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Some Convergent Summation Theorems For
Appell’s Function I} Having Arguments —1,%

In this paper, we obtain some closed forms of hypergeometric summation theorems for Appell’s function of
first kind F} having the arguments —1, % with suitable convergence conditions, by adjustment of parameters
and arguments in generalized form of first, second and third summation theorems of Kiimmer and others.
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Introduction

A great interest in the theory of hypergeometric functions (that is, hypergeometric functions of
several variables) is motivated essentially by the fact that the solutions to many applied problems
involving (for example) partial differential equations are obtainable with the help of such hypergeometric
functions (see, for details, [1; 47]; [2] and the references cited therein). For instance, the energy absorbed
by some non-ferromagnetic conductor sphere included in an internal magnetic field can be calculated
through such functions [3, 4]. Hypergeometric functions of several variables are used in physical and
quantum chemical applications as well [5-7].

The extensive development of the theories of hypergeometric functions of a single variable has led
to a full-scale investigation of corresponding theories in two or more variables. In 1880, Appell [8-10]
considered the product of two Gauss’s hypergeometric functions o F} to obtain four Appell’s functions
Fy, F5, F3, and Fy in two variables. Later in 1893, Lauricella [11]| further generalized the four Appell
functions F; (i = 1,2,3,4) to give the functions FXI), F](Bn), én), and F l()n) in n-variables. It is noted
that F{) = F) = F) = FY = or, FP = 7y, FY) = By, FY) = Fy and FY) = F.

Over eight decades ago Chaundy [12|, Burchnall-Chaundy [13], and recently several others [14—
24|, systematically, presented a number of expansion and decomposition formulas for some double
hypergeometric functions, for example, the Appell’s functions F;, in series of simpler hypergeometric
functions. Recently, Khan & Abukhammash [25] introduced and investigated 10 Appell type generalized
functions M; (i = 1,...,10) by considering the product of two 3F5 functions. Here, motivated by the
above-mentioned works, Choi et al. [16] aim to introduce 18 Appell type generalized functions k;
(1 =1,...,18) by considering the product of two 4F3 functions.

In the usual notation, let R and C denote the sets of real and complex numbers, respectively. Also
let

No:=NuU{0} , N:={1,2,3,...} = No\{0} ,

Zy :=40,-1,-2,...} =Z U{0} , 7z ={-1,-2,-3,...}
and Z = Zy; UN being the sets of integers.
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For definitions of Pochhammer symbol, generalized hypergeometric function ,F, with convergence
conditions and other useful results, we refer the monumental work of Abramowitz & Stegun [26],
Andrews et al. [27], Erdélyi et al. [28], Prudnikov et al. [29], Rainville [30], and Srivastava & Manocha
[31]. Appell’s Function of First Kind is defined as :

F[A; B, C; Dz, yl=>

r,s=0

(A)T+S(B)T(C)s liyis
(D)rys rl sl

Convergence conditions of Appell’s double series Fy
(a) Appell’s series Fy is convergent when |z| <1, |y <1; A,B,C,D € C\Z,.

(b) Appell’s series F} is absolutely convergent when |z| =1, |y|=1; A,B,C,D € C\Zj;
RA+B-D)<0,RA+C—-D)<0and R(A+B+C—-D)<0.

(c) Appell’s series F} is conditionally convergent when |z| =1, |y| =1;z # 1,y # 1;
A B,C,DeC\Zy; R(A+B—-D)<1,RA+C-D)<land R(A+B+C—-D) <2,

(d) Appell’s series Fy is a polynomial if A is a negative integer; B,C, D € C\Z, .
(e) Appell’s series F is a polynomial if B and C' are negative integers; A, D € C\Z .

For absolutely and conditionally convergence (b,c) of Appell’s function Fj, interested readers may
consult the paper of Hai et al. [32] related to the convergence of multiple hypergeometric functions of
Kampé de Fériet.

A result of Appell and Kampé de Fériet[8], see also [31; 55, Equation 1.6(15)]:

NdI'(d—a—b—c)

ﬂm;@C;d;L”:rw—aww—b—@’ (1)

R(d—a—-b—c)>0; de C\Zy) .

Motivated by the work in equation (1) of Appell and Kampé de Fériet , we obtain some summation
theorems for Appell’s function of first kind £} having equal argument other than unity, in section 1,
by suitable adjustment of numerator and denominator parameters.

When the values of parameters leading to the results which do not make sense are tacitly excluded,
then using series iteration technique, the Appell’s function F; with equal argument can also be written
as [8; 23, Equation (25)]

Fl[A;B,C;D;m,:E]ZQFl[A’B—i_gf w], <|m]<1; A,B,C,DEC\ZO> . (2)
)

1 Some new Summations using the function Fi[A; B,C; D;x, x|

Further by putting = 1 in equation (2) and applying Gauss classical summation theorem [31; 30,
Equation 1.2(7)|, we get a known result (1) of Appell and Kampé de Fériet.

In equation (2), by putting A =a,B=bC =¢, D =14a—b—c—m and x = —1, using a
summation theorem [33; 1524, Equation (2.3)], we get

T(1+a—b—c—m) m (™59)
Rlabl+a—b—c—m—1,-1] = 2T (a) Z{<r>r(r+a+22b202m) ’
r=0 2
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(R(b+c) < —m iR(2b+¢) <2—m,R(2c+b) <2—m,a,b,c,b+c,

l+a—-b—c—meC\Z; ; m e Np).

In equation (2), by putting A=a,B=b,C =¢, D =1+a—b—c+m and z = —1, using another
summation theorem [33; 1523, Equation (2.2)], we obtain

P 4a—bectm) & (—1)T(55e)
Fila;b,c;1+a—b—c+m;—1,—1] = @)1 b0, Z{( > r+a+272b272c) ’
2

r

2+m

(R(b+c¢) < JRE2b+¢) <2+m ,RQ2ec+b) <2+ m; a,b,c,b+ec, 1+a—b—c+m,

1-b—-ceC\Z, ; m e Ny).

In equation (2), by putting A = a,B =b, C =¢, D = a—b—c—m and x = —1, using the
summation theorem [34; 14, Equation (3.1)], we find

Fila; b, c; a—b—c—m;—1,-1]

I'(a— b —c— " I(rta [(rtatl
= ( Z {( ) [ r+a—(2bz—21—2m) + F(T—i—a—(Qb—ch—;m—l—l)] } ’

r=0

R(Ob+c¢) < _m,%(2b+c) <1—m,R(2c+0b)<1-—m; a,b,c,b+c,
a—b—c—meC\Z; ; meN) .

In equation (2), by putting A =a,B=b,C =¢, D =a—b—c+m and x = —1, using another
summation theorem [34; 14, Equation (3.2)], we have

Fila; b, ¢c; a—b—c+m;—1,-1]

- T(a—b—c+m) m m (_l)rr(r+a) (_1)7‘F(%+1)
- 21‘\(@)(7() _ C)m rz: { <r) !F(r+a22b22c) + F(r+a2322c+1)] } ’

=0

1+m

(R(b+c¢) < JR(2b+¢) <1+m,R(2c+b) <1+m; a,bec,b+ec,
—b—c,a—b—c+meC\Z; ; meNy).

In equation (2), by putting A=n, B=C =5, D= —a—m and 2 = —1, using the summation
theorem [34; 14, Equation (3.3)], we get

aa . _Tem—a) " (D (emn = 1,0 ()
F [n, 5091 T ™ -1,-1| = O TZ:O PID(T=n=Ze=2m) ;
(?R(a)<§(1—m—n); n, a, —m —a € C\Z; m+n€N0U{—1}>.
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In equation (2), A=n, B=C =5, D= —a+m and x = —1, using another summation theorem

[34; 14, Equation (3.4)], we have

T'(1-a)T(m— a) mz":l { (14 n —m),[(=2) } |

a
F [ 5050 ;—1,—1}2
1|5 a+m 9T (n)T(m —a —n) v r!F(%Hz)

N

(%(a)<(1+72n"); n,a, m—a—n, m—ac C\Zj; m—nEN) )

In equation (2), by putting A =a,B=0b,C =¢, D = Ha“’# and x = %, using the summation

theorem [29; 491, Entry (7.3.7.2)|, we obtain

2 272 ['(a) ~ r F(HM#)

(a,b,c, W e C\Zy ; mGNO) )
In equation (2), by putting A =a,B=0,C =¢, D = H‘”'b# and x = %, using the summation
theorem [35; 827, Theorems (1), we find

2 279 p(a)(l—cwrb#)m ot r F(W)

(a,b,c, 1+a+g+c+m, 1_a+g+c_m € C\Z; ; m € No) .
In the equation (2), by putting A=a,B=0b,C =¢, D = M% and x = %, using the summation
theorem [36; 48, Equation (3.1)], we have

b+c—m 1 1
F a;b,C;—aJr Te m;*r
2 279

po-ip(tbpemm) { m [ r("5°) G ”
= + ,

I‘(a) r b+c+27"—m ) F( b+c+r2—m+1 )

(a,b,c,W e C\Z; mENO) )

In the equation (2), by putting A = a,B =0, C =¢, D = “‘H’Jrfc‘”” and x = %, using another
summation theorem [36; 48, Equation (3.3)], we get
a+b+c+m 11
F . . -
1|:a,b,C, 2 7272:|

_ geip(utbietm) {(m> [(—nrr(?";“) +(—1)’T<’“+‘5“)”

= F(@(W)m s r F(W#) F(W%H)

<a’ b, c, a+b§c+m’ b+c72afm c (C\Za; m e NO>~
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In equation (2), by putting A=a,B=b,C=1—a—b—m,D =dand z = %, using the summation
theorem [35; 828, Theorem (6)], we find

U

11 I'(d) L[ (m)\ T(4=Er)
F bl—-a-b—md= == —~ E — =
Lt mambemidigg 204mI(d — a) r_o{<?">F( ) )

(a,b,l—a—b—m,d, d—aecC\Zy ; mENo).

In equation (2), by putting A =a,B=b6C=1—a—-b+m,D =d and z = %, using another
summation theorem [35; 828, Theorem (5)|, we have

' 1 1] T(dT(a—m) s [ (m) (~1)T(d=gtr)
frjmblma=bimdiyg ‘2amr<a>r<d—a>§{<r>W;22m>}’

(a,b,1—a—b+m,a—m, d—a, de C\Zy ; m € Np) .

In equation (2), by putting A =a,B=b,C = —a—b—m, D =dand z = %7 using the summation
theorem [37; 144, Equation (3.3)], we get

Filaib,—a—b—mds o, 1] = W‘”*i{(m) [F(d—g“) . r(d—a;m)”

57 5] F(d I a) ~ P(d+a+r) P(d+a;r+1)

<a,b,—a—b—m,d, d—aeC\Zy; m€N0> )

In equation (2), by putting A = a,B = b,C = —a—b+m,D = d and = = %, using another
summation theorem [37; 144, Equation (3.5)], we obtain

1 1] 27%m=IP(d)(a —m)
F ‘b.—a—0>b d: = 2| =
! [a’ AT b, 2} ['(a)T(d — a)

mfmY, [ D) T(deegrel
X g { (7”)(_1) [F(d-i-a—i-zr—Qm) + F(d+a+r3—1—2m)] } ’

<a,b,—a—b+m, d, a—m, d—aeC\Z; m€N0> .

Remark

By the theory of analytic continuation some convergence conditions associated with each result can
be relaxed.
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Conclusion

We conclude our present analysis by observing that several interesting summation theorems for
Appell function of first kind can be derived in an analogous manner. Moreover, presented summation
theorems should be beneficial to those who are interested in the field of applied mathematics and
applied physics.
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M.U. Kypemm!, M.C. Ba6y?, A. Axmaz!

L orcamun Musanua Heaamus (Opmanvir, ynusepcumem), Horo-Heau, Yrdicman;
2 [Mlapda yrusepcumeminiy, Ipzeai eviavimu oicone sepmmeyaep mexmebi, Yaxen Hotda, Yndicman

—1,% aprymMmeHTTepi 6ap Fi; Anennb dyHKIMSIChIHA apHAJIFaH
Keiibip KOHBEPreHTTI KOCBIHABLIIAp TeopeMaJiaphbl

2Kywmpicra mapamerpiep men aprymentrepii Kymmepmin Gipinmn, ekirm »kKoHe YIMHIN YKUBIHTBIK, TEO-
pPeMaJIapbIHbIH KAJIbIJIAHFAH TYPIHJIE COUKeC KeJTipy apKbLIbI —1, % aprymMmenTTepi bap Fi Gipinmi TekTi
Arnmesns pyHKIMSCHI YIIIH TUIIEPreOMETPHUSIIIBIK, KOCBIHIBLIAD TEOpEMaJIAPbIHBIH KEHOIp KaObIK, (bopMaiapbl
AJILIHFaH.

Kiam cesdep: x)ajmbLianral rUIEePreoMeTpUsIbIK, (pyHKIws, 6ipinmmi Tekti Anes dyuknuscer, KyMmvepaiy,
OipiHII, eKiHII KoHe YIIHII KUBIHTBHIK, TEOPEMAJIAPDI.

M.U. Kypermm!, M.C. Ba6y?, A. Axmaz!

Y orcamus Munaus Heaamus (Henmpaavnod ynusepcumem,), Hoio-Zleau, Hnous;
2 [ITkona pyrdamermanvros Hayk u uccaedosaruts Ynusepcumema Ilapda, Boavwas Hotda, Hnoua

HeKOTOpI)Ie TeopeMbI O CXOoAdImeMCdaA CYMMMPOBaHUN

JJId (bYHKI_II/II/I AHHeJ'Iﬂ F1 C aprymMmelnTaMm — 1, %
B crarbe MBI ToTyYaeM HEKOTOPBIE 3aMKHYThIE (POPMBI THIIEPreOMETPUIECKIX TEOPEM CYMMUPOBAHUS JIJTsT
dyukuun Anness nepsoro poga Fy ¢ aprymentamu —1, % C MOJXOJAIINMYU YCJIOBUSIMU CXOIUMOCTH ITyTEM

IIOATOHKN I1apaMETPOB M apryMeHTOB B 0000OIIEHHOII (bOpMe IepBOil, BTOPOl U TPeTheil CyMMUPYIOMINX
TeopeM Kiommepa u apyrux.

Karouesvie caosa: 06ob0IeHHast runiepreoMmerpudeckas pyHknus, (PyHKIust ATiesisi IepBOro pojia, nepBast,
BTOpasi U TPEThbsl TeopeMbl cyMMmupoBanus Kiommepa.
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