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A note on the hyperbolic-parabolic identification problem
with involution and Dirichlet boundary condition

In the present paper, a source identification problem for hyperbolic-parabolic equation with involution and
Dirichlet condition is studied. The stability estimates for the solution of the source identification hyperbolic-
parabolic problem are established. The first order of accuracy stable difference scheme is constructed for
the approximate solution of the problem under consideration. Numerical results are given for a simple test
problem.
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Introduction

Partial differential equations with unknown source terms are used to model the behaviour of real-
life systems in many different areas of science and technology. They have been studied extensively by
many researchers (see, e.g., [1]-[13] and the references therein). Numerous source identification problems
for hyperbolic-parabolic equations and the corresponding difference schemes for their approximate
solutions were previously studied by the authors (see [14]-[18]. Partial differential equations with
the involution have been recently investigated in [19]-[22] However, source identification problems
for hyperbolic-parabolic equation with involution have not been investigated.

The present paper is devoted to the study of source identification problems for hyperbolic-parabolic
differential and difference equations with involution. The stability of these source identification problems
is established. Numerical results are presented.

Stability of differential equation

We consider the space-dependent source identification problem
ugt(t, ) — (a(z)ux(t, ) — Bla(—x)ug(t, —x))  + du(t,z)

=px)+ f(t,z), A<z </l 0<t<l,
ur(t, ) — (a(@)ug(t, x)) , — B(a(—2)us(t, —x))  + du(t, )

=p(x)+g(t,z), C<z<l —-1<t<O, (1)

(0%, 2) =u(07,2), u (0", 2) =w (07, 2), £ <x</,
(t,—0) =u(t,0) =0, -1 <t <1,
u(—=1,z) = p(x), u(l,z) =¢(x), <z </

u
u

\

for one-dimensional hyperbolic-parabolic differential equation with involution. Throughout this paper,
we will assume that @ > a(z) = a(—z) > a > 0, x € (—¢,¢) and a — @|B| > 0. Under compatibility
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conditions problem (1) has a unique smooth solution (u(t,z),p(z)) for the given smooth functions
a(x), p(z), P(x), x € [=L4,4, f(t,z), (t,z) € (0,1) x (=£,0), g(t,x), (t,x) € (—1,0) x (—£,¢) and
constant 6 > 0.

Let the Sobolev space W.2[—/, £] be defined as the set of all functions v(x) defined on [, £] such that
v(x) and the second order derivative function v”(x) are both locally integrable in Ls[—¢, ¢], equipped
with the norm

y 1/2 ¢ 1/2
2
o@hwgien = | [lo@Pde) ([l do
14 —{

Theorem 1. Suppose that ¢, € WZ[—/, {]. Let function f(¢,z) be continuously differentiable in ¢
on [0,1] x [—£,¢] and function g(¢,x) be continuously differentiable in ¢ on [—1,0] x [—¢, ¢]. Then the
solution of the identification problem (1) satisfies the stability estimates

lull ooty Laj—e) + H(AZ)APHLQH,Q

< M (6) [ ol po—e,q + 191 o= + 1 o), Loy + 19l ((=1,0,0[-2,0) ],

[ullee o1, La-e0) + Nullow (1,0, o) + lulloqornwei—ea) T 1Pz, —0q

< Ms(0) [ lelwei—eg + 1¥llwzi—eqg + 1 lco o1, La1-e0) T 19lc (1,0, L21-2.0) ],

where M;(6) and M3(9) do not depend on ¢(x), ¥(x), f(t,z) and g(t, ).
Proof. Problem (1) can be written in the following abstract form

u"(t) + Au(t) =p+ f(t), 0<t <1,
u'(t) + Au(t) =p+g(t), -1 <t <0,
u(0*) = u(07), W/(0%) = o/ (07),
u(=1) =, u(l) =17
in a Hilbert space La[—/, ¢] with self-adjoint positive definite operator A = A® defined by the formula

A%u(z) = —(a(@)ue(x)), — Bla(—x)uz(—2x))  + du(x) (2)

with the domain D(A%) = {u € W20, 4] ‘ u(—0) = u(f) = o}. Here, f(t) = f(t,2) and g(t) = g(t,z)
are given abstract functions, u(t) = u(t, z) is unknown function and p = p(z) is the unknown element
of Lo[—£, £]. Therefore, the proof of Theorem 1 is based on the self-adjointness and positive definiteness
of the space operator A” (see [19]).

Stability of difference scheme

Now, we study the stable difference scheme for the approximate solution of identification problem
(1). The discretization of source identification problem (1) is carried out in two steps.
In the first step, the spatial discretization is carried out. We define the grid space

[—E,é]h:{xzmn‘xn:nh, —-M<n<M, Mh:E}.

We introduce the Hilbert space Lo = Lao([—£, {]),) of the grid functions ¢"(z) = {¢"}M,, defined on
[—¢, 0]}, equipped with the norm

]

1/2

2
‘ h

L=l X e

.IE[—Z,Z]]—L
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To the differential operator A” defined by the formula (2), we assign the difference operator Aj by the

formula
M—1

Afeh(@) = { = (al@)ed), - Bla(-a)e3"), + 86"} . 3)
acting in the space of grid functions ¢"(z) = {p"}*,, and satisfying the conditions ¢_p = @p = 0.
Here
SOn _ SOnfl (PnJrl n
n

7_@’ M<n<M-—1.

It is well-known that A7, defined by (3), is a self-adjoint positive definite operator in Loy. With the
help of A}, the first discretization step results in the following identification problem

ht,x) + AZul(t,2) = p(x) + fP(t,2), x € [0, 0<t <1,

u?(t,x) + A”fluh(t, x) = ph(a:) —l—gh(t,x), x e[, —1<t<O, )
uh(0+,x) = uh(O_,a:), u?(O’L,x) = u?(O_,x), x € [, {p,
uh(_Lx) = Soh(x)v uh(Lx) = wh(x)v WS [_Ea g]h

In the second step, we replace the identification problem (4) with the following first order of accuracy
difference scheme

wpy () = 2up(x) + up_ (2)
)
“ikl(x) - “2—1( )

+ Aful (2) = p"@) + f(z), 1< k<N -1, 2 € [,

+ Ahuk( ) = h(w) +gligl(x)a -N+1 < k < Ov T E [_Kaé]}u (5)
fh(tk,[]}), I1<k<N-1, gllg(x) :g(tlm‘r)? ~N+1<k<0, z€ [_£7£]h7

[ ul(@) = ug(@) = ug(z) —uly (), u y(2) = ¢"(2), uiy(z) = " (), © €[4,

=3
—
8
N—
I

where 7 = 1/N and t;, = kr, —N <k < N.

N
Theorem 2. Let 7 and h be sufficiently small numbers. For the solution {{uﬁ(w)}

h
f
P (l‘)} o
problem (5) the following stability estimates

max gl + | (457"

—N<k<N
<3 @) [, o, + _ymas k], e [l |
Loy Loy,  —N+1<k<0 Loy 1<k<N 1 Loy
upy = 2up U up —up h h
max 5 + max _— 4+ max HukH —G—Hp‘
1<k<N-1 T L —N+1<k<0 T I —N<k<N W22h Loy,
2h 2h
g —gr
> -1
<30)| [, + [0, + ], _ymae JF
w2, w2, Loy  —NA41<k<-1 T
Loy,
=

max
Lop,  2<k<N-1

+ Hflh‘

T

L2h]

hold, where M;(8) and My () do not depend on 7, b, fff, 1<k <N -1, g, ~-N+1<k <0, ¢"(x)
and " (x).
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Proof. Difference scheme (5) can be written in the following abstract form

h h ., h
Uy — 2up +up_y

h h h
7_2 +Ahuk+1:p +f71§kSN_17
h h
ul —u
L el kil—l—Ath:ph—l—gZ, —-N+1<k<0,
-

h h _ ,h h h _  h , h _ _h
Uy — Uy = Uy — U_q, U_N—SD,UN—ﬂJ

in a Hilbert space Loy, with operator A;, = A¥ defined by formula (3). Here, f! = fl(z) and g = gl(z)
are given abstract functions, uf = u}(z) is unknown mesh function and p" = p”(x) is the unknown
mesh element of Lop. Therefore, the proof of Theorem 2 is based on the self-adjointness and positive

definiteness of the space operator Ay in Loy [23].
Numerical experiments

When the analytical methods do not work properly, the numerical methods for obtaining the
approximate solutions of partial differential equations play an important role in applied mathematics.
In this section, we will use the first order of accuracy difference scheme to approximate the solution of
a simple test problem. We will apply a procedure of modified Gauss elimination method to solve the
problem. Finally, the error analysis of first order of accuracy difference scheme will be given.

We consider the identification problem with the Dirichlet condition

¢

it 7) — taa(t, 7) — %(um(t, ), +ult,z) = p(x) + f(t,x), x € (—m,7), t € (0,1),

up(t, ) — ugy(t, ) — %(ux(t, —;zc)),Jj +u(t,x) =plx) +g(t,x), x € (—m,m), t € (—1,0), (6)

u(_lvx) - 90(1')7 ’U,(l,.%') - ¢($)7 S [_7T77T]7
u(t,—m) =u(t,m) =0, t € [-1,1]

for one-dimensional hyperbolic-parabolic equation with involution, where
ft,z) = (; cost — 1> sinz, z € (—m,m), t € (0,1),
g(t,z) = <2 cost —sint — 1) sinz, z € (—m,m), t € (—1,0),
o(x) = coslsinz, ¢(x) =coslsinz, = € [-m, 7.
The exact solution of problem (6) is the pair of functions
(u(t,x),p(m)) = (costsin:n,sin:z:), —mr<z<m —-1<t<1.
We define the set [—1, 1], x [—m, 7| of all grid points as following:
[—1,1]; X [-m,7]p = {(tk,xn) ‘ ty,=kT7,—-N<EkE<N, Nt=1, 2, =nh,—-M <n <M, Mh= 7r}.

For the numerical solution of source identification problem (6), we construct the first order of accuracy
difference scheme in ¢
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(uk ! ok 4okl uEL 2uli+l uk+1 G 21/321 WS

n+41 —n+1 —n—1 k+1
2 N h?2 - 2h? Tt
up —up up g — 2up +up g B ub g =2k, b b (7)
T h? 2h? "

ul —uo :uo —u_l, u;N:go(xn), unN:w(fnn), —-M<n<M,

n

[ W*yy=uk, =0, —-N<k<N,

E‘

where u* and p,, denote the numerical approximations of u(t, z) at (¢, z) = (t, z,) and p(z) at z = x,,
respectively. The solution of difference scheme (7) can be found in the form

ub =of —oN 4 p(x,), —-M <n<M, —N<k<N,

Dy = w(xn) o w(mn-f-l) — zwigfn) + 1/)(1’”_1) _ ¢($—n+1) — 2¢2(';UL2—7L) + w(x—n—l)

n+1 21} + v vﬁm — 2v],Vn + vyn,l
h? 2h2

—o, M +1<n<M-1,

N M
where {{vk} N} is the solution of the following nonlocal boundary value problem
= n=—M

(. k+1 k k-1 k+1 k+1 k+1 k+1 k+1 k+1
Un+ - 2Un +p 21) + vy, U_nt1 2v—n +vl, + Uk+1
n

72 B h2 a 2h?
f(tk,:nn) 1<k<N-1,-M+1<n<M-1,

vy —opt Upat — 208 + U5 _ VP — 208, ok 4ok
T h? 2h2 "
=g(tk,xn), —-N+1<k<0, -M+1<n<M-1,

v}l—vgzvg—v;l, vN—v*N:w(a:n) — (), —M <n <M,

n n
k

of =0k, =0, -N <k <N.

To obtain the solution of difference scheme (8), we first rewrite it in the matrix form

AVyi1 + BV, + AV 1 +CV_py1 + DV, +CV_py 1 =F,, —M+1<n<M —1,
Vi =V =0,

where 0 is (2N + 1) x 1 zero vector and

00 --- 000 --- 0 VY(zn) — p(Tn)
0Oa --- 000 --- 0 79 (t-N+1,Tn)
A: 0 0 a 0 o --- 0 Fn: Tg(tO;xn)
00 - 000 --- 0 0
00 - 00%b --- 0 T2f (t1, 2n)
s Do .o ) :
00 - 000 - b 1 eni1)x@nt1) L 7 ftn-1,2n) 4 (2N+1)x1
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0 000 0 vV
- 00 0 0 p N+
o |00 ¢ 0 0 0 Vo "
1o o 00 0 0 " n
00 00 r 0 n
: N
00 - 00 0 7 | oninyxent) L P Jeva
[ —1 0 0 0 0 0 0 0 1]
-1 ¢ 0 0 0 0 0 0 0
5 0 0 -1 ¢ 0 0 0 0 0
|l o o 1 -2 1 0 0 0 0
0 0 0 1 -24d 0 0 0
I 0 0o --- 0 0 o o --- 1 -2 d 4 2N+1)x(2N+1)
00 --- 00 O --- 0] [ v:fy 1
0 00 0 0 vy
“lo o 0 0 0 R e
0 0 00 o 0 20
Do oo T N
| o0 --- o0 o0 --- (o} ] (2N+1)><(2N+1) L U_n - (2N+1)><1
. T 72 2T 277 2 T i T r
witha = —75, b=—g5, c=l4 s trd=l+ 0 +7, =55, 71="53. 5= 73, 0= 13

Next, we rewrite the system (9) as following

AZpi1+BZy+AZy = ¢p, 1<n< M-—1,

CZy + BZy = ¢, (10)
ZM:67
~ AC = B D = ~ CA :
where A = [C’A]’B = [DB] and C = A + [AC} are (4N + 2) x (4N + 2) matrices,

Zy = [ ‘}/n } and ¢, = [ 15" ] are (4N + 1) x 1 column vectors. Now, the matrix equation (10)
-n -n

can be solved by using the modified Gauss elimination method [24]. We seek a solution of the matrix
equation (10) in the following form:

Zn :Ckn+1Zn+1+ﬂn+1, n=M-— 17...,2,1,
Zy =0,
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where «,, are (4N +2) x (4N + 2) square matrices and f3, are (4N + 2) x 1 column vectors, calculated
by
{ api1 = —(B+ Aa,) A
S . -
Bnt1 = (B + Aan) (pn — ABn)

forn=1,2,...,M — 1. Here, oy = —B~'C and 8, = B~} ¢y.

The numerical solutions of the first order of accuracy difference scheme (7) are computed for
different values of M and N by using the algorithm described above. We measure the error between
the exact solution and numerical solution by

HEUHOO = —N+¥§}c}éN—1 u(tk’xn) - UITCL ’ ||Ep||oo = —M+{I%?1};M—1 ’p(xn) _pn| )

—M+1<n<M—1

where u(tg,x,) is the exact value of u(t,z) at (tx,z,) and p(x,) is the exact value of source p(x) at
T = Tn; uf; and p, represent the corresponding numerical solutions. Table 1 shows the errors between
the exact solution of the problem (6) and the numerical solutions computed by using the first order of
accuracy scheme. We observe that the scheme has the first order convergence as it is expected to be.

Tabmuma 1: The errors between the exact solution of the problem (6) and the numerical solutions

computed by using the first order of accuracy difference scheme (7) for different values of h = % and

1
T = N
| Eplloo Order | Bl oo Order
N=M=20 | 4.9976 x 10~2 - 3.6439 x 102 -
N=M=40 | 25072 x 1072 | 0.9951 | 1.8518 x 1072 | 0.9765
N=M=280 | 1.2558 x 1072 | 0.9975 | 9.3355 x 10~3 | 0.9881
N =DM =160 | 6.2845 x 1073 | 0.9987 | 4.6871 x 10~3 | 0.9940
N =M =320 | 3.1436 x 1072 | 0.9994 | 2.3484 x 1072 | 0.9970
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M. AmbipansieB, M.A. AmbipanbieBa, A. Ambipasibien

IMlexapasbik /lupuxie mapTrapbIMeH >KoHEe
MHBOJISIINSICBIMEH COMKeCcTeHIipiJIreH
runepo60IaJIbI-TIapadoJIAJIBIK, ecedl TypaJibl eCKepTy

Maxkasaa nHBOTIOIUSICHIMEH KoHEe [upuxite mapThiMeH OepiareH rumepoosIaIb-mapadoIaIblK TEHIEY VITiH
JIEPEKKO3/Ii ColKecTeH,Iipy Macesieci 3eprreiireH. Jlepekkesi colikecTeH 1ipiJireH runepooJIaIb-IIapadboJIAJIbIK,
ece0i menriMinig OPHBIKTBLIBIK 6araMbl aJblHFaH. KapacThIpbIIFaH eCeITiy, XKy bIK IIernimi yirin 6ipinmi per-
Ti MO/IIIKIIEH OPHBIKTHI aflbIPBIMIIBIK, CXEMAChl KYPACTBIPBLIALI. KapamailbiM TeCcTiK ecerrrepi YIiH CaHIbIK
HOTHKeJIepi bepireH.

Kiam cesdep: nepekkesni colikecTeHaipy ecebi, rumepbosanbl-napabonablk anddepeHnnaiablK TeHIey,
AMBIPBIMIBIK, CX€Ma, OPHBIKTHLIBIK,

M. Ambipansies, M.A. AmbipanbieBa, A. Ambipaibie

3aMedaHne o runepoboJIo-rIapaboIMIecKoil 3ajade
NAeHTU(PUKAINY C NHBOJIIOIUEH 1 I'PaHNYHBIM
ycaoBueM Jlupuxiie

B craTbe ncciemoBana nmpobiiema uaeHTH(MUKAIIMT NCTOYHUKA, JIJIsT TUITEPOOJIO-TTapabOTMIECKOTO Y PABHEHNU T
¢ uaBOTIONIMEH U ycaosueM Jupuxite. [loydens! oneHKE yCTOWIMBOCTH pelteHnst THIePOO0I0-T1apaboInIecKoil
3a7a4un uaeHTuduKamu ucrodnuka. [locrpoena ycroityrBas pa3HOCTHAs CxeMa IIEPBOIO IIOPsJIKA TOYHO-
CTHU OJ1d4 HpI/I6J’II/I)KeHHOI‘O perreHnAa paCClVIa,TpI/IBael\/IOI';I 3aJa49u. HpI/IBe,Z[eHI)I YUCJICHHbIE DPEe3yJIbTaTbl JIsA
IPOCTOMN TECTOBOU 3aJa4u.

Kmouesvie caosa: 3amada MIeHTUPUKAIMNT UCTOYHHUKA, TUIEPOOJIO-Tapabomdaeckoe auddepeHinaaIbHoe
yPaBHEHUE, PA3HOCTHAsI CXeMa, YCTOWYNBOCTb.
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