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Abstract

In prime labeling, vertices are labeled from 1 to n, with the condition
that any two adjacent vertices have relatively prime labels. Coprime
labeling maintains the same criterion as prime labeling with adjacent
vertices using any set of distinct positive integers. Minimum coprime
number prG, is the minimum value & for which G has coprime label-
ing. There are many graphs that do not possess prime labeling, and
hence have coprime labeling. The primary purpose of this work is to
change a coprime labeled graph into a prime graph by removing the
minimum number of edges. Thus, the prime index ¢(G) is the least
number of edges to be removed from a coprime graph G to form a
prime graph. In this study, the prime index of various graphs is deter-
mined. Also, an algorithmic way to determine the prime index of the
complete graph is found.
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1 Introduction

The fundamental concepts of combinatorics and number theory are used in
the majority of graph labeling techniques. In number theory, one of the greatest
achievements of mathematicians is the prime number theorem. It provides a way
to find the number of prime numbers less than or equal to n and is denoted by
m(n) [1].

In recent years, graph labeling acts as a significant topic in the field of research.
To face the wide range of application challenges, various labeling techniques have
been developed. Tout et al. [2] investigated Entringer’s concept of prime labeling.
Many researchers have studied and introduced various definitions in the context
of prime graphs[3]. As a continuation of the above work for edges, a new labeling
technique known as relatively prime edge labeling for a simple graph is introduced
[4]. A graph G with relatively prime edge labeling is said to be a relatively prime
edge labeled graph.

Coprime labeling came from prime labeling where prime labeling uses labels from
1 to n, but in coprime labeling, the labels have no bound [5]. In coprime labeling,
if the vertices are labeled from 1 to k, then the least k is the minimum coprime
number of GG. From the above work, to make a coprime graph into a prime graph
the definition of prime index arises. The prime index £(G) is the least number of
edges removed from the coprime graph GG to make it a prime graph.

The next section is discussing on preliminaries of the current work. Section 3 is
on defining the parameter prime index of a graph with some results followed by
the prime index of the complete graph in section 4. Section 5 is discussed the
results of relatively prime index of a graph and lastly, section 6 is the conclusion.

2 Preliminaries

This section briefs some definitions needed for further discussion.

A graph G = (V| E) is a prime graph,
if there exists a bijection f: V' — {1,2,3,...,] V |} such that, for every edge
e(=uv) € E, ged(f(u), f(v)) = 11[6].
Asplund et al. emphasize defining minimal coprime number for the coprime
graphs [7]. In particular, the vertices of coprime labeling are labeled with rel-
atively prime labels for the adjacent vertices from the set {1,2, ..., k}, for some
k > n, . Also, the minimum coprime number ptG is the minimum number k for
which G has coprime labeling [8]. The corresponding labeling of G is called min-
imal coprime labeling of GG. If ptG = n, then a corresponding minimal coprime
labeling of G is called prime labeling of GG and we call GG prime.
The coprime number of complete graph and wheel graph are found to be p,,_; and
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n + 2, respectively where p,,_; denotes the n — 1th prime number [7]. Also, the
minimum coprime number of the sum of path and cycles are found in [8].
Coxeter et al. introduced the concept of the generalized Petersen graph P(n, k)
[9] and it was named by Mark Watkins [10].

The generalized Petersen graphs P(n,k) withn > 3and 1 < k < % are de-
fined to be a graph with V(P(n,k)) = {w;,v;: 1 < i < n}and E(P(n,k)) =
{v1vi41, viwg, w1 < i < n, subscript mod n}. For the graph G and H, the
sum GG + H, is the graph obtained by taking disjoint copies of G and H and then
adding every edge zy, where z € V(G) and y € V(H).

The Wheel graph W,,, (n > 3) of n + 1 vertices is a graph that contains a cycle
with vertex set {v1, vs, ..., v, } and connects all the vertices of the cycle to the cen-
tral vertex v. Here v denotes the central vertex and the other vertices vy, vo, ..., U,
be on the rim of the wheel graph [12].

3 Prime Index of a Graph

Definition 3.1. For a coprime graph G, the prime index is the least number of
edges removed from G to form a prime graph G*. And is denoted by, (G). In
other words, ¢(G) = min{| E(H) |: H C G and G — E(H) is prime}

Every prime graph is a coprime graph, but the converse is not true. The next
theorem finds the prime index of the wheel graph W,,, for odd n.

Theorem 3.1. For odd n, we have ¢(W,,) = 1.

Proof. The vertices of wheel graphs are {vy,vs,- - ,v,.1} having vy as the
central vertex, and the remaining n vertices form a cycle. Now as in Fig 1, label

n+1

Figure 1: Wheel Graph, ¢(W,,) =1
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the vertices v; as i, foralli € {1,2,--- ,n -+ 1}, which fails to form prime graph.
Since v, receives the label 2 and v, receives the label n + 1, which is even.
Therefore, for odd n to make w,, a prime graph it is necessary to remove an edge
v9U,+1. Hence e(W,,) = 1, for odd n.

P(n, k) is a coprime graph , for n odd is found by U. M. Prajapati et.al.[13].
The next theorem finds the prime index of P(n, 2), for even n.

Theorem 3.2. P(n, k) contains d disjoint inner cycles of length %, only if
ged(n, k) =d. [13]

Theorem 3.3. For even n , the prime index of P(n,2) is e(P(n,2)) < n/2.

Proof. We know that for n even, the Generalised Petersen graph P(n,2) is
not prime. Hence it is enough to prove that the removal of n/2 edges from P(n, 2)

forms a prime graph. In P(n,2), v, vy, - - , v, represents the outer vertices and
Uy, U, - - -, Uy, represents the inner vertices as in Fig 2.
(2)vg (3)vs

Figure 2: P(n,2)

Edges of P(n,2) are {v1v;1, vius, ujuiyo: 1 < i < n,subscript mod n}.
From corollary 2, there exist 2 interior cycles of length n/2. Now, vertices of
P(n,2) are labeled in such a way that L(v;) = i &L(w;)) = n+i,1 <i <n.
From the definition of the generalized Petersen graph, each u; is adjacent to u;, .
Thus, there are n/2 vertices having the label n + 2,n + 4,--- ,2n . Therefore,
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by removing atleast {usuy, ususg, . . ., U,_2u, } edges from P(n,2) results a prime
graph. Hence the proof.

It is obvious that, for even m, F,, + P, is not a prime graph.The removal of
at least an edge from F,, + P, forms a prime graph. Thus, all possible spanning
subgraph of P,, + P, is again a prime graph, for even m.

Theorem 3.4. For even m, we have (P, + P;) = 1.

Proof. The proof is obvious.

4 Prime Index of complete graph

Euler’s function, ¢(n) in number theory finds the number of integer & in the
range 1 to n for which ged(n, k) = 1. In this section, the prime index of a com-
plete graph with an algorithm is derived.

Theorem 4.1. For a complete graph K, the prime index (G) of a complete graph
is e(Kn) = (5) — 2Zhea 0(k)

Proof. Let {vy,vs,...,v,} be the n vertices of the complete graph K, having
ncy edges. Maximal subgraph in K, containing the closed path is the cycle C,.
Now, label the vertices of K, as L(v;) = i. As every vertex is adjacent to every
other vertices, it is enough to find the pairs for which gcd(n, k) # 1. Hence, the
number of pairs in the range 1 to n for which gcd(n, k) # 1 equals the difference
between the total number of pairs in the range 1 to n and the numbers of pairs in
the range 1 to n for which ged(n, k) = 1. Thatis, e(k,) = nce — Y _,_, ¢(k).

Super prime graph S P, is a graph with vertex set V(SP,) = {1,2,...,n} and
two vertices u,v € V(SP,) are adjacent iff (u,v) = 1.Also, the super prime
graph S P, is maximal and unique[15]. The next theorem shows the method for a
complete graph to be a super-prime graph.

Theorem 4.2. The removal of £(K,,) edges from a complete graph K, results a
super prime graph.

Proof. The proof is obvious.

4.1 Algorithm to find prime Index

GCD of any two numbers can be found by using the Euclidean algorithm.
Here, an algorithmic way to find the prime index of the complete graph is defined.
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INPUT: No. of vertices = n.
OUTPUT: Prime Index of K,,.

1. Calculate, the number of edges ' = n(Cs, for the given input n.

2. Calculate ged(r, s) as, if r < s, exchange r and s. Then, divide 7 by s, with
remainder R.

(a) If R = 0, report s = ged(r, s)

(b) Elseif R # 0, replace r by s and replace s by R.
Return to the previous step a.

3. Run aloop for: = 2 to n,
¢(n) counts the number of pairs having ged(i,n) = 1.

4. For n = 2to n, sum(n) counts the value ¢(n).

5. Finally, Prime index = E — sum(n)

4.2 Program to find the prime index of complete graph

C program to find the prime index of complete graph is given below.

i #include <stdio .h>

> int phi(int n);

;3 int ged(int a, int b);
r int sum(int n);

s int main( )

-
7 int i, n, E, PI;

8 printf (” Number of vertices: 7);

9 scanf ("%d”,&n) ;

10 E = (nx(n-1))/2;

3 printf (’Number of Edges = %d \n” ,E);

o for (i = 1; 1 <= n; i++)

13 printf (”phi(%d) = %d \n”, i, phi(i));
14 PI = E - sum(n);

15 printf (”\n Prime index = %d”,PI);

16 return 0;

o}

19 // Function finds GCD of r and s
20 int ged(int r, int s)

a1 {
2 if (r == 0)

return s,
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return ged(s % r, r);
}
// Function to return phi(n)
int phi(int n)

{
int result = 1;
for (int 1 = 2; i < n; i++)
if (ged(i, n) == 1)
result ++;
return result;
}

// Function counts phi(n) from 2 to n
int sum(int n)
{
int sum;
for(int k=2; k<=n; k++)
{
if (k==2)
sum =1;
else
sum = sum + phi(k);
}
return sum;
}
}

Enter the number: 7
Edges = 21
phi (1)

o

[=x T S I T

phi (7)

Prime index = 4

.. .Program finished with exit code 0
Press ENTER to exit Eonscle.l

Figure 3: Output
The necessary and sufficient condition for /K, ,, to be prime was put forward by

Fu and Huang[14]. Also, in [14] by taking, ¢(¢,v) to be the set of all primes x
such that ¢ < x < v, the following proposition exists.
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Theorem 4.3. For the positive integers a,b with a < b, K, is prime iff a <|
q(Z2a+0b) | +1.

The next theorem finds the prime index of a complete bipartite graph K, ,,.
For that, let V] with a set of odd numbers and V5 with a set of even numbers. De-
fine pu(V1, Vo) = {uv;: u; € Vi & v; € Vo | (wy,v;) # 1}

Theorem 4.4. The prime index of the complete bipartite graph K, ,,, with m >|
P(m,2m) | +1is e(Kpm) =| p(V1,V2) |-

Proof. Let V) = {uj,ug,...,up} and Vo = {v1,v9,...,v,} be the two
partite of K,,,,. Label the vertices of V), and V5, with odd and even numbers
respectively. Then, the resultant graph is not a prime. Thus to make K, ,,, to be
a prime graph, its necessary to remove p(V, V2) edges from K,,,,. Hence the
prime index (K,,.m) =| u(V1, Va) |.

As an application part of the prime index of a graph, consider there are certain
workers having common skill sets. Represent them using a graph, if the vertex
represents the workers and if they have a common skill set an edge can be drawn
between them. The label represents the shift hours of each worker. Prime labeling
can be used to find the optimal solution so that it covers the maximum skill set in
the particular shift. Suppose every worker has some common skill set with every
other worker, then the prime index helps to find the common skill that cannot be
carried out to get the optimal solution.

S On Relatively Prime Index of a Graph

The concept of relatively prime edge labeling is just an extension of prime
labeling by considering edges into account. In prime labeling, adjacent vertices
have relatively prime labels, whereas, in relatively prime edge labeling, adjacent
edges have relatively prime labels[4]. The idea to make a coprime edge labeled
graph into a relatively prime edge labeled graph results in a definition of a rela-
tively prime index[4].

Definition 5.1. [4] Let G be a coprime edge labeled graph. A relatively prime
index ¢,.(G) is defined to be the minimum number of edges removed from G to
form a relatively prime edge labeled graph G*. In other words, €,(G) = min{|
E(H)|: HC G & G — E(H) is relatively prime edge labeled graph}

The next theorem finds the relatively prime index of the corona product of K,
and K.
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Theorem 5.1. For a graph K,, ® K,

n(n-3) if2n +1 = 0(mod 3
=5 =1 if2n+1# 0(mod 3)
Proof. Let G = K,, ® K be the graph with 2n vertices and @ edges and
let vy, V9, ..., Uy, U1, Us, ..., U, be the vertices of I, - - - K.
Case 1: For 2n + 1 = 0(mod 3).

We now prove that, the removal of ”(" 3)

edges results in a relatively prime edge-

n(n 3)

labeled graph. Suppose the removal of — 1 edges inK,, ©® K; results in

n(n+1) o n(n 3) + 1 =

2n+1 edges of K, can be labeled from 1 to 2n+ 1. Hence by removing ”(” 5
interior edges of K, ® K1, the resultant graph will be of the form C), with n edges,
n pendent vertices (uq,us,. .., u,) connecting to the each vertex of C,, and an
edge connecting any two non-adjacent vertices of C,. Each vertex vy, vs, ..., v,
of C,, is of degree 3. By labeling the edges of C,, with 1,3,5,...,2n — 1, each
edge incident on the pendant vertices is labeled with 2,4,6,...,2n and an edge
connecting any two non-adjacent vertices of C,, is labeled with 2n+1. As 2n+1 =
0(mod 3), that is 2n + 1 = 3m, the label incident on the vertices of the edge with
label 2n + 1 fails to be relatively prime.

Case 2: For 2n + 1 # 0(mod 3).

We now prove that the removal of

a relatively prime edge labeled graph. That is, remaining

— 1 edges results in a relatively prime
(" 3) _ 2 edges in K,, ® K results
in a relatively prime edge labeled graph. That is, remaining ”("+1) ”("_3) +2=

n(n—3)
2

edge labeled graph. Suppose the removal of “

2n+ 2 edges of K, can be labeled from 1 to 2n+ 2. Hence by removmg ”(” 5 _9
interior edges of K, ® K, the resultant graph will be of the form C), with n edges,
n pendent vertices (uy,us, ..., u,) connecting to the each vertex of C,, and two
edges connecting any two non-adjacent vertices of C,,. Each vertex vy, vs, ..., v,
of (), is of degree 3. By labeling the edges of (), with 1,3,5,...2n — 1, each
edge incident on the pendant vertices is labeled with 2,4, 6, ...,2n and the edge
connecting any two non-adjacent vertices of (), is labeled with 2n + 1,2n + 2.
As 2n + 1 # 0(mod 3), the label incident on the vertices of the edge with label
2n + 2 fails to be relatively prime.

A set is an edge-independent set of G, if any two edges in the set are not in-
cident one another. The maximum cardinality of all edge-independent sets is the
edge independence number of G, o/(G)[16].

Theorem 5.2. For a relatively prime edge labeled graph G having p vertices and

q edges, then edge independence number o/ (G) > | 1]
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Figure 4: Relatively prime index of K; © K; =4

Proof. Let G be a relatively prime edge labeled graph. The set of edges that
are labeled with even numbers is an edge-independent set and its cardinality will
be less than or equal to | |. Hence the proof.

Theorem 5.3. Let K(G) be the clique graph of a graph G with q edges and if

| E(K(G)) |< | %], then G is not a relatively prime edge labeled graph.

Proof. From the definition of clique graph, no two edges in the clique graph
K (G) can be independent. That is, o/ (G) <| E(K(G) |< || . Also by Theorem
- 8, for a relatively prime edge labeled graph o/(G) > | ], which is a contradic-

tion. Hence G is not a relatively prime edge labeled graph.

6 Conclusions

Prime labeling is a versatile technique that finds applications in various fields
such as graph theory and optimization. One of its primary applications is in the
domain of scheduling and resource allocation. For example, it can be used to de-
termine the optimal way to assign workers to shifts to maximize the utilization of
their skills. In network flow problems, prime labeling can help identify critical
edges that should be included in any feasible flow solution to optimize the flow of
a commodity through the network. In bioinformatics, prime labeling can be used
to identify conserved regions in DNA sequences. By representing DNA sequences
as graphs and labeling the vertices based on prime numbers, it can help identify
regions of high conservation between different sequences.
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In summary, prime labeling is a powerful technique that has wide-ranging ap-
plications in areas such as graph theory, optimization, and several other fields in
science and engineering.

As a next, to employ the prime index of a graph in a practical way, we can think
of a scenario where there are several workers who share certain skills. We can
create a graph to represent this scenario, with each worker being a vertex and an
edge connecting two vertices if the corresponding workers share a common skill.
The label on each vertex indicates the shift hours for that worker. By using prime
labeling, we can determine the best solution that covers the maximum number of
skills required during a particular shift. If every worker shares at least one skill
with every other worker, the prime index can help identify the shared skills that
must be present to achieve the optimal solution.

The work presented here finds some new results in the idea of prime labeling of
graphs. The main goal of this work is to convert a coprime-labeled graph into a
prime graph by removing the fewest edges possible. Finally, a method for com-
puting the prime index of the complete graph using an algorithm has been found.
In the future, the prime index of a certain class of graphs can be found. Also, the
importance of prime index will be discussed briefly.
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