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A remark on elliptic differential equations on manifold

For elliptic boundary value problems of nonlocal type in Euclidean space, the well posedness has been
studied by several authors and it has been well understood. On the other hand, such kind of problems
on manifolds have not been studied yet. Present article considers differential equations on smooth closed
manifolds. It establishes the well posedness of nonlocal boundary value problems of elliptic type, namely
Neumann-Bitsadze-Samarskii type nonlocal boundary value problem on manifolds and also Dirichlet-
Bitsadze-Samarskii type nonlocal boundary value problem on manifolds, in Hölder spaces. In addition,
in various Hölder norms, it establishes new coercivity inequalities for solutions of such elliptic nonlocal
type boundary value problems on smooth manifolds.
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Introduction

In the study of partial differential equations, the importance of the well-posedness (coercivity
inequalities) is well known (see, for example [1–3]). Many researchers has been studied extensively the
well-posedness of nonlocal boundary value problems of elliptic type partial differential equations in the
Euclidean space, which is a flat manifold, (see, e.g. [4–18] and the references therein).

In the present article, we consider differential equations on smooth closed manifolds. We establish
the well-posedness of nonlocal boundary value problems Hölder spaces. Furthermore, in various Hölder
norms we establish new coercivity estimates for the solutions of such boundary value problems for
elliptic equations.

Preliminaries

This section provides the basic definitions and fact about the Laplacian on Riemannian manifolds.
The reader is referred to [19, 20] and the references therein for more information and unexplained
subjects.

A Riemannian manifold is a pair (M, g), where M is a smooth manifold and to each x ∈ M
〈·, ·〉g(x) : TxM× TxM → R is a positive definite symmetric non-degenerate bilinear form such that
for all smooth vector fields X,Y ∈ ΓC∞ (TM) , x 7−→ 〈X(x), Y (x)〉g(x) is smooth.

In the local coordinates (x1, . . . , xn) ,
{(

∂
∂x1

)
x
, . . . ,

(
∂
∂xn

)
x

}
is the corresponding basis of tangent

space TxM, gij =
〈(

∂
∂xi

)
x
,
(
∂
∂xj

)
x

〉
g(x)

, and gij are the entries of the inverse matrix of (gij).

∇g : C∞ (M)→ ΓC∞ (TM) is the gradient operator defined by

〈∇gϕ,X〉g = dϕ (X)
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for every ϕ ∈ C∞(M), X ∈ ΓC∞ (TM) . In local coordinates (x1, . . . , xn) , the gradient ∇gϕ is equal
to

n∑
i,j=1

gij
∂ϕ

∂xi

∂

∂xj
.

From the fact d (ϕ+ ψ) = dϕ+ dψ for every ϕ,ψ ∈ C 1(M) it follows that ∇g (ϕ+ ψ) = ∇gϕ+∇gψ.
The fact that d(ϕ · ψ) = ϕ · dψ + ψ · dϕ results ∇g (ϕ · ψ) = ϕ · ∇gψ + ψ · ∇gϕ.

If ω ∈ Ωn(M) is an n−form and X is a vector field onM, then ιXω ∈ Ωn−1(M) is the (n−1)−form
defined by

ιXω (X1, . . . , Xn−1) = ω (X,X1, . . . , Xn−1) .

Here, X1, . . . , Xn−1 are vector fields on the Riemaniann manifold M. From the fact that d(ιXω) ∈
∈ Ωn(M) it follows that d (ιXω) = divω(X)ω for some number divω(X).

Recall that divg : ΓC∞ (TM)→ C∞(M) is the divergence operator defined by

d (ιXωg) = divg(X)ωg for every X ∈ ΓC∞ (TM) ,

where ωg ∈ Ωn(M) denotes the volume element obtained from the metric g. In local coordinates

(x1, . . . , xn) , for X =
n∑
j=1

bj
∂
∂xj
∈ ΓC∞ (TM) divergence becomes

divg(X) =
1√

det g

n∑
i=1

∂

∂xi

(
bi
√

det g
)
. (1)

Note that if X,Y ∈ ΓC∞ (TM) and ω ∈ Ωn (M) , then ιX+Y ω = ιXω + ιY ω. By this fact, we have
divg (X + Y ) = divg (X) + divg (Y ) Moreover, from (1) it follows that for ϕ ∈ C∞(M)

divg (ϕX) = ϕdivgX + 〈∇gϕ,X〉g .

The Laplace operator ∆g on smooth functions C∞ (M) is defined by

∆g = −divg ◦ ∇g

is the Laplace-Beltrami operator on (M, g).
Note that for any ϕ,ψ ∈ C∞(M)

∆g (ϕ+ ψ) = ∆gϕ+ ∆gψ,

∆g (ϕ · ψ) = ψ∆gϕ+ ϕ∆gψ − 2 〈∇gϕ,∇gψ〉g .

In local coordinates (x1, . . . , xn) , we have

∆g = − 1√
det g

n∑
i,j=1

∂

∂xi

(
gij
√

det g
∂

∂xj

)
.

For example, let us consider the n−spere

Sn = {(x1, . . . , xn+1) ∈ Rn+1;x2
1 + · · ·+ x2

n+1 = 1}

in geodesic polar coordinates, to be more precise ξ : (0, π)n−1 × (0, 2π)→ Sn,

x1 = cos θ1,
x2 = sin θ1 cos θ2,
x3 = sin θ1 sin θ2 cos θ3,
...
xn = sin θ1 sin θ2 · · · cos θn,
xn+1 = sin θ1 sin θ2 · · · sin θn,

(2)
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where 0 < θ1, θ2, . . . , θn−1 < π, 0 < θn < 2π. Then, we get

gSn =



1 0 0 0 0 · · · · · ·
0 sin2 θ1 0 0 0 · · · · · ·
0 0 sin2 θ1 sin2 θ2 0 0 · · · · · ·

0 0 0
. . . 0 · · · · · ·

...
...

...
...

. . . · · · · · ·
0 0 0 0 0 sin2 θ1 · · · sin2 θn−1


,

√
det gSn =

n−1∏
`=1

(sin θ`)
n−` .

Moreover, the Laplace-Beltrami operator ∆Sn in these coordinates becomes

− 1
n−1∏
`=1

(sin θ`)
n−`

n∑
j=1

∂

∂θj

(
aj(θ1, . . . , θn)

∂

∂θj

)
, (3)

where a1 = 1 and for j = 2, . . . , n, aj =

n−1∏
`=1

(sin θ`)
n−`

j−1∏
i=1

sin2 θi

.

We recall Stokes’ Theorem and Divergence Theorem for manifolds.
Theorem 1. [Stokes′ Theorem] AssumeM is an oriented smooth compact n-manifold with boundary and
α ∈ Ωn−1 (M) have compact support. Denoting by ι : ∂M→M the inclusion map, ι∗α ∈ Ωn−1 (∂M) .
Then

∫
∂M ι∗α =

∫
Mdα, or for short,

∫
∂Mα =

∫
M dα.

Theorem 2. [Divergence Theorem] Suppose M is a Riemannian manifold and X is a C1−vector field
onM. Then, ∫

M
divg(X) dVg =

∫
∂M
〈X, ν〉g dσg.

Here, divg, dVg, and ν denote respectively the divergence operator on (M, g), the natural volume element
on (M, g), and the unit vector normal to ∂M.

From these results it follows
Theorem 3. [Green′s Theorem] For a compact Riemannian manifold (M, g) with boundary ∂M, if
ψ ∈ C 1

(
M
)
and ϕ ∈ C 2

(
M
)
, then the following equality is valid:∫

M
ψ ·∆Mφ dVg =

∫
M
〈∇gψ,∇gφ〉 dVg −

∫
∂M

ψ
∂φ

∂ν
dσg.

Here, ∇g denotes the gradient operator on the Riemannian manifold (M, g).
Green’s Theorem yields

Theorem 4. [19] If (M, g) is a closed (i.e. compact without a boundary) Riemannian manifold, then

1 (Formal self-adjointness): 〈ψ,∆Mφ〉L2(M,dVg) = 〈φ,∆Mψ〉L2(M,dVg) .

2 (Positivity): 〈∆Mφ, φ〉L2(M,dVg) ≥ 0.

Here, L2(M, dVg) is the Hilbert space

{f :M→ R; 〈φ, φ〉L2(M,dVg) :=

∫
M
φ2(x) dVg(x) <∞}.
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Recall that eigenvalues of the Laplacian on n−sphere Sn ⊂ Rn+1 are λ` = `(`+n−1), ` = 0, 1, 2, . . . .
The corresponding eigenfunctions are restrictions of harmonic polynomials to the sphere.

Elliptic differential equations on manifolds

Neumann-Bitsadze-Samarskii type nonlocal boundary value problem on manifold

Let (ai, bi) ⊂ (0, π), i = 1, . . . , n− 1 and (an, bn) ⊂ (0, 2π). We consider the domain

Ω = ξ((a1, b1)× · · · × (an−1, bn−1)× (an, bn)) ⊂ Sn, (4)

where ξ : (0, π)n−1 × (0, 2π)→ Sn is the geodesic polar parametrization (2).

−utt(t, x) + ∆Snu(t, x) + δu(t, x) = f(t, x), x ∈ Ω, 0 < t < 1,

ut(0, x) = 0, ut(1, x) =

p∑
i=1

βiut(λi, x), x ∈ Ω,

p∑
i=1

|βi| ≤ 1, 0 ≤ λ1 < · · · < λp < 1,
∂u

∂
→
n

(t, x) |x∈∂Ω= 0.

(5)

Here, ∆Sn is the Laplace-Beltrami operator on the Riemannian manifold (Sn, gSn) and δ > 0.
We prove

Theorem 5. For the solutions of problem (5), the following coercivity estimate holds:

‖utt‖Cα(L2(Ω,dVg)) + ‖u‖Cα(W 2
2 (Ω,dVg)) ≤

K(δ,λp)
α(1−α) ‖f‖Cα(L2(Ω,dVg)) .

Here, K is independent of f(t, x).
Let us consider Equation (5) as the following nonlocal boundary value problem of Bitsadze Samarskii

type 

−U ′′ (t) + LU (t) = F (t), 0 ≤ t ≤ 1,

Ut(0) = 0, Ut(1) =

p∑
i=1

βiUt(λi),

p∑
i=1

|βi| ≤ 1, 0 ≤ λ1 < · · · < λp < 1

in L2(Ω, dVg) with the self adjoint and positive definite operator L = ∆Sn + δI. Here, I denotes the
identity operator.

The proof of Theorem 5 is based on the symmetry property of L, Theorem 6 with H = L2(Ω, dVg)
and Theorem 7 on the coercivity inequality for the solution of elliptic differential problem in L2(Ω, dVg).
Theorem 6. [17] Let A be a self-adjoint positive definite operator with dense domain D(A) in a Hilbert
space H. Let ϕ,ψ ∈ Eα

(
D
(
A1/2

)
, H
)
. Then the following elliptic type differential problem

−vtt(t, x) +Av(t) = g(t), 0 < t < 1,

vt(0) = ϕ, vt(1) =

p∑
i=1

βivt (λi) + ψ,

p∑
i=1

|βi| ≤ 1, 0 ≤ λ1 < · · · < λp < 1

(6)
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is well-posed in Hölder space C α (H) and for the solutions of (6) the following coercivity inequality
holds:

‖v′′‖Cα(H) + ‖Av‖Cα(H) ≤ K (δ)
[∥∥A1/2ϕ

∥∥
H

+
∥∥A1/2ψ

∥∥
H

]
+

K(δ,λp)
α(1−α) ‖g‖Cα(H) .

Theorem 7. The solutions of the following elliptic differential problem
∆Snu(ξ(

−→
θ )) = ω(ξ(

−→
θ )),

−→
θ = (θ1, . . . , θn) ∈ (a1, b1)× · · · × (an, bn),

∂u(ξ(
−→
θ )

∂
→
n

= 0,
−→
θ in boundary of [a1, b1]× · · · × [an, bn]

satisfy the coercivity inequality
n∑
i=1

‖uθiθi‖L2(Ω,dVg) ≤ K1||ω||L2(Ω,dVg).

The proof of Theorem 7 is based on the following theorem.
Theorem 8. [8] For the solutions of the elliptic differential problem

Aξu(ξ) = ω(ξ), ξ ∈ (α1, β1)× · · · × (αn, βn),

∂u(ξ)

∂
→
n

= 0, ξ in boundary [α1, β1]× · · · × [αn, βn]

the following coercivity inequality
n∑
i=1

‖uξiξi‖L2((α1,β1)×···×(αn,βn)) ≤ K2||ω||L2((α1,β1)×···×(αn,βn))

is valid. Here, Aξ =
n∑
r=1

∂
∂ξr

(
ar(ξ)

∂
∂ξr

)
and ar(ξ) ≥ a > 0, r = 1, . . . , n.

Proof of Theorem 7. Clearly, the image ξ(
−→
θ ) of boundary of the n−cube [a1, b1]×· · ·×[an, bn] is the

boundary of Ω. This parametrization maps (a1, b1)× · · · × (an, bn) to the interior of Ω. Let u : Ω→ R
be so that ∂u

∂ν vanishes on the boundary of Ω. Then, v = u ◦ ξ : [a1, b1] × · · · × [an, bn] → R and ∂v
∂ν

vanishes on the boundary of the cube [a1, b1]× · · ·× [an, bn]. Here, ν is the outward unit normal to the
boundary.

For some constants k,K > 0, on Ω we have 0 < k ≤
n−1∏
`=1

(sin θ`)
n−` ≤ K.

Equation (3) and Theorem 8 yield

∫
Ω
|∆Snu(x)|2 dVg(x) =

∫ b1

a1

· · ·
∫ bn

an


n∑
j=1

∂

∂θj

(
aj(
−→
θ )
∂u ◦ ξ(

−→
θ )

∂θj

)
2

n−1∏
`=1

(sin θ`)
n−`

dθn · · · dθ1

≥ 1

K

∫ b1

a1

· · ·
∫ bn

an


n∑
j=1

∂

∂θj

(
aj(
−→
θ )
∂u ◦ ξ(

−→
θ )

∂θj

)
2

dθn · · · dθ1

=
1

K

∥∥∥A(θ1,...,θn)u ◦ ξ
∥∥∥2

L2((a1,b1)×···×(an,bn))

=
1

K

∥∥∥A(θ1,...,θn)v
∥∥∥2

L2((a1,b1)×···×(an,bn))

≥ 1

K ·K2
2

(
n∑
i=1

‖vθiθi‖L2((a1,b1)×···×(an,bn))

)2

.
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Hence, we obtain∫
Ω

|∆Snu(x)|2 dVg(x)

1/2

≥ 1√
KK2

n∑
i=1

‖vθiθi‖L2((a1,b1)×···×(an,bn)) . (7)

For i = 1, . . . , n, we have

‖vθiθi‖L2((a1,b1)×···×(an,bn)) =

 b1∫
a1

· · ·
bn∫
an

|vθiθi(θ1, . . . , θn)|2 dθn · · · dθ1

1/2

≥


b1∫
a1

· · ·
bn∫
an

|vθiθi(θ1, . . . , θn)|2

n−1∏
`=1

(sin θ`)
n−`

K
dθn · · · dθ1


1/2

=
1√
K

 b1∫
a1

· · ·
bn∫
an

|vθiθi(θ1, . . . , θn)|2
n−1∏
`=1

(sin θ`)
n−` dθn · · · dθ1

1/2

=
1√
K

 b1∫
a1

· · ·
bn∫
an

|(u ◦ ξ)θiθi(θ1, . . . , θn)|2
n−1∏
`=1

(sin θ`)
n−` dθn · · · dθ1

1/2

=
1√
K
‖uθiθi‖L2(Ω,dVg) . (8)

Combining equations (7) and (8), we get∫
Ω

|∆Snu(x)|2 dVg(x)

1/2

≥ 1

K ·K2

n∑
i=1

‖uθiθi‖L2(Ω,dVg) .

This is the end of the proof of Theorem 7.

Dirichlet-Bitsadze-Samarskii type nonlocal boundary value problem on manifold

Assume (M, g) is a closed orientable Riemannian manifold (such as n−sphere Sn, n−torus Tn).
Let us consider the mixed boundary value problem of Dirichlet-Bitsadze-Samarskii type

−utt(t, x) + ∆Mu(t, x) + δu(t, x) = f(t, x), x ∈M, 0 < t < 1,

u(0, x) = ϕ(x), u(1, x) =

p∑
j=1

αju(λj , x) + ψ(x), x ∈M,

0 < λ1 < · · · < λp < 1,

p∑
j=1

|αj | ≤ 1,

(9)

where ∆M is the Laplace-Beltrami operator on the Riemannian manifold (M, g).

We prove
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Theorem 9. If ϕ,ψ ∈ D(L), then for the solution of (9) we have the following coercivity inequality

‖utt‖Cα01(L2(M,dVg)) + ‖Lu‖Cα01(L2(M,dVg))

≤ K
[
‖Lϕ‖L2(M,dVg) + ‖Lψ‖L2(M,dVg)

]
+
K (δ, λ1, λp)

α (1− α)
‖f‖Cα01(L2(M,dVg)) .

Here, K(δ, λ1, λp) does not depend on ϕ(x), ψ(x), and f(t, x).

Let us consider problem (9) as the following nonlocal boundary value problem of Bitsadze Samarskii
type 

−U ′′ (t) + LU (t) = F (t), t ∈ (0, 1),

U(0) = ϕ, U(1) =

p∑
j=1

αjU(λj) + ψ,

0 < λ1 < · · · < λp < 1,

p∑
j=1

|αj | ≤ 1

(10)

in L2(M, dVg) with the self-adjoint and positive definite operator L = ∆M + δI. Here, I denotes the
identity operator, ‖U‖L2(M,dVg) =

(∫
M U2(x)dVg(x)

)1/2, and dVg denotes natural volume element of
M obtained from metric tensor g.

The proof of Theorem 9 relies on the following theorem.
Theorem 10. [16] Assume A is a self-adjoint positive definite operator with dense D(A) ⊂ H in a
Hilbert space H and ϕ,ψ ∈ D(A). Then, the following boundary value problem

−vtt(t, x) +Av(t) = f(t), 0 < t < 1,

v(0) = ϕ, v(1) =

p∑
j=1

αjv(λj) + ψ,

0 < λ1 < · · · < λp < 1,

p∑
j=1

|αj | ≤ 1

is well-posed in Hölder space C α
01 (H). Moreover, the solutions of the problem satisfy the following

coercivity inequality

∥∥v′′∥∥
Cα01(H)

+ ‖Av‖Cα01(H) ≤ K [‖Aϕ‖H + ‖Aψ‖H ] +
K (δ, λ1, λp)

α (1− α)
‖f‖Cα01(,H) .

Here, K(δ, λ1, λp) is independent of of ϕ(x), ψ(x), and f(t, x). C α
01 (H) (0 < α < 1) denotes the Banach

space which is the completion of of smooth funtions v : [0, 1]→ H with the following norm

‖v‖Cα01(H) = ‖v‖C (H) + sup
0≤t<t+τ≤1

(1− t)α(t+ τ)α‖v(t+ τ)− v(t)‖H
τα

and ‖v‖C (H) = max
0≤t≤1

‖v(t)‖H .
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Dirichlet-Bitsadze-Samarskii type nonlocal boundary
value problem on a relatively compact domain

For the domain Ω in (4), let us consider the Dirichlet-Bitsadze-Samarskii type mixed boundary
value problem 

−utt(t, x) + ∆Snu(t, x) = f(t, x), x ∈ Ω, t ∈ (0, 1),

u(0, x) = ϕ(x), u(1, x) =

p∑
j=1

αju(λj , x) + ψ(x), x ∈ Ω,

0 < λ1 < · · · < λp < 1,

p∑
j=1

|αj | ≤ 1,

u(t, x) = 0, x ∈ ∂Ω,

(11)

where ∆Sn is the Laplace-Beltrami operator on the Riemannian manifold (Sn, gSn).

We have
Theorem 11. The solutions of nonlocal boundary value problem (11) satisfy following coercivity inequality

‖utt‖Cα01(L2(Ω,dVg)) + ‖u‖Cα01(W 2
2 (Ω,dVg)) ≤ K

[
‖ϕ‖W 2

2 (Ω,dVg) + ‖ψ‖W 2
2 (Ω,dVg)

]
+
K (δ, λ1, λp)

α (1− α)
‖f‖Cα01(L2(Ω,dVg)) ,

where K(δ, λ1, λp) does not depend on ϕ(x), ψ(x), and f(t, x).
Let us consider problem (11) as the nonlocal boundary value problem (10) in the Hilbert space

H = L2 (Ω, dVg) with the self-adjoint positive definite operator L = ∆Sn .
The proof of Theorem 11 is based on the symmetry properties of the operator L defined by formula

(11), Theorem 10 with H = L2(Ω, dVg), and the following result which is about the coercivity estimate
for the solution of the elliptic type differential equation in L2(Ω, dVg).
Theorem 12. For the following differential equation of elliptic type

∆Snu(ξ(
−→
θ )) = ω(ξ(

−→
θ )),

−→
θ = (θ1, . . . , θn) ∈ (a1, b1)× · · · × (an, bn),

u(ξ(
−→
θ ) = 0,

−→
θ in boundary of [a1, b1]× · · · × [an, bn]

we have the following coercivity estimate
n∑
i=1

‖uθiθi‖L2(Ω,dVg) ≤ K1||ω||L2(Ω,dVg).

The proof of Theorem 12 relies on the following theorem.
Theorem 13. [8] For the solutions of the elliptic differential problem

Aξu(ξ) = ω(ξ), ξ ∈ (α1, β1)× · · · × (αn, βn),

u(ξ) = 0, ξ in boundary [α1, β1]× · · · × [αn, βn]

the coercivity inequality
n∑
r=1

‖uξr ξr‖L2((α1,β1)×···×(αn,βn)) ≤ K2|ω||L2((α1,β1)×···×(αn,βn))
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is valid. Here, Aξ =
n∑
r=1

∂
∂ξr

(
ar(ξ)

∂
∂ξr

)
and ar(ξ) ≥ a > 0, r = 1, . . . , n.
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A. Ашыралыев, Я. Созен, Ф. Незенжи

Көпбейнедегi эллипстiк дифференциалдық
теңдеу туралы ескерту

Евклидтiк кеңiстiгiнде бейлокальдi типтi эллипстiк шеттiк есептерi үшiн қойылған есептiң коррек-
тiлiгi бiрнеше авторлармен жақсы және толық зерттелген. Басқа жағынан, осы мәселелер көпбейнеде
зерттелмеген. Мақалада тегiс тұйық көпбейнеде дифференциалдық теңдеу қарастырылған. Эллип-
стiк типтi бейлокальдi шеттiк есептiң корректiлiгi қойылады, нақтырақ айтатын болсақ көпбейнеде,
Гольдер кеңiстiгiндегi көпбейнеде Дирихле-Бицадзе-Самарский түрiндегi бейлокальдi шеттiк есебi.
Сонымен қатар, әртүрлi Гольдер нормасында тегiс көпбейнеде бейлокальдi типтi эллипстiк шеттiк
есебiн шығару үшiн мәжбүрлi жаңа теңсiздiктер анықталған.

Кiлт сөздер: көпбейнедегi дифференциалдық теңдеу, корректiлiгi, өзiне-өзi түйiндес оң анықталған
оператор.

A. Ашыралыев, Я. Созен, Ф. Незенжи

Замечание об эллиптических дифференциальных
уравнениях на многообразии

Для эллиптических краевых задач нелокального типа в евклидовом пространстве корректность по-
ставленной задачи была хорошо изучена несколькими авторами. С другой стороны, такие проблемы
на многообразиях широко не изучены. В настоящей статье рассмотрены дифференциальные уравне-
ния на гладких замкнутых многообразиях. Установлена корректность нелокальных краевых задач
эллиптического типа, а именно нелокальной краевой задачи типа Неймана-Бицадзе-Самарского на
многообразиях, а также нелокальной краевой задачи типа Дирихле-Бицадзе-Самарского на много-
образиях в пространствах Гольдера. Кроме того, в различных нормах Гольдера установлены новые
неравенства коэрцитивности для решений краевых задач эллиптического нелокального типа на глад-
ких многообразиях.

Ключевые слова: дифференциальные уравнения на многообразиях, корректность, самосопряженный
положительно определенный оператор.
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