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Abstract
No-insulation coils are self-protecting and can therefore generally be operated at higher
current densities. However, the electrical turn-to-turn connections may cause additional AC loss
when charging the coil or when it is exposed to a time-dependent magnetic field. In this work,
we study the case of a no-insulation ReBCO tape racetrack coil exposed to a uniform AC field
applied parallel to the tape surface. We show that an anisotropic continuum model allows to
formulate analytical approximations for coupling loss in the low- and high-frequency limits. For
intermediate frequencies, the continuummodel needs to be evaluated numerically. Themodel was
validated with representative measurements of AC loss in the coils, measured calorimetrically
as well as magnetically using pick-up coils. The validation experiment confirms the predicted
frequency dependence of the coupling loss, which is P∝ f 2 at low frequencies and P∝

√
f

at high frequencies, due to the skin effect. The transition between low- and high-frequency
regimes occurs around a characteristic frequency fc that is directly related to the characteristic
time constant τ = 1/2πfc associated with the current decay in (dis)charge experiments.

Keywords: AC loss, no-insulation coil, ReBCO

(Some figures may appear in colour only in the online journal)

1. Introduction

In 2011, Hahn et al proposed ReBCO tape coils without
turn-to-turn insulation for application in a 1.3GHz nuc-
lear magnetic resonance (NMR) magnet. A higher current
density, better mechanical integrity and thermal stability were
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mentioned as potential advantages over insulated coils [1].
Since then, no-insulation ReBCO coils have been success-
fully applied in a number of high-field magnets [2–4]. No-
insulation coils are also considered for application in rotating
machines [5–14] and in linear actuators [15–17]. However, in
such devices the coils are subjected to time-dependent mag-
netic fields and may well suffer from additional coupling loss
due to induced currents that flow through the turn-to-turn con-
tacts, as recently illustrated by Wang et al in no-insulation
round pancake-type coils [18]. These coupling losses are
specifically addressed in this article. For the design of AC
devices based on no-insulation coils, it is useful to develop
and verify theories that efficiently but accurately predict such
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coupling loss, so that it can be compared against other loss
components.

The temporal variation of the magnetic field generated by
the coils themselves was investigated in a number of studies,
although AC loss was not analyzed in detail [7, 19–23]. Kim
et al measured the AC loss with an applied AC current [24]
and found that the no-insulation coils had lower AC loss than
their insulated counterparts because the turn-to-turn contacts
create a bypass for the applied current. However, Wang et al
observed 10 to 20 times higher AC loss in a no-insulation coil
compared to a similar coil with turn-to-turn insulation in an
applied magnetic field of 70 Hz [18]. A numerical calculation
showed that the induced currents flow largely in the outer turns
due to the skin effect.

In this work, the coupling loss in a no-insulation racetrack
coil placed in a uniform AC field perpendicular to the plane
of the coil is studied. Although non-uniform magnetic fields
and higher harmonics are expected in real AC devices, only a
uniform sinusoidal magnetic field will be considered for now.
We use a model in which the no-insulation coil is represented
by a uniform material with anisotropic resistivity, an approach
first presented by Mataira et al [25]. The simplicity of the
model enables one to find analytical solutions for a few lim-
iting cases. Such analytical estimates for the coupling loss in
the high- and low-frequency limits are presented in sections
3.1 and 3.2, respectively. In order to verify the calculations, a
set of dedicated small racetrack coils with soldered turns was
constructed. The coils are mounted inside a wide-bore dipole
magnet, which can apply a uniformACmagnetic field. TheAC
loss in the racetrack coils is measured magnetically as well as
calorimetrically.

2. Continuum model for current distribution

We use a continuummodel to calculate the current distribution
in the racetrack coil. This model represents the coil as a homo-
geneous material with an anisotropic resistivity. Such a model
was first proposed for pancake coils by Mataira et al [25] and
has also been used to describe AC loss in Roebel cables [26].
An advantage is that the three-dimensional coil geometry can
be reduced to two dimensions, thereby reducing computation
time. In addition, it is possible to find analytical solutions that
can provide a quick estimate of coupling loss in a few limiting
cases.

In this section, the anisotropic E(J) relation is first derived
for a pancake coil and then modified for racetrack-type coils.

The homogenization procedure is illustrated for a round coil in
figure 1. The pancake-type coil has N turns of thickness d, an
inner and outer radius of r1 and r2, respectively, and an axial
‘height’ (the tape width) of h. The turns are separated by a
resistive barrier with a surface resistivity Rct, with unit Ωm2.
The radial position of the conductor increases by d after every
full turn. The angleα between the conductor and the azimuthal
θ-direction (figure 1) is therefore given by:

tan(α) =
d
ℓturn

=
d
2πr

. (1)

The homogenized coil has a resistivity ρ⊥ perpendicular—
and ρ∥ parallel to the conductor. Neglecting the internal trans-
verse resistance of the conductor [27], the perpendicular res-
istivity is related to the inter-turn contact resistivity by ρ⊥ =
Rct/d. The parallel resistivity ρ∥ is determined by the lon-
gitudinal resistance of the conductor and can be described
using Ohm’s law for metal wires and a non-linear power-
law for superconducting wires. The applied current enters the
coil at the inner radius r= r1 and exits at r= r2. Assuming a
homogeneous current injection and extraction over the avail-
able inner and outer surface, the applied radial current dens-
ity is Ja,1(t) = Ia(t)/2πr1h at the inner radius and Ja,2(t) =
Ia(t)/2πr2h at the outer radius.

The electric field components perpendicular and parallel to
the conductor in the homogenized coil are given by:[

E⊥
E∥

]
=

[
ρ⊥ 0
0 ρ∥

][
J⊥
J∥

]
. (2)

As indicated in figure 1, the current densities (J⊥, J∥) in
the frame of the conductor can be related to the polar current
densities Jr and Jθ by clockwise rotation with an angle α:[

J⊥
J∥

]
=

[
cos(α) −sin(α)
sin(α) cos(α)

][
Jr
Jθ

]
. (3)

In the same way, the electric fields (Er, Eθ) in the polar
coordinate system are found by a counter-clockwise rotation
of the electric field (E⊥, E∥) in the frame of the conductor:[

Er
Eθ

]
=

[
cos(α) sin(α)
−sin(α) cos(α)

][
E⊥
E∥

]
. (4)

An E(J) relation in polar coordinates can be found by sub-
stitution of equations (2) and (3) into (4):

[
Er
Eθ

]
=

[
cos(α) sin(α)
−sin(α) cos(α)

][
ρ⊥ 0
0 ρ∥

][
cos(α) −sin(α)
sin(α) cos(α)

][
Jr
Jθ

]
=

[
ρ⊥ cos2(α)+ ρ∥ sin

2(α) (ρ∥ − ρ⊥)sin(α)cos(α)
(ρ∥ − ρ⊥)sin(α)cos(α) ρ∥ cos2(α)+ ρ⊥ sin2(α)

][
Jr
Jθ

]
. (5)
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Figure 1. Approximation of a round pancake-type coil by a homogeneous short hollow cylinder with an anisotropic resistivity.

Figure 2. The continuum model for a long racetrack coil.

Note that after homogenization, the coil becomes axisym-
metric. The spiraling shape of the conductor is captured with
the anisotropic resistivity. As long as the external field is
axisymmetric as well, the problem can thus be solved in two
dimensions, greatly reducing computation time.

The above equations are valid for a cylindrical coil. The
derivation for an elongated racetrack coil (figure 2) is very sim-
ilar and can be found by exchanging θ and r with the Cartesian

coordinates x and y, respectively. This results in the following
relations: [

J∥
J⊥

]
=

[
cos(α) −sin(α)
sin(α) cos(α)

][
Jx
Jy

]
(6)

[
Ex
Ey

]
=

[
cos(α) sin(α)
−sin(α) cos(α)

][
E∥
E⊥

]
(7)

[
Ex
Ey

]
=

[
cos(α) sin(α)
−sin(α) cos(α)

][
ρ∥ 0
0 ρ⊥

][
cos(α) −sin(α)
sin(α) cos(α)

][
Jx
Jy

]
=

[
ρ∥ cos2(α)+ ρ⊥ sin2(α) (ρ⊥ − ρ∥)sin(α)cos(α)
(ρ⊥ − ρ∥)sin(α)cos(α) ρ⊥ cos2(α)+ ρ∥ sin

2(α)

][
Jx
Jy

]
. (8)
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The tangent of the angle between the conductor and the x-
axis equals the ratio of the conductor thickness and turn length.
For a long racetrack coil, the length of each turn is approxim-
ately equal to twice the length of the coil:

tan(α) =
d
ℓturn

≈ d
2ℓcoil

. (9)

3. Analytical solutions of the continuum model

Although a general solution of the continuum model requires
numerical evaluation, analytical expressions can be derived for
certain limiting cases. Here, the coupling loss will be calcu-
lated for a long racetrack coil exposed to a uniform harmon-
ically varying external magnetic field applied in the vertical
direction (z) (see figure 3). It is assumed that the turns have an
infinite critical current density (ρ∥ = 0) and that the induced
current only flows in the x-direction. Under these assump-
tions the relation between electric field and current density
(equation (8)) reduces to:

Ex = ρ⊥ sin2(α)Jx. (10)

3.1. Solution in the low-frequency limit

Applying a uniform AC field to a no-insulation coil caused
induced currents with a characteristic time constant τ , which is
determined by the inductance and the resistance of the current
path. In the low-frequency limit, it is assumed that the external
magnetic field changes slowly compared to this time constant,
i.e. ω≪ 1/τ :

Bz ≈ B0 sin(ωt). (11)

The electric field follows from Faraday’s law:

∂Ex
∂y

=
∂Bz
∂t

⇒ Ex = B0ω cos(ωt)y+C. (12)

Choosing y= 0 in the center of the coil and invoking sym-
metry, the integration constant C is set to zero so that the elec-
tric field and current density are odd functions of y. The current
density can then be computed from equation (10) as:

Jx =
Ex

ρ⊥ sin2(α)
=
B0ω cos(ωt)y

ρ⊥ sin2(α)
. (13)

The AC loss per cycle can now be found by integration of ExJx
over the cross-sectional area of the coil and a full cycle of the
magnetic field:

Q
ℓh

=
2B2

0ω
2

ρ⊥ sin2(α)

2π
ωˆ

0

cos2(ωt)dt

y2ˆ

y1

y2dy

=
2πB2

0ω(y
3
2 − y31)

3ρ⊥ sin2(α)
. (14)

This equation gives the loss per unit length ℓ and height h. The
factor 2 is introduced to account for both coil halves.

3.2. Solution in the high-frequency limit

If the applied magnetic field changes fast compared to
the characteristic time constant (ω≫ 1/τ ), the influence of
induced currents on the magnetic field can no longer be neg-
lected. The applied field will only penetrate in a skin near
the outer surface, and the induced currents in this skin will
shield the inner part of the coil. Here, the problem in this high-
frequency limit is solved in two steps. First, the magnetic field
on the surface of the coil is calculated assuming full expulsion
of themagnetic field. Then, themagnetic field near surfacewill
be computed by solving the 1Dmagnetic diffusion equation in
order to estimate the coupling loss.

As schematically indicated in figure 4, expulsion of the
magnetic field leads to a higher effective magnetic field Beff

on the surface. The enhancement factor 1/(1−N) = Beff/B0,
with N the demagnetization factor of the coil leg [28], depends
on the aspect ratio of the coil. For typical racetrack coils that
are wider than they are tall (2y2 ≫ h), this factor cannot be
neglected. In the appendix we propose a way to compute N
from the aspect ratio using conformal mapping. Alternatively,
it can also be found numerically, by solving ∇×B= 0 in the
area outside of the coil [29–31].

Once the effectivemagnetic fieldBeff is knownwe can com-
pute the induced current near the surface in order to find the
coupling loss. Assuming current in the x-direction and mag-
netic field in the z-direction only, the laws of Ampère and
Faraday become:

∂Bz
∂y

= µ0Jx (15)

∂Ex
∂y

=
∂Bz
∂t

. (16)

With equation (10), we now have three equations with three
unknowns (Jx, Ex and Bz) fully describing the current distri-
bution in the coil.

Elimination of Jx and Ex gives the following 1D diffusion
equation for the magnetic field:

∂Bz
∂t

= η
∂2Bz
∂y2

, (17)

where η is a diffusion constant given by:

η =
ρ⊥ sin2(α)

µ0
. (18)

The solution that satisfies the boundary conditions
Bz(−∞, t) = 0 and Bz(y2, t) = Beff sin(ωt) is given by:

Bz(y, t) = Beff e
y−y2
δ sin(ωt+

y− y2
δ

), (19)

where

δ =

√
2η
ω

=

√
2ρ⊥ sin2(α)

µ0ω
. (20)
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Figure 3. Long racetrack coil of finite height h.

Figure 4. Approach for computing the coupling loss in the high-frequency limit. First the magnetic field on the surface assuming perfect
diamagnetism is calculated. Then the diffusion problem is solved near the surface.

The constant δ is the characteristic length scale over which
the magnetic field attenuates from the outer surface of the coil
(the skin depth). A plot of the solution is shown in figure 5. The
current density follows from Ampere’s law (equation (15)):

Jx(y, t) =
1
µ0

∂Bz
∂y

=
Beff

µ0δ
e
y−y2
δ

(
sin

(
ωt+

y− y2
δ

)
+ cos

(
ωt+

y− y2
δ

)) . (21)

The energy flux into the coil can be found by evaluating the
Poynting vector S= µ−1

0 E×B on the surface.

Sy(y2, t) =−Ex(y2, t)Bz(y2, t)
µ0

=− B2
effρ⊥ sin2 (α)

µ2
0δ

(sin2(ωt)

+ sin(ωt)cos(ωt)). (22)

Finally, the coupling loss per cycle is computed by mul-
tiplying this with the area 2ℓcoilh exposed to the applied field
and integrating over a full cycle:

Q=−2ℓcoilh

2π
ωˆ

0

Sy(y2, t)dt= 2ℓcoilh
B2
effρ⊥ sin2 (α)
µ2
0ωδ

. (23)

Using equation (20) for the skin depth, this can be simpli-
fied to:

Q
ℓcoilh

=
πB2

effδ

µ0
. (24)

4. Numerical solution of the continuum model

To compute the coupling loss at intermediate frequencies,
the model is solved numerically. The numerical method also
makes it possible to use a power-law type of resistivity in the
direction parallel to the conductor:

ρ∥ =
Ec
|J∥|

|
J∥
Jc
|
n

. (25)

To find a numerical solution, the cross-sectional area is
divided in rectangles with uniform current density. A method
proposed by Brandt et al [32, 33] is used to find a system
of ordinary differential equations that describes the current
densities. The application of this method is described in detail
in a publication about ReBCO Roebel cables [26], which in
the cross-section also appear as two side-by-side stacks of

5
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Figure 5. Diffusion of the magnetic field near the surface of the coil (equation (19)).

Figure 6. Division of the conductor volume in rectangular elements with uniform current density. This figure shows a cross-sectional plane,
to which the current flows perpendicular.

tapes, although the orientation is different. Below, a shortened
derivation will be given to enable the reader to make their own
implementation.

The conductor cross-section is divided in rectangular ele-
ments numbered i= 1,2, . . . ,N, each carrying a uniform cur-
rent density Ji in the x-direction (see figure 6). The x-
component vector potential at the center of each element can
be expressed as a linear combination of the element current
densities and an external contribution Aext,i:

Ai = Aext,i+
µ0

2π

N∑
j=1

KijJj. (26)

The elements of K are given by [34]:

Kij =− 1
2

[[
uv
(
ln(u2 + v2)− 3

)
+ u2 tan−1

( v
u

)

+ v2 tan−1
(u
v

)]yi−bj

u=yi−aj

]zi−dj

v=zi−cj

,

(27)

where element j is bounded by aj < y< bj, cj < z< dj and
(yi,zi) is a point in the center of element i.

Using the fact that ∂A/∂t=−E−∇ϕ, and assuming
∂ϕ/∂x= 0, equation (26) can be rewritten to:

N∑
j=1

Kij
∂Jj
∂t

=−2π
µ0

(Ex,i+
∂Aext,i

∂t
). (28)

This system is solved using Matlab’s built-in solver ‘ode15s’.
The electric field in the right-hand side is evaluated using

the anisotropic continuum model. From equation (6) we have:

J⊥ = sin(α)Jx+ cos(α)Jy. (29)

Integration over the height of the coil gives:

h/2ˆ

−h/2

J⊥dz= sin(α)

h/2ˆ

−h/2

Jxdz+ cos(α)

h/2ˆ

−h/2

Jydz. (30)

The first term is just hJ⊥ under the assumption of uniform cur-
rent transfer. The third integral is equal to the applied current
Ia(t) divided by the turn length. Therefore the perpendicular
current is described by:

6
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Table 1. Conductor properties.

substrate (Hastelloy C276) 63± 3 µm
tape width 4± 0.13 mm
silver layer ReBCO side 2± 0.5 µm
silver layer substrate side 1± 0.5 µm
copper layer 20± 4 µm
solder plating, eutectic InSn 5− 10 µm
average Ic at 77K 130 A

Figure 7. Picture of the soldered coil after removal from the aluminum holder.

hJ⊥ = sin(α)

h/2ˆ

−h/2

Jxdz+ cos(α)
Ia
ℓturn

. (31)

By solving equation (29), Jy can now be expressed in terms of
Jx:

Jy =
Ia

hℓturn
− tan(α)

Jx− 1
h

h/2ˆ

−h/2

Jxdz

 . (32)

Now that Jy is known, Ex can be computed using equation (8).
The continuum model is not limited to the specific numerical
method described above. For example, Mataira et al success-
fully implemented it in COMSOL using the H-formulation of
Maxwell’s equations [25, 35].

5. Sample preparation

Two near-identical coils were wound from the same spool
of commercial SuperOx ReBCO tape (see table 1). An InSn
(Tmelt = 118◦C) solder-coated tape was used in order to ease
the soldering of the turns. The wire was wound onto an alu-
minum holder with a winding tension of 10N and the ReBCO
layer facing the holder. After winding 18.5 turns, the holder
was heated to 150 ◦C in order to melt the solder. During this
process, the long legs of the racetrack are compressed in the
y-direction in order to maintain turn-to-turn contact. Addi-
tional flux and solder were applied to the hot coil to fill the
space between tapes completely with solder. The coil was
then removed from the aluminum holder (figure 7) and placed
on an insulating glass-fiber reinforced plastic (GFRP) holder.
Finally, copper current terminals were soldered to the coil. The
geometrical properties of the coil are listed in table 2.

The coils have an aspect ratio of 2y2/h= 4.9. In the high-
frequency limit, the magnetic field on the surface is enhanced
by a factor 2.87 (see appendix). The corresponding demagnet-
ization factor N= 0.652 is used to compute the coupling loss
in the high-frequency limit.

Table 2. Geometrical properties of the racetrack coils.

inner radius y1 7.5 mm
outer radius y2 9.8 mm
tape width/coil height h 4 mm
turn thickness d 0.125 mm
number of turns N 18.5 —
straight section length ℓstraight 185 mm
mean turn length ℓturn 424 mm
tape length ℓtape 7.9 m
conductor angle α 0.295 mrad
inductance L 72 µH

6. AC loss measurement

6.1. Dipole magnet and sample holder

A NbTi/Cu dipole magnet with a 75mm× 89mm rectangular
bore is used to apply a uniform and harmonic AC magnetic
field to the samples [36]. A special GFRP insert was construc-
ted to mount two racetrack coils in the dipole bore. Here we
limit ourselves to the study of coupling loss in an external AC
magnetic field. The insert, however, also allows to excite the
sample coils with currents up to several hundreds of amperes.
These experiments are reported elsewhere. When current is
applied to the racetrack coil in the background magnetic field
of the dipole, it can generate a torque. By connecting the two
coils in anti-series, the overall torque is minimized. This solu-
tion simplifies the mechanical design of the insert. In order
to transfer the torque between the racetrack coils, the sample
holder is fixed inside a thick-walled GFRP tube. This tube also
functions as a calorimetric chamber for the AC loss measure-
ment. The current terminals of the coils are connected with
common superconducting NbTi/Cu wires in order to minim-
ize the helium boil-off in the chamber.

The self- and mutual inductances of the coils were calcu-
lated using a 3D finite-element model in COMSOL, which
assumes a uniform current density within the coil volume.
The model also takes into account the iron yoke of the dipole
magnet. The theoretical self-inductance is 72µH for each
racetrack, and the mutual inductance is more than two orders

7
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Figure 8. Picture of the sample holder for AC loss measurements with two racetrack coils installed. The no-insulation racetrack coils are
located in the GFRP holders underneath the pick-up coils and are connected in anti-series. Racetrack 1 carries a clockwise current while
racetrack 2 carries a counter-clockwise current, as illustrated by the sketch (only 3.5 turns out of 18.5 shown).

of magnitude lower.We can thus argue that the inductive coup-
ling between the coils can be neglected.

A picture of the sample holder with the racetrack coils
(before insertion into the calorimeter tube) is shown in figure 8.
When installed in the dipole magnet, the uniform AC mag-
netic field is applied perpendicular to the plane of the picture,
i.e. parallel to the wide face of the ReBCO tapes. The setup
allows for simultaneous magnetic and calorimetric determin-
ation of the AC loss.

6.2. Magnetic AC measurement using pickup coils

The loss per cycle in a sample exposed to a periodic magnetic
field Bext can be written as:

Q=−
˛

Bext ·dm=−

2π
ωˆ

0

Bext · ṁdt. (33)

wherem is the magnetic moment of the sample. The principle
of the magnetic AC loss measurement is a measurement of ṁ
using a set of pick-up coils, in particular the component that is
in phase with Bext.

To enable sensitive measurements, the pick-up coils must
be arranged in such a way that the voltage induced by Ḃext is
minimal. Often this is accomplished by connecting an identical
compensation coil (without sample) in anti-series with the
pick-up coil of the sample. In our set-up, however, there is
not enough space for an empty compensation coil. Therefore,
we have opted for a co-axial set of coils as shown in figure 9.
The pick-up and compensation coils have an equal turn-area
product, and therefore Ḃext can be rejected by connecting them
in anti-series. Although both coils sense induced currents in
the sample, the pick-up coil has more turns, and thus gener-
ates a higher voltage. Therefore, the anti-series connection in
principle rejects Ḃext fully but ṁ only partially.

Below, a quantitative relation between ṁ and the induced
pick-up voltage will be derived. Consider an induced current

±I flowing in the center of a given winding at (±ys,zs = 0).
The vector potential associated with this current is:

Ax(y,z) =
µ0I
4π

g(y,z), (34)

where

g(y,z) =−
(
ln((y− ys)

2 +(z− zs)
2)

− ln((y+ ys)
2 +(z− zs)

2)

) . (35)

Using the magnetic moment mz = 2ℓysI, the unknown current
I can be eliminated from equation (34).

Ax(y,z) =
µ0mz

8πℓys
g(y,z). (36)

The voltage over a pickup wire at (yp,zp) is:

V=−ℓȦx(yp,zp) =−µ0ṁz

8πys
g(yp,zp). (37)

By summing over all wires in the pick-up coils total voltage
can be found:

V=−µ0

2π
kṁz with k=

∑
all wires

±
g(yp,zp)

4ys
. (38)

The sign of the contributions of the geometricalK is positive or
negative depending on whether the pick-up wire is ‘directed’
in the positive or negative x-direction.

The dimensions of the pick-up and compensation coils are
listed in table 3. A 200mm-long pick-up coil is mounted on
each of the two racetrack coils. A single compensation coil of
455mm length is placed on the outside of the sample holder.
The geometric constant k is sensitive to the position of the
pick-up wires. Considering a positioning error of ±0.5mm,
k is in the range of 1860 to 2510m−1. This uncertainty is
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Figure 9. Schematic cross-section showing the position of the racetrack coil legs (the orange rectangles), the pick-up coil (the yellow
circles above the racetrack) and the compensation coil (the green circles coplanar with the racetrack). All coils extend in the x-direction as
shown in figures 2 and 3, perpendicular to the plane shown in the figure. The sketched magnetic field lines are associated with the induced
current in the racetrack coil only (i.e. the uniform background field is not shown).

Table 3. Geometry and position of the pick-up and compensation
coils.

pick-up coil compensation coil

horizontal position yp 10± 0.5mm 36.5± 0.5mm
vertical position zp 12.5± 0.5mm 0± 0.5mm
no. of turns N 41 10
length (x-direction) ℓ 200mm 455mm

the dominant contribution to the systematic uncertainty in the
magnetic AC loss measurement.

By inserting equation (38) into (33) we find the relation
between the AC loss and the voltage over the pick-up coils:

Q=
2π
µ0k

2π
ωˆ

0

Bext,z(t)V(t)dt. (39)

Only the component of V(t) with the same frequency and
phase as the applied field contributes to the AC loss, so a lock-
in amplifier is used to measure it (Stanford Research Systems
SR830). At frequencies below 10mHz, themeasurement using
the lock-in amplifier becomes prohibitively slow. For these
frequencies, the pickup voltage is recorded with a sensitive
voltmeter (Keithley 2182a), and equation (39) is evaluated on
a computer.

6.3. Calorimetric AC loss measurement

Allmeasurements at 4.2K are carried out with the sample coils
fully submerged in liquid helium. The amount of helium evap-
orated inside the calorimetric chamber is measured using a
mass flow meter (Bronckhorst LOW-∆P-FLOW). The meas-
urement is calibrated using a resistive heater placed next to the

racetrack coils. The calorimetric measurement thus does not
suffer from a relatively large systematic uncertainty such as
the one in the magnetic measurement. However, it has a larger
noise floor of about ±10mW.

7. Results

7.1. Time constant of the coil

In order to find the perpendicular resistivity ρ⊥, the time con-
stant was measured using the ‘sudden discharge’ method [1].
A current of 40A is applied until the terminal voltage is
stable, and then a switch in series with the coil is opened.
The exponential decay of current and magnetic field can be
observed in both the terminal and pick-up coil voltage. This
test was performed in both liquid nitrogen at 77K and helium
at 4.2K. At 4.2K, a background magnetic field of 430mT was
applied to render the InSn solder non-superconducting.

The results of the discharge test are shown in figures 10
and 11. At 77K, racetrack coil 1 was found to have a time con-
stant of 60 s fitting both coil and pickup voltage. Racetrack coil
2 has slightly higher time constants of 76 s and 73 s, determ-
ined by the coil and pickup voltages respectively. At 4.2K, the
time constants are approximately a factor two higher. Again,
a somewhat longer time constant is observed in racetrack
coil 2.

The time constant is related to the characteristic transverse
resistance of the coil through τ = L/Rc, where L is the cal-
culated self-inductance of 72µH (table 2). The characteristic
resistance can be converted into the sought-for perpendicular
resistivity as:

Rc = ρ⊥
y2 − y1
hℓturn

. (40)

9
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Figure 10. Voltage over the racetracks coils (top) and pickup coils
(bottom) during a sudden discharge from 40A at a temperature of
77K.

Figure 11. Voltage over the racetracks coils (top) and pickup coils
(bottom) during a sudden discharge from 40A at a temperature of
4.2K.

Table 4 lists the transverse resistivity values derived from the
terminal voltage, which has less noise than the signal from the
pick-up coils. These values are used as input for the AC loss
calculation.

Table 4. Time constants and transverse resistivities determined
from the terminal voltage during a sudden discharge.

racetrack coil T (K) τ (s) Rc (µΩ) ρ⊥ (µΩm)

1 77 60 1.2 0.89
1 4.2 122 0.59 0.44
2 77 76 0.95 0.70
2 4.2 165 0.44 0.32

Figure 12. V–I measurement of racetrack coils 1 and 2 with
currents up to 80A at 77K.

7.2. Voltage–current and magnetic field measurements

A DC voltage–current measurement was made at 77K
by applying a constant current and waiting at least 5min
(i.e. about five time constants) until the voltage is stable.
Figure 12 shows the voltage measured on the current terminals
for currents up to 80A. For currents below 60A, the voltage
increases linear with a slope of 1.7µΩ due to the resistance of
the joints. The voltages rises more steeply above 60A due to
the superconductor transition. It is however difficult to determ-
ine an unambiguous value for the critical current because the
current path within the coil is unknown during the transition,
as confirmed by the magnetic field measured above the coil.

This magnetic field was monitored using a Hall sensor
placed 12mm above the center of the coils (figure 13). Up to
60A, the field increases linearly with the coil current, with a
slope of 260–264µT/A, confirming the prediction of a finite-
element calculation. At higher currents the field saturates,
indicating that current is partially bypassing turns that already
reached their critical current.

7.3. AC loss measurements at 77K and 4.2K

AC loss measurements were performed both at 77 and at
4.2K. In all measurements a uniform AC field was applied
parallel to the surface of the ReBCO tapes (figure 13). At
77K, the NbTi/Cu AC dipole magnet has a high resistance,
and only a modest field amplitude of 12mT can be probed.
Although the AC loss in such fields was too small to be
detected calorimetrically with this set-up, it could be meas-
ured using the pick-up coils.

10
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Figure 13. Magnetic field at 12mm above the racetrack coils
measured using a Hall sensor.

Figure 14. AC loss calculation (lines) and measurement (markers)
at T = 77K and B0 = 12mT. The error bars are based on the
uncertainty in the geometric constant k (see section 6.2).

By applying a small amplitude magnetic field and aligning
it with the tapes, a situation is created in which the coupling
loss is large compared to the hysteresis loss. The simulations
were done for coupling loss only (i.e. assuming Epar = 0).

Figure 14 shows the calculated and measured AC loss
powers in a 12mT sinusoidal magnetic field as a function
of frequency. As discussed in section 6.2, the pick-up coil
voltage is measured using both a lock-in amplifier and a volt-
meter to enable measurement over a large frequency range.
The measured data show good agreement between these two
methods. The measured AC loss also confirms the frequency
characteristic of the model, which predicts the power to be
proportional to f 2 at low frequencies and

√
f at high frequen-

cies. The transition between the two regimes occurs near a
characteristic frequency of 1/(2πτ), which is 2.7mHz and
2.1mHz for coil 1 and 2, respectively. The agreement between
the numerical solution and the measured loss is within a factor
two for all data. The largest discrepancies between calculation
andmeasurement are observed between 10mHz and 100mHz,
i.e. somewhat above the characteristic frequencies. The origin

Figure 15. AC loss calculation (lines) and measurement (markers)
at T = 4.2K and B0 = 100mT. A 500mT offset field was applied to
rule out superconductivity of InSn.

of this discrepancy is not yet fully understood but may be asso-
ciated to the simplifications in the model (homogenization and
reduction to two dimensions).

At 4.2K, the dipole magnet is superconducting so that a
higher ACmagnetic field of 100mT can be applied. This leads
to a∼10–100 times higher loss than at 77K, enabling a calori-
metric measurement. The three measurement methods as well
as the model predictions are shown in figure 15. The measure-
ments were performed in a 500mT DC offset magnetic field
to drive the superconducting InSn solder into its normal state.
Compared to the measurement at 77K, the transition between
the high- and low-frequency regimes is shifted to about 2 times
lower frequencies, as explained by the longer time constants
at 4.2K (122 s and 165 s) and the lower corresponding charac-
teristic frequencies of 1.3mHz and 1.0mHz. Once more, the
accuracy of the model prediction is fair, agreeing with the data
within a factor 2.

A point of discussion is that the loss measurement captures
not only coupling loss, but also other contributions such as
hysteresis loss, which are neglected in the calculation. Even
though hysteresis loss is relatively small in a parallel magnetic
field, themodel cannot guarantee that it is negligible. However,
if hysteresis loss would play a significant role, the measured
total loss would exceed the calculated coupling loss. Secondly,
one would expect a frequency dependence of P∝ f, which is
signature for hysteresis. The observed total loss does not show
any of these two these characteristics. We can therefore argue
that the total loss was dominated by coupling loss.

8. Conclusion

An anisotropic resistivity model with analytical and numer-
ical solutions has been tested to calculate parallel field induced
coupling loss in no-insulation ReBCO coils. For validation,
two small no-insulation racetrack coils were constructed and
subjected to AC magnetic field parallel to the surface of the
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tape. The AC loss, measured both magnetically and calorimet-
rically, and entirely dominated by coupling loss, shows reas-
onable agreement with calculations based on the anisotropic
continuum model. The experiment confirmed the predicted
frequency characteristic of the coupling loss, which is P∝ f 2

at low frequencies and P∝
√
f at high frequencies due to the

skin effect. The transition between low- and high-frequency
regimes was found to occur around a characteristic frequency
related to the straightforwardly measured decay time constant
by fc = 1/2πτ . The test demonstrated the feasibility of the rel-
atively simple model, which only needs the coil dimension and
an easily measured time constant as input.

In a rotating machine or a linear actuator, the coils are sub-
jected to more complicated AC conditions than the ones con-
sidered in this work. The armature of a linear actuator, for
example, produces a non-uniform magnetic field with higher
harmonics. These conditions likely require three-dimensional
modeling and more advanced experiments. Nevertheless, the
anisotropic continuum seems a feasible approximation for the
development of these models.

Data availability statement

All data that support the findings of this study are included
within the article (and any supplementary files).

Appendix. Calculation of the effective magnetic
field using a conformal map

In this section, the magnetic field on the surface of the coil in
the case of perfect shielding (δ= 0) is found using a conformal
map. This enhanced magnetic field is then used to estimate the
AC loss using the formula for a tall coil in the high-frequency
limit. Outside the coil, the current density is zero and there-
fore ∇×B= 0. Since its curl is zero, the magnetic field can
be expressed as the gradient of a magnetic scalar potential
B=−∇ϕ. This potential obeys Laplace’s equation because
∇2ϕ=−∇ ·B= 0. Solutions of Laplace’s equations have the
property that, under a conformal map, they are still solutions
of Laplace’s equation. We can thus construct the solution in
a simple domain and then conformally map it onto the more
complicated geometry of the coil. First, the magnetic poten-
tial in the uv-plane is constructed. The potential can always
be written as the real part of a complex potential Φ(u,v) =
ϕ(u,v)+ iψ(u,v). For a uniform magnetic field parallel to
the u-axis, we choose ϕ= u so that −∇ϕ= û. To ensure the
potential Φ is complex differentiable, it needs to satisfy the
Cauchy–Riemann equations:

∂ϕ

∂u
=
∂ψ

∂v
,

∂ϕ

∂v
=−∂ψ

∂u
. (41)

This condition is satisfied for a choice of ψ = v. The uv-plane
has to be mapped to the yz-plane. To do this, a conformal map
ζ(w) is sought where ζ = y+ iz andw= u+ iv. The upper half

Table 5. Vertices and angles for the conformal map onto the
exterior of a rectangle. The angle δj is the counter-clockwise
rotation at the corresponding vertex (see figure 16).

vertex coordinate uj angle δj

A ∞ 2π
B −1 π/2
C −p −π/2
D p −π/2
E 1 π/2

of of the uv-plane (u> 0) is mapped onto the interior of a poly-
gon by the Schwarz–Christoffel mapping [37]:

dζ
dw

=
n∏
j=1

C1

(w− uj)
δj/π

(42)

where u1,u2, . . . ,un are the u-coordinates corresponding to the
vertices of the polygon, δj is the angle the transformed axis
makes at the vertex in the counter-clockwise direction, and C1

is a complex number. For a map onto the polygon that over-
laps the exterior of the coil in the half plane, the vertices and
angles as in table 5 are used. A is a vertex at infinite while B to
E correspond to points on the boundary of the rectangle (see
figure 16). The number 0< p< 1 determines the aspect ratio
of the rectangle.

The Schwarz–Christoffel mapping becomes:

dζ
dw

=
C1

(w+ 1)1/2(w+ p)−1/2(w− p)−1/2(w− 1)1/2

= C1

√
w2 − p2

w2 − 1

(43)

⇒ ζ(w) = C1

ˆ √
w ′2 − p2

w ′2 − 1
dw ′ +C2. (44)

Here C2 is a complex integration constant. By means of a sub-
stitutionw= sin(θ) this integral can be expressed as an elliptic
integral:

ζ(w) = C1

ˆ √
sin2(θ)− p2

sin2(θ)− 1
cos(θ)dθ+C2

= C1p
ˆ √

1− p−2 sin2(θ)dθ+C2

= C1pE(sin
−1(w)|p−2)+C2 (45)

where E is the incomplete elliptic integral of the second kind.
Figure 16 shows the conformal map for p= 0.5 and integra-
tion constants C1 = 1, C2 = 0. For this choice of C1 and C2,
the origin of the uv-plane is mapped onto the origin of the yz-
plane, and the applied magnetic field is in the y-direction. By
choosing C1 =−i and C2 = y2, the line AB lines up with the
axis of the coil (z-axis). Changing the parameter p results in
field around rectangles with different aspect ratios. The mag-
netic fields for three values of p are shown in figure 17. As seen
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Figure 16. Conformal map of the upper half of the uv-plane onto the yz-plane with integration constants C1 = 1, C2 = 0. The vertex A is
located at infinity. The gray lines are magnetic field lines, which close to BCDE are parallel to that curve.

Figure 17. The magnetic field around perfectly shielding rectangles with different aspect ratios. Here, the field for p= 0.2, 0.5, 0.9 is shown
which results in aspect ratios of 2y2/h of 29.4, 3.31 and 0.207 respectively. The field for y< 0 is found using symmetry in the z-axis.

Figure 18. The enhancement of the magnetic field on the surface of
the coil as a function of the aspect ratio.

from figure 16, the height of the coil h is equal to twice the real
part of point E and the width y2 is equal to the imaginary part:

h= 2C1pℜ(E(p−2)) (46)

y2 = C1pℑ(E(p−2)). (47)

Here E(p−2) is the complete elliptic integral given by
E(p−2) = E(π/2|p−2). Therefore the following relation
between the aspect ratio of the coil and the parameter p exists:

2y2
h

=
ℑ(E(p−2))

ℜ(E(p−2))
= tan(arg(E(p−2))). (48)

To find the average magnetic field on the side of the coil one
divides the potential difference between the vertices C and D,
which is ∆ϕ= 2p, by the distance between those vertices h:

Beff =
∆ϕ

h
=

1
C1ℜ(E(p−2))

. (49)

From equation (43) it is evident that far away from the coil
(large w), the conformal map only distends space by a factor
C1, and thus reduces the magnetic flux density by a factorC−1

1 .
The enhancement factor for the magnetic field is therefore:

ϵ=
Beff

B0
=

Beff

C−1
1

=
1

ℜ(E(p−2))
. (50)

Figure 18 shows the enhancement factor as a function of the
aspect ratio. For low aspect ratios (tall coil), the enhance-
ment approaches 1, which means that the magnetic field on
the surface is equal to the applied magnetic field B0. For short
coils, the enhancement factor increases approximatelywith the
square root of the the aspect ratio.
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