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Abstract

High-Altitude Platform Stations or High-Altitude Pseudo-Satellites (HAPS) use

propulsion systems which are commonly based on propellers. In this paper, an

algorithm for the design of those propellers considering uncertainties is devel-

oped and applied. The algorithm is based on the non intrusive polynomial

chaos expansion scheme, which converts the stochastic design problem into an

equivalent deterministic one. Two uncertainties are studied and characterized:

1) the stratospheric wind fluctuations using reanalysis datasets and 2) the vari-

ability of the aerodynamic coefficients caused by the low Reynolds number.

The results of the method are analyzed to tackle how relevant the uncertainties

are in the propulsion of the stratospheric platforms. The case of study is an

ideal stratospheric airship that operates at a mean wind speed of 9m/s and

requires a thrust of 100N, both uncertain magnitudes. The propeller is built

on NACA4412 airfoils and the cost function to be maximized is the mean net

propulsion efficiency. The new method provides a relevant gain in the mean

efficiency when compared with the deterministic optimization.
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B-spline Basis spline

c Blade chord

cd 2D Drag coefficient

cl 2D Lift coefficient

CL Operator used to calculate cl

CDF Cumulative distribution function

CFD Computational fluid dynamics

D Propeller diameter

F Cost function

G Goldstein circulation function

Gi Constraint

gi Constraint coefficients

gPC Generalized polynomial chaos

HAPS High-Altitude Pseudo-Satellites

i0 Zero load current

KP Power coefficient, P
0.5ρπR2V 3

KQ Torque coefficient, Q
0.5ρπR2V 3

KT Thrust coefficient, T
0.5ρπR2V 2

Kv Speed constant

M Total number of basis functions

Ma Mach number

MC Monte Carlo method

n Propeller revolutions per second

ncrit Critical amplification factor used in XFOIL

NCAR National Center for Atmospheric Research

NCEP National Centers for Environmental Prediction

P Power/ Approximation order of the polynomial

Pe Electric power

Ps Mechanical power

PDF Probability density function
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Q Torque

r Geometry scale

R Propeller radius

R Motor resistance

Re Reynolds number

RMS Root mean square

rpm Revolutions per minute

X Multivariate random variable

XFOIL Interactive program for the analysis of subsonic airfoil

S Multivariate random variable

Si Univariate random variable

SL Sea level

T Thrust

Tu∞ Turbulence levels (%)

U0 Resultant velocity at a blade element

uθ0 Induced velocity in the radial direction

uz0 Induced velocity in the axial direction

v Motor terminal voltage

V Fluid velocity

Y Multivariate stochastic function

Ŷ Multivariate stochastic function approximation

Ŷi gPC expansion coefficients

w Backward velocity of the vortex sheet

α Angle of attack

β Blade angle from plane of rotation

Γ Circulation,
∮
vdx

η Net propulsion efficiency

ηa Aerodynamic efficiency, KT

KP

ηm Motor performance

δij Kronecker delta function
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ϕ One dimensional polynomial basis function

ϕ0 Pitch angle

Φi Multivariate orthogonal polynomial basis function

λ Advance ratio, V
ΩR

λ2 Advance ratio of the trailing helicoidal vortex sheet

µ Kinematic viscosity/mean

ρ Air density

ϱ Joint probability density function

ρi Probability density function of the ith of Si

ν Kinematic viscosity

σ Standard deviation

σb Blade solidity factor, Bc
2πR

Ω Propeller Angular Velocity

1. Introduction

Propellers were one of the first aeronautical propulsion devices used. How-

ever, they are commonly used in unmanned aerial vehicles, general aviation and

stratospheric platforms —also called HAPS. Usually, the propeller design has

an enormous influence on the efficiency of the whole propulsion system. Un-5

fortunately, their aerodynamic design is largely affected by uncertainties. The

sources of these uncertainties are mainly related to the highly stochastic nature

of the wind [1] and to the limited fidelity of the aerodynamic models that are

used. Uncertainties also appear in material properties, wearing of the blades

over time as well as many other aspects [2] of the motor and its operating envi-10

ronments. All those uncertain factors affect the aerodynamic performance and

the propulsion system’s lifetime. The inadequate treatment of uncertainty has

a significant effect in the design requirements under off-design conditions, which

can be of utmost importance for High-Altitude Pseudo-satellites (HAPS).

However, much of the research up to now does not consider uncertainty. For15
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example, in most of the design algorithms [3], the ideal propeller is designed for

a particular wind speed. Initially, this makes sense as, for example, a common

mission requirement for an stratospheric airship is to perform station keeping

in the presence of a stationary wind field of constant intensity. However, the

whole mission performance relies on a good selection of the speed at which the20

propeller is supposed to operate most of the time. Under real conditions, that

wind speed varies with time [4], following a statistical distribution [5]. How this

wind distribution affects the propeller design and its performance has not been

treated before.

Apart from the wind, there are other sources of uncertainty such as the low25

Reynolds phenomena [6]. That phenomena characterizes the stratospheric pro-

pellers and causes a high variability in the aerodynamic coefficient of the blade

sections [7]. The high variability makes impossible to assure the aerodynamic

performance of the propeller. To date, the problem has received scant attention

in the research literature.30

In order to solve equations involving randomness, the traditional approach

is to use the Monte Carlo (MC) method [8], which is based on generating a

large number of samples from random realizations of the input data. Although

it is a very robust method, the main problem is that the convergence rate of

the MC method is very slow [9]. On the other hand, the generalized polyno-35

mial chaos method (gPC) [10] evaluates solutions of the stochastic system at

carefully chosen points within the random space to compute accurate statistics

with significantly fewer system evaluations than MC methods.

In this work, we will employ the gPC approach to perform efficient optimiza-

tion in the presence of uncertainty. One of the main advantages of the method40

described is that it can be implemented by re-using design software from other

pre-existing deterministic methods [11], which can be interwoven with the eval-

uation of the design cost function at the evaluation points. Moreover, it can also

be adapted to include a large number of uncertainties [12] and to find global

solutions [13].45

The article is organized as follows. In Section 2, we introduce the general-
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ized polynomial chaos expansion and we explain how it can be used for design

purposes in Section 3. In order to apply it to the design of a stratospheric pro-

peller, we present one of the deterministic methods that has been traditionally

used and is required by the stochastic method in 4. Next, the main sources50

of uncertainty are studied in Section 5, which are the wind speed fluctuations

and the variability in the aerodynamic coefficients. Finally, in Section 6, the

design method is applied to an airship that requires a thrust of 100N and the

conclusions are summarized in Section 7.

2. Non intrusive polynomial chaos55

The gPC [14] method approximates a stochastic solution Y = Y(S) of the

design problem by a finite linear combination of the orthogonal polynomials ϕi

of N - independent random variable S = (S1, . . . , SN ) ∈ RN . The P th order

approximation of the stochastic design solution Y(S) can be written as:

Y(S) ≈ Ŷ(S) :=

M∑
i=0

ŶiΦi(S), (1)

where Ŷi are the gPC expansion coefficients, and Φi(S) are the multivariate60

orthogonal polynomial basis functions which can be written in terms of one-

dimensional polynomial basis functions ϕ
(li)
i (Si) of each random variable Si

according to the following relation:

Φi(S) =

N∏
i=1

ϕ
(li)
i (Si), (2)

where
∑

li ≤ P and the coefficient M is the total number of basis functions

and can be calculated as M =
(

N+P
M

)
.65

The polynomial base is orthogonal under the following vector product:

⟨ϕi(Si), ϕj(Si)⟩ = δij⟨ϕi(Si)
2⟩, (3)

where ⟨·, ·⟩ is defined as the expectation operator:

⟨f(Si), g(Si)⟩ =
∫

f(Si)g(Si)ρi(Si)dSi, (4)

6
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being ρi(Si) the probability density function (PDF) corresponding to the ith

random variable Si and δij the Kronecker delta function.

In order to compute each of the coefficients Ŷi, we can apply the expecta-70

tion operator to the orthogonal polynomial Φi(S) which yields to the following

equation:

Ŷi =
1

⟨ϕi(S)2⟩

∫
f(S)Φi(S)ϱ(S)dS. (5)

where ϱ is the joint probability density function ϱ(S) =
∏

ρi(Si). Efficient

algorithm to calculate these coefficients are shown in the studies of Golub [15]

and Gautschi [16] but they are already implemented in scientific toolboxes such75

as Chaospy [17].

The integral of Eq. (5) can be approximated by quadrature, so the following

expression is obtained:

Ŷi =

m1∑
k1=1

· · ·
mq∑

kq=1

Y(sk1
· · · skq

)
Φi(sk1

· · · skq
)

⟨Φi(sk1
· · · skq

)2⟩

q∏
j=1

ωj , (6)

being skj with j = 1 · · · q the quadrature points of the jth-component of the

random vector S, mi denotes the integration points number of each random80

variable and ωj is the quadrature jth-dimension weight of the point skj
. There

are different kinds of quadrature than can be used such as Gaussian [18], Fejer

[19] or Clenshaw-Curtis [20].

Once the coefficients have been computed, the expected value µ and the

variance σ of Y(S) can be estimated using the following equations:85

µ(Y(S)) ≈ Ŷ0, (7)

σ(Y(S)) ≈

√√√√ p∑
i=1

⟨ϕ2
i ⟩Ŷi. (8)

This method is a non intrusive algorithm i.e., it only requires to simulate

a deterministic model at some sampling points [21], so traditional design codes

can be re-utilized. The evolution of uncertainty in a dynamic system can also be

determined by means of intrusive methods [22]. However, they require modifi-

cations of the original equations and they need to derive new stochastic models90

which are developed from the first principles of a system [23].
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3. Design methodology

The probabilistic information obtained from the approximated stochastic

solution can be used as part of the cost function as well as to evaluate constraints

in the design. Thus, both the design point performance and the probabilistic95

information —such as its mean performance during operation or confidence

intervals— are relevant for the optimization problem. Using the quadrature

points in the non intrusive PC expansion Sk = (sk1 · · · skq ) along with Eqs.

(7) and (8), the stochastic design problem can be converted into an equivalent

deterministic one. In the most general case:100

min F (X,Y1, · · · ,Yn,S),

Y1 = F(X, S1),
...

Yn = F(X, Sn),

G1(X,Y1, · · · ,Yn,S) > g1,
...

Gm(X,Y1, · · · ,Yn,S) > gm,

(9)

where F (X,Y1, · · · ,Yn,S) is a generic function that represents the cost func-

tion,X is a vector of the design variables, and the differentGi(X,Y1, · · · ,Yn,S)

represent the constraints with gi being known coefficients.

The main advantage of this methodology is that it can be easily implemented

using traditional modeling methods (represented here by the function F): it is105

not necessary to change their inner implementation just to use them in different

design points. The general procedure can be described as follows:

1. Select one of the deterministic modeling methods F (X) that are available

in literature.

2. Determine the random variables Si that take part in the design e.g. wind,110

geometrical uncertainties, etc.

3. For each of these variables, determine its probabilistic distribution func-

tions ρe.

8
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propellers. Aerospace Science and Technology, 107, 106283, https://www.sciencedirect.com/science/article/pii/S1270963820309652

4. Using Eqs. (3) and (4), calculate the proper orthogonal basis for each of

the variables, which depends on the probabilistic distribution functions of115

Step 3.

5. Compute the quadrature points and weights of Eq. (6).

6. Solve the deterministic optimization problem of Eq. (9).

4. Deterministic analysis method

The propulsion system of a High Altitude Pseudo-Satellites (HAPS) [24]120

traditionally consists of propellers which are driven by electric motors. Below,

a model is presented for each of the components. Both models can be used to

compute the overall system performance once they are coupled. In the present

study, the design variables are the chord and pitch angle distributions along

the blade. Being ηa the aerodynamic performance of the propeller and ηm the125

motor performance, the net propulsive efficiency is given by ηp = ηaηm. Typical

values of ηa for stratospheric platform oscillates between 0.4-0.6 [25].

4.1. Propeller analysis

Traditionally, the different approaches[25] used to design a propeller rely

on the inverse design method, which defines the required blade geometry for130

a predefined operational point, trying to optimize the total efficiency of the

propeller ηa. The analysis has nearly always been based on the lifting line

theory [26, 27]. Blade elements are considered to act as two-dimensional airfoils

in which the lift and drag are the same, as would be found in a uniform two

dimensional flow with the same velocity and attack angle. For the present135

analysis, this approach is also followed.

Once the airfoil shape is selected, the geometry of the propeller is mainly

characterized by its chord and pitch angle distributions. B-splines[28] have been

traditionally used to make the blade shape smooth and continuous along the

spanwise direction. The diameter of the propeller and the number of blades are140

taken here as an input parameter for the design algorithm. It is well known that

9
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increasing the propeller diameter increases the efficiency [29]. That performance

augmentation is thanks to the high aspect ratio, which helps to counteract the

efficiency losses caused by the blades interference. However, the weight and the

structural strength [28] are also important trade-off parameters that limit the145

blade dimensions.

We will follow the methodology described in Wald [30]. The reader is en-

couraged to follow the original paper for more detail, however, the main steps of

the algorithm are detailed here. For a given advance ratio λ, number of blades

B, radius R, blade angle distribution β(x), chord c(x) and airfoils along the150

blade an iterative procedure is developed to determined the characteristic of

the vortex sheet generated by the propeller. Once that has been carried out,

the aerodynamic coefficients of the propeller can be found.

For each section of the blade, the algorithm can be described as follows:

1. Suppose a initial value of the w(x) which represents the backward velocity155

—divided by the propeller’s forward speed— of the vortex sheet with

respect to the air.

2. The advance ratio of the trailing helicoidal vortex sheet, far from the

propeller, can be calculated as λ2 = λ(1 + w) being λ the advance ratio

of the propeller.160

3. The circulation originated by that vortex sheet gives us the lift generated

in each section:

cl = 2λw(1 + w)
G(x, λ2)(

U0

V

)
σb

(10)

in which G(x, λ2) represents the Goldstein function, σ is the blade so-

lidity and U0

V is the ratio between the local wind speed and the forward

speed. There are several methods to calculate the Goldstein [31] circula-165

tion as in Ribner and Foster [29], but it was also tabulated by Wald [30].

This function gives the optimal circulation along the blade which produces

minimum induced losses.

4. Then, the induced velocities in the radial and axial direction —each one

10
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also divided by the forward speed— can be computed as:170

uθ0 =
1

2
w + (1 + w)

λ

x0(1 +
[
λ2

x1

]2
)
, (11)

uz0 =
1

2

w

1 +
(

λ2

x1

)2 . (12)

being x0 the radial position of the propeller’s root and x1 the radial posi-

tion of the blade’s section. Both magnitudes are non-dimensionalized by

the propeller’s radius.

5. So the total velocity of each section is:(
U0

V

)2

= (1 + uz0)
2 + (

x0

λ
− uθ0)

2, (13)

6. The following equation let us to calculate the pitch angle of the relative175

wind:

tanϕ0 =
V + uz0
x0

λ − uθ0

. (14)

7. The attack angle of each airfoil is given by:

α = β − αL0
(15)

8. Finally, the cl of each section can be calculated. In general, it will be a

function of the freestream Reynolds number Re = ρcU0

ν , the Mach number

Ma = U0

a and the turbulence levels (represented here by the parameter180

ncrit):

cl = CL(ncrit,Ma,Re, α) (16)

We will see in the next subsection how the aerodynamic coefficients have

been calculated in the present study, although different alternatives are

available e.g. potential codes, CFD simulations, experimental data.

9. Check the difference between the cl calculated in Eq. (10) with the value185

of Eq. (16) and change the value of w until that difference is under a

determined threshold.

11
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Once the correct value of w has been found, the thrust and torque coefficients

can be calculated as follows:

KT = 2

∫ 1

0

(cl cos (ϕ0)− cd sin (ϕ0))

(
U0

V

)2

σdx, (17)

KQ = 2

∫ 1

0

(cl sin (ϕ0) + cd cos (ϕ0))

(
U0

V

)2

σxdx, (18)

(19)

so the aerodynamic efficiency of the propellers is given by:190

ηa =
λKT

KQ
. (20)

4.2. Electric motor model

Apart from the propeller, it is also relevant to estimate the performance of

the electric motor. A DC electric motor can be modeled using a first order

circuit with the following equations [32, 33]:

Qm(i) =
(i− i0)

Kv
, (21)

Ω(i, v) = (v− iR)Kv, (22)

Ps(i, v) = QmΩ = (i− i0)(v− iR), (23)

Pe(i, v) = vi, (24)

ηm(i, v) =
Ps

Pe
=

1− i0/i

1− iR/v
, (25)

in which v is the terminal voltage, i0 is the zero-torque current, i is the current,195

Qm is the generated torque, Kv is the speed constant, R is the equivalent

resistance, Ω is the angular speed of the rotor, and Ps, Pe denote, respectively,

the effective and consumed power.

We are only interested in the motor efficiency as function of the torque and

rotation rate of the propeller. The Eqs (21)-(25) can be rearranged to obtain:200

v(Ω, Q) = (KvQ+ i0)R+
Ω

Kv
(26)

ηm(Ω, v) =

[
1− i0R

v− Ω
Kv

]
Ω

vKv
(27)

12
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5. Uncertainty in design variables

As we mentioned in the introduction, two sources of uncertainty will be

tackled: the wind intensity and the variability of aerodynamic coefficients at

low Reynolds number.

5.1. Wind205

Following previous studies [34], we have characterized the wind distribution

at the stratosphere using the available meteorological data from the NCEP/NCAR

reanalysis project [35]. These data consist of global analyses of atmospheric

fields from 1948/01/01 up to the present day (2020/04/01), 4 times per day,

with spatial resolution of 2.5° in both latitude and longitude. The available210

pressure levels are in the range between 103 and 10mbar, so the typical opera-

tional level of stratospheric platforms —around 20 km or 55 mb— falls within

the range.
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Figure 1: Probability and cumulative density function of the wind speed for latitudes at 30°,

20°, 10° and the Equator.
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With all these data, the wind intensities PDFs have been calculated for215

different altitudes and are plotted in Figure 1.

5.2. Low Reynolds phenomena

As we have seen in Section 4, it is required to calculate the aerodynamic

coefficients of the airfoils for different Reynolds/Mach numbers. The use of two

dimensional codes, which combine panel methods and boundary layer models,220

such as XFOIL, is extended in the literature [26, 36] for preliminary design.

XFOIL is a vortex panel method code which uses the eN theory to capture

the boundary layer transitions; the theory states that the disturbance in the

linearized boundary layer equations grows encrit times before passing to turbu-

lence i.e. ncrit is the log of the amplification factor of the most amplified wave225

which initiates the transition.

In reality, a high variability can be noticed in the aerodynamic coefficients

of the airfoils mainly due to the low Reynolds number [37] at which the strato-

spheric propellers operate [38, 39, 40]. Following the work of Caboni, Minisci

and Riccardi [41], this uncertainty is modeled by means of the parameter ncrit230

[42] in order to represent the background turbulence levels. An empirical cor-

relation between the turbulence levels Tu∞ (in %) and the value of ncrit was

found by Mack [43]:

ncrit = −8.43− 2.4 log (Tu∞), (28)

The previous equation produced negative ncrit values when the turbulence

levels are larger than 2.98%. The modified definition proposed by Shaw[44] is:235

Tu′
∞ = 2.7 tanh

(
Tu∞

2.7

)
, (29)

ncrit = −8.43− 2.4 log

(
Tu′

∞
100

)
, (30)

which is equivalent to the original relation for low turbulence levels and goes

asymptotic to zero for large turbulence levels.

In the present study it is considered that the turbulence levels follow a

Gaussian distribution as a consequence of the central-limit theorem [45]. A value

14
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Figure 2: PDF of ncrit for different values of turbulence levels variance. In all the cases, the

turbulence levels are considered to follow a Gaussian distribution with mean µ = 0.7%.

of ncrit = 9.0 is typically used [46] for the preliminary design as in Morgado [26]240

and Gamboa [36]. This value is obtained when Tu∞ = 0.07% so it can be taken

as the mean value.

However, it is necessary to estimate the standard deviation σ of the Gaussian

distribution. Figure 2 shows how the distribution varies for different σ. In

order to select the best value of σ it is necessary to study the experimental245

data available. Although that data is scarce, we will focus on the NACA4412,

which is one of the most common airfoils for low Reynolds operation. Using the

available data from the tests in Simmons [47], Eastman [48], Koca [49], and the

University of León [34], the Figure 3 compares those results with the range in

which the aerodynamic efficiency of the airfoil oscillates for standard deviations250

between σ = 310−4 (gray) and σ = 1.5 10−4 (red).

For Re = 7.5 104, there is a small difference between choosing σ = 310−4

or σ = 1.5 10−4. Both values achieve to simulate the uncertainty generated by

the low Reynolds phenomena: they generate confidence intervals which con-

tains almost all the experimental results available in literature. However, for255

Re = 4.5 104, the experiment results obtained by Eastman [48] differ notably

from the others. That difference cannot be captured by any value of σ so it
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might be originated to another kind of uncertainty. There also some values

of Simmons [47] and Koca [49] which are not captured and may be related to

numerical/model errors when the Reynolds number is too low.260

Figure 3: Range of the η when the turbulence levels follow the probabilistic distribution of

Figure 2 for σ = 310−4 and σ = 1.5 10−4. Experimental data from the University of León

[34] from Simmons [47], Eastman [48], and Koca [49].

The parameter ncrit has a relevant effect in the aerodynamic coefficients.

Figure 4 shows how the maximum efficiency varies for different values of α and

ncrit. A relevant loss in the aerodynamic efficiency can be observed for low

Reynolds numbers, specially when the values of ncrit are high. The reason for265

this is related to the formation of re-circulation bubbles [50].
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Figure 4: Aerodynamic efficiency as function of the α and ncrit. From left to right, top to

bottom: Reynolds number of 1.5 104, 3.0 104, 4.5 104 and 7.5 104. The dashed line marks the

maximum aerodynamic efficiency.

6. Case of Study

Next, we apply the optimized algorithm to a HAPS airship operating in the

stratosphere —20 km— at a latitude of 30°N. We can see from Figure 1 that270

the mean wind speed value is around 9m/s. With a 400 kg payload and a total

length of 90m, using two propellers, the thrust required by each of them is

approximately 100N [24].

Regarding the airfoil, we will consider that the propeller sections are given

by the NACA4412 airfoil so the study carried out in Section 5 can be used. For275

our case, the design variables are the control points of the B-splines that are

used to represent the chord and pitch angle distribution along the blade and the

propeller radius is fixed to 3.5m. The number of blades is also fixed to four. Two
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main sources of uncertainty are take into account: the wind intensities, following

the PDF of Figure 1 for 30°N latitude; and the aerodynamic coefficients, in280

which we suppose that the turbulent levels follows a Gaussian distribution of

mean 0.07% and σ = 0.035%.

The electric motor used for this study is similar to that used by MacNeill

[51] and Peponakis [52] but adapted to higher torques, with the following values

speed constant KV = 1RPM/V, internal resistance R = 0.7Ω and zero-load285

current i0 = 0.6A. The motor performance is also similar to the one studied by

Bogus [53]. These parameters are constant during the optimization.
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Figure 5: Changes in the chord and pitch angle optimization when the optimization is done

with the new method proposed. These designs generate 100N at a wind speed of 9m/s.

The cost function is defined as the mean of the propulsion system efficiency

⟨ηp⟩. Apart from that, there is an additional constraint: for each value of wind

speed and turbulence level, the propeller must operate at the same CT . With290

that constraint, we simulated the situation in which a stratospheric airship tries

to remain at a fixed position independently of the wind intensity. More complex

control laws [54] can be study in future works.

The algorithm used to solve the optimization problem was the trust-region

constrained method [46]. The Gauss-Radau quadrature [55] was selected for the295

polynomial expansion. The results using the optimization algorithm are com-

pared against the case in which the wind speed is supposed to remain constant

at 9sm/ and a value of ncrit = 9.0 in Figure 5. The pitch angle and chord

distributions have a nearly constant value for all the propeller sections. This
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finding was unexpected and suggests that for the low Reynolds number regime,300

the parasitic drag is more relevant for the optimization than the induced one.

This observation may support the hypothesis that, when the propeller is not

operating at a fixed point, it does not make sense trying to reduce only the

induced drag. Instead, it is more useful to find the angle in which the maxi-

mum aerodynamic efficiency is achieved. An explanation for these pitch angle305

and chord distribution to be constant has not been determined yet, but these

conclusions can help to find more robust designs [56].
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Figure 6: Comparison between the deterministic and stochastic optimization results for the

case of Figure 5. Left: electric motor efficiency. Right: net propulsion efficiency.

A Montecarlo test has been performed to evaluate how well each of the two

designs works. Under the assumption that the wind speed and the turbulence

levels follow the mentioned distributions, 5000 samples have been generated310

and computed for each design, obtaining the performance of both propulsion

system components. The propulsion and electric motor efficiencies are shown

in Figure 6. While the motor’s performance remains similar in both cases, the

mean of the propulsion system efficiency improves from 0.21 to 0.26, which is

an augmentation of 5%. These values can be computed integrating the PDF,315

following the Equation:

µ(ηi) =

∫ 1

0

ηiϱηi
dηi (31)

where ηi is the efficiency (ηp, ηa or ηm) and ϱηi
is its PDF. Most of this increment

is achieved thanks to the extension of the propulsion system operational regime,

i.e. the design robustness. There are combinations of wind speed and ncrit values
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in which the propulsion system cannot not work (overload, insufficient speed,320

etc.). However, the frequency of this events is decreased by a 10% when the

optimization is done taking into account the uncertainties.

One unanticipated finding was that this optimal design is constant for a

certain range of required thrust. For example, we can repeat the study for a

slightly different case. The same airship and wind conditions are used but using325

only one propeller instead of two. The results using the optimization algorithm

are compared against the case in which the wind speed is supposed to remain

constant at 9m/s and a value of ncrit = 9.0 in Figure 7. The design obtained

in the deterministic case is clearly different: it needs to generate more thrust so

the blade’s solidity must be higher. Surprisingly, the stochastic design is almost330

equal that in the previous case.
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Figure 7: Changes in the chord and pitch angle optimization when the optimization is done

using the stochastic method. These designs generate 200N at a wind speed of 9m/s.

We also repeated the Montecarlo test in similar conditions than the previous

one. The propulsion and electric motor efficiencies are shown in Figure 8. In this

case, the stochastic design presents a net loss in the motor efficiency, although

the increment in the aerodynamic efficiency compensates for the previous loss.335

The mean propulsion system efficiency improves from 0.2 to 0.25, which is an

augmentation of 5%. Most of this increment is also achieved thanks to an

improvement in the design robustness.
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Figure 8: Comparison between the deterministic and stochastic optimization for the case of

Figure 7. Left: electric motor efficiency of the propeller. Right: net propulsion efficiency.

7. Conclusions

This study has presented a methodology to optimize stratospheric propellers340

in an uncertain design scenario. The generalized polynomial chaos theory [57]

has been used as a tool that transforms the stochastic optimization problem into

an deterministic one. Two main sources of uncertainty have been considered.

Firstly, the wind intensity at the stratosphere has been characterized for differ-

ent latitudes. Secondly, based on experimental data, we have shown how some345

of the uncertainty in the aerodynamic coefficients of the airfoil at low Reynolds

number can be modeled using the ncrit value of the e
N transition theory. Uncer-

tainty has been related mainly to the wind intensity and the turbulence levels,

which modify the aerodynamic coefficient of each section.

As a particular application, the shape of a propeller for large stratospheric350

airships has been optimized. Operating at 20 km and 30°N, and with a required

thrust of 100N, two optimal designs have been calculated: the first one, without

taking into account uncertainties, and the second one including how the wind

and aerodynamic coefficients vary. The blade chord and pitch distributions

have been discretized using B-splines and the optimal problem was solved using355

the trust-region algorithm. When the uncertainties are taken into account, the

chord and pitch angle distributions remains almost constant for the different

blade sections.

In order to check the utility of the previous design method, a Montecarlo
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experiment has been done generating a large number of samples of wind intensity360

and turbulence levels. For each sample, the performances of the stochastic and

deterministic design have been computed. The results show that the stochastic

design improves the mean net propulsion efficiency by a 5% for this particular

case of study. This gain is of utmost importance for HAPS operations [34, 58]

and is mostly related to an improvement in the design robustness.365

Future work will investigate the propeller design under more complex oper-

ation scenarios and control laws, and asses the computational cost.
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propellers. Aerospace Science and Technology, 107, 106283, https://www.sciencedirect.com/science/article/pii/S1270963820309652

[52] E. Peponakis, A. Paspatis, R. Oikonomidis, G. Barzegkar-Ntovom, K. Bam-

pouras, A simple low cost setup for thrust and energy efficiency calculation

for small brushless dc motors, ECESCON 9 85–89.

[53] P. Bogusz, M. Korkosz, J. Prokop, A study of design process of bldc mo-585

tor for aircraft hybrid drive, in: 2011 IEEE International Symposium on

Industrial Electronics, 2011, pp. 508–513.

[54] Z. Zheng, W. Huo, Z. Wu, Trajectory tracking control for underactuated

stratospheric airship, Advances in Space Research 50 (7) (2012) 906–917.

[55] W. Gautschi, Gauss–radau formulae for jacobi and laguerre weight func-590

tions, Mathematics and Computers in Simulation 54 (4-5) (2000) 403–412.

[56] X. Du, L. Leifsson, Optimum aerodynamic shape design under uncertainty

by utility theory and metamodeling, Aerospace Science and Technology 95

(2019) 105464. doi:https://doi.org/10.1016/j.ast.2019.105464.

URL http://www.sciencedirect.com/science/article/pii/595

S127096381930570X

[57] F. Wang, S. Yang, F. Xiong, Q. Lin, J. Song, Robust trajec-

tory optimization using polynomial chaos and convex optimiza-

tion, Aerospace Science and Technology 92 (2019) 314 – 325.

doi:https://doi.org/10.1016/j.ast.2019.06.011.600

URL http://www.sciencedirect.com/science/article/pii/

S1270963818316444

[58] L. Zhang, J. Li, Y. Jiang, H. Du, W. Zhu, M. Lv, Strato-

spheric airship endurance strategy analysis based on energy op-

timization, Aerospace Science and Technology 100 (2020) 105794.605

doi:https://doi.org/10.1016/j.ast.2020.105794.

URL http://www.sciencedirect.com/science/article/pii/

S1270963819326872

30

http://www.sciencedirect.com/science/article/pii/S127096381930570X
http://www.sciencedirect.com/science/article/pii/S127096381930570X
http://www.sciencedirect.com/science/article/pii/S127096381930570X
http://dx.doi.org/https://doi.org/10.1016/j.ast.2019.105464
http://www.sciencedirect.com/science/article/pii/S127096381930570X
http://www.sciencedirect.com/science/article/pii/S127096381930570X
http://www.sciencedirect.com/science/article/pii/S127096381930570X
http://www.sciencedirect.com/science/article/pii/S1270963818316444
http://www.sciencedirect.com/science/article/pii/S1270963818316444
http://www.sciencedirect.com/science/article/pii/S1270963818316444
http://www.sciencedirect.com/science/article/pii/S1270963818316444
http://www.sciencedirect.com/science/article/pii/S1270963818316444
http://dx.doi.org/https://doi.org/10.1016/j.ast.2019.06.011
http://www.sciencedirect.com/science/article/pii/S1270963818316444
http://www.sciencedirect.com/science/article/pii/S1270963818316444
http://www.sciencedirect.com/science/article/pii/S1270963818316444
http://www.sciencedirect.com/science/article/pii/S1270963819326872
http://www.sciencedirect.com/science/article/pii/S1270963819326872
http://www.sciencedirect.com/science/article/pii/S1270963819326872
http://www.sciencedirect.com/science/article/pii/S1270963819326872
http://www.sciencedirect.com/science/article/pii/S1270963819326872
http://dx.doi.org/https://doi.org/10.1016/j.ast.2020.105794
http://www.sciencedirect.com/science/article/pii/S1270963819326872
http://www.sciencedirect.com/science/article/pii/S1270963819326872
http://www.sciencedirect.com/science/article/pii/S1270963819326872

	Introduction
	Non intrusive polynomial chaos
	Design methodology
	Deterministic analysis method
	Propeller analysis
	Electric motor model

	Uncertainty in design variables
	Wind
	Low Reynolds phenomena

	Case of Study
	Conclusions

