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Automorphisms of the universal enveloping algebra of a
finite-dimensional Zinbiel algebra with zero multiplication

In recent years there has been a great interest in the study of Zinbiel (dual Leibniz) algebras. Let A
be Zinbiel algebra over an arbitrary field K and let e1, e2, . . . , em, . . . be a linear basis of A. In 2010
A. Naurazbekova, using the methods of Gröbner-Shirshov bases, constructed the basis of the universal
(multiplicative) enveloping algebra U(A) of A. Using this result, the automorphisms of the universal
enveloping algebra of a finite-dimensional Zinbiel algebra with zero multiplication are described.
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Introduction

An algebra A over a field K is called (left) dual Leibniz or Zinbiel (Leibniz is written in reverse
order) if it satisfies the identity

(xy)z = x(yz) + x(zy).

The Leibniz algebras form a Koszul operad in the sense of V. Ginzburg and M. Kapranov [1]. Under
the Koszul duality, the operad of Lie algebras is dual to the operad of associative and commutative
algebras. The notion of Zinbiel (dual Leibniz) algebra defined by J.-L. Loday [2] is precisely the dual
operad of Leibniz algebras in their sense. Moreover, any dual Leibniz algebra A with respect to the
symmetrization a ◦ b = ab+ ba is an associative and commutative algebra [2].

Zinbiel algebras are also known as pre-commutative algebras [3] and chronological algebras [4]. A
Zinbiel algebra is equivalent to the commutative dendriform algebra [5]. It plays an important role in
the definition of pre-Gerstenhaber algebras [6]. The variety of Zinbiel algebras is a proper subvariety
in the variety of right commutative algebras. Each Zinbiel algebra with the commutator multiplication
gives a Tortkara algebra [7], which appeared in unexpected areas of mathematics [8, 9]. Recently, the
notion of matching Zinbiel algebras was introduced in [10]. Zinbiel algebras also appeared in the study
of rack cohomology [11], number theory [12] and in a construction of a Cartesian differential category
[13]. In recent years there has been a great interest in the study of Zinbiel algebras.

J.-L. Loday (J.-L. Loday) [2] proved that the set of all non-associative words with right arranged
parenthesis (right-normed words) form the basis of free Zinbiel algebra. It was shown that free Zinbiel
algebras are precisely the shuffle product algebra [14]. A. Naurazbekova [15] proved that free Zinbiel
algebras over a field of characteristic zero are the free associative-commutative algebras (without
unity) with respect to the symmetrization multiplication and their free generators are found; also
she constructed examples of subalgebras of the two-generated free Zinbiel algebra that are free Zinbiel
algebras of countable rank. A. Dzhumadildaev and K. Tulenbaev [16] proved the analogue of Nagata-
Higman’s theorem [17] for the Zinbiel algebras (any Zinbiel nil-algebra is nilpotent). They also proved
that every finite-dimensional Zinbiel algebra over an algebraically closed field is solvable and nilpotent
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over the complex number field. A. Naurabekova and U. Umirbaev [18] proved that in characteristic 0
any proper subvariety of variety of Zinbiel algebras is nilpotent and, as a consequence, the variety of
Zinbiel algebras is Spechtian and has base rank 1. D.A. Towers [19] showed that every finite-dimensional
Zinbiel algebra over an arbitrary field is nilpotent, extending a previous result by other authors that
they are solvable. Filiform Zinbiel algebras were described and classified in [20–22]. The classification
of complex Zinbiel algebras up to dimension 4 was obtained in [16] and [23]. A partial classification
of the 5-dimensional case was done in [24]. M.A. Alvarez, R.F. Junior, I. Kaygorodov [25] proved that
the variety of complex 5-dimensional Zinbiel algebras has dimension 24, it is defined by 16 irreducible
components and it has 11 rigid algebras.

This paper is devoted to the description of automorphisms of the universal (multiplicative) enveloping
algebra of a finite-dimensional Zinbiel algebra with zero multiplication.

The paper is organized as follows. In section 1, for convenience, we rewrite A. Naurazbekova’s result
[26] on the basis of the universal enveloping algebra of a Zinbiel algebra in new notation. In section 2,
we describe automorphisms of the universal enveloping algebra of a finite-dimensional Zinbiel algebra
with zero multiplication.

1 The basis of the universal enveloping algebra

Let K be an arbitrary field. An algebra A over a field K is called dual Leibniz or Zinbiel if it satisfies
the identity

(xy)z = x(yz) + x(zy).

In [2] J.-L. Loday proved that any Zinbiel algebra with respect to multiplication x ◦ y = xy + yx
is an associative commutative algebra. A linear basis of free Zinbiel algebras is also given in [2].

Let A be an arbitrary Zinbiel algebra over K. Let LA = {Lx|x ∈ A} and RA = {Rx|x ∈ A}
be two isomorphic copies of the vector space A with the fixed isomorphisms A → LA(x 7→ Lx) and
A → RA(x 7→ Rx), respectively. The universal (multiplicative) enveloping algebra U(A) [27] is an
associative algebra with the identity 1 generated by the two vector spaces LA and RA satisfying the
defining relations

RxRy = Rxy+yx,

RxLy = LyRx + LyLx,

Lxy = LxLy + LxRy

for all x, y ∈ A. Recall that every dual Leibniz A-bimodule M can be regarded as a left U(A)-module
with respect to the action

Lam = am,Ram = ma, a ∈ A,m ∈M.

Conversely, every left U(A)-module can be considered as a Zinbiel A-bimodule [27].
This definition of the universal enveloping algebra is suitable for algebras without identity element.

If the identity element 1 is fixed in the signature, then we have to add the relations L1 = R1 = Id = 1
and consider only unital modules. It is easy to see that a Zinbiel algebra is an algebra without an
identity element. Below we rewrite A. Naurazbekova’s [26] result on the basis of U(A) in new notation.

Theorem 1. Let A be a Zinbiel algebra over a field K and let

e1, e2, . . . , em, . . .

be a linear basis of A. Then the set of all associative words of the form

1, Lei , Rej , LeiRej , (1)

where i, j ≥ 1, is a linear basis for U(A).
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Proof. We define a linear order ≤ on the set of associative words in the alphabet Rei , Lei , i ≥ 1.
Set Rei < Rej and Lei < Lej if i < j and Rei < Lej for all i, j ≥ 1. If u and v are two words in the
variables Rei , Lej , then set u < v if one of the following conditions hold:

(i) deg(u) < deg(v), where deg is the degree function with respect to the variables Rei , Lej ;
(ii) deg(u) = deg(v), degL(u) < degL(v), where degL is the degree function with respect to the

variables Lei ;
(iii) deg(u) = deg(v), degL(u) = degL(v), and u precedes v with respect to the lexicographical

order.
The defining relations of the algebra U(A) are

ReiRej −Rei◦ej = 0, (2)

ReiLej − Lejei = 0, (3)

LeiLej + LeiRej − Leiej = 0 (4)

for all i, j ≥ 1.
The leading terms of these relations are ReiRej , ReiLej and LeiLej for all i, j ≥ 1. Consequently,

the relations (2), (3) and (4) form three types of compositions.
Case 1. Set w = (ReiRej )Rek = Rei(RejRek). Then the relations (2) form a composition

f = (ReiRej −Rei◦ej )Rek −Rei(RejRek −Rej◦ek) = −Rei◦ejRek +ReiRej◦ek

with base w. Denote by ≡ the comparison in the free associative algebra in the variables Rei , Lei , i ≥ 1,
modulo linear combinations of elements of the form ugv, where g is one of the left hand side of the
relations (2), (3) and (4), u and v are associative words, and the leading monomial of ugv is less than
w. We have

f ≡ −Rei◦ej◦ek +Rei◦ej◦ek = 0.

Case 2. Set w = (ReiRej )Lek = Rei(RejLek). The relations (2) and (3) form a composition

g = (ReiRej −Rei◦ej )Lek −Rei(RejLek − Lekej ) = −Rei◦ejLek +ReiLekej

with base w. We have

g ≡ −Lek(ei◦ej) + L(ekej)ei = −Lek(ei◦ej) + Lek(ej◦ei) = 0.

Case 3. Set w = (LeiLej )Lek = Lei(LejLek). The relations (4) form a composition

h = (LeiLej + LeiRej − Leiej )Lek − Lei(LejLek + LejRek − Lejek) =

= LeiRejLek − LeiejLek − LeiLejRek + LeiLejek

with base w. We have

h ≡ LeiLekej + LeiejRek − L(eiej)ek + LeiRejRek − LeiejRek + LeiLejek

≡ −LeiRekej + Lei(ekej) − Lei(ejek) − Lei(ekej) + LeiRejek + LeiRekej − LeiRejek + Lei(ejek) = 0.

Consequently, the relations (2), (3) and (4) are closed with respect to composition [28, 29]. This
implies [28, 29] that the set of all words that are not divisible by the leading terms is a linear basis of
the algebra U(A). Therefore, the set of words of the form (1) is a linear basis for U(A). Theorem 1 is
proved.
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2 Automorphisms

Let A be a finite-dimensional Zinbiel algebra with zero multiplication over an arbitrary field K.
Let e1, e2, ..., en be a linear basis of A. Then the universal enveloping algebra U(A) of A is generated
by the operators Re1 ,..., Ren , Le1 ,..., Len and (2)–(4) imply the defining relations of U(A)

ReiRej = ReiLej = 0, (5)

LeiLej = −LeiRej (6)

for all i, j. By these relations and Theorem 1, the set of all associative words of the form

1, Lei , Rej , LeiRej ,

where i, j ∈ {1, ..., n}, is a linear basis of U(A) and U(A) is a nilpotent algebra over field K with
nilpotency index 3.

Theorem 2. LetA be the finite-dimensional Zinbiel algebra with zero multiplication over an arbitrary
field K and let e1, ..., en be a linear basis of A. Then the affine automorphism group of the universal
enveloping algebra U(A) of A consists of endomorphisms of the form

ϕ(Lei) =
n∑

j=1

αijLej +
n∑

j=1

βijRej ,

ϕ(Rei) =
n∑

j=1

(αij − βij)Rej ,

(7)

1 ≤ i ≤ n, A = (αij), D = (δij), where δij = αij − βij , are square matrices of order n over a field K,
detA 6= 0 and detD 6= 0.

Proof. Let ϕ be an affine automorphism of the algebra U(A) and let

ϕ(Lei) =

n∑
j=1

αijLej +

n∑
j=1

βijRej + µi,

ϕ(Rek) =
n∑

t=1

γktLet +
n∑

t=1

δktRet + νk,

i, k ∈ {1, ..., n}, αij , βij , µi, γkt, δkt, νk ∈ K for all i, j, k, t. Since ϕ is an automorphism of U(A), we
have

det



α11 ... α1n β11 ... β1n
... ... ... ... ... ...
αn1 ... αnn βn1 ... βnn
γ11 ... γ1n δ11 ... δ1n
... ... ... ... ... ...
γn1 ... γnn δn1 ... δnn

 6= 0 (8)

and (5), (6) imply

ϕ(Rei)ϕ(Rek) = ϕ(Rei)ϕ(Lek) = 0, (9)

ϕ(Lei)ϕ(Lek) = −ϕ(Lei)ϕ(Rek) (10)

for all i, j.
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It is easy to see that if i = j, (9) and (10) give

νi = µi = 0 for all i.

Using (5) and (6), it follows from (9) and (10) that

ϕ(Rei)ϕ(Rek) =
n∑

j=1

n∑
t=1

γij (−γkt + δkt)LejRet = 0,

ϕ(Rei)ϕ(Lek) =
n∑

j=1

n∑
t=1

γij (−αkt + βkt)LejRet = 0,

ϕ(Lei)ϕ(Lek) + ϕ(Lei)ϕ(Rek) =
n∑

j=1

n∑
t=1

αij (−αkt + βkt − γkt + δkt)LejRet = 0

for all i, k ∈ {1, ..., n}. Hence

γij (−γkt + δkt) = γij (−αkt + βkt) = αij (−αkt + βkt − γkt + δkt) = 0 (11)

for all i, j, k, t ∈ {1, ..., n}.
Suppose that γij 6= 0 for some i, j. It follows from (11) that

γkt = δkt, αkt = βkt for all k, t.

This contradicts (8). Consequently, γij = 0 for all i, j. Using this and (8), we obtain

detA 6= 0,detD 6= 0,

where A = (αij), D = (δij) are square matrices of order n over a field K. It is clear that there exists
i, j such that αij 6= 0. It follows from (11) that

δkt = αkt − βkt for all k, t.

Consequently, if φ is an affine automorphism of U(A), then φ has the form (7).
It is obvious that any endomorphism of the form (7) is an automorphism of the algebra U(A).

Theorem 2 is proved.
Lemma 1. Let A = (aij) and B = (bks) be non-zero square matrices of orders n and m, respectively.

Then

det


a11B a12B ... a1nB
a21B a22B ... a2nB
... ... ...

an1B an2B ... annB

 = (detA)m · (detB)n.

Proof. Prove the statement of the lemma by induction on n+m. Without loss of generality, assume
a11 6= 0. By the induction proposition, we get

det


a11B a12B ... a1nB
a21B a22B ... a2nB
... ... ... ...

an1B an2B ... annB

 = det


a11B a12B ... a1nB

0
(
a21a12
a11

− a22
)
B ...

(
a21a1n
a11

− a2n
)
B

... ... ... ...

0
(
an1a12
a11

− an2
)
B ...

(
an1a1n
a11

− ann
)
B

 =
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= det(a11B) · det


(
a21a12
a11

− a22
)
B ...

(
a21a1n
a11

− a2n
)
B

... ... ...(
an1a12
a11

− an2
)
B ...

(
an1a1n
a11

− ann
)
B

 =

= am11 detB ·

det


(
a21a12
a11

− a22
)

...
(
a21a1n
a11

− a2n
)

... ... ...(
an1a12
a11

− an2
)

...
(
an1a1n
a11

− ann
)



m

(detB)n−1 =

= am11 detB ·

 1

a11
det


a11 a12 ... a1n

0
(
a21a12
a11

− a22
)

...
(
a21a1n
a11

− a2n
)

... ... ... ...

0
(
an1a12
a11

− an2
)

...
(
an1a1n
a11

− ann
)



m

(detB)n−1 =

= am11 detB ·
1

am11
(detA)m(detB)n−1 = (detA)m(detB)n.

Lemma 1 is proved.
Theorem 3. LetA be the finite-dimensional Zinbiel algebra with zero multiplication over an arbitrary

field K and let e1, e2, ..., en be a linear basis of A. Then the automorphism group of the universal
enveloping algebra U(A) of A consists of endomorphism of the form

ϕ(Lei) = fi +
n∑

j=1

αijLej +
n∑

j=1

βijRej ,

ϕ(Rei) = gi +

n∑
j=1

τijRej ,

(12)

1 ≤ i ≤ n, fi, gi are any homogeneous elements of degree 2 of U(A), A = (αij), T = (τij), where
τij = αij − βij , are square matrices of order n over a fielf K, detA 6= 0 and detT 6= 0.

Proof. Let ϕ be any automorphism of the algebra U(A). By Theorem 2, the affine part of ϕ has
the form (7). Since ϕ is an automorphism of U(A), ϕ satisfies the equalities (9) and (10). Using (5)
and (6), it is easy to see that ϕ has the form (12).

Let ϕ be an endomorphism of U(A) of the form (12) and let

fi =
n∑

k=1

n∑
t=1

γ
(i)
kt LekRet ,

gi =
n∑

k=1

n∑
t=1

δ
(i)
kt LekRet ,

1 ≤ i ≤ n. Prove that ϕ is an automorphism of U(A), i.e., prove that ϕ has an inverse endomorphism
ϕ′. To find the endomorphism ϕ′ in the following form

ϕ′(Lei) =
n∑

k=1

n∑
t=1

γ
′(i)
kt LekRet +

n∑
j=1

α′ijLej +
n∑

j=1

β′ijRej ,

ϕ′(Rei) =

n∑
k=1

n∑
t=1

δ
′(i)
kt LekRet +

n∑
j=1

τ ′ijRej .
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Since the affine part of ϕ′ is inverse to the affine part of ϕ, it is easy to find all coefficients α′ij , β
′
ij , τ

′
ij .

Let h ∈ U(A). Denote by h the homogeneous part of degree 2 of the element h.
Using (5) and (6), we get

0 = ϕ′ ◦ ϕ(Lei) =

n∑
k=1

n∑
t=1

γ
(i)
kt ϕ

′(Lek)ϕ
′(Ret) +

n∑
j=1

αijϕ′(Lej ) +

n∑
j=1

βijϕ′(Rej ) =

=
n∑

k=1

n∑
t=1

γ
(i)
kt

 n∑
p=1

α′kpLep

( n∑
s=1

τ ′tsRes

)
+

+

n∑
j=1

αij

(
n∑

a=1

n∑
b=1

γ
′(j)
ab LeaReb

)
+

n∑
j=1

βij

(
n∑

a=1

n∑
b=1

δ
′(j)
ab LeaReb

)
and

0 = ϕ′ ◦ ϕ(Rei) =

n∑
k=1

n∑
t=1

δ
(i)
kt ϕ

′(Lek)ϕ
′(Ret) +

n∑
j=1

τijϕ′(Rej ) =

=

n∑
k=1

n∑
t=1

δ
(i)
kt

 n∑
p=1

α′kpLep

( n∑
s=1

τ ′tsRes

)
+

n∑
j=1

τij

(
n∑

a=1

n∑
b=1

δ
′(j)
ab LeaReb

)
.

Since all the coefficients α′ij , τ
′
ij are known, it follows from these equalities

n∑
j=1

(
αijγ

′(j)
ab + βijδ

′(j)
ab

)
LeaReb = µ

(i)
abLeaReb ,

n∑
j=1

τijδ
′(j)
ab LeaReb = ν

(i)
ab LeaReb ,

for all i, a, b ∈ {1, ..., n}, where µ(i)ab , ν
(i)
ab are some elements of K. For each a, b we obtain the following

system of 2n linear equations with unknowns γ′(1)ab , ..., γ
′(n)
ab , δ

′(1)
ab , ..., δ

′(n)
ab :{∑n

j=1

(
αijγ

′(j)
ab + βijδ

′(j)
ab

)
= µ

(i)
ab∑n

j=1 τijδ
′(j)
ab = ν

(i)
ab ,

1 ≤ i ≤ n. Since detA 6= 0,detT 6= 0, this system has the solution for each a, b . Consequently, there
exists a left inverse of ϕ.

Using (5) and (6), we also get

0 = ϕ ◦ ϕ′(Lei) =
n∑

k=1

n∑
t=1

γ
′(i)
kt ϕ(Lek)ϕ(Ret) +

n∑
j=1

α′ijϕ(Lej ) +
n∑

j=1

β′ijϕ(Rej ) =

=

n∑
k=1

n∑
t=1

γ
′(i)
kt

 n∑
p=1

αkpLep

( n∑
s=1

τtsRes

)
+

+

n∑
j=1

α′ij

(
n∑

a=1

n∑
b=1

γ
(j)
ab LeaReb

)
+

n∑
j=1

β′ij

(
n∑

a=1

n∑
b=1

δ
(j)
ab LeaReb

)
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and

0 = ϕ ◦ ϕ′(Rei) =
n∑

k=1

n∑
t=1

δ
′(i)
kt ϕ(Lek)ϕ(Ret) +

n∑
j=1

τ ′ijϕ(Rej ) =

=

n∑
k=1

n∑
t=1

δ
′(i)
kt

 n∑
p=1

αkpLep

( n∑
s=1

τtsRes

)
+

n∑
j=1

τ ′ij

(
n∑

a=1

n∑
b=1

δ
(j)
ab LeaReb

)
.

Since all the coefficients α′ij , β
′
ij , τ

′
ij are known, it follows from these equalities

n∑
k=1

n∑
t=1

γ
′(i)
kt αkpτtsLepRes = λ(i)psLepRes ,

n∑
k=1

n∑
t=1

δ
′(i)
kt αkpτtsLepRes = σ(i)psLepRes ,

for all i, p, s ∈ {1, ..., n}, λ(i)ps , σ
(i)
ps are some elements ofK. For each i we obtain the following two systems

of n2 linear equations with unknowns γ′(i)11 , ..., γ
′(i)
1n , ..., γ

′(i)
n1 , ..., γ

′(i)
nn and δ

′(i)
11 , ..., δ

′(i)
1n , ..., δ

′(i)
n1 , ..., δ

′(i)
nn ,

respectively: {
γ
′(i)
11 α1pτ1s + ...+ γ

′(i)
1n α1pτns + ...+ γ

′(i)
n1 αnpτ1s + ...+ γ′(i)nn αnpτns = λ(i)ps

and {
δ
′(i)
11 α1pτ1s + ...+ δ

′(i)
1n α1pτns + ...+ δ

′(i)
n1 αnpτ1s + ...+ δ′(i)nn αnpτns = σ(i)ps ,

p, s ∈ {1, ..., n}. The coefficient matrices of these systems have the form

C =


α11T α21T ... αn1T
α12T α22T ... αn2T
... ... ...

α1nT α2nT ... αnnT

 .

By Lemma 1, detC = (detA)n(detT )n. Since detA 6= 0, detT 6= 0, we have detC 6= 0. It follows that
this systems has the solutions for each 1 ≤ i ≤ n. Consequently, there exists a right inverse of ϕ. Since
in groups the left and right inverses coincide, there exists an inverse of ϕ. Hence ϕ is an automorphism
of the algebra U(A). Theorem 3 is proved.
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Л.Н. Гумилев атындағы Еуразия ұлттық университетi, Астана, Қазақстан

Нөлдiк көбейтiндiсi бар ақырлыөлшемдi Зинбил алгебрасының
универсалды ораушы алгебрасының автоморфизмдерi

Соңғы жылдары Зинбил алгебраларын (дуалды Лейбниц алгебраларын) зерттеуге үлкен қызығушы-
лық бар. Айталық A кез келген K өрiсiндегi құрастырылған Зинбил алгебрасы және e1, e2, . . . , em, . . .
A алгебрасының сызықты базисi. 2010 жылы А. Науразбекова Грёбнер-Ширшов базистерiнiң әдiстерiн
қолданып, A алгебрасының U(A) универсалды (мультипликативтi) ораушы алгебрасының базисiн
құрастырды. Осы нәтиженi пайдаланып, нөлдiк көбейтiндiсi бар ақырлыөлшемдi Зинбил алгебрасы-
ның универсалды ораушы алгебрасының автоморфизмдерi сипатталған.

Кiлт сөздер: Зинбил (дуалды Лейбниц) алгебрасы, универсалды (мультипликативтi) ораушы алгебра,
базис, автоморфизм, аффиндi автоморфизм.
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Автоморфизмы универсальной обертывающей алгебры
конечномерной алгебры Зинбиля с нулевым умножением

В последние годы наблюдается большой интерес к изучению алгебр Зинбиля (дуальных алгебр Лейб-
ница). Пусть A алгебра Зинбиля над произвольным полем K и пусть e1, e2, . . . , em, . . . линейный базис
алгебры A. В 2010 году А. Науразбекова, применяя методы базисов Грёбнера–Ширшова, построила
базис универсальной (мультипликативной) обертывающей алгебры U(A) алгебры A. Используя дан-
ный результат, описаны автоморфизмы универсальной обертывающей алгебры конечномерной алгеб-
ры Зинбиля с нулевым умножением.

Ключевые слова: алгебра Зинбиля (дуальная алгебра Лейбница), универсальная (мультипликативная)
обертывающая алгебра, базис, автоморфизм, аффинный автоморфизм.
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