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Abstract: The present study deals with conjugacy classes for the projective linear group. The study of
conjugacy classes has a great and important role; in hand it is an introductory step to study the general
linear group and also the maximal subgroup in it.We introduce the investigation of the canonical form
which represent each class for the linear group of dimension 4 over a field GF(pr) and deals with
canonical form which represents the conjugacy class of the groups with dimension 4 over afield GF(2).
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Introduction

The subgroups of 2 and 3 dimensional
linear groups over afield of characteristic p>0
have been known for some times. MOORE
(1893) had given detailed account of the
subgroups of PSL(2,q) and independently by
WIMAN(1899). The subgroups of PSL(3,0)
were found by MITHELL(1911) while
KHALF(1993) determined the subgroups of
PSL(7,28). The present work investigates the
linear groups over afield GF(2).

1. Definition: A field F which has a
finite number of eements is called a Finite
Field. [5]

2. Remark: A finite field F with Pn
elementswherep isprime, iscalledaGALOIS
Field of order Pn and is denoted by GF(pn).

3. Definition: A polynomial is an
expression of the form

f(t)=antn+an-1tn-1+...+alt+a0, where
a0,al,a2,...,an are real numbers. If an* O then
f(t) is said to have the degree n. [2]

4. Definition: Let F be a subfield of a
field E. If a polynomial f(x) has no root in F
but it has a root in E, then E is called an
Extension field. [3]

5. Definition: Let b be abilinear form
on n-dimensional vector space over afield F.
We say that b is non-singular if it satisfies the
condition:

b(x,y)=0" yT V, then x=0.

A pair (V, b) is called a non-singular
spaceif b isnon-singular.[3]

6. Definition: The set of al non-
singular linear transformations of V into itsalf
forms a group called the General Linear Group
and denoted by GL(n,F), where n denotes the

dimension of V. If F is a finite field with g
elements then GL(n,F) is denoted by GL(n,q).

The center Z of GL(n,q) is set of al
non-singular scalar matrices, hence we may
form the factor group GL(n,q)/Z(GL(n,q))
caled the Projective Linear Group and is
denoted by PGL(n,q).GL(n,q) has a normal
subgroup, consisting of al matrices of
determinant 1 called Special Linear Group
denoted by SL(n,g). The image of SL(n,q)
under the mapping M:GL(n,q)&aPGL(n,q) is
the Projective Special Linear Group and is
denoted by PSL(n,q).[6]

7. Remark: The order of the classical group:
A
O@-9
GL(n,g)l=gn(n-1)/2 =
Ow -
ISL(n,@)|=IPGL(n,a)[=gn(n-1)/2 = -

IPSL(n,a)[=[1/(n,)].[SL(n,a)l. [3]

8. Définition: A polynomial f(x) in
F[x] is said to be irreducible over a fied F, if
whenever f(x)=a(x).b(x) with a(x),b(x) T F[x]
then one of a(x) or b(x) has zero degree,
otherwise f(x) is called reducible. [4]

9. Remark: Irreducibilty depends on
the field; for instance the polynomial x2+1 is
irreducible over the real field but it is not over
the complex field. [4]

10. Theorem: if c(x) is irreducible
then f(xX)lc(x) and n[P or f(x) -|— c(x) or
n+ P then c(x) isreducible. [4]

11. Theorem: Let n|P then c(x)
irreducible if and only if 2s1 4+ P
" r>gd Z+ such that n|2s-1. [4]

12. Corollary: Let n|P, then ¢(x) is
irreducible  if  for  some r>d Z+
n|2s-1.[4]
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13. Definition:
irreducible polynomias

Let P(x) be the a polynomial of
degreer where r>0, then we can write

L
=0t
iI=Ll (pi distinct primes, ai
positive integers.
The Mobius function is defined by:

The number of

.:.1 r=1

I ~&K
m(r)=_:'_0 O a; il

: i=1

f(- 1)K otherwise

If p prime m(p)=-1 and if g is prime
also then m(pg)=1 while m(p2)=0,

Hence the number of irreducible
polynomials over F2 of degreer is given by

Y (1) :%é 29 m(r/d)

d/r

where the sum extended over al
positive divisor d of r. [2]

14. Definition: Let
f(x)=a0+alx+a2x2+...+anxn be any
polynomial over F wherean! 0. The following
n" n matrix

é a u
&0 0 0 Ralt i
é hoa
1 o0 0 =L v
€ an 3
: a4
0 1 0 u
¢ ap u
e : u
e u
0 o .. 1 -2n-1g
e an ®

is called the Companion Matrix of the
polynomial f(x) and is  denoted
by c(f). [13]

Note: when f(x)=a0+x then c(f)=[-a0].

15. Remark: Let g(x)=bO+blx+b
2x2+...+bt-1xt-1+btxt be a polynomial over F
where btt0 and f(X)=[g(X)]r then the
companion matrix isthetr” tr matrix.

€@ A .. 0 O0u
g0 c9 .. 0 03
o(fy=¢e: o .y
SO 0 . c(9) Ag
g0 0 .. 0 coH

Where A is t't zero matrix except
(t,2) of A isequal 1 and O is the zero matrix.

(5]

16. Theorem: If T1 GL(n,F) has as
m(x) = f(x)°

minima polynomial where

(%) is an irreducible polynomial in F[x].
then a basis of V over F can be found in which
the matrix of T is of the form:

&(f(x)%) 0 .. 0 0
0 c(f(x)*) ... 0 0

MDD> (D> (D> (D> (D> (D:
oooooc

0 0 .0 c(f(™)
wheree=el3 €23 ... 3 er. [5]
17.Corollary: If T1 GL(n,F) has as

minimal polynomial

m(x) = £,(X)* + £,(X)% +--- + £, (X)"

in F[x] where fi(x),i=1,2,...,n are irreducible
distinct polynomialsin F[x] then there exists a
basis for V such that T has the following
matrix representation:

&R 0 0 Ou

é a

é0 R, 0 Ou

é: o :a

é a

§0 0 . R, 0@

go o 0 R

where
&(f(x)™) 0 0 0
g 0 c(f()*%) ... 0 0

R=¢ : : :
e
g 0 0 () 0
€ o 0o .. 0 c(f(0™)

= 3 3...3
whereq e‘l qz e‘n and 0

denotes the zero matrix. [13]
18. Conjugacy Classes of PSL(4,pr)
PSL (4,pr) contains an e ement whose
characteristic determinate;

D(X) = y4-a1x3 a2x2 -a3x a4 .

The coefficient al, a2, a3 and a4 1
GF(pr), a4* 0.

According to the positive

factorization of D(x)
distinguish the cases:
Irreducible quadric.

in GF(pr) we can

Irreducible Cubic and linear
factor.
. Two distinct irreducible
quadratics.

Two equal irreducible quadratics.

Irreducible quadratic and two
equal linear factors.

Irreducible quadratic and two
digtinct linear factors.

Four equal linear factors.
. Three equal linear factors and one
linear factor.
. Two equal linear factors and two
equal linear factors.

10. Two equal linear factors and two

distinct linear factors.

u
a
a
a
a
a
1
a
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11. Four distinct linear factors.
Let g=p' and let a,b,g,l be a primitive
roots of GF(q), GF(q?), GF(q®) and GF(q®)

2 3 2
a=b¥ =g¥ret = e Then

according to the above cases each element of
PSL(4,9) is similar to a matrix of one of the

respectively such that following types:
Table[2-2]
Type Symbol Canonical form Notes
Casel | (4) 4, 0 0 Ou TREREES
g0 13 0 o0y JA A a4
g0 0 1Y ou I GF(q")
% o o 17 b o
q
Case2 | (3,1) @, 0 0 oy q §a°
€ g¢ o0 oV 95,93.9;5 »0:
e 3 u ~
g 0 gf o0 | GF(@r)
S0 0 o0 gf .:F)UéF( s
q
Case3 | (2,2 gaz 0 o0 08 bz,b;*,mz,m;‘
€o by 0 o0} - >
€0 0 0 g but
I GF(q)
2 /i N
Cased | (2) @ 0 0 0y 1 0 Obg 1 o oy|b,bj,
) q 1@ 0 -
gO b} 0 OH (E_\O b, 0 OL:, gO b 0 OH i GF(qZ)
0 0 b, 0080 0 b, 0Uco 0 b, 10 |py
€0 0 0 bEO 0 0 bIGEo 0 0 b | GHg)
2 /i N
Case5 | (219 @ 0 0 og& 0 0 01 b,,b,,b,
e us q - -~
e0 b 0 0yer B 2 O | GF(e)
€0 0 b, 0u€0 0 b, 1d but
é e d :
g0 0 0 bga0 0 0 by | GF(q)
Case6 | (2,1,1) éebz 0 0 03 b,,m,b,,bJ
g0 b; 0 0y T GF(?)
€0 0 b, 00 but
€0 0 0 my I GF(0)
Case? | (19 @ 0 0 Oué 1 0 Ou, ol ay
é 00 a 0 U " 7 U licr
a0 a 0 e’ & 0g0 a, 1 0y @
20 0 a 0820 03 Ofeo o a o
&80 0 0 a,5& 0 0 ajso 0 0 af
@ 1 0 ou
8 a
g0 a, 1 0y
€0 0 a, 10
g 0 0 a
Case8 | (1°)1) ?1 0 o 03 @ 1 0 Oy@ 1 0 0§ a,a,
e & 0 04% a 0 0f'g0 a, 1 oy T GF(q)
€0 0 a, 00g 0 a, 0U& 0 a, 0U
€ 0 0 a,gS o0 0 af o0 0 al
Case9 (12,12) é’ﬁl 0 O 03 @ 1 0 ou iﬁl 0O 0 Ol;l al,az
g & 0 0p& a4 o 0dg0 a, 0 0F |]GHg)
€0 0 a, 0Ueéo 0 a, 0G0 0 a, 1U
& 0 0 a,g€ o0 0 adf 0 0 a,f
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@ 1 0 Ou
é a
g0 a, 0 o0y
€0 0 a, 1u

g0 0 0 a,g
Casel0 | (1°,1,2) @ 0 0 Oué@, 1 0 0u a,,a,,a, 1l GFo)

é u,é a
g0 a, 0 0540 a, 0 0jy
€0 0 a, OUE0 0 a, Ou

€ 0 0 a,gg0 0 0 a4

Casell | (1,1,1,1) @ 0 0 Ou a,a,a;a,
€0 a, 0 oY 5
é 2 a I GF(q)

80 0 a, 00
e u
g0 0 0 a,g

3.1.3 Remark: By definition (3.2.3) the number of irreducible polynomials over GF(2) is given by the
following table (see appendix [A.3.1]):
Table[3-1]

r 2 3 4 5 6 7 8
Y (r) 1 2 3 6 9 18 30
Where from theorems (3.3.1) & (3.3.2) the irreducible polynomials of degree n=1,2,3,4,5,6,7 and 8
over GF(2) are given in the following table (see appendix [A.3.2]):

Table[3-2]
No. of irr. Pol. Irreducible polynomial Matrix form
1 f1(x)=x+1 [1]
1 & 1y
fo(X)=X>+x+1 & 1M
fa(x)=x3+x+1 e
2 3.2 gl 0 178 0 0
f4()=x>+x“+1 ¢ u e u
010 11y
f5(X)=x"+x+1 € 00 10'¢ 0 0 10’6 0 0 1
3 fo(X)=X"+x3+1 § 001 @ 00058 001
f() =X XX+ DRI CE S B S
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