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A remark on elliptic differential equations on manifold

For elliptic boundary value problems of nonlocal type in Euclidean space, the well posedness has been
studied by several authors and it has been well understood. On the other hand, such kind of problems
on manifolds have not been studied yet. Present article considers differential equations on smooth closed
manifolds. It establishes the well posedness of nonlocal boundary value problems of elliptic type, namely
Neumann-Bitsadze-Samarskii type nonlocal boundary value problem on manifolds and also Dirichlet-
Bitsadze-Samarskii type nonlocal boundary value problem on manifolds, in Holder spaces. In addition,
in various Holder norms, it establishes new coercivity inequalities for solutions of such elliptic nonlocal
type boundary value problems on smooth manifolds.

Keywords: differential equations on manifolds, well-posedness, self-adjoint positive definite operator.

Introduction

In the study of partial differential equations, the importance of the well-posedness (coercivity
inequalities) is well known (see, for example [1-3]). Many researchers has been studied extensively the
well-posedness of nonlocal boundary value problems of elliptic type partial differential equations in the
Euclidean space, which is a flat manifold, (see, e.g. [4-18] and the references therein).

In the present article, we consider differential equations on smooth closed manifolds. We establish
the well-posedness of nonlocal boundary value problems Holder spaces. Furthermore, in various Hélder
norms we establish new coercivity estimates for the solutions of such boundary value problems for
elliptic equations.

Preliminaries

This section provides the basic definitions and fact about the Laplacian on Riemannian manifolds.
The reader is referred to [19,20] and the references therein for more information and unexplained
subjects.

A Riemannian manifold is a pair (M, g), where M is a smooth manifold and to each z € M
(" Vg@) + TaM X Ty M — R is a positive definite symmetric non-degenerate bilinear form such that
for all smooth vector fields X,Y" € Icee (TM), 2 — (X(2),Y (2)) 4, 1s smooth.

9

W)x e (8%)1} is the corresponding basis of tangent

In the local coordinates (x1,...,2,), {(

Vg : €% (M) = I'geo (IT'M) is the gradient operator defined by

space Tu M, gij = <( 9 )x , ( 0 )x>g(z) , and g% are the entries of the inverse matrix of (g;;).

(Vgp, X), = dp(X)
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for every ¢ € €°(M), X € 'y (I'M) . In local coordinates (x1,...,z,), the gradient V¢ is equal

to
n

> n
i,j=1 Lt
From the fact d (¢ 4+ ¢) = dip + dy for every ¢,1p € €1(M) it follows that V, (¢ + ) = Vo + V1.
The fact that d(¢ -9) = ¢ -dip + 1 - dp results Vg (@ -1)) = ¢ - Vg +1 - Vgep.
If w € Q*(M) is an n—form and X is a vector field on M, then tyw € Q"1 (M) is the (n—1)—form
defined by
15¢%% (Xl, e ’anl) = UJ(X, )(17 e 7Xn71) .

Here, Xi,...,X,,—1 are vector fields on the Riemaniann manifold M. From the fact that d(1xw) €
€ Q"(M) it follows that d (txw) = div,(X)w for some number div,(X).
Recall that divy : g (TM) — €°°(M) is the divergence operator defined by

d(1xwg) = divg(X)wy for every X € T'goe (TM),
where wy, € Q"(M) denotes the volume element obtained from the metric g. In local coordinates

n
(T1,..., @), for X = ij% € 'y (T'M) divergence becomes
j=1

N

Note that if X,Y € T'coe (TM) and w € Q" (M), then tx4yw = txw + tyw. By this fact, we have
divy (X +Y) = divy (X) + divy (Y') Moreover, from (1) it follows that for ¢ € €°>°(M)

divg (pX) = @divgX + (Vgp, X)) .

divy(X) = Ztg;;% (b“/det g> . (1)

The Laplace operator A, on smooth functions € (M) is defined by
Ay = —divgoV,

is the Laplace-Beltrami operator on (M, g).
Note that for any ¢, € (M)

Ag (p+ 1) = Agp + Agth,
DNy (@) = YAy + pAgh —2(Vyp, V!ﬂ/}>g .

In local coordinates (z1,...,x,), we have

Ay = 1 z”: 0 (g“ detga> .
g \/ng’j:laxi 0z
For example, let us consider the n—spere
S = {(z1,...,2p41) € R" 22 +"’+33721+1 =1}
in geodesic polar coordinates, to be more precise £ : (0, 7)" ! x (0,27) — S",

r1 = cos B,
T9 = sin 6 cos Oy,
r3 = sin 64 sin 6 cos O3,

T, =sinfysinfy - --cosb,,
Tpy1 =sinfisinbs - -sinfb,,
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where 0 < 61,605,...,0,_1 <m, 0 <6, <2r. Then, we get

1 0 0 0 0 .. 7
0 sin®6, 0 0 0 ...
0 0 sin? 01 sin? 6, 0 o ...
B =10 o0 0 0 . 7
00 0 0 0 sin®6;---sin®6,1 |

n—1
Vdet g, = H (sin )" "
(=1
Moreover, the Laplace-Beltrami operator Agn in these coordinates becomes

1 "0 0
_—n_l , 287 (a](el,,en)ae>7 (3)
sin @) F =1 7 J
I anto

1
(sin B,)" "

n

—

where a1 =1 and for j =2,...,n, a; = ¢

<L

i—1

sin? 6;

We recall Stokes’ Theorem and Divergelnée Theorem for manifolds.
Theorem 1. [Stokes’ Theorem| Assume M is an oriented smooth compact n-manifold with boundary and
a € Q"1 (M) have compact support. Denoting by t : OM — M the inclusion map, t*a € Q"1 (OM) .
Then [y, a = [,,da, or for short, [5 = [, da.
Theorem 2. [Divergence Theorem|] Suppose M is a Riemannian manifold and X is a C'—vector field
on M. Then,

/M divy(X) dV, = / (X,v), do.

oM
Here, divg, dVy, and v denote respectively the divergence operator on (M, g), the natural volume element

on (M, g), and the unit vector normal to OM.
From these results it follows

Theorem 3. |Green’s Theorem| For a compact Riemannian manifold (M, g) with boundary OM, if
Y €6t (M) and ¢ € €* (ﬂ) , then the following equality is valid:

_ _ ¢
/M¢-AM¢ av, _/M (Vgh, V) dV, /BM%Vdag.

Here, V4 denotes the gradient operator on the Riemannian manifold (M, g).
Green’s Theorem yields
Theorem 4. [19] If (M, g) is a closed (i.e. compact without a boundary) Riemannian manifold, then

1 (Formal self-adjointness): (1, Ay ®) g pav,) = (& BDp) gymav,) -
2 (Positivity): (A, ¢, ¢>$2(M,dvg) > 0.

Here, £5(M,dVy) is the Hilbert space

- M= B 0.0) sy = [ 60 aVila) < o
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Recall that eigenvalues of the Laplacian on n—sphere S® C R*™! are \p = £({+n—1),£=0,1,2,....
The corresponding eigenfunctions are restrictions of harmonic polynomials to the sphere.

Elliptic differential equations on manifolds
Neumann-Bitsadze-Samarskii type nonlocal boundary value problem on manifold
Let (ai,b;) C (0,7),i=1,...,n—1 and (an,by) C (0,27). We consider the domain
Q=¢((a1,b1) X -+ X (@n—1,bn—1) X (an,bn)) CS", (4)
where € : (0,7)" ! x (0,27) — S™ is the geodesic polar parametrization (2).

(

—ug(t,x) + Agnu(t, z) + du(t,z) = f(t,z), €, 0<t<1,

p
w(0,2) =0, w(l,z)=> Buw(h,x), z€Q, (5)
=1

p

ou
DBl 0 < <Xy <1 —=(t2) lecon= 0.
i=1 an

Here, Agn is the Laplace-Beltrami operator on the Riemannian manifold (S™, gsn) and § > 0.
We prove
Theorem 5. For the solutions of problem (5), the following coercivity estimate holds:

K(5.))
vo(n@avy) = atay I fllge(z@.av,) -

[wtell a2 (,av,)) + Ilu

Here, K is independent of f(t,x).
Let us consider Equation (5) as the following nonlocal boundary value problem of Bitsadze Samarskii

type
—U"(t)+LU (t) = F(t), 0<t<1,

p
U(0) =0, Up(1) = Y Billi(N),
=1

P
Z]ﬁi\gl, 0< A <--<)<1
i=1
in % (92, dV,) with the self adjoint and positive definite operator L = Agn + d1. Here, I denotes the
identity operator.

The proof of Theorem 5 is based on the symmetry property of L, Theorem 6 with H = 25(2,dV})
and Theorem 7 on the coercivity inequality for the solution of elliptic differential problem in %5 (2, dV/)).
Theorem 6. [17] Let A be a self-adjoint positive definite operator with dense domain D(A) in a Hilbert
space H. Let o, € E, (D (AI/Q) ,H) . Then the following elliptic type differential problem

—vg(t, ) + Av(t) = g(t), 0<t <1,

ve(0) =, v(1) =Y Bive (\i) + ¥, (6)
i=1

p
Z|Bl-\§1, 0< A <--< )<l

\ =1

78 Bulletin of the Karaganda University



A remark on elliptic differential ...

is well-posed in Hélder space € (H) and for the solutions of (6) the following coercivity inequality
holds:

5 A
o T 1 Av]ga ) < K 0) [|420] y + 420 ] + 52285 gllco
Theorem 7. The solutions of the following elliptic differential problem

Agu(€(0)) = w(€(0)), T = (Br,....0,) € (ar,by) X -~ X (an,bn),

||,U//

I —
% =0, 0 inboundary of [a1,b1] X -+ X [ap, by]

satisfy the coercivity inequality

Z ||u9i9i‘|j2(ﬂ7dvg) < KlH"JHzg(Q,qu)-
i=1
The proof of Theorem 7 is based on the following theorem.
Theorem 8. [8] For the solutions of the elliptic differential problem

Agu(é.) ({) § € (041’ Bl) (04774 Bn)
U — 0, € in boundary [ar, B1] X -+ X [an, By

the following coercivity inequality

Z ”uﬁiﬁiHZg((al,Bl)x--~><(an,ﬁn)) < Kollwll. g ((a1,81) % (an.80)
i=1

is valid. Here, AS = Z P (a,«(g)%) and a,(§) >a>0,r=1,...,n

Proof of Theorem ’7 Clearly, the image &( 6 ) of boundary of the n—cube [a1,b1] X - - - X [ay, by] is the
boundary of Q. This parametrization maps (a1,b1) X -+ X (an, by) to the interior of Q. Let u:  — R
be so that % vanishes on the boundary of Q. Then, v = uo& : [a1,b1] X -+ X [ay,b,] — R and %
vanishes on the boundary of the cube [a;,b1] X - -+ X [ay, b,]. Here, v is the outward unit normal to the
boundary.

n—1
For some constants k, K > 0, on © we have 0 < k < [] (sinf)" " < K.

Equation (3) and Theorem 8 yield

- 2
"0 L Ouog(0)
. . ]zzjl 60] (G](g) ae] )
[ B av@) = [ a6, dby
Q al an H (Sineé)n—ﬁ
=1
2
1 [h b [ Cx 0 — 8uo§(§>)
> = A
> K/al 5 ;aej (ag(e) 50, do,, - - - do,

_ 1 HA(el,...,en)u . 5‘ 2

Zo((a1,b1) %X (an,bn))
- gl

.,?’2 (al,bl)X X(an, n))

2
1
= K K2 <;”“%||f2<(a1,b1>x~--x(an,bn») :
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Hence, we obtain

1 n
2
/ [Agu(@)["dVy(z) | > \/EKQZ;H%«%H%«al,bl)x---x(an,bn»~ (7)
Q i=
Fori=1,...,n, we have
by b 1/2
Hveiei||$2((a1,b1)><---><(an,bn)) = /"'/voiei(ﬁh...,Hn)]2d0n---d91
a1 an
n—1 1/2
b bn [T (sin@,)"*
> | [ [ om0 ety
a1 an
= T = / / |'U91.9i (91’ 79n)|2 H (Sin Hé)n_e dan del
VE a1 an =1
- L /---/|(uo§)9i9i(01,...,9n)|2 T (sin60)™" do, - doy
VE o an =1
1
= ﬁ”“&&”%(g,dvg)- (8)

Combining equations (7) and (8), we get

1/2
1 n
[18utav@) | = I P
Q =

This is the end of the proof of Theorem 7.
Dirichlet- Bitsadze-Samarskii type nonlocal boundary value problem on manifold

Assume (M, g) is a closed orientable Riemannian manifold (such as n—sphere S", n—torus T").
Let us consider the mixed boundary value problem of Dirichlet-Bitsadze-Samarskii type

(—uu(t,z) + A u(t,z) +ou(t,x) = f(t,z), eM, 0<t<1,

u(0,2) = @(x), u(l,z)=> aju();,z)+¢(z), = €M,
j=1 9)

p
0<h < <A <1, > oyl <1,
j=1

where A is the Laplace-Beltrami operator on the Riemannian manifold (M, g).
We prove
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Theorem 9. If p,1 € D(L), then for the solution of (9) we have the following coercivity inequality

lwtell o (2o mavy)) + IEullga (2 m,avy))

K (5, M1, )
< K| ILell gy mav,) + I8 o mavy | + ﬁ 1f ls, (2o M,avy) -

Here, K(0,A1,\p) does not depend on @(x),¢(z), and f(t,x).

Let us consider problem (9) as the following nonlocal boundary value problem of Bitsadze Samarskii

type
—U" (#)+ LU (t) = F(t), te(0,1),

U(0) = Za] )+ ¥,

P
O<h < <A<l ) |oyl<t
j=1
in % (M, dV,) with the self-adjoint and positive definite operator L = Ap4 + 61. Here, I denotes the
identity operator, ||Ul| g m.av,) = (Joq U (@)dVy(z ))1/ ? and dV, denotes natural volume element of
M obtained from metric tensor g.
The proof of Theorem 9 relies on the following theorem.
Theorem 10. [16] Assume A is a self-adjoint positive definite operator with dense D(A) C H in a
Hilbert space H and ¢, € D(A). Then, the following boundary value problem

( —’Utt(t,l') + A’U(t) = f(t), 0<t< ]_,

v(0) = ¢, v(l) = Z%‘U(AJ‘) + 1,

p
0<A <= <A <1, > oy <1
\ j=1

is well-posed in Holder space 655 (H). Moreover, the solutions of the problem satisfy the following
coercivity inequality

(5 )‘1a )
a(l—a)

Here, K (5, A1, \p) is independent of of p(x),¥(x), and f(t,z). €5, (H) (0 < a < 1) denotes the Banach
space which is the completion of of smooth funtions v : [0,1] — H with the following norm

10" | 1) + 140l iy < K 1Ay + 1460 ] + 1 llgs

(A=)t +)*vt+71)—v@®)la
go ) = [vlle@) +  sup -
0<t<t+7<1 T

lv

and ||v

) = ax [[v(t)]a
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Dirichlet-Bitsadze-Samarskii type nonlocal boundary
value problem on a relatively compact domain

For the domain  in (4), let us consider the Dirichlet-Bitsadze-Samarskii type mixed boundary
value problem
( _utt(tax) + AS”u(tvx) = f(t,l’), T e Qa te (07 1)7

u(0,) = p(x XkaApm+¢<»xem

(11)

p
0<A <= <A <1, > oyl <1,
j=1

u(t,z) =0, x € 09,

where Agn is the Laplace-Beltrami operator on the Riemannian manifold (S™, gsn).

We have
Theorem 11. The solutions of nonlocal boundary value problem (11) satisfy following coercivity inequality
lustlleg (zavy)) T 1llee (rz@avy) = K |I€llvzavy) + I19llnz@.av,)

K (0,1, )
m”f“% (Lo(Q,dV,))

where K (0, A1, \p) does not depend on ¢(x),¢(x), and f(t,x).

Let us consider problem (11) as the nonlocal boundary value problem (10) in the Hilbert space
H = %, (Q,dV,) with the self-adjoint positive definite operator L = Agn.

The proof of Theorem 11 is based on the symmetry properties of the operator L defined by formula
(11), Theorem 10 with H = %5(Q2, dV,), and the following result which is about the coercivity estimate
for the solution of the elliptic type differential equation in % (€2, dV,).

Theorem 12. For the following differential equation of elliptic type

Asrul€(#)) = w(€(F)), T = (01, 6) € (a1,b1) x - x (an, by),
u(ﬁ(?) =0 7 in boundary of [a1,b1] X -+ X [ay, by)

we have the following coercivity estimate

Y Mol y0.av,) < Killwllz@ar,):
=1

The proof of Theorem 12 relies on the following theorem.
Theorem 13. [8] For the solutions of the elliptic differential problem

Afu(€) = w(€), €€ (a1,B1) x -+ x (an, Bn),

u(§) =0, &inboundary [aq,B1] X -+ X [an, Bl

the coercivity inequality

D gy oy 1yt () S F2ll 20 81)xx (0 80))
r=1
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is valid. Here, AS = 3 B%T (aT(é)a%r) and a.(§) >a>0,r=1,...,n.

r=1
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A. Amipasbies, 9. Cozen, @. Hezenxu

Kemnbeitneaeri aumnctik anddepeHnaiablk
TeHJey TypaJibl eCKEPTY

EBkinarik kenicriringe OeflJIoOKa bl TUNTI SJUIAICTIK MIETTIK ecenTepi yIIiH KONbLIFAH eCEeNTiH, KOPPEeK-
Tistiri 6ipHeIe aBTOPJIAPMEH KAKCHI YKOHE TOJIBIK 3epTTesreH. BacKa »KarblHaH, OCbl MoceJiesiep KorbeitHe e
3eprrenMered. Makasazga Teric TYHBIK Kembeitnese nuddepeHInaiIbK TeHIEY KAPACTHIPhLIFAH. DJIIAT-
cTiK TUNTI OeMTOKaJIb/Il MIETTIK €CeNTiH, KOPPEKTLIIr KOWBIIa/Ibl, HAKTHIPAK, alTaThIH OoJicak KemnbeitHe e,
Tonbnep kenicriringeri kenbeitnene lupuxie-Bunanze-Camapckuii Typingeri 6eifioka bl meTTik ecebi.
ConbiMen KaTap, oprypsi [ombaep HOpMachiHIa Teric kembeiftHeae OEHIOKAIB/II TUNTI SJITHICTIK IMETTIK
ecebiH IMIbIFAPy YIIH MOXKOYPJIi >KaHA TEHCI3MIKTEep aHBIKTAJIFAH.

Kiam cesdep: kenbeiineneri nuddepeHnmnaaablK TeHIeY, KOPPEKTLIIr, o3iHe-031 TYiliHIeC OH aHBIKTAJIFaH
oIepaTop.

A. Amipasbies, 9. Cozen, @. Hezenxu

3ameduaHne 00 ummnTIdecknx aAnddepeHImaIbHbIX
YPaBHEHHUSX HA MHOT00Opa3uu

JlJ1st 2JUIMIITUYECKUX KPAEBBIX 33/1a9 HEJIOKAJBLHOIO THIA B €BKJIUIOBOM IIPOCTPAHCTBE KOPPEKTHOCTD I10-
CTaBJIEHHOI 3a/1a4M ObLIA XOPOIIIO U3yYeHa HeCKOJbKuMU aBropamu. C Ipyroif CTOPOHBI, TaKUe TPOOIEMbI
Ha MHOTOOODPa3UsiX MHUPOKO HE M3y4UeHbl. B HacTosIell cTarhe paccMOTpeHbl qudHepeHInaIbHbe YpaBHe-
HUS Ha IVIQJKUX 3aMKHYTBIX MHOTOOOPAa3usAX. YCTAaHOBJIEHA KOPPEKTHOCTb HEJOKAJIbHBIX KPAaeBBIX 3aJad
JUIMIITUIECKOTO THIA, & UMEHHO HEJIOKAJbHONW Kpaepoil 3amaun Tuna Heilimana-Bunanze-Camapckoro Ha
MHOT000pa3usix, a TaKyKe HEJIOKAJbHOU KpaeBoi 3amaum tuna upuxite-Bunanze-Camapckoro Ha MHOTO-
0bpa3usix B mpocTpancTBax losibiiepa. Kpome Toro, B pasiundabix HopMax [oJibjepa yCTaHOBJIEHBI HOBbBIE
HEPaBEHCTBA KOSPIUTUBHOCTHU JIJIsI PEITIEHUI KPaeBbIX 33/1a4 JITUIITHIECKOTO HEJIOKAJIBHOTO THUIIA Ha, TJIa]I-
KHX MHOT'OOOPA3USIX.

Kmouesvie caosa: nuddepeHnaabHble YpaBHEHN Ha MHOTO0OOPA3UIX, KOPPEKTHOCTD, CAMOCOIPSI?KEHHBIH
[TOJIOXKUTEJILHO OIPEJIJIEHHBIN o1epaTop.
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