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Numerical solution of the nonlocal boundary value problem
for elliptic equations

In the present paper a second order of accuracy two-step difference scheme for an approximate solution
of the nonlocal boundary value problem for the elliptic differential equation −v′′(t) + Av(t) = f(t)

(0 ≤ t ≤ T ), v(0) = v(T ) + ϕ,
T∫
0

v(s)ds = ψ in an arbitrary Banach space E with the strongly positive

operator A is presented. The stability of this difference scheme is established. In application, the stability
estimates for the solution of the difference scheme for the elliptic differential problem with the Neumann
boundary condition are obtained. Additionally, the illustrative numerical result is provided.
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Introduction

The well-posedness in various Banach spaces of the local boundary value problem for the elliptic equation

−v′′(t) +Av(t) = f(t) (0 ≤ t ≤ T ), v(0) = v0, v(T ) = vT (1)

in an arbitrary Banach space E with the positive operator A and its related applications have been investigated
by many researchers (see, for example, [1–3] and the references given therein).

In mathematical modeling, elliptic equations are used together with local boundary conditions specifying
the solution on the boundary of the domain. In some cases, classical boundary conditions cannot describe
process or phenomenon precisely. Therefore, mathematical models of various physical, chemical, biological or
environmental processes often involve nonclassical conditions. The well-posedness of various nonlocal boundary
value problems for partial differential and difference equations has been studied extensively by many researchers
(see, e.g., [4–21] and the references given therein).

In the present paper the abstract nonlocal boundary value problem for differential equation of elliptic type

−v′′(t) +Av(t) = f(t) (0 ≤ t ≤ T ), v(0) = v(T ) + ϕ,

T∫
0

v(s)ds = ψ (2)

in the arbitrary Banach space E with the positive operator A is considered. The second order of approximation
two-step difference scheme

−uk+1−2uk+uk−1

τ2 +Auk = fk, fk = f(tk), tk = kτ, 1 ≤ k ≤ N − 1, Nτ = T ;

u0 = uN + ϕ,
N∑
i=1

uiτ = ψ

(3)

for the approximate solution of problem (2) is presented. The stability of this difference scheme is
established. In application, the stability estimates for the solution of the difference scheme for the elliptic
differential problem with the Neumann boundary condition are obtained. Additionally, the illustrative numerical
result is provided.
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Auxiliary results

In this section, we give some auxiliary statements from [1] which will be useful in the sequel. We consider
the second order of accuracy difference scheme

−uk+1 − 2uk + uk−1

τ2
+Auk = fk, fk = f(tk), tk = kτ, 1 ≤ k ≤ N − 1, Nτ = T, (4)

u0 = v0, uN = vT .

of the approximate solution of the boundary value problem (1). This problem is uniquely solvable, and the
following formula holds

uk = (I −R2N )−1{(Rk −R2N−k)u0+ (5)

+(RN−k −RN+k)uN − (RN−k −RN+k)(I + τB)×

×(2I + τB)−1B−1
N−1∑
i=1

(RN−i −RN+i)fiτ+

+(I + τB)(2I + τB)−1B−1
N−1∑
i=1

(R|k−i| −Rk+i)fiτ, 1 ≤ k ≤ N − 1,

where

B = B(τ,A) =
τA

2
+

√(
τA

2

)2

+A,R = R(τB) = (I + τB)−1.

Note that B(τ,A) 6= A
1
2 but then B(τ,A)→ A

1
2 as τ → 0 and it has same spectral properties of A

1
2 under

some assumptions for A.
Let us denote by Cτ (E) = C([0, T ]τ , E) the normed space of grid functions ϕτ = {ϕk}Nk=0 for fixed τ = T

N
with the norm

‖ ϕτ‖Cτ (E) = max
0≤k≤N

‖ ϕk ‖E .

From the formula (5) it follows that the investigation of the stability and well-posedness of difference scheme
(4) relies in an essential manner on a number of properties of the powers of the operator (I + τB)−1. We were
not able to obtain the estimates for powers of the operator (I + τB)−1 in the general cases of operator A. We
begin by deriving some estimates for powers of the operator (I + τB)−1 with a strongly positive operator A in
a Banach space E.

Lemma 1. Let A be a strongly positive operator in a Banach space E. Then −A is a generator of the analitic
semigroup exp{−tA} (t ≥ 0) with exponentially decreasing norm, when t −→ +∞, i. e. we have the following
estimates

‖exp{−tA}‖E−→E ≤M e−tδ (t > 0); (6)

‖tA exp{−tA}‖E−→E ≤M e−tδ(t > 0) (7)

for 1 ≤M < +∞, 0 < δ < +∞. Here M does not depend on τ .
Lemma 2. Let −A be a generator of the analytic semigroup exp{−tA} (t ≥ 0) with exponentially decreasing

norm, when t −→ +∞. Then the following estimates hold for any k ≥ 1 :∥∥(λI + τB)−k
∥∥
E→E ≤M [λ+ τ2a(A)]−k; (8)

||kτB(I + τB)−k||E→E ≤M, (9)

where M does not depend on τ .
We have the following results.
Theorem 3. Let A be a strongly positive operator in a Banach space E. Then the difference problem (4) is

stable in Cτ (E). For the solution of the difference problem (4) the following stability inequality is satisfied:

‖ uτ ‖Cτ (E)≤M [‖ fτ ‖Cτ (E) + ‖ u0‖E + ||uN‖E ],

where M does not depend on fτ , u0, uN and τ .
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Stability of difference problem (3)

We consider the difference problem (3). Using formula (5) and the nonlocal conditions

u0 = uN + ϕ,

N∑
i=1

uiτ = ψ,

we get

u0 = (2I + τB)−1(I −RN )−1(I +RN )

{
Bψ − (I + τB)B−1

N−1∑
i=1

fiτ

}
− (10)

−(I −RN )−1(I + τB)(I −RN+1)(2I + τB)−1ϕ+

+(I −RN )−1(I + τB)(2I + τB)−1B−1
N−1∑
i=1

(
RN−i +RN+i

)
fiτ.

uN = (2I + τB)−1(I −RN )−1(I +RN )

{
Bψ − (I + τB)B−1

N−1∑
i=1

fiτ

}
− (11)

−(I −RN )−1(I −RN−1)(2I + τB)−1ϕ+

+(I −RN )−1(I + τB)(2I + τB)−1B−1
N−1∑
i=1

(
RN−i +RN+i

)
fiτ.

Actually, applying formula (5), we get

ψ = uNτ +

N−1∑
k=1

ukτ = (I −R2N )−1

{
N∑
k=1

(Rk −R2N−k) (uN + ϕ) τ +

+

N∑
k=1

(RN−k −RN+k)uNτ −
N−1∑
k=1

(RN−k −RN+k)(I + τB)×

×(2I + τB)−1B−1
N−1∑
i=1

(RN−i −RN+i)fiτ
2

}
+

+(I + τB)(2I + τB)−1B−1
N−1∑
i=1

N−1∑
k=1

(R|k−i| −Rk+i)fiτ
2.

By computing and interchanging the order of summation, we obtain

ψ = (I −R2N )−1 (I −R)
−1 {(

R−RN+1 −RN +R2N
)

(uN + ϕ) τ +
(
I −RN −RN+1 +R2N+1

)
uNτ

}
−

−(I −R2N )−1 (I −R)
−1

(I + τB)(2I + τB)−1B−1
(
R−RN −RN+1 +R2N

)N−1∑
i=1

(RN−i −RN+i)fiτ
2+

+ (I −R)
−1

(I + τB)(2I + τB)−1B−1
N−1∑
i=1

(
I −Ri +R−RN−i −Ri+1 +RN+i

)
fiτ

2.

It follows that

ψ − (I +RN )−1(I −RN−1)B−1ϕ = (I +RN )−1
(
I −RN

)
(2I + τB)B−1uN−

−(I +RN )−1(I + τB)(2I + τB)−1B−2
(
I −RN−1

)N−1∑
i=1

(RN−i −RN+i)fiτ+

+(I + τB)2(2I + τB)−1B−2
N−1∑
i=1

(
(
I +R)(I −Ri)−RN−i +RN+i

)
fiτ.
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Thus
uN = (2I + τB)−1(I −RN )−1(I +RN )B

{
ψ − (I +RN )−1(I −RN−1)B−1ϕ +

+(I +RN )−1(I + τB)(2I + τB)−1B−2
(
I −RN−1

)N−1∑
i=1

(RN−i −RN+i)fiτ−

−(I + τB)2(2I + τB)−1B−2
N−1∑
i=1

(
(I +R)

(
I −Ri

)
−RN−i +RN+i

)
fiτ

}
=

= (2I + τB)−1(I −RN )−1(I +RN )Bψ − (I −RN )−1(I −RN−1)(2I + τB)−1ϕ+

+(I −RN )−1(I + τB)2(2I + τB)−2B−1
(
R−RN

)N−1∑
i=1

(RN−i −RN+i)fiτ−

−(I −RN )−1(I + τB)(2I + τB)−1(I +RN )B−1
N−1∑
i=1

fiτ

}
−

−(I −RN )−1(I + τB)2(2I + τB)−2(I +RN )B−1
N−1∑
i=1

(
− (I +R)Ri −RN−i +RN+i

)
fiτ

}
=

= (2I + τB)−1(I −RN )−1(I +RN )

{
Bψ − (I + τB)B−1

N−1∑
i=1

fiτ

}
−

−(I −RN )−1(I −RN−1)(2I + τB)−1ϕ+

+(I −RN )−1(I + τB)(2I + τB)−1B−1
N−1∑
i=1

(
RN−i +RN+i

)
fiτ.

From that there follow formulas (10) and (11).

Theorem 4. Let A be a strongly positive operator in a Banach space E and ψ = A−1
N−1∑
i=1

fiτ, ϕ = 0. Then

difference problem (13) is stable in Cτ (E). For a solution of the difference problem (13) the following stability
inequalities holds

‖ uτ ‖Cτ (E)≤M1‖ fτ ‖Cτ (E),

where M1 does not depend on fτ and τ .
Proof. By Theorem 3 we have the following estimate

‖ uτ ‖Cτ (E)≤M [‖ fτ ‖Cτ (E) + ‖ u0‖E + ||uN‖E ] (12)

for solution of problem (4). Therefore, to prove the theorem it is sufficient to establish estimates for ‖ u0‖E and
||uN‖E . Applying formulas (10) and (11), the triangle inequality and estimates (8), (9), we get

‖ u0‖E ≤M1‖ fτ ‖Cτ (E);

||uN‖E ≤M1‖ fτ ‖Cτ (E).

Theorem 4 is proved.

Application

Now, we will give the application of Theorem 4 to elliptic equations. Let Ω be the unit open cube in the
n−dimensional Euclidean space Rn (0 < xk < 1, 1 ≤ k ≤ n) with boundary S, Ω = Ω ∪ S. In [0, T ] × Ω we
consider the nonlocal boundary value problem for the multidimensional elliptic equation
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−∂
2u(y,x)
∂y2 −

n∑
r=1

αr(x)∂
2u(y,x)
∂x2
r

+ δu(y, x) = f(y, x);

x = (x1, . . . , xn) ∈ Ω, 0 < y < T ;

u(0, x) = u(T, x),
T∫
0

u(s, x)ds = 0, x ∈ Ω;

∂u(y,x)
∂−→m = 0, x ∈ S,

(13)

where αr(x) (x ∈ Ω) and f(y, x) (y ∈ (0, T ), x ∈ Ω) are given smooth functions and αr(x) > 0, δ > 0 is a
sufficiently large number. Here, −→m is a normal vector to S. The discretization of problem (13) is also carried
out in two steps. In the first step, let us define the grid sets

Ωh = {x = xj = (h1j1, ..., hmjm), j = (j1, ..., jm);

0 ≤ jr ≤Mr, hrMr = 1, r = 1, ...,m, } ;

Ωh = Ωh ∩ Ω, Sh = Ωh ∩ S.

We introduce the Banach spaces L2h = L2(Ωh) and Ch = C(Ωh) of the grid functions ϕh(x) =
= {ϕ(h1j1, ..., hmjm)} defined on Ωh, equipped with the norms

∥∥ϕh∥∥
L2h

=

∑
x∈Ωh

∣∣ϕh(x)
∣∣2 h1 · · · hm

1/2

(14)

and ∥∥ϕh∥∥
Ch

= sup
x∈Ωh

∣∣ϕh(x)
∣∣ , (15)

respectively. To the differential operator A generated by problem (13), we assign the difference operator Axh by
the formula

Axhu
h(x) = −

m∑
r=1

(
ar(x)uhxr

)
xr,jr

(16)

acting in the space of grid functions uh(x), satisfying the condition ∂uh(x)
∂−→m (∀ x ∈ Sh). It is known that Axh is

a self-adjoint positive definite operator in L2(Ωh) and C(Ωh). With the help of Axh, we arrive at the nonlocal
boundary value problem 

−d
2uh(y,x)
dy2 +Axhu

h(t, x) = fh(t, x);

x ∈ Ωh, 0 < y < T ;

uh(0, x) = uh(T, x),
T∫
0

uh(s, x)ds = 0, x ∈ Ωh;

∂uh(x)
∂−→m = 0, x ∈ Sh.

(17)

In the second step, we replace problem (17) by the second order of accuracy difference scheme (3)

−u
h
k+1(x)−2uhk(x)+uhk−1(x)

τ2 +Axhu
h
k(x) = fhk (x), fhk (x) = fh(yk, x);

yk = kτ, 1 ≤ k ≤ N − 1, Nτ = T, x ∈ Ωh;

uh0 (x) = uhN (x),
N∑
i=1

uhi (x)τ = 0, x ∈ Ωh.

(18)

Using the results of Theorem 4, we can obtain the following theorem.
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Theorem 5. Let τ and h be sufficiently small numbers and
N−1∑
i=1

fh(yi, x) = 0. Then, solutions of difference

scheme (18) satisfy the following estimates

max
0≤k≤N

∥∥uhk∥∥L2h
≤M1 max

1≤k≤N−1

∥∥fhk ∥∥L2h
;

max
0≤k≤N

∥∥uhk∥∥Ch ≤M1 max
1≤k≤N−1

∥∥fhk ∥∥Ch ,
here M1 does not depend on τ , h and fhk , 1 ≤ k ≤ N − 1.

The illustrative numerical result

When the analytical methods do not work properly, the numerical methods for obtaining approximate
solutions of partial differential equations play an important role in applied mathematics.

For numerical analysis, we consider the nonlocal boundary problem for the two dimensional elliptic equation
−∂

2u
∂t2 −

∂2u
∂x2 + u = 3 cos t cosx, 0 < t < 2π, 0 < x < 2π;

u (0, x) = u (2π, x) ;
∫ 2π

0
u (s, x) ds = 0, 0 ≤ x ≤ 2π;

ux (t, 0) = ux (t, 2π) = 0, 0 ≤ x ≤ 2π.

(19)

The exact solution of this problem is
u (t, x) = cos t cosx.

For an approximate solution of the nonlocal boundary problem (19), we consider the set [0, 2π]τ × [0, 2π]h of a
family of grid points depending on the small parameters τ and h

[0, 2π]τ × [0, 2π]h = {(tk, xn) : tk = kτ, 0 ≤ k ≤ N,Nτ = 2π, xn = nh, 0 ≤ n ≤M,Mh = 2π} .

For a numerical solution, we consider the difference scheme of the second order of accuracy in t and the first
order of accuracy in x.

−u
k+1
n +ukn+uk−1

n

τ2 − ukn+1+ukn+ukn−1

h2 + ukn = 3 cos tk cosxn, 1 ≤ k ≤ N − 1, 1 ≤ n ≤M − 1;

u0
n = uNn ,

∑N−1
i=0 uin = 0, 0 ≤ n ≤M ;

uk1 − uk0 = ukM − ukM−1 = 0, 0 ≤ k ≤ N.

(20)

It is the system of algebraic equations and it can be written in the matrix form Aun+1 +Bun + Cun−1 = Dϕn, 1 ≤ n ≤M − 1,

u0 = u1, uM−1 = uM .
(21)

Here,

A = C =



0 0 0 0 . 0 0 0 0
0 a 0 0 . 0 0 0 0
0 0 a 0 . 0 0 0 0
0 0 0 a . 0 0 0 0
. . . . . . . . .
0 0 0 0 . a 0 0 0
0 0 0 0 . 0 a 0 0
0 0 0 0 . 0 0 a 0
0 0 0 0 . 0 0 0 0


(N+1)×(N+1)

, B =



1 0 0 0 . 0 0 0 −1
c b c 0 . 0 0 0 0
0 c b c . 0 0 0 0
0 0 c b . 0 0 0 0
. . . . . . . . .
0 0 0 0 . b c 0 0
0 0 0 0 . c b c 0
0 0 0 0 . 0 c b c
0 1 1 1 . 1 1 1 1


(N+1)×(N+1),

where a = − 1
h2 , b = 2

τ2 + 2
h2 + 1, c = − 1

τ2 ,
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ϕn =


cϕ0

n

ϕ1
n

.
ϕN−1
n

ϕNn


(N+1)×1

=


0

3 cos t1 cosxn
.

3 cos tN−1 cosxn
0


(N+1)×1

,

and D = IN+1 is the identity matrix,

us =


cu0
s

u1
s

.
uN−1
s

uNs


(N+1)×1

, s = n− 1, n, n+ 1.

Therefore, to solve the matrix equation (21), we will use the modified Gauss elimination method. We seek
the solution of the matrix equation by the following form:

un = αn+1un+1 + βn+1, n = M − 1, ..., 1, 0, (22)

where uM = (I − αM )
−1
βM , αj (j = 1, ...,M −1) are (N +1)× (N +1) square matrices, βj (j = 1, ...,M −1)

are (N + 1)× 1 column matrices, α1 is the identity and β1 are zero matrices and

αn+1 = − (B + Cαn)
−1
A;

βn+1 = (B + Cαn)
−1

(Dϕn − Cβn) , n = 1, ...,M − 1.

Now, we give the error analysis between exact solutions u(tk, xn) and the approximate solutions ukn for the
different values of N and M. The errors are computed by the formula

ENM = max
0≤k≤N,0≤n≤M

∣∣u(tk, xn)− ukn
∣∣ . (23)

The numerical results for the difference scheme (20) are given in the following tables 1, 2.

T a b l e 1

Two dimensional N,M = 20, 20 N,M = 40, 40 N,M = 80, 80
Difference scheme 0.1329 0.0607 0.0290

Tab l e 2

Two dimensional N,M = 20, 400 N,M = 40, 1600 N,M = 80, 6400
Difference scheme 0.0029 7.1859e− 04 1.7955e− 04

As it is seen in Table 1, if N and M are doubled, the value of errors decrease by a factor of approximately
1/2. Moreover, as it is seen in Table 2, if N is doubled and M ≥ N2, the value of errors decrease by a factor of
approximately 1/4 difference scheme as the second order of accuracy.
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9 Čiupaila, R., Sapagovas, M., & Štikonienė, O. (2013). Nonlinear Analysis: Modelling and Control, 18, 4,

412–426.
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А. Ашыралыев, А. Хамад

Эллипстiк теңдеулер үшiн локалдық емес
шеттiк есептердi сандық шешу

Мақалада қатаң оң A операторы бар эллипстiк теңдеу үшiн мына түрдегi −v′′ (t)+Av (t) = f (t) ,

(0 ≤ t ≤ T ) , v (0) = v (T ) +ϕ,
T∫
0

v (s) ds = ψ локалдық емес шеттiк есептi жуықтап шешуге арналған

екiншi реттi дәлдiгi бар екi адымды айрымдық схема келтiрiлген. Есеп қандай да бiр E Банах кеңiстi-
гiнде қарастырылды. Айрымдық схеманың орнықты болатыны көрсетiлген. Қосымшада шеттiк шарт-
тары Нейман түрiндегi дифференциалды есеп үшiн айырымдық схема шешiмiнiң орнықтылығын
бағалаулар көрсетiлген. Сондай-ақ сандық есептеулердiң нәтижелерi берiлген.

Кiлт сөздер: орнықтылық, оң операторлар, эллипстiк теңдеулер, сандық нәтиже, екiншi реттi дәлдiгi.
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Numerical solution of the nonlocal boundary value ...

А. Ашыралыев, А. Хамад

Численное решение нелокальной краевой задачи
для эллиптических уравнений

В статье представлена двухшаговая разностная схема второго порядка точности для прибли-
женного решения нелокальной краевой задачи для эллиптического дифференциального уравнения

−v′′(t) + Av(t) = f(t) (0 ≤ t ≤ T ), v(0) = v(T ) + ϕ,
T∫
0

v(s)ds = ψ в произвольном банаховом

пространстве E с сильно положительным оператором A. Установлена устойчивость этой разностной
схемы. В приложении получены оценки устойчивости решения разностной схемы для эллиптической
дифференциальной задачи с граничным условием Неймана. Кроме того, приведен демонстрационный
численный результат.

Ключевые слова: устойчивость, положительные операторы, эллиптическое уравнение, численные ре-
зультаты, двухшаговая разностная схема.
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