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On the boundary value problem for the vibration and wave processes
in two-dimensional environs

In the article research of the third boundary value problem for the two-dimensional equation of free
membrane vibrations is presented. The solution of the original differential operator is found in the form
of a combination of the linearly independent system of orthonormal eigenfunctions on the given interval.
Using the spectral decomposition for sufficiently smooth function, one can obtain the exact analytical
representation of the deflection function for investigated problem in two-dimensional environs. The deflection
function characterizes a membrane deviation from the equilibrium position.
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Vibration process of a flat homogeneous membrane is described by the equation
Uy = 0 (Ugg + Uyy). (1)

The rectangular membrane has sides a and b. This membrane is fixed along side edges and is located
in a plane (z,y), where 0 < < a, 0 < y < b, t > 0. The vibration of this membrane is caused by
using of the initial deflection and the initial velocity [1].

To find the function u(x,y,t), characterizing the deviation from the equilibrium position of the
membrane (the deflection), it is necessary to solve the equation of oscillations at the given initial
conditions

w(@,y,0) = ¢(z,y); (2)
ui(z,y,0) = (z,y) 3)
and with boundary conditions
ug(0,y,t) —hu(0,y,t) =0, wuz(a,y,t)+ hul(a,y,t) =0 (4)
uy(x,0,t) — gu(z,0,t) =0, wuy(z,b,t) + gu(z,b,t) =0, (5)

h >0, g > 0 are given constants [2].
The unknown function u(z,y,t) characterizes the deflection of the membrane at the time t. The
solution of problem (1) - (5) is founded in the form function, not identically zero.

u(z,y,t) = v(x,y) - T(t). (6)

We substitute the function expression u(z,y,t) in equation (1) and with dividing of both sides of

the equation by a? - v - T we obtain
T Ve 4 vy

(12 T - v ) (7)

at the same time we don’t lose solutions since T'(t) # 0, v(z,y) # 0.
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The function (6) will be a solution of equation (1) if equality (7) is satisfied identically for all values
of the variables 0 < x < a, 0 <y < b, t > 0.

The right-hand side of equality (7) is a function of variables (x,y) and the left side depends only
on variable ¢.

Therefore, equality in the ratio (7) is achieved when the right and left sides of (7) with changing
their arguments remain constant. Let it is equal to o.

T”(t) _ Uxx(l'a y) + Uyy(l‘v y)

27T (1) vy (®)

From the ratio (8) we obtain the homogeneous differential equation of second order for the function
T(t)
T"—0-a>T =0 (9)

and for the function v(z,y) we have the following boundary value problem

Vgg + Uyy — 00 = 0; (10)
v2(0,y) +hv(0,y) =0, vg(a,y) +hv(a,y) = 0; (11)
vy(z,0) —gv(z,0) =0, wvy(x,b)+ gv(z,b) =0. (12)

As a result, our problem of the eigenvalues is the solving of the homogeneous partial differential
equation (10) with the given boundary conditions (11), (12).
The solution of the boundary value problem (10)-(12) will be sought in the form

v(z,y) = X(z) - Y(y), (13)

where the function v(z,y) # 0.
Substituting (13) into (10) and dividing the resulting equation on X -Y # 0, we obtain the following
relation

_Y// _"_ O_Y B X//

Y X

The right-hand side of equality (14) is a function of variable z, and the left side depends only

on variable y. Hence, equality in the ratio (14) is achieved when the right and left sides of (14) with
changing their arguments remain constant. Let it is equal to p.

(14)

_Yl/(y) —I—O'Y B X/l B

% ~ =P (15)

From the equality (15) we obtain two homogeneous second-order differential equation
X"—pX =0, Y'—qY =0,

where p, g are constants and ¢ = o — p.
The boundary conditions for the functions X (z) and Y (y) follow from the boundary conditions
(11), (12) for the function v(z,y).
() [

Ua:<07y)_hv(07y):y )
Y(y)

X'(0) —hX(0)] =0 = X'(0) — hX(0) = 0;

vg(a,y) + ho(a,y) =Y (y [X’(a) + hX(a (
(
(

vy(z,0) — gv(z,0) = X
vy(x,b) + gv(z,b) = X
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Thus, we get two spectral eigenvalue problem

X" — pX = 0;

X'(0) — hX(0) = 0; (16)
X'(a) + hX(a) = 0;

Y" —qY = 0;
Y'(0) = qY'(0) = 0;
Y'(a) + qY (a) = 0.

Note 1. We investigate for what values C the spectral problem

7" -CZ=0;
aZ(0) + BZ'(0) = 0 (18)
011Z(l) + ﬁlZ’(l) =0,

where Z = Z(2); 0 < z < l; I, a, a1, 3, 1 are initially given numbers, has non-trivial solutions.
I. Let C =0, then Z”" =0, Z(z) = A2+ B, Z'(2) = A.
aZ(0)+ 8Z'(0) = aB + BA = 0;
OqZ(l) + ,31Zl(l) = oAl + a1 B + 1A =0;
B o _ _
Bitail a = A=qa18—a(B +aql) #0.

If a # 0 and oy # 0 simultaneously, then A #0=A=B=0= Z(z) =0.
The particular case: o = a3 = 0.
Z" =0, Z(z) = A, + B, B
{ 2'(0) = Z'(1) = 0, { 2(0)=2'() = A—g ~ ZE=B#0
II. Let C' > 0, C = p?, then

Z(z) = Achuz + Bshpuz;
n_ 27 ’
7wz =0= { Z'(z) = pAshpz + pBchpuz;

aZ(0)+ pZ'(0) = aA+ fuB = 0;
a1 Z(l) + p1Z'(l) = an Achpl + aq Bshul 4+ By puAshul 4+ By uBchpl = 0;

B = —ﬁA;

<O[1 _ O@) Chﬂl — (ﬁllu,— Om) sh,ul # 0, VOQ aq, /67 617 l S R7
B Bu
A=B=0= Z(z)=0.

Z(z) = Aet* + Be M;
/ — 2 " __ 27 ’
.Cc>0,C=up 7 MZ—O:>{Z,(Z) LA — pBe—he:
A=B=0=Z(z2) =0,

B — _atbu 4.
a=Fp="

pw # 0 = e and e ™ linearly independent functions, hence their coefficients must be zero, but
(ay + Bip) — v, Lrma@tby)

a—LFv
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+ B = 07 M P « ! [e [e]
LB ) - )l
a—pPu a— (_ﬂ +

III. Let C <0, C = —)2, then
7"+ X7 =0, Z(z) = Acos \z + Bsin \z, Z'(z) = —A)sin Az + B\ cos \z.

aZ(0)+ BZ'(0) = aA+ AB =0,
a1 Z(l) + 12" (1) = an(Acos Al + Bsin Al) + S1A(—Asin Al + B cos Al) = 0),

B = a SA,
{ A(a1 cos)\l—i—( aal)sm)\l BiAsin Al — ab cos)\l) 0,

(al — O?) cos A\ = <Og;\1 + ﬁl)\> sin Al,

tgAl = % is a transcendental equation having roots. A # 0, B # 0 = Z(z) # 0. So, we got
that the spectral problem (18) has non-trivial solutions with C' < 0. We denotate C' = —\?2, then the

spectral problem
7" + X7 = 0;
Z'(0) — hZ(0) = 0; (19)
Z'(l)+ hz(l) =0,

where 0 < z <[ and h > 0 is the given constant, has non-trivial solutions.
Note 2. We will find the eigenvalues and eigenfunctions of the problem (19).

7"+ X7 =
Z'(0)—hZ(0)=0; 0<z<I,
Z'(l)+ hZ(l) = 0;

Z(z) = Acos Az + Bsin \z.

Z'(0) — hZ(0) = BA — hA = 0;
Z'(l)+ hZ(l) = —AXsin Nl + BAcos Al + hAcos \h + Bhsin Al = 0,

h g
{A( Asin Al + 2k cos Al + 22 s1n)\l—0)

A#0= —sin Al 4+ 2hcos Al + )\sm/\l—0:>ctg)\l (5—%).
Zi(z) = A (Mg cos Az + hsin \g2z); k=1, 2..., where A are the roots of the equation ctg\l ==
A

1 h
2 (E )
Based on the notes 1 and 2 we have the following solutions of the problems (16), (17)

Xk(:E) = Ak()\k cos Az + hsin )\kl‘), k=1, 2. (20)
p = —A2; \, are the roots of the equation ctgha = % (% — %) .

Yo () = Bp(pn cos pny + gsin pupy), n =1, 2... (21)

q = —pi?; pu, are the roots of the equation ctgub = % (% - %) .
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Thus we have that the eigenvalues [3]
Tk = —Ap — iy
corresponds to the proper function vy, from (20), (21). It has the following form
Ve = Ckm (Mg oS8 Agx 4+ hsin \gx) (py, cos pny + g sin pny), (22)

where (Y, are constants. We choose Cj, ,, so that the norm of functions vy, is equal to one.

a b a b
[ [ vin(@,y)dedy = CF [ (Mg cos Az + hsin A\pz)?dz [ (pin cos pny + g sin ppy)dy = 1. (23)
00 0 0

Now we calculate the integrals from the equation (23)

a a

/()\k cos \px + hsin \pz)?de = 2/ [AZ(1+20m) + 2X\hsin 20,2 + h?(1 — cos 2\,)] dx =
0 0

—_

1 1 1
=3 [)\% <a + N sin 2)\ka> + h(1 — cos 2\a) + h? <a2)\k sin 2>\ka>] .

If \; are the roots of the equation ctgha = % (% — %) or tgha = then

h2’

2 312 2 12\2 11272
4/\kh()\k h) o8 2Apa = ()\k h) 4)\kh.

sin 2\ \pa = Wa ()\z 4 h2)2

We substitute the values sin 2\;l and cos 2A;l from this ratios in the calculated integral. Thus, we
obtain

a 1 sh(AZ—h?)

of (A cos Az + hsin A\pz)? [ ( + oy (\21h2)° ﬂ +
A2 h2)—aNZ 2 1 AAh(A2—h?)

+h <1 _ M) + h? (l I (k)\2+h2)2 ) =

A24+h2)
= 702%2) T)\ia (A2 +82)° 42020 (A2 — h2) +h (A} + h?) —

— b (3 = 1)+ ANRE B2 (N + 2)° — 203 (A2 — 1?)] =

- m [(/\% + h2)2 “(a (A +h?) +h) 4+ h (XL +2X2R% + h4)] =
k
= % [a()\i—i—hQ) +2h} — ‘W‘izﬂ

a

a(A2 + h?) +2h

/ (Ak cos \gx + hsin )\kx)2 dx = 5 (24)
0
b 2, 2
/ (Kn €OS pny + g sin pny)” dy = blim +97) 29 (25)
) 2
Taking into account (24) and (25) we have from (23)
Cin = 2 . (26)

\/[a (A2 + h2) 4 2h] - [b(p2 + g?) + 29]
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As a result, we get the following

2

Vg = (A cos Agz + hsin A\gx) (py, €os pny + gsin ppy) .
V1o O3 +h2) +2h] - [ (42 + 92) + 2]

(27)
Taking into account that o = p + ¢ and p = —\2, ¢ = —u?, we derive o = — ()\2 + ,u2).
From (9) we have
T" +a® (N +p*) T =0. (28)

Eigenvalues oy, ,, corresponds to the solutions of the equation (28) in the form

Tk,n(t) = Dk,n COS 1/ —O'k,nt + Ek,n sina _Uk,nt7 (29)

where Dy, and Ej,, are arbitrary constants.
By (6) we receive that particular solutions of the problem (1)-(5) have the form

Wk (2,Y,t) = Vg (2, ) - T (t) = v (2, y) - (ka cosay/—0pnt + Ep,sina —ak,nt) ,

on the principle of superposition the common solution of the problem (1.5) is defined by the formula

u(z,y,t ZZ Dy, cosar/—opnt + Ej psina —aknt) Vgn(2,y), (30)

k=1n=1

where the functions vy, ,(x,y) are determined by the equality (27).
Now we define the coefficients Dy, ,, and E},, from the initial conditions (2) and (3) respectively

‘T » 9,0 ZZ Dknvkn = (fﬂ,y);

k=1n=1

(z,9,0 ZZEk @/ =0k nVk (2, ). (31)

k=1n=1

Since vy, ,, are orthonormal functions then from the relations (31) we find he coefficients Dy, ,, and

Ek,n
a b

_ / / (@, y) vk (, y)dady;

0 0

a b
1
Ei, = %/Tm//w(:p’y)vk’n(:p’y)dxdy' (32)
0 0

In the long run, we receive the solution of our problem [4]

1
u(z,y,t :25 E - (Ag cos Agz + hsin A\gx) X
k=1n= 1\/ (A2 + h2?) + 2h] - [b(p2 + g%) + 24]

X (b, COS finy + g sin pupy) - (Dk,n cosay/—0opnt + Ej psina —akmt) ,

where A\ , n, are the roots of the equations
1/X h 1/p g
tgha=-|——— tgub = = ( — — =
e 2<h )‘)’ e 2(9 N)
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respectively and the coefficients Dy, , and Ej,,, are calculated according to the formulas (32).
Thus we have found the function u(x,y,t). This function describes the membrane deflection from
the equilibrium position.
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A H. Ecbaes, I"'A. Ecenbaera, I.A. sanos

Exiemmemai oprasarbl TepOeaMelti 2koHe TOJIKBIHJBIK IIPOIECTED
VIIiH IIeTTIiK ecel TypaJbl

MakaJsrazia meMOpaHaHbIH O0C TepOesTiciHIH eKiemeMIl TeHaeyi YIIiH YIIiHII MeTTiK ecenTi 3epTTey YCbi-
wpuFaH. /uddepenimaliipr omepaTopabIH, menriMi 6epiireH KeciH iHIH OPTOHOPMAJIIBI MEHIITIKTI (DyHKIIH-
SHBIH, CBI3BIKTBI TOYEJICIi3 »Kyitecinge KoMOuHaIust Typi 60JbIn Tabbliaibl. 2KeTKiIKTI Teric (pyHKIusIap
YIIiH Telle-TeHIKTeH MeEMOPAHAHBIH aybITKYBIH CUIATTANTHIH CIIEKTDJII BIABIPAYIbl HalTaIaHy eKiomeM i
OpTaJIa 3€PTTEJII OTHIPFAH €CENTEP/IiH MABICY (DYHKIIASICHI TYPAJIbl HAKTHI AHAJTATUKAJIBIK, TYD/l AHBIKTA-
yFa MYMKIiHIIK Oepe/ii.

A H. Ecbaes, I"'A. Ecenbaera, I.A. sanos

O kpaeBoii 3aga4e i KoJjiebaTeJIbHBIX 1 BOJHOBBIX IIPOIIECCOB
B JIBYMEPHBIX cpeaax

B crarbe npejcraBiieHo mccienoBaHue TPEThENl KpaeBOl 3aja4u sl JIBYyMEPHOTO ypaBHEHUsI CBOOOIHBIX
KoJiebaHuii MeMOpaHbl. Pelrenre ucxogHoro audGepeHuaabHOro onepaTopa HaXOqUTCs B BUAE KOMOWHA-
MU IO JINHEHHO HEe3aBUCHMOI CHCTEMe OPTOHOPMUPOBAHHBIX COOCTBEHHBIX (DYHKIUN Ha 3aJaHHOM OTPE3-
Ke. Vcronmp30BaHne CIEKTPAJBHOIO Pa3JjIoyKEHUs JIJIs JIOCTATOYHO TJIAAKON (DYHKIMM, XapaKTepU3yomei
OTKJIOHEHWE MeMOpaHbl OT ITOJIOYKEHUsI PABHOBECHS, ITO3BOJISIET OIPEIECIUTh TOYHOE AHAJIUTHIECKOE IIPE]I-
craBjienre (pyHKIMKU nporubda [Jisi UCCIeAyeMOR 3a1a9u B JIByMEPHBIX Cpejax.
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