTA (c) Failure example

Figure 2: Residual ||2**! —2%||2/||2°||> and PSNR for PnP-FISTA applied to super-resolution
with noise level ¢ = 7.65. Each curve corresponds to one of the 10 images from the CBSD10
dataset. Using the parameters of PnP-LBFGS, which should resolve any Lipschitz constraint
issues, has the same divergence issue. PnP-FISTA sometimes fails, leading to images with
artifacts as seen in subfigure (c).

gradient aVg, is aL, which alleviates divergence issues when L > 1. In this case, D7 = proxya
for some weakly convex ¢%, and the previous computations hold with g, replaced with ag,-.

For the parameters of the relaxed PnP-4&PGD algorithm, we perform a grid search as in
[31]. To obtain the values of the denoiser averaging parameter o and the denoiser strength
o4, we do a grid search for the set3c dataset with o € {0.6,0.7,0.8,0.85,0.9,1.0} and o4/0 €
{0.5,0.75,1.0,1.5,2.0}, where the noise level is o = 7.65. The main difficulty in finding these
hyperparameters is the dependence between a and o4, leading to poor reconstructions for
many of these values. Given the denoiser averaging parameter «, the other hyperparameters
of PuP-a&PGD are given by A\ = g—g;a = ﬁ

For the Lipschitz constant, we take Ly = 1 for deblurring and Ly = 1/4 for super-
resolution with s = 2, 3, as in Subsections 4.3 and 4.4. It appears approximating Ly = 1 for
super-resolution or Ly = 1/9 = 1/s%, for s, = 3 results in divergence, indicating sensitivity to
their hyperparameters. We find the best values to be as in Table 2, with the grid search taken
to maximize the PSNR over the set3c dataset. We additionally employ a stopping criterion
based on the Lyapunov functional that PnP-&PGD minimizes, with the same sensitivity as
PnP-DRS and PnP-DRSdiff [31].

The regularization parameter A for the underlying optimization problem is restricted for
PnP-LBFGS in a manner similar to PnP-PGD and PnP-DRS (but not PnP-DRSdiff). For
PnP-PGD and PnP-DRS, one condition for convergence is that ALy < 1 [33]. However, for
PnP-LBFGS, Lemma 2.8 gives the condition that v < (1 — )/(ALy), targeting stationary
points of

o(a) = 54z~ + 0.

We note that as A increases, the allowed = decreases, which correspondingly increases the
smallest allowed coefficient 1/ of the prior ¢, at the same rate as A\. This puts an upper
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Figure 3: Convergence of the PSNRs for deblurring, with the average dB in brackets. Each
curve corresponds to one of the 10 images from the CBSD10 dataset. Note that the scale of
(a) is 10 times smaller than the other curves, terminating at 100 instead of 1000. PnP-LBFGS
and PnP-DRS have generally more stable convergence, which can be attributed to the smaller
Lipschitz constant of I — D,. PnP-LBFGS! also converges in much fewer iterations than the
compared methods. The average PSNR between PnP-LBFGS with the two stopping criteria
differ by only 0.0013dB.

bound on the ratio between the fidelity term and the regularization term, which may be
restrictive for low-noise applications.

The memory length for LBFGS was chosen to be m = 20, with a maximum of 100
iterations per image. The denoiser DY is chosen with denoising strength o4 similar to that
used for PnP-DRS as in [33]. By using different denoising strengths, we are able to further
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Figure 4: Convergence of the residuals min;<y |27 — 2%||2/||2°]|? of the various methods
for deblurring. Each curve corresponds to one of the 10 images from the CBSD10 dataset,
evaluated with the first blur kernel and o = 7.65. Note that the x-axis scale of (a) is 10 times

smaller than the other curves, terminating at 100 instead of 1000.

control regularization along with the scaling parameter A. The step-sizes 7; are chosen using
an Armijo line search starting from 75, = 1, and multiplying by 0.5 if the ¢, decrease condition
in Step 5 of Algorithm 3.3 is not met [3, 8].

We additionally introduce a stopping criterion based on the differences between consecu-
tive iterates of the envelope ¢, (z*1) — ¢, (2¥) < 1075, as well as the envelope and objective
o(z*) — p,(z¥) < 5 x 1075, where we stop if at least one criterion is met for 5 iterations
in a row. We note that while the criteria can be strengthened, there is minimal change in
the optimization result. We label PnP-LBFGS with the envelope-based stopping criterion as
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Figure 5: Evolution of the objective ¢, forward-backward envelope ¢, and their difference
¢ — ¢ for deblurring with PnP-LBFGS!. These values are equal at the true minima, i.e.,
o~ (z4) = p(x4). Each curve corresponds to one of the 10 images from the CBSD10 dataset,
evaluated with the first blur kernel and o = 7.65.

PnP-LBFGS!'. For completeness, we also consider the stopping criterion when the relative dif-
ference between consecutive function values of ¢ is less than 1078, We label PnP-LBFGS with
the objective change stopping criterion as PnP-LBFGS?. The PnP-LBFGS algorithms with
the two stopping criteria are labeled with superscripts, as PnP-LBFGS! and PnP-LBFGS?,
respectively. We further use PnP-LBFGS without superscripts to refer to both methods to-
gether, which share their parameters.

All implementations were done in PyTorch, and the experiments were performed on an
AMD EPYC 7352 CPU and a Quadro RTX 6000 GPU with 24GB of memory [56]. The code
for our experiments are publicly available?.

4.2. PnP Methods Without Convergence Guarantees. For further comparison, we ad-
ditionally consider two non-provable PnP methods, namely DPIR [77] and PnP-FISTA [38].
DPIR is based on the half-quadratic splitting, which splits prox;,, into alternating prox;
and prox, steps, and further replaces prox, with a denoising step Dy, in the spirit of PnP.
PnP-FISTA is based on the fast iterative shrinkage-thresholding algorithm, which arises by
applying a Nesterov-style acceleration to the forward-backward splitting [38, 37]. We note that
neither of these methods correspond to critical points of functions in the existing literature.

a = 5\02/02,
(DPIR) Tk+1 = PrOX /oq, (21),
Zk‘+1 - DO'k (.'I:k)

rr = Do(yr — AV f(yr)),

(PnP-FISTA) thpy = SVIEAE
Yk+1 = T + tt’;: (Th — Th—1)-

https://github.com/hyt35/Prox-qN
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4.2.1. DPIR. To improve the performance, DPIR uses a decreasing noise regime as well
as image transformations during iteration [77, Sec. 4.2]. To extend past eight iterations, we
consider using the log-scale noise from o4 = 49 to o4 = o over 8 and 24 iterations for deblurring
and super-resolution respectively, as recommended in the DPIR paper [77, Sec. 5.1.1, 5.2].
The scaling for the proximal term is determined by a scaling parameter )\, which was chosen
to be A = 0.23 in the original work. Figure 1 shows that while DPIR achieves state-of-the-art
performance in the low iteration regime, the PSNR begins to drop when HQS is extended
past the number of iterations used in the original DPIR paper [32]. Moreover, DPIR appears
to have poor performance in the low noise regime for the following image reconstruction
experiments. In the following experiments, we consider DPIR with the suggested 8 and 24
iterations for deblurring and super-resolution respectively, as well as extending up to 1000
iterations to check the convergence behavior.

4.2.2. PnP-FISTA. The denoiser parameters for PnP-FISTA are considered to be either
the parameters for PnP-LBFGS or PnP-PGD. Proofs for PnP schemes such as PnP-PGD
or PnP-DRS generally rely on classical monotone operator theory, and showing that the
denoiser satisfies the necessary assumptions. However, proofs of convergence of FISTA depend
heavily on the convexity of the problem [9, 14], and non-convex proofs additionally require
techniques or conditions such as adaptive backtracking [24, 55] or quadratic growth conditions
[6]. These techniques and conditions are difficult to convert and verify in the PnP regime,
which translates to difficulties in showing convergence of the associated PnP-FISTA schemes.

In the following experiments, we run the DPIR and PnP-FISTA methods for 1000 itera-
tions unless stated otherwise to verify the convergence behavior. Figures 1 and 2 additionally
demonstrate some common modes of divergence for DPIR and PnP-FISTA, with DPIR failing
for low noise levels and PnP-FISTA failing with artifacts.

4.3. Deblurring. For deblurring, 10 blur kernels were used, including eight camera shake
kernels, a 9 x 9 uniform kernel, and a 25 x 25 Gaussian kernel with standard deviation oy, =
1.6 [40, 33]. Visualizations of the kernels can be found in the supplementary material. The
blurring operator A corresponds to convolution with circular boundary conditions. In this
case, the transpose A can be easily implemented using a transposed convolution with circular
boundary conditions. The blurring operator was previously scaled to have ||AT Al|op & 0.96,
which was verified using a power iteration. Thus, V f is approximately 0.96\-Lipschitz.

We chose hyperparameters of PnP-LBFGS following a grid search maximizing the PSNR
on the set3c dataset. The parameter grids are a € {0.5, 0.7, 0.9, 1.0}, A € {0.8, 0.9, 1.0}, v €
{0.8, 0.85, 0.9, 1.0}, and o4/0 € {0.5, 0.75, 1.0, 1.5, 2.0}. Note that this choice obeys v <
min{(1 — f)/L¢, 1/(2M)}, since ¢, is at most 1/2-weakly convex. We observe empirically
that the step-size 7 = 1 is also a valid descent almost all of the time, verifying the claim that
is required to prove the superlinear convergence as remarked in Remark 3.3. The underlying
optimization problems are slightly different for PnP-LBFGS and PnP-PGD: for PnP-PGD,
the fidelity regularization is chosen to be A = 0.99, and the iterates converge to cluster points
of Ypup-PaD:

OPuP-LBFGS = %HASC —yl*+ 63, @pnppaD = ?HASE — 4|1 + ¢o-.

We observe in Table 3 that the PnP-PGD and PnP-DRSdiff converge to very similar results
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Table 3: Table of average PSNR (dB) comparing existing provable and non-provable PnP
methods evaluated on the CBSD68 dataset compared to the proposed PnP-LBFGS methods.
The time shown is the average reconstruction time per image. The PnP-LBFGS! method is
significantly faster per image due to the faster convergence compared to the other provable
PnP methods.

o 255 7.65 12.75 Time (s)
PnP-LBFGS! 31.19 27.95 26.61 5.80
PnP-LBFGS? 31.17 27.78 26.61 9.55

PnP-PGD 30.57 27.80 26.61 25.93
PnP-DRSdiff 30.57 27.78 26.61 22.72
PnP-DRS 31.54 28.07 26.60 19.26
PnP-aPGD 31.52 28.15 26.74 15.66
PnP-FISTA 30.24 27.15 26.60 24.32

DPIR (iter 10%) | 27.40 27.58 26.46 19.62
DPIR (iter 8) | 32.01 28.34 26.86 0.55

since they both minimize the same underlying functional. However, the PnP iterations some-
times do not converge, as demonstrated by the steadily decreasing PSNR in subfigures (d)
and (g) of Figure 3. This can be attributed to the Lipschitz constant of g, being greater
than 1 at these iterates. The use of the averaged denoiser D in PnP-DRS and PnP-LBFGS
reduces divergence, where we see convergence for these images as well. We generally observe
that PnP-&PGD has the best performance in terms of PSNR, which can be attributed to
the larger allowed value of A. Nonetheless, we observe significantly faster convergence for
PnP-LBFGS compared to the other methods to comparable PSNR values for each test image.

Comparing with the non-provable PnP methods, we observe in Figure 3 that PnP-FISTA
converges to the same PSNR as PnP-LBFGS on CBSD10, but has a worse performance when
averaged over all CBSD68 images in Table 3. This can be attributed to divergence of the
method for denoisers where the Lipschitz constant of Vg, is greater than 1. DPIR instead
reaches its peak in the first couple of iterations, before decreasing to the fixed point as iterated
by the denoiser with the final denoising strength 04, = o. This results in worse performance
of DPIR at iteration 10 as compared to iteration 8, demonstrating the non-convergence and
the current gap in performance between provable PnP and non-provable PnP.

Figure 3 and Figure 4 additionally demonstrate the difference between the stopping cri-
teria. The stopping criteria of PnP-LBFGS! is sufficient for convergence to a reasonable
PSNR, and allows for much earlier stopping. PnP-LBFGS? stops after more iterates and
demonstrates the significantly faster convergence of the residuals compared to the other con-
sidered PnP methods. Moreover, Figure 5 shows the convergence curves of the objective
¢ and forward-backward envelope ¢,, which rapidly converge to the same value, verifying
Proposition 2.1.

4.4. Super-resolution. For super-resolution, we consider the forward operator with scale
Ser € {2,3} as A = SK : R — RUI/ssr)x(n/ssr] - which is a composition of a downsam-
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(b) PuP-LBFGS?  (c) DPIR iter 100 (d) DPIR iter 8  (e) PnP-4PGD
(29.78dB) (29.31dB) (30.13dB) (30.00dB)

(f) Corrupted (g) PnP-PGD (h) PuP-FISTA (i) PnP-DRSdiff (j) PnP-DRS
(28.68dB) (29.58dB) (28.66dB) (29.39dB)

Figure 6: Deblurring visualization using starfish image, with each method limited to a max-
imum of 100 iterations. Experiments are run with additive Gaussian noise o = 7.65. PnP-
LBFGS! converges within the first 100 iterations, while the other PnP algorithms take longer
to converge. Since the result of PnP-LBFGS! and PnP-LBFGS? are nearly identical, we show
only PnP-LBFGS!. DPIR starts to decrease in PSNR after 8 iterations, leading to slightly
worse performance.

pling operator S : R™*" — RIW/ssrlxn/ssr] and a circular convolution K : R™ " — R™¥",
The convolutions K are Gaussian blur kernels with blur strength given by standard devia-
tions opp,y = {0.7, 1.2, 1.6, 2.0} as in [77, 33]. For the PnP-LBFGS parameters, we chose
hyperparameters maximizing the PSNR using a grid search on the set3c dataset over the fol-
lowing ranges: a € {0.5, 0.7, 0.9, 1.0}, X € {1.0, 2.0, 3.0, 4.0}, ~ € {0.8, 0.85, 0.9, 1.0}, and
oq4/0 € {0.5, 0.75, 1.0, 1.5, 2.0}.

The Hessian V2f = MATA = MK "STSK is easily available, as STS : R™" — R"*" is
a mask operator comprised of setting pixels with index not in (ss-Z)? to zero, and K Tisa
transposed convolution with circular boundary conditions. Note that on the image manifold,
STS is approximately 1/s2.-Lipschitz, as we set (s2, — 1)/s2, of the pixels to zero. With K
being approximately 1-Lipschitz, we have that A" A is approximately 1/s2,-Lipschitz.

The PnP-LBFGS parameters are § = 0.01,v = 1, and A\ = 2, 1.5, 1 for noise levels
o = 2.55, 7.65, 12.75 respectively. We can take these values of A since Ly ~ 1/s%, < 1/4 and
v = 1 still obeys v < min{(1 — 8)/Ly, 1/(2M)}. The underlying functionals are as follows:

0.99

ALBFGS
=2 Az — )P+ 02, pappaD = THA»T —yl* + ¢o-

PPnP-LBFGS =
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Table 4: Table of averaged PSNR (dB) corresponding to the competing PnP methods evalu-
ated on the CBSD68 dataset for super-resolution, as compared with the proposed PnP-LBFGS
method. The time is the average reconstruction time per image for ¢ = 7.65. The performance
of PnP-LBFGS is almost identical to the compared provable PnP methods due to minimizing
the same variational form, but with faster convergence.

Scale s=2 s=3

o 2.55 7.65 1275 Time (s) 2.55 7.65 12.75 Time (s)
PnP-LBFGS! 27.89 26.62 25.80 3.19 26.12 25.32 24.68 4.80
PnP-LBFGS? 27.89 26.62 25.80 9.81 26.12 25.30 24.68 13.15
PnP-PGD 27.44 26.57 25.82 25.99 25.60 25.20 24.63 37.33
PnP-DRSdiff 27.44 2658 2582 18.24 25.60 25.19 24.63 32.83
PnP-DRS 2793 26.61 25.79 15.74 26.13 25.29 24.67 27.00
PnP-aPGD 2794 26.62 25.72 4.24 26.11 25.32 24.69 8.78
PnP-FISTA 26.38 26.44 25.79 24.61 24.96 25.15 24.63 33.13
DPIR (iter 10%) | 18.58 26.36 25.74 19.58 17.53 24.96 24.55 19.67
DPIR (iter 24) | 27.82 26.60 25.85 0.98 26.06 25.29 24.67 0.97

We observe in Table 4 that the results for PnP-LBFGS are comparable to the other
provable PnP methods, with overall faster wall-clock times. In Figure 7 and Figure 8, we
are again able to see the difference between the stopping criteria. For the CBSD10 dataset,
PnP-LBFGS! converges on all images in under 40 iterations, while PnP-LBFGS? sometimes
requires all 100 iterations, and the other PnP methods take anywhere from 100 to 103 iterations
to converge. Figure 8 shows again that the convergence of the residuals is significantly faster
than the compared PnP methods per iteration. Note that for PnP-LBFGS, PnP-DRS and
PnP-aPGD, we are allowed to choose larger values of the fidelity regularization term A, leading
to better reconstructions in the low noise regime compared to PnP-PGD and PnP-DRSdiff.

As seen in Figure 8c, DPIR does not converge for super-resolution, and we observe an
oscillating behavior of the residuals and PSNR. In contrast, PnP-FISTA is able to converge
slightly faster than PnP-PGD, but does not converge for some images as seen by the decreasing
PSNR for one curve in Figure 7. Both PnP-FISTA and DPIR are able to perform reasonably
for higher noise levels of o = 12.75, but have more divergence issues for lower noise levels,
leading to reduced performance as seen in Table 4. We again observe the gap in performance
between DPIR. at iteration 10% and at iteration 24 as suggested in the original DPIR work.
The performance gap between DPIR and provable PnP methods is less apparent for super-
resolution as opposed to deblurring, as observed in [32].

4.5. Computational Complexity. While each iteration of PnP-LBFGS has increased com-
plexity, we observed convergence in much fewer iterations. In this section, we outline the
computational requirements for the number of neural network N, evaluations, denoising steps
D,, as well as computations of Vf and V2f required per iteration. Note that if a closed form
for V2f is intractable, computations of (3.5¢) can be replaced with Hessian-vector products,
available in many deep learning libraries.
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Figure 7: Convergence of the PSNR (dB) of the various curves for super-resolution, with the
average dB in brackets. Each curve corresponds to one of the 10 images from the CBSD10
dataset, evaluated with the Gaussian blur kernel with standard deviation op, = 1.2 and
additive noise ¢ = 7.65, with scale s, = 2. We observe the convergence of PSNRs in under
40 iterations for PnP-LBFGS', much faster than the compared PnP methods.

We can calculate T, and R, together using one call each of Vf and D,. From (3.5), ¢y
requires Vf and g,, which in turn requires N,. V¢, has a closed form, which requires R,
and an evaluation of V2f.

Consider a single iteration of PnP-LBFGS. We first compute V., (2¥) and ¢, (2*). Com-
puting d* using L-BFGS does not require any additional evaluations of D,, N, Vf or V2f,
as the secants and differences will have been computed in the previous iteration. For each test
of w*, we need to compute a single iteration of ¢~, which takes one evaluation each of V f
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Figure 8: Convergence of the residuals min;<y, |27t — z¢||?/||2°||? of the various methods for
super-resolution. Each curve corresponds to one of the 10 images from the CBSD10 dataset,
evaluated with the Gaussian blur kernel with standard deviation oy, = 1.2 and additive noise
0/255 = 7.65, with scale sy, = 2. PnP-LBFGS? demonstrates significantly faster residual
convergence of the proposed method.

and N,. Once a suitable w* is found, we compute 7, (w*) and R, (w*) together using the last
stored V f(w"), requiring only one additional D, operation. For the secant y*, we require an
evaluation of Vgoy(wk), which requires only one additional V2f evaluation. This concludes
one iteration.

To evaluate the proposed stopping criteria for PnP-LBFGS!, we are also required to
compute @(2**1) from (3.5d). Note we already have g,(w® — 4V f(w")) from computing
o (wk), and T, (w*) = 2*, hence we get ¢(x*+1) with no further evaluations needed.
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In total, assuming we need T tests for 73, the per iteration-cost is

#Ny 1 1 0 0 T+1
#D, 1 0 1 o] _ 2
4.2) #V f = o] PP ] T o] T o] T Tt
2
#V°f/ pap.LBrcs 1 0 0 1 2
——
Viory (2), test wk Ty (wh),  Vipy(wk)
oy (aF) Ry (wh)

At later iterations, the number of tests is only T' = 1, since the step-size 7 = 1 is accepted
almost always. Therefore, later iterations require two of N, Dy, V f and V2 f. For comparison,
PnP-PGD requires one evaluation each of D, and V f, and the PuP-DRS methods require one
evaluation each of D, and proxy. Note that for these methods to test their stopping criteria
by computing ¢, they also require one evaluation of g, and hence of N, [33]. These methods
thus have complexity

4N, 1 4N, 1
#Ds =|1], #Dg =|1
# vran W o) e, s

To compute the asymptotic complexity of PnP-LBFGS, suppose the images have dimen-
sion d, and that the denoisers have P parameters. From (4.2), we can read off the com-
plexity of computing one iteration given d* as O(d x P x T), with O(d) memory require-
ment to hold the z*,w* and intermediate gradients. To compute d¥, the computational
complexity of L-BFGS scales linearly with the input dimension and memory length m, and
requires us to store m secants and differences. The asymptotic complexity per iteration is thus
O (d x P x T 4+ md), where the number of tests T is eventually always 1. The total memory
requirement is O ((m + 1) x d), where we store m differences and secants.

A similar complexity analysis can be applied to the PnP-PGD, PnP-DRSdiff and PnP-
DRS methods to achieve a per-iteration computational complexity of O(d x P) and mem-
ory requirement of O(d). However, these three PnP methods do not come with improved
convergence rates under additional smoothness assumptions, and come with residual conver-
gence at a rate min;<y ||z — 2%|| = O(1/k). PnP-LBFGS achieves residual convergence
min; <y, || R+, (z")|| = O(1/k) from Theorem 2.11, as well as superlinear convergence under the
assumptions of Theorem 2.14. This is summarized in Table 5.

The above complexity analysis shows that the main increase in computational burden for
PnP-LBFGS is the requirement of two evaluations of V2 f at each iteration, as well as at least
double the number of neural network evaluations compared to the compared PnP methods.
However, assuming only one test for w”* is needed, each iteration only requires one additional
evaluation of the denoiser-related networks Ny, D, and fidelity gradient Vf (or prox;) to the
compared PnP methods. In our experiments, V2f has a low computational cost due to the
closed form. This allows us to trade roughly 2-3x the per-iteration cost with nearly 10x
fewer iterations required as shown in Figures 4 and 8, resulting in fewer total function calls,
and thus the 4-5x faster reconstruction times as shown in Tables 3 and 4.
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Table 5: Complexity to achieve an e-optimal solution, in terms of the squared residual for
PnP-PGD/DRS/DRSdiff, and in terms of the residual R, (x") for PnP-LBFGS. Under the
assumptions of Theorem 2.14 for superlinear convergence, the number of tests is eventually
always T = 1, and we are able to achieve at least linear speedup.

Complexity ~ PnP-PGD/DRS/DRSdift PnP-LBFGS PnP-LBFGS superlinear

Computation | O(dPe™ 1) O ((dPT +md)e™t) O ((dP + md)loge)
Memory O(d) O ((m+1)d) O ((m+1)d)

5. Conclusion. In this work, we propose a Plug-and-Play approach to image reconstruc-
tion that utilizes descent steps based on the forward-backward envelope. Using the descent
formulation, we are able to further incorporate quasi-Newton steps to accelerate convergence.
The resulting PnP scheme is provably convergent with a gradient-step assumption on the
denoiser by using the Kurdyka-Lojasiewicz property and theoretically achieves superlinear
convergence if a Hessian approximation satisfying the Dennis-Moré condition is available.
Moreover, properties of the forward-backward envelope allow for additional ways of checking
convergence. Our experiments demonstrate that it is able to converge significantly faster in
terms of both time and iteration count as well as having highly competitive performance when
compared with competing PnP methods with similar convergence guarantees.

For future works, one route is to consider alternative parameterizations of the denoiser
D,,. For example, consider the objective ¢ = f+ ¢, and the task of learning the regularization
term ¢, [49, 50]. By enforcing convexity of ¢, through the neural network architecture, such
as using input-convex neural networks [1], (weakly-) convex ridge regularizers [25, 26|, firm
nonexpansiveness [57], or parametric splines [53], results from [67] utilizing convexity such
as global sublinear convergence and local linear convergence can be applied. This may also
alleviate divergence problems caused when Lipschitz constraints on the denoisers are violated,
as sometimes arises using spectral regularization. One restriction of the proposed method lies
in the restriction of the regularization parameter, which imposes a bound on the minimum
amount of regularization. Future works could look to loosen this restriction, similarly to
[31]. In addition, while only simple forward operators such as image deblurring and super-
resolution are experimented on in this work, the accelerated convergence rate and model-based
interpretation may make this PnP scheme suitable for more complicated forward operators
such as CT ray transforms. Future works may explore these practical applications, with a
suitably trained “denoiser” for these domains.
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