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Abstract—The class of generalized Bessel potentials is the main object of study in this paper. The gen-
eralized Bessel potential is a negative real power of the operator (I – ∆γ), where ∆γ =

 is the Laplace–Bessel operator and γ = (γ1, …, γn) is a multi-index consisting of

positive fixed real numbers. To solve various problems for differential equations, prove embedding the-
orems for some classes of functions, and invert integral operators, there is a need to consider functions
up to some small (from the point of view of the problem under consideration) set. As such a small set,
a set of Lebesgue measure zero is often taken. However, for many problems, sets of Lebesgue measure
zero turn out to be too large to be disregarded. For example, when a boundary problem is solved, the
behavior of the solution at the boundary is essential. In this regard, there arose the need to construct
complete classes of admissible functions suitable for solving specific problems. Two stages of con-
structing a functional completion were presented by N. Aronszajn and K.T. Smith. The first of these
stages consists in finding a suitable class of exceptional sets. The second is to find functions defined
modulo of these exceptional classes that need to be joined to get a complete functional class. It turns
out that there can be infinitely many suitable exceptional classes in a particular problem, but each of
them corresponds in fact to one functional completion. It is clear that the most suitable functional
completion is the one whose exceptional class is the smallest, since the functions will then be defined
with the best possible accuracy. Whenever such a minimal exceptional class exists, the corresponding
functional completion is called a perfect completion. In this paper, perfect completions are con-
structed using the norm associated with the kernel of the generalized Bessel potential.
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1. INTRODUCTION
Classical Bessel potentials are the realizations of real negative powers of the differential operator (I –

Δ) in the form:

where  =  and Kν are modified Bessel functions of the second kind. The operators

Gα are a powerful technical tool for harmonic analysis and its applications. The general theory of func-
tional completions developed by Aronszajn and Smith in [1] is applied to spaces of Bessel potentials in [2].
The completions thus obtained are the most important classes of functions for studying differential prob-
lems, especially those of elliptic type. Classical Bessel potentials were also studied by Flett, Goldman, and
others (see [2–4] for additional information and references).
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144 DZHABRAILOV, SHISHKINA
In this paper, we deal with a singular differential Bessel operator of the form

(1)

and consider the generalized Bessel potential, which is a negative real power of the operator (I – ∆γ),

where ∆γ =  is the Laplace–Bessel operator. The theory of such potentials was developed in
[5–9]. Here we consider the functional class of generalized Bessel potentials and use a perfect functional

completion to construct the space  with the norm associated with the generalized Bessel potential.

2. GENERALIZED BESSEL POTENTIAL AND ITS PROPERTIES

Let  be an n-dimensional Euclidean space,

and let γ = (γ1, …, γn) be a multi-index consisting of positive fixed real numbers γi, i = 1, …, n, and |γ| =
γ1 + … + γn.

Let Ω be a finite or infinite open set in  symmetric with respect to each hyperplane xi = 0, i = 1, …,

n. Let Ω+ = Ω ∩  and  = Ω ∩ , where  = {x = (x1, …, xn) ∈ , x1 ≥ 0, …, xn ≥ 0}. We will work
with the class Cm(Ω+) of functions that are m-times differentiable for Ω+. By Cm( ), we denote the
subset of functions from Cm(Ω+) such that all derivatives of these functions with respect to xi extend

continuously up to xi = 0 for all i = 1, …, n. Let the class  consist of all functions from 

such that  = 0 for all non-negative integers k ≤ . In what follows, we use the notation 

for . We set  = , where the intersection is taken over all f inite m, and

 = .

Let  be the space of all finitely supported functions f ∈ . We use the notation

 =  and  = .

Let  = , 1 ≤ p < ∞, consist of all measurable functions on  even for each of the variables xi,
i = 1, …, n, such that

The multidimensional Hankel transform of the function  f ∈  is defined as follows:

The symbol jν is used to denote the normalized Bessel function of the first kind  jν(x) = ,

where Jν is the Bessel function of the first kind.
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ON GENERALIZED BESSEL POTENTIALS 145
Let f ∈  be a function of bounded variation in the vicinity of point x of its continuity. Then, for
γ > 0, the inversion formula for the transform has the form

The subspace of the space of rapidly decreasing (Schwarz) functions  has the form

where α = (α1, …, αn), β = (β1, …, βn), α1, …, αn, β1, …, βn are non-negative integers, xα = ,

Dβ = , and  = .

The multidimensional generalized translation is defined by the equality

(2)

where each one-dimensional generalized translation , i = 1, …, n, acts according to the formula

where c(γi) = . In what follows, we will use the notation C(γ) = .

The generalized convolution generated by the multidimensional generalized translation  has the
form

(3)

The generalized Bessel potential is given by the relation (see [5–7])

(4)

where

(5)

is the generalized Bessel kernel. In [5], the space  = {u:u = , ϕ ∈ } with the norm  =

 was introduced using B-hypersingular integrals. In a large review in [6], in particular, the connec-
tion between the Sobolev–Liouville space and the Bessel potential space is discussed. It was shown in [7]
that

(6)

where  is the modified Bessel function of the second kind.
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146 DZHABRAILOV, SHISHKINA
Since  is integrable with weight the xγ (see [6, 7]), its Hankel transform exists for each ξ. The kernel
 is analytical for α > 0 as a function of α. From (5) by analytical continuation, we find that the Hankel

transform of the generalized Bessel kernel for α > 0 is Fγ[ ](ξ) = (1 + |ξ|2)–α/2.
Let us introduce the function

(7)

The operator  can be represented in terms of generalized convolution (3) with :

The generalized Bessel potential has the following main properties:

1. the semi-group property , ϕ ∈ ,

2.  = ϕ, ϕ ∈ ,

3. , ,

4. , .

It follows from property 4, in particular, that the function  f(x) = ,  is the solution of the
equation (I – ∆γ)kf(x) = ϕ(x), k = 1, 2, ….

Example. The solution of the problem

has the form f(x) = .

In [8], it was shown that, for α > 0, 1 ≤ p ≤ ∞, and ϕ ∈ , the generalized Bessel potential  coin-
cides with the integral

(8)

almost for all x, where uγ(x, t) is the generalized Gauss–Weierstrass integral of the form

In this case, the function uγ(x, t) is the solution of the Cauchy problem ut = ∆γu, u = u(x, t), u(x, 0) = ϕ(x),

on S =  × (0, b) for ϕ ∈ .

3. FUNCTIONAL CLASS OF GENERALIZED BESSEL POTENTIALS

The Banach space of integrated or generalized functions on the n-dimensional Euclidean space ,
which generalizes the usual Sobolev space of functions, whose derivatives belong to Lp classes, is the space
of Bessel potentials. If Δ denotes the Laplace operator, then the Bessel potential space Bα can be defined
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ON GENERALIZED BESSEL POTENTIALS 147
as the space of functions (or distributions) f such that (I – Δ)α/2f belongs to the Lebesgue space Lp nor-
malized by the related Lebesgue norm. The operator (I – Δ)α/2 = G–α is, for α > 0, a kind of fractional
differentiation and is defined using some regularization (see [6]). The space of Bessel potentials was stud-
ied in [2].

We consider the space of generalized Bessel potentials

with the norm . The space  of generalized Bessel potentials was first introduced by
Lyakhov in [5] using the Stein–Lizorkin approach. In [5], the B-hypersingular integrals introduced earlier
by Lyakhov and the Riesz B potentials were used to construct the norm in . We use another approach

for introducing the norm in  based on studies of Aronszajn and Smith [2].
The spaces of generalized Bessel potentials of arbitrary order α are needed to determine the classes of

solutions to a boundary-value problem of the form

where A is an elliptic operator that contains Bessel differential operators (1); in particular, A can be the
Laplace–Bessel operator ∆γ.

The simplest norm on  is given by the weighted Dirichlet integral of order α by the formula

(9)

It was shown in [9] that the space  normalized by  cannot be a functional space. One of the

simplest norms on  equivalent to  has the form

(10)

Further, we show that the norm (10) can be represented using convolution kernels (7) that generate the
generalized Bessel potential.

Theorem 1. The norm ||u||α, γ admits the following representation:

(11)

Proof. Let γn + 1 ≥ 0 be arbitrary. We consider the expression

We transform the integral J as

α α γ
γ γ= = ϕ ϕ ∈{ : , }pu u LB G

α γ γ
γ +

= ϕ
R( ) ( )n

p pL Lu B
α
γB

α
γB

α
γB

= = ∂in , 0 on ,iAu f D B u D

α
γB

+

α γ
α γ γ= ξ ξ ξ ξ

R

24
, ( ) [ ]( ) .

n

d u u dF

∞
+v

�

R( )n
eC α γ,d

∞
+v

�

R( )n
eC α γ,d

( )
+

α γ
γα γ

 
 = + ξ ξ ξ ξ
 
 

R

1/2
2 22

, 1 [ ]( ) .
n

u u dF

( )( )

( )( )

+ +

+ +

γ
γ − + γ γ

− α γ − α γα γ + γ + α
=

γ
γ γ

− α γ − α γ+ γ + α

 +γ +  = Γ ω − ω 
 


−
− ω + ω



∏  

 

R R

R R

2

2 1 2
4 , 4 ,, 4

1

2

4 , 4 ,4

( ) ( )12 (0)
2

( ) ( )
(0) .

n n

n n

yn
xn i

n
i

y
x

n

u x u y
u x x dxdy dy

x

u x u y
x x dxdy dy

x

T

T

+
+

+ +

∞ γ −
γ γ γ

+ γ + + α
γ

−
=

 + 

  
R R

1

1

2

1 0
2

0 0' 1 4
2 20 2

0

( ) ( ) ( )
.

n

n

n n
n

y
x

j z u x u y
x dxy dyz dz

x z

J

T

+
+

+ +

∞ γ
γ γ γ

γ −+ γ + + α= −
 + 

  
R R

1

1

2

0 0 1 01 2
2 2 20 2

0

( ) ( ) ( )n

n
n n

y
xn

x dxz dz j z u x u y y dy

x z

J T
VESTNIK ST. PETERSBURG UNIVERSITY, MATHEMATICS  Vol. 56  No. 2  2023



148 DZHABRAILOV, SHISHKINA
Assuming (x, z0) = ,  = (ξ, 1), γ′ = (γ, γn + 1), we have

where

Making a change of variables  = z/| | in (ξ), we obtain

and, by virtue of the Parseval equality for the Hankel transform,

where

Hence, for arbitrary γn + 1 ≥ 0, we get
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ON GENERALIZED BESSEL POTENTIALS 149
we write

(12)

Using formula (2.5.9.4) from [10] and (7), we obtain

Substituting the calculated integrals into (12) and simplifying the constant, we obtain representation (11).

We note that there are two possible approaches to the definition of the class  of generalized Bes-

sel potentials of order α in . The first is that u ∈  if u is a generalized convolution  for a

certain ϕ ∈ . This approach was presented in [3], where B-hypersingular integrals were used. The

second approach consists in introducing the following norm into :

(13)

which can be written using the convolution kernel that generates the generalized Bessel potential. The
norm ||u||α, γ is most convenient for studying the class of generalized Bessel potentials in .

4. PERFECT FUNCTIONAL COMPLETION OF THE CLASS 

In this section, we study the normalized functional class  obtained by introducing the norm ||u||α, γ

of the form (13) in the class  and show that the normalized functional class  has a perfect functional
completion. For α > 0, the exceptional class of a perfect completion is the class of sets on which the poten-
tial  of the function ϕ ∈  may be undefined. The functions in a saturated perfect completion are
equal to this potential, except for the exceptional set.

The abstract set  in which the functions of a linear functional class  are defined, is called the basis
set of .
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150 DZHABRAILOV, SHISHKINA
The exceptional class in the basic set  is the class  of subsets of the set  that satisfies two properties:
(i) hereditarity: if A ⊂  and B ∈ A, then B ∈ ,

(ii) σ additivity: if An ∈ , n = 1, 2, …, then .

We say that any sentence is true, exc. , if the set of points at which it is false belongs to the exceptional
class .

A linear functional class  is a linear functional class in relation to  if  is an exceptional class that
contains the exceptional set of each f from . If  is a functional class relative to  (we write rel.  in
this case), then  is called the exceptional class for , while the sets of  are called exceptional sets.

If there exists the smallest exceptional class  in relation to which  has a functional completion, then
the saturated completion rel.  is called the perfect completion of .

If  is the functional class rel. , then so is the class  of all functions defined exc.  and equal exc.
 to a certain function from . In this case, the class  is called a saturated extension of  rel. .

For α > 0, we denote by  the class of all sets of A such that, for some function ϕ ∈  such that ϕ ≥ 0,
we have

Let  denote the class of all functions u defined by exc.  such that, for some function ϕ ∈ ,

Since the kernel , it follows that, for any ϕ ∈ , the function ( )(x) is defined and

finite almost everywhere and ( )(x) ∈ . In particular, each set of  has Lebesgue weight measure

zero. In addition, the Hankel transform of ( )(x) has the form Fγ( )(x) = (1 + |ξ|2)–α/2Fγ[ϕ](x). By
virtue of the last equality and the Parseval equality for the Hankel transform, we have

which proves the following lemma.

Lemma 1. For ϕ ∈ , the following conditions are equivalent:
1. ϕ = 0 everywhere, except for sets of weighted Lebesgue measure zero,

2.  ≡ 0,

3.  = 0 exc. ,

4.  = 0 everywhere, except for sets of weighted Lebesgue measure zero,

5.  = 0.

Lemma 2. The class  is an exceptional class. The class  is the complete function space relative to .

Proof. To prove that  is an exceptional class, one must prove that  is hereditary (that is, if A ∈
 and B ⊂ A, then B ∈ ) and σ additive. If A ∈  and B ⊂ A, then, for some function ϕ ∈  such

that ϕ ≥ 0, it is true that

which means that B ∈ . Next, let An ∈ , and let ϕn ≥ 0 be a function such that
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Then, if A =  and ϕ = , it is clear that ϕn ≥ 0 is a function in  such that

therefore, A ∈ . The lemma is proved.

Theorem 2. The class  is the complete functional space relative to .

Proof. It follows from the above lemma that  is the normalized functional class rel. ; i.e., the

conditions u = 0exc.  and ||u||α, γ = 0 are equivalent. It follows from  = , ϕ ∈  that 
is complete; moreover, it is saturated. It remains only to prove the functional space property.

From any sequence converging to 0, one can choose a subsequence {un} such that  < ∞. If

un = , except for the set An ∈ , then we put ϕ(x) = . Then ϕ ∈  and  → 0

for all x ∉ A0 =  : ( )(x) = . Since un → 0 for all x ∉ , An ∈ . This proves

that  is a complete functional space relative to .

Theorem 3. The class  is the complete functional completion of the class .

Proof. Let us show that  ⊂ . Let u ∈  and Fγϕ = (1 + |ξ|2)αFγu, ϕ = . Since u ∈ ,

it follows that Fγϕ ∈  and Fγϕ ∈ , then ϕ ∈ , ϕ ∈ , and is continuous and bounded. Therefore,

 is continuous and belongs to . Since Fγu = , we have u =  except for the weighted Leb-

esgue zero measure, but since both functions are continuous, it follows that u =  everywhere; thus,

u ∈  and, consequently,  ⊂ . We denote by  the closure of  in . Then  is a functional

completion of . We must show that  =  and that this completion is perfect. Since the norm

||u||α, γ is finite for every u ∈ , every u ∈  is equal to some  ∈  everywhere except for the set

of Lebesgue measure zero. However, both u and  lie in ; therefore, the fact that u is equal to 

everywhere, except for the set of Lebesgue measure zero, implies ||u − ||α, γ = 0, and hence u = exc. . Thus,

 = .
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