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Abstract. For approximating parametric problem solutions, Reduced Basis Methods (RBMs) are frequently pro-
posed. They intend to reduce the computational costs of High Fidelity (HF) codes while maintaining the HF
accuracy. They generally require an offline/online decomposition and a significant modification of the HF code
in order for the online computation to be performed in short (or even real) time. We focus on the Non-Intrusive
Reduced Basis (NIRB) two-grid method in this paper. Its main feature is the use of the HF code as a “black-box”
on a coarse mesh for a new parameter during the online process, followed by an accuracy improvement based on the
reduced basis paradigm that is realized in a very short time. Unlike other more intrusive methods, this approach
does not necessitate code modification. As a result, it costs significantly less than an HF evaluation. This method
was developed for elliptic equations with finite elements and has since then been extended to finite volume schemes.

In this paper, we extend the NIRB two-grid method to parabolic equations. We recover optimal estimates in
natural norms, using the heat equation as a model problem and present several numerical results on the heat
equation and on the Brusselator problem.
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Supplementary Materials. The paper is accompanied by programs that can be downloaded on the article
webnotice (https://doi.org/10.5802/smai-jcm.100). Running the codes requires FreeFem++ with IOVTK
module and Python3 with package vtk (see Readme therein).

1. Introduction

Reduced Basis Methods (RBMs) can be used to approximate the solutions of a parametric problem
for a large number of parameter values (e.g. for applications of parameter fitting), as well as for a
single new parameter value (e.g. for real time simulations). They plan to lower the computational
costs of High Fidelity (HF) codes while preserving HF accuracy. In order to do so, they rely on a HF
traditional code (e.g. finite elements or finite volume methods) and on an offline/online decomposition
of the RBM algorithm. They work as driven processes and necessitate well-chosen solutions, called
snapshots, that must be computed offline with the HF solver.

Non-Intrusive Reduced Basis (NIRB) methods are an alternative to classical RBMs for approxi-
mating the solutions of such problems [9, 10] (see also different NIRB methods [1, 6, 15] from the
two-grid method). They may be more practical to implement from an engineering standpoint than
other RBMs, as they require the execution of the HF code as a “black-box” solver only, unlike other
more intrusive RBMs that require code modification.

Let 11 € R denotes the parameter of interest of a parametric problem P in a given set G. The NIRB
methods, like most RBMs, rely on the assumption that the solution manifold & = {u(u), u € G} has a
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small Kolmogorov n-width [27] (in what follows, up(u) refers to the HF solution for the parameter ).
The snapshots are used offline to construct a linear finite dimensional space, denoted X ,ZLV , and known
as the reduced space, that must be as close as possible to S. The Kolmogorov n-width measures the
capacity of approaching the whole solution manifold by linear spaces of dimension n. The online stage
then seeks an approximation on this reduced space and must run significantly faster than an HF
execution.

We focus in this paper on the NIRB two-grid method [9]. Let us first recall the latter for stationary
problems.

1.1. Reminders on the NIRB two-grid method for stationary problems

Let © be a bounded domain in R? with d < 3 and a smooth enough boundary 9, and consider
a parametric elliptic problem P, well-posed in (). For each parameter value u € G, we have a new
function u(u) € V, where V is a suitable Banach space. In what follows, we consider homogeneous
boundary conditions, and V := Hg(£2), with the associated norm | - |1 (q).

In the context of a finite element or a finite volume HF solver, the two-grid method involves two
partitioned meshes (or “grids”), one fine mesh M, and one coarse My, where the respective sizes h
and H of the meshes are such that h < H.

The fine mesh is used “offline” to construct basis functions that are employed to build the reduced
space with an accuracy that corresponds to the target of the global procedure. These functions form
the Reduced Basis (RB) of the reduced space X7 := Span{uy(u;)|i = 1,..., N}, generated using
N snapshots. The solution for a new parameter is then roughly and quickly approximated “online”,
using the coarse mesh. The latter, as well as offline-online decomposition of the algorithm, are crucial
components in reducing complexity. Below are recalled the main steps of the NIRB two-grid algorithm:

e “Offline stage”:

The RB functions (or modes) that belong to the reduced space X ,]lv are first prepared on the
fine mesh M, with a Greedy procedure [4, 32] (an alternative is to use a Proper Orthogonal
Decomposition (POD) [2, 25]). The Greedy algorithm computes the modes by an iterative
selection of some suitable parameters pi,...,uny € G and by computing the approximate
solutions up (p1), - - -, up(un ). Thus, this stage of the algorithm is time-consuming, but it is only
performed once, as with other RBMs. It also contains a Gram—Schmidt orthonormalization
procedure, which results in N L%-orthonormalized RB functions, denoted (@?)Zzl ~. In order
to improve the accuracy of the online reconstruction (as detailed in Section 4), we solve the
following eigenvalue problem:

Find ®"* € X}, and X € R such that:

1.1
VUEX,JZV,/VCI)h-Vvdx:)\/@h'vdx, (L)
Q Q

and we obtain an increasing sequence of eigenvalues )\;, as well as orthogonal eigenfunctions,
still denoted (®?);=1, n, orthonormalized in L?(Q) and orthogonal in H'(Q), which define a
new basis of the space X ,]1\’ .

As written above, a coarse approximation for a new parameter y € G will be used during the
online stage. As we will see later, for any parameter pug, & = 1,..., N, the proposed NIRB
approximation differs from the HF wuj, (1), even though this accurate solution is known. Thus,
as proposed in [8], we can use a “rectification post-processing” and introduce a rectification
matrix, denoted R, defined so as to remove the discrepancies associated to these particular
choices of 4t = pug, k= 1,..., N. As a result, it improves NIRB accuracy for other instances
of u.
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NIRB WITH PARABOLIC EQUATIONS

In addition to the fine snapshots, the same parameters are used to compute coarse snapshots
on My. The rows of the matrix R are then given for ¢ = 1,..., N by

R; = (ATA +6Iy) 'ATB;, (1.2)

where Vup €G, A= / ug (py) - ®F dx, and By, = / up () - 1 x, (1.3)
Q Q
and where Iy refers to the identity matrix and 0 is a regularization parameter [9].

e “Online stage”:

Then, for a new parameter 4 € G for which we want to estimate the solution, a coarse approx-
imation of the latter, denoted ug(u), is computed “online.” This coarse approximation is, of
course, not of sufficient precision, but it is calculated much faster than the HF one. The NIRB
post-processing then improves precision significantly by projecting uy (1) on the RB in a very
short run-time [7, 9, 10, 17]. The classical NIRB approximation is given by

N

() = (up (), ®) @ (1.4)

i=1
where (-,-) denotes the L2(Q)-inner product. Now, to further improve the NIRB precision,
this approximation can be “rectified” thanks to the rectification matrix R computed offline.
In that case, the NIRB approximation reads

N
N Ry &h
Rlugp) (1) = Z R;j (UH(M)#I’J') ;. (1.5)
i,j=1
Note that, when the relaxation parameter § is equal to 0 the rectification process allows to
retrieve the fine coefficients from the coarse ones (1.3) for the parameters yu = pg, k =1,...,N.
In other words, with § = 0, we have

Rlupyp) (k) = un(pw), k=1,...,N.

The two-grid method has been developed and analyzed for elliptic equations in the context of FEM
(with Céa’s and Aubin-Nitsche’s lemmas) in [8]. In this context, the following energy-error estimate
has been proven

[u(pe) = ulip (1)1 (0 < e(N) + Cih+ Co(N)H?, (1.6)
where C; and Cy are constants independent of h and H, and Cy depends on N only. The term e(N)
depends on a proper choice of the RB space as a surrogate for the best approximation space associated
to the Kolmogorov N-width. It decreases when N increases and it measures the error between the fine
solution and its projection on X7V, given by

N
un(p) = (un(p), ®F) o) . (1.7)
i=1 H(Q)
The second and third terms in (1.6), C; h and Co(N) H?, respectively, are contributions obtained by
applying Céa’s lemma on the HF solutions and Aubin—Nitsche’s lemma on the coarse grid approxi-
mation of u(p). Note that since the constant Cy increases with N, a trade-off must be made between
increasing N and keeping a constant C as low as possible to obtain an accurate approximation.
The estimate (1.6) proves that, in the elliptic context with FEM, if the coarse mesh size is chosen so
that H2 = h and if £(N) is small enough, the optimal H' convergence rate is recovered. Furthermore,
it has been numerically shown that for a large range of H values, the rectification post-treatment
allows for the recovery of the fine solution accuracy while greatly reducing the run-time cost.
This two-grid method has also been generalized and analyzed in the context of finite volume
schemes [17], in which a surrogate to Aubin—Nitsche’s is used.
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1.2. Motivation and earlier works

The treatment of time-dependent equations by RB techniques is not obvious, particularly because a
classical projection-based RBM does not guarantee a stable approximation, and because the solution
manifold, obtained as time and parameters vary, must be of low dimension, which is not always the
case for several phenomena (for example convection-dominated problems [5]). For a general overview
of RBMs in the context of time-dependent problems, see [24]. Although NIRB strategies for time-
dependent equations are still in the early stages of development, we would like to mention the following
NIRB techniques, different from the two-grid algorithm, that have been applied to time-dependent
problems:

e Neural network framework has been used to learn the reduced operators, as in the POD-DL-
ROM algorithm [14] or in [12];

e Interpolations with Radial Basis Functions (POD-RBF) have also been operated in [35].

e The time-parameter grid structure has been exploited, as in [11], where RBF with two level
POD extraction is employed, or in [19], where a map is constructed between the time-parameter
grid values and the RB projection coefficients through a regression model.

e Also, in the context of inverse problems, the Parameterized-Background-Data-Weak (PBDW)
has been generalized to parabolic equations in [22].

It should be noted that in [18], the NIRB two-grid method has recently been adapted to solve the
sensitivity analysis equations with a regression model. As it was presented in the previous subsec-
tion, the two-grid method is of simple implementation and can be used for a variety of PDEs and
approximations; furthermore, because it is non-intrusive, it is suitable for a wide range of problems.
To the best of our knowledge, this method has not yet been studied or implemented in the context of
time-dependent problems [7, 9, 10, 33], aside from the sensitivity analysis framework [18].

This paper is about the application of NIRB to time-dependent problems and its numerical analysis
in the context of parabolic equations. The rest of this paper is organized as follows: The mathematical
context is described in Section 2. We define the NIRB approximation, with and without the adapted
rectification post-treatment, in the context of parabolic equations, as an extension of (1.4) and (1.5)
in Section 3. We prove then theoretically, in the Section 4, that we recover optimal error estimates
in L>(0,T; H'(Q)) on a model problem, that of the heat equation. Theorem 4.1 is our main con-
vergence result. Finally, the implementation is discussed in the last Section 5, and the theoretical
results are illustrated with numerical results on the NIRB method with and without the rectification
post-treatment.

In the next sections, C' will denote various positive constants independent of the size of the meshes h
and H and of the parameter p, and C(u) will denote constants independent of the sizes of the meshes
h and H but dependent of pu.

2. Mathematical Background

2.1. The continuous problem

We first consider the following heat equation on the domain {2 with homogeneous Dirichlet conditions,
which takes the form
ug — pAu = f, in Q x 10,71,
u(+,0) =u’, in Q, (2.1)
u(-,t) =0, on 0§ x ]0,T7,
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NIRB WITH PARABOLIC EQUATIONS

where f € L?(2 x [0,77]), while u® € H}(2) and 0 < u € G C RT is the parameter. For almost any
t > 0, the solution u(-,t) € H} (), and w(-,t) € L?(Q2) stands for the derivative of u with respect to
time. In Section 4, we denote by u(x,t; 1) (or u(pu)) the solution of (2.1) with the parameter u. Note
that the initial condition may also depend on .

We use the conventional notations for space-time Sobolev spaces [28]

T 1/p
(0, V0) := {u<x,t> el ooy = ( | et dt) < oo}, 1<p< oo,

HUHLOO(O,T;V) i=ess sup |lu(-,0)[ly < OO} )

L>(0,T,V) = {u(x, t) S

where V' is a real Banach space with an associated norm || - ||;,. As in the previous Section 1.1, we
consider V' := H{(€2), with the associated norm | - | j1(q). The variational form of (2.1) is given by:

Find v € L?(0,T; H}(Q)) with u; € L?(0,T; H~1(£2)) such that
(ug(t,-),v) +a(u(t,),v;u) = (f(t,-),v), Yo € H}(Q) and a.e. t € (0,T), (2.2)
u(-,0) =u’, in Q,

where a is given by

a(w,v; p) = /Q/LVw(x) -Vu(x) dx, Yw,v e Hj(Q). (2.3)

We remind that (2.2) is well posed (see [13] for the existence and the uniqueness of solutions to
problem (2.2)) and we refer to the notations of [13].

2.2. The various discretizations

As in previous work on the NIRB FEM applied to elliptic equations [8], described in Section 1.1, we

consider one fine mesh M), for computing “offline” snapshots associated with few parameter values

and one coarse mesh My for the coarse solution, with sizes denoted h and H, respectively (with
h < H). The size h (respectively H) is defined as

h = max hg (respectively H = max Hg), 2.4

Joax hy (respectively Jnax Hy) (2.4)

eEMpy

where the diameter hyx (or Hg) of any element K in a mesh is equal to supz,y € K|z — y|, K € My,
(or € My).

These grids are used for the spatial discretizations of the weak formulation of problem (2.1). We
employ e.g. P; finite elements to discretize in space, so let V} and Vi be continuous piece-wise linear
finite element functions (on fine and coarse mesh, respectively) that vanish on the boundary 0€2. We
consider the projection operator P,% on Vj, (P}I on Vy is defined similarly) which is given by

(VPru, Vv) = (Vu,Vv), Yo € Vj,. (2.5)

In the context of time-dependent problems, a time stepping method of finite difference type is used
to get a fully discrete approximation of the solution. We consider two different time grids for the NIRB
construction :

e One time grid, denoted F', is employed for the HF snapshots construction. To avoid making
notations more cumbersome, we will consider a uniform time step Atg. The time levels can
be written t" = n Atp, where n € N*,

e Another time grid, denoted G, is used for the coarse solution. By analogy with the fine grid,
we consider a uniform grid with time step Atg. Now, the time levels are written t™ = m Atg,
where m € N*.
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As in the previous analysis with elliptic equations, the NIRB algorithm is designed to recover the
optimal estimate in space from a coarse grid approximation. However, there is no such argument
as the Aubin—Nitsche lemma for time stepping methods improving the time convergence rate, so we
must consider time discretizations that provide the same precision with larger time steps. Thus, we
consider a higher order time scheme for the coarse solution. We will use an Euler scheme (first order
approximation) for the HF solutions and a Crank-Nicolson scheme (second order approximation) for
the coarse solutions with our model problem. As a result, we must employ two types of notations for
the discretized solutions:

e up(x,t) and ugy(x,t) that respectively denote the fine and coarse solutions of the spatially
semi-discrete solution, at time ¢ > 0.

e uj(x) and u}j(x) that respectively denote the fine and coarse full-discretized solutions at time
t" =n x At and t™ = m x Atg.

Remark 2.1. To simplify the notations, we consider that both time grids end at time T here,
T = Np Atp = Myp Atg.

The semi-discrete form of the variational problem (2.2) writes for the fine mesh (similarly for the
coarse mesh):

Find u(t) = un(-,t) € V3 for t € [0,T] such that
(Opun(t), vn) + alun(t), vas p) = (f(t),vn), Yon € Vi, and t € ]0,T7, (2.6)
up(+,0) = up = P(u).

The full discrete form of the variational problem (2.2) for the fine mesh with implicit Euler scheme

writes:
Find uy € Vj, for n =0, ..., Ny such that
(Ouit,vp) + a(uf,vp; ) = (F(t"),vp), Yop € Vyand n=1,..., Ny, (2.7)
up(-,0) = u%,
where the time derivative in the vz?riational form of the problem (2.6) has been replaced by a backward
u"—uz_

. o m ol
difference quotient, Quj, = —txri—

be the orthogonal projection of ug onto Vj, (respectively Vi) with respect to the inner product in
L2(9).

For the coarse mesh with Crank—Nicolson scheme, and with the notation 5u}’}
becomes:
Find u%; € Vi for m =0, ..., Mr, such that
(Oul, vpr) + a(%,w{;u) = (f(fm_%),vH), Yoy € Vg and m =1,... My, (2.8)
ug(+,0) = uly,

. Note that for the initial condition ug, another optimal choice may

where ™2 = %

Let us recall a few results from [34], on the FEM classical estimates and on both finite difference
schemes used. These results will be useful for the proof of Theorem 4.1. In [34], these estimates are
proven on the solution of the heat equation without considering the dependence on p € G for the
diffusion coefficient. These precised estimates can be obtained by following the same steps as in [34].
In Appendix B, we detail the proof on the H& estimate of Theorem 2.5 in order to highlight the
p-dependence of the bound.

If u’ € H*(Q) and |[u) — uO| 2@ < Ch? ||u°|| (0> the following estimates are well known to hold:
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NIRB WITH PARABOLIC EQUATIONS

Theorem 2.2 (Corollary of [34, Thm. 1.2]). Let Q be a convex polyhedron. Let u € WH1(0,T; H*(Q2))
be the solution of (2.1) and uy, be the semidiscretized variational form (2.6). Then

t
H2(Q)+/O l[uell 2 ds], (2.9)

W20, u(®) — (0] ey < OB Ju

where C' does not depend on .

Once fully discretized on a fine mesh with the backward Euler Galerkin method, the estimate (2.9)
is replaced by the estimate below.

Theorem 2.3 (Corollary of [34, Thm. 1.5]). Let Q be a convex polyhedron, and let the solution of (2.1)
u be in WHL(0,T; H2(2)) N W2L(0,T; L*(Q)) and u} be the solution of (2.7). We have

Vn = O,... ,DWT,
tn

t'/L
) = il ) < O[] oy + [ Nl 5] +€ At [ fualagay ds. (210)
On the energy error estimate, the following theorems hold.

Theorem 2.4 (Corollary of [34, Thm. 1.4]). Let §2 be a convex polyhedron, and let the solution of (2.1)
u be in HY(0,T; HY(Q)) N L?(0,T; H*(Q)) and uy, be the semidiscretized variational form (2.6). We
have

1/2
W20, [Vu(t) = Vun®l ey < O[] oy + 16Oy + ([ Tl a@s) |- 21

The estimate (2.11) with the full discretization leads to the following theorem.

Theorem 2.5. Let 2 be a convex polyhedron. Let v € H?(0,T; H' () N HY(0,T; H*(QQ)) be the
solution of (2.1) and let uj be the fully-discretized solution of the variational form (2.6). We have

i , 1/2
m®+<4|mmmmd% ]

tn 1/2
) dtr( [ IVl ds) . @212

Vn=0,...Np, |[Vup — Vu(t")| 20 < C(“)h[H“O’

Finally, using the Crank-Nicolson scheme, we can recover the estimate in H? and AtQG in the L?
norm

Theorem 2.6 (Corollary of [34, Thm. 1.6]). Let Q2 be a convex polyhedron, and let the solution of (2.1)
u be in H*(0,T; H2(Q))NH3(0,T; L?(2)). Let u't be the solution given by (2.8), associated to Crank—
Nicolson discretization on the time and spatial coarse grids. Let Hu% — uOHLQ(Q) < CH? HuOHHQ(Q)

then

VYm = O,.. .,]Vfr,

u@™) — uf]

E?n
2@ = H2(Q)+/0 el 2y ds]

Jusa 3o +(/0 Buley ds) | 213

+CA%KA

Now, let ug" be the quadratic interpolation in time of the coarse solution at time t" € I, =

[t™=1,#7] defined on [™2,£"] from the values u7y 2w, and u}}, for all m = 2,..., Mp. To this

end, we define the parabola on [t7~2 #™] with the values ug 2 qul, uly:

<o)
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For m > 2, Vn € I, = [t™1,t™],

- ul % () 2 | (=1, 7 1
ur"(p) = (;m_{m_Q)(gm_Q_Zm_l)[—(t e A S A A A A
umil a7 om— n mym—
+ (fm—2_fml{1)ig?1—l_fm)[_ ()2 + (™ + Tn-2)gn — gmgm=2)
uyr(w)

+ (zm_l - Zm)(gm - ?m_Q) [_ (tn)Q + (’tvm—Q + Em—l)tn _ tm—th—l] ) (2‘14)

Fort" e I = [ZO, fl], we use the same parabola defined by the values u%, u}{, u%{ as the one used over
[F, t“]. Note that we choose this interpolation in order to keep an approximation of order 2 for all time
steps in F' (it works also with other quadratic interpolations). With this interpolated approximation,

we have the following result.

Corollary 2.7 (of Theorem 2.6). Under the assumptions of Theorem 2.6, let ug" be the quadratic
interpolation in time of the coarse solution, defined above, then

V?’L:O,...,NT,
2 0 "
ey < COR [ o+ [ Ntz s

Fm 1/2 Fm 1/2
+CAR| ([ lun dsltag)  + ([ 18wl ds) | (219)

We will also need the following inverse inequality [34]

Theorem 2.8 (Inverse inequality). Vup, € V4,
vahHL?(Q) <Con! HUhHLZ(Q) : (2.16)

Let us proceed with the NIRB algorithm description in the context of parabolic equations.

3. The Non-Intrusive Reduced Basis method (NIRB) in the context of parabolic
equations

This section describes the main steps of the two-grid method algorithm in the context of parabolic
equations, and especially, how to define the RB using a Greedy algorithm [4] (greedy both in parameter
selection and in time) or a POD-Greedy [20, 21, 26]. For evolution PDEs, a single solution associated
with a parameter u € G is made up of a sequence of potentially hundreds of snapshots over time (each
snapshot being an HF finite element approximation in space at a time ", n =0,..., Np). As a result,
each step in the Greedy algorithm is combined with a temporal compression step, performed by a
POD in the latter version. Let us go over the different steps of our offline-online decomposition. The
first four points are completed offline, while the remaining three points are executed online.

e “Offline step”

(1) We define Girain = Use1,... Nyppn} #i @nd assume that it is large enough so that the space

spanned by the snapshots {u(-,-; Ni)}ie{l,... Nerain} 18 “Tepresentative” enough of the whole
manifold

S={u"(p,t),n€G, n=0,...,Np}.
We refer to [29] for a Greedy algorithm with adaptive choice of optimal training set,
adapted to a target accuracy.
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(2) From the training parameters (Mi)z’e{l,..., Neam)» We compute HF  snapshots
{up (1) Yieq1,... Nuainy With the HF solver.

(3) We generate the RB functions (time-independent) (®7);,—; _n through a POD-Greedy
algorithm from the above snapshots, as presented in Algorithm 3, in Appendix A, or a full
Greedy algorithm as in Algorithm 1, that contains a Gram—Schmidt orthonormalization
procedure. In that case, for each selected parameter p;, ¢« = 1,...,N,, a small number
N of snapshots with different time steps are chosen (see Algorithm 1 with the setting

N, = N to simplify notations). The RB space, with N := Z?ﬁ‘l N, is defined as
J
0 (i

In the following Greedy algorithm, a tolerance threshold is used instead of an a priori
given number of modes.

nfC{O,...,NT},izl,...,Nu,jzl,...,Ni}. (3.1)

Algorithm 1 Greedy algorithm

Input

tol, {up(wi)} with p; € Grain, n € F'={0,...,Nr}}.

Output: Reduced basis {®},..., &%}

Choose 1, nl = argmax, cg, ..., nekF ||“Z(“)||L2(ﬂ> )

Set ®F =

Set Ql

p (1)
H e
= {,ul,nl} and X} = span{®}}.

for k =2 to N do:

Hks

Compute Bf; = u* (i) — S5 (uf (1), 1) 2o @] and set @f =

Nk = argMax, cG, .in\Gy_1,n€F HUZ p — Pk_l(uZ(u))’
. _ Ny _
with P* Yup(p)) := St (un(p), (I)?)LQ(I)?-

2’

h
(I’Ic

= .
FllL2(a)

Set G = Gr—1 U {uy} and X} = inl @ span{®}}.
Stop when Huﬂ( — Pk= L (up(p H < tol, Y € Girain, VN € F.
end for

Note that the Greedy algorithm is generally less expensive (thanks to a posteriori error
estimates), but for time dependent problems, the POD-Greedy might be more reasonable
when the snapshots are computed for all time steps since it avoids performing an additional
forloop on the time steps [21]. Yet, in this algorithm, since an additional rectification
post-treatment can be performed (detailed later), the use of a Greedy algorithm (with an
additional selection over the time steps) Algorithm 1 makes more sens and might lead to
more accurate approximations [16].

After generating the RB functions, we solve the following eigenvalue problem:

Find ®" € X}, and X € R such that:

3.2
VUEX}JLV,/V@h-VvdX:)\/CI)h-vdx, (3.2)
Q Q

where X N = Span{®%, .. @’]([} We get an increasing sequence of eigenvalues \;, and
orthogonal eigenfunctions, still denoted (P )z 1,..,N, which do not depend on time, or-
thonormalized in L?(§2) and orthogonalized in H 1(Q) Note that with the Gram—Schmidt
process, we only obtain an L?-orthonormalized RB.
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(4) To perform the rectification post-treatment, we generate the equivalent coarse snapshots
and rectification matrices with algorithm 2, in analogy with the elliptic case. The coarse
snapshots, which have the same parameters as for the HF one, are now quadratically
interpolated in time (2.14). We resort to the following algorithm.

Algorithm 2 Offline rectification post-treatment
Input: {(UZ(/%); with p; € Gtrain, M € F}7 {ug(ﬂl)7 with p; € Gtrain C G,m € G},
RB {®}},;..
Output: Rectlﬁcatlon matrices R

P, 1<ij<N, n=0,...,Np.

Realize the quadratic interpolation of the coarse snapshots in time, denoted ug", n € F with (2.14).
for n=0,...,Nr do
Calculate the fine and coarse coefficients
Vi=1,...,N, and Vug € Girain, Af,; = Joun"(pk) - " dx, and B, = Joup(pk) - P dx,
Fori=1,...,N, set R = (A")TA" + 6Iy)"1(A™")TB?.
end for

Remark 3.1. In algorithm 1, the term
n _ pk-1/n
) = PE @ ()]

can be calculated either with a set of training snapshots as presented in Algorithm 1 or
evaluated with an a posteriori estimate. Since at each step k, all sets added in the basis are
in the orthogonal complement of X ,lf_l, it yields an L? orthogonal basis without further
processing. In practice, the algorithm is halted with a stopping criterion such as an error
threshold or a maximum number of basis functions to generate.

(3.3)

Remark 3.2. Every time step has its own rectification matrix. Indeed, in our experiments,
the results obtained with a global rectification matrix were less accurate. Because there
are several time steps for each parameter in Giain, Wwe have Ny < N in our context.
Hence, Vn € {1,..., Ny}, A" € RVuainXN ig a rectangular “flat” matrix, and (A™)T A" is
not invertible and requires the parameter § for the inversion. Note that in previous NIRB
two-grid studies, the parameter § was used only as a regularization parameter.

e “Online step”

(5) Now for the online part, we solve the coarse problem (e.g. (2.1) for the heat equation) on
My for a new parameter u € G, at each time step m =0,..., Mp.
(6) We quadratically interpolate in time the coarse solution on the fine time grid with (2.14).
(7) Then, we linearly interpolate w™ (1) on My, in order to compute the L?()-inner product
with the RB functions. The approximation used in the two-grid method is
N

=1

and with the rectification post—treatment step [9, 17], it becomes

R™[u¥,]( ZR p), o) o, (3.5)

where R™ is the rectification matrix at time " (see algorithm 2).

In the next section, we prove the optimal error in L>(0,7T; H*(9)).
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4. NIRB error estimate with parabolic equations

Main result. Our main result is the following theorem.

Theorem 4.1. (NIRB error estimate for parabolic equations.) Let us consider the problem 2.1 with its
exact solution u(x,t; i), and the full discretized solution ull(x; u) to the problem 2.7. Let (®F);—1 N
be the L?-orthonormalized and H'-orthogonalized RB generated with the POD-Greedy 3 or the full
Greedy algorithm 1 from the HF solutions of (2.7). We make the further assumption that the inverse
inequality 2.16 is bounded on XN where XN stands for the continuous version of X}Jl\].

Let us consider the NIRB approximation, defined by (3.4). Then, ¥Yn = 0,..., Nr, the following
estimate holds

[t () = iy ()]

where C1,Ca, C3 and Cy are constants independent of h and H, Atp and Atg. The term e(IN) measures
the error given by (1.7) and depends on the Kolmogorov N -width which shows how well the solution
manifold can be approximated by N dimensional linear reduced spaces.

<e(N)+Ci(p)h + CQ(N)H2 + Cs(pu) Aty + C’4(N)At%;, (4.1)

HY(Q)

Remark 4.2. This theorem can be generalized to P, FEM space, with k£ > 1.

Corollary 4.3 (of Theorem 4.1). Under the same assumptions than Theorem 4.1, and if H is such
as H? ~ h and At% ~ Atp, then (4.1) yields

w(t™) () — ugh ()]

if e(N) is small enough, this inequality states that we recover optimal error estimates in

L>(0,T; H'()).

Vn:O,...,NT,

< e(N) + O(h + At), (4.2)

HY(Q)

Remark 4.4. (V) depends on the Kolmogorov N-width, and we discuss its behaviour as a function
of N in Appendix C.

With the L? norm, we obtain the following theorem.
Theorem 4.5. With the same assumptions as in the Theorem 4.1, with the L?-orthonormalized RB,
the following estimate holds
Atp
T )

where C and C% are constants independent of h, H and N, and €'(N) depends on N, and corresponds
to the L? error between the fine solution and its projection on the reduced space of dimension N.

Vn=0,..., < &(N)+ O (H?* + AtE) + C5(h* + Atp),  (4.3)

L2(Q) =

Remark 4.6. Note that now C) does not depend on N, unlike Cy or Cy above.

We now go on with the proof of Theorem 4.1.
Proof. The NIRB approximation at time step n =0, ..., Ny, for a new parameter y € G is defined
by (3.4). Thus, the NIRB error can be decomposed in three contributions

|u(tn; N) - ug}?(“) |H1(Q)

N, N, N,
< [u(t"s 1) = uh ()] gy + [uh (1) =y (1) 1 gy + L™ (1) = vy ()] g1
=:T1 + T3 + T3,
where the term v
N7
(1) =D (ufh (), @F) @, (4.4)
i=1

is the L2-projection of uf (1) on X}¥.
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e The first term 77 may be estimated using the inequality (2.12), such that
ol 1) = a0, < Clw) (h At). (4.5)
e We denote by S, = {up(u,t),np € G, n=0,...Np} the set of all the solutions. For our model
problem, this manifold has a low complexity. It means that
N
() = Do), ) B
i=1 H(Q)
where (V) depends on the Kolmogorov N-width.
e For the third term T3, let us consider the Greedy approach with a Gram—Schmidt procedure and
an eigenvalue problem (3.2), which yields an orthogonalization in L?(2) and in H'(2). Therefore,

< g(N). (4.6)

N
N, N2 _ 2
" =51 | g = D0 R G0) = " (), @ P 1 s (4.7)
i=1
where up"(u) is the quadratic interpolation of the coarse snapshots on time t", Vn = 0,..., Np,
defined by (2.14). From the RB orthonormalization in Ly(€2), the equation (3.2) yields
2 ) _
98l = A0 gy = A S max A = A,

such that the equation (4.7) yields
N7 n o 1]

Juni” — i 1) < CAN [[uf (i) — um (N)H%Q(Q) : (4.8)
Now by definition of ug"(u) and by Corollary 2.15 and Theorem 2.3, for t" € I,,,

() = 2" () 2y < CH? + A + b+ Aty),
and we end up for equation (4.8) with

" = upyr L) < CVAN(H? + Aty + h + Atp), (4.9)
where C' does not depend on N. Combmmg these estimates (4.5), (C.2) and (4.9), we obtain the

estimate (4.1) and that concludes the proof. In appendix, Section C, the reader may see the values of
An obtained for the heat equation and for the Brusselator. [ |

We proceed with the proof of Theorem 4.5.
Proof. In analogy with the H' estimate, we have Vn =0, ..., Np,

H ") — UHh (N)’ £2(9)
N, N,
< Nt 1) = b0 L2y + k) = i 0| g + i G0) = w2l ()| g
=T +Tr + T5.
e For the first term 77, it follows from Theorem 2.3 that

Ty < C(h* + Atp). (4.10)
e As with the H! estimate, T» can be estimated with equation (4.6) and thus, for an accuracy
g/ =¢'(N) < e(N) (where e(N) bounds the H! error)

Ty <€ (4.11)
e For the last term T3, by L?-orthonormality,

N
J= D) — (), VR |
=1

< C b () =y ()22

‘ UN n<lu) uN n ‘
hh Hh ( 12(9)
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Note that, the dependence in N is removed in the previous inequality. By Theorem 2.13 and triangle
inequality, it leads to

uns () = i ()] e (H? + At + B2 + Atp). (4.12)
Combining (4.10), (4.11), and (4.12) concludes the proof. |

5. Numerical results

In this section, we have applied the NIRB algorithm on several numerical tests. For each case, we
compare the plain NIRB errors (without the rectification post-treatment) with the rectified NIRB
errors given by algorithm 2:

e first, on the heat equation (2.1) with Atg ~ H ~ 2 h ~ 2 Atp. Note that in some situations,

because of the constants Cy and Cj in the estimate of Theorem 4.1, the best size for the coarse
mesh may not be At};/z.

e then, on the heat equation with At ~ H ~ Vh ~ Atp.
e finally, we also tested our problem on a more complex problem, the Brusselator system.

We have implemented both schemes (Euler and Crank-Nicolson) using FreeFem-++ (version 4.9)
[23] to compute the fine and coarse snapshots, and the solutions have been stored in VTK format.
Then we have applied the plain NIRB and the NIRB rectified algorithm with python, in order to
highlight the non-intrusive side of this method (as in [16]). After saving the NIRB approximations
with Paraview module on Python, the errors have been computed with FreeFem+-+. These tests
are available on GitHub https://github.com/grosjeanl/parabolic, and the NIRB method is also
available on Feel++[31].

5.1. The heat equation with Atg ~ H ~2 h ~2 Atp
5.1.1. Convergence results

We have taken the parameter set G = [0.5,9.5].
Note that for u = 1, we can calculate an analytical solution, which is given by

u(t,x;1) = 10(t + 1)2*(1 — 2)%y*(1 — y)?, (5.1)
for a right-hand side function
Ft,x) = 10[2*(z — 1)**(y — 1)* = 2(t + 1)((62° — 62 + 1)(y*(y — 1)?) + (6y* — 6y + 1)(2*(z — 1)*))],

where x = (z,y). The initial solutions solve the elliptic equation (with homogeneous Dirichlet boundary
conditions)

—plug = fo, with fo(a) = —20[(62° — 62 + 1)(y*(y — 1)) + (6y” — 6y + 1)(2*(z — 1)%)].
As a result, we have employed for = 1 the Ritz projection (2.5) to compute the initial solution u$
with u® = u(0,x;1) as in (2.6).
We have retrieved several snapshots on ¢t = [0, 1] (note that the coarse time grid must belong to the

interval of the fine one), and tried our algorithms on several size of meshes, always with Atp ~ h and
Atg ~ H (both schemes are stable).
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We have first taken 18 parameters in G for the RB construction such that u; = 0.5¢, i = 1,...,19, i #
2, and the true solution (5.1), with 4 = 1. In 5.1 and 5.2, we present the errors of the FEM solu-
tions and compare them to the ones obtained with the NIRB algorithms with N = 5 to observe the
convergence rates.

We recall that the rectification post-processing step is done for each time step and that the corre-
sponding NIRB method is given by (3.5), where the rectification matrix R may be seen as a family of

2nd-order tensors indexed by n.
The NIRB error in the [°°(0,..., Np; Hg(€)) norm is defined as

e =3 v 5.9

Y

(W)l o,....N7; 12 ()
and with the rectification post-treatment we have

|u(1) = Rub,

1
]( )Hzoo(o,...,NT; HJ(Q)) (5.3)
HU<1)H100(0,...,NT; HE ()

where R[ud,] is defined by (3.5), and these relative errors are compared to the FEM ones defined
(resp. for fine solutions and coarse ones) as

Hu(l) _’U‘h(l)Hloo(O,,]VT7 Hé(ﬂ)) an ||u(1) - uH(1)||l°°(0,,MT, Hé(ﬂ)) (5 4)
Hu(l) HZOO(O,...,NT; HS () Hu(l) Hloo(07.”’MT; H&(Q))
Relative 1°(0, ..., Ny; H}(Q)) errors
FEM errors NIRB errors
] Fine relative error —e— NIRB =
] Coarse relative error :_’__ :'RB + rectification r

12(0, ..., Mr; H3(Q))
---= h

Error (log scale)

107

Error (log scale)

2 -~ o =3
1075 # # rlo
T 1 T 1 T T 1 1
0.010 0.02 0.05 0.100 0.010 0.02 0.05 0.100
h (size of the fine mesh) h (size of the fine mesh)

FIGURE 5.1. Atg ~ H ~ 2 h ~ 2 Atp. Convergence rate for p = 1 (as a new
parameter): FEM L>(0,..., Ny; H}(Q)) (fine) and L>(0,..., Mp; H}Q)) (coarse)
relative errors (5.4) for several sizes of mesh (left) compared to the NIRB method with
(N =5) and without the rectification post-treatment (N = 5) (right) (5.3)

We plot the 1°°(0, ..., Np; L?(2)) relative errors in Figure 5.2.
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Relative 1¥(0, ..., N1; L2(Q)) errors

FEM errors NIRB errors

L

—e— NIRB

—&— NIRB + rectification
—-—— h2

-
o
>

10

Fine relative error
Coarse relative error
12(0, ..., Mr; L%(Q))
— ]

——

Trorrrmm

H
S

107

rororrmm

107

Error (log scale)

rrorrrrm

10°

rrorrmm

1075

T T
0.02 0.05
h (size of the fine mesh)

T T T T
0.02 0.05 0.100 0.010

h (size of the fine mesh)

T
0.010

Error (log scale)

FIGURE 5.2. Atg ~ H ~ 2 h ~ 2 Atp. Convergence rate for y = 1 (as a new param-
eter): FEM L*(0,..., Np; L*(Q)) (fine) and L*°(0,..., Mp; L?*Q)) (coarse) relative
errors (5.4) for several sizes of mesh (left) compared to the NIRB method with (N = 5)

and without the rectification post-treatment (N = 5) (right)

TABLE 5.1. Relative errors in [°°(0, ..., Ny; H{(£)) over the parameters (NIRB errors
with H ~ 2h compared to the true RB projection (4.4) and to the FEM fine and coarse

projection) with N =5 with A = 0.01

.....

NIRB rectified error

max
Megtrain\{0-579-5}

.....

1.63620 x 102

-----

NIRB error (without rectification) max
Megtrain\{0.5,9.5}

,,,,,

1.65037 x 102

AAAAA

RB projection

max
Megtrain\{0-579-5}

1.63617 x 102

,,,,,

Fine FEM projection max

Hegtrain\{0.5,9.5}

1.63617 x 102

,,,,,

Coarse FEM projection

max
Hegtrain\{0.5,9.5}

3.58067 x 1072

Then, we have taken 19 parameters in G for the RB construction such that u; = 0.5¢, : =1,...

.19

and have applied the “leave-one-out” strategy. It involves removing each training test parameter from
the RB in order to obtain its associated NIRB approximation. It allows us to evaluate the NIRB
algorithm with respect to the parameters. Table 5.1 presents the maximum [*°(0, . .., Ny; H{(Q2))-error
of the NIRB approximations over the parameters. To represent the true solution, we have computed
a [Py reference approximation u,.f(i) on a finer mesh with h,er ~ At,cr = 0.0025. We have excluded

0.5 and 9.5 to not extrapolate over the parameters.
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5.1.2. Time execution (min,sec)

We present the FEM and NIRB run-times in Table 5.2.

TABLE 5.2. FEM and NIRB run-times (N = 10)

FEM high fidelity solver | FEM coarse solution
00:03 00:02

NIRB Offline Rectified NIRB online
1:45 00:02

5.2. The heat equation with H? ~ h ~ At ~ Atp
5.2.1. Convergence results

As previously, we display the convergence rate of the FEM approximations (left) and of the NIRB
approximations (with and without rectification and with N = 5) in Figure 5.3. For all meshes, we
choose ;1 = 1 and as expected, we observe that both NIRB [*°(1,..., Ny; H}(Q)) errors converge in
O(h + Atr), and we retrieve the HF accuracy with the rectified NIRB approximation.

Relative 1(0, ..., Ny; H}(Q)) errors
FEM errors NIRB errors
Fine relative error —e— NIRB

0°

-

10 —— NIRB + rectification

h

Coarse relative error
12(0, ..., Mr; H3(Q))

1
T Trrrrrd

T

107

LA
9

Error (log scale)
Error (IBg scale)

T Trorrrrr

1024 = c1o

1 | 1 | 1 1 1 |
0.010 0.02 0.05 0.100 0.010 0.02 0.05 0.100
h (size of the fine mesh) h (size of the fine mesh)

FIGURE 5.3. H? ~ h ~ At% ~ Atp. Convergence rate for 4 = 1 (as a new param-
eter): FEM L>®(0,..., Np; H}(2)) (fine) and L°°(0, ..., Myp; HEQ)) (coarse) relative
errors (5.4) for several sizes of mesh (left) compared to the NIRB method with (N = 5)
and without the rectification post-treatment (N = 5) (right) (5.3)

We also plot the [*°(1, ..., Np; L?(2)) errors in Figure 5.4. Finally, in order to evaluate the NIRB

algorithm with respect to the parameters, Table 5.3 presents the maximum [*°(1, ..., Np; H (Q2))-error
of the approximations over the parameters.
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Relative 1¥(0, ..., N1; L2(Q)) errors

FEM errors NIRB errors
10°3 Fine relative error —e— NIRB - 100
3 Coarse relative error - :LRB + rectification E
17 150, o My L2Q) E
1 - b2 ™ C
1014 —— H? 5 Lo
T 1 i E &
T - T3
9 - T
n e 3
guog 7 g1028
5 7 -
- P o
107 4 E107
107 Vel o £10¢
T T T T T T T T
0.010 0.02 0.05 0.100 0.010 0.02 0.05 0.100

h (size of the fine mesh) h (size of the fine mesh)

FIGURE 5.4. H?> ~ h ~ Até ~ Atp. Convergence rate for p = 1 (as a new param-
eter): FEM L*(0,..., Np; L*(Q)) (fine) and L>(0,..., Mp; HIQ)) (coarse) relative
errors (5.4) for several sizes of mesh (left) compared to the NIRB method with (N = 5)
and without the rectification post-treatment (N = 5) (right) (5.3)

TABLE 5.3. Relative (°°(0,..., Np; H}(Q)) errors over the parameters (NIRB errors
with H ~ h'/? compared to the true RB projection (4.4) and to the FEM fine and
coarse projection) with N =5 with h = 0.01

NIRB rectified error max = —————— 1.63620 x 1072
1€Gtrain\{0.5,9.5} ”“Tef(“)HLw(o ..... Nps HL(9)
||Uref(l‘)7u11\;h(,u')|| o gl
NIRB error (without rectification) max PO M Ao 1 6.23300 x 1072
#€Gtrain\{0.5,9.5} ”uref(“)Hm(o ,,,,, Ny HL(9)
”uref(.ul)fuhNh(ﬂ)H oo . gl
RB projection max 20 N g () 1.63617 x 1072
KEGtrain \{0.5,9.5} H“Tﬂf(“)HlOO(o ,,,,, Np; HL(Q)
Huref('u')fuh(u)” ) .gl
Fine FEM projection max 20 i Hp €2)) 1.63617 x 1072
1€Gtrain\{0.5,9.5} H“’“ef(“)HzOO(o ..... Npi HL(9)
||uref(u)_uH(ﬂ)|| o .yl
Coarse FEM projection max 220 M By () 1.55981 x 1071
1#E€Gtrain \{0.5,9.5} HuTef(“)HzOO(o ,,,,, Mp; HE(9)

In Figure 5.5, the maximum H{ () errors are displayed for g = 1 and different number of modes
N, and we observe that the errors without the rectification post-treatment increases with N due to
the role of the constants Cy and Cj in the estimate of Theorem 4.1, whereas with the post-treatment
they remain stable.
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Relative H} errors with NIRB algorithm

NIRB with h=H/2 NIRB with h =H?
0.16— . : 016 e
—— NIRB+rectification
NIRB —— NIRB+rectification
FEM fine relative error NIRB
0.10— 0.10— FEM fine relative error

--=- FEM coarse relative error i
-—- FEM coarse relative error

0.04— 0.04—

Error (log scale)

Error (log scale)

0,02+ \ 0.02 \

8
Number of modes Number of modes

FIGURE 5.5. For h = 0.01: H = 2h (left), h = H? (right) p = 1, NIRB relative H}
errors and rectified NIRB (+ rectification post-treatment) H{ compared to FEM errors
with different modes N

Remark 5.1. We may also consider NIRB aproximations of (2.7) under the form
N N
W (k) = > af (") @f4(x), n >0, (5.5)
i=1

with (@} ;)i=1,.. v time-dependent basis functions. This time, the Greedy algorithm 1 is executed for
each time step and thus, this method is less efficient (in term of storage) since we have to store N

times the number of time steps of the reduced basis.
With this decomposition, we obtained the following results (see Figure 5.6).

5.2.2. Time execution (min,sec)

We present the FEM and NIRB run-times in Table 5.4.

TABLE 5.4. FEM and NIRB run-times (N = 10)

FEM high fidelity solver FEM coarse solution
00:03 00:01
NIRB Offline classical rectified NIRB online
1:32 00:02
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Relative H} errors with NIRB algorithm (other decomposition)

NIRB with h= H/2 NIRB with h =H?
0.16 . 0.16—
—— NIRB+rectification
NIRB —— NIRB+rectification
FEM fine relative error NIRB
0107 - FEM coarse relative error 0107 FEM fine relative error
--—- FEM coarse relative error
@ o)
£0.04 2 0.04—
4
0.02— & 0.02—
\ \

8
Number of modes Number of modes

FIGURE 5.6. For h = 0.01: H = 2h (left), h = H? (right) p = 1, NIRB relative H}
errors and rectified NIRB (+ rectification post-treatment) H{ compared to FEM errors
with different modes N using the other NIRB decomposition (5.5)

5.3. Comments on the results

e On the first tests, with Atg ~ H ~ 2 h ~ 2 Atp, we observe the following facts:

— with and without the rectification post-treatment, the method converges in O(h + Atp),
as expected from the estimates of Theorem 4.1 for the plain NIRB (see Figure 5.1).

— we obtain the same accuracy as with the HF solutions in the H} norm in both cases.

— we find an optimal L? error estimate for the NIRB with the rectification post-treatment,
in O(h? + Atrp), whereas the error for the plain NIRB is not enhanced by the NIRB
algorithm (compared to the coarse FEM approximation), as predicted by Theorem 4.5
(see Figure 5.2).

The rough mesh size is finer than v/h. In that case, the plain NIRB algorithm is sufficient to
retrieve the optimal H! accuracy.

e Then, on the heat equation with At% ~ H ~ \/h ~ Atp, we remark that

— with both algorithms, the error converge in O(h + Atrp) (see Figure 5.3).

— The plain NIRB method allows us to reduce the H{ error compared to the coarse FEM
approximation. Yet, the fine accuracy is recovered only while adding the rectification
post-treatment.

— We retrieved the rates of convergence expected from Theorem 4.5 in O(h? + Atp), yet
only the NIRB with the rectification post-treatment yields an accuracy very close to the
HF ones (see Figure 5.4).
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TABLE 5.5. Relative [*°(0, ..., Np; HY(Q)) errors (and [°°(0, ..., Mp; H(Q)) for the
coarse ones) with leave-one-out strategy N = 30

‘ Parameters a-b-a ‘ Fine error ‘ Coarse error ‘ True projection uhNh ‘ NIRB + rectification ‘ classical NIRB ‘

3-2-0.002 454 x 1072 1.70 x 1071 4.56 x 1072 5.07 x 1072 1.54 x 1071
4-2-0.01 3.54 x 1072 | 1.75 x 1071 3.79 x 1072 6.01 x 102 1.30 x 10T
4-3-0.005 3.80 x 1072 | 1.86 x 1071 3.80 x 1072 3.97 x 102 1.69 x 1071
4-4-0.0002 5.04 x 1072 | 8.56 x 1072 5.04 x 1072 5.04 x 1072 8.90 x 1072
5-2-0.001 484 x1072] 1.712 x 1071 4.83 x 1072 6.24 x 1072 1.66 x 10T
5-3-0.008 3.61x 107 2] 1.73x 1071 3.61 x 1072 3.61 x 102 1.71 x 1071

5.4. The parameterized Brusselator equations

The Brusselator problem [30] involves chemical reactions. It is a more complex test from a simulation
point of view. The chemical concentrations in this problem are controlled by parameters throughout
the reaction process, making it an interesting application of a NIRB method. Let us introduce the
Brusselator problem in a spatial domain €2 = [0, 1]2. The nonlinear system of this two-dimensional
reaction-diffusion problem writes

Our = a +ugul — (b+ ug + aAuy, in Q x]0,T]

Opug = buy — u1 u3 + aAus, in Q x 10,77,

u1(x,0) = u(x) = 2 + 0.25y, in (5.6)
u2(x,0) = vo(x) = 1 + 0.8z, in Q, '
Opuy = 0, 09,

Onuz = 0, o90.

We now have to deal with a nonlinearity as well as two unknowns. Our parameter, denoted pu = (a, b, @),
belongs to [2,6] x [1,8] x [0.0001,0.05]. We have taken an ending time 7' = 5. These parameters are
standard [30] and we note that, for b < 1+ a2, the solutions are global, and for o small enough, they
converge to (ug,v;) = (a, g)

We use an Euler implicit scheme for fine solutions with the Newton algorithm to deal with the
nonlinearity and a Runge-Kutta 2 (RK2) scheme for the coarse mesh. Indeed, solutions blow up with
an explicit Euler scheme, whereas they remain stable for our parameters with an order 2 scheme.

We have randomly chosen 8 training parameters and have applied a “leave-one-out” strategy (we
have excluded from the tested parameters the set extremities). A sign of a good reduced basis is
the estimation of a small Kolmogorov N-width by rapid decay of projection errors of these training
solutions onto the N-dimensional RB space. In figure 5.7, we see the maximal relative projection errors
in 1°°(0,..., Np; HY(Q)) norm as a function of N.

We have employed a refined mesh to represent the solution of reference (with h,.y = At,.y = 0.005).
In Table 5.5, we have compared the 1°°(0,..., Np; H'(Q)) error of the fine FEM solutions to the
corresponding NIRB errors with and without the rectification post-treatment with N = 30 modes
with h = 0.02 = Atp ~ H? = At?, (AT = H = 0.2). In order to then observe the effect of the
number of modes N on the NIRB approximation, we plot the errors of the NIRB approximation
with and without the rectification post-treatment and of the FEM fine and coarse approximations in
Figure 5.7 and compare the errors to the true projection for the worst-case scenario (with a =4, b = 2
and a = 0.01).

In 5.8 follows the NIRB rectified solution for N = 10 modes at time T = 5 for the two variables u;
and wup with the parameter (a,b, o) = (3,2,0.002). The approximation is close to (a, g) = (3,2/3) as
expected.
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Relative NIRB errors
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FIGURE 5.7. Worst-case scenario: test with (°°(0, ..., Np; H'(2)) relative errors with
a new parameter (a,b, ) = (4,2,0.01), to =0, T =5, Q = [0,1] x [0,1] (NIRB errors
compared to fine and coarse FEM errors)
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F1GURE 5.8. NIRB rectified approximations (u; (left) and ug (right)) for 7' = 5 with
N = 10 modes (close to (a, 2) =(3,2/3))

5.4.1. Time execution (min,sec)

Finally, the computational costs are significantly reduced during the online part of the algorithm as
highlighted by this example. Indeed, since there is a nonlinearity, the system must be solved with
several iterations for each time step, and thus is quite expensive for a HF approximation. We recall
that with an explicit Euler scheme, the solution blows up whereas with the RK2 scheme (without
iteration), the solution converges to the expected values (a, 2).

a
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We present the FEM and NIRB run-times in Table 5.6.

TABLE 5.6. FEM and NIRB run-times (N = 10, h:min:sec)

FEM high fidelity solver FEM coarse solution
00:04:52 00:00:02
NIRB Offline classical rectified NIRB online
01:53:00 00:00:04

6. Conclusion

In this paper, we extend the NIRB 2-grid method to parabolic equations. For this purpose, the of-
fline part of the algorithm is modified allowing a compression of the solutions in both directions of
parameters and time. The RB functions are time independent and the NIRB accuracy is improved by
a time-dependent rectification post-treatment described in Section 3.

In Section 4, we prove that we recover optimal estimates for the NIRB approximations in
L>=(0,T; H'(R2)) on a model problem, which is the heat equation. Our main result is given by Theo-
rem 4.1 which announces the precise L>°(0, T; H'(Q2)) error estimate. We also prove an L>(0, T; L*(Q2))
estimate.

Finally, we present in Section 5 several numerical results on the heat equation and on the Brusselator
problem, that are consistent with the theory. On the heat equation, we have tested the method with
several grid sizes: Atg ~ H ~ 2 h ~ 2 Atp and then with AtZ, ~ H ~ Vh ~ Atr. We observe, as
described in Section 5.3, that the HF accuracy is recovered with the rectification post-treatment in
both cases, in the L>(0,T; H*($2)) norm. Without this post-treatment, the NIRB method reduces the
error and retrieves the fine accuracy in the first case. The optimal convergence rates are recovered in
both cases. We also illustrate the method with several results on the L?(£2) norm and demonstrate its
efficiency to retrieve the HF accuracy with the rectification post-treatment.

The brusselator problem is more complex than the heat equation from a simulation standpoint. As
a matter of fact, we observe that more RB functions are required to retrieve the fine precision (see
Figure 5.7). Yet, we still observe very good results as presented in Table 5.5 thanks to the rectification
post-treatment. Indeed, with a leave-one-out strategy, we observe with At2G ~ H ~ /h ~ Aty that
it yields the fine accuracy in almost all cases presented in table 5.5 and that the NIRB error with
this post-treatment is very close to the fine error in the worst-case scenario.These tests highlight the
great capability of this method in reducing simulation costs: run-times are indeed significantly reduced
compared to an HF evaluation, as observed in Table 5.6.
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Appendix A. POD-Greedy algorithm

Algorithm 3 POD-Greedy algorithm

Input: Npae, {ufi(p1),. . up (ENya,) With 1 € Guain, n=0,..., Np}.
Output: Reduced basis {®},..., ®%} N < Nz

Choose i = argmax,.cg,... (i)l (0...vr: £2(6)

Then produce the modes {®f, ..., ®% } through a POD on {u}(su1), n=0,...,Np}.
Set Gy = py and X} = span{®},.. .,CID}J(,I}.

while Y , Ni. < Nyae do

Tun Moo o, Npsz2 )
. _ N
with P*=Y(up () == S50 (un (i), @) 12 @8,
Then produce the modes {(I)?kaﬁl’ e <I>’]L\,k} through a POD on
{UZ(:U‘IG) - Pk_l(uZ(Mk))v n= Oa ERE) NT}
Set Gr = Gr_1 U ug and X}’f = X;f_l ® Span{@ﬁil, . ,@%k}.
end while

Choose ui = argmax, cGe.i,\\Gr_1

)

Appendix B. Proof of Theorem 2.5

Proof. We first decompose the error with two components 6 and p such that
Vn=1,...Np, " = /u(Vup — Vu(t")) = /u((Vuy — VPru(t™)) + (VPLu(t™) — Vu(th))),
=/p(Vo" +Vp"). (B.1)
e For the estimate on p", a classical FEM estimate [3, 34] is
1, 1, 2 2 1

|t 'UHLQ(Q) +h |V (Pl ’U)HLQ(Q) < OR? |[v]l oy, Vo € H2 N H],

which leads to
IVl 12) < ChIlu)| g2y, Y =0,... Nr,

and then to

tn
V0" ) < OB oy + [ Ttz - (B.2)

e For the estimate on 6, let us consider v € V. Since the operators P,% and 0 commute, we may write
(00", v) + u(VO™, Vo) = (Oull,v) — (PLou(t™),v) + u(Vuy, Vu) — u(VPLu(t™), Vo).
The weak formulations (2.2) and (2.7) (fully-discretized solution with the Euler scheme) imply
(80", 0) + u(VO", Vo) = (f,0) — (PLu(t™), v) — (Y PLu(t™), Vo),
= (f,v) — (PLou(t™),v) — w(Vu(t"), Vv), by definition of P!,
= (w(t"),v) — (P 0u(t"), ).
Then, with the triangle inequality, it yields
(90", 0) + p(VO", Vo) = —((Py — DJu(t"),v) — ((Qu(t") — us(t")),v)
= —(w] +wy,v) = —(w",v). (B.3)

Instead of replacing v by 6™ as in the L? estimate, here we replace v by 90", thus the equation (B.3)
takes the form

(96", 00™) + u(VO™, aVO™) = —(w", D™).
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Therefore, by definition of 9 for the Backward Euler discretization,
IV 2y (VO VO

(00™,00™) + 1 Alp —u Air = —(w",00™).
Ta
Young’s inequality yields
1
n n—1 (|2 on— 1
(V6" V") < 190" Eagey + 5 [ V0"
therefore
2
— 2 V67120 V0" 2 1 9 L1502
Haa ) P oA, F oA, s To s glw HL2<Q>+2H89 r2(Q)’
and it results in
2
2 V61720 V0" 20 n
Hae ’LQ(Q) w Air <up Aty + w720
— 2
Since H@O” > 0, it follows that
L2(Q)
At
_ n n—1 F n| 2
¥n=1,....Nr, [|V0"2:0) < Hve L2(Q)+7Hw 1320 »

and we recursively obtain

LA
Wn=1,...,Np, [V6"|22iq) < Hveo =k

o g

By definition of 6 (and P}}),
9]0, = 728~ T BE )

L2(Q) = HVu2 B Vu(t())‘ L2(Q

+Chu]

) + HVUO - VP,}(UO)‘

L2(Q) L2(Q)

< HVU?L - Vuo‘

L2(Q) H2(Q)
It remains to estimate the L? norm of the w’, defined by (B.3).
— Let us first consider the construction for wq

= (P! — Dou(t’)

1 v
Atp(Ph I)/t ug ds,

j—1

1 &
= Arn / (Pl — Iuy ds, since P} and the time integral commute.
F Jgi-1

Thus, from Hoélder’s inequality,

AtF Z H o0 < L Xn:/ AtF /ti ((P}} — I)ut)2 ds Atp]

tn
h4/0 el 20y ds. (B.4)
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— To estimate the L? norm of the wsy, we write

w) = () — u(® ) — wi(t),

AtF ti—1
such that we end up with
2
Atp At [t 2
3l D ol [T WO R
L2(Q)
Combining the estunates on p and 0 concludes the proof. |

Appendix C. Remarks on Ay and ¢(N)

Let us start with the N-behavior of the maximum eigenvalue Ay. First of all let us remind that, in
this paper, we have considered h small enough so that all finite element errors are negligible with
respect to the target accuracy that is expected. In this spirit, we consider that the reduced modes,
and the eigenvalues all converge to “continuous” entities as the finite element discretization improves
(h — 0). This allows to state that, what we named X ]le in the paper almost coincide with the associated
“continuous” entities, i.e. the reduced space Xy (similarly, the discrete eigenvalues \; are close the
their continuous counterparts).

We present in Table C.1 the values of v/Ax (more precisely /\?V) for N =1,...,10 in both cases,
the heat equation and the Brusselator. Of course, all eigenvalues, in particular Ay, are larger than
the inverse of the squared Poincaré constant since for any v € H}(Q), ||v| r2@) < C IVl 12 (q)- More
importantly, the maximum eigenvalue appears in the inverse inequality for functions in Xy, meamng
that

Vo € XN, [Vollpai) < VANl (C.1)

TABLE C.1. Values of /Ay defined in (3.2) and appearing in the inverse inequal-
ity (C.1) (for N =1,...,10,21,...,30)

N = 1 2 3 4 ) 6 7 8 9 10
Heat equation || 4.44 8.89 9.94 | 13.34 | 14.16 | 16.04 | 21.19 | 22.48 | 30.95 | 58.58
Brusselator 0.04 | 34.85 | 87.66 | 131.76 | 191.78 | 197.26 | 199.04 | 206.96 | 232.37 | 233.83

N = 21 22 23 24 25 26 27 28 29 30
Heat equation || 389.41 | 389.96 | 393.61 | 394.51 | 395.47 | 396.52 | 397.64 | 400.90 | 401.50 | 402.36
Brusselator || 294.04 | 297.39 | 314.95 | 324.08 | 331.77 | 336.42 | 341.12 | 341.61 | 342.48 | 342.93

Naturally, /Ay increases with N, however, for both equations, it looks like from our numerical
simulations, that it is saturating around 300 - 400. This is consistent with the intuition that, over the
set S of all solutions to the parameter dependent problem ((2.1) or (5.6)), when the parameter varies
in some compact set, the inverse inequality, that we conjecture:

Conjecture. Yo € S, [|[Vvl| 2y < Cl|v[|r2(q), holds for some positive constant C.

We then proceed with €(N), i.e. the proxy of the Kolmogorov N-width, given by the error between
the elements in & and their approximation by the orthogonal projection on Xpy. Actually, there
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are numerous approaches for handling these approximations, which stem from the definition of the
projection operators and the norms in which the approximations are evaluated.

We thus introduce the operators I1%; and IT}, defined as the L?(2) and H' () projection operators
on the space Xy spanned by the RB {q)f}lN

Due to the L%-normalization of the RB, and (3.2), I, and II}; verify

N N (I)’-‘
Vue L2(Q), Myu:=>» i=1(u,®)2q) @, and Yue H'(Q), Myu:i=> (u,®) @ ~*-
i=1 Ai

The assumption we made on S is that

% i=argmax,cg Hu — HS}VUHB(Q) and el i=argmax,cg Hu - HJIVUHHl(Q)
both decrease rapidly (note that &%, < e}).

Of interest may also be to consider the quantities (as in the proof of Theorem 4.5 in the present
paper), ek = argmax, g ||u — H}VUHLQ(Q) and €% := argmax, ¢ ||u — H(])VuHHl(Q).

First of all, let us remark that ek < ek, since the L?(Q)-norm is upper bounded by the H*(€2)-norm.
Then, we split ||u — Q|| H1() into two contributions:

Hu B Hg)quHl(Q) - H(I —Iy)u+ (Iy - Hg]V)uHHl(Q) ’

< o = My, ) + 0 = D],

<el+VAn H(HJIV — H(])V)UHLQ(Q) ,from (C.1)

<el+ VAN(EY + el

which yields
N
Ty = |[ufp (i) = > (ufi(n), D7) ®F <¢&'(N), (C.2)

=1 H(Q)

with &/ (N) < e} + VAN (X + k). In addition if €& =~ ek, we obtain
T2 < 8]1\[ + 2\/ )\NE(]JV.

In order to better appreciate the different behaviours of 59\,, 5]1\,, 69\/[ and 5}\/, we have performed
some numerical experiments on these quantities, both for the heat equation and the Brusselator. We
report in Figures C.1 and C.3, the N-convergence concerning s?v and 511\/, for both cases. We can see
that both quantities are rapidly decreasing, at about the same rate. Similarly, we report in Figures C.2
and C.4, the N-convergence for 59\/, and 5]1\, in both cases. We can see that these quantities are rapidly
decreasing, at about the same rates for 59\, and 5]1\/, on the one hand and €} and z—:% on the other hand.
Second, we observe that the ratio between these quantities scale as one might expect, i.e. \/ms(])v ~ 5}\,
(but this is just a conjecture, not so important in the frame of this paper).
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FIGURE C.1. Heat equation: relative error for €% (left) and £} (right) as a function
of N=1,...,30 with h = 0.01

Relative /°(0, ..., Ny; H(Q)) errors

—no —nl
- [lu = Myullaro llu = Myullk o -
True projection (on HY) True projection (on HY)

1072 ~1072
) o
© ©
& &
21074 r1078
8 8
] i

105 ~10-°

107° T T T | T T T T T -107°

2 4 6 8 10 2 4 6 8 10
N (Number of modes) N Number of modes)

FIGURE C.2. Heat equation: relative error for €% (left) and e} (right) as a function
of N=1,...,30 with h = 0.01
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