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Steklov problem for a linear ordinary fractional delay differential
equation with the Riemann-Liouville derivative

This paper studies a nonlocal boundary value problem with Steklov’s conditions of the first type for a linear
ordinary delay differential equation of a fractional order with constant coefficients. The Green’s function of
the problem with its properties is found. The solution to the problem is obtained explicitly in terms of the
Green’s function. A condition for the unique solvability of the problem is found, as well as the conditions
under which the solvability condition is satisfied. The existence and uniqueness theorem is proved using the
representation of the Green’s function and its properties, as well as the representation of the fundamental
solution to the equation and its properties. The question of eigenvalues is investigated. The theorem on
the finiteness of the number of eigenvalues is proved using the notation of the solution in terms of the
generalized Wright function, as well as the asymptotic properties of the generalized Wright function as
A — oo and A = —o0.

Keywords: fractional differential equation, delay differential equation, Steklov’s boundary value problem,
Green function, generalized Mittag-LefHler function, generalized Wright function.

Introduction

In this paper, we consider the equation
Dgu(t) — Au(t) —pH({t —1)u(t —7) = f(t), 0<t<1, (1)

where D§; is the Riemann-Liouville fractional derivative [1], 1 < o < 2, A, p1 are the arbitrary constants,
7 is the fixed positive number, H(t) denotes the Heaviside function.

In [1-6], the theory of fractional calculus is studied (see also the references in these works).
Barrett [7] investigated a linear ordinary differential equation of fractional order. For a fractional
order differential equation the existence and uniqueness theorem is proved in [§], and the boundary
value problem with the Sturm-Liouville type conditions was considered in [9]. In paper [10], the initial
value problem for a linear ordinary differential equation of fractional order was studied.

To the theory of delay differential equations were devoted the following works [11-15].

The Cauchy problem for Eq.(1) was solved in [16], and the solutions to the Dirichlet and the
Neumann problems were obtained in [17]. The boundary value problem with Sturm-Liouville type
conditions was founded in [18].

The papers [19], [20] are devoted to the study of the Steklov problem for a fractional order
differential equation. In this paper, we construct the solution to the first-type Steklov boundary value
for Eq.(1) and prove the existence and uniqueness theorem and the finiteness theorem for the number
of real eigenvalues of the problem under study.
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Main results

A function u(t) is called a regular solution of equation (1) if D 2u(t) € C2(0,1), u(t) € L(0,1)
and u(t) satisfies Eq. (1) for all 0 < ¢t < 1.
The problem we solve here is to find the reqular solution to equation (1) satisfying the conditions
: a—2 : a—1 : a—2 : a—1 _
ay E}% D§ *u(t) + a2 }gr(l) Dg u(t) + as %Eﬂ D§; “u(t) + as %Eﬁ Dg u(t) =0,

(2)
. _92 . 1 . _92 . -1
by %g% D "u(t) + bo 21551(1) Dy u(t) + b3 %gr{ Dy "u(t) + ba }gri D¢ u(t) = 0.

In the case agby — agbs # 0 the conditions (2) can be write out in the form

Dg‘t_lu(t)‘tzl = chg‘t_zu(t)]tzo + CQDS‘t_zu(t)‘t:17
D(O)Ltilu(t)‘t:o = C3D81t72“(t)’t=0 + C4D8£t72u(t)‘t=1’
where
o = aiby — a2b1, oy = —agbs + a352, o = —abs + a4b17 o= —azby + a4b3. (3)
aobs — asby asbs — asbs asbs — asby aobs — asby

Previously, in work [21], it was defined the function

W, () =W, (tm; A, p)=>_ pu™(t —mr) 7" BT (Mt —m7)), v €R, (4)
m=0
where -
Z;) r ak‘ + ﬁ
is the generalized Mittag-Leffler function [22|, I'(z) is the Gamma function, (p)r = Fgf(—;)k) is the

Pochhammer symbol,

(t —m7)y = t—mr, t—mt >0,
T+ = 0, t—mr<0.

Function (4) satisfies the following properties [21]:
1) for some m the expression t —mt < 0, therefore the series in (4) contains a finite number of the
terms N < [ |+ 1;
2) it follows from (4) that

i 0,k #i+1,
W’g)(o):{ Lk=i+1;

3) it holds true the integrodifferentional formula
DGW,(t) =W,_a(t), a€R, v>0 (5)
and the autotransformation formula
-1
I'(v)’

The solution to the Cauchy problem to the equation (1) was found in the paper [16] and has the
form

Wy (t) = \WWopa(t) + pWogolt — 1) + a>0, velk (6)

/ FEWalt — )dé + D& u(t)],_ Walt) + D& 2u(t)],_ W1 (). (7)
0
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Using formula (7) we can define Dg u(t) , and Dy u(t)

‘t: }t=1:

Dy u(t)],_, —/ FOWL(1= €)de+ D u(t)] Wi (1) + D§u(t) ],y Wa(1) + uWa(l = 7)], (8)
0

Dg *u(t)],_y = /f(f)WQ(l — &)dé + Dg; u(t)],_Wa(1) + Dg; u(t)|,_ Wi (1). (9)
0
Inserting (8) and (9) into the first formula of the system (2), we have

D& 2u(t)],_, [al FasWi(1) + as ()\Wa(l) + uWa(1 - T))] + D5 u(t)],_, [ag +azWa(1) + ag Wi (1) |+

1
+/f asW 1—£)+a4W1(1—§)]d§:0,
0

or

A1 DS 2u(t) + A DS u(t) + F, =0,

‘t—>0 |t—>0

where

Al =a1 + (13W1(1) + aq ()\Wa(l) + MWa(l — 7‘)), As = a9 + a3W2(1) + a4W1(1),

1
/f a3Ws 1—£)+a4W1(1—§)]d§.
0

In the same way, substituting (8) and (9) into the second formula of the system (2), we have

B1D§ 2 u(t)|,_, + Be Dy tu(t)],_ 4+ Fy =0,

M=o M=o

where

By = b+ bsWi(1) + ba ()\Wa(l) + uWa(l — T)), By = by + bsWa(1) + baWi(1),

1
B = [ £©)[paWa1 = ©) + b1 - ©)]ae.
0

Thus, we get the system:

Angt_Qu(t)‘t:O + A2D3t_1 t) ‘t o= —11, (10)
BiD§;?u(t)|,_y + B2Dg M u(t)],_, = —F,
and the solution to that system (10) equals:
_ — 1By + FyAs _ —-A1F + B Fy
Da 2 t - - - @@= = Da 1 t = 11
or - u( )}Ho A, By — AyBy or ul )|H0 A1By — Ay By (1D
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Using (11) and the Cauchy problem solution (7), we get the equality:

¢
—F1By + FrA, —A1F + B Fy
€)de + A2 22y, gy OV O gy gy
/f )ds + A1By — Ay By () + A1By — Ay By ®)
0

BiWu(t) — BoWa—1(
A1By — Ay By

t 1
- / FOWalt — €)de + / F©lasWa(l — €) + aiWi(1 — €))dé—
0 0

_AIWoz(t) - AQWa l

1
/f ) [bsWa(1 — &) + byWi (1 — €)]dE,
0

A1By — Ay By
or
1
[ 1@ |- gwate -9+ wato (“E 2w - g+ BEB My g) -
0
- Wara(0) (SR 1 - g+ DR E R0 - )
where

A = A132 — AgBl. (12)

Green function
Assume G(t,§) is given by

Gl1.6) = (- 9Walt - 9 + Wa(t) (“E 1 - g+ BB w1 ) -

W (1) (“432; R0+ WP By g)) (13)

with A and p satisfying the condition (12). Here the function W, (t) is defined via (4).
Function G(t,£) (13) satisfies the following properties.
1. The function G(t, &) is continuous for all values of ¢ and £ from the closed interval [0, 1].
2. The function G(t,§) satisfies the conditions

m [Df, G (£, €)le=1+=—Df; *Ge(t, €)le=1-<] = L. (14)
3. The function G(t,§) is the solution to the equation
01eG(t, &) = A\G(t,§) —pH(1 =7 = &§G(t,{+7) =0. (15)

Here 0§, is the Caputo derivative [1; 11| defines as

Ofio(t) = iy *v"(t) = r(21—a)/ <tv,—(gf§1
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4. The function G(t, &) satisfies the boundary conditions
D G(t,€)| g = —aDGTG(1,6)| oy + esDGT Gt 6)| 16)
D5 G, €)| oy = 2D 2Gt§|5 | — DG 6|

Here the coefficients ¢y, co, c3, c3 were defined via formula (3).
These properties obviously are implied from formula (13), condition (12) and the relations (5), (6).
The function G(¢,€) that possesses properties 1-4 is called Green function for problem (1), (2).

Ezistence and uniqueness theorem

Theorem 1. Assume the function f(¢) € L(0,1) N C(0,1) and the condition (12) is satisfied. Then
there exists a regular solution to problem (1), (2) in the form of

1
1= / FOG(,€)de (17)
0

and the solution to problem (1), (2) is unique if and only if condition (12) is satisfied.

Proof. We show that it holds true the representation of the solution to problem (1), (2) in the form
(17). For this, we multiply both sides of Eq. (1) (given in terms of variable ¢) by Dg *G(t,¢) and
integrate it with respect to variable £ ranging from € to 1 — ¢ (¢ — 0):

l1—¢ 1—¢
[ piaongu@as -3 [ u@ng G gde-

l—¢ l—e

— / H(t = T)u(€ — 7)Dg; *G(t,€)dE = / FODGG(t,&)d¢, 0<t<1. (18)

£

Integrate by parts the first term of equality (18):

t—e

—€ d
/ DE2G(16) Digu(€)de = DG (1) D u(e)|. / e DA GO )

d t—

l—<
/ D32 Ge(t,€) Dgglu(g)dg:D@t—QG(t,g)Dgglu(g)L —@Dgﬁc;(t,g)z)gg?u(g)a —
t+e

1—¢

~ DR GODS )|+ [ Dy Geelt D Pul€)ds =

a0t S ) oe e ot &) Poe
€

d d

= D *u(t) {d:ED&?G(t,é))HE - dethG(t@L_g] + / Dy 2 Gee(t, ) D u(€)dé+

d
dg

+ D5 2u(g) - {clpgﬂa(t,é)(& — ¢3DG G, 5)‘ < pg2at, 5)‘ ] +
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d
_ C4D8§:2G(t,€)‘£:£ - digDa "G, 5)‘5:1—5] '

Using properties of the Green function (14) and (16), we get the identity

‘+l)&§2“(5ﬂ521 L?1?8t2(1055)5

l1—e l1—e

| D6 Dgute)ds = Dgut) + [ iy Geelt. D Pu(e)ie (19)

3 &€

In the third integral of the equality (18) we replace £ into £ — 7:

1 1
/ H(E — )u(€ — r)G(t, €)de = / H(L— 7 — Eu(€)G(1,€ + 7)de. (20)
0 0

Substituting (19) and (20) into Eq. (18) and using the formula for fractional integration by parts
[20; 15]

b b
/ o(s)DE h(s)ds = / h(s)Dgsg(s)ds,

we have the identity

1
D *u(8) + Dy / ul(€) [ D52 Geelt,€) = AG(L,€) = pH (1~ t = G(L,€ +7)| de =
0

—Df}t?/f Gt €)d,

and,using the Green function property (15) and finding the derivative of order Dg; “ we get solution
(17).
Next, we show that the function (17) is the solution to equation (1). Formula (17) can be written
out in the form of bellow:
u(t)=v1 + v + vs,

where

—AlFQ + BlFl

¢
—F1 By + Fr A
TP M ), g =
/f 1{8), - vs A1By — Ay By
0

d =
Jde, ve A1By — Ay By

Denote Dg,v1, Dgvo and Dg,v3. We have

t
Do = 08 [ HeWalt —0d = 5 [ r@Wate — ¢ =
0

=/f AWy (t— )+ pWapa (t— € —7))dé+ £ (1) =/f (AW (t— )+ uWalt—€—7))dé+ F(2):
0 0

—F1 By + FyA, d?
A1By — AyBy dt?

— By + FyA, d?

Da2a — el
o Wa-(t) ABy — AyBy dt2

Dgt Vo = 441 (t) =
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*FlBQ + FyAs d?

—F1By + F5 A
T A1By — AyBy dt?

(AWac1(t) + pWaoi(t — 7)) ;5

—A1Fy+ B1F d

—A1Fy+BiF d _
— DY W,(t) =
() = A1By — A9 By dt

A1By — AsBy dt %

A+ B
 A1By— AyBy

Next, using formulas (5), (6) we obtain by the previous relation that

Dg,v3 = — (AWeaq1(t) + uWeopa(t — 7)) =

()‘Wa(t) + MWa(t - T))

1
Dgu(t) = £(6)+ A [ 1(6) t£d§+u/f Gt — 7)de.
0

that is that (17) satisfies (1).

Remark. For A =0, > 0 and

ap > by, az <bs, az=bs, a4=1"0y
condition (12) is always satisfied.
On the finiteness of the number of real eigenvalues

Definition. The eigenvalues of problem (1), (2) are the values A, such that problem (1), (2) has a
regular solution that is not the identically zero.
The set of real eigenvalues for problem (1), (2) coincides with the set of real zeros for the function

D(N) = [ar + asWi (1) + aa (AWa (1) + pWa(1 = 7)) | [Bs = by + bsWa (1) + a1 (1) -

- [@ +azWa(1) + a4W1(1)} [bl b3 Wi (1) + by ()\Wa(l) FuWa(1— T))] . (21)

Theorem 2. Problem (1), (2) has only a finite number of real eigenvalues.
The function W, (\) can be written out as [3; 45]

. — - ﬁ _ am+vrv—1 (m+171) _ a
Wy(1,T,A,M)_;O !(1 mr)% 10 [(am+m) A1 —mn)% ]|, (22)
where
0, [(az,al ] ZHl Dla + agk) 28
(b, By L'(b + Bik) k

is the generalized Wright function [23].
As A — +oo the following asymptotic formula holds true for the generalized Wright function [23],
[24]:

(m+1,1)
1% [(am +v,a)

(1= mr) | =AM o (o (L)

o

and the asymptotic formula for the generalized Wright function as A — —oo has form (23], [24]

(m+1,1)
1 [ (am + v, )

" (1)L o)l (1 — mr) [ . 1
AN HHIT (v — o — al)(m + 1+ 1)! |A|™

AL — mf)i} =
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Let N be the maximum value of m that satisfies the inequality (1 —m7) > 0. From these formulas we
get the asymptotic formulas for function (22) as A — +oo

Mma’m m(l—a)—v+1

1 1
o (1- 7717)Te>‘a(1_””)Jr [1 +0 ( T ﬂ , (23)

@

N
W ( 17‘)\,uzz
m=0

and A — —oo in the form

n l)mH“(m—Fl)l(l—mT)Ia(HlHV_l+ (1)

N
W (1,732 m —
A ) Z“ NPT (0 — a — al)(m + 1 + 1) I\

=0 =0

(24)

From the representation (21) and asymptotic formula (23) we see that letting A\ — oo the function (21)
increases without limit.

As A — —o0, since ®(\) is an entire function of the variable A, it follows from asymptotic formula
(24) that the function (21) may have only a finite number of real zeros.
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M.T'. Maxkruxosa

PFA KBFO Koadanbasv, mMamemamura sHcone asmomammandopy uHcmumymaot, Haavuuk, Pecet

Aprymenri kentirerin Puman-JInyBuiabp 6eamniek
TYBIH/IbICHI 0ap CBI3BIKTBHIK KapallaiibIM
anddepeHnaJIbIK TeHaey yiriH CrekJjoB ecebi

MakaJtasia TypakThl KO3 duipeHTTepi 6ap apryMeHTi KelireTin 6eJieK peTTi ChI3bIKThI KapanaibiM ud-
depeHmaNIbIK, TeHaey yimia Gipiam Tunti CTeK/IOB mapTTapbIMeH KEePriliKTi eMec IEeTTIK ecenTep 3epT-
Tenred. ['pun dyHKIMICH TaOBLIBIN, OHBIH KACHeTTepi JosesmeH/ai. 3eprreserin ecentin mremtimi ['pun
(DYHKIUSICHI TYPFBICBIHAH aflKbIH TYpJe aJblHAbL. EcenTiH Oipereil Imenrisy mapTbl, COHJAN-aK eIy
IAPTHI CO3CI3 OPBIHAAIATHIH MIApTTap TabbLIAL. Bap GOy KoHE YKAJIFBI3ABIK TEOPEMACHI I9JIEIICHI.
Teopema ['pun QyHKIMSICHIH »KOHE OHBIH, KACUETTEPIH, COHIAN-aK TEHIEY/iH ipresi merriMin KoHe OHBIH
KACHETTEPIH KOPCETY apKbLIbI JI9JIe/IIeHTeH. MeHIIKTI MoHIep CypaFbl 3€PTTE/Ii. 3EPTTEETIH €Cell HAKThI
MEHIINKTI MOHIEPIiH IIEeKTeY I CaHbIHA FaHa ne 60ybl MYMKIH €KEHIIr TeopeMaMeH Jasenaeri. Teopema
mrerTiMHiH, Kaanbiaaraln PailT GyHKIMSCH TYPFBICHIHAH OeIrieHy/ i KOJIIaHbII, COHIai-aK A — 00 YKOHe
A — —00 VIIiH KaJjbuianrad PaiiT dyHKIUSICHIHBIH, aCUMITOTUKAJIBIK, KACHETTEP] apPKbLIbI JIDJIEJICH T .

Kiam cesdep: GeJek perTi ChI3BIKTHI AudpepeHnnaaabK, TeHIey, apryMeHTi KemnireTin guddepernual-
abiK Teyzey, Crekiios merTik ecebi, 'pun dyukumsicer, Murrar-Jleddnepanbiy kaanbuianral OyHKIUICHI,
Paitrroiy xannbuianran QyHKIUACDHL
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M.I'. Maxkruxosa

Hnemumym npukaadnot mamemamuru u asmomamusayuu KBHI] PAH, Haavuux, Poccus

Sagaga CrekJjoBa AJId JINHEHMHOro OObIKHOBEHHOI'O
anddepeHImaIbHOr0 yPpaBHEHUsI C JIPOOHOI MPOMU3BO/THOM
Pumana—J/InyBusijis ¢ 3ara3abIBalominM apryMeHTOM

B crarbe ucciiesjoBana HeslokaabHas KpaeBas 3ajada ¢ ycsuaoBusaMu CTEKJIOBA EPBOrO THIIA JIJIsl JIMHEHHO-
ro OOGBIKHOBEHHOTO JIudpepeHnnaabHOr0 ypaBHEHUsT JPOOHOTO MOPSIAKA C 3ala3/IBIBAIONINM apryMEHTOM
¢ mocTossHHBIMU KOdddurimentamu. Halinena dynkmusa ['puna n mokasansl ee cBoiicTBa. Pemrenne mccite-
JIyeMOi 3aJladu IOJIy9YeHO B sIBHOM Buie B TepmuHax dyukmyuu ['puna. Haiizneno ycioBue ojHo3HA4YHOIM
Pa3peImMOCT 33/1a49M, a TaK¥Ke YCJIOBUsl, IPU KOTOPBIX YCJIOBHE Pa3PEITUMOCTH 3aBEJOMO BBIMOJTHSIETCSI.
Jlokazana TeopemMa CyIIeCTBOBAHUs M €IUHCTBEHHOCTH, C UCIIOJIL30BAHUEM IIpeJicTaBjennst pyrkmyun ['pu-
Ha, ee CBOWCTB, a TakxKe (DYHJIaMEHTAJbLHOIO DEIleHWsl ypaBHEeHUsl U ee cBoiicTB. VcciemoBan Bompoc o
cobCcTBeHHBIX 3HaYeHUsX. Jloka3aHa TeopeMa 0 TOM, 4TO HCC/IeayeMast 3a/1a9a MOYKET UMETb TOJIBKO KOHEU-
HOE YUCJIO JIeICTBUTE/ILHBIX COOCTBEHHBIX 3HAYEHMIE. TeopeMa JIoKa3aHa ¢ IPUMEHEHUEM 3AIMCU PEIleHus B
TepMuHaX 00001eHHoM dyHKImu Paiita, a Tak»Ke aCUMIITOTUYECKUX CBOMCTB 00001eHHON (hyHKInn Paiita
mpu A — 00 U A — —0Q.

Kmouesvie crosa: muddepeHimaibHoe ypaBHEHHE TPOOHOI0 MOpsiIKa, JuddepeHuaabHoe ypaBHEHNE C 3a-
Ma3AbIBAIONIM apryMeHTOM, KpaeBas 3aja4a Crekiiosa, pyukmnus ['puna, obobiennast pyHKIus Murrar-
Jledbdaepa, obobmennast dyukmus Paitra.
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