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Abstract — Based on the idea of Andrunakievic and Rjabuhin for linking Jacobson's radical to a right-wing ideal [3], we interfered with
the theory of the upper nilradical, examining them concerning a unilateral ideal of an associative ring. We'll be here briefly as soon as
possible.
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1. Upper Nilradical in terms of an ideal of LEFT
Let it be the ideal left P of an R ring.
Definition 1.1. Ring 4 is called A-ring in terms of the left ideal P, if Va € A, dnel,.a" € P
The ideal (whether left or right) Is < R called the nilideal (left or right) in terms of the left ideal P, if I is Nilenaese in
terms of the left ideal P.

Definition 1.2. The upper nilradical in terms of the left ideal P in the Ring R we call the nilideal (left or right) greater in
terms of the left ideal P in it. We mark K (R, P).

These theorems are proven to have room:

Theoremat 1.1. [11]). In an R ring, containing the left ideal P, the sum of each end community of nilideals (left) related
to the left ideal P is nillideal in terms of the left ideal P.

Theoremat 1.2. [11]). In an R ring, containing the left ideal P, there is the upper nilradical in terms of the left ideal P
and it matches the sum of all the nilideals (left) of R related to its left ideal P.

Theoremat 1.3. [13]). If / is ideal for the R ring, which contains its left P ideal, then. K (/,P) =1 N K(R, P)
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Definition 1.3. ([7]). Ring R is called K-radical in terms of
ideal left P, if R=K (R, P).

Theoremat 1.4. [7]). Ring R is K-radical in terms of the left ideal P, then and only then, when it is Niluan in terms of
the ideal left P.

If R is K-radical in terms of the ideal left P and / ideal containing the ideal left P in R, then. We take this as well.
K(I,P)=INnK(R,P)=INnR=1

Theoremat 1.5. [7]). Every I ideal in the K-radical ring related to the left p ideal is a K-radical ring related to the left
ideal P.

2. Ring of Z k-MATRIGIVE. UPPER NILRADICAL
Related to a LEFT IDEAL in it

Definition 2.1. } k-matrix we call the square matrix of the order 2 k+1, k=2, 3, ..., which has the following shape

a, 0 0 .o 0 0 0 .ee 0 0 Qi
0 @, Qs 0 Oy s 141 Oy 0 O @y ok 0
0 0 L2 I £ Q3 11 T N £ Y 0 0
Ok Qe ki1 Ay ji2 W
0 0 0 ‘e 0 0 0 .- 0 0 0 ’
0 0 0 Oy Cogn Foger 0 0 0
0 0 Qs 7 O g Copaper 0 Ok 0 0
0 Qyn Qs 0 Oy A st Qe 2 o Opopy 22787’ 0
| %y O 0 o 0 0 0 "' 0 0 js12k41 |

Where the (k+1) row is zero.

Let it be Ay community of 4 k-matrixes on the field [] real numbers, where k is a number fixed among natural

numbers 2. 3, ....

We note that V 4, BE Aopi1, A+BE A1 and A-B € Ayi1. The first is obvious, and for the second we have
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a, (U 0 0 0 0 X k1

0 Oy oo Oy @ f1 Qrpp 70 oy 0

0 0 - oy A k1 7 0 0
@)  4B=| 0 0 - 0 0 0 - 0
0 - Xax XGopn XGogn 0

0 Qo 0 Oopp g Coppn 0 O 0

| Xy O 0 0 0 v 0 Qg1 2k41 |
,Bl,l 0 T 0 0 0 o 0 ﬂ1,2k+1

0 ﬂz,z ﬂz,k :Bz,/m ﬂz,mz ﬂ2,2k 0
0 0 ﬂk,k ﬂk,k+1 :Bk,k+2 0 0
0 0 0 0 0 =
ﬂk+2,k ﬂk+2,k+1 ﬂk+2,k+2

0 ﬂzk,z ,sz,k ﬂzk,kﬂ ,sz,k+z ,sz,zk 0

_,sz+1,1 0 '” 0 0 0 o 0 ﬂ2k+1,2k+1 |

| Z @, 0 0 0 0 0 Z %3,

0 Zaz,/ﬂj,z Z%ﬁk 206.,-5,,k+1 Z%.jﬂj.m Z %, 0

0 0 v Z @B, Z %, Z G B 0 0

0 0 .- 0 0 0 .. 0 0

0 0 T z (2% jﬂj,k z %+2,jﬁj,k+l Z ak+2,jﬂj,k+2 T 0 0

2k 2k 2k '
0 2B Z"‘zk,jﬁik Zazk,jﬂ/,kﬂ Z“zk,./ﬁf,m " Z %y i3 0
=22k Jj=2 j=2 j=2 J=2.2k
Z oy, jﬂj,l 0 e 0 0 0 e 0 Z ey, jﬂj,2k+1

=126+ L2k i

From there it appears that (Ax+1, +, *) is the subnumeration of the M+; ring () of the matrix of the order P2k+1 over the field of
real numbers /7.

We distinguish in ring Ay the community of 4 i x —matrixes, which have zeroed all elements except perhaps the first

and last element of the first pillar and we mark this community P »;+1:
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_p 0 0 0]
0O 0 - 0 0
P =<1 1t p,.g€R
L4 0 O_(2k+l)><(2k+l)

Statement 2.1. The P+i community is the left ideal of the A4.+; ring.

This is because it seems that V' P I, P, € Pa+1, Pi - P2 € Pyi1. In addition, V P P€ 51 and V A A € 541 we have

AP=
- a, 0 0 0 0 0 A aan 7 _p 0 - 000 - 0 0]
0 Oy oo Oy O jni Gy 0 Oagy 0 00 ..00O0O:- 0
0 0 Gy G ka1 [ 0 0 10 0 -~ 0 0 0 --- 0 0|7
0 (U 0 0 0 0 0 0 0 --- 0
0 0 = Kok Xog Faapn 0 0 00 - 00O0- 00
0 Qo 0 Oopp g Coppin 7 Oy 0 00 -0
_a2k+l,1 0 0 0 0 0 a2k+l’2k+l_ L4 o - 000 -0 0_
QP+ ag 0 - 000 )
0 0O .. 00O - 00
. R e P
0 0 00 0 0 0
0 0 00 0 00
0 0 00 0 00
0 o - 000 - 00
| oataP+ Cpag 0 - 00 0 - 0 0]
We would already easily state that;
pa, 0 0 .. 0 O pamkﬂ_
0 o 0 .. 0 O 0
0 o 0 .. 0 O 0 P
PA= ,
0 0 0 .. 0 0 o |F7
0 0 0 O 0
0 o 0 .. 0 O 0
| qay, 0O 0 ... 0 O qa, . |
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If 4 is such that it indicates that @, ,;,, # 0, Pa1 is only ideal left of ring Ao+ 1,

Let it be L a X —matrix of whatever, dm.th. L € Ay and has the trajectory (1). We divide the A1 community

initially into two K-grades o, K;, where Kj is the class of L matrixes, in which are zero elements of the marginal ; 2+, @2k+1,2¢+7 Of
the last pillar and K is the class of matrixes L, in which at least one of these elements is nonzero.

It is understood that a ¥  —matrix of class K, has the shape (1), where 4 ;2017 OV @z, # 0, whilea & x —matrix
of class Ky has the shape

a, 0 0 [V 0 0 0 e 0 0 0 0
0 Ty " @ i @5 1 @) a2 T @5 2kt o 0
0 ) (VI A i A3 e s pin T Qapp f 0 0
0 0 0 0 =1,k A e At sz 0 0 0 0 (3)
0 0 0 0 Ao 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 Hrpn 0 0 0 0
0 0 0 0 Ppazprt X 0 0 0 0
0 0 %-1,3 [TV 1k [y Qi1 k42 R TERY) 0 0
0 LT T Y2k 4 Y2k k 2k k+1 2k k+2 2k 2k-2 2k 2k-1 2k 2k

| @y O 0 0 0 0 0 0 0 0 0]

We examine the elements of . k-matrix (3), which are located in the two areas

Triangledrawn as above.

We mark 77 community of elements of the upper triangle area, excluding elements of its "side ribs"; we mark 7>
community of elements of the lower triangle area, excluding elements of its "side ribs". We also mark D the community of

elements located in the diagonals of 4 4. k-matrix (3), except for the peak elements of 1 ; and s+1.1. So,

D= {and 2,2; and 3, 3; ...; and k+1 k+1; ..., and 2k,2k; and 2k2: and 2k-13; ..., @ k12, K;a kke2,...,a2, 2k}

In terms of zero value of elements of communities D and T = T,\U T are possible these four cases:
1) All elements of the D and T communities are zero;

2) All Elements of D are zero and at least one element of 7 is nonzero;

3) At least one element of D is nonzero and all Elements of 7 are zero;

4) At least one element of D is nonzero and at least one element of 7 is also nonzero.

We share class Kjaccording to them respectively in grades Iy, Ko, Ko, K;1.

Grade / L matrixes have the shape
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a, 0 0 .. 0
0 0 0 0
L= 0 0 0 .. O0|e Py
Ay 00 0]
So Iy = Poy+1
Class Ky; L matrixes have form
i a, 0 0 0o - 0 0 0 0 0 0 0]
0 0 (LX) Gy " oy @ 1 @ 2 T O @3 0k-1 0
0 0 0 Ay L5V LSy X3 pi2 Y T 0 00
- : : HE ’
0 0 0 (UNE e Forpnt Borpan 0 0 00
0 0 o0 0 0 Qo 0 0 0 00
0 0 o0 0o - 0 0 0 0 0 00
0 0 o0 0 0 Argnn 0 0 0 00
0 0 0 0 Cesk Oasprr Prazksa 0 0 00
0 0 0 Qpjmrg 0 O Cpopnt Copoipn " Copmi k2 0 00
0 0 Qo3 Oy o ok O et O g2 " Qg ok O k-1 0
Ay, 00 0 0 0 0 0 0 00

where at least one of the elements, a i 7 0i=2,3,.., 2kand j=3, 4, ..., (2k-1).

The Grade K9 And K;; matrixes have the form (3), where at least one element of the D community is nonzero. Thus, the
community Ay is divided into classes 1y, Koi, Ko, K11, K.

We mark N (Az+1, Pak+1) community of LA € 2+1 matrixes such as L™ € P 5+ for any natural number mk >, d.m.th.

N(A2k+1, P2k+])={LA2k+l, mk, L"P ,€ 4

VmeN>2e,}4)

It is clear that Pyr1 © N (Azer1, Part1), because, being ideally left, Pk is ring, therefore along with the matrix of

whatever L from Py; and L™ € P 441, for every natural number m, so also for mk. >

Let's focus at } s L-matrix, which appears as;
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a,, 0 0 O .. 0 0
0 0 a5, 0 ... 0 O
0 0 0 0O .. 0 0
L= 0 o 0 0 .- 0 olE Fop+1 , 02340,
0 0 0 0 0
0 0 0 0 0
K2YRE 0 0 0 0 0_
SoL & Py+1. For m=2,
I?=
[ 0 0 7o B}
a, 0,’121 0 O 0 0
0 0 ay 0 0 0 0 0 0
00 0 0 0 0 " 00
= e e € B
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 o -~ 0 0 0 o o0 o - 0 0
L Fa2k+11 0 0 0 0 0_ | Xope11@11 0 0 0 0 0_

According to claim 2.1, even L™ € Pay1, for every natural m, mk. >

That's how we got this.

Statement 2.2. Tek community N (Az+;, P2i+1) bp 2x+1 1s rigorously included.

Statement 2.3. Community N (Az+s, Pa+s) includes grades Iy, Ky; and does not include the other three k 59, K;;, K;
classes.

Proof. Since Iy = P+ and, according to statement 2.2, we have

Pois1 C N (Azk+1, Pak+1), remains to prove that Ko C N (Azk+1, Pai+1),

K,y &N (A2k+1, P2k+1),N(A2k+1,P2k+])and N(A2k+1 K, &, P, K, & w).

Let's note that for every one, L € K,
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~ -2

a, 0 0 0o - 0 0 0 0 0 00
0 0 a, ; Ay o 229" (229 X k42 vt Qgapy Qo 0
0 0 0 O3y 2273 Ay L I AT Yo 0 00
0 0 0 0 - Ok g Fporpna 0 0 00
L= 0 0 o0 0 0 it 0 0 0 0 0| =
0 0 0 0 0 0 0 0 0 00
0 0 0 0 0 Aoy g 0 0 0 00
0 0 0 0 Fpizk Opaspnr Fsien 0 0 00
0 0 0 Qa7 O O Coprgen e 0 00
0 7% Oyrg " Qe Coppnr Coppin e Uy 0
| Qg 0 0 0 0 0 0 0 0 0_
&} 00 0 0 0 0 0 0 0]
0 00 o ay Al g, v @, 0000
0 00 0. d) @, ol - 0 0 00
0 0 0 0 0 a,il_)l,kﬂ 0 0 0O 0 0
_ 0 0 0 0 0 0 0 0 0O 0 0
0 0 0 0 0 0 0 0 0O 0 0
0 0 0 0 0 0 0 0 0O 00
0 00 0 0 o, 0 0 0 00
0 00 0 - az(}c)—l,k a;c)—l,kﬂ agc)—l,ku -0 0 00
0 00 0‘524 a;c),k a;c),kﬂ aé}c),k+2 agc),Zk—Z 0 00
&)y, 00 0 - 0 0 0 e 0 0 0 0]

It is noted that in L? the number of elements perhaps nonzero in the "heights" of triangle areas decreases by at least one
element; in L they have k-1 elements each (precisely oz, k+1, 03,k+1, -, Gic1,k+1, Ok k+1 10 the upper), while in L? they have from

k-2 elements such (precisely, ..., in the upper). 0551,2 " 0@“,3 " 0!,91 el

With further increase in power indicator, after k-1 steps we take

aty 0 0 .. 0
0 0 0 .. 0
= 0 00 .. 0le?,,.

(k-1)
| Qo1

[e)

0 .. 0

Therefore L™ € Pa1, for every natural m, mk, =d.m.th. Ko; © N (Azks, Pok1).
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It is further easily shown that K|, & N (A1, Pars1), Kjj @ N (Agkr1, Pu+1) and K| & N (Agi+1, Pa+1). For example,

the first relation serves the implication

a, 0 0 .. 0 ), 0 0
0 a, 0 .. 0 0 a, 0 .
=] 0 0 0 .. 0f,@,#0=>L"= 0 0 0 .. 0|g A
| X211 0 0 .. 0_ _Otz,m,lalk,l_l 0o 0 .. 0_
for every ke N.

We mark A g}{)ﬂ subcommunity /o\UK;, of Ay+1. We examine the following subcommunities of A g{)ﬂ :

a, 0 - 0 0
0 0 - 00

I, = : a;, R
0 0 - 00
| @y 0 0 0]
¢, 0 0 0 0 0 0 0 0]
0 0 ay, 0 0 0
0 0 0 0 0
0 0 0 0 0 0
1= 0 0 0 0 0 Ofla; eRy,
0 0 0 0 0 0
0 0 0 0 0 0 0 00
0 0 a5 0 - 00 -~ 000
| Ay 00 0 0 0 0 0 0]
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a, 0 0
0 0 a,;
0 0
0 0 O
L, = 0
0 0 0
0 0 0
0 0 ay,;
| Qyy 0 0

227w

s

a2,4 s

a, 0 0 0
0 0 a, Oy
0 0 0 ay,
0 0 0 0
0 0 0 0
Iy, = 0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 Oy
0 0 ay; Opg
| %y 0 0 0
i a, 0 0 0
0 0 a;
0 0 0 as,
0 0 0 0
0 0 0 0
L = 0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 [ZTRPE
0 0 ay;
| %y 0 0 0

oS O

[y

2Ty

oy g

ak+3,k

X1k

ok

(=] (=]

oS O e

0
az,kﬂ

a3,k+l

[C7my

O jn

0
ak+2,k+]

Qi3 k41

2y

g st

0

(=]

0
0

o o o o o '

0 00
0 00

0lla.eR

y

(=]
(=]
(= e -}
(= e -}

O o o o O

(=]
(=]
(= -]
(= - -]

(=]

O O ©O o ©

(=]
(=]

a,jeR

a.e€R

v
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a, 0 0 0o - 0 0 0 - 0 000
0 0 o, Oy O [y O k2 = 0 000
0 0 0 Ay o (227 (22 22y 0 000
: : : : : : : I 5
0 0 0 0 g Fgrpn k2 0 000
0 0 0 0 0 . 0 0 000
Iy = 0 0 0 0 0 0 0 0 000 a; €R
0 0 0 0 0 [y 0 0 000
0 0 0 0 sk Cspnr Faspa2 0 000
0 0 0 Oojra 7 O Copoipnt Xoporpn2 0 000
0 0 Qi3 Oopa 5T Coj kst (ST = 0 000
Oy 00 0o - 0 0 0 - 0 000
[ &, 0 0 0 0 0 0 0 0 0 0]
0 0 Q5 Qyy i @y ka1 (229 vt Oy 000
0 0 0 Uy %3k s 1 LAV v Gy, 000
: : : : : : o Do >
0 0 0 0 e Cogn Brgan 0 000
0 0o 0 0 0 Qs 0 0 000
Ly, = 0 0 0 0 0 0 0 0 000 a; R
0 0 0 0 0 Ay 0 0 000
0 0o 0 0 Qg Xzpn [Ty 0 000
0 0 0 Xpjyg Qi Qi Xojipan Oy ok 000
0 0 oy, ayy Qg Xoppn o2 T Ok 000
| %y 0 0 [N 0 0 0 0 0 0 0]
[, 0 0 0 0 0 0 0 0 0 0]
0 0 [22%) Qyy Qi @ ki1 22y g (22T 00
0 0 0 (VI Ay i 2y Ay jia Tt O 0 00
0 0 0 0o - O g Forpnn 0 0 00
0 0 0 0 0 Qs 0 0 0 00
Lya=1 0 0 0 0 0 0 0 0 0 0 0fgeR
0 0 0 0 - 0 (A 0 0 0 00
0 0 0 0 Gk Oz Fiispn 0 0 00
0 0 0 g 7 Qg pipn Qogrin 10k 0 00
0 0 ay; oy, - Dk Copnt Poppnr Oy Oy 000
| %y 00 0 0 0 0 0 0 0 0]

It is easy to see from their construction that these communities form the verse

0
hCh3ChLaC...Chax Tt CThix2C...C Loko Chxa= ;t'gk)ﬂ 5)

It's obvious that VL,,L, € [, = L, — L, € I, , pér ¢do ¢=3, 4, ..., 2k-1 and for every
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q-1, qg=3,4,..k+1
2k+1-q, g=k+2,k=3,....,2k—1.

It's not hard to obey as well that

Viel, VX e, XL,

So, we obtain this.

Statement 2.4. The communities of the verse (5) are left-wing niles in terms of

left ideal P+ ).

Since %(2(;{)“ results the left nile in terms of the left ideal & ;, Then from the theorem 1.4 it is a K-radical ring,

therefore from definition 1.3 we obtain the draw
0 0
‘;%(Zk)-#l = K(‘;%(Zk)-ﬂ ) e72jk+1). (6)

In this way we have confirmed the statement:

Statement 2.5. The upper nilradical in terms of the left ideal P+ of a

ring 5257, It's the ring itself. 52, .

We stress that this conclusion we can also take from verse (5), where it seems that 2(;{)“ (2(;()“ it's the greatest nile in

terms of the left ideal P31 ring ;22‘}2“ . But is this the greatest nile in terms of the left ideal Po+) of ring 4, ,, ?

This is why we examine the range of communities

(0) (2.2) 2,2) (3.3) (3.3) (k) (k1 +1)
Ay C 177 C I(zk,z) cl™clyl;c.c I(k+2,k) cl = I(k+2,k+2) =

(kk+2) 2k+1)
I(k+2,k+2) c...C ](2k+1,2k+1) < ](2k+1,2k+1) = Ay (7

where with 17", p =23, ...,k +1 dhe me I, D= k+2,k+3,..2k +1 we have marked the community that includes
A g{)ﬂ and has zero as the elements of the main diagonal from the end to the element a,, and secondary diagonal elements,

excluding the element ax-;; , and with ]((;éfiﬁz,p)ap =2,3,...,k dhe me ]((;f‘[:)p+2’p),p =k+2,k+3,..2k+1, we have

marked the community that includes 5?(2(;{)“ and has zero as the elements of the main diagonal from the end to the element a,,,

both secondary diagonal elements from the element a;2+; Up to the element azp+2) .

In each of the terms 7, p=2,3,....,k +1 dhe I, P=k+2,k+3,.2k+1 the range (7) has matrixes that

have at least one element in the main diagonal (excluded first) not zero. If that's the case a,,, , then for the matrix
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i a, - 0 - 0 | i af, O T N
L= 0 o, 0l,a,,#0, kemi L' = 0 aﬁ,p <« 0 |& Ay forevery ke N.
Oy 0 0 0 0] aelll 00 L 0]

Also, in each of the other terms ]((fk’f;ﬂ,p),p =2,3,....k and

I(Zk—p+2,p)

() ,p=k+2,k+3,..2k +1 range (7) has matrixes that do not meet the property of nilpotence in terms of ideal

Fy+1. It is easily shown that such are matrixes that have not zero at least one element in the main diagonal (excluded first) along

with its symmetric versus the k+1 row located in the secondary diagonal.

In this way we have proven this
Statement 2.6. 7% (2(;()“ It's the upper nilradical in terms of the left ideal A+ even for the ring 7%,, ,, .
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