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A note on the hyperbolic-parabolic identification problem
with involution and Dirichlet boundary condition

In the present paper, a source identification problem for hyperbolic-parabolic equation with involution and
Dirichlet condition is studied. The stability estimates for the solution of the source identification hyperbolic-
parabolic problem are established. The first order of accuracy stable difference scheme is constructed for
the approximate solution of the problem under consideration. Numerical results are given for a simple test
problem.
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Introduction

Partial differential equations with unknown source terms are used to model the behaviour of real-
life systems in many different areas of science and technology. They have been studied extensively by
many researchers (see, e.g., [1]-[13] and the references therein). Numerous source identification problems
for hyperbolic-parabolic equations and the corresponding difference schemes for their approximate
solutions were previously studied by the authors (see [14]-[18]. Partial differential equations with
the involution have been recently investigated in [19]-[22] However, source identification problems
for hyperbolic-parabolic equation with involution have not been investigated.

The present paper is devoted to the study of source identification problems for hyperbolic-parabolic
differential and difference equations with involution. The stability of these source identification problems
is established. Numerical results are presented.

Stability of differential equation

We consider the space-dependent source identification problem

utt(t, x)−
(
a(x)ux(t, x)

)
x
− β

(
a(−x)ux(t,−x)

)
x
+ δu(t, x)

= p(x) + f(t, x), −` < x < `, 0 < t < 1,

ut(t, x)−
(
a(x)ux(t, x)

)
x
− β

(
a(−x)ux(t,−x)

)
x
+ δu(t, x)

= p(x) + g(t, x), −` < x < `, −1 < t < 0,

u(0+, x) = u(0−, x), ut(0
+, x) = ut(0

−, x), −` ≤ x ≤ `,
u(t,−`) = u(t, `) = 0, −1 ≤ t ≤ 1,

u(−1, x) = ϕ(x), u(1, x) = ψ(x), −` ≤ x ≤ `

(1)

for one-dimensional hyperbolic-parabolic differential equation with involution. Throughout this paper,
we will assume that a ≥ a(x) = a(−x) ≥ a > 0, x ∈ (−`, `) and a − a|β| ≥ 0. Under compatibility
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conditions problem (1) has a unique smooth solution
(
u(t, x), p(x)

)
for the given smooth functions

a(x), ϕ(x), ψ(x), x ∈ [−`, `], f(t, x), (t, x) ∈ (0, 1) × (−`, `), g(t, x), (t, x) ∈ (−1, 0) × (−`, `) and
constant δ > 0.

Let the Sobolev spaceW 2
2 [−`, `] be defined as the set of all functions v(x) defined on [−`, `] such that

v(x) and the second order derivative function v′′(x) are both locally integrable in L2[−`, `], equipped
with the norm

‖v(x)‖W 2
2 [−`,`] =

 `∫
−`

|v(x)|2 dx

1/2

+

 `∫
−`

∣∣v′′(x)∣∣2 dx
1/2

.

Theorem 1. Suppose that ϕ,ψ ∈ W 2
2 [−`, `]. Let function f(t, x) be continuously differentiable in t

on [0, 1] × [−`, `] and function g(t, x) be continuously differentiable in t on [−1, 0] × [−`, `]. Then the
solution of the identification problem (1) satisfies the stability estimates

‖u‖C([−1,1],L2[−`,`]) +
∥∥(Ax)−1p

∥∥
L2[−`,`]

≤M1(δ)

[
‖ϕ‖L2[−`,`] + ‖ψ‖L2[−`,`] + ‖f‖C([0,1],L2[−`,`]) + ‖g‖C([−1,0],L2[−`,`])

]
,

‖u‖C(2)([0,1],L2[−`,`]) + ‖u‖C(1)([−1,0],L2[−`,`]) + ‖u‖C([−1,1],W 2
2 [−`,`]) + ‖p‖L2[−`,`]

≤M2(δ)

[
‖ϕ‖W 2

2 [−`,`] + ‖ψ‖W 2
2 [−`,`] + ‖f‖C(1)([0,1],L2[−`,`]) + ‖g‖C(1)([−1,0],L2[−`,`])

]
,

where M1(δ) and M2(δ) do not depend on ϕ(x), ψ(x), f(t, x) and g(t, x).
Proof. Problem (1) can be written in the following abstract form

u′′(t) +Au(t) = p+ f(t), 0 < t < 1,

u′(t) +Au(t) = p+ g(t), −1 < t < 0,

u(0+) = u(0−), u′(0+) = u′(0−),

u(−1) = ϕ, u(1) = ψ

in a Hilbert space L2[−`, `] with self-adjoint positive definite operator A = Ax defined by the formula

Axu(x) = −
(
a(x)ux(x)

)
x
− β

(
a(−x)ux(−x)

)
x
+ δu(x) (2)

with the domain D(Ax) =
{
u ∈W 2

2 [−`, `]
∣∣∣ u(−`) = u(`) = 0

}
. Here, f(t) = f(t, x) and g(t) = g(t, x)

are given abstract functions, u(t) = u(t, x) is unknown function and p = p(x) is the unknown element
of L2[−`, `]. Therefore, the proof of Theorem 1 is based on the self-adjointness and positive definiteness
of the space operator Ax (see [19]).

Stability of difference scheme

Now, we study the stable difference scheme for the approximate solution of identification problem
(1). The discretization of source identification problem (1) is carried out in two steps.

In the first step, the spatial discretization is carried out. We define the grid space

[−`, `]h =
{
x = xn

∣∣ xn = nh, −M ≤ n ≤M, Mh = `
}
.

We introduce the Hilbert space L2h = L2([−`, `]h) of the grid functions ϕh(x) = {ϕn}M−M defined on
[−`, `]h, equipped with the norm

∥∥∥ϕh∥∥∥
L2h

=

 ∑
x∈[−`,`]h

∣∣∣ϕh(x)∣∣∣2 h
1/2

.
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To the differential operator Ax defined by the formula (2), we assign the difference operator Axh by the
formula

Axhϕ
h(x) =

{
−
(
a(x)ϕnx

)
x
− β

(
a(−x)ϕ−nx

)
x
+ δϕn

}M−1

−M+1
, (3)

acting in the space of grid functions ϕh(x) = {ϕn}M−M and satisfying the conditions ϕ−M = ϕM = 0.
Here

ϕnx̄ =
ϕn − ϕn−1

h
, −M + 1 ≤ n ≤M, ϕnx =

ϕn+1 − ϕn

h
, −M ≤ n ≤M − 1.

It is well-known that Axh, defined by (3), is a self-adjoint positive definite operator in L2h. With the
help of Axh, the first discretization step results in the following identification problem

uhtt(t, x) +Axhu
h(t, x) = ph(x) + fh(t, x), x ∈ [−`, `]h, 0 < t < 1,

uht (t, x) +Axhu
h(t, x) = ph(x) + gh(t, x), x ∈ [−`, `]h, −1 < t < 0,

uh(0+, x) = uh(0−, x), uht (0
+, x) = uht (0

−, x), x ∈ [−`, `]h,
uh(−1, x) = ϕh(x), uh(1, x) = ψh(x), x ∈ [−`, `]h.

(4)

In the second step, we replace the identification problem (4) with the following first order of accuracy
difference scheme

uhk+1(x)− 2uhk(x) + uhk−1(x)

τ2
+Axhu

h
k+1(x) = ph(x) + fhk (x), 1 ≤ k ≤ N − 1, x ∈ [−`, `]h,

uhk(x)− uhk−1(x)

τ
+Axhu

h
k(x) = ph(x) + ghk (x), −N + 1 ≤ k ≤ 0, x ∈ [−`, `]h,

fhk (x) = fh(tk, x), 1 ≤ k ≤ N − 1, ghk (x) = g(tk, x), −N + 1 ≤ k ≤ 0, x ∈ [−`, `]h,
uh1(x)− uh0(x) = uh0(x)− uh−1(x), u

h
−N (x) = ϕh(x), uhN (x) = ψh(x), x ∈ [−`, `]h,

(5)

where τ = 1/N and tk = kτ , −N ≤ k ≤ N .

Theorem 2. Let τ and h be sufficiently small numbers. For the solution
{{

uhk(x)
}N
−N

, ph(x)

}
of

problem (5) the following stability estimates

max
−N≤k≤N

‖uk‖L2h
+
∥∥∥(Axh)−1ph

∥∥∥
L2h

≤ M̃1(δ)

[ ∥∥∥ϕh∥∥∥
L2h

+
∥∥∥ψh∥∥∥

L2h

+ max
−N+1≤k≤0

∥∥∥ghk∥∥∥
L2h

+ max
1≤k≤N−1

∥∥∥fhk ∥∥∥
L2h

]
,

max
1≤k≤N−1

∥∥∥∥∥uhk+1 − 2uhk + uhk−1

τ2

∥∥∥∥∥
L2h

+ max
−N+1≤k≤0

∥∥∥∥∥uhk − uhk−1

τ

∥∥∥∥∥
L2h

+ max
−N≤k≤N

∥∥∥uhk∥∥∥
W 2

2h

+
∥∥∥ph∥∥∥

L2h

≤ M̃2(δ)

[∥∥∥ϕh∥∥∥
W 2

2h

+
∥∥∥ψh∥∥∥

W 2
2h

+
∥∥∥gh0∥∥∥

L2h

+ max
−N+1≤k≤−1

∥∥∥∥∥ghk − ghk−1

τ

∥∥∥∥∥
L2h

+
∥∥∥fh1 ∥∥∥

L2h

+ max
2≤k≤N−1

∥∥∥∥∥fhk − fhk−1

τ

∥∥∥∥∥
L2h

]

hold, where M̃1(δ) and M̃2(δ) do not depend on τ , h, fhk , 1 ≤ k ≤ N − 1, ghk , −N + 1 ≤ k ≤ 0, ϕh(x)
and ψh(x).
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Proof. Difference scheme (5) can be written in the following abstract form

uhk+1 − 2uhk + uhk−1

τ2
+Ahu

h
k+1 = ph + fhk , 1 ≤ k ≤ N − 1,

uhk − uhk−1

τ
+Ahu

h
k = ph + ghk , −N + 1 ≤ k ≤ 0,

uh1 − uh0 = uh0 − uh−1, u
h
−N = ϕh, uhN = ψh

in a Hilbert space L2h with operator Ah = Axh defined by formula (3). Here, fhk = fhk (x) and g
h
k = ghk (x)

are given abstract functions, uhk = uhk(x) is unknown mesh function and ph = ph(x) is the unknown
mesh element of L2h. Therefore, the proof of Theorem 2 is based on the self-adjointness and positive
definiteness of the space operator Ah in L2h [23].

Numerical experiments

When the analytical methods do not work properly, the numerical methods for obtaining the
approximate solutions of partial differential equations play an important role in applied mathematics.
In this section, we will use the first order of accuracy difference scheme to approximate the solution of
a simple test problem. We will apply a procedure of modified Gauss elimination method to solve the
problem. Finally, the error analysis of first order of accuracy difference scheme will be given.

We consider the identification problem with the Dirichlet condition

utt(t, x)− uxx(t, x)−
1

2

(
ux(t,−x)

)
x
+ u(t, x) = p(x) + f(t, x), x ∈ (−π, π), t ∈ (0, 1),

ut(t, x)− uxx(t, x)−
1

2

(
ux(t,−x)

)
x
+ u(t, x) = p(x) + g(t, x), x ∈ (−π, π), t ∈ (−1, 0),

u(−1, x) = ϕ(x), u(1, x) = ψ(x), x ∈ [−π, π],
u(t,−π) = u(t, π) = 0, t ∈ [−1, 1]

(6)

for one-dimensional hyperbolic-parabolic equation with involution, where

f(t, x) =

(
1

2
cos t− 1

)
sinx, x ∈ (−π, π), t ∈ (0, 1),

g(t, x) =

(
3

2
cos t− sin t− 1

)
sinx, x ∈ (−π, π), t ∈ (−1, 0),

ϕ(x) = cos 1 sinx, ψ(x) = cos 1 sinx, x ∈ [−π, π].

The exact solution of problem (6) is the pair of functions(
u(t, x), p(x)

)
=
(
cos t sinx, sinx

)
, −π ≤ x ≤ π, −1 ≤ t ≤ 1.

We define the set [−1, 1]τ × [−π, π]h of all grid points as following:

[−1, 1]τ × [−π, π]h =
{
(tk, xn)

∣∣ tk = kτ,−N ≤ k ≤ N, Nτ = 1, xn = nh,−M ≤ n ≤M, Mh = π
}
.

For the numerical solution of source identification problem (6), we construct the first order of accuracy
difference scheme in t
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

uk+1
n − 2ukn + uk−1

n

τ2
−
uk+1
n+1 − 2uk+1

n + uk+1
n−1

h2
−
uk+1
−n+1 − 2uk+1

−n + uk+1
−n−1

2h2
+ uk+1

n

= pn + f(tk, xn), 1 ≤ k ≤ N − 1, −M + 1 ≤ n ≤M − 1,

ukn − uk−1
n

τ
−
ukn+1 − 2ukn + ukn−1

h2
−
uk−n+1 − 2uk−n + uk−n−1

2h2
+ ukn

= pn + g(tk, xn), −N + 1 ≤ k ≤ 0, −M + 1 ≤ n ≤M − 1,

u1
n − u0

n = u0
n − u−1

n , u−Nn = ϕ(xn), u
N
n = ψ(xn), −M ≤ n ≤M,

uk−M = ukM = 0, −N ≤ k ≤ N,

(7)

where ukn and pn denote the numerical approximations of u(t, x) at (t, x) = (tk, xn) and p(x) at x = xn,
respectively. The solution of difference scheme (7) can be found in the form

ukn = vkn − vNn + ψ(xn), −M ≤ n ≤M, −N ≤ k ≤ N,

pn = ψ(xn)−
ψ(xn+1)− 2ψ(xn) + ψ(xn−1)

h2
− ψ(x−n+1)− 2ψ(x−n) + ψ(x−n−1)

2h2

+
vNn+1 − 2vNn + vNn−1

h2
+
vN−n+1 − 2vN−n + vN−n−1

2h2
− vNn , −M + 1 ≤ n ≤M − 1,

where
{{

vkn

}N
k=−N

}M
n=−M

is the solution of the following nonlocal boundary value problem



vk+1
n − 2vkn + vk−1

n

τ2
−
vk+1
n+1 − 2vk+1

n + vk+1
n−1

h2
−
vk+1
−n+1 − 2vk+1

−n + vk+1
−n−1

2h2
+ vk+1

n

= f(tk, xn), 1 ≤ k ≤ N − 1,−M + 1 ≤ n ≤M − 1,

vkn − vk−1
n

τ
−
vkn+1 − 2vkn + vkn−1

h2
−
vk−n+1 − 2vk−n + vk−n−1

2h2
+ vkn

= g(tk, xn), −N + 1 ≤ k ≤ 0, −M + 1 ≤ n ≤M − 1,

v1
n − v0

n = v0
n − v−1

n , vNn − v−Nn = ψ(xn)− ϕ(xn), −M ≤ n ≤M,

vk−M = vkM = 0, −N ≤ k ≤ N.

(8)

To obtain the solution of difference scheme (8), we first rewrite it in the matrix form{
AVn+1 +BVn +AVn−1 + CV−n+1 +DV−n + CV−n−1 = Fn, −M + 1 ≤ n ≤M − 1,

V−M = VM = 0̃,
(9)

where 0̃ is (2N + 1)× 1 zero vector and

A =



0 0 · · · 0 0 0 · · · 0

0 a · · · 0 0 0 · · · 0
...

...
. . .

...
...

...
...

0 0 · · · a 0 0 · · · 0

0 0 · · · 0 0 0 · · · 0

0 0 · · · 0 0 b · · · 0
...

...
...

...
...

. . .
...

0 0 · · · 0 0 0 · · · b


(2N+1)×(2N+1)

Fn =



ψ(xn)− ϕ(xn)
τg (t−N+1, xn)

...
τg (t0, xn)

0

τ2f (t1, xn)
...

τ2f (tN−1, xn)


(2N+1)×1
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C =



0 0 · · · 0 0 0 · · · 0

0 q · · · 0 0 0 · · · 0
...

...
. . .

...
...

...
...

0 0 · · · q 0 0 · · · 0

0 0 · · · 0 0 0 · · · 0

0 0 · · · 0 0 r · · · 0
...

...
...

...
...

. . .
...

0 0 · · · 0 0 0 · · · r


(2N+1)×(2N+1)

Vn =



v−Nn
v−N+1
n
...
v0
n

v1
n

v2
n
...
vNn


(2N+1)×1

B =



−1 0 · · · 0 0 0 0 · · · 0 0 1

− 1 c · · · 0 0 0 0 · · · 0 0 0
...

...
. . . . . .

...
...

...
...

...
...

0 0 · · · −1 c 0 0 · · · 0 0 0

0 0 · · · 1 −2 1 0 · · · 0 0 0

0 0 · · · 0 1 −2 d · · · 0 0 0
...

...
...

...
...

...
. . . . . . . . .

...
0 0 · · · 0 0 0 0 · · · 1 −2 d


(2N+1)×(2N+1)

D =



0 0 · · · 0 0 0 · · · 0

0 s · · · 0 0 0 · · · 0
...

...
. . .

...
...

...
...

0 0 · · · s 0 0 · · · 0

0 0 · · · 0 0 0 · · · 0

0 0 · · · 0 0 σ · · · 0
...

...
...

...
...

. . .
...

0 0 · · · 0 0 0 · · · σ


(2N+1)×(2N+1)

V−n =



v−N−n
v−N+1
−n
...

v0
−n
v1
−n
v2
−n
...

vN−n


(2N+1)×1

with a = − τ

h2
, b = −τ

2

h2
, c = 1 +

2τ

h2
+ τ , d = 1 +

2τ2

h2
+ τ2, q = − τ

2h2
, r = − τ2

2h2
, s =

τ

h2
, σ =

τ2

h2
.

Next, we rewrite the system (9) as following
ÃZn+1 + B̃Zn + ÃZn−1 = φn, 1 ≤ n ≤M − 1,

C̃Z1 + B̃Z0 = φ0,

ZM = 0̃,

(10)

where Ã =

[
A C
C A

]
, B̃ =

[
B D
D B

]
and C̃ = Ã +

[
C A
A C

]
are (4N + 2) × (4N + 2) matrices,

Zn =

[
Vn
V−n

]
and φn =

[
Fn
F−n

]
are (4N + 1) × 1 column vectors. Now, the matrix equation (10)

can be solved by using the modified Gauss elimination method [24]. We seek a solution of the matrix
equation (10) in the following form:{

Zn = αn+1Zn+1 + βn+1, n =M − 1, . . . , 2, 1,

ZM = 0̃,
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where αn are (4N +2)× (4N +2) square matrices and βn are (4N +2)× 1 column vectors, calculated
by {

αn+1 = −
(
B̃ + Ãαn

)−1
Ã

βn+1 =
(
B̃ + Ãαn

)−1
(φn − Ãβn)

for n = 1, 2, . . . ,M − 1. Here, α1 = −B̃−1C̃ and β1 = B̃−1φ0.
The numerical solutions of the first order of accuracy difference scheme (7) are computed for

different values of M and N by using the algorithm described above. We measure the error between
the exact solution and numerical solution by

‖Eu‖∞ = max
−N+1≤k≤N−1

−M+1≤n≤M−1

∣∣∣u(tk, xn)− ukn∣∣∣ , ‖Ep‖∞ = max
−M+1≤n≤M−1

|p(xn)− pn| ,

where u(tk, xn) is the exact value of u(t, x) at (tk, xn) and p(xn) is the exact value of source p(x) at
x = xn; ukn and pn represent the corresponding numerical solutions. Table 1 shows the errors between
the exact solution of the problem (6) and the numerical solutions computed by using the first order of
accuracy scheme. We observe that the scheme has the first order convergence as it is expected to be.

Таблица 1: The errors between the exact solution of the problem (6) and the numerical solutions
computed by using the first order of accuracy difference scheme (7) for different values of h =

π

M
and

τ =
1

N
.

‖Ep‖∞ Order ‖Eu‖∞ Order
N =M = 20 4.9976× 10−2 - 3.6439× 10−2 -
N =M = 40 2.5072× 10−2 0.9951 1.8518× 10−2 0.9765

N =M = 80 1.2558× 10−2 0.9975 9.3355× 10−3 0.9881

N =M = 160 6.2845× 10−3 0.9987 4.6871× 10−3 0.9940

N =M = 320 3.1436× 10−3 0.9994 2.3484× 10−3 0.9970
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М. Ашыралыев, М.А. Ашыралыева, А. Ашыралыев

Шекаралық Дирихле шарттарымен және
инволяциясымен сәйкестендiрiлген

гиперболалы-параболалық есебi туралы ескерту
Мақалада инволюциясымен және Дирихле шартымен берiлген гиперболалы-параболалық теңдеу үшiн
дереккөздi сәйкестендiру мәселесi зерттелген. Дереккөзi сәйкестендiрiлген гиперболалы-параболалық
есебi шешiмiнiң орнықтылық бағамы алынған. Қарастырылған есептiң жуық шешiмi үшiн бiрiншi рет-
тi дәлдiкпен орнықты айырымдық схемасы құрастырылды. Қарапайым тестiк есептерi үшiн сандық
нәтижелерi берiлген.

Кiлт сөздер: дереккөздi сәйкестендiру есебi, гиперболалы-параболалық дифференциалдық теңдеу,
айырымдық схема, орнықтылық.

М. Ашыралыев, М.А. Ашыралыева, А. Ашыралыев

Замечание о гиперболо-параболической задаче
идентификации с инволюцией и граничным

условием Дирихле
В статье исследована проблема идентификации источника для гиперболо-параболического уравнения
с инволюцией и условием Дирихле. Получены оценки устойчивости решения гиперболо-параболической
задачи идентификации источника. Построена устойчивая разностная схема первого порядка точно-
сти для приближенного решения рассматриваемой задачи. Приведены численные результаты для
простой тестовой задачи.

Ключевые слова: задача идентификации источника, гиперболо-параболическое дифференциальное
уравнение, разностная схема, устойчивость.
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