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Abstract

A linear system of 'n’ second order ordinary differential equations
of reaction-diffusion type with discontinuous source terms is consid-
ered. On a piecewise uniform Shishkin mesh, a numerical system is
built that employs the finite element method. The numerical approxi-
mations obtained by this approach are proven to be effectively almost
second order convergent.
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1 Introduction

Differential equations with small parameters reflect the rapid progress of sci-
ence and technology and many practical problems, including mathematical bound-
ary layer theory and approximation of solutions are described in [Doolan et al.,
1980], [Roos et al., 1996] and [Miller et al., 1996]. Sometimes, solving mathemat-
ical problems accurately can be very challenging, if even impossible; especially in
these situations, approximations of the solutions are needed. Its derivative often
does not converge uniformly at z = 0 or z = 1 as ¢ — 0, whereas the gener-
ated asymptotic solution converges uniformly to the solution of reduced difficulty
in the prescribed problem throughout the interval [0, 1]. Several finite difference
methods have been suggested as problems of this type have been taken up for dis-
cussion in [Paramasivam et al., 2013, 2010]. In this paper, we consider the type
of problem below, but we assume discontinuity of the source term at an interior
point of the domain. For second-order singular perturbation problems of reac-
tion diffusion type with discontinuous source term, many authors have studied the
finite-difference and finite-element methods; References are included [Paramasi-
vam et al., 2014, LinS and Madden, 2009]. Motivated by the works of [Miller
et al., 1996], in the present paper we discussed a approximate solutions generated
by the numerical approach must be globally established at every point throughout
the domain of the exact solution to represent a boundary layer with that method.
A basic interpolation technique, such as piecewise linear interpolation, takes the
numerical solution from a finite-element approach limited to mesh points for the
entire domain. Since our method should be extended to complex situations in
higher dimensions, we consider only finite-element subspaces via piecewise poly-
nomial basis functions. For small values of parameter ¢, the strategy proposed in
this work gives better findings and is more suitable.

In the interval Q = {x : 0 < = < 1}, a singularly perturbed linear system of
‘n’ second order ordinary differential equations of reaction - diffusion type with
discontinuous source terms is considered. Assume that the point d € €2 occurs
as a single discontinuity in the source terms. The jump at d in any function q; is
defined by [¢](d) = ¢(d+) — d(d—).

The self-adjoint two-point boundary value problem that corresponds is

— — —

—Fi"(z) + A(z)d(z) = f(x) on Q- UQT, @ givenon T and f(d+) # f(d—)
(1)

where I' ={0,1}, Q" ={z:0<ax<d}, Qt ={a:d<z <1}

Here « isacolumn n—vector, £ and A(z) are nxn matrices, £ = diag(¢),

£= (e, -+, ) With 0 < g < 1 forall i =1,...,n. The parameters are

assumed to be distinct and, for convenience, to have the ordering

g1 < -0 < gy
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Cases in which any of the parameters are coincident are not considered here for the
sake of convenience. The number of layer functions and, as a result, the number of
transformation parameters in the Shishkin mesh specified in Section 4 is reduced
in these situations. The problem can also be written in the operator form

—

= fon Q UQ, @givenon D, and f(d+) # f(d—),
where the operator L is defined by
d2
da?’

For all z € Q, it is assumed that the components a;;(x) of A(z) satisfy the in-
equalities

L = —ED*+A, D*=

ai;(z >Z|aw )| for 1 <i<mn and a;;(z) <0 for i # j ()

J#i
Jj=1

and, for some «,

I<a< xglél} Zam 3
1<i<n j 1

It is assumed that «a;;, f; € C?(Q), for i,j = 1,...,n. Then (1) has a
solution 7@ € C(Q)NCH(Q)NCH(Q-UQ™).
It is also assumed that

g, < va
C' is a generalised positive constant that is independent of = as well as all singu-
lar perturbation and discretization parameters used in this article. The empirical
results are discussed for the continuous problem are presented on the following
section. In Section 3, piecewise-uniform Shishkin meshes can be used to solve
the boundary and interior layers. The discrete problem is described in Section 4,
and the corresponding maximum principle and stability result are defined. Inter-
polation error bounds is defined in Section 5. The parameter-uniform error esti-
mation is defined in Section 6. The numerical diagrams in Section 8 are included.
Discussion and conclusions is described in Section 9.

)

2 Analysis of the finite element method

Let V be a given Hilbert space with norm || - ||, and scalar product (-, -). V is
usually a subspace of the Sobolev space H'(Q~ U Q") = HY(Q™) U HY(QT).
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Consider the weak formulation, find @ € H}(Q2™ U Q™)™ in particular u; €
H}(Q UQt)fori=1,...,n such that

ﬂi(ui,vi) = fz(Uz) A v; € H&(Q_ U Q+) (5)
Bius, v5) = —e(ug, v7) + < > (aguy), Uz’>
j=1
and

fi(vi) = (fi,Ui)

where (u;,v;) = [w;v; da. B;(u;,v;) is a bilinear form on Hj (2~ U Q)™ and
0
fi(v;), a given continuous linear functional on Hj (2~ U Q)" and f;(vi(d+)) #

fi(vi(d—)).

Lemma 2.1. Suppose that the bilinear form B;(-,-), i = 1,...,n, is continuous
on Hy(Q~ UQT)" is coercive, that

|Bi (wi, vi) | < Ayl | [[vil] (6)

Bi(vi,v;) > al|vil|? (7)

where o and vy are constants that are indepentent of u; and v;. Then for any
continuous linear functional f;(-), the problem (5) has a unique solution.

A natural norm on H}(Q~ U Q1)" associated with the bilinear form j3;(-, -) is
the energy norm
e, = (eilluil [ + o Juil[§)

where ||v;||1 = (v}, v;)Y2, |Jvillo = (vi, ;)Y on H}(Q~ U Q)™

17 71

||v;

Lemma 2.2. A bilinear functional [5;(u;,v;), i = 1,...,n, satisfies the coercive
property with respect to
HU1||2 < Bi(vi, vi)

Proof. Fori=1,...,n

Bi(vi,vi) = —eilv;, v;)+ ( i(aiﬂj)a Uz')

j=1
1 n

= EiHvz‘H%JF/(Z(%UJ)'Uz')dﬂﬁ
o J=1

A%

il |vil[§ + af[vil[5
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3 The Shishkin mesh

A piecewise uniform Shishkin mesh with N mesh-intervals is now constructed
N
on Q- UQ* as follows. Let Q¥ = QY U Q" where Q" = {mk}ljzll, otV =
{xk}g_’éﬂ Q' = {1, and TN = T. The mesh Q" is a piecewise uniform
-2

mesh on [0, 1] that was generated by dividing [0, d| into 2n + 1 mesh-intervals
as follows:

0,01]U---U(op_1,04) U (0n,d—0,]U(d—0p,d—0pq]U---U(d— 0q,d].

The points separating the uniform meshes are determined by the n parameters
0., which are defined by 0y =0, 0,41 = %,

an—min{C—l,Q\/g" lnN} (8)

47 o
and, for r=n—1, ... 1,
0, = min TUT+1,2\/ET InN ;. )
r+1 o
Clearly
d 3d
0<01<...<an§1, Z§1—0n<...<1—01<d.

Then a uniform mesh of % mesh-points is placed on the sub-interval (o,,,d —
o, , and a uniform mesh of Sﬁn mesh-points is placed on each of the sub-intervals
(0r,0041] and (d — 0y41,d — 0., 7=0,1,...,n— 1, respectively.

The remaining was generated by dividing [d, 1] into 2n + 1 mesh-intervals as
follows:

[d, d+71]U- - -U(d4+T7_1, d+7,]U(d+ 70, 1 =7, |U(1 =7, 1 =T, 1 ]U- - -U(1—71, 1].

The points separating the uniform meshes are determined by the n parameters
7, which are defined by 79 = %, Tnt1 = 1,

1
T = min{Td,Q\/g” lnN} (10)

Ja

and,for r=n-—1, ... 1,

TT:min{@,Q\/ngnN}. (11)
r+1 Ja
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Clearly

1—d 3(1—d)

d < d+n < ... < d+7, < 1 1

Then a uniform mesh of % mesh-points is placed on the sub-interval (d+7,,1—
7, , and a uniform mesh of % mesh-points is placed on each of the sub-intervals
(d+7,d+ 70q)and (1 — 749, 1 — 7], 7=0,1,...,n— 1, respectively.

In practice, it is convenient to take

N =8né, § >3, (12)

where n denotes the number of distinct singular perturbation parameters involved
in the experiment (1). This produces a class of 2"*! piecewise uniform Shishkin
meshes (1.

When all of the parameters o, and 7, r = 1,...,n, are set to the left, the
Shishkin mesh Q" becomes a classical uniform mesh with the transformation
parameters o,,7, and a scale N~! from 0 to 1.

The following inequalities hold for the mesh QY s =1,...,n —1

hi <2/N  for 1<k<N

<l-1,< ... <l-7 < 1.

N N 5N N
hi > 1/N  for —§k§3—and5—§k§7_
8 8 8 8
N N N
hy <1/N for 1§k:§§ and%ngE
N N N
hi <1/N for ?Skg% and%<k§N
N N N N
hp > — f — <k < d(d <k<(d—— 13
vy, for gsksgaay wdld-gop)sksUd-g) (43
N N N N
he> = for d+ -~ <k<d d <k<(l--—
K2R T G SRS AT R and (1 - geqy) sh=0-g)
N N N N
hy < — f 1<k< — d(d——)<k< —
eSSy, for lsksgre and(d-gre)sks S
N N N N
hy < — f —<k<d+—— d(l—-—)<EkE<N
eSSy, for Ssksdibg ad(l-g)sks

4 The discrete problem

In this segment, a numerical method for (5) is constructed using a finite el-
ement method with a suitable Shishkin mesh. Let fori = 1,....,n and &k =
L...,N=1\{3}, Vix C H}(Q UQT)" be the space of piecewise linear func-
tionals on 2~ U Q7 that vanish z = 0, d, and 1.
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The finite element approach is now established for the discrete two-point bound-
ary value problem, U, ,, € V,

Bi(Uik,vi) = f(vig), Vv € Vig, VN = 0. (14)
By Lax — Migram Lemma implies that
1. The discrete problem has a unique solution,
2. The discrete problem is stable.
From (3) on A implies that for arbitrary z € (Q~ U Q™)
FAE>adle Yeon VY,

Vi), 1s dual space for V .
Let {¢;p : k=1,--- ,N — 1\{§}} be a basis for V; ;, where N = N (i, k) is the
dimension of V; ;. Then

J-1 N-1
Uik = Cixbix + E Cigdik,  Px =0
k=1 k=% 41

2

where the unknowns C; j, satisfiy the linear system
AU =B

with A = Bi(¢i,, bik,), U = Cix, B = fi(dir)-
The corresponding difference scheme is

Bi(ér1, d11) Bi(dra, d12) -0 Bildry, dnn-1) Cia
61(¢1,27 ¢1,1) 51 (¢1,25 ¢1,2) T 61(¢1,27 ¢n,N71) CV1,2
6n<¢n,N'—17 ¢n,1) Bn(gbn,N'—la ¢n,2) e Bn(qﬁn,N—‘la d)n,N—l) Cn,;\/—l
(fla ¢1,1)
(f17 ¢1,2)
(Fus Gnv-1)
Fork=1,....N —1
¢1,k = ¢2,k == gbn,k
Cip=0Cop=-=0Chy
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The nonzero contribution from a particular element is

Tk T

| bin—1-Gig—1dr [ ¢ip_1.¢ipdx
A — | = Th—1
i,k — Th41 Thy1

f @,k-@bz‘,kdw f ¢z’,k-¢i,k+1d$
Tk Tk

Similarly, the local load vector is

Tk+1
f fz'-¢i,kd$
lg@k = xéﬁi
f fi~¢i,k+1d$
Tk
Tk Tr41
For k = &, the local load vector ( | fi(§ —1)+ [ fi(§+1))/2
Th—1 T

S Interpolation error bounds

Lemma 5.1. Let uy ), be the V; -interpolant of the solution u;; of (1) on the
fitted mesh Q. Then

max sup [[uly — wiglloy < C(N-2nN)?,
i=1,..n g <1 ’

where C is a constant independent of the parameters ;.
Proof. The estimate is obtained separately on each subinterval Q) = (xy_1,2) €
Q- uQt,
k=1,...,N —1\{4}. Note that for any function g; ; on (2
9ir = Gik—10ik—1 + GixPik
and so it is obvious that, on €2,
|9i ()] < max |93k ()] (15)
and it’s easy to see that by using sufficient Taylor expansions
9i1(2) = gig(2)] < Chi rrglgx ‘g;/k(m)‘ (16)
Fori =1,...,n from (16) and using Lemma 3 in [Paramasivam et al., 2014], on

Qe Q- UQT,
lupy,(2) — ik (w)] < Chy, max [u; 4 ()]
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2
<ol (17)
&g

Also, (17) using Lemma 6 and Lemma 7 are in [Paramasivam et al., 2014] on
9 GQ*,fork:L...,%—l

|ui g () = wig(2)] = |vj),(2) + wj) () = vip(2) — wir(2)|

< o7 (@) = vir(@)| + [wig (@) — wir(@)] + [wig (@) — iy ()]

< Chi%ﬁ:lei, ()] + Chi; maXIMf,Z(x)I +Chy Igl]aXIng(fv)l

<C(1+i3q( +CZ Z (18)
q=1

The discussion now centres on whether 2,/,, InN/\/oc > d/4 or 2\/alnN/\/5 <
d/4 should be used. In the first case 1/¢, < C (InN)? and the result follows at
once from (13) and (17). In the second case o,, = 2,/€,InN/\/c. Suppose that k
satisfies N/8 < k < 3N/8. Then hy = 2(d — 20,,)/N and therefore

hk — 9N~ 1d 20’n’
€n €n
o, <1—x,and so
e~ Vall—zk)/\/eEn < e~Veaon/\eEn _ =2InN _ N2 (19)

Using (19) and (13) in (18) gives the required result.

On the other hand, if & satisfies 1 < k£ < N/8 and 3N/8 < k < N/2 and
r=mn—1,...,1, then the discussion now centres on whether 2,/¢, InN/\/a >
rorq1/7 4+ 1or 2,/ nN/\/a < 1o,y /1 + 1should be used.

In the first case 1/e, < C'(InN)? and the result follows at once from (13) and
(17).

In the second case 0, = 2/,InN/\/oand s =1,...,n — 2.

1. Suppose that & satisfies N/8(s + 1) < k < N/8(s) and d — (N/8(s)) <
k<d—(N/8(s+1)). Then hy = 8n(c,+1 —0,)/N or8n(c, —0,41)/N
and o, <1 — x,, therefore

h g
L " or guN -1 I It (20)
Er Er Er

0r+1

Using (20) and (13) in (18) gives the required result.
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2. If k satisfies 1 <k < N/8(s+ 1)andd — (N/8(s+ 1)) < k < N/2 Then
hi, = 8n(oy41 — 0,.)/N or 8n(o, 11 — 0,.)/N and therefore

hug =8nN~1 —(UTH — o) or 8nN_1—(UT —0ri1)
Er Er Ep

: 2D
Using (21) and (13) in (18) gives the required result.
Also, (17) using Lemma 6 and Lemma 7 are in [Paramasivam et al., 2014] on
Q,eQt fork=5+1,...,N-1
|ui x(2) = win(@)| = |vi(2) + Wik (2) = vig(z) — wir(z)]
< [oip (@) = vik(@)] + [wik (2) — wiy(@)| + [wii(2) — w]i(z)]
< Chi Hgl)éix |v; (z)| + Ch max\wL (z)| + Ch max ]wﬁ,:(x)\

C’(1+ZBq( +CZ Z (22)

The discussion now centres on whether 2\/5 lnN/\/5 2 (1—d)/4 or2,/e,InN//a <
(1—d)/4 should be used. In the first case 1/¢,, < C (InN)? and the result follows

at once from (13) and (17). In the second case 7;,, = 2\/alnN/\/5. Suppose that

k satisfies 5N/8 < k < 7TN/8. Then hy, = 2(1 — 27,,) /N and therefore

@ — 2.]\]*1ﬂ7
En €n
T, <1 — x}, and so
e Voll—au)/Ven < p=Vam/Ven _ o=2InN _ N2 (23)

Using (23) and (13) in (22) gives the required result.

On the other hand, if % satisfies N/2 < k < 5N/8 and TN/8 < k < N and
r=mn—1,...,1, then the discussion now centres on whether 2,/¢, InN/\/a >
rTr41/r + 1 or 2\/g,InN/y/a < r7,41 /1 + 1should be used.

In the first case 1/e, < C (InN)? and the result follows at once from (13) and
(17).

In the second case 7, = 2,/&,InN/\/aands =1,...,n — 2.

1. Suppose that & satisfies 5N/8(s + 1) < k < 5N/8(s) and 1 — (IN/8(s)) <
k<1—(N/8(s+1)). Then hy = 8n(7.41 — 7,)/N or 8n(1, — 741)/N
and 7, < 1 — z;, therefore

*= 8nN—1@ or 8nN—1@, 24)
Using (24) and (13) in (22) gives the required result.
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2. If k satisfies N/2 < k < N/8(s+1)and 1 — (N/8(s+1)) < k < N Then
hy, = 8n(7,41 — 1) /N or 8n (7,41 — 7,) /N and therefore

b _ gy Tt = 7)o ﬂ, (25)

gy & Er
Using (25) and (13) in (22) gives the required result.
For k = %, the source terms is assumed by

([ G -0+ [ aG o

hi, = (h—1 + hg+1)/2, hg—1 = (2p—2 — xx—1) and hyp1 = (Tps1 — Thto),
hk,1 = 871(0”,1 — Un)/N, hk+1 = 8%(7’1 — TQ)/N
@ _ Pget1 + i1 4nN71<<0-n—1 — o)+ (11 — 1))

= 26
E; 282' E; ( )

Using (26) and (13) in (22) gives the required result. ]

Lemma 5.2. Let u:‘ i be the V; i-interpolant of the solution u; i, of (1) on the fitted
mesh Q. Then

max Sup ||uzk _ulk“& < O( llnN)27
=1,...,, n0<g;<

where C'is a constant independent of ¢;.

Proof. Fori =1,...,n from the definition of the energy norm

/

e — winlle, = ei((ufp —win) s (W), — tig)") + (Ul — i, wly, — uig). (27)

Each term on the right is now treated separately. It is easy to see that the second
term satisfies

(uf = Uiy uf p — i) < |Juf ), — wig| |- (28)

Using integration by parts and noting that (u;"k — u; 1) (zg) = 0, for each k, the
first term can be bounded as follows

N-1 i

(i — i) s (e —wig)) = > / (ul/(5) — e (5))2ds

kzlvk#% Ti—1

Z5

Z / * // _ Ui,k”(s))(uzk<s) — Uz’,k(3>>d8

k=1k#£5 4
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N-1 T
SCID I RTCCITREEETE
k:l,k;ﬁ% Ti—1
= (&‘Ui,k", u;k - Ui,k),

where the fact that u;,"” = 0 on each (2, has been used.
The estimate for the second derivative of the components of w; j are contains in
[Paramasivam et al., 2014], using lemma 6 and lemma 7 in[Paramasivam et al.,
2014] then gives

d 1

ety — wsa)] < [l = wall [ siluplds + [ afuiylds
0 d

d 1
I@m&mh—uMNSH@ﬁ—wMK/+/ﬂawﬂ+&wﬁﬂ+&mﬁb%
0 d

d 1
n n BR
SCM%—%M/+/M+§)M +o§j 2)
0 d q=t
< CHu:(,k - ui,k“v

and so
5@'((“;]9 — uzk) ) (Ujk - Uzk) ) < CHU:k - UzkH (29)
Combining (27)-(29) leads to

),

and the proof is completed using the estimate of ||u;, — ;|| from Lemma 5.1.
[

luig = wiklle; < Clluiy — wirl|(1+ af|uy -

Lemma 5.3. Let u} be the V; ;. -interpolant of the solution u; . of (1) on the fitted
mesh Q. Then

max sup i g — winll, gv < C(N~HnN)2.
i=1,...,n 0<e; < )
Proof. Since uj,(xy) — u;x(zy) = 0, it follows from the definitions of the norms
that

’

’
i = wil |2 g ll = i (ui — wi) (uig — wi) ) < fuiy —

Using the estimate in Lemma 5.2 completes the proof. ]
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6 Interpolation error estimate

Lemma 6.1. Let u, j, be the solution of (1) and U, j, the solution of (14). Suppose
that V; .. Then

iilllaX ’6@<Uz,k - ULk,’Ui)’ < C(NillnN)Q‘|Ui’k|’l2(§N),

,,,,, n
where the constant C' is independent of ¢;.

Proof. Since v; is in V ;, it can be written in the form

N-1
v; = E Ui,k(bi,ka

k=1k#%

and so
N-1

@(Um — Uik, Ui) = Z Uzkﬁz(Uzk — Uk, ¢zk> (30)
k=1,k#%
Then, foreach k,1 < k < N—1\{Z}, using (1), (14) and the fact that (1, ¢; x)ov =

(17 ¢1,I€) = %7

n n

ﬁz(Uzk — Uk, ¢zk> = Z((lszi,k, ¢zk) - Z(aijui,k> ¢zk)

j=1 j=1

n

= Z(aijuj,k(%), i) — Z(Gijuj,k, )
j=1

Jj=1

B Z(az‘j(uj,k(l’k) = Ujk), Dik)

Since

Tk

|wjk(Tr) — k] = |/U§,k(8)d8| < I,
where
Th41
o= | u(s)las
Tk—1

it follows from (13) that

(hi + Pg1)

18i(Ui ke — i, Gige)| < C (I + N71). (31)

2
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Assume for the moment that
I, < C(N'nN)>. (32)

Then (30)-(32) and the Cauchy-Schwarz inequality give

N-1 1/2 1/2
_ hi +h hi + h
8.V~ wago )] < Oy 3 et b, (o )
k=1k#%

< C’(N_llnN)Q\|U¢,k||l2(§N)=

as required.
It remains therefore to verify (32). From the estimate are contain Lemma 3 in
[Paramasivam et al., 2014], for the first derivative of the solution, it is clear that

Thi1
r<C [ e+ [ fods
Th—1
It follows that
I < C(hy + hig1)? /s, (33)
and that
1< Bt hen)” e (34)
&
Fori=1,...,n, k=1,..., % — 1, then the discussion now centres on whether

2y/en InN/\/a > d/4 or 2,/e,InN/\/a < d/4 should be used. In the first case
1/e, < C (InN)? and the result follows at once from (13) and (34). In the second
case 0, = 2,/,InN/+/a. Suppose that k satisfies N/8 < k < 3N/8. Then
hi, = 2(d — 20,)/N and therefore

hi _ 2N_1d— 20,17
En En
on, <1 — a1, and so
e Voll—zu)/Ven < g=vVaon/ven _ o=2InN _ N2 (35)

Using (35) and (13) in (34) gives the required result.

On the other hand, if & satisfies 1 < k£ < N/8 and 3N/8 < k < N/2 and
r=mn—1,...,1, then the discussion now centres on whether 2,/€, InN/\/a >
roy41/7 4+ 1 or 24/e.InN/\/oa < ro,.q1/r + 1should be used.

In the first case 1/¢, < C(InN)? and the result follows at once from (13) and
(34).

In the second case 0, = 2,/,InN/\/oand s =1,...,n — 2.
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1. Suppose that & satisfies N/8(s + 1) < k < N/8(s) and d — (N/8(s)) <
k<d—(N/8(s+1)). Then hy = 8n(c,+1 —0,)/N or 8n(c, —0,41)/N
and o, <1 — x,, therefore

h r - Up — r— Urp
M _ gy N-1IrL "0 en N 1&) (36)
Er Er Ep

Using (36) and (13) in (34) gives the required result.

2. If k satisfies 1 <k < N/8(s+1)and d — (N/8(s+ 1)) < k < N/2 Then
hy = 8n(o,41 — 0,)/N or 8n(o,.1 — 0,)/N and therefore

h r - Urp _ r— Ur
_’fzgnN—lworgnN 1M’ (37)

Er Er Er

Using (37) and (13) in (34) gives the required result.
3. Finally, suppose that k = {N/8(s),d—(N/8(s)), N/8n,d—(N/8n)}. Then

k
QE(/—F
k-_

1

1

)‘u;k’dl‘ < [k-fl + [k-+1

< O(N7'nN)?

For:=1,...,n, k= % + 1,..., N — 1, then the discussion now centres on
whether 2,/g, InN/\/ao > (1 —d)/4 or 2,/g,InN/\/a < (1 — d)/4 should be
used. In the first case 1/¢, < C(InN)? and the result follows at once from
(13) and (34). In the second case 7,, = 2,/c,[nN/ V/a. Suppose that k satisfies
bN/8 < k <7N/8. Then hy = 2(1 — 27,,)/N and therefore

hi _ 2N’11 - 27’n7
En En
7, < 1— x4, and so
e~ Veall—zx)/Ven < e~ Vam/Ven — o=2InN _ A2 (38)

Using (38) and (13) in (34) gives the required result.

On the other hand, if & satisfies N/2 < & < 5N/8 and TN/8 < k < N and
r=mn—1,...,1, then the discussion now centres on whether 2,/¢, InN/\/a >
rTr41/7 + 1 or 24/e,inN/\/o < r7,11/r + 1should be used.

In the first case 1/e, < C (InN)? and the result follows at once from (13) and
(34).

In the second case 7, = 2./, InN/y/aand s =1,...,n — 2.
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1. Suppose that & satisfies 5N/8(s + 1) < k < 5N/8(s) and 1 — (N/8(s)) <
k<1—(N/8(s+1)). Then hy = 8n(7.41 — 7.)/N or 8n(1, — 741)/N
and 7. < 1 — z;, therefore

h r - r r = Ir
Mk _ gy N1t T e o 8nN_1ﬁ, (39)

Er Er Ep

Using (39) and (13) in (34) gives the required result.

2. If k satisfies N/2 < k < N/8(s+1)and 1 — (N/8(s+ 1)) < k < N Then
hi, = 8n(741 — 1) /N or 8n (7,41 — 7.)/N and therefore

h T —r — r— Ir
M _ gyt T =) e -1 (T = ). (40)

Er Er Er

Using (40) and (13) in (34) gives the required result.

3. Finally, suppose that k& = {d + N/8(s),1 — (N/8(s)),d + N/8n,1 —
(N/8n)}. Then

k+1
I < (/ + /)\u;7k|dx < Ly 4+ I
k—1 k

< O(N7'nN)?
For k = %, the source terms is assumed by

Tr+1

([ 55 -0+ [5G+

hie = (hi—1+ hig1)/2, hgo1 = (Tp—2 —xp—1) and hyy1 = (Tpg1 — Tiy2),
hi—1 = 8n(0p_1 — 0n)/N, hpy1 =8n(m —72)/N

@ _ Rgy1 + hi—1 _ 471N71((0n—1 - Un) + (7'1 - 7'2)) (41)
&; 2¢; &i

Using (41) and (13) in (34) gives the required result.

71



Parameter-uniform convergence of a finite element method for a singularly
perturbed linear reaction diffusion system with discontinuous source terms

7 Discretization error

Lemma 7.1. Let uy ), be the V ;-interpolant of the solution u; ;, of (1) and U, , the
solution of (14). Then

v < C(N"HnN)?,

*
Jnax ||Usx — iyl
where the constant C' is independent of the parameters ;.

Proof. From the coercivity of j;(.,.) in Lemma 2.1 and since U; , — u}, € V;,
Uik = ui k|2 v < CBiUin — g, Ui — )

< C[/Bi(UiJc — Uik, Ui,k - U;kk) + 5z(uzkz - Uzk, Ui,kz - U:k)]

Using Lemma 6.1, with v; = U; ,, — Uy pos then gives
1Uij = wisl2 g < CINTHRN)?||Usg — ujl],, g,
Cancelling the common factor gives
Ui — w4l g < C(N i),
as required. 0
Theorem 7.1. Let w; , be the solution of (1) and U, j, the solution of (14). Then

m
=1

ax [|Uir — uwigl|_ gv < C(N~'nN)?,

..... n
where the constant C' is independent of the parameters ;.

Proof. Since
Uik = winll, g < Uik — uipll, g + [luiy — winll,, g~
the result follows by combining Lemma 5.1 and Lemma 7.1. [

Theorem 7.2. Let w;, be the solution of (1) and Uy, the solution of (14). Then
the following parameter uniform error estimate holds

max  sup ||Uig — uig||_ gv < C(N'nN)?,
1:1,...,n0<5i§1 Eis

where the constant C' is independent of the parameters ¢;.
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Proof. Since 0, < 2,/6,InN/\/a, r = n,...,1, consider k satisfies, 1 < k <
N/8s and (3N/8s) < k < &, s = 1,...,n — 1 on a neighbourhood of the
boundary layers.

Using the Cauchy Schwarz inequality and Theorem 7.1,

1 /
< (8—/120[5)1/2(57/\((]@1@ — uik) (s)[*ds)'/?
Qp

Qp
O-T
< €—T||Uzk — uinll_ o~

< O(NnN)% (42)
On the other hand, Suppose that k satisfies N/8 < k < 3NN/8, outside the bound-
ary layers, hy > 1/N and so
\(Uig — wig)(z1)|* < Nhi|(Uig — wig)(zp) |

3N

8
<N Z il (Ui — wie) () |°
k=N/8

< N||Usg — wik] 2oy

Using Theorem 7.1 then leads to
Uik = wig) (@) | < ||Uik — winlliz@y))

< C(N'InN)>. (43)

Combining (42) and (43) as required results

Since 7, < 2/, InN/y/a, r = n,..., 1, consider k satisfies, % < k < 5N/8s
and 1 — (TN/8s) < k < N —1,s = 1,...,n — 1 on a neighbourhood of the
boundary layers.

Using the Cauchy Schwarz inequality and Theorem 7.1,

(Ui — ) (@x)] = | / (Usp — ) (5)ds]
Qk

Er
Qp

<( 1 /12d8)1/2(€7“/‘(Ui,k — Ui,k)/(s)\2d3)1/2
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o
< Uik = winll g~
67" T

< CO(N YInN)>. (44)
On the other hand, Suppose that k satisfies 5N/8 < k < 7N/8, outside the
boundary layers, hx, > 1/N and so

(Ui — wig) ()| < Nhi|(Uig — uig) (i) ?

3N
4
<N Z | (Ui g — wige) (i) |> < N||Uii — ui,kHlQ2(QN)-
k=N/4
Using Theorem 7.1 then leads to

|(Us ke — wip) (r)] < |[Usg — wigl[2@ny)

< C(N"'InN)2. (43)
For k = %, h% = (hN 1 +hN+1>/2, h% 1= (IN 9 — TN 1) and h%Jrl =
(x%Jrl _l’%m)a
Uy —u;x)(wx)|* < Nhy|(U x = u; ) (w )
hy y+hyy,
< N SR 0y ) o) S NIy~ syl

Using Theorem 7.1 then leads to
(U = 9) (@) < Usy — ;. lzam)
< C(N7'nN)>. (46)
Combining (44) and (46) completes the proof. ]

8 Numerical Illustrations

Example 8.1. Consider the BVP

—Ei"(z) + A(z)i(x) = f(z), for x € (0,1), @(0) = 0, @(1) = 0
where E = diag(e;, &), A = g -1 fi=0+2%27 fo =
1, 2) -1 5(l’+ 1) ) 1 ) 2
(4, 2%)T. For various values of &1, e¢g N =8k, k=2", r=3,---,8, d = 0.3,
and o = 1.9,

Using the general methods from [Miller et al., 1996] , the £ uniform order
of convergence and the € uniform error constant are computed by applying fitted
mesh method to the Example 8.1 shown in the Figure 1. In the following Table 8
outlines the conclusions.
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i Number of mesh points N
64 128 256 512 \ 1024

20 1 0.7544E-03 | 0.1717E-03 | 0.6677E-04 | 0.2797E-04 | 0.1303E-04
272 | 0.1786E-02 | 0.2975E-03 | 0.1115E-03 | 0.4510E-04 | 0.2050E-04
2=4 | 0.3974E-02 | 0.7429E-03 | 0.1842E-03 | 0.7169E-04 | 0.3064-04
275 | 0.8120E-02 | 0.1769E-02 | 0.3029E-03 | 0.1139E-03 | 0.4607E-04
278 | 0.1492E-01 | 0.3948E-02 | 0.7378E-03 | 0.1837E-03 | 0.7132E-04
27101 0.2426E-01 | 0.8082E-02 | 0.1761E-02 | 0.3010E-02 | 0.1129E-03
27121 0.2426E-01 | 0.8082E-02 | 0.1761E-02 | 0.3010E-02 | 0.1129E-03
27141 0.2426E-01 | 0.8082E-02 | 0.1761E-02 | 0.3010E-02 | 0.1129E-03
DY | 0.2426E-01 | 0.8082E-02 | 0.1761E-02 | 0.3010E-02 | 0.1129E-03
p™ | 0.1319E+01 | 0.1389E+01 | 0.1453E+01 | 0.1473E+01
C;,V 0.9233E+00 | 0.9053E+00 | 0.7898E+00 | 0.5031E+00 | 0.5032E+00

Computed order of & -uniform convergence, p* = 1.319
Computed £ -uniform error constant, Cé\i = 0.9233
Table 1: Values of DY, DV, pV, p* and CJ! for e; = o 2 = 1%

9 Conclusions

The research work presented in this article is based on the fundamental con-
cept developed by [Miller et al., 1996]. They considered convection diffusion
problems in one dimension. In this paper, second order parameter uniform con-
vergence has been established for system of n second order differential equations
of reaction diffusion type with discontinuous source terms. The proposed method
can be extended to higher dimensional problems.
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Figure 1: Graphical representation of solution for ¢ = 27% and N = 512 of
Example 8.1.

References

E. P. Doolan, J. J. H. Miller, and W. H. A. Schilders. Uniform numerical methods
for problems with initial and boundary layers. Boole Press, Dublin, Ireland,
1980.

T. Ling and N. Madden. Layer-adapted meshes for a linear system of coupled
singularly perturbed reaction-diffusion problems. IMA J. Num. Anal., 29:109—
125, 2009.

J.J. H. Miller, E. O. Riordan, and G. I. Shishkin. Fitted numerical methods for sin-
gular perturbation problems. Error estimates in the maximum norm for linear
problems in one and two dimensions. World scientific publishing CO.Pvt.Ltd.,
Singapore, 1996.

M. J. Paramasivam, S. Valarmathi, and J. J. H. Miller. Second order parameter
uniform convergence for a finite difference method for a singularly perturbed
linear reaction diffusion system. Mathematical Communications, 15:587-612,
2010.

M. J. Paramasivam, S. Valarmathi, and J. J. H. Miller. Second order parameter-
uniform numerical method for a partially singularly perturbed linear system of
reaction-diusion type. Mathematical Communications, 18:271-295, 2013.

M. J. Paramasivam, S. Valarmathi, and J. J. H. Miller. Parameter-uniform conver-
gence for a finite difference method for a singularly perturbed linear reaction-
diffusion system with discontinuous source terms. Int. J. Numer. Anal. Model,
11:385-399, 2014.

H. G. Roos, M. Stynes, and L. Tobiska. Numerical methods for singularly per-
turbed differential equations. Springer Verlag, 1996.

76



