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Bifurcation of Limit Cycles from Boundary Equilibria in
Impacting Hybrid Systems™
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Abstract. A semianalytical method is derived for finding the existence and stability of single-impact periodic
orbits born in a boundary equilibrium bifurcation in a general n-dimensional impacting hybrid
system. Known results are reproduced for planar systems and general formulae derived for three-
dimensional (3D) systems. A numerical implementation of the method is illustrated for several 3D
examples and for an 8D wing-flap model that shows coexistence of attractors. It is shown how the
method can easily be embedded within numerical continuation, and some remarks are made about
necessary and sufficient conditions in arbitrary dimensional systems.
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1. Introduction. Differential equations with nonsmooth components occur in various situ-
ations. They arise in mechanical systems with scenarios of dry friction [9], impact [12, 20], and
freeplay due to abrasion [9]; they also arise in electronic circuits, biological systems, and control
engineering (see, e.g., [7, 18]). A general framework for piecewise-smooth dynamical systems
was introduced in the book [7], in which phase space is partitioned into regions of smooth dy-
namics separated by codimension-one switching manifolds. The degree of smoothness across
each such boundary determines a class of dynamical systems—for example, piecewise-smooth
continuous systems Filippov systems and impacting hybrid systems—which in turn lead to
unique kinds of discontinuity-induced bifurcations (DIBs). See [2, 14] for an overview of recent

developments. In this paper we shall focus on hybrid systems for which in the overall system AQ1

there is a discrete reset map applied at each boundary.

The simplest kind of DIB corresponds to a so-called boundary equilibrium bifurcation
(BEB), where, under variation of a parameter, an equilibrium of one of the smooth com-
ponents of phase spaces approaches a switching manifold. At nearby parameter values, we
may find a pseudoequilibrium, which is not an equilibrium of the free dynamics, but of the
flow constrained to the boundary. Much progress on analysis of BEBs has been made in
two-dimensional systems [8, 23, 24]. In the case of planar (Filippov) piecewise-linear sys-
tems, significant recent progress has been made by Carmona and collaborators [3, 4, 5] on the
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2 HONG TANG AND ALAN CHAMPNEYS
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Figure 1. Sketch of airfoil model; see the text for details.

number of limit cycles that can coexist. A strict upper bound of 8 was found, which reduces
to 1 in the absence of sliding. The particular unresolved question that we address in this
paper regards BEBs in higher-dimensional systems. As we shall see, this is a difficult ques-
tion in general, not least because there is no known general dimension-reduction method for
piecewise-smooth systems [15]. Instead, we shall seek a semianalytic method that can trace
curves of LCOs bifurcating at a BEB. Our work is motivated by the following example, which
arose in our recent work on an eight-dimensional aircraft wing-flap model.

1.1. Motivating example. Some recent numerical results for a simplified airfoil model
[27] are illustrated in Figure 1. Due to the rotary freeplay in the hinge between the flap and
main body, such a system can be modelled as an impacting hybrid system, where a reset map
is applied when the flap hits the stop. The equations of motion can be written in the form

(1.1)
x=R(x) for|zs| =5,

{)’( =A(U)x+G(U) for |z3| <,

where x = [C,a,ﬁ,é,d,ﬁ',wl,wg]T, among which « and 8 measure the rotary pitch and flap
motion, respectively, and ¢ is the dimensionless heave motion. The parameter U is the dimen-
sionless air velocity, and § characterizes the amount of flap freeplay. The variables wy and wo
are augmented variables that capture the so-called Theodorsen aerodynamic interactions [28].
The matrix A,f specifies the dynamics of the airfoil when the flap is in freeplay. The reset map
R(x) is an affine map that maps the {|z5 | = d,sign(z3 )i5 > 0} into {|z7| = &, sign(x3 )i5 < 0}
with a corresponding coeflicient of restitution 0 < r < 1 when projected onto the x5 degree of
freedom, a::}f = —ri, . Full details of the model, including the coefficients of the matrix A,
vector G, and map R are given in Appendix A.

Figure 2(a) depicts a brute-force bifurcation diagram of stable limit states of (1.1) against
flow velocity U for § = 0.01 rad and r = 0.72. Here we find that a stable equilibrium branch
approaches the freeplay boundary at the critical value U = 0.64833 and various attractors
appear in sequence as U is increased further. Specifically, we find an initial BEB, where
a stable LCO is born, which coexists with a stable pseudoequilibria branch, as shown in
the zoomed-in Figure 2(b). Note how the amplitude of the LCO increases linearly with the
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Figure 2. Brute force bifurcation diagram of the airfoil model (1.1).
(b) The zoomed-in part of the first bifurcation from the bozed region in (a):
PE—pseudoequilibria; AE—admissible equilibria. Full equations and parameter definitions are given in ?%.

capturing various dynamics.

variation of bifurcation parameter, as shown in Figure 3, which can be explained by existing
theory [7, 8, 23, 24]. But what cannot be explained by the theory is how this table LCO
coexists with a stable pseudoequilibrium. Thus, we require a genuinely multidimensional

analysis.

1.2. Qutline. The rest of the paper is organized as follows.
construct a normal form at a BEB for an impacting hybrid system and summarizes what
is known about classification of such bifurcations.
method for constructing single-impact LCOs arising in such normal forms. Section 4 presents
results from implementation of this algorithm; to reproduce (and extend) known examples
in two dimensions, to attempt a general framework in three dimensions, and to explain the
numerical observations in the wing-flap model. Some further analytical considerations are

made in section 5, and a conclusion is drawn.

2. Preliminaries.

2.1. Impacting dynamical systems. Hybrid systems are characterized by the existence
of both continuous and discrete dynamics. A parameter dependent piecewise-smooth hybrid
system [7] is smooth in all regions, say, S;, in phase space R" that is partitioned by countably
many codimension one manifolds 3;;, which can be defined as follows.

Definition 2.1. [7] A piecewise-smooth hybrid system is composed of a set of ODFEs

plus a set of reset maps

where x € R™ and p € R™. FEspecially, an impacting hybrid system possesses Rj;(x, ) :

% Rij(x, 1)

for xe€X;:

for xe€S;,

:SiﬁSj,

0.644 0.646 0.648 0.65 0.652
U

(b)

(a) The full bifurcation diagram

Section 2 recalls how to

In section 3 we derive a semianalytic

Yij — Xij, and the flow is constrained locally to one side of the boundary.

AQ2

AQ3
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Figure 3. More details of the LCOs from Figure 2 at the points labelled A, B, and C; here H(f) is a function
(see Definition 2.1 and Theorem 2.4) to measure the state’s distance from the impacting surface 8= —0.01.

Whenever the meaning is clear, we shall suppress the system’s dependence on the parameter.

Because we are interested in DIBs involving a single-impact surface, it is worth simplifying
notation by considering a local description in terms of a single-impacting surface ¥ defined
by a smooth function H(x)=0:

Y ={x| H(x)=0}, and the region governed by flow, S*={x|H(x)>0}.

Within this local description, we suppose that the dynamics is given by

x=F(x, 1) for H(x) > 0,
(2.1) {x+:R(X_) for H(x) =0,

and we define an equilibrium of flow F(x, ) as xo =xo(u).

Within this context, it is also helpful to introduce some key concepts defined in [7, 21].
First, we let v(x) and a(x) be the normal velocity and acceleration, respectively, relative to
the discontinuity surface, which can be defined using Lie derivatives:
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Figure 4. An impacting hybrid system with a simple impact surface X.

(2.2) v(x) = Lp(H)(x) = %= H,F,

a(x) = L%(H)(x) = Hy F + H,F, F.
The surface ¥ can be partitioned depending on the sign of v: the incoming set ¥~ = {x €
¥ 1 v(x) < 0}, the grazing set X° = {x € ¥ : v(x) = 0}, and the outgoing set ¥* = {x € ¥ :
v(x) > 0}. To define a well-posed impact law in the absence of friction, we need that it maps

a grazing trajectory (where v(x)=0, a(x) > 0) back to itself. Following [7], we can write the
reset map in terms of a smooth function n-dimensional function W (z), as follows:

(2.3) xt=R(x")=x"+W(x)v(x").
Then we have
v i=o(x) = (H F)R(x1) = [1 4 (H F) W (x)] v(x7).

Furthermore, upon defining
(2.4) r(x)=—(14+ (HzF),W(x),
then r is an effective coefficient of restitution, and there is a physical constraint that r > 0
and r <1 in order for the surface ¥y to be attracting.

If 0 <r <1 a trajectory v will eventually become constrained to sticking (or sliding)
on X0, via chattering, an accumulation of impacts in finite time; see Figure 5. The sticking
subset is defined as determined by

¥ ={xe¥’: a(x) <0},

the stability of which is guaranteed if 0 <r <1 [8].
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6 HONG TANG AND ALAN CHAMPNEYS

-

sticking set;” a(x)<0

chattering sequence

Figure 5. Trajectory captured by X via chattering sequence.

Theorem 2.2. The stability of a sticking set is guaranteed if 0 <r <1 and a(x) < 0.

The dynamics in the sticking region can be defined by thinking of the impacting law as
providing a normal force that keeps the motion on . The dynamics within X9 is determined
by the sticking vector field [21], defined as

(2.5) x=Fy=F(x) - Ax)W(x), A(x)>0,
for a scalar A\(x) which is defined as

(2.6a) H(x(t)) =0,

(2.6b) v(x(t)) =0,

) = LRI LRH)) | —a(x)
LwLlr(H)(x) vW(x) 1+rx)

Note that A(x) >0if 0 <r <1 and a(x) <0. An explicit expression for sticking dynamics can
then be obtained by eliminating A in (2.5):

(Hyo F'+ H F,)F
2. Fo=F— :
(27) (Hy F + Hxe)WW

Following [7], we classify several different types of equilibria in (2.1).

Definition 2.3. We call xg satisfying F (X, ) =0 a nominal equilibrium, and further xq is
an admissible equilibrium of (2.1) if H(x¢) > 0, a boundary equilibrium if H(x¢) =0, or a
virtual equilibrium if H(x0) <0.
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LIMIT CYCLES FROM BOUNDARY EQUILIBRIUM BIFURCATION 7

Moreover, xq is defined as a pseudoequilibrium (or a sliding equilibrium) if it is an equi-
librium of the sticking vector field (2.5) for which

F(Xo) - )\W(Xo) = 0, H(Xo) =0.

Such pseudoequilibria are called virtual when A <0 and admissible when A > 0.

2.2. Normal form for boundary equilibrium bifurcation. For simplicity, let us assume
a system of the form (2.1) is dependent just on a single distinguished parameter u, which
is true when m = 1 or in a codimension-one analysis though m > 2. Motivated by the
example in Figures 2 and 3, we are interested in the situation where a stable hyperbolic
admissible equilibrium x* reaches the boundary H(x) =0 at some critical parameter value p*.
Then, provided the matrix A = F,(x*) is nonsingular and obeys other similar nondegeneracy
conditions, it is argued in [8], by appealing to the Hartman—Grobman theorem, that the
dynamics of the system (2.1) sufficiently close to a BEB can be replaced by the following
linearization at x*, pu*:

F(x, p) = F(x, 1) = A(x —x") + M(p— ),
(2.8) H(X’M)% ~(X’M):C(X_X*)+N(,U_M*),
W(Xﬁl) ~ VNV(X*HUJ*) =-B,
H(x*)=0.

Moreover, the condition Ly (H)(x) =0 can be rewritten as
(2.9) CB =0,

where we emphasize that neither B nor C is zero vector, and the sliding vector field can be
written locally as

R (1- G ) (AG—x) 4 M= )

Thus, the Jacobian of the sliding flow at point x* is

BCA
(2.10) A, = <I - CAB> A,

and with (2.4) the efficient restitution coefficient is rewritten as r = CAB — 1. In particular,
in what follows we shall assume the following nondegeneracy conditions:

(2.11) det(A)#0, N—-CA'M#0, CA™'B=#0.

In order to find the dynamics of (2.8)—(2.10), following [8], we can make further coordinate
transformations to move the equilibrium to the origin and put any system undergoing a BEB
into a normal form. For convenience, we collect together these transformations in the form of
the following result, for which we give a constructive proof in Appendix B.

AQ4

AQ5
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8 HONG TANG AND ALAN CHAMPNEYS

Theorem 2.4 (see [8]). The linearized system (2.8) is scaling invariant, which means the
same results will be obtained if x —x* and p — p* are multiplied by a positive scalar. Then,
obeying the nondegeneracy condition (2.11), to find the limit sets of (2.1) around p* is equiv-
alent to finding these in the canonical linearized system

y=Ay for H(y,j1) >0 ory e St UxY,
(2.12) y=Ay foryexl,
y— Py forye¥—,

where, referring to the notation in (2.8), we define 'y = % and
(2.13) ,&:ﬁ, H(y.j)=Cy—ji=0, C=e/, P=I-BCA,

and matrices A, A, and B are related to the original A, A, and B, respectively, by a C-
dependent coordinate transformation (see Appendiz B). Moreover, the values of i € {—1,0,1}
are corresponding to pre-bifurcation, critical, and post-bifurcation values of the original bifur-
cation parameter L.

Note that within this normal form, a nominal equilibrium yo = 0 of the flow in (2.12) is
admissible if i1 = —1with H(yo) > 0, a boundary equilibrium if i =0 with and H(yo) =0, or a
virtual equilibrium if i =1 with H(yo) < 0. Moreover, to distinguish from yq, we denote yg a
pseudoequilibrium (sliding equilibrium) if satisfying F'(yo) — S\W(yo) =0, H(yo) =0, and it is
virtual when \ < 0 and admissible when A > 0. For the case of a pseudoequilibrium we have

C 1
(2.14) CAlyo=1| 0 |,
As OTLX].

which is formally well-posed because A, has rank n — 2.

2.3. Equilibrium transitions at a BEB. We focus on what will happen if we set either
fo = =+1 in (2.12). According to [7], classification of these simplest BEB transitions can be
made as follows:

Persistence (or border-crossing). At the bifurcation point, an admissible equilibrium ly-
ing in the region ST becomes a boundary equilibrium and turns into a virtual equilibrium.
Simultaneously, a virtual pseudoequilibrium becomes admissible. Thus, there is one admissi-
ble equilibrium on either side of the bifurcation, which is why this is termed persistence (see
Figure 6(a)).

Nonsmooth fold. At the bifurcation point, the collision of two branches of admissible
equilibria (one of which is pseudoequilibrium) is observed at the boundary equilibrium, before
turning into two branches of virtual equilibria past the bifurcation point (see Figure 6(b)).

Theorem 2.5 (see [8]). (Equilibrium transitions around a boundary equilibrium). For
system (2.1) with (2.8) under (2.11),
1. persistence is observed at BEB if CA™'B < 0;
2. a nonsmooth fold is observed if CA™'B > 0.
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H(x) H(x)

1 0 I L -1 0 1 L
(a) persistence (b) fold

Figure 6. Two typical BEB. (a) fold; (b) persistence. ( === admissible equilibria, === pseudoequilibria,
and e virtual equilibria.)

It is straightforward to find an explicit expression for the location and the stability of the
pseudoequilibrium of the system (2.12) by direct calculation (2.14). Specifically, [8] argued
that the stability of a pseudoequilibrium depends on the stability of the sticking set and the
stability of the sliding vector field (2.5). Recalling the definition of the coefficient of restitution
r and the condition that 0 <r < 1 for the sticking set be stable, we find that the former can
be guaranteed by

(2.15) 1<CAB<2 and a(y)=CA’y<0,

and the latter calculated from the eigenvalues of A, defined by (2.10). There is a 2-by-2 Jordan
block corresponding to eigenvalue 0 with left eigenvector CA and generalized eigenvector C.
The other eigenvalues of A, determine the stability within the sliding flow and for stability
should have negative real part.

Ezample 2.6. For a three-dimensional system defined by (2.12), we define the Jacobian A
in a generalized Liénard’s form [6, 25] as

~

A:

Q3 «
O O =
o = o

and CT = e, B = [0,b2,b3] T, CAB = 1,,CA 1B = %3. See the full derivation in
Appendix B.

Further, the sticking set is explicitly derived as {y | y1 = 1,52 = —t,y3 < —m}. To better
understand the previous analysis framework and condition, two particular numerical cases are
given:

1. When [t,m,d, be,bs] is selected as [—0.7,—0.15,—0.025,2.5,0.625]. The admissible
equilibrium is stable, and persistence occurs according to Theorem 2.5. The location of
pseudoequilibrium for i = +1 is given as yo = [1,0.7,0.05] T and the eigenvalues of A,
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10 HONG TANG AND ALAN CHAMPNEYS

are 0,0,—0.25, while CAB > 2, from which we conclude that the pseudoequilibrium
is unstable.

2. When [t,m,d, bs,bs] is selected as [—0.7,—0.15,—0.025,1.8,1.6]. The admissible equi-
librium is stable, and persistence occurs according to Theorem 2.5. The location of
the pseudoequilibrium for i = +1 is given as yo = [1,0.7,0.1219] T and the eigenvalues
of A, re 0,0, —0.8889, while CAB < 2, from which we conclude that the pseudoequi-
librium is stable.

Later, in section 4, we will show both of these two cases possess LCOs.

2.4. Bifurcation and stability of limit cycles. Under certain additional conditions, in
addition to the transition from equilibria to pseudoequilibria, there can be a Hopf-like birth
of an LCO at a BEB; see, e.g., [8, 11, 23, 24]. In accordance with the scale invariance of
the normal form (2.12), the amplitudes of such limit cycles scale linearly with the bifurcation
parameter and so can be studied just by setting /i = £1 in the normal form. Specifically, in the
two-dimensional case, equilibria and LCOs are the only possible attractors, there can be at
most one limit cycle, and a stable limit cycle cannot coexist with a stable pseudoequilibrium.
In higher dimensions, very little is known. In three dimensions, Carmona et al. [6] give the
notion of invariant cones to add more information, but in general n dimensions the number of
cases (at least 2n independent parameters [25]) that need to be considered seems to prohibit
a general classification.

To consider the stability of limit cycles, one also has to be careful to construct the correct
Poincaré map, because the pure monodromy matrix is not capable of giving us right conclu-
sions. Instead, as introduced by Nordmark and collaborators (e.g., [10]), a correction called
a discontinuity mapping is required whenever the trajectory interacts with a discontinuity
boundary. The linearization of such mappings are known as a Saltation matriz; see [7] for a
derivation. Specifically, for impacting systems with a single-impact boundary like (2.12), the
saltation matrix for a point y~ € X is given by

[F(R(y™)) = Ry(y )F(y ) Hy(y")

— :R _ + - Yy
N [A—PAP ']y C
CAP-ly

(2.16)

For a such system, Y is a natural choice of the Poincaré section. Then we can construct a
returning map as a composition of two parts ¢4+ and ¢_ to map ¥ back to itself. Specifically,
¢4 is via evolution under flow (2.12) after some time 7(y) back to X, and ¢_ = R is the
impact reset map in an impacting hybrid system. For a general orbit crossing the discontinuity
manifold with p € Z* intersections, we can derive the full returning map as

(2.17) By) = (6_064)-y.

3. Finding single-impact limit cycles. According to (2.17), a periodic orbit with p impacts
per period, or simply a period-p orbit, with initial condition y € ¥, should satisfy

(3.1) O(y)=(Ro¢y)"-y=y.

AQ6

AQ7
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In this paper we consider only the case of p =1, for which

P4+(¥)=y~ o
(3.2) . (R =y.
Ry )=y
In particular we require
(3.3) H(y)=0, ©0:=H,F=CAy>0.

According to (2.12), we can write ¢ = ¢(y, T), where ¢(y, t) is the flow explicitly defined
as eATy, and T = 7(y) is the first positive returning time, with initial condition y, given by

(3.4) H(p(y, 1)) = CeATy — =0,

Thus (3.2) can be explicitly expressed as

(3.5) PeAly =y,

Then (3.3) and (3.5) form a valid set of defining equations for a single-impact LCO of (2.12).

3.1. Formulation as a fixed-point problem. Looking at (3.5), we see that the composed
map (3.2) is effectively an eigenproblem. Finding the existence of an LCO can be simple if AQ8
there is such a § on a chosen Poincaré section that is an eigenvector of the matrix PeAT cor-
responding to the unit eigenvalue, where the 7" is determined by the condition (3.4). Thinking
of (3.5) as a shooting problem, we seek a state ¥ and a time 7' > 0 to hit H(y) =0 again. All
such ¥ must lie on an n — 2 dimensional Euclidean subspace Z on the codimension-one surface
on the switching set (2.13), which can be explicitly written as

(3.6) E:={y|Cy— =0, Ce*"y - i=0}.

Note that 7' — y € = is a multivalued mapping, which is only locally invertible. Alternatively,
we can view (3.5) as n equations in n unknown variables: ¢;, i =2,...,n and T
Summarizing, we have the following.

Proposition 3.1. For system (2.12), if there exists y given by (3.3), and the induced T7>0
by (3.4) such that PeAT has a unit eigenvalue, with corresponding eigenvector y, then an LCO
must exist in this system with the period T'.

Note that the proposition only provides a nominal limit cycle; in order to be a true limit
cycle, we need an extra admissibility condition, that the trajectory should not contact X
during ¢ € (0,7"). Such a condition is known as a viability condition [12].

Definition 3.2. If the LCO determined by ¥ and T satisfies the following viability condition,
H(CeAty) >0 for 0<t<T,

we call it an admissible LCO. Otherwise, it is termed a virtual LCO.

Note that the viability condition is hard to check a priori but can easily be tested numerically
once a nominal LCO has been found.
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We now consider how to solve the shooting problem. Given the form of vector C = elT

and (3.3), the initial condition y should be

(37&) 5’: [ﬂv?)?v-"vyn]—r

Y

which would give an n-dimensional search space. However, exploiting the eigenvalue problem,
we note that the condition condition (3.5) can be reduced to finding a unit eigenvalue, which
can be reduced to a a one-parameter line search for the scalar function

(3.7b) p(T) = det(PeAT — 1) = 0.

Once we find such a 7', then y can be easily reproduced as the nonzero eigenvector of A =1
satisfying (3.3), then the pair of § and T represent initial conditions and period for a nominal
LCO’s initial condition, and all that is required is to check the viability condition through
numerical evaluation of the matrix exponential in Definition 3.2 for all ¢ € (0, 7).

Corollary 3.3. For system (2.12), if there ewists T > 0 such that (3.7b) is valid, and
PeAT s corresponding eigenvector ¥ admits Cy # 0, then the sign of the first component §
will be determined by (3.3), with specific CAj >0. We can then normalize this eigenvector so
that the first coefficient is i = £1, which will determines the direction of bifurcation of LCO,
and we call it

1. suberitical (surrounding an admissible equilibrium) LCO if = —1;
2. supercritical (surrounding a pseudoequilibrium) LCO if = 1.

Proof. For an LCO with initial condition y with corresponding period T, from (3.7a),
Figure 7, and Theorem 2.4’s convention, we know
1. p=—-1if Cy=—1, and H(yp) =1 > 0 means the nominal equilibrium is an admissible
equilibrium, which is surrounded by the found LCO;
2. 0=1if Cy =1, and H(yp) = —1 < 0 means the nominal equilibrium is a virtual
equilibrium, and only pseudotype equilibrium may exist, which is surrounded by the
found LCO. |

Combining the Corollary 3.3 and Definition 3.2, we now formulate a way to find meaningful
(admissible) LCOs.

3.2. Stability of the LCO. LCOs satisfying (3.3) and (3.7) around BEB, as illustrated
by Figure 7 and (3.2), are not guaranteed to be stable. Starting from a general case, to prove
the stability of such an LCO, we need to find the Jacobian J around the fixed point y using
a chain rule,

I=Q,(y") ¢y (3,1,

where the @, is the saltation matrix (2.16) and ¢, =A™,
Given the 7' and ¥, then y~ can be found via (B.3). Thus, we have can write the Jacobian
derivative of the full hybrid system evaluated at the fixed point y as

(3.8) uyj3—<P+LA_PAP4W(veAf

CAP-ly
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¢ Admissible Equilibrium: i = -1 * Boundary Equilibrium: /i =0

e Virtual Equilbrium: =1

varying
i

Figure 7. Poincaré map of an LCO and the location of nominal equilibrium yo. Starting at y*, the tra-
jectory arrives at the impacting surface again at’y™ after evolution time 7(¥), and then via the zero-time reset
map back to y* to complete a periodic orbit.

The following theorem regarding the stability of a periodic orbit can be found in noted dy-
namics books like [7, 17].

Theorem 3.4. For an LCO, defined by (3.3) and (3.7), of system (2.12), the corresponding
Floquet multipliers are given by the n eigenvalues of J defined by (3.8), which are 1, g, ..., \y.
If no Floquet multiplier \;(i =2---n) is outside the unit circle, the LCO is stable; otherwise
it is unstable.

3.3. Analytic formulae for three-dimensional examples. Now that we have conditions
for the existence and stability of LCOs in the BEB normal form, it is instructive to try to
seek explicit analytical formulae. We treat here the case n = 3. Using Theorem 2.4 and
some further scaling of the matrices 121, B, and C’, we can in principle derive a closed-form
expression for p(7T") in (3.7b) in terms of a minimal number of parameters. Starting from
unscaled matrices A, B, and C, there are two general nondegenerate cases, which can be
distinguished by the eigenvalues of A:

Case I three real eigenvalues A1, A9, As;

Case 11 a pair of conjugate complex eigenvalues (—a £ i) and a real one As.

Without loss of generality, suppose that A is written in Jordan canonical form, and vectors
B, C are written in the corresponding basis. Specifically,

MO0 a B 0
(3.9) A=|0 X O|forCasel,andA=|-8 o 0| for Case II,
0 0 )\3 0 0 )\3
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and
cosfsinp
(3.10) C" = |sinfsing
cos

Furthermore, we write
B= bgei + bgeﬁ

and define a transformation matrix

(3.11) T=[C" e} e},
where
cosfcos —sinf
el = |sinfcosy |, el = | cosd
—singp 0

Then, we can derive explicit expressions for the matrices A, A, and C. The results are given
in Appendix B. Under the assumption that A3 # 0, we can further reduce parameters by using
|A3| to rescale time, so that the set of values of A3 is reduced to two cases, s =+1.

Thus, the parameter space A required to define all possible nondegenerate cases of a BEB
for a general three-dimensional impacting hybrid system is

{)\17 )\27 )‘3 = i17b27b3797 SD},

which is seven-dimensional.

Remark 3.5. Another commonly chosen form of the Jacobian in the system (2.12) is the
Liénard form [25], which is indeed covered by our general formulation. Note that Example
2.6 can be established with a special form of Jacobian along with ¢ = 7/2,6 = 0, which has
two fewer parameters. For the general case, there is a simple transformation that can take
the Jordan form definition into the Liénard form.

Thus, given the form (3.9) we can perform the necessary steps to compute the matrices
A, B, and C. Then, by solving the linear differential equations explicitly, we can write down
a closed-form expression for (3.7b) in terms of exponential and sinusoidal functions. The
particular expressions for p(7T', A) are cumbersome; the respective formulae for Cases I and II
are presented in (C.3) and (C.6) within Appendix B. Further, we can derive explicit expressions
for 0(A,T), the velocity of the initial condition of LCO, which determines the direction of
bifurcation (1 =+1 or fi=—1); see (C.4) and (C.7). Moreover, given the explicit expression
for any nominal LCO, we can check the viability condition, up to a solution of transcendental
equations, and also determine the stability by computing the eigenvalues of (3.8).

Unfortunately, even restricting to three-dimensional cases we have to solve transcendental
equations depending on seven parameters, and a complete classification of all possible cases
seems to be a thankless task. Thus, we next seek numerical implementation of the conditions
derived in this section.
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4. Numerical examples. The conditions in Corollary 3.3 and Theorem 3.4 are not explicit. AQ9
To analytically check their validity in a general n-dimensional system is tedious (see Appendix
D and section 5 for some special cases). Therefore, we present a robust numerical algorithm.
Suppose that A, B, C, etc., in canonical form of the system (2.12), are dependent on a set of
parameters A. We also let Q be the principal submatrix of (PeA” —1I) composed of all but
the first row and column. Then we have

- T
AT _y._ |k U
Pe I.—[v :],

where u,v e R(®=D*1 and can write down the determinant monitoring function as
(k —u'Q71v)det(Q) if det(Q)#£0,

(4.1) PENZY det() — T adi( @)y for any det().

Once a root of p(t) =0 is found, the candidate initial condition on ¥ is given as
(4.2) y = fi[1; —Q~'v], provided det(Q2) #0.

Finally Corollary 3.3 and Definition 3.2 are used to distinguish the type of LCO. The general
algorithm is given in section 4, which we have implemented in MATLAB.
In the formulation of the algorithm, some details should be noticed:

1. Actually by substitution of (4.2) into (3.7), Kk —u' Q7 'v =0 is the first component of
the equation, which is the returning condition (3.4).

2. When the (2 is close to singular at some time t., the value of y will be stretched and AQ10
this shows t. is a potential lower /upper limit for T, the period of a limit cycle.

3. Note that the roots of (3.7b) will not necessarily satisfy the viability condition, so a
postprocessing set is required to integrate from the initial condition ¥ to check whether
this is an admissible limit cycle or not.

We now provide some examples to show how the algorithm works in practice.

4.1. Planar examples. For a general planar system of the form (2.12), without loss of
generality, we can write

" 01 1 0
us A< Joe=fp 0]
Then we have
trace(A) =a, det(A)=—b, A=trace’(A)—4det(A)

with

and
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Algorithm 4.1: LCO detection algorithm.

Data: Matrix A, reset map matrix P, searching region [0, tenq
tolerance [tol].

|, stepsize At,

Result: A, the number of LCOs found; {¥;, T}, M;, S}, (i =1,... ,N) for each
LCO, with initial condition ¥;, corresponding period 7j, the corresponding
biggest Floquet multiplier M;, and the value of & as S;.

/* Initialization

17 0,i+0;

M)

© w N o ok~ ®

10 |

11

12

13
14

15 |

16

17
18
19
20

21

22
23
24
25
26
27
28
29

30

31

32
33
34

35
36

N0, 3 [], T[], Me[], S [, P[], t<[];
/* Begin search in given range

P[1]=0,t[1]=0;

Function Det (A, P, 7):

K e ;

M+ (PK-1I), Q<+ 1I(2:n,2:n);

k< T(1,1), ul «T0(1,2:n), v+ TI(2:n,1);

p < kdet(Q) —u' adj(Q)v ;

return p, ), v;

)

Function IC(£, v, A):

/* Compute the trial initial condition and sign of velocity
-1 ) - . T P

(= =Q7v, yie [1;(], p«sign(eg Ay,), i< fiyi;

/* Find eigenvalue of J given by (3.8) with largest 2-norm

A« eig(J(yi)), m < max([[Aill2);

return y;, i, m;

b
Function store(r, T, y;, ¥, i1, S, N):
/* collect the solutions
if CeAtyZ‘ — >0 fort e (0,7) /* Check viability condition
then

y < [¥.vil;

T+ [T,7], M+ [M,m],S+[S,s], NN +1;
return T,y, S, NV ;

while 7 < t,,q do
T T+ At;
i 1+1
p,Q, v < Det(A,P,7);
if |p| < tol & det(Q2) # 0 then
Vi, 8,m < IC(Q, v, A);
T,y,S,N + store(r,T,y;,¥,i,S,N) ;
Ise if p- P[i — 1] < 0 then
/* Interpolation to approximate
r o Pl 117]_;[15[2 1];
p,Q,v < Det(A,P,7);
Vi, S$,m  IC(Q,v,A);
T,y,S,N «+ store(r,T,y:,¥, 1, S, N) ;

[¢]

*/

*/

*/

*/

*/
*/

*/
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Table 1
Illustration of the results for the cases of planar BEB in the persistence and focus-focus transition case
with A < 0. (AE: Admissible Equilibrium; PE: Pseudo Equilibrium; U: Unstable; S: Stable; null: not given.
For conditions in [8], trace(A) < 0 indicates stable equilibrium and re=™ < 1 implies stable LCO, and vice
versa.)

Case 1 2 3 4
{abr} -1,-1,15  -1,-1,7.0  05,-1,0.5  0.5,—1,0.4
Graph Figure 9 Figure 10 Figure 11 Figure 12
trace(A) <0 <0 >0 >0
res™ 0.2446 1.1412 1.1235 0.9002
Classification by results in [8] AE S S U U
PE null null null null
LCO type S U U S
AE S S U U
PE U U S S
Classification by Algorithm 4.1 N 1 1 1 1
M =1 >1 >1 =1
i 1 -1 1 -1
LCO type SSuper USub USuper SSub

Then, according to Theorem 2.5 and the further results in [8], we have
1. b> 0 leads to a nonsmooth fold for which the admissible equilibrium is a saddle, with
one positive and one negative eigenvalue;
2. b < 0 corresponds to persistence with two subcases depending on the sign of A:
(a) A >0 implies the admissible equilibrium is a node, being stable when trace(A) <0
and unstable when trace(A) > 0;
(b) A <0 implies the admissible equilibrium is focus, being stable when trace(A) < 0
and unstable with trace(A) > 0.
Let us consider item 2(b). The results of applying Algorithm 4.1 and the theorems in [8] are
summarized in Table 1, and the resulting phase portraits are illustrated in Figures 9 to 12, in
which the results show good agreement between the two methods. Note, however, that the
case shown in Figure 12, for which there is the subcritical existence of a stable LCO, is not
treated explicitly in [8].
We next present a particular two-dimensional example that illustrates the importance of
the viability condition.

Ezample 4.1. Let us pick a specific example of the form (4.3), when we set
a=—0.2; b=—1.01;r=3.0796.

The results are shown in Figure 8 and some virtual LCOs are found by the algorithm.

4.2. Three-dimensional examples. First, let us revisit Example 2.6, for which there is a
transition from a stable focus for ji = —1. The first subcase has an unstable pseudoequilibrium,
and the other case possesses a stable one for 1 =+41. Apart from the transition of equilibria,
whether any LCO is born was previously unknown.

AQ11
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Nadt
ISH
-1 . o
i
2k o
3 . .
0 2 4 6 8 10
TIT

Figure 8. The function p(t) for Example 4.1. Note that the first root leads to an admissible LCO whereas
the next two are virtual.

10 15 T : . .
l L |
5} |
05}
ot 4 oF
05}
5k 4 :
1k i .
-10 15 . . . .
0.1 0 01 02 03 04

() p=1

Figure 9. Illustration of the phase portrait before and after bifurcation for Case 1 in Table | (wmm represents
stable LCO; - - - represents unstable LCO; ® stands for stable equilibrium; o stands for unstable equilibrium;
- - - - 18 the switching surface.)

Ezample 4.2. (Example 2.6 continued.) To look for possible LCOs, we can turn to the
condition (3.7b) and Algorithm 4.1. Table 2 gives us the answer: both subcases possess
supercritical LCOs. Specifically, we find the coexistence of a stable pseudoequilibrium and
a stable LCO, which also happened in the motivating example in subsection 1.1. Such a
phenomenon is impossible in a planar system, but clearly can be found in three dimensions.

While a complete classification in three dimensions seems complex, we can use the analytic
calculations in subsection 3.3 to find certain degenerate cases, variation across which causes
a change in the criticality of the bifurcation.
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60
100
40 1
50F
20F 1
ok
ot 4
-50k -20
Figure 10. Similar to Figure 9, but for Case 2 in Table 1.
15 T T 10

-10F

-15

10 10

o
okF---—-- @ [ ——
1
ol

5
a) p=-1

Figure 11. Similar to Figure 9, but for Case 3 in Table 1.

For example, from the general expressions in (C.4) and (C.7), the velocity v will be zero
when A 23 =0 for Case I and A3 =0 for Case II. These conditions lead to a singular Jacobian,
which gives conditions for changes of criticality. If v and p(t) are both smoothly defined
around \; =0 and aa—fi # 0, then according to the implicit function theorem, the sign change
of \; around 0 will change the sign of v. Following Algorithm 4.1, the change of velocity sign
indicates the change of the LCO type by Corollary 3.3, thus switching the BEB bifurcation
between supercritical and subcritical.

Ezample 4.3. (Switch of bifurcation type). For Case I, we design two models which differ
only in the sign of Ao, and for Case II, we design two models which differ only in the sign of
A3. Specific parameter values are
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lO T L Ll
5P 1
sb .
_10 l L L
0 2 4 6
(b) p=1

Figure 12. Similar to Figure 9, but for Case 4 in Table 1.

Table 2
Further analysis of the two three-dimensional cases with persistence in FExample 2.6, where LCOs emerge
due to focus transition (from Algorithm 4.1). The parameter [t,m,d] is selected as [—0.7,—0.15,—0.025]. (AE:
Admissible Equilibrium; PE: Pseudo Equilibrium; U: Unstable; S: Stable.)

Graph b2, b3 AE PE N M i
Figure 13a and Figure 13b be =2.5, b3 =0.625 S U 1 =1 1
Figure 13c and Figure 13d b2 =1.8, b3 =1.600 S S 2 >1, =1 1

Table 3
Two subcases with persistence and LCO type change (from Algorithm 4.1). (AE: Admissible Equilibrium;
PE: Pseudo Equilibrium; U: Ustable; S: Stable.)

parameters A AE PE N M [ Diagram p(t)
Case 1 1) Us Us 1 =1 -1  Figure 14a  Figure 15b
(i) S Us 1 =1 Figure 14b
Case II (1) UsS Us 1 =1 -1  Figure 14a  Figure 15¢
(i) S Us 1 =1 Figure 14b

Casel: Ay =—1, A3 =—1, ba =129.3652, bs = 15.4041, ¢ =0.8761, 6 = 0.0083;
and (i): A2 =0.01, (ii): Ay =—0.01;
Case II: \; = —10 4 10i, Ay = —10 — 10i, A3 = 1, by = 0.2332, b3 = 0.2251, ¢ = 1.5002,
0 = 2.3562;
and (1) )\3 = 1, (11) )\3 =—1.

The results are summarized in Table 3 and depicted in Figure 14. In both cases, the switch
of bifurcation from subcritical to supercritical can be clearly seen. The corresponding graphs
of p(t) are shown in Figure 15(a).
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x1072 . . . . . v /
0.8 o Unstable PE
| —— Stable LCO
0.5F ] ] _—
-1.2 4
RN R S ]
= 0 -1.4
—p(t) 164
0.5F @ the 1st candidate o
-1 g o
_1 " " " " " " 005 O 05
0 0.5 1 1.5 2 2.5 3 0.1 -0.5
t Y Y2
(a) (b)
X0 ' —p(t; ' ' / e Stable PE
O the 1st candidate 054 - - -Unstable LCO
1t @ the 2nd candidate - Nl— Stable LCO
1=

Figure 13. LCOs in Example 2.6 using Algorithm 4.1. We find for it =1, subcase 1 in the first row of Table
2—(a), (b): a stable LCO exists, surrounding an unstable pseudoequilibrium; subcase 2 in the second row of
Table 2—(c), (d): two LCOs with different stability exist surrounding a stable pseudoequilibrium.

4.3. Airfoil model in R®. We now return to the motivating example from the beginning
of the paper, the airfoil model. Set U = 0.64833 in (1.1) and we use Algorithm 4.1 to explain
the BEB result computed by brute force. The results of applying Algorithm 4.1 are depicted
in Figure 16. This reveals that actually two LCOs bifurcate, the one observed in Figure 2(b)
and Figure 3 and a another smaller-amplitude one. As part of the algorithm, we compute
the largest Floquet multipliers using (3.8) to determine stability, which shows the smaller
limit cycle has a multiplier outside the unit circle, which confirms its instability whereas the
larger-amplitude LCO is stable. A comparison is made between the stable LCO found in
direct numerical simulation and the one found by our method as shown in Figure 17.

5. Discussion. We already showed in subsection 3.3 that even for three-dimensional ex-
amples, a complete classification of bifurcation outcomes from a BEB is problematic, owing to
the curse of dimensionality and the lack of a center-manifold-like result for impacting hybrid
systems. Thus, a complete unfolding of BEBs for n-dimensional cases is clearly not feasible.
Instead, in this section we focus on a few additional analytical considerations that are in the
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A
H (x)
N~
~
S
~
~
~
0l. B | A -
-1 0 1 7! -1 0 1 W
(a) (b)

Figure 14. Qualitative representation of LCO emerges via (a) subcritical; (b) supercritical bifurcation. e
stable admissible equilibrium; - -- unstable admissible equilibrium; =—— stable pseudoequilibrium; == -
unstable pseudoequilibrium; stable LCO; .- virtual equilibrium.

-3 2 T T T 9 3 T
x10 Casel — (i) x10 Casell — (7)
1t Casel — (it) ok Casell — (i1)
0.5
= 0 =
-0.5
1k
2 s s : 3 2 2 2
0 0.1 0.2 0.3 0.4 0 0.01 0.02 0.03 0.04
T/ T/
(a) Case I (b) Case II

Figure 15. p(t) of the cases in Table 3.

direction of establishing more general conditions for the bifurcation of LCOs at a BEB, with
more precise details left for future work.

First, we illustrate in subsection 5.1 how Algorithm 4.1 is well suited for numerical contin-
uation. Then, in subsection 5.2 we return to three dimensions and attempt to gain geometrical
insight into what conditions can lead to the coexistence of a stable limit cycle and a stable
pseudoequilibrium. Finally, in subsection 5.3 we we look at the behavior of p(t) as an analytic
function of £ and attempt to establish a sufficient condition for the bifurcation of LCO. Finally,
we draw conclusions in subsection 5.4.

5.1. Numerical continuation. The condition (3.7b) leads to a smoothly defined scalar
function p(A,t), albeit one that can develop isolated singularities. Hence, it is well set up for
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.2
—(t) 0
e | 1 —(t)
0.15F O the 1Ist candidate | ]
' ® the 2nd candidate

Figure 16. (a) LCO searching for the airfoil example (1.1) by Algorithm 4.1. Two LCOs with opposite
stability are found after the BEB when fi=1. (b) Zoomed-in close to the first two zeros of p(t).

300
® Stable PE
- - -Unstable LCO, 200
15§ Stable LCO
m—=p 10
10 4 0
= - 100
S
-200 .
e Stable PE
0+ -300 - - -Unstable LCOJ 1
-1 2 Stable LCO
0 1 -400 -
1 0 0 5 10 15
¢ a H(B)
(a) Ilustration for the p(t) (b) Zoomed-in region with roots

Figure 17. [AU = 1x1073]. Phase portrait of the two LCOs for wing-flap ezample (1.1) (a) phase portrait of
¢, o, H(B), where H() measure the state 8’s distance to the impacting surface (see Definition 2.1 and Theorem
2.4); (b) phase portrait of flap degree B, with === for the LCO A in Figure 3(a) scaled by 1.41 x 10° according
to scaling (B.2) in Theorem 2.4, and === stands for the stable LCO found by our algorithm. The good match
shows they are the same LCO of the wing flap system.

424 numerical continuation [1, 22]. Thus, we can easily extend Algorithm 4.1 in order to track
425 solutions in parameter space. We have extended our MATLAB implementation by coding up
426 a bespoke version of pseudoarclength continuation. We illustrate the method by applying it
427 to the wing-flap model (1.1). We choose the coefficient of restitution r and damping ratio £ as
428 our two bifurcation parameters, as both are known to play a crucial role within mechanically
429 vibrating systems. Figure 18(a) shows the results for the bifurcation diagram of period T*
430 against r. Here we see that the two limit cycles merge and disappear in a (smooth) cyclic fold
431 for r¢p /= 0.6292. This gives rise to the birth of two limit cycles of opposite stability, explaining
432 our earlier numerical results for »r = 0.72 in Figure 17. Figure 18(b) shows the result of a

433 variation of §; we note that values of the damping coefficient that are either two high or too AQ12
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0.145 0.134
0.14F 0.133 F ’,"
7’ ,,
0.135F 0.132F R
/
0.13} - o131p /
E T~a o £ !
0.125E Bl 0.13F J
Current point: ,
2 r=0.72 0129 F \\ Stable branch ,
01 Stable branch : . — — Unstable branch L7
Turning point: | L’
0.115 r = 0.6292 0.128 ‘\\\ ”’,
011 — — Unstable branch 0.127 Y~ - - :
0.5 1.5 -2 -1 0 1 2 3
T 3

(a) Varying restitution coefficient (b) Varying structural damping

Figure 18. Parametric analysis via numerical continuation. (a) © current point with r = 0.72; © the
folding point r = 0.6292; (b) © critical point £ =1.29%, where one Floquet multiplier crosses the unit circle via
negative half axis; © current point with £ =2% ; © £ =2.556%.

low will destroy the LCOs. For example, there is no stable LCO when the damping ratio is
below a critical value £ ~1.29%.

5.2. Geometrical interpretation of the reset map in three dimensions. From the point
of view of an impacting mechanical system, it is interesting to ponder how a stable limit
cycle can coexist with a stable pseudoequilibrium for 0 < r < 1. This behavior we observed
in the motivating wing-flap example seems counterintuitive. Intuitively, we would need a
mechanism to add additional energy to the system from the amount of energy required to
sustain the stable pseudoequilibrium. Yet if 0 < r < 1, each impact removes energy (at least
from the degree of freedom normal to the rigid surface). The resolution of this apparent
paradox comes about due to the reset map transferring energy into directions other than that
normal to ¥. It would seem in (1.1) that it is the nonconservative aerodynamic forces that
enable this energy transfer to happen. But that model has an eight-dimensional phase space,
so for ease of understanding we consider the situation for three-dimensional models, for which
in subsection 3.3 we have complete analytic information.

Note from (2.12) the reset map is affine to leading order. In three dimensions, the grazing
set XV is a line £:={y | H(y) =0,CAy = 0}, which we depict Figure 19. Then the reset map
defines a degree of stretch in both the lateral and perpendicular directions, namely,

0 0
Rolyy | = |ya | +2"(p sz )es+p (p 27 )ey,
Y3 Ys
d h _ ao a13 T de.,=[0—28  _—ui2 T th it directi 1 t
and here e,=[o, \/a§2+a§3’\/a§2+a§3] zim e.=[0 N \/a§2+a§3] are the unit directional vector
along and orthogonal to £, respectively. Specifically, we have p= —L_—_—_CAy=——2

v.
2 .2 2 1.2
ajptaig \/“12*“13

Bearing in mind the definition (2.4), we can write p* = —(1+17)p~, where r(p~,27) >0
is the effective restitution coefficient. Furthermore, let us write z* = R,(p~,27)p~. For a
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— CAy~

P = 75—
V a%z"‘a%s

Figure 19. A geometric sketch of the reset map.

455 given set of parameters in (C.2) and (C.5), the stretching coefficients r and R, can be written
456 explicitly. Specifically, for the focus case we get

ME N

(5.1)

(= A3)singpcosp Bsin ba 1

T { —Bsinp (v — A3) singpcosg@] [bg] B {0] '
457 Now, let us consider two cases with the same Jacobian A but with different reset maps.
458 Specifically, the two cases in Example 4.2 having different reset maps. Note that in this
459 example, the eigenvalues of A all have strictly negative real parts. Thus, for 4 = —1 there is
460 an asymptotically stable equilibrium. For the two cases in Table 2 we can compute

1. r=15, R,=0; 2. r=0.8, R,=4.6.

461 We saw how both cases led to supercritical bifurcation of an LCO, but with different kinds of
462 bifurcation. In the first case, the coefficient of restitution » > 1, which explains how additional
463 energy enters through impact. Indeed, in this case, the pseudoequilibrium is unstable. In the
464 second case, while the effective coefficient of restitution r < 1, there is a large component of
465 the rest map in the e, direction. It is this coupling of velocity (perpendicular to £) into the
466 displacement in the direction transverse to ¢ that enables a stable limit cycle to emerge. In
467 effect, energy is being gained by the z-component, which is compensated for during the free AQ13
468 motion. Such a limit cycle can coexist with a stable pseudoequilibrium, whose stability mostly
469 comes about because of the stability of the sticking set, which is ensured because 0 <r < 1.
470 5.3. Toward a sufficient condition for a limit cycle. An alternative way to think about
471 the mechanism for the generation of limit cycles in n-dimensional BEBs is to consider an

472 analytic form for p(t), using the matrix exponential. As in the previous example, we shall
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consider the simplified case that A is asymptotically stable (sometimes called a Hurwitz
matrix), that is, all its eigenvalues are in the left-half complex plane.

Consider the form of p(t) given by (3.7b). Recall that P = I — BCA, and hence it is
straightforward to show that P has eigenvalues equal to 1, with multiplicity n — 1, and —r
with multiplicity 1. Moreover, because A is Hurwitz, the eigenvalues of PeAT — I will each
approach —1. Hence

: T At —(_1\"
(5.2) tliglop(t) —tlg&det(Pe I)=(-1)".

Meanwhile, we notice that p(0) = 0, so an important piece of information is to work out
the sign of p(t) for small ¢. The details are given in Appendix D. There we find that

(5.3) p(t) = —%(r 1) det(A)" + O™+,

Combining (5.2) and (5.3) we can state our first result with sign(A) = (—1)", namely,

(5.4) if > 1, then sign <t£%l+p(t)> # sign (tllglop(t)) :

It is thus tempting to appeal to the intermediate value theorem to show that there must

therefore be a zero of p(t) for some finite value t = T. Unfortunately, there are two caveats:

first, one would need to check the viability condition, and, second, there is no guarantee that

p(t) does not develop a singularity. In principle, these caveats can be dealt with by writing

down explicit conditions on the matrix exponential. But the details are left to future work.
Incidentally, the converse of (5.4) also applies:

if 0 <r <1, then sign <limp(t)> =sign lim p(t)).
t—0 t—o0

This condition goes some way to explaining why the stable limit cycle we found that coexists
with the stable pseudoequilibrium for 0 < r» < 1 has to be coexisting with another (albeit
unstable) limit cycle. If the function p(t) avoids any singularities as t increases from zero,
then we would have to have an even number of zero crossings, which would correspond to an
even number of nominal LCOs.

5.4. Conclusion. In summary, in this paper, we have attempted to shed more light on
the analysis of Hopf-like bifurcation of limit cycles at boundary equilibrium bifurcations in
piecewise-smooth systems. Specifically, we have dealt with the case of impacting hybrid
systems. In fact, in [8], it is shown how BEB normal form analysis for impacting hybrid
systems can be regarded as a special case of piecewise-smooth continuous and Filippov systems,
at least when one considers only equilibria and pseudoequilibria. In principle, the approach
adopted here for finding LCOs could be extended to deal with piecewise-smooth continuous
systems. However, now p(t) would become a function of two parameters p(ti,t2), where t;
and ty are the a priori unknown times spent under the regular flow and the sliding flow. An
investigation of this will form the subject of future work.
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503 Another weakness of the present work is that we look only at limit cycles. For systems with
504 sufficiently high dimensionality, other attractors such as invariant tori or chaotic attractors
505 may also occur locally at a BEB. For example, numerical evidence for a particular three-
506 dimensional system in [13] suggests local birth of chaotic attractors at a BEB in an impacting
507 hybrid system. A full unfolding of that case is pending.
508 Even within the realm of LCOs at BEBs of impacting hybrid systems, there remain many
509 analytical details that we have not fully explored in this paper. The arguments presented in
510 this section suggest that, provided we can get a control of possible singularities of p(¢), then
511 it may be possible to derive sufficient conditions for NV limit cycles to bifurcate, owing to sign
512 changes of p(t). We have also avoided any discussion of degenerate cases, for which one has
513 to go beyond the scale-invariant normal form.
514 Appendix A. Full equations of motion for airfoil model. The model studied in subsection
515 1.1 is a reduced-order model of a two-dimensional airfoil within a constant air stream. A
516 full derivation can be found in [27]; here we just present enough information to specify the
517 equations in full. The three mechanical degrees of freedom are «, 3, and (. The first two
518 represent the angular displacement (pitch) of the airfoil and flap, respectively; and ( = h/b
519 is the dimensionless displacement in the heave degree of freedom, normalized by semichord b.
520 The parameter U = U/w,b is a dimensionless measure of the magnitude of the free stream air
521 velocity approaching the airfoil, and the parameter § characterizes the amount of flap freeplay.
522 Using Lagrangian mechanics, it is straightforward to write down the equations of motion
523 of the mechanical degrees of freedom in the form
e ¢ ¢ L/(mb)
(A1) M |a|+C |a| +K |a| = | To/mb? | + [F],
3 j Bl LTs/(mb?)
1 Tq g
where M = |Z, 72 f%—kig(é—é) ,
Tg Th+T(c—a) 3
wi 0 0 2&pwp, 0 0
K=|0 wira 0 |andC=(®")""| 0 2.wera 0 [@7
0 0 wirj 0 0 28575

524 where ® is an eigenvector matrix defined by (K —w?M)¢; =0, ® = [¢1 ... ¢,], and DT M® = 1.

525 Also, L, T,, and Tp define state-dependent generalized aerodynamic forces, defined below,
526 and F represents other external generalized forces (set to zero in the current model, except
527 for preload 1% - dkg in the component corresponding rotational flag degree). The &;, for
598 i € {h,«a, B}, corresponds to mode-proportional structural damping ratios for each degree of AQ16
529 freedom; by default we set the reasonable value & = & = 0.02 for each degree of freedom

530 (cf. [29]).
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The unsteady aerodynamics L, T, T are given as
3} b .
(A.2a) L= 7Tpab2 (h + Va —bac — KT4,B - T1,3>
T T
T d - A
+2m, (QuPou0) - [ Qule) =D as).
0

2
(A.2b) To = mpab? [bah Vb < — a) & — b? <; - a2> & — V7 (Ty+ Tho) B

2 .
"+ -t

+ 21 pa Vb2 (a )(Qa%qﬁw / Qalo dd)w déw(? —0), )

.. 2 2
(A.2¢c) Tg= Tpab? [leh + ﬁ <2T9 + T — <a - > T4> & — iTlgoz
T T T

Vb 1 .
t— <_Tl + T+ (c—a)Ty - 2T11> B+

V2 Vb . b\% .
- <) (T5 — TyTho) B+ 55 TuT118 + () 158
T 27 T

— paV*T12 (Qa(%)@u(o) - /0% Qa(@WdJ) )

In order to approximate the unsteady aerodynamics, we use the exponential approximation
to the Theodorsen functions

H(r)=1—a1e ™" —age T,

as introduced by Jones [16], and see [29] for a derivation and for how to define values of the
coefficients a1 2 and b1 2. Then we introduce augmented variables

t t
(A.3) wi(t) = / Qae "V, wy(t) = / Qae " do
0 0

to calculate the aerodynamic forces L, T, T} in terms of feedback from the structural motion,
where

.V b .
Qo= (V()é+h—|—b( —a> (Jé—{—Tloﬁ—l—THB) .
m 27
If we define X = [(,, 3] for the structural variables and wj, = [wy,ws]" for the aug-
mented parametric variables, then the full coupled system can be written as

Xs :XSa
(A.4) MX,=—-KX, - CX, — Dyw,,
Uy = EgXs + EgaXs + Epwy,
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where

M =M —nMy., K=K —n(U/b)*(Kpe+0.5R.Se1), C=C —n(U/b)(Bpe + 0.5R.Se2),
D, = n(U/b)Rc [albl(U/b)2 a2b2(U/b)} ) Eq = (U/b) [Scl; Scl] ) Eqd = [5025 502} 5

Ew:[_bl O]’ n=1/mp, and p=m/mpab’,

0 —by
—T Ta T 0 —T Ty
My.=|ma -n(1/8+a%) —2Ti3|, B,.= |0 w(@-05) -Tig |,
T —2T3 T3/ 0 T —Thg/m
—2r ] 00 0
R.= [2n(a+05)|, K, =|0 0 -Ti5 |,
—Tho 0 0 —Tig/x
Sa=|0 1 0|, ch=[1 0.5—a T”}
T | 27

with all 7; constants given in [28].
Finally, transform the differential-integral equations (A.1) into the following system of
first-order ODEs:

X, 033 JENE! 032 X 03x1
(A.5) X |=|-M'K -M'C -M™'D| |X,| +|-MF(X,)
Wp E, E, E, Wy 0251
The detailed physical parameters used in this study are given in Table 4. AQ17

For convenience, we also specify here the numerically evaluated matrices necessary to
compute the normal form (2.12) at the BEB we have found at parameter values U = 0.64833
and § = 0.01 rad. After numerical evaluation, we find

A=[A; Ay,

Table 4
Parameter definition

Physical parameters

b Wh Wa wg Pa m
0.3 m 50 rad/s 100 rad/s 0 rad/s 1.225 kg/mm? 1.5 kg
al a2 bl b2 fi, i = h,a,ﬂ T
0.165 0.0455 0.335 0.3 2% 0.72

Dimensionless parameters

Q|
ol

Ta Tp T 73

—-0.4 0.6 0.2 0.0125 0.25 0.00625
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548 where
0 0 0
0 0 0
0 0 0
A —2.9340e +03 2.3800e+03  —31.8848
b 2.5143¢+ 03  —1.4569¢ + 04 —126.9591 |’
—1.5787e+03 3.9373e+04  119.8092
0 0 0
0 64.8330 35.6462
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
A —4.1409 —1.7578 —0.2147 —118.8655 —29.0256
2 3.3583 —8.2454 —1.0773 157.7863 = 38.5297
—3.2826 17.0083 —1.9570 —328.2203 —80.1478
0 0 0 0 1
1 0.9000  0.1487  —5H7.3753 —22.3998
549 and the reset map related matrices are
0 0
0 0
1 0
T 0 0.0030
C' = ,B=(1+7r)
0 —0.0774
0 1
0 0
0 0
550 Appendix B. Derivation of normal form. We give here a constructive proof of Theo-
551 rem 2.4, by specifying the specific transformations necessary to put a general n-dimensional
552 impacting hybrid system undergoing a BEB with linearization (2.8) into the normal form
553 (2.12).
554 Without loss of generality, we first set pu* = 0 in (2.8) and assume the sign convention
555 that transition from an admissible to a virtual equilibrium occurs as p increases through zero.
556 Then, according to (2.8) the linearization around the admissible equilibrium x for u < 0 with
557 H(x) > 0 satisfies
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A(x—x")+Mp=0,
C(x—x")+Nu=n,

where

(B.1) n=—(CA "M — N)u>0,

which implies CA='M — N > 0.
Next, setting Ax =% — x*, we arrive at

F(x, 1) =AAx +Mpu
=A(Ax+ A 'My),
H(x,p)=C(Ax + A~ '"Mp) + (N — CA™'M)p.

We can now rescale the problem by dividing by the positive scalar
(B.2) || (CA™IM — N).

Then we reorganize the system using a new state variable

_ Ax+ A-'My
Y= ul(CATTM —N)’

under which the reset map (2.3) becomes a linear transform

y =y Wy )u(y)
(B.3) =y —BCAy~
= Py_

with
vy )=Lp(H)(y ) =CAy~ and discontinuity set H(y, j1) := Cy — 1 =0,

where (i =sign(u), so that the the dynamics around the boundary equilibrium can be be fully
understood by studying on the cases i€ {—1,0,1}.

Accordingly, we redefine the incoming set as {3~ |v < 0,H(y) = 0}, the outgoing set
{S*|v > 0,H(y) = 0}, and the grazing set {X°|v = 0, H(y) = 0} on the discontinuity set
{3|H(y) =0}, where v = Lp(H)(y). Thus, the reset map will map the points in £~ to 7.
The vector fields for their free flight and sticking motion are driven by respective vector fields

F(Yvﬂ) = Ay and Fs(Yaﬂ) = Asy'

Furthermore, we note that the observing vector C can be transformed to a unit vector
el by an additional coordinate transform, which also has the effect of redefining A and B.
Without loss of generality, consider a general unit observing vector CT € R™ (otherwise, we
can normalize it). We also assume the nondegeneracy condition that CT is not tangent to the
eigenspace of A.
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Then, in general, CT can be parameterized by n — 1 independent parameters, via

n—1
cosf [] sinb;
i=2

n—1
sinf; [] sin#6;
=2

T _ n—1
(B.4) C = cosfy [] siné;
=3

cosB,,_osinf,_1

cos 0,1

To see this, observe the following:
1. C} +C3 =1}, sin?6;.
2. C} +C3 4 03 =112, sin? ;.
3. We can observe the form of remaining elements of C to easily conclude that )" C’i2 =
H;Z}lsin2 0; for 2<m<n-—1.
Therefore, we have

n n—1
norm(C) = Z C? = Z C? +cos* 01 =1.
i=1 i=1

The kernel space C is given by
Ker(C)={veR"|Cv =0},
and we can find an orthogonal basis for this subspace so that
Ker(C) =span{e, ... e},
and from (2.9) we know that the vector B is in this kernel. So we can write
B =byel +--- +buef, where b;=(B,el), i=2,...,n.
Furthermore, let us define a transformation matrix
(B.5) T=[C', e el

Under such a transformation and rescaled time dt = dr/s, s € RT, the system is converted to
one with corresponding matrices

0
R A . ba| . .
(B.6) A=T'=T B=T"'B=| |, C=CT=¢;,P=I-BCA.
S .
bn

Compared to (2.10), it can be easily checked that Ay = T_I%T.
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591 Appendix C. Reduced description in the three-dimensional case. For the
592 three-dimensional case, it is possible to derive the conditions (3.7b) explicitly. Following
593 (3.9), the minimal parameter space to define the matrices A and B is

(Cl) A:{)\17A27)‘35b2ab3707<10}‘
594 Furthermore, without loss of generality, provided A3 # 0, we can rescale time, for example, to
595 assume A3 = £1. We now derive explicit equations for p(t) and velocity v in terms of these
596 two parameters in each of the two cases (C.2) and (C.5).
597 C.1. Case I. If we denote A;; = \; — Aj, then it is straightforward to find coordinate
598 transformations to express A and B in terms of the parameter set (C.1). We find

A ail a2z a13 A 0 A 1
(C.Qa) A= asz1 a2 a3, B= b2 N CT =10
asy asy ass b3 0
599 and
1 0 0
by sin(260) .
(C.2b) P=|p21 P22 2()SID<PA21 ,
bg sin(20 .
P31 ps2 1+ bssin(26) sin Aoy
600 where
601 a11 = Arasin? pcos? 0 4+ Asy cos® ¢ + Ng, a1a =sin g cos IPAND) cos® 6 + Aos),
sin(20) . sin(26
602 a13 = (20) sin pAgy, agy = (A12cos? 0 + Agz) cos? p + N3, agz = (20) cos Ao,
asz = Ag1 cos® 0+ A1, ag1 = a12, ag1 = a3, ass = s,

603 and
604 po1 = —ba(Aq2 sin? ¢ cos? @ + Asy cos® o + A2), paa =1 — basinpcos p(Aqg cos? 0 + Aos),

p31 = —b3(Aj2 sin? pcos? 0 + Agy cos? o + A2), p32 = —bgsin pcos p(Aj2 cos? 6 + Ag3).

605 Thus, by taking an exponential of the appropriate diagonal matrix and transforming back, AQ18
606 we can write the existence condition (3.7b) explicitly as

p(A,t) =—1+4+ hll e()\1+)\2+/\3)t 4 h12 e()‘1+)‘2)t + h13 e()\2+)\3)t
(C.3) — (14 2h11 + hag + hag) €M) 4 (14 gy 4 hag) !
— (h11 + hio + hiz) et + (1 + by + hyz) et =0,
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where

hi1 =1 — ba(\1 cos® @ + \gsin’ 6 — A3) sin p cos p
+ b3(A1 — A2) sinf cosf sin ¢,

hig =—14ba(N\ cos? 0 4 Ay sin? 0) sin ¢ cos
—b3(A1 — A2)sinf cosfsin p,

his = — 1+ by(Agsin? 6 — A3) sin pcos ¢
+ b3 Agsinf cosfsin .

Combining the (4.2) and (3.3), we can also write down the expression that determines the
direction of bifurcation,

(A, T) = k11 eatAa)t 4 k12 e(MitAs)t | ki3 e(A2tAs)t

(C.4)
+ (k11 — k10) €8 + (k12 — k10) €28 4 (ki3 — k10) €M + kyo,

where

k1o = (M1 cos? 0 + g sin? 0) sin? ¢ + Az cos? o,

k11 = A3cos? o — ba (A cos? 6 + Ay sin? 0) A3 cos psin AQ19
+ b3 (A1 cos® @ — Ao cos? ) A3 sin @ cos O sin ¢,

k1o = A9 sin® 0 sin® @+ badoAs sin® @ sin pCos
+ b3( A1 sin? @ + A3 cos? @) Ay sin § cos 0 sin ¢,

kis=M\ cos? f sin? @+ baAi1 A3 cos® fsin y cos ¢
— b3( A2 sin? ¢ 4 A3 cos® @)A1 sin 6 cos O sin p. A3 cos? .

C.2. Case Il. Proceeding similarly for the focus case, we find

(A3 —a)cos?p+a sinpcosp(a—A3)  Bsing X o] 1
(C.5a) A= |sinpcosp(a—A3) (a—A3)cos>p+ X3 Beosp|,B=|b|,CT=]0],
—Bsingp —pcose o b3 0
and
1 0 0
(C.5b) P = |(cos?p(a—A3) —a)by 1—by(a—A3)cospsing —byfsing

(cos? (o — A3) —a)bg  —bg(a— A3)cospsing 1 —bzBsing
Then, the existence condition can be explicitly written as

P(A, 1) = hoy €A 4 pog ol@H X cog(BE) + hgg el sin(Bt)
(CG) — (1 + 2h21 — h22) e2at + (2 + 2h21 + h22) eo‘t COS(ﬂt)
— hog e sin(ft) — (ho1 + ha2) Mt — 1= 0,
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614 where
ho1 =1 — [bo(a — A3) cos ¢ + bs (] sin p,
haa = —2 + [ba(a — 2\3) cos ¢ + b3 ] sin o,
hog = —(b2f cos v — bga) sin .
615 Combining the (3.3), we can write down the expression that determines the direction of
616 bifurcation,
7 O(A,T) = koy elatAs)t cos(ft) + koo elatAs)t sin(ft) + (k2o — k21) e2at
+ (ka1 — 2ka0) € cos(Bt) — kg e sin(Bt) — ko et 4 koo,
617 where

koo = asin ¢ 4 Az cos? o,
ko1 = (bacx 4 b33 cos ) Az cos psin g + « sin? o,
koo = [Bsing + byBAz cosp — by (ahg cos® p + (o + B%) sin® p) ] sin .

618 Appendix D. General analytic form for p(t). Let K(t) = PeA! — I, so that p(t) =
619 det(K(t)). We know p(0) =0, so we can expand this analytic function around ¢ =0. We can
620 write

(D.1) Al =T+ At + lA2:52+§oo Al
‘ 2! I
=3

621 and

1 0o ~=Al
det(K) = [P — I+ PAt +  PA%t +ZZ“.
=3

622 Now we can appeal to the following standard result from linear algebra [26].
623
624 Lemma D.1. Suppose Q and K are invertible n X n matrices, then

det(QK) = det(Q) det(K),
625 and hence

det((K)) = det(Q 'KQ).
626 According to Lemma D.1, we can split p(¢) into

I

1 — Alt!
— _p-1 1 A2.2
p(t) = det(P) det (I P +At+ 2!A t° + lE > .
=3

627 Further let P(t) be the polynomial p(t)/det(P), and write

o0
(D.2) Pt)=Y_pt",
k=0
628 where we know that det(P) = —r. Now let us find information about the coefficients py. The

629 following result is useful.
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Definition D.2. [19] Let o and 8 be integer sequences of length 1 < m < n chosen from
1,...,n:
e Ala|f] (square brackets) is the m x m submatriz of A lying in rows a and columns [3;
e B(a|B) (round brackets) is the (n —m) x (n —m) submatriz of B lying in rows com-
plementary to a and columns complementary to (.

Lemma D.3. [19] For two n x n matrices A and B, the determinant of their sum is given
by

(D.3) det(A +B) = ZZ %) det(Alal5]) det(B(a]9)),

m=1 «,8

where m denotes the number of rows and columns extracted from A. For a particular m, the
mner sum is over all strictly increasing integer sequences o« and 3 of length m chosen from
1,...,n, and s(a))/s(B) is the sum of integers in «/f3.

Lemma D.4. Consider a matriz polynomial

n
Z(t)= Z Miti,
=0

where M; are constant n xn matrices such that the determinant of Mt is also a polynomial of
t up to highest order t™ . According to Laplace expansion [26], we know the det(Z) is linearly
dependent on every column of every elementary matriz M;. If we define a sequence

S: [50751,...,571],

where s; denotes the number of elements from M;, which take part in the product term of the
Laplace expansion. Obviously, 0 <s; <n and ) s; =n; also, each s; should be from different
columns and rows of M;. We deﬁne d(si) as an index set of integer number s;, indicating
column index of the elements M; IR in the Laplace expansion term. Then we can write

det(Z) =Y (-1)T'®) (Hdet S(si |J(sl)])-t(isl)>.

S

Now, applying Lemma D.4, we substitute

and the order kg of every expansion term with sequence S is kg =), , is;. We observe that
rank(Mj) = 1, and the only nonzero eigenvalue —%CAB. Thus, for all terms in the Laplace
expansion with sg > 1, we have that kg < n — 2 will be zero. To get all terms with kg < n
under the condition sg <1, the only sequences leading to possible nonzero terms are

S =1[0,n,0,...,0], Sy =[1,n—1,0,...,0], and S3=[1,n—2,1,0,-- ,0].
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658 Then, by Lemma D.4, the following hold:

656 1. For Si, the corresponding term is

det(M;y)t".
657 2. For S, the corresponding term is E;‘:l(—l)i”Mé’j adj(l\/[il’j)tnfl.
658 3. For S3, the corresponding term is (trace(MO)W)t”.
659 The coefficient the t"~! term derived from Sy can be shown to be zero, because (i) Mg’s AQ20
660 row space is just expanded by CA, and (ii) from condition (2.9) CB = 0. Finally, we get the
661 conclusion that the first n — 1 terms of P are zero. Thus, the ny,-order term is the leading
662 order of P(t), which can be calculated by summing terms from S; and Ss,

t M
det (M) (1 + T2 Mo) 3

2
663 Therefore, by multiplying the above with det(P), the leading order for the p(t) is

(D.A) —%&;&ﬁkuAﬁﬁ
664 Acknowledgments. The authors thank Mike Jeffrey and Nick Lieven for helpful conver-
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