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Abstract

In this paper, pseudo regular and totally pseudo regular spherical fuzzy graphs are
defined using pseudo degree and total pseudo degree of a vertex. A necessary and
sufficient condition for pseudo regular spherical fuzzy graph is given. Some properties
of pseudo regular and totally pseudo regular spherical fuzzy graphs are derived.
Theorems related to these concepts are stated and proved.
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1. Introduction

Zadeh [16] introduced the concept of fuzzy set (FS) as a generalization of the crisp
set, and it has numerous applications in networking, decision making,
telecommunication, artificial intelligence, management sciences, computer science,
social science, and the chemical industry. The fuzzy set theory was proposed in order to
deal with problems involving a lack of information and impreciseness. It can deal with
uncertainty and vague problems whose membership functions lie in the closed interval
[0, 1]. Atanassov [2] proposed the intuitionistic fuzzy sets (IFSs) as an extension of
Zadeh’s [16] fuzzy set theory. Cuong [4, 5] initiated the concept of the picture fuzzy set
(PFS) as a direct extension of intuitonistic fuzzy sets, which may be adequate in cases
when human opinions are of types: yes, abstain, no, and refusal. Mahmood et al. [10]
introduced the concept of spherical fuzzy set which gives an additional strength to the
concept of picture fuzzy set by enlarging the space for the grades for all the four
parameters. Kifayat et al. [7] studied the geometrical comparison of fuzzy sets,
intuitionistic fuzzy sets, Pythagorean fuzzy sets, picture fuzzy sets with spherical fuzzy
sets. Cen Zuo, et al. [15] introduced the some new concepts of picture fuzzy graph.
Akram et.al [1] introduced the notion of spherical fuzzy graphs and Abhishek Guleria
[6] also introduced generalized version spherical fuzzy graphs using T-spherical fuzzy
sets. Mordeson and Peng [11] introduced some operations on fuzzy graphs. Mohamed
Harif and Nazeera Begam [8] defined regular spherical fuzzy graphs and studied some
properties of regular spherical fuzzy graphs. Muhammad Shoaib et al. [9] introduced
complex spherical fuzzy graphs. In this paper, pseudo regular and totally pseudo regular
spherical fuzzy graphs are defined using pseudo degree and total pseudo degree of a
vertex. A necessary and sufficient condition for pseudo regular spherical fuzzy graph is
given. Some comparative study between pseudo regular and totally pseudo regular
spherical fuzzy graphs are done.

2. Preliminaries

Definition 2.1[10] A spherical fuzzy set S in U (universe of discourse) is given by
S={< a,us(a),ns(a),vs(a) >: ¢ € U} where us:U - [0,1], ns:U - [0,1] and
vs: U — [0,1] denote degree of membership, degree of neutral membership and degree
of non-membership respectively, and for each « € U satisfying the condition
0 < u2(a)+n2(a)+vi(a) < 1. The degree of refusal for any spherical fuzzy set S and
a € Uisgiven by rs(a) = /1 — (ué(a) +ni(a) + vi(a)).
Definition 2.2 [1] A spherical fuzzy graph (SFG) G = (N, L) where

e N ={v,,v,,..,v,}suchthat o;: N - [0,1], 0,: N - [0,1] and g5: N — [0,1]

denote the degree of membership, degree of neutral membership and degree of
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non-membership of each element v; € N respectively, and
0 <o) +0? ) +o0? ()< 1,foreveryv; € N,(i =1,2,3...,n).
e LS N x Nwhereu;:L— [0,1], uy: L » [0,1] and us: L — [0,1] are such
that
p(ui, ) < min{oy (w;), 01 (w) },
1o (s, uj) < min{o,(w;), 0, (uj)},
us(ui, ) < max{os(w;), o3(u;)}
0 <uf (wpw)+p3 (uyw) + pd (w,w) < 1, forevery (w,w) €L,
(i =1,23...,n).
Definition 2.3 [1] Let G = (N, L) be a SFG. The degree of a vertex u of a SFG is

dg(w) = (Z I ), ) 1w ), ) s v)).

U+v U+v U#v

Definition 2.4[1] The minimum degree of a SFG G = (N,L) is defined by
6(G) = (61(9),62(9), 65(G)), where

61(9) = min{d,(w)/ u € N},

6,(G) = min{d,(w)/u € N }

65(G) = min {d;(u)/ u € N}.
Definition 2.5 [1] The maximum degree of a SFG G = (N,L) is defined by
A(G) = (81(9),82(G),A3(G)) where

A, () = max{d,(u)/u € N}},

A;(G) = max{d,(u)/u €N},

A3(G) = max{ds;(u)/u €N }.
Definition 2.6 [8] Let G = (N, L) be a SFG. If dg(u) = (cq,¢2,¢3), Vu € N. (i) each
vertex has same degree (cq, ¢y, c3), then G is said to be regular spherical fuzzy graph
(RSFG) of degree (cy, ¢4, ¢3) Or (¢4, ¢2, c3) — regular spherical fuzzy graph.
Definition 2.7 [8] Let G = (N, L) be a SFG, then the order of G is denoted by 0(§G) and

defined by
0@ = <Z a®, ) o, ) ag(v)>.

VEN VEN VEN

Definition 2.8 [8] Let G = (N, L) be a SFG, then the size of G is denoted by S(G) and

defined by
SG) = (Z pa ), ) ), ) us(uv)>-

UVEL UVEL UveEL

Definition 2.9 [3] Let G* = (V, E) be a crisp graph. Then the 2-degree of v is defined
as the sum of the degrees of the vertices adjacent to v and it is denoted by t(v).
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Definition 2.10 [14] Let G* = (V,E) be a crisp graph. The average degree of v is
t(v)
dw)

denoted by d, (v).
Definition 2.11 [14] A graph G* = (V,E) is called pseudo regular if every vertex of G
has equal average degree.

3. Pseudo regular spherical fuzzy graphs

Definition 3.1 Let G = (N,L) be a spherical fuzzy graph on G* = (V,E). The
2 —degree of a vertex v in G is defined as the sum of degrees of the vertices adjacent to
v and is denoted by ts(v) = (t1(v), t,(v), t3(v)) where t;(v) =X d;(uw) =
Yuzw li(w,w); i = 1,2,3 and d;(u) is the degree of the vertex u which is adjacent
with the vertex v.

Definition 3.2 Let G = (N,L) beaSFG on G* = (V,E). A pseudo (average) degree of
a vertex v in spherical fuzzy graph G is denoted by d¢(v) and is defined by d¢(v) =

(d9(v), d% (v), d%(v)) where d%(v) = “2’3)
G*

edges incident at v.

Definition 3.3 Let g = (N,L) bea SFGon ¢G* = (V,E). If dg(v) = (kq, ko, k3) for

all ve N then G is called (kq,k,, k3)-pseudo regular spherical fuzzy graph or

(kq, ky, ks) —PRSFG.
Example 3.4 Consider a SFG G on G* = (V, E) given in figure 3.1.

(0.2,0.4,0.6)

defined as where t(v) is the 2 —degree of v and d(v) is the degree of v and it is

Y i =1,2,3 and dg;-(v) is the number of

¢,(0.1,0.2,0.6) e, (0.1,0.2,0.6)

w(0.1,0.2,0.4) e3(0.1,0.2,0.6) u(0.1,0.2,0.3)
Figure 3.1: Pseudo Regular Spherical Fuzzy Graph G

Here, d(u) = (0.2,0.4,1.2), d(v) = (0.2,0.4,1.2), d(w) = (0.2,0.4,1.0) and dg-(u) =
2, forallu € N.

Now u is adjacent to v and w.

Then d¢ (uw) = (0.2,0.4,1.2).

Similarly, d¢(v) = dg(w) = (0.2,0.4,1.2).

Thus G is (0.2,0.4,1.2) —PRSFG.
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Definition 3.5 Let § = (N, L) be a spherical fuzzy graph on G* = (V,E). The total
pseudo degree of a vertex v in G is denoted by td¢(v) and is defined by tdg(v) =
(td¢(v), td§ (v), td$(v)) where td?(v) = d&(v) +o;(v) for all v € V and i=
1,2,3.

Definition 3.6 Let G = (N, L) be a spherical fuzzy graph on ¢* = (V,E). If all the
vertices of G have the same total pseudo degree (kq,k,, k3), then G is said to be a
(ky, ko, k3)-totally Pseudo regular spherical fuzzy graph ((ky, k,, k3) — TPRSFG).
Example 3.7 Consider a SFG G on G* = (V, E) given in figure 3.2.

w(0.3,0.3,0.3)

5(0.1,0.1,0.1) e,(0.1,0.1,0.1)

x(0.3,0.3,0.3) 7(0.3,0.3,0.3)

€,(0.1,0.1,0.1) €,(0.1,0.1,0.1)

u(0.3,0.3,0.3)
Figure 3.2: Totally Pseudo Regular Spherical Fuzzy Graph G

Here d¢(w) = d¢(v) = dg(w) = dg(x) =(0.2,0.2,0.2) and tdg(w) = (0.5,0.5,0.5)
forall u € V. Hence G is (0.5,0.5,0.5) —TPRSFG.

Remark 3.8 A Pseudo regular spherical fuzzy graph need not be a totally Pseudo
regular spherical fuzzy graph. It can be verified by the following example.

Example 3.9 Consider a SFG G on G* = (V, E) given in figure 3.3.

x(0.7,080.9) 5 (0.102,0.6) w (0.4,050.6)

€,(0.2,0.4,0.6) €,(0.2,0.4,0.6)

[ o
1©(0.2,0.6,0.7)  ,(0.1,0.2,0.6)  v(0.1,0.2,0.3)
Figure 3.3: Illustration of Remark 3.8

Here dg (u) = dg(v) = dg(w) = dg(x) = (0.3,0.6,1.2);
tdg(u) = (0.5,1.2,1.9) and td§ (v) = (0.4,1.8,1.5)
Therefore G is PRSFG.
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But tdg (w) # tdg(v)

Hence G is not TPRSFG.

Remark 3.10 A totally pseudo regular spherical fuzzy graph need not be a pseudo
regular spherical fuzzy graph.

Example 3.11 Consider a SFG G on G* = (V, E) given in figure 3.4.

x(0.2.0.40.6) (0.1.0.102) w(0.203,06)

¢,(0.1,0.2,0.1) ¢,(0.1,0.1,0.1)

L 4 ®
u(0.2,04,06) ¢,(0.1,0.1,0.1) 1(0.2,0.3,0.6)
Figure 3.4: lllustration of Remark 3.10

Here tdg (u) = tdg(v) = td¢(w) = tdg(x) = (0.4,0.6,0.8);
d¢(u) = (0.2,0.2,0.2) and d(v) = (0.2,0.3,0.2)

Therefore G is TPRSFG.
But dg(w) # dg(v)
Hence G is not PRSFG.
Note: From the above examples, it is clear that in general there does not exist any
relationship between regular spherical fuzzy graphs and totally regular spherical fuzzy
graphs. However, a necessary and sufficient condition under which these two types of
spherical fuzzy graphs are equivalent is provided in the following theorem.
Theorem 3.12 Let G = (N, L) be a spherical fuzzy graph on ¢G* = (V,E). Then N is a
constant function if the following are equivalent.

1. G is pseudo regular spherical fuzzy graph.

2. G is atotally pseudo regular spherical fuzzy graph.
Proof:
Assume that N is a constant function.
Leto; (W) = ¢q,0,(u) = cy,03(u) = ¢3 forallu € N.
Suppose G is a pseudo regular spherical fuzzy graph.
Thendg(w) = (kq, ky, k3) forallu € N.
Now,

tdg(u) = dg(w) +o(w)
= (ky, ky, k3) + (c1,¢2,¢3)
= (ky+cy, ky +cy, ks +c3)

Hence, G is a totally pseudo regular spherical fuzzy graph.
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Thus (i) implies (ii) is proved.
Suppose G is a totally pseudo regular spherical fuzzy graph.
Then,
tdg (u) = (ky, ko, k3) forall u € N.
dg(W)+ o;(w) = (ky, ko, k3) forallu € N
dg(u) + (c1,¢,¢3) = (ky, ko, k3) forallu € N.
dg(w) = (ky, kg, k3) — (c1,¢3,¢3) forallu € N
Hence G is a Pseudo regular spherical fuzzy graph.
Thus (ii) implies (i) proved.
Conversely Suppose (i) and (ii) are equivalent.
Let G be a pseudo regular spherical fuzzy graph and a totally pseudo regular spherical
fuzzy graph.
Then, df(u) = k; and
tdi(u) = kj,forallu € Nandi,j=1,2,3.
di(u) +o;(u) = kjforallu € nandi,j = 1,2,3.
ki +o0;(u) = kjandi,j =1,2,3.
oi(w) = kj — k;forallu € Vandi,j=1.23.
Hence N is a constant function.
Example 3.13 Consider a SFG G on G* = (V, E) given in figure 3.5.

w(0.50505) . €(0.30303)  v(050505)

e5(0.3,0.3,0.3) e,(0.3,0.3,0.3)

1(0.5,0.5,0.5)
Figure 3.5: Spherical Fuzzy Graph G

dg(w) = (0.6,0.6,0.6) and td¢(w) = (1.1,1.1,1.1)
The graph is (0.6,0.6,0.6) —PRSFG and (1.1,1.1,1.1) —TPRSFG.

Theorem 3.14 Let G = (N, L) be a spherical fuzzy graph on ¢* = (V,E). If G is both
pseudo regular and totally pseudo regular spherical fuzzy graph, then N is a constant
function.

Proof:
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Assume that G is both pseudo regular and totally pseudo regular spherical fuzzy graph.
Then di*(u) = ¢; and tdf(u) = k;, forallu € V.
Now,
tdit(w) = k;
dif(w) +o;(w) = k;
¢ +o;(uw) =k;
o;(uw) =k; +¢
= constant
Hence N is a constant function.
Remark 3.15 The converse of the theorem 3.14 need not be true.
Example 3.16 Consider a SFG G on G* = (V, E) given in figure 3.6.

v(0.2,0.2,0.2)

e,(0.2,0.2,0.1)

w(0.2,0.2,0.2) e:(0.2,0.1,0.2)

e5(0.1,0.1,0.2)

1(0.2,0.2,0.2)
Figure 3.6: Illustration of Remark 3.15

Here N is a constant function.
But G is neither PRSFG nor a totally PRSFG.
Theorem 3.17 Let G = (N, L) be a spherical fuzzy graph on G*(V, E) a cycle of length
n. If L is a constant function, then G is a pseudo regular spherical fuzzy graph.
Proof:

If L is a constant function then p; (uv) = ¢4, p,(uv) = ¢y, us(uv) = ¢4 forall
uv € L. Thend$(u) = 2¢y,d5(u) = 2¢,, d§(u) = 2c3forallu € N,
Hence G is (¢4, ¢y, ¢3)-Pseudo regular spherical fuzzy graph.
Remark 3.18 Converse of the above theorem 3.17 need not be true.
Example 3.19 Consider a SFG G given in figure 3.3. Here G is a pseudo regular
spherical fuzzy graph but L is not a constant function.
Theorem 3.20 Let G = (N, L) be a spherical fuzzy graph on G* = (V, E), an even cycle
of length n. If the alternate edges have same membership values, then G is a pseudo
regular spherical fuzzy graph.
Proof: If the alternate edges have the same membership values, then
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L(e-) _ {(ml,mz,m3), if jisodd
J (ny,ny,n3), ifjiseven

If (m,,m,, m3) = (ny,n,,n3), then L is a constant function.

So by the theorem 3.17, G is a pseudo regular spherical fuzzy graph.

If (my, my, m3) # (ny,n2,n3), then dg(v) = (my, my, m3) + (ng,n5,n3) forallv e V.

So tg(v) = (2my + 2ny, 2m, + 21y, 2m3 + 2n3) and dg-(v) = 2.

Hence G is a pseudo regular spherical fuzzy graph.

Remark 3.20 The above theorem 3.20 does not hold for a totally pseudo regular

spherical fuzzy graph.

Example 3.21 Consider a SFG G on G* = (V, E) given in figure 3.7.

u:(0.2,0.2,0.2) €,(0.2,0.2,0.1) u,(0.1,0.2,0.2)

forall i = 1,2,3.

e(0.1,0.2,0.2) €;(0.1,0.2,0.2)

u5(0.3,0.3,0.1) 1,(0.3,0.2,0.1)

€;(0.2,0.2,0.1) e,(0.2,0.2,0.1)

u,(0.1,0.2,0.3) ¢,(0.1,0.2,0.2) u,(0.2,0.3,0.1)
Figure 3.7: Illustration of Remark 3.20

Here alternate edges have the same membership values.
dg(uy) = dg(uz) = dg(uz) = dg (uy) = dg(us) = (0.3,0.4,0.3) and
td&(uy) = (0.4,0.6,0.6) and tdd(u,) = (0.5,0.7,0.4)
tdg(uy) # tdg(uz)
Therefore, G is not TPRSFG.
Theorem 3.22 If G = (N, L) is a regular spherical fuzzy graph on G* = (V,E), an
r —regular graph, then d¢(v) = d?(v) forall v € N.
Proof:
Let G =(N,L) is a (kq,k,, k3) regular spherical fuzzy graph on G*(V,E) an
(1,75, 13) regular spherical fuzzy graph.
Then d,(v) = ky,d,(v) = k,,d5(v) = kg forallv € G and dg-(v) = r for all
vEQG.
So, tg(v) = @ di(w),Yd,(w),Y ds(u)) where each u is adjacent with vertex v.

Which implies
tg) = () i, ) dy@), ) dsw)

= (Tkl,rkz, Tk3,)
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tec (v)
Also d?(v) = dcg*(v)

Which implies df* (v) =
Which implies d*(v) = ( T
= (ky, ko, k3)

Which implies df(v) = d;(v) forall i =1,2,3.
Theorem 3.23 Let G = (N,L) be a spherical fuzzy graph on G* = (V,E), an
r —regular graph. Then G is pseudo regular spherical fuzzy graph, if G is a regular
spherical fuzzy graph.
Proof: Let G = (N, L) be a (kq, k,, k3) regular spherical fuzzy graph on G*(V,E) an
(11,15, 13) regular spherical graph.
Then df(v) = d;(v)forallv € N.

dif(v) = k;forallveN.
Which implies all the vertices have same pseudo degree (kq, k,, k3).
Hence G is (kq, k4, k3) pseudo regular spherical fuzzy graph.

tg (v)
_r .
rki1 Tk, rk3)

4 Conclusions

Graph theory has become a most powerful conceptual framework for modelling and
for solutions of combinatorial problems that arise in various areas, including
mathematics, computer science, and engineering. Many real life problems can be
represented by graphs. The spherical fuzzy model is a more flexible model because it
broadly resolves the ambiguity of actual phenomena. To solve many real-world
problems and loosen restrictive constraints, the need for SFGs will arise. In this paper,
we have defined pseudo regular and totally pseudo regular spherical fuzzy graphs using
pseudo degree and total pseudo degree of a vertex. A necessary and sufficient condition
for pseudo regular spherical fuzzy graph is given. Some results between Pseudo regular
and totally Pseudo regular spherical fuzzy graphs are derived. In the future, we plan to
extend this study to (i) operations on pseudo regular spherical fuzzy graphs; (ii)
complex spherical fuzzy graphs.

References

[1] M. Akram, D. Saleem, T. Al-Hawary. Spherical fuzzy graphs with application to
decision-Making, Math. Comput. Appl., 25(8), 1-32, 2020.

[2] K. T. Atanassov, Intuitionistic fuzzy sets. Fuzzy Sets and Systems. 20(1), 87-96,
1986.

54



On pseudo regular spherical fuzzy graphs

[3] D.S.Cao, Bounds on eigenvalues and chromatic numbers. Linear Algebra Appl.,
270, 1-13, 1998.

[4] B.C. Cuong. Picture fuzzy sets—First results, Part 1. In Seminar Neuro-Fuzzy
Systems with Applications; Institute of Mathematics, Vietham Academy of Science
and Technology: Hanoi, Vietnam, 2013.

[5] B.C. Cuong, Picture fuzzy sets—First results, Part 2. In Seminar Neuro-Fuzzy
Systems with Applications; Institute of Mathematics, Vietham Academy of Science
and Technology: Hanoi, Vietnam, 2013.

[6] A. Guleria, R.K. Bajaj. T-Spherical Fuzzy Graphs-Operations and Applications in
Various Selection Processes. Arabian Journal for Science and Engineering, 45,
2177-2193, 2020.

[7] U. Kifayat, Q. Khan, N. Jan, Similarity measures for T-spherical fuzzy sets with
applications in pattern recognition, Symmetry, 10(6), 1-14, 2018.

[8] B. Mohamed Harif, A.Nazeera Begam, On regular spherical fuzzy graphs,
communicated.

[9] Muhammad Shoaib, Wagas Mahmood, Weded Albalawi, and Faria Ahmad Shami.
Notion of Complex Spherical Fuzzy Graph with Application. Article ID 1795860,
1-27, 2022.

[10] T. Mahmood, U. Kifayat, Q. Khan, N.Jan. An approach toward decision-making
and medical diagnosis problems using the concept of spherical fuzzy sets. Neural
Comput. Appl., 31, 7041-7053, 2019.

[11] J. N. Mordeson, C. Peng. Operations on Fuzzy Graphs. Inform. Sci., 79, 159-170,
1994,

[12] N.R. Santhi Maheswaril and C. Sekar, On pseudo regular fuzzy graphs. Annals
of Pure and Applied Mathematics. 11(1), 105-113, 2016.

[13] R. R. Yager, Pythagorean fuzzy subsets. Proceedings of the Joint IFSA World
Congress and NAFIPS Annual Meeting, 24-28, Edmonton, AB, Canada, June
2013.

[14] A.Yu, M.Lu and F.Tian. On the spectral radius of graphs. Linear Algebra and Its
Applications, 387, 41-49, 2004.

[15] C. Zuo, A. Pal and A. Dey. New concepts of picture Fuzzy Graphs with
Application, Mathematics. 7(470), 1-18, 2019.

[16] L. A. Zadeh. Fuzzy sets. Information and Control. 8(3), 338-353, 1965.

55



