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holomorphically trivial canonical bundle. As an application, in the balanced Hermitian case,
we study the instanton condition for any metric connection V¢-* in the plane generated by

Ic(?rlx‘;?;g:'complex 3-folds the Levi-Civita connection and the Gauduchon line of Hermitian connections. In the setting
Special connections and metrics of the Hull-Strominger system with connection on the tangent bundle being Hermitian-
Hermitian-Yang-Mills connections Yang-Mills, we prove that if a compact non-Kdhler homogeneous space M = I'\G admits
Hull-Strominger system an invariant solution with respect to some non-flat connection V in the family V¢:#, then
Heterotic equations of motion M is a nilmanifold with underlying Lie algebra b3, a solvmanifold with underlying algebra

g7, or a quotient of the semisimple group SL(2, C). Since it is known that the system can
be solved on these spaces, our result implies that they are the unique compact non-Kédhler
balanced homogeneous spaces admitting such invariant solutions. As another application,
on the compact solvmanifold underlying the Nakamura manifold, we construct solutions,
on any given balanced Bott-Chern class, to the heterotic equations of motion taking the

Chern connection as (flat) instanton.
© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the
CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Complex manifolds with holomorphically trivial canonical bundle, possibly endowed with a special Hermitian metric,
play a relevant role both in geometry and in theoretical physics. An important source of these distinguished manifolds
is provided by certain quotients of Lie groups G by cocompact lattices I', more specifically, by 2n-dimensional compact
homogeneous spaces M = I'\G endowed with an invariant complex structure with holomorphically trivial canonical bundle.
By the latter we mean that the (unimodular) Lie algebra g of G has a complex structure with non-zero closed (n, 0)-form.
For instance, when M is a nilmanifold, i.e. G is nilpotent, a result of Salamon [30] ensures that any invariant complex
structure on M possesses a non-zero (1, 0)-form which is closed.

In this paper we are interested in the complex dimension three, mainly due to its relation to the Hull-Strominger system.
The precise definition of the system is given below and at this point we just recall that its solutions require in particular a
compact complex manifold X = (M, J) with non-vanishing holomorphic (3, 0)-form W. When M =T'\G is a 6-dimensional
nilmanifold and ] is invariant, the problem of determining which nilpotent Lie algebras g admit a complex structure was
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completely solved in [30]. Furthermore, the unimodular solvable Lie algebras g of dimension 6 that admit a complex struc-
ture with non-zero closed (3, 0)-form are classified in [10], together with the existence problem for several special classes
of Hermitian metrics. Our first goal in this paper is to complete these previous results by extending the classification to any
unimodular Lie algebra in six dimensions.

In Section 2 we study the existence of complex structures with non-zero closed (3, 0)-form on Lie algebras g of real
dimension 6 which are unimodular and non-solvable. Different approaches are followed depending on the decomposability
of the algebra g, but in any case our study relies on the analysis of stable forms in six dimensions [19]. The main result
is an uniqueness theorem in this setting, namely that so(3, 1), i.e. the real Lie algebra underlying s((2, C), is the only Lie
algebra admitting this kind of complex structures (see Theorem 2.9). For completeness, in the Corollaries 2.10, 2.11 and 2.12
we collect this new result together with other known results to provide classifications of 6-dimensional unimodular Lie
algebras admitting complex structures | with non-zero closed (3, 0)-form, as well as of those having balanced Hermitian
metrics.

As a first application of the above classification, we study the existence of invariant solutions of the Hull-Strominger
system with connection V on the tangent bundle being Hermitian-Yang-Mills. Such solutions satisfy the heterotic equa-
tions of motion. In Section 3 we review the definition and several important results about the system found in
[1,4-9,14-16,18,20-22,27,32]. In particular, in [8] invariant solutions of the heterotic equations of motion were first ob-
tained on a nilmanifold with underlying Lie algebra b3, whereas in [27] new solutions were found on a solvmanifold with
underlying algebra g; and on the quotient of the semisimple group with Lie algebra so(3,1). In all these solutions, V is
taken as the Strominger-Bismut connection [3], which is a non-flat instanton. Moreover, it was conjectured in [27, Section
7] that these are the only spaces admitting such solutions; more concretely, if a compact non-Kdhler homogeneous space
M =T'\G admits an invariant solution of the heterotic equations of motion with slope parameter &’ > 0 and with respect to
some non-flat connection V in the ansatz V4°, then V is the Bismut connection and M is one of the three spaces above.

The connections V& constitute a plane of metric connections where important connections proposed for the anomaly

cancellation equation live: the Levi-Civita connection V€ = V%0, the Hull connection V~ = V_%’O, the Chern connection
V€ =v%3 and the Strominger-Bismut connection V™ = V%’O, so also the Gauduchon line V* of Hermitian connections [17]
joining VT and V¢ (see Section 3 for details). In Sections 4 and 5 we prove the following result related to this conjecture,
which is valid independently of the sign of the slope parameter «’: let M = I'\G be a 6-dimensional compact manifold
defined as the quotient of a simply connected Lie group G by a lattice I' of maximal rank, and suppose that M possesses
an invariant complex structure J with non-zero closed (3, 0)-form admitting an invariant balanced metric F. If some V&
in the associated (g, p)-plane of metric connections is a non-flat instanton, then the Lie algebra of G is isomorphic to b3,
g7, or so(3,1) (see Theorem 3.5). For the proof, we study the nilpotent case in Section 4, whereas Section 5 is devoted to
the class of solvmanifolds.

As a second application, we consider the Chern connection to construct solutions on the Nakamura manifold with given
balanced class. In greater detail, in Section 6 we take X as the compact complex manifold defined by the Nakamura manifold
endowed with its abelian complex structure, and provide solutions of the heterotic equations of motion in the Bott-Chern
class of any given invariant balanced metric F. More concretely, in Theorem 6.2 it is proved that given any such F, there
always exists another balanced metric F with [F2] =[F2] e Hé’cz (X,R) and a non-flat instanton solving the heterotic equa-

tions of motion with respect to the (flat) Chern connection associated to F.
2. Complex structures with closed (3, 0)-form on non-solvable spaces

In this section we study the existence of complex structures with non-zero closed (3,0)-form on Lie algebras g of
real dimension six. Since the nilpotent and the solvable unimodular cases have been studied respectively in [30] and [10],
we will focus on the non-solvable unimodular setting. The conclusion will be that only so(3, 1) admits this special type of
complex structures. For completeness, in Section 2.5 we collect this new result together with other known results to provide
classifications for Lie algebras (see Corollary 2.10) and for compact homogeneous spaces with balanced Hermitian metrics
(see Corollary 2.12).

We will use different approaches depending on the decomposability of the algebra g, but in any case our study relies on
the analysis of stable forms in six dimensions.

2.1. Stable forms in dimension six

Stable forms on 6-dimensional vector spaces were widely studied in [19]. We recall the basic properties omitting details
which can be found in the referred paper.

Let (V,v) be an oriented six-dimensional real vector space, being v € A6V* a fixed volume form of V. A three-form
p € A3V* is stable if its orbit under the action of GL(V) is open.

Stability can be characterized algebraically in the following way. Let k: A V* — V ® A6V * be the canonical isomorphism
k(&) =v®v, with (,v=E¢, and define
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Ky(v) :=k(typ A p) €V @ ASV*, vev,
A(p) = gtr(K2) e (ASV*)®2,

Then, p is stable if and only if A(p) # 0. A stable three-form p defines a specific volume form

¢ (p) = Ir(p)| € APV*

and an endomorphism given by J, := ﬁp)Kp.

It turns out that ], is an almost complex structure if and only if A(p) < 0. In this case we say that J, is the almost
complex structure induced by p. The dual almost complex structure, which along this paper we will denote again by J,
(instead of J7), acts on one-forms by the following formula

Upo)(V) () =anypAp, aeV* veV. (1)

In addition, the complex three-form W = p +iJ,p has bidegree (3, 0) with respect to J,.
Now, let g be a 6-dimensional Lie algebra and ] an almost complex structure on g, i.e. J is an endomorphism J: g — g
satisfying J2 = —Idy. The almost complex structure J is called integrable if it has no torsion, i.e. its Nijenhuis tensor

Ny(X,Y)=[JX, JY] = JIX. JY] = JUUX. Y] - [X, Y], X, Yeg, (2)

vanishes identically. We are concerned with complex structures satisfying the stronger condition given by the existence of
a non-zero closed (3, 0)-form. As all of them arise from closed stable three-forms p € A3g*, we will proceed as follows.
Let p be a generic closed three-form on the Lie algebra g. Recall that the differential d is induced from the formula

da(X,Y)=—a([X,Y], aegt, X, Yeg. 3)

Now, consider the endomorphism jp defined by acting on one-forms as follows

((]pa)(x))v=aMprp, aeg”, Xeg, (4)

where v € A8g* is a fixed volume form of g. From (1) and (4) we have that the endomorphisms ]p and the dual of K,
coincide. Then we define A(p) as the scalar given by

~ 1 1 -
Mp)v®? =a(p) = ctr(K ) = tr(] ).

When A(p) <0 and d(]pp) =0 we get an almost complex structure J, on g with non-zero closed (3, 0)-form ¥ = p +
i Jop. It is straightforward that the condition d¥ = 0 implies that the differential of any (1,0)-form has vanishing (0,2)-
component, which in turn is equivalent to the Nijenhuis tensor (2) of J, being identically zero, i.e. J, is integrable.

As a consequence, in order to prove that a given Lie algebra g does not admit any complex structure with closed (3, 0)-
form, it is enough to show that, for any closed p € A3g*, one gets tr(jﬁ) > 0 whenever jpp is closed. However, this
condition becomes very intricate to deal with in the case of non-solvable 3 & 3 decomposable Lie algebras, and we will use
instead the fact that the almost complex structures J, satisfying N;, =0 would induce a family of linear endomorphisms
on the first 3-dimensional factor which are not torsion free, so contradicting the existence of such a J, (see Section 2.3 and
the proof of Proposition 2.4 for the precise argument).

As it is explained in the introduction, we are interested in the geometry of compact complex manifolds of the form
M =T'\G, where T is a lattice, endowed with an invariant complex structure with holomorphically trivial canonical bundle.
Hence, if g is the Lie algebra of G, in addition to have a complex structure with non-zero closed (3, 0)-form, g must be
unimodular due to a well-known result by Milnor [25] (see also [10] for other necessary conditions on the cohomology of

9).

2.2. Six-dimensional unimodular non-solvable Lie algebras

In this section we recall the different classes of unimodular non-solvable Lie algebras in six dimensions. When the Lie
algebra is decomposable, i.e. g = @?:1 g;j, the unimodularity of g requires the unimodularity of every summand g;. Taking
this fact into account, together with the lists of non-solvable Lie algebras up to dimension 5 (see [31, Table 1] and [12, Table
2]), one has the following classification of decomposable unimodular non-solvable Lie algebras of dimension six:

3
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sl2,R) @ R3 = (€23, —e!3, —¢'2,0, 0, 0),

sl(2,R) @ h3 = (623, —e!3, —e12, 0, 0, &%),
sI2,R)@e(1,1) = (e23, —e'3, —e2, 0, —e%6, —e%),
sl(2,R) @e(2) = (€23, —e!3, —e!2, 0, —e5, ),
sI2,R) ®sl(2, R) = (€23, —e!3, —el2, 076, 46 _e%),
sl(2,R) @so(3) = (623, —e13, —el12 @36 _p46 43
s503) ®R3 = (€23, —e'3, 12, 0, 0, 0),

50(3) ® b3 = (€23, —e13, 12, 0, 0, &%),

s0(3) @ e(1,1) = (23, —el3, e12, 0, —e%6, —e%9),
50(3) @ e(2) = (23, —e13, e12, 0, —e%6, &%),

50(3) @50(3) — (623, —613, e]Z, 656, —646, 645),

A5,4O @ R = (2612, _6,137 2623, 6‘24 + 635, e]4 _ 6‘25, O).

(5)

All the Lie algebras in (5) are 3 @ 3 decomposable except As 40 @ R, which is 5@ 1 decomposable. For the description of
the structure of each Lie algebra we are using the exterior derivative d instead of the Lie bracket due to the formula (3). In
greater detail, for instance the notation s((2, R) & R3 = (e23, —e!3, —e12, 0, 0, 0) means that the Lie algebra has a basis of
one-forms {e’ }?Zl such that

del =e? ne3, de? = —el ne3, ded = —el ne?, de? =de® =de® =0.

In the indecomposable case, we are taking the classification from [13, Table 2], so up to isomorphism one has the
following list of indecomposable unimodular non-solvable Lie algebras in six dimensions:

LG,] — (923, —613, elZ7 626 —635, _e16 _'_(_:,347 e15 _‘324)7
L6,2 — (923, 2612’ —2613, el4 +€25, _el5 +e34’ 645),
LG.4 — (923, 2912, —2913, 2614+2925, 926 +€34, _2e16 +2€35),

50(3,1) = (€23 — €56, —e13 1 ¢46 012 _ 45 026 _ 35 16 | o34 15 _ 24)

(6)

If we remove the unimodularity condition, then another Lie algebra, labeled as Lg 3, appears. It turns out that this algebra
has complex structures with non-zero closed (3, 0)-form (see Remark 2.7 for details), however no compact quotient of the
corresponding simply-connected Lie group by a lattice exists.

It is well-known that so(3, 1) admits complex structures with closed (3, 0)-form:

Example 2.1. The real Lie algebra so(3,1) underlies the 3-dimensional complex Lie algebra s((2, C) given by the complex
structure equations

do' =w?3, do?=-0", do’®=0" (7)
To see it, it suffices to check that the complex one-forms {aﬂ‘}i’z1 are forms of bidegree (1,0) with respect to an almost
complex structure on s0(3, 1). Let J be the almost complex structure on s0(3, 1) defined, in terms of the real basis {ef}?=1
given in (6), by

Jel=e* Je?=e5, Je3=eb Jet=—e!, JeS=—e? Jeb=—¢.

Now, consider the (1, 0)-forms with respect to | given by w! = e3 —ie®, w? =e! —ie?, and w? =2 —ie’. A direct calculation

shows that o', w?, @> satisfy (7) and, as J is complex parallelizable, the (3,0)-form ¥ = w!?3 is closed. Note that |
corresponds to the closed stable three-form p = e!23 — 156 4 o246 _ 345 ¢ A350(3, 1)*.

2

2.3. The decomposable case

When the Lie algebra is decomposable we will use the observation in [23, Lemma 1] that the integrability of | induces
a torsion free endomorphism on every summand.

By definition, a torsion free endomorphism on a Lie algebra b is a vector space homomorphism F: h — b satisfying
Np(X,Y)=0 for any X,Y € b, where

Np(X,Y)=[FX,FY]—-F[X,FY]—-F[FX,Y]—-[X,Y]. (8)

Note that the identically zero endomorphism F =0 has zero torsion if and only if the Lie algebra § is abelian, and that
there are Lie algebras not admitting any torsion free endomorphism.

4
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Now, let g = @?:1 gj be a decomposable Lie algebra, and denote by ij: g; — g and 7;: g — g; the natural inclusion and
projection, respectively, for every j-th summand. Let J: g — g be an almost complex structure on g and define, for every j
with 1 < j <n, the endomorphism Fj=mjo Joij: g; — gj.

Suppose that ] is integrable, i.e. the Nijenhuis tensor N; = 0. Taking the projection on every summand g;, it follows
from (2) that

(7 ] X, 7w JYlg; = 70 JAX, 7w JY 1g;) = 705 J (1w ] X, Y]g;) — [X, Y]g; =0

for any X, Y € gj. Therefore, the endomorphism F;: g; — g; satisfies Nr; =0, so we have:
Lemma 2.2. [23]If ] : g — g is integrable, then Fj: gj — g; is a torsion free endomorphism for every j.

This will be particularly useful in the case of 3 & 3 decomposable Lie algebras. As a first step we have the following
lemma stating that certain endomorphisms of the Lie algebras s[(2, R) and so0(3) are not torsion free.

Lemma 2.3. Forany A, B, C, A, i, T € R, we have:

(i) The endomorphism F: sl(2, R) — s[(2, R) defined by the coordinate matrix

A A B
-B —C 7

in the basis {ek}i:1 with brackets [eq, e3] =e3, [e1,e3] = e, [e2, e3] = —eq, is not torsion free.
(ii) The endomorphism F: s0(3) — so(3) defined by the coordinate matrix

A A B
F=|A n C|, (10)
B C 1

in the basis {ek},f=1 with brackets [e1, e2] = —es, [e1, e3] = e, [e2, e3] = —eq, is not torsion free.

Proof. We prove only the first statement as the second follows an analogous argument. In the first case, by (8) we have
that the torsion free condition for F is equivalent to

0= Nr(eq,e2) =2(AC — Bp)eq +2(AB —AC)ey — (1 + A2 + B>+ C2 — At + AT + ut)es,
0=Nr(e1,e3) = —2(AT 4+ BC)e; — (1 — A2 — B + C? + At — AT 4 juT)ez — 2(AB — AC)es,
0=Ngr(ez,e3)=(1— A%+ B> — C? + Al + AT — u1)e1 + 2(AT + BC)ey + 2(AC — Bu)es.

We will arrive to a contradiction assuming that F is torsion free. From

0=e>(Ne(er,e2)) +e*(Np(er, e3)) = 2(1 + C* + u1),

we get that 4T < O (in particular p, T  0). So, from the equation 0 =e!(Nf(e1, e2)) = 2(AC — Bu) we have B = %, and
substituting in 0 =e! (Nf(eq, e3)) = —2(AT + BC) we get A(C? + 14 T) =0, which implies A =0 because C? 4+ 7 = —1. As
A =0, then B=0.

Now, from

0=e*(NF(e1,e3)) +e' (Nr(e2, e3)) =2(1 + Ap),

we get Ax = —1. In particular A # 0 and we obtain C = 0 from the equation e3(Nf(eq, e3)) = 0.
Finally, from the equation e?(Nfg(eq, e3)) =0 we get T(A — i) =0, so A = . But this implies Az =A% > 0, contradicting
that s u=—-1. O

In the following result we consider g = g1 @ g as any of the 3 @& 3 decomposable Lie algebras in (5). We shall prove that
for any closed three-form p on g, if A(p) < 0 then the almost complex structure ], induces an endomorphism on g; which
is not torsion free.

Proposition 2.4. The 3 & 3 decomposable unimodular non-solvable Lie algebras do not admit any complex structure with non-zero
closed (3, 0)-form.
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Proof. The 3 @ 3 decomposable unimodular non-solvable Lie algebras are given in (5), and they split as g = g1 & g2, where
g1 is either sl(2, R) or so(3), and gy runs the following list: R3, b3, (1, 1), e(2), s[(2, R), so(3). Hence, we distinguish two
cases depending on the first summand:

e The case g =sl(2, R) ® g. We show the details of the proof for the Lie algebra g, = R3. Firstly, any closed three-form
o on the Lie algebra s((2, R) @ R3 is given by

p=are'3 +aze' +aze'® +age'?® + ase™* + age'®® + a7e'% + age?* + age?
+a10e®® +are®®,
where aj, ..., a1 € R. Taking the volume form v = e!23456 we consider the endomorphism J, defined by (4).

Suppose that A(p) <0, i.e. we get that Jp is an almost complex structure on g. We define the linear endomorphisms
Fy=mi0]Jp,o0i1 and Fp =110 ], o0ip on sl(2,R) induced by J, and ], respectively. Recall that J, =|1(p)|""/%],, so F,
is also a multiple of Fp, ie.

Fp=IA(p)|"V2Fp.

By a direct calculation one gets that the induced endomorphism I:'p of 51(2, R) is given by (9) with the values A=B=C=0
and A = =71 =—adq1, so Fy: sl(2,R) — sl(2,R) is given by the values A, u, 7, A, B,C multiplied by the constant
IA(0)|"1/2, and therefore F, belongs to the same family of linear endomorhisms defined by (9). Now, we can apply
Lemma 2.3 to conclude that F, is not torsion free. This fact, together with Lemma 2.2, implies that ], is not torsion
free as well. In particular, the latter excludes the existence of a complex structure with closed (3, 0)-form on s!(2, R) @ R3.

For the remaining cases for gy, the proofs follow similar arguments but taking into account the corresponding values
A, i, T and A, B, C provided in Table 1 in the Appendix.

e The case g =s50(3) ® go. As in the previous case, we show the details of the proof for the particular Lie algebra g, = bs.
A generic closed three-form p on the Lie algebra so(3) @ b3 is given by

0 =a1e'23 1 1e'? +aze!? 4 aue'® 4 a5e13 + age + 0762 + ag(—e'® + €23)
+ a9 4 0245) 4 ay0(—e'26 1 345) 4 gy,e456
where ay, ..., a11 € R. Consider the endomorphism ]p defined by (4) with respect to the volume form v = e!234%6_ Then,

one gets that the induced endomorphism Fp =m0 ]p oiq: 50(3) > s0(3) is given by (10) with the values A = —2agay,
B = —2aq9ag, C = 2aqpag, and

A=—aly—aja +a3 —ai, w=-alg—aia —ai+ai, tv=a’ —aja;; —a3 —ai.
Hence, applying Lemma 2.3 the endomorphism F, = A (p)|~1/2 Fp is not torsion free. Therefore, N;, is not zero and conse-
quently no complex structure with closed (3, 0)-form exists on the Lie algebra so(3) & bs.

Similar arguments follow for the remaining cases for g, taking into account the corresponding values A, B,C, A, u, T
provided in Table 2 in the Appendix. O

The remaining 5@ 1 decomposable Lie algebra As 40 @ R requires a more involved argument that relies on the class of
%(p) modulo the ideal generated by the polynomials that determine the closedness of the four-form J 0P-

Proposition 2.5. The Lie algebra As 49 @ R does not admit any complex structure with non-zero closed (3, 0)-form.

Proof. Any generic closed three-form of the Lie algebra As 40 @ R is given by

123

p =ase +(12€125

126

+ase + (14(8135 _ 6‘124) + (156136 + (158234 + (17(6134 235) + age

256 _ ,146 246 | 356 56
+ag(e ) +ajo(e ) +aet
where a1, ..., a1 € R. Taking the volume form v = 123456

= , we consider the endomorphism ]p defined by (4) and we find
that the 4-form d(],p) expresses as

d(jpp) _ Q1€1234 + qze1235 + q3e1245 +q4(e1246 _ 61356) +Q5€]256 +qe€1345 + q7(el346 + 62356)

+ qs‘32345 2346

+ qoe
where g :=q;j(ai, ..., aj) denote the polynomials in the variables ay, ..., aj1 given by

6
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1 = —2(a10a206 + 100447 — 2040609 + 205ag),

2 = —2(2a10a3 + 2a10a207 + a2a60g + a4070s),

q3 = —4an (ai + axaz),

qa = —2(a%yaz + a11a4as + 2a11a3a7 — a11020g + a1004dg + 2a703),
qs = —6(a11a304 — 110205 — A100209 + 4403),

de = 2a11(axae + asay),

q7 = —2(2a% a4 — a11a306 + a11a5a7 — 2a1104ds + A10a709 — Agd3),
qs = —4a11(asae — a%),

49 = —6(ai1asas + 03007 — a11a7ag + d10deag).

The expression of A(p) is a polynomial of degree 4 belonging to the polynomial ring R[as,...,a;1] in the variables
ai,...,a. Let Z=1{(q1,...,q9) be the ideal generated by the polynomials g1, ..., qg above. We need to compute' the class
of A(p) modulo the ideal Z. Concretely, one gets

N 2 1
7(p) = (@a11)? — ai0q2 + agqs — a7qa + 39645 +d5d6 + 3a2qo.

Now, the cancellation of d(]pp) clearly requires the cancellation of qi,...,qg, but the latter implies that i(p) =
(a1aq1)? > 0. Therefore, no complex structure with closed (3, 0)-form exists on As@®R. O

2.4. The indecomposable case

In this section we study the existence of complex structures on the indecomposable unimodular non-solvable Lie algebras
Lg,1, Le,2 and Lg 4.

Proposition 2.6. The Lie algebras L 1, Ls 2 and Le 4 do not admit complex structures with non-zero closed (3, 0)-form.

Proof. The proofs for the Lie algebras Ls ;1 and Lg 4 follow a similar argument to the proof of Proposition 2.5 for As 40 ® R,
but taking into account the corresponding values charted in Table 3 in the Appendix for the forms p and d(]p,o), the
polynomials qq, ..., qe and A(p).
The proof of the statement for Lg, is less straightforward than the former cases, so we will give the details for this
algebra. Any closed three-form p on Lg; is expressed as
o= 41012 + aze'4 4 43013 + ag(e®34 — e12%) + as5(e235 — e134) 4 qg(e236 — &145)

+ (17(6’245 _ 26126) + 03(6146 + 6256) + (19(26136 + 6‘345) + 010(9346 o e]SG) + (1116456,

where aq,...,a;; € R. A direct calculation shows that the 4-form d(]pp) is given by

d(j,o,o) — Q1€1234 + qze1235 + q3e1245 —I—Q4€]246 +q5(e1256 _ 62346) +q661345
+ Q7(€]346 _ e2356) + q861356 + q9e2345

where q;j:=q;j(ay, ..., aj1) denote the polynomials in the variables ay, ..., a1 given by

q1 = 2(2(1100421 + 2aypaz2as5 + (14(1% — 2aiay0a7 — 3asagay; — 2(13(1% + axasag — asasag + a1agdg
— (20609 — 2040709),
q2 = — 2(ay10a2a3 — a10040as + a1a10de + asaé + azasaz + 2azasag + 2a§ag + 3asasag
— 2asayag + 2aiagdg — 2a2a§),
q3 = 2(2a11a3 + 2110205 + a10a2a6 — 2alay1a; 4 2a10a4a7 — 2a2a; — 3a4aeas + 2asa7as
— a1a§ — Sa%ag + 4aragag),

qa = 6(a110206 + 20110407 — 2a10a3 + a1002as + Aga7as + d4a3),
7 8

1 We used the computer software Singular, available at http://www.singular.uni-kl.de.
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2 2 2
qs = 2(az(ajy — 2ay1a9) — a11a4as + 4a11asa7 — 3a10a6a7 — A10d4ag + Agag + 2asag — 2dzasdg),

6 = — 2(a1a3, — 2a11a3a4 — 241102 + 3a10as0s + 4100307 — A306dg — 2a1a11dg + 20100409

— 2a§a9 + 2asagag — 8a7a52,),
q7 = — 2(2a4(a?y — 2a11a9) — a11a5a + a10a3 + 2a11a3a7 — a10as0s + A3a3 — 2a10a7a9 + 3asasag),
qs =— 6(615(0%0 — 2a1109) + A110306 + a10a3ag — a10dsdg — 20805),

do = 2(a1102a3 — 110405 + 141106 + 2a100406 + a3 — 3a1005a7 + A101003 + 2050603
+ azazag — ajpa2a9 + 4aeazag + 3a4asdg).
Moreover, for A(0) one gets
7(0) = (2420306 — 2040505 + 103 + 4a3a4a7 + 4a2a; — 4ajag — 4a2as509 + 4a1a7a9 + aZar)ary
3 5 1 2 ag
+ -a10q1 — 2a9G3 + <0a3q4 + as5q5 — a7qe + -0Aaq7 + A28 + —qo.
2 6 2 3 2
Next we distinguish two cases depending on the cancellation of the term a%o — 2a11a9 appearing in the polynomials gs,
g7 and gs. In the subsequent analysis we assume that aj; # 0, otherwise d(]p,o) =0 would imply that x(p) =0.

(i) If a%o — 2aq1ag9 # 0, then from the cancellation of g5, g7 and gqg one gets

—a110406 + 4a11asa7 — 3a10a6a7 — A1004as + aéag + 2(15(1% — 2a7agag

apy =
5 .
2aq1a9 — am
—0a110506 + a10a2 + 24110307 — a10050s + 303 — 2a100709 + 3agasag
a4 = > s
2(2a11a9 —am)
2
4. — 1110306 + 100308 — d100609 — 2aga;
5= :

2
2a11ag —aj

After substituting a,, a4 and as in g4 we obtain

3 2 2 2 2. 12
3(ajy +ai;a3 — 3a10a1109) (a110g — 2a7,a7 + 2a10a6as + 4d11a70a9 + 2agag)
4= :
2
(afp — 2a11a9)3

Now, in order to have q4 =0 we consider the following two cases:

3aq0a11a9—a3 . .
e a3 = ="~ but in this case we have
11

2 2 2 2. 32
X(p) _ (a1a1, +anag — 2a3,a7 + 2a10asas + 4aiiazag + 2agag) -0

5 >0;
am

° anaé — 2a%0a7 + 2a1paeasg + 4aj1azag + 2a§a9 =0, but this case again yields to a non-negative X(,o) = (a1a11)3.

Therefore, the condition a%o — 2aq1a9 # 0 always implies i(,o) > 0.

2 3 2
.. a . . 3(ajy—2a1,a3)(a11as+aoa
(ii) Let a3, — 2a11a9 =0, s0 ag = sa-. In this case gg factorizes as qg = (1o =203, 2)2( 1107+01005)
11
if one of the following two cases holds:

. Hence, qs = 0 if and only
3
e (3= ;;—%0] which implies that the polynomial g7 factorizes as

q7

_ (anae + ‘11008)(2‘1%105 — 2a10a11a6 — 0%0‘18)

2
a1

. 202 2 2 ~ 246 +(2a2 2 22 2

Now, if a11a6 + ajoas = 0 then we get that g = (Cllﬂ:—:z%()as) and A(p) = e a”as+z3t°as) GGt Hence, q6 =0
1 11

implies A(p) = (a1a11)%.

3 2,2
. . . ~ apai;+(aj1ag+ajoa:
On the other hand, when 2a?,as — 2a10a11a6 — a2 ,as = 0 we arrive again at a non-negative X(p) = (@10, +( 1:]46 1008)7)"
11




A. Otal and L. Ugarte Journal of Geometry and Physics 194 (2023) 105014

(a3,—2a%,a5)(2ay1a7+a3)
2

° a5 = —%, which implies that the polynomial q; factorizes as q7 = .
11

! . We can suppose that a?o -

Za%lag # 0 (otherwise we lie in the previous case). Then, q; = 0 if and only if 2ay1a7 + a?; =0, but the latter yields
A(p) = (ara11)%.

Therefore, the condition a%o — 2ay1a9 = 0 also implies A(p) > 0, so the proof of the proposition is complete. O

Remark 2.7. More examples of complex structures with closed (3, 0)-form can be found in the class of six-dimensional
non-solvable Lie algebras if we allow the Lie algebra to be non-unimodular. Indeed, consider the Lie algebra Lg 3 (following
the notation in [13, Table 2]) with structure equations

de' =e%3, de? =2e'2, de = —2e"3, de* =e' +e2° 1+ %, de® = —e® + 3% 1 %5, deb =0.

Then, the endomorphism ] given by

161:%624_%63’ JeZZ_%el_%eG’ ]€3:—3el+€6,

Jet = 1€, Je5 = —3e?, Jeb =3¢ — 1e3,
defines an almost complex structure on Lg 3 such that the nonzero (3, 0)-form W= (e! —iJel) A (e? —iJe?) A (e* —ije?) is
closed.

Remark 2.8. Our results have also applications to para-complex and closed SL(3, C) structures on unimodular non-solvable
Lie groups.

First, we recall that similarly to the almost complex case, if a stable 3-form p satisfies A(p0) > 0 then the endomorphism
Jp defines a para-complex structure on g, i.e. ]f) =1d and the eigenspaces for the eigenvalues +1 are three-dimensional
(see [19] for more details). The form o +e J,p, where e?2 =1, is a (3, 0)-form with respect to Jp. 1f this (3, 0)-form is
closed, then the corresponding torsion tensor N;, vanishes identically and the para-complex structure is integrable. It is
clear that any decomposable Lie algebra g = g1 @ g», with dimg; = dimg, = 3, has para-complex structures with closed
(3, 0)-form. The Lie algebras As 40 ® R, L¢ 1, L62, Ls,3 and L 4 also admit this type of structures. In fact, from the proofs of
the Propositions 2.5 and 2.6, and from Table 3 in the Appendix, it is enough to take a; = a1 =1 and the other coefficients
a; equal to zero. Note that for Lg 3 the closed 3-form p = e!?3 + %6 defines a para-complex structure for which J,p is
also closed (see Remark 2.7 for the structure equations of Lg 3).

In relation to SL(3,C) structures, we recall that an oriented six-dimensional differentiable manifold M admits an
SL(3, C)-structure if its frame bundle can be reduced to SL(3, C). Alternatively, such a structure is defined by a stable
three-form p € ©3(M) inducing an almost complex structure | o that is, 1(p) < 0. The SL(3, C)-structure is called closed
if do =0, and in this case the four-form d(J,p) has bidegree (2,2) with respect to J,. Notice that, being p closed, the
integrability of J, is equivalent to d(J,0) = 0. For nilpotent Lie algebras, Fino and Salvatore classify in [11] the closed
SL(3, C)-structures for which d(J,p) is a non-zero (semi-)positive (2, 2)-form. The results in this section could be of inter-
est in relation to the study of such structures in the non-solvable setting.

2.5. Classification results
The results obtained in Sections 2.3 and 2.4 are summed up in the following theorem.

Theorem 2.9. Let g be an unimodular non-solvable Lie algebra of dimension 6. Then g admits a complex structure with a non-zero
closed (3, 0)-form if and only if it is isomorphic to s0(3, 1).

For completeness, in the following corollaries we collect the result obtained in Theorem 2.9 together with other known
results. Firstly, from Salamon’s classification in the nilpotent case [30] and the classification obtained in [10, Thm. 2.8] for
solvable Lie algebras, we get

Corollary 2.10. Let g be an unimodular Lie algebra of dimension 6. Then, g admits a complex structure with a non-zero closed (3, 0)-
form if and only if it is isomorphic to one in the following list:
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b1 = (0), B1s = (03,12, 13 + 42, 14+ 23),

b2 = (0%,12,34), hie = (03,12, 14, 24),

b3 = (0°,12 +34), by = (03,12,23,14 — 35),

ha = (0%,12,14+23), by = (0%,12,13,23,14 + 25),

bs = (04,13 +42,14 +23), g1 = (15, =25, —35,45, 0, 0),

be = (0%,12,13), 0% = (@-15+25, —15+a 25, —a 35445, —35— 45,0, 0),
h7 =(03,12,13,23), g3 = (0, —13,12,0, —46, —45),

hs = (0, 12), g4 = (23, —36,26, —56, 46, 0),

ho = (04,12, 14 + 25), g5 = (24 + 35, 26, 36, —46, —56, 0),

hio = (03,12,13, 14), g6 = (24 + 35, —36, 26, —56, 46, 0),

b1 = (03,12,13,14+23), g7 = (24 + 35, 46, 56, —26, —36, 0),

hi2 = (03,12, 13,24), gs = (16 — 25,15+ 26, —36 + 45, —35 — 46, 0, 0),
hi3 = (03,12,13 4 14, 24), g9 = (45,15 + 36, 14 — 26 + 56, —56, 46, 0),

Bia = (03,12,14,13 +42),  50(3.1) = (23—56, —13+46, 12—45,26—35, —16+34, 15—24).

Here « > 0 is any non-negative real number. The Lie algebras in the list are pairwise non-isomorphic. The Lie algebras
bk are nilpotent, g; are solvable, and s0(3,1) is the only semi-simple Lie algebra in the classification. On the other hand,
the decomposable Lie algebras are the following: ; (1@ --- @ 1), h2, g3 (3 @ 3), b3, bs. bo, b1s, 91,95 (1@ 5), and bhg
(1e1@1@3).

Let X be a complex manifold with dim¢ X =n. A Hermitian metric F on X is said to be balanced if dF"~! = 0. Important
aspects of these metrics were first investigated by Michelsohn [24]. The balanced Hermitian geometry plays a central role
in heterotic string theory, as the next sections show.

We recall that any left-invariant Hermitian metric F on a complex Lie group is balanced, so the Lie algebra so(3,1) admits
balanced Hermitian structures. The 6-dimensional nilpotent, resp. unimodular solvable with closed (3, 0)-form, Lie algebras
admitting balanced Hermitian structures are classified in [34, Thm. 26], resp. in [10, Thm. 4.5]. As a second consequence of
the results obtained in the previous sections we have

Corollary 2.11. Let g be an unimodular Lie algebra of dimension 6. Then, g admits a complex structure with a non-zero closed (3, 0)-
form having balanced metrics if and only if it is isomorphic to b1, bz, b3, b4, bs, be, b1g, g1, g5 (@ > 0), g3, gs, g7, g8, or s0(3,1).

Concerning the existence of lattices (of maximal rank), the connected and simply connected nilpotent Lie group Hj
corresponding to the Lie algebra b, admits a lattice by the well-known Malcev theorem. Moreover, by [10, Prop. 2.10], the
connected and simply connected Lie group G; corresponding to the solvable Lie algebra g, admits a lattice for any [ # 2,
whereas for | = 2 there exists a countable number of distinct o’s, including & = 0, for which the Lie group G¢ corresponding
to g5 admits a lattice. For the case of 50(3,1), it is well-known that a lattice exists. Hence, we get the following result for
compact homogeneous spaces in six dimensions:

Corollary 2.12. Let M = I'\G be a six-dimensional compact manifold defined as the quotient of a simply connected Lie group G by a
lattice T. Suppose that M possesses an invariant complex structure | with non-zero closed (3, 0)-form admitting a balanced metric F.
Then, the Lie algebra g of G is isomorphic to b1, ..., bs, h1g, g1, 5 for some o > 0, g3, gs, g7, gs, or 50(3,1).

We recall that such homogeneous spaces are Kdhler only when g = b or gg (see Proposition 5.3 below for more details).
We also recall that the existence of a balanced metric on (M, J) implies the existence of an invariant one (by symmetriza-
tion).

3. The Hull-Strominger system on compact balanced homogeneous spaces

The heterotic superstring background with non-zero torsion was investigated, independently, by A. Strominger [32] and
C. Hull [20], giving rise to a complicated system of partial differential equations. Their approach allowed to extend the
initial proposal for a superstring compactification given in [4] to a complex (non necessarily Kdhler) setting with trivial
canonical bundle. In dimension six, the system requires the geometric inner space X to be a compact complex conformally
balanced manifold with holomorphically trivial canonical bundle, which is equipped with an instanton compatible with the
Green-Schwarz anomaly cancellation condition:

dT =27%a/ (p1(V) — p1(A)). (11)

10
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This equality, also known as the Bianchi identity, is an equation of 4-forms, where T is the torsion of the Strominger-Bismut
connection of the conformally balanced metric, &’ is a real constant (called the slope parameter), and p1(V), resp. p1(A),
denotes the 4-form representing the first Pontrjagin class of some metric connection V, resp. of the instanton A.

More concretely, let (M, J, g, ¥) be a compact manifold of real dimension 6 endowed with a Hermitian structure (J, g)
and a non-vanishing holomorphic (3, 0)-form W. Denoting by F the fundamental form, the torsion 3-form is T = JdF. The
Hull-Strominger system is given by

d(|¥||F F?) =0,
QAAF2=0, (@""2=@4)?20=0, (12)
dT -4 (rQAQ - tr4 A Q%) =0.

The first equation (the conformally balanced condition) is a reformulation, due to Li and Yau [22], of the so-called dilatino

and gravitino equations of the system. It implies the existence of a balanced Hermitian metric F on (M, J) simply by
modifying F conformally as F :||\l/\|1F/ 2 F. The second equation, also known as the gaugino equation, is the Hermitian-
Yang-Mills equation for the connection A, where Q# denotes its curvature. The third equation is the anomaly cancellation
equation (11) after taking Sjlr—ztrQ A Q as the 4-form representing the class p1, where Q is the curvature of the connection.

Li and Yau [22] found the first non-Kdhler solutions to the Hull-Strominger system on a Kdhler Calabi-Yau manifold.
Based on a construction by Goldstein and Prokushkin in [18], Fu and Yau first proved the existence of solutions on non-
Kihler Calabi-Yau inner spaces given as a T2-bundle over a K3 surface [14]. Recently, the Fu-Yau solution is generalized to
torus bundles over K3 orbifolds in [9].

An important result by Ivanov [21] (see also [8]) states that a solution of the Hull-Strominger system satisfies in addition

the heterotic equations of motion if and only if the connection V in the tangent bundle is Hermitian-Yang-Mills, i.e.
QAFrP=0, Q%?2=0*0=0. (13)

Homogeneous solutions to the system (12)-(13) were first found in [8] on a nilmanifold, and more recently on a solvman-
ifold and on the quotient of SL(2, C) in [27] (see also [7]). On the other hand, the Li-Yau solutions to the Hull-Strominger
system given in [22] were further extended in [1] by a perturbative method for certain Kdhler Calabi-Yau threefolds with
stable holomorphic vector bundle to prove existence of solutions to the heterotic equations of motion. New examples of
solutions of the system (12)-(13) on non-Kdhler torus bundles over K3 surfaces are constructed by Garcia-Fernandez in [15],
including applications to the construction of T-dual solutions. More recently, with the ansatz that the metric connection
V in the tangent bundle is Hermitian-Yang-Mills, a family of Futaki invariants obstructing the existence of solutions of the
Hull-Strominger system in a given balanced class b is found in [16].

The results in [22,14,9] mentioned above require V to be taken as the Chern connection V€. In addition to V¢, other
metric connections proposed for the anomaly cancellation equation are the Strominger-Bismut connection V7, the Levi-
Civita connection VC or the Hull connection V~. The physical and geometrical meaning of different choices for V is
discussed by De la Ossa and Svanes in [6]. In [7] the canonical 1-parameter family of Hermitian connections V* found
by Gauduchon [17] is considered. The family V* contains the Chern connection (r = 1) and the Bismut connection (7 =
—1). Furthermore, all the previous connections can be gathered in a plane of metric linear connections Vé# which were
introduced and studied in [27], so that VL€ = V00 v+ — v+3.0, v¢ — v03 and where the Gauduchon connections V*
correspond to the line p = % — & (where T =1 — 4¢). The covariant derivative of this two-parameter family of connections
is also considered in [5] to study the geometry of a fibration X over the moduli space of heterotic structures M, where the
fibres are 3-folds X together with their metrics and complex structures.

We recall the definition of the connections V¢, Let (M, J, g) be a Hermitian manifold. A linear connection V defined
on the tangent bundle TM is called Hermitian if Vg =0 and V] =0, i.e. both the metric and the complex structure are
parallel. For any (g, p) € R2, the connection V#” is defined as

g(VyPY, Z2)=g(VKY, Z) +eT(X,Y,2)+ pC(X,Y,Z), X,Y,ZeX(M) (14)
where C(-,-,-) =dF(J-, -, -) denotes the torsion of the Chern connection V¢, and T(, -,-) = JdF(-, -, -) stands for the torsion
3-form of the Bismut connection V*. Here F(-,-) = g(-, J-) is the fundamental 2-form.

Proposition 3.1. [27, Prop. 2.1] Let (M, ], g) be a Hermitian manifold. For every (g, p) € R?, the connection V¢ satisfies the follow-

ing properties:

VePg=0, VEP ] =(1-2e—-2p) V.
Therefore, if (M, J, g) is not Kdhler then, Vé-P is Hermitian if and only if p = % —&.

The 1-parameter family VEI—E s precisely the family of canonical Hermitian connections V? found by Gauduchon in
[17], where the parameters are related by ¢ = 15% and p = 1£Z.

11
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The invariant Hermitian geometry of compact balanced non-Kdhler homogeneous spaces allows to construct explicit
solutions of the heterotic equations of motion (and more generally of the Hull-Strominger system) when V = V¢© is taken
in the anomaly cancellation equation. Note that in the invariant setting, the function ||W||r is constant and the first equation
in (12) is equivalent to the closedness of FZ2, i.e. F is balanced. In fact, in [8,27] such solutions were found, even with
positive slope parameter «’, on a nilmanifold with underlying Lie algebra b3, a solvmanifold with underlying algebra g7,
and on the quotient of the semisimple group SL(2, C). Of course, the solutions required to find connections in the (g, p)-
plane satisfying the instanton equation (13).

In the following three propositions, we recall the results obtained in [27] concerning the Hermitian-Yang-Mills condition
for the metric (¢, p)-connections. In what follows, we will use the notation Vs’p) to emphasize that we are considering any

U.F
balanced Hermitian structure (J, F) on the given homogeneous space and any connection in the corresponding (g, p)-plane.

Proposition 3.2. [27, Prop. 3.2] Let (], F) be any invariant balanced Hermitian structure on a 6-dimensional nilmanifold M with
upderlying nilpgtent Lie algebra isomorphic to h3. Then, the connection Vug”ﬁ) is an instanton if and only if (¢, p) = (%, 0), i.e. it is the
Bismut connection.

Proposition 3.3. [27, Prop. 5.2] Let ] be any invariant complex structure with non-zero closed (3, 0)-form on a 6-dimensional solv-
manifold M with underlying solvable Lie algebra isomorphic to g7. Let F be any invariant balanced metric on (M, ]), and let V(jﬁ) be
a connection in the (¢, p)-plane. Then, we have:

(i) If (e, p) # (3. 0), then Vj:é’) is not an instanton.
1
" . . . . . 1.0 . .
(ii) There exist balanced metrics F for which the Bismut connection V(;_ F) is an instanton.

Proposition 3.4. [27, Prop. 4.1] Let ] be the complex parallelizable structure on a compact quotient M with underlying Lie algebra
50(3,1) (that is, M is the quotient of the semisimple group SL(2, C) by a lattice of maximal rank). Then, there is a one-parametric
family of invariant balanced Hermitian metrics F; for which the connection V(jjﬁt) is an instanton only for (¢, p) € {(%, 0), (0, %)}, ie.
for the Chern connection (which is flat) and the Bismut connection.

In all the cases, the curvature of the Bismut connection has non-vanishing trace, in particular it is not flat. Moreover, it
was conjectured that these are the only spaces admitting such solutions, more concretely (see [27, Section 7]), if a compact
non-Kahler homogeneous space M = I'\G admits an invariant solution of the heterotic equations of motion with &’ > 0 and
with respect to some non-flat connection V in the ansatz V¢:#, then V is the Bismut connection and M is one of the spaces
above.

Our goal in the second part of the paper is to prove the following result related to this conjecture, which is valid
independently of the sign of the slope parameter «’.

Theorem 3.5. Let M = I'\G be a six-dimensional compact manifold defined as the quotient of a simply connected Lie group G by a
lattice T" of maximal rank. Suppose that M possesses an invariant balanced Hermitian structure (J, F) with invariant non-zero closed
(3, 0)-form. Let Vj’,’f) be a metric connections in the (g, p)-plane. IfVJjﬁ) is a non-flat instanton, then the Lie algebra of G is isomorphic
to b3, g7, or so(3,1). '

By the classification results obtained in the previous section, it suffices to focus on homogeneous spaces based on the
Lie algebras g 2 b3, g7, s0(3,1). Thus, we will study the balanced Hermitian geometry on the Lie algebras b3, b4, bs, bs,
Hig: 01, gg, g5 (a > 0), g3, g5, and gg. Section 4 is devoted to the nilpotent case, whereas in Section 5 we study the class of
solvmanifolds. Section 6 explores the role played by flat instantons (Chern connection) in the construction of solutions on
the Nakamura manifold with given balanced class.

From now on, the manifold M = I'\G will be a compact quotient of a Lie group G by a lattice I', endowed with an
invariant Hermitian structure (J, F), that is, (J, F) can be defined at the level of the Lie algebra g of G. We will say that a
basis {e"}fj:1 for g* is adapted to the Hermitian structure if both the complex structure J and the 2-form F express in the
canonical way

]e1 = —e?, ]e3 =—e?, je5 =—eb, F=e'? ¢ 4, (15)

Hence, the metric g is given by g=e! @ el +-.- +eb @ €5,
Given any linear connection V, the connection 1-forms (GV)'j with respect to an adapted basis are

(@ V)i(er) = g(Veej, i),
and the curvature 2-forms (QV);. are given by

12
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N Vi Vi Vi k
@"i=deV)i+ Y @Ak
1<k<6
Let c{fj be the structure constants of the Lie algebra g with respect to an adapted basis {e"},f=1, that is,
Z cf-‘jeif, 1<k<B6.
1<i<j<6

Since deX(e;, ej) = —ek([e;, e;]) and the basis {e"}fj:l is orthonormal, the Levi-Civita connection 1-forms (aLC)i. of the metric

g express as (O'LC) (ek) = 2(Cﬂ< C + ck,)
Now, let V = V be any metrlc connection in the (g, p)-plane. Using (14), its connection 1-forms are given by
Y. (eg) = (L0) ‘ ‘
(o ~wa—%o )j(ex) —eT(ei,ej,ex) — p Clex. ei, )
(C]k - C +Ck1) —¢& JdF(ei,ej, ex) — pdF(Jeg, e, ej).

For any 1 <i, j, k,I <6, we define
i) Q%n)’ Q%un)!
(IF)(’ =% )j(€1,ez)+( ; )j(€3,€4)+( ; )j(es,es),

PR &P\ &P i
G kD) = (R00) (e, Je) — (@709)' (ex, .

Then, one can express the Hermitian-Yang-Mills condition (13) as follows:

Lemma 3.6. The connection V(I ﬁ) is an instanton if and only if for an adapted basis {e"},‘j:l the following conditions

0% 4, H=0, Y55 jkD=0, (16)

are satisfied forevery 1 <i, j, k,1 <6.

2 0,2 voP 12,0 L
Proof. It follows directly from the conditions £ 0’ A F2 =0 and ( ) = (Q'0:P)"" =0, taking into account (15). O

4. Instantons on balanced nilmanifolds

In this section we prove Theorem 3.5 for nilmanifolds. We will use the adapted frames obtained in [33] for any invariant
balanced Hermitian structure.

Recall that by our discussion in Section 3 we need to study the balanced Hermitian geometry on the nilmanifolds with
underlying Lie algebra isomorphic to any of the nilpotent Lie algebras b2, b4, bs, bs, o big.

In the following result we study the Hermitian geometry on the nilpotent Lie algebra hs endowed with its complex
parallelizable structure.

Proposmon 4.1. Let (M, ]) be the Iwasawa manifold and let F be any invariant Hermitian metric on (M, J). Then, the connection
V(I 'O) is an instanton if and only if (¢, p) = (0, 2) i.e. it is the Chern connection (which is flat).

Proof. Since J is complex parallelizable, it is well-known that any invariant Hermitian metric F on the Iwasawa manifold
(M, J) is balanced and the Chern connection is flat, so it is an instanton.

Let us consider any other connection Vj ﬁ) By [33, Thm. 2.11], given any such (], F), there is a basis {e"},f:] of 1-forms

satisfying (15) and the following equations

de' = de? = de® = de* =0, de’ =tel® — te24, deS =tel? +te23, (17)

where t € R*. By Lemma 3.6, the connection is an instanton if and only if the conditions (16) hold. A direct calculation
gives the following particular equations:

(IF)(S 6) = <~ 1+2¢—-2p=0,
UF)(1313) 0 << 1-2¢-2p=0,

which are never satisfied if (g, p) # (0, %). In conclusion, only the Chern connection is an instanton. 0O

13
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In the following result we exclude the case b3 because it is studied in [27] (see Proposition 3.2 above). This is the reason
for taking (o, b) # (0, 0) in the following result.

Proposition 4.2. Let (], F) be an invariant balanced Hermitian structure on a mlmamfold M with underlying Lie algebra isomorphic
to b2, ba, bs or bhe. Suppose J is not complex parallelizable. Then, the connection V(I F) is never an instanton.

Proof. We use the description of the balanced geometry on the Lie algebras b3, b4, hs and bg provided in [33, Thm. 2.11].
For any invariant balanced Hermitian structure (J, F), there is a basis {e"},f:] of 1-forms satisfying (15) and one of the two
following sets of equations:

de! = de? =de®> =de* =0
de®> = L(o+b?e'® — Lo —b?e*, (18)
de® = —2t (2 —e3) + Lo —b?)e + L(o + b?)e?;
de! = de? =de3 =de* =0,
de> = sY [2b%uqlul (e'? — e34) — b2tuy|ulY (e'3 + e24) + 20su; (€13 — e24)

+2suz ((@ — b?e' + (0 + b*e?)]. (19)
de® = sY [2(2s2 — b?up)|ul (e'? — e3%) + b?tu|ulY (e + e?*) — 20su; (e1® — e24)

+2su1 (@ —b»e' + (0 + b*e?)].

Here ¢ € {0,1}, b € R with (g, b) # (0,0), and s,t € R*. In the equations (19), u = u; +iuy € C* with s? > [u|?, and we
24/s2—|u|?

are denoting Y := T We recall that all the complex structures | are nilpotent, and the abelian ones correspond to
taking p =0 in (18) or (19). Since we are considering (o, b) # (0,0), when J is abelian the Lie algebra is h5 and we can
normalize b so that b=1.

Next, we study the instanton condition for any connection Vj:ﬁ). First, we consider the equations (18). The instanton
conditions (16) give in particular the following equations:

01,2 =0 = b(I+4E—p)?) +4% (02 + (- D) +4e0*2p-1)=0
151,21, =0 < o—-p-3)(E—p+3) =0

(/F)(3 6,1,6)=0 < (1+2e—2p)[0o(1+2¢—2p)—b*(1—2e—2p)]=0,
(m(4 51,6)=0 <= (1+2c—-2p)[0(1+2¢—2p)+b*(1—2¢—-2p)|=

Recall that Q € {0,1}. If o =1, then the equation ’Y‘S ’;)(l 2,1,4) =0 implies ¢ — p € {—%, %}. In the first case we have

that ®(] F) (1 2) # 0 since b* + s +4g%(1 + s2) > 0. On the other hand, if & — % then at least one of the conditions
51)2(3 6,1,6) = 52)2(4 5,1, 6) fail.

Let us suppose now that o =0, that is to say, the complex structure J is abelian, so we can take b = 1. But in this case
U F)(l 2) # 0 clearly. Hence, no connection can be an instanton.
From now on, we consider the equations (19) and divide our study into three cases depending on the values of the pair

(0.b):
e If (0,b) = (0, 1), then one can check that the equation @5:’;) (5,6) =0 is satisfied if and only if (1—-2¢)p =0, so ¢ = %

or p = 0. A direct calculation of the term TS ‘;)(1, 3,1, 3) allows to show that in both cases the equation T(j ‘;) (1,3,1,3)=0

1
holds if and only if (¢, p) = (%, 0). But for the latter connection one gets @&:2)(1, 2) # 0. Thus, no connection Vé:ﬁ) is an
instanton when (g, b) = (0, 1).
e In the case (p,b) = (1,0) we get the following conditions:
UF)(l 5,3,5=0 < (1+28—2p)%u;=0,
Y5 (1,53,6)=0 < (1+26-2p)*u; =0

Using that u # 0, one has p =¢ + . Now, a direct calculation shows that Y 56;;2 (1,3,1,3) =0 implies € =0, which in turn

gives ®(I F)(S 6) # 0. So, there are not instantons for (o, b) = (1, 0).

14
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e Finally, let us study the case o =1 and b # 0. One has:
UF)(I 4) = = [(1+2e-2p)2+4p(1—2¢)]u; =0
(J F)(1 2,1,4)=0 < (1+4+2e-2p)3—-2e+2p)u; =0,
(l F)(1,5,1,6)=0 — (1+26-2p)1—-2e+2p)u; =0
- If uy #0, then necessarily p = 8 + , and the first equation reduces to (¢ + 2)(7 — &) =0, so giving the two possible
values (g, p) = (2, 1) or (¢,p) =(— 2, 0) One can check that in both cases the condition O(l F)(l 2) =0 is satisfied if and
only if (b? — uy)? + 252 — u2 + 1 =0. However, the latter is not possible since s > |u|2 implies 252 — u2 > 0.

- Let us suppose that uy = 0 (thus, up # 0). The difference Tf] pF)(l 5,3,6) — U F)(Z 5,3,5) is a nonzero multiple of
(14 2e —2p)?(2s> — b%uy), so in what follows we will distinguish two cases depending on the vanishing of 25 — b%u,:

- If 252 # b?u, then p = & + 3. Moreover, we get

Qo3

O, p (1,3)=0 = (1+2e)(1-28)(2s* —b*uz) =0

88+2

Y, 5 (1,3,1,3)=0 < &((b*—uz)*+2s* —u5+1)=0.

Arguing as above, there are not solutions for this system.
- Finally, we consider the case 2s2 = b%u5, so we can take uy = 2s2/b%. Note that the condition s > |u|? translates into
the inequality b* — 4s? > 0. A direct calculation gives the following equations:

(1,2)— (,F)(3 4) =0 (1+2¢)*>—16gp+4p>=0

U F)
u F)(5 6) = = (142)?>—16ep +4p>—4(1—-28)p(1 +b*—25%) =0
Taking the difference we get (1 —2&)p(1+b* —2s) =0, therefore & = 1 or p =0 (since b* — 4s? > 0). Now, if & = §
the condition ®é F)(5,6) = 0 reduces to (1 — 0)%(b* — 4s%) = 0, which implies p = 1; however, in such case one can
check that @2 F)(l 2) = 0. Similarly, if p =0 then O(I F)(S 6) = 0 reduces to (1+2¢)%(b* —4s?) =0, thus & = —1, but
again ®U F) (1,2) #0.

In conclusion, no connection Vj'ﬁ) is an instanton when ¢ =1 and b # 0, and the proof of the proposition is com-
plete. O

In the following result we consider the nilmanifolds having b4 as underlying Lie algebra.

Proposition 4.3. Let (], F) be an invariant balanced Hermitian structure on a nilmanifold M with underlying Lie algebra isomorphic
to b1o. Then, the connection V(l w F) is never an instanton.

Proof. The description of the balanced geometry on the Lie algebra h, can be found in [33, Thm. 2.11]. For any invariant
balanced Hermitian structure (J, F), there is a basis {e"}g:1 of 1-forms satisfying (15) and one of the two following sets of
equations:

{ de' =de? =0, de>=2Zel® det=2¢2, de®=0, deS==x2 (! +e?); (20)
de! = de? =0,
de> = =, [ig—i(e13+624)i§—i(st+2) (625—616)+e14+ﬁe15],
det = -5 [ez“ + 7 625] 21
de®> = == [(st+ Z)e** +e%],
de® = = [it_zwrz P +eh+ 5 £ (e — 916)+(st+2)e14+e]5].

Here r,s,t € R*, and in the equations (21) we have s%t2 > 1 and Z := +/s2t2 — 1.
We recall that any complex structure ] on b4 is non-nilpotent, and there are only two complex structures ]0i up to
isomorphism. The +-sign in the equations above corresponds to | = ](f, respectively.
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For (20), a direct calculation shows that
0[H1,2=0 < (-3*+p*)1+sH=0
0[5 (5.6)=0 < pe—3) +e(p—3)s*=0
whereas for the equations (21) we get
@8”))(1, 2)=0 < (- +pH* +1H=0
O1H3.5 =0 < ((+5*+2e+p(p—4e-2))s*— (6 — P>+ p(p—4e +2))t* =
It is clear that in both cases the respective system of equations does not have any solutions in (g, p), hence (16) in

Lemma 3.6 is never satisfied and the connection VU F) is not an instanton. O

5. Instantons on balanced solvmanifolds

In this section we prove Theorem 3.5 for solvmanifolds. Recall that, by the discussion in Section 3, we need to study the
balanced Hermitian geometry on the solvmanifolds whose underlying algebra is isomorphic to any of the following solvable
Lie algebras: g1, g9, 0570, g3, g5, or gs.

A first difference with the nilpotent setting is that there are not adapted frames available in the literature for the solvable
Lie algebras, so we will find them for each case.

Along this section, | will always refer to an invariant complex structure with non-zero closed (3, 0)-form. Given a (1,0)-
basis {w"}i: for the complex structure J, any invariant Hermitian metric F expresses as

—_

2F =i (Pl + 20?2 + 20®) +uo'? — iw?! + vo? — 103 + 203 — 70°], (22)

where the coefficients 12, s2, t2 are non-zero real numbers and u, v, z € C satisfy r2s? > |u|?, s2t2 > |v|%, r?t2 > |z|> and

s2t2 4+ 2e (itivz) > t2|u|? + r2|v|? + s2|z|2. The balanced condition for F imposes restrictions on these metric coefficients,
which need to be considered in order to find an adapted basis for (J, F). In what follows, we will use the term “diagonal”
to refer to a balanced metric F with u =v =z =0 in its expression (22) with respect to a certain (1,0)-basis.

We will start with the classification of complex structures obtained in [10] to find adapted frames on each balanced
Hermitian solvmanifold, and then we will study the instanton condition for any connection VU {f) in the associated (g, p)-
plane.

The following lemma will be used when studying solvmanifolds with underlying Lie algebra isomorphic to gq, g5 or gs.

Lemma 5.1. Let g be a 6-dimensional Lie algebra endowed with a complex structure | defined by the complex equations

do' =K 0" + La)lé, do? = —-Kw® — La)2§, do® = 0, (23)

where K, L € C with L # 0. Let F be any Hermitian metric given by (22). Then, we have:
(a) The metric F is balanced if and only if v =z = 0. i i )
(b) For any balanced metric F, there is a (1,0)-basis {t*}3_, such that F = §(¢11 4 122 4+ ),
and

K

drl = tt”—i— 13, — -1t 4i=o.

1—|uf? tv/1—[uf? t t

L i3 2uk 2ul 3 K L 53
: 13 42 713 13_ %23 23

() The real basis {e!, ..., e®} for g* defined by e2*~1 +ie? := vk 1 <k < 3, satisfies (15).

Proof. The metric F is balanced if and only if F? is a closed form, equivalently §F A F = 0. Using (23) we get

45F AF =L (uz —ir?9)w'312 — [ (is%Z + i) 0?15,

Since L #0, F is balanced if and only if uz — ir?v = 0 = is?z + i1v. Now, r2s% > |u|? implies that the latter conditions are
equivalent to v =z = 0. This proves (a).

Notice that we can normalize the metric coefficients r and s, so that any balanced Hermitian structure (J, F) still has a
(1,0)-basis satisfying (23) and the metric writes as

2F=ioll +io? +io® +uwn'? —iw?!, teR*, ueB={ueC]|ul <1} (24)
Hence, F can be written as

233

2F=i(1 —|u|2)a)ﬁ+i(uwl +iw )/\(ua) —iw?) +ittwP? = i 12 4 13,

16
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where {t¥}2_ is the (1,0)-basis defined by

= /1-uPo', ?=ue'+iv?, }=to’. (25)

A direct calculation shows that the complex structure equations (23) express in this basis as in (b).
Finally, (c) follows from (b) by considering the real and imaginary parts of 7, 1 <k <3, ie. el +ie?:=1
and e’ +ief:=173. O

1 2

,e3+iet=1

In the following result we begin with solvmanifolds with g; as underlying Lie algebra.

Proposition 5.2. Let M be a 6-dimensional solvmanifold with underlying solvable Lie algebra isomorphic to gi. For every invariant
balanced Hermitian structure (J, F), there is a basis {e"},‘j:1 of 1-forms on M satisfying (15) and the following equations:

de! = 2e'5,

de? = 2%,

de? = e’ ~ e e (26)
4u 4u

ded t\/172\u|2 15 e 25 _ 205

de> = de® =0,

wheretc R*andu=uqy +iuy e B={ueC|ul <1}
Moreover, the connection Vj:ﬁ) is an instanton if and only if (¢, p) = (0, %) and u = 0; in other words, the (non-Kdhler) balanced
metric F is “diagonal” and ij?) is precisely the Chern connection (which is flat).

Proof. By [10, Prop. 3.3], up to isomorphism, there is only one complex structure | with closed (3,0)-form on the Lie
algebra g;. Its complex equations are given by (23) with K = L = 1. Then, by Lemma 5.1 we consider the basis of invariant
1-forms {e"}£:1 on M defined in (c). Now, by a direct calculation from the complex equations given in Lemma 5.1 (b) for
K =L =1 we arrive at (26).

Next, we study the instanton condition. One can check that the equation ®5’4‘;>(5,6) =0 is satisfied if and only if

£(1-2p)=0,50 =0 or p= 3. But, if ¢ =0 then Tg‘ﬁ’;)(l,B, 1,3) =0 implies 1 —2p =0, so p = 1. On the other hand, if
p= % then Té"%)(l, 3,1,3) =0 implies € = 0. So, in any case we are reduced to (¢, p) = (0, %), i.e. the Chern connection.
Now, let us take (g, p) = (0, %). In this case the instanton condition is equivalent to the vanishing of the terms ®8’,%F)(i, .
for 1 <i < j <4. Moreover, @8’%”(1, 2) = —@8’%” 3,4), @3”%”(1, 3)= @8’%”(2, 4) and @8‘%(1, 4)= —08%) (2,3), hence the
instanton condition (16) is equivalent to the vanishing of the following three terms
—8uf?

0% (1,2) = “ 0
J.pH =l t2(1 _ |u|2) ’ d.

0,1 —81uy 0,1 8uq

2 — Q) 2 —
pI =i T

which in turn is equivalent to u = 0 (i.e. the balanced metric F is diagonal when written as (24) in the basis {wk}1§:1 ). Since

dF = —%e125 + %6345, the metric F is not Kihler.
Finally, when u = 0 all the curvature forms of the Chern connection vanish identically, so the instanton is flat. O

In the following result we consider solvmanifolds with underlying Lie algebra gg. Recall that these solvmanifolds admit
invariant Hermitian metrics which are Kahler.

Proposition 5.3. Let M be a solvmanifold with underlying Lie algebra isomorphic to gg. For every invariant balanced Hermitian struc-
ture (J, F), there is a basis {e"},f:l of 1-forms on M satisfying (15) and the equations

1 2,25
de’ = —ge”,
2 _ 2,15
de = e,
_ 4u; 15 4ui 25 | 2,45
de3 = — 2_pl5 _ e 2e45,
ty/1—|uP? NI (27)
4uy 25 2,35
de? = 4uy eld 225 _ 2635
ty/1—Jul? ty/1—u? t
de® = de® =0,
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wheretc R*andu=uy +iuz e B={ueC||u| <1}

Moreover, if the balanced metric is not Kdhler then V, (] F) is never an instanton.

The Kdhler metrics correspond to u = 0 in (27); in this case the connection VU Fy which coincides with the Levi-Civita connection,
has all the curvature forms identically zero.

Proof. By [10, Prop. 3.3] there is only one complex structure J, up to isomorphism, with closed (3, 0)-form on the Lie
algebra gg, with complex equations given by (23) for K = L =i. Using Lemma 5.1, we consider the basis of invariant 1-
forms {e"}g: on M defined in (c). Now, (27) follows by a direct calculation from the complex structure equations given in
Lemma 5.1 (b) with K =L =i.

Next, we study the instanton condition for any connection V(J F)- Firstly, we note that the equation ®(I F)(l 2) =

_4(0=20)*+4p%)ju)?

ZaA-ul) =0 implies that (¢, p) = (%,0)‘ or u=0.

1o 2
In the case (¢, p) = (%, 0), the condition G)(ZI’F)(S, 6) = % =0 implies that u = 0. So, there are not instantons when
the metric is non-Kadhler.

Clearly, when u =0, since F is Kdhler, the connections are all the Levi-Civita connection. In this case one has that all the
curvature forms vanish identically. O

In the following result we study solvmanifolds with underlying Lie algebra isomorphic to g, for some o > 0. Recall that
there is a countable number of distinct «’s for which the connected and simply connected solvable Lie group corresponding
to g§ admits a lattice [10, Prop. 2.10].

Proposition 5.4. Let M be a solvmanifold with underlying Lie algebra isomorphic to g, for some o > 0. For every invariant balanced
Hermitian structure (J, F) on M, there is a basis of 1-forms {e"}fj:1 satisfying (15) and the following equations:

de! = 2 coshel® — Zsing e?®

de? = Zsinge!® + 2 cosp e?®

d€3 — 45u1 cos 0 —4uy sm(9815 _ 4duy cosO+4uy smeezs COS(9 e35 + sm9 e (28)
ty/1—|u? ty/1—uf?

de4 _ 48uycosf+4uq smae15 45uq cos—4uy sm@ezs ~2 sin@e _ 2T COS49€45
ty/1—|u? ty/1—uf?

de® = de® =0,

where § = £+1 and 6 € (0, 71/2) and wheret e R*andu=uq +iup e B={ueC||u| <1}
Moreover, the connection VU If) is an instanton if and only if (&, p) = (0, %) and u = 0; that is, the (non-Kdhler) balanced metric

F is “diagonal” and quﬁ) is the Chern connection (which is flat).

Proof. Any complex structure | with closed (3, 0)-form on the Lie algebra g§ is given, up to isomorphism, by the equations
(23) for K =L =4§cosf +isinf, where § ==+1 and 6 € (0, w /2). Note that o« = cosf/sin6. Then, by Lemma 5.1 we consider
the basis of invariant 1-forms {e¥ }k 1 on M defined in (c). Now, by a direct calculation from the complex equations given
in Lemma 5.1 (b) for K =L =§cos6 +isinf we arrive at (28).

Now, we will find the connections ij) that satisfy the instanton condition (16). Consider in particular the following
conditions:

s,p)(l 3,1,3)=0 (142e—2p)(1=2e—2p)(cos20+|u|? sin6) =0,

t2(1-|ul?)
£(1—2p)(cos®0+|ul® sin?F)
O)/r)(5.6) = = 2—1ul) =0.

Using that 6 € (0, 7/2), we get (1 —2p)? —4e%2 =0=¢(1 —2p). Hence, (¢, p) = (0, %), that is, we are reduced to study the
—8jul>  _
t2(1—u?) —
written in (24) with respect to the basis {w*};_, ). Note that dF = — 426050 (¢12 _¢34) 5 ¢5 3£ 0, so the diagonal metric is not
Kahler.
Finally, when u =0 all the curvature forms of the Chern connection vanish identically, so it is a flat instanton. O

1
Chern connection. But, now we have ®8’ ZF)(l, 2) = 0, which implies that u =0, i.e. the metric is diagonal (when

Remark 5.5. Note that g; and g§ are precisely the solvable Lie algebras in Corollary 2.10 which have a codimension-one
abelian ideal. A Lie group G whose Lie algebra has this property is called almost-abelian. Pujia studies in [29] the instanton
condition for the Gauduchon connections of invariant balanced structures on 6-dimensional almost-abelian Lie groups, so
the Propositions 5.2, 5.3 and 5.4 extend such study to the whole (¢, p)-plane of metric connections V¢-°,
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In the following two propositions we prove that the solvmanifolds with underlying Lie algebra isomorphic to g3 or gs
do not provide any instanton.

Proposition 5.6. Let M be a solvmanifold with underlying Lie algebra isomorphic to gs. For every invariant balanced Hermitian struc-
ture (J, F), there is a basis {e"},‘j:] of 1-forms on M satisfying (15) and the following equations:

de! = de? =0,
de3 = Y213 4 V1 ol4 _ Vs —|v|? o16
2 rt2 rt2 ’
ded = 202 513 4 2xv1 514 _ 2xy/s2t2—|v|? 16 4 Y2=2xv1 ;23 | vi+2xvy ;24
rt2 rt2 rt2 rt2 rt2
+ w22y o5 _ JSPP-VE2 ,26
rt2 rt2 ’ 29
ded — UH2xvop(vi—2wvy) 13 | vi(vi=2xvy) ,14 _ v1=2xv; ,16 (29)
2xrt2/s22—|v|2 rt2,/s262—|v|2 rt?
B 4v3-2xviva 93 | A 2xvy(v1+2xV2) 024 _ 2xv2 525 4+ Y2 026
rt2y/s262—|v|2 2xrt2/s22—|v|2 iz re2 T
deb — Uva(va+2xvy) 13 4 vi(va+2w1) o14 _ vat2xvi 516
rt2/s2t2—|v|2 rt2,/s2t2—|v|? re2
Vi(Va—2xvq) ,23 vi(vi+2xv)) 24 | 2xv1 ,25 V1 26
e e e e
rt2,/s262—|v|2 rt2,/s262—|v|2 o

where x e R, and wherer, s, t e R* and v = v +iv, € C satisfy s?t% > |v|2.
Moreover, V; ’Fp) is never an instanton.
Proof. As proved in [10, Prop. 3.4], any complex structure J with closed (3, 0)-form on the Lie algebra g3 is given, up to
isomorphism, by the equations
1 1+2xi 13 . 3j 1 2X—1i 43 i
dw'=0, do*= ——w® — — "B 4 xi a)31, do= -2+ "2+ — a)21 (30)
2 2 4x 4x
where x e Rt
An invariant Hermitian metric F is balanced if and only if it is given by (22) with u =z =0 (see the proof of [10, Thm.
4.5] for details). Consider the (1,0)-basis {r"}iz1 defined by
A v
l=ro!, rzz?wz, 1:3:?a)2+itw3, (31)
where A =./s2t2 — |v|2. Hence, the metric can be written as F = %(1:ﬁ +122 4 1:33), and the complex structure equations
(30) express in this basis as

dt! = o,
2 _ 12 Ai 13 _ x=i)V 12 | Cx=DA _13 _ xv 21 , xA_31
dt* = 2rt2"'— +2rt2t 2rt2 L 2rt2 T Frel ZT (32)
dr3 = ©-v )’112+ r13+f4*4" V2 +2x(v[2+t4) i 12+ (2x— ’)Vt
2rt2 A 2rt2 4xrt2 A 2rt2
_ 4x2v2iygrt 21+ xv
TAxr2A

Taking the real basis {e"};?:1 as in Lemma 5.1 (c) and using (32), we arrive at (29).
Next, we study the instanton condition for Vj:ﬁ). First, we notice that the condition
((1—28)* +4p*) (1 +4x*) (4x*s* + %)

1,2)=— =0
1.2 16x2r2(s2t2 — |v|?)

(]F)

directly implies that (g, p) = (%, 0). Moreover, for these values, we get the following system of linear equations in v{ and
V!

2)(3 5)=0 = (1+4)2v; +4x(s? +t2)v; =0
,0
,F)

Q Nl C: Nl

(3,6)=0 < —4x(s®>—t>)vi+ (1 +4x>)t?v, =0.
Since the determinant is equal to (1 — 4x2)%t* + 16x2s* > 0, we have vi =0 = v,. But in this case one gets
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2x%s2(s? + t2) 4t
2xr2s2t2

1
15 (1.3.1.4) = £0,

so there are not instantons in the (¢, p)-plane. O

Proposition 5.7. Let M be a solvmanifold with underlying Lie algebra isomorphic to gs. For every invariant balanced Hermitian struc-
ture (J, F) on M, there is a basis {e"}f:1 of 1-forms satisfying (15) and the equations

de! = 2e'5,

de? = 2%,

de3 = 4u, el5 _ %635,
t,/r2s2—u?

det = — AU g25 _ 245 (33)
t,/r2s2—u?

de® = 0,

deG — 2t el3+ 2t 624,
\/rzsz—u% \/rzsz—u%

wherer,s,t € R* and u; € R satisfy r’s* > u2.

Furthermore, Vj ’ﬁ) is never an instanton.

Proof. By [10, Prop. 3.6] there is only one complex structure J, up to isomorphism, with closed (3, 0)-form on the Lie
algebras gs, and with complex structure equations

do'= 0! A (@3 + @), do*=—w?A (@ + %), do*=w'? +w?l. (34)

An invariant Hermitian metric F is balanced if and only if it is given by (22) with u=u =u; € R and v=2z=0 [10,
Thm. 4.5]. In terms of the (1,0)-basis {1:"}ﬁ:l defined by

A uq .
1", 2= w'+isw?, 3=taw’,
s s

where A =,/r2s2 — u%, the metric can be written as F = %(rﬁ +72 4 135). The complex structure equations (34) express
in this basis as

del = 1¢B3 4 1013,

dr? — @113_,_%&113_%#3_%{237 (35)
3 _ it-12 _ it.21

dt> = R7 AT

Taking the real basis {e"},?:1 as in Lemma 5.1 (c), from (35) we arrive at the equations (33).

Now, we study the connections Vj'ﬁ) that are instantons. It can be checked that the condition T(Sj"i)(l, 5,3,6)=0is

1
satisfied if and only if p = ¢ + % In this case, one has that TZ"SFJ;Z
4t

. 0,1 2 . . . .
(0, %) we arrive at G)(] ZF)(S, 6) = Rl which never vanishes. So, there are not instantons in the (¢, p)-plane. O
’ 1

(1,3,1,3) =0 if and only if ¢ = 0. But taking (¢, p) =

The following two propositions are devoted to the solvmanifolds with underlying Lie algebra isomorphic to gg. When
endowed with its complex parallelizable structure, it gives rise to the well-known Nakamura manifold [26]. The following
result studies this case, whereas in Proposition 5.10 we focus on the complex structures (with closed (3, 0)-form) which are
not complex parallelizable.

Proposition 5.8. Let M be a solvmanifold with underlying Lie algebra isomorphic to gg. Let ] be its complex parallelizable structure
and F any invariant balanced Hermitian metric. Then, there is a basis {ek}g:1 of 1-forms on M satisfying (15) and the equations
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de! = —Yel6_ye?s,

de? = Yel®> —ye26,

de3 = Zel® —Tel® —Te? — Ze26 4 Ye36 1 ye®, (36)
de? = Tel® + Zel6 4 7e25 —Te26 —ye3> 4 Ye6,

de® = de® =0

where Y, Z, T € R, with Y > 0. Moreover, the connection Vj’ﬁ) is an instanton if and only if it is the Chern connection (which is flat).

Proof. It is well-known that the complex parallelizable structure J on gg is defined by the equations
do' =203, do? = -2iw?3, dw’ =0, (37)
and any metric F given by (22) is balanced. Let us consider the (1,0)-basis {o"}izl defined by

iu iv
o =w, O :——za)]+w2+—2a)3, o =w’.
S s

Then, the complex structure equations (37) express in this basis as

4u
do! =2ic13, d02:—2013—2i023, do3 =0, (38)
s

and the metric F is written as
_ Z_/ _

F—= T’ZO' 4 - S/ZGZZ_I_ t/2033+ 0,13 _0,31’

2 2 2 2 2
2 .
where r’2:r2—“s‘| §2=5% 2= tz—%,and 7=z+ .

Let A’ =/r"2t’2 —|Z/|2. Now, in terms of the new (1,0)-basis {r"},‘:’:1 defined by

iz A
tl=ro +—O’3 2 =502, ‘C3=—,O’3,
r

the metric is F = (t 1 4 722 4 £33) and the complex structure equations (38) express as

d.L.l _ 2l 13

= 5 T
2 _ 4u 13 _ 2r'i .23
dt* = gyt° % T (39)
dz3 = 0.
Thus, taking the real basis {e',...,e%} as in Lemma 5.1 (c), from (39) we arrive at (36) with Y = 2r/ and Z +iT = W

Notice that Y £ 0 and we can always suppose Y > 0 (just by taking —e/ for j =5, 6).
We study next the instanton condition for the connections ijﬁ). Since Y > 0, from the following two equations

Y5 1,3,1,3)=0 < ((1-2p)?-4e)(2Y*+22+T?) =0

UF)(S 6) = — s(1-20)2Y2+2724+T%H=0
it follows that (¢, p) = (0, %), i.e. we are reduced to study the Chern connection. Now, by a direct calculation one can check
that the instanton condition is satisfied for any metric, since all the curvature forms of the Chern connection vanish.

In conclusion, for any J-Hermitian metric F, the Chern connection is a flat instanton. Note that dF = 2Y (e!2 — e34) A
e® 4 (e +e) A (Te® + Ze®) — (e —e?) A (Ze> —Te) #£0. O

Remark 5.9. The coefficients Y, Z, T € R in the equations (36) are related to the metric coefficients r,s,t e R* and u, v,z €

C in (22). Indeed, by the proof of Proposition 5.8 we have Y =Y(r,s,t,u,v,z) = A,, Z=27Z(,s,t,u,v,z)= 4“A‘, and T =

2 _ ul
S

T(r,s,t,u,v,z)= %, where r'2 =r

2

=2t =12 — ' (i =z+ % and A= /1202 — |72,

Proposition 5.10. Let M be a solvmanifold with underlying Lie algebra isomorphic to gg, endowed with an invariant J, which is not
complex parallelizable, admitting balanced metrics. Then, for every invariant balanced Hermitian structure (J, F), there is a basis

{e"},f:] of 1-forms on M satisfying (15) and the following equations:
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de! = — ZTae15 _ %e16+ %ezs’
de? = — Zt_belS _ ZT”eZS _ %ezes’
de3 = — 4(au1—buz)els_ 16 4(bu1+aLtz)ezs 4y 526
ty/1=u? ty/1—u? ty/1—Jul? ty/1=u?
+2Tae35+%e36_%e457 (40)
det = _ Abuitauy) 15 4up 16 _ 4@ui—buy) ;25  4m ;26
ty/1—[u? ty/1—uf? ty/1—|uf? ty/1—uf?
2b,35 | 2a,45 | 2,46
+Te” + TeP + e,
de® = de® =0,

where (a,b) e R x R* — {(0, -1}, andt e R*andu =u1 +iu e B={ueC||u| <1}.
Moreover, the connection Vj:,’?) is an instanton if and only if (¢, p) = (0, %) and u = 0; that is, the (non-Kdhler) balanced metric

F is “diagonal” and V' is the Chern connection (which is flat).

Proof. By [10, Prop. 3.7 and Thm. 4.5], any complex structure ] with closed (3, 0)-form on the Lie algebra gg admitting
a balanced metric is given, up to isomorphism, by complex structure equations of the form (23) with K = —A +i and
L=—A—i, where A € C with Jm A # 0. The structure is complex parallelizable if and only if A= —i, so we suppose next
that A=a+ bi, with b #0 and (a, b) # (0, —1). Following Lemma 5.1, we consider the basis of invariant 1-forms {e"},f:1
on M defined in (c). Now, by a direct calculation from the complex equations given in Lemma 5.1 (b) for K = —a + (1 — b)i
and L = —a — (1 + b)i we arrive at (40).

Now, the instanton conditions for the connection V2. imply

U.F)
Y 5 (1,3,1,3)=0 > ((1-2p)* —4e®)(1 +a® +b*ul>) =0,
0)1,(5.6=0 & e1-2p)(1+a>+buP)=0.

Therefore, (e, p) = (0, %) and we are reduced to study the Chern connection. But a direct calculation shows that

0,1 . . . . . .
©, 5 (1,2) =0 if and only if @+ Q+bHuP=0,so u=0 (ie. the balanced metric F is diagonal when writ-
ten as (24) in the basis {a)"},f:1 ). Moreover, in this case all the curvature forms vanish identically. Note that dF =
43125 1 4126 _ 41345 _ 4346 £ 0, j.e. the metric F is not Kahler. O

Remark 5.11. It is worthy to remark that the adapted equations given in Sections 4 and 5 not only provide a complete
description of the spaces of invariant balanced Hermitian structures on their respective manifolds, they also give rise to a
constructive converse result. In other words, for any family of equations, one can apply the following constructive process,
which we illustrate in the case of Proposition 5.2: choosing any t € R* and any u =uj +iuy e B={ue C||u| <1}, one
can check that the equations (26) satisfy d2ek =0, 1 <k <6, so they define a solvable Lie algebra which is isomorphic to
g1; defining J and F by (15) one has that J is a complex structure with non-zero closed (3, 0)-form ¥ = (e! +ie?) A (3 +
ie*) A (e’ +ie®), and F is a balanced J-Hermitian metric; finally, since the corresponding simply-connected Lie group has
a lattice [10], we get a compact solvmanifold endowed with the Hermitian structure (J, F).

6. Solutions of the Hull-Strominger system and the heterotic equations of motion

In this section we find new explicit solutions of the Hull-Strominger system and the heterotic equations of motion on
the compact solvmanifold underlying the Nakamura manifold. In the forthcoming paper [28] a general study of the system
on solvmanifolds will be provided.

It follows from Sections 4 and 5 that the Chern connection V¢ is an instanton in several cases, although it is always flat.
We have the following

Corollary 6.1. Let M = I'\G be a six-dimensional compact manifold defined as the quotient of a simply connected Lie group G by a
lattice T'. Suppose that M possesses an invariant complex structure | with non-zero closed (3, 0)-form admitting balanced metrics F.
Then, the Chern connection V¢ is an instanton in the following cases:

e g = bs, gg or s0(3,1), endowed with its complex parallelizable structure ] (in this case any Hermitian metric is balanced);

e g = g1, g5 (x>0) or gg, J is any complex structure and F any “diagonal” Hermitian metric;

eg= gg, for any complex structure | and any Kdhler metric F.

Moreover, in all the cases V¢ is flat.

Proof. The result is a direct consequence of Propositions 3.4, 4.1, 5.2, 5.3, 5.4, 5.8 and 5.10. O
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Let X be a compact complex manifold of complex dimension n, endowed with a balanced Hermitian metric F. Then,
F"=1 defines a real (1 —1,n — 1) class in Bott-Chern cohomology. We recall that the Bott-Chern cohomology groups [2] of
X are defined by

kerd: QP9(X,C) — QPHITI(X C)
imddec: QP-1.9-1(X,C) — QP4(X,C) "’

HEZ(X) :=
and we will denote by [F"1] the class defined by the balanced metric in H%E”H X,R) C H';El’"_l(X).

Recall that gg is the Lie algebra of the solvmanifold underlying the Nakamura manifold. Next we consider it endowed
with its abelian complex structure. In the following result we prove that for any given invariant balanced metric, there is
another metric defining the same Bott-Chern (2,2)-class for which its associated Chern connection is flat and the heterotic
equations of motion are satisfied with respect to a non-flat instanton.

Theorem 6.2. Let X = (M, Jap) be the Nakamura manifold endowed with its abelian complex structure Jap. Let F be any invariant
balanced Hermitian metric on X and [F2] € Hé’CZ(X , R) its corresponding Bott-Chern class. Then, there exists a balanced Hermitian

metric F on X satisfying the following properties:

(a) The metric F is cohomologous to F, i.e. [F2] = [F%] € Hé’CZ(X, R), and its associated Chern connection V(C] B is flat;
Ab»

(b) There is a connection A compatible with (Jap, F), which is a non-flat instanton and satisfies the heterotic equations of motion
with respect to the Chern connection.

Proof. The abelian complex structure Ju; is given by the complex equations

1= 2iw, do*=2i0w?3 do’®=0, (41)

dw

so it corresponds to taking K =0 and L = —2i in (23). By Lemma 5.1 (a), any invariant balanced Hermitian metric F is given
by (22) with v = z=0. In addition, we can normalize the metric coefficients r =s =1, so for the structure J,, there is a
(1,0)-basis {a)"}i:l satisfying (41) and such that any balanced metric F is given by

2F=i(a)ﬁ~|—a)25+t2a)3§)+uw12—ﬁa)21, (42)

with t e R* and u € B ={u € C | |u| < 1}. Then, we get
2F2=(1— |u|2)a)]2ﬁ + 201313 £ 1202323 _ 312001323 | 2313

Notice that the equations (41) imply

so we have
T—(ul? 515 2 1313 2 o333 .. (U 57 ut? 5
F2 — w212 L2 1313 2 2323 a5 (20 01 P 12
2 + 2 + 2 + 8 8

Hence, [F2]=[F?] in Hé’g(x, R), where F is the balanced Hermitian metric on X defined by
2F=i(P o'l + 20?2 + 203, (43)

where 7 =5 = (1 — [u|?)1/4 and f =t/(1 — |u|?)!/4. Now, since the metric F is diagonal, it follows from Corollary 6.1 that its
Chern connection is flat. This proves (a).

To prove (b), we need to find an instanton A solving the anomaly cancellation condition for the Chern connection, i.e.
satisfying

/ ’
dT = L (@A @ — @ r 0t =—Lraia (44)
4 4

where o’ is a non-zero constant and dT =d J4,dF, with F given in (43). We first notice that again, because of the form of
the complex equations (41), there is an automorphism of (gg, Jap) so that we can suppose that ¥ =5 = 1. From now on, we
will denote the metric coefficient f by t.

Hence, we can write the balanced metric as F =e'? + e3* + €% with respect to an adapted basis {eX}*_, whose differ-
entials are given by (40) with (a,b) = (0, 1) and u; = u = 0. A direct calculation gives dF = % (e'? — e34) A €%, so we have
the torsion 3-form T = JapdF = $(e2 — e3*) A €. Thus,
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16 1256 16 3456

Now, we consider a linear connection A defined by the connection 1-forms given, in the adapted basis {e"}fj:l, by
@hy=—@NHi=re +ue’, ©@Ni=-0"3=0e +pe’,

and (oA); =0 for any (i, j) # (1,2), (2, 1), (3,4), (4, 3). Here A, u are real numbers, so for any such pair one has a connec-
tion A;, ;, (which we will denote simply by A).

Notice that any connection A is Hermitian, in fact, since we are working in an adapted basis, the compatibility of A with
the U(3)-structure (Jap, F), i.e. AJap = 0= AF, is equivalent to the connection 1-forms to satisfy (o#)! = —(O‘A)Z-, together
with the conditions

©@M3=@©M;, (@hHy==0"35 ©@H5=0"5 ©NHs=—("3,
(@M =M (©@MHE=-(Mi.
By a direct calculation we get that all the curvature 2-forms (QA); vanish, except for

2 2A 2A 2
S S (Ot B e S

oMl = _ (A2 —
(£7); =—(Q7)7 : ; : :

and
2 2\ 2A 2u
: o35 : 36 - o5 : 46

Therefore, the conditions (16) in Lemma 3.6 are fulfilled, which implies that A is an instanton. Moreover, from these curva-
ture forms one obtains that the trace of the curvature of the instanton is

@3 = -3

8 8
QAN QA = _t_z()‘z + uz)e1256 _ t_2()”2 +,u,2)e3456,
so, taking into account (45), we have that the anomaly cancellation (44) is satisfied if and only if

16 20 5,
—t—2=t—2()\ + o).

Finally, given any negative «’, we can choose A, i such that A% + % = 8/(—a’). Hence, with this choice, we have a solution
of the heterotic equations of motion with non-flat instanton. O

Remark 6.3. We note here that the Nakamura manifold endowed with its abelian complex structure J4, also provides
solutions to the heterotic equations of motion for any given positive «’. Indeed, we can exchange the roles of V¢ and A in
the anomaly cancellation condition and look for solutions of the equation
a/ a/
dT = Z(trsz/*A Q' —trQ°A QY = Ztrszf‘/\ Q4,

with o’ > 0. Notice that this lies precisely in the setting of the system proposed by M. Garcia-Fernandez in [15], where
metric connections which are instantons are allowed in the first term of the right hand side of the anomaly cancellation
equation of the Hull-Strominger system. Recall that the instantons A, , found in Theorem 6.2 are not only metric, they are
also Hermitian. So, following the proof of the theorem, given any positive &', we can choose A, u such that A2 + u? = 8/a’.
With this choice, one has many solutions of the heterotic equations of motion, according to [15], with flat instanton.
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Appendix A
In this appendix we provide the relevant data for the proofs of the Propositions 2.4 and 2.6. Tables 1 and 2 correspond

to the 3 @ 3 decomposable Lie algebras s((2, R) & g, and so(3) & gz, respectively. For the Lie algebras L1 and Lg 4 the
relevant data are given in Table 3.
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Table 1
Closed 3-forms p on g =s[(2,R) ® g and the values 4,1, 7, A, B,C (up to the constant [A(0)|71/2) of the
linear endomorphism F of s[(2, R) in Lemma 2.3 (i) induced by J,.

92 Lie algebra g =s1(2,R) ® g2
R3 p=a1e'B +aye1?* +aze'? +a4e!6 4 ase'3* + age'®® + a7e13 + age?* + age?*
+a1062 +a11€%6

A=p=t=aman, A=B=C=0
bs 0 =a1e' 4 are'?% 1 ase’? 1 ase’ +ase’ +age?* + a7e235 + ag (€236 — e1%)
+ag(e13® + e2%) + ajo(e'?® + e3%) + a1 %6
_ a2 22 _ 2 24 2 _ 2 2 _ 2
A=aj, —aian —ag—az, M =aj,—aid; +ag+az T=-—aj, —a1ai1 +ag —ag
A= 72!1809, B= 72(110(13, C= 2(]1(](19
e(1,1) 0 =a1e' +ae +ase’3 1+ ase?3* +a5(e6 + e235) 4 ag (145 + 236) 4 g, (€245 — e136)
Jag (€296 — ¢135) 1 q(e3%5 — 126) 1 q10(e3%6 — ¢125) 4 41456
_ a2 2 202 2 2 _ 2 2222 2
A_aloz—alall —ag -;—ae -;—a7 ;ﬂs ;ag,z U =ajy —aian +as —dg —az +ag —ag
T = —aj, — aia1 +as — ag + a3 —ag +ag
A=2(asag —asaz), B=2(aioas —asag), C=2(ajoag —azag)
e2) 0=a1e'? +are’?* 4 ase’? 1 aze?3 + as(e6 4 €235) + ag (236 — e1%5) + ay (e136 4 €245)
Fag(e246 — e135) 4 qq(e126 4 €345) 4 a10(e346 — ¢125) 4 g, €456
_ a2 22 _ 2 2 2 _ 2 20 202 1242
)»—0102—‘11011 —as ;aG ;a7 ;ag—;ag,z M =ajy —aian +as +dg +a; +ag +ag
T =—aj, —a1a11 +0d; +ag —a; —ag — dg
A =2(asag — agaz), B=2(aipas —agag), C=2(ajpds +azag)
SIR) p=ae'? +ay(e? —e'50) + a3 (e + e235) + aq(e!® + e236) 4 a5(e?%5 —e136) 4 g (6246 —135)
Ja7(e134 + ¢256) 4 qg(e345 — e126) 4 gq(e346 — ¢125) 4 qyq(e24 4 €3%6) + gy, €456
— 2 _ 220202 202 2 2
A= alzo ajai +a22 a32+a42+052 ‘162+a72 a82+a92
1= —aj, —ai1a11 — a5 +a3 —az —az +ag —as —ag +ag
_ a2 272" 2, 2" 2/ 2 2" 2
T =aj, —aiay — a5 +a5 —a; +az —ag + a5 +ag —ag
A = —2(asas —asag +axay), B=—2(a10a2 +asag —asag), C=—2(ajpaz +asag — dagdy)
50(3) 0 =a1e'? 1 ay(e23 —e156) 1 a3(e6 4+ e235) 4 g4 (€236 —e145) g5 (136 + 245) 4 g (240 —e135)
Fa7 (134 4 ¢256) 1 g (126 4 e345) 4 ag(e36 — e125) 4 qyq(e!24 + €356) 4 g;,e456
—_ 2 2 2 2 2 2., 2 2
)‘*alzo —aian —a22—a32—a42—a52—a62—a72+ a82+ a92
p,:amzfman+a22+a32+a42+a52+a62+a72+118;r092
T =—0jy — 1011 +a5 +a5 + a3 — a5 —ag —a; —ag — dg
A = —2(asas — asag +azay), B = —2(ajoa2 +asag —azag), C=2(ajoa7 + asag + asag)

Table 2
Closed 3-forms p on g = s0(3) & g and the values 1, 1, 7, A, B, C (up to the constant |i(p)|~'/2) of the linear
endomorphism F of so(3) in Lemma 2.3 (ii) induced by J,.

92 Lie algebra g =s0(3) @ g2
123 124 125

126 134 135 136 234

R3 p=a1e'? +aze® 4 ase +age?3®
+a10e?%6 + a1146
A=p=1t=-aid11, A=B=C=0
b3 p=a1e1B + a3e1?* + a3e'? + ase1? + ase’3 + age' + a7e136 4 age? + age?®®
41055 + a7, €456
r=—d} —aan +ai—ad, p=-ddy—aan —ai+al, v=a2 —aa; —a—ad}
A = —2agag, B = —2aypas, C =2ajpag
e(1,1)  p=a1e'®B +aye'® +ase’® + aze3* + as(e'6 4 e23%) + ag(e'® + e236) + a7 (e24 — e136)
Tag(e246 — e135) 4 qg(e126 4 €345) 4 a1(e125 + €396) 4 ayq 0456
2 2_ 2.2 2., 2 _ 2 2.2 2., 2., 2
A= 72a10 —ajan +2a5 72(16 +2a7 72118 +2a9, W=—aj, —aay —ai +ag — a5 +az +ag
T =07y —a1a11 — a5 +ag+ag —ag —ag
A =2(asag —agay), B=2(ajoas —asag), C =2(ajoas —azay)
¢(2) p=are'?® +aze'? 4+ aze' +ase?* + as(e'6 + e23%) 4 a(e>36 — e1%) 4 ay(e136 4 e2%%)
Tag (€296 — e135) 4 qg (€395 — e126) 4 a1(e125 + 396) 4 ayq 0456
2 2., 2_2_ 2 _ 2 _ 2 2_ 2.2, 2 2
A= *2‘110 —aidy +2a5 +2a6 72(17 72118 72a9, W =—0ajy —a1a11 —a; — dg + a7 +ag —dg
T =07, — a1011 — a5 — ag — a5 — dg +ag
A =2(asag —agay), B=2(ajoas —asag), C =2(aiods +azay)
s0(3) 0 =113 4 ay(e23 — 156) 4 q3(e16 + e235) 4 (236 — e145) 1 g5 (136 4 0245) 4 g (€246 — ¢135)
Fa7(e!3 + €256 4 ag(e126 + €395) 4 ag (€396 — ¢125) 4 ay(e1?4 + €356) 4 aqq 456
2 2 22 222 2 2
A= a120 aan +azz+ 032+ a42 a52 a62 a72 a82 a92
n= —21110 —aian —2(12 —2113 —2a4 +2a5 4—2116 +2a7 —2118 —Za9
T=dd)—ajay —a;—ad} —aj—al—a}— a3 +af+a}
A = —2(asas — asae +azay), B=—2(ajpaz + asas —azag), C=2(aiod7 + asas + dedg)

+age’“® +ase’>" +age’ >’ +aze >° +age
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Table 3
Generic closed three-forms p and the corresponding four-form d(]p 0) and scalar A(p) on the Lie
algebra g =1Lg 1, Ls 4.

g
Lon  p=a1e'5 +ae' +ase® 4 ay(e'3 — e125) 4 a5e 4 ag(e?5 — e'34)
+a7(e124 + e236) 4 g (146 4 €256) 4 g (6245 4 396 4 01 (e356 — 145) 1 gq1€456,
d(Jpp) = G163 + g2e1235 1 q3e1236 4 que1245 4 g5 (1246 4+ ¢1345) 4 g (1256 4 ¢2345)
Jq7e1346 | g (e1356 4 2346y | 002356,
A(p) = (a1011)% + a1042 + 0344 + A4q5 — d6qs +azqo, Where:
q1 = 4(a100206 + A100407 — 40603 + A3070g + a20309 + a509),
q2 = —4(ajoa2as — amai — (40503 — (gA7ag — (20609 — (40709),
g3 = —4(a100405 + 100607 + a30503 + a3as — 040609 + a3a7dg),
g4 = 2(a%,a; + a11a2a3 +ay1a3 — a3 a5 — a11a205 — a11a3as5 — ay10% + gy a3
—2a100403 — a303 + asa3 + 24100609 + 2a7agdg + a0 + asag),
g5 = —4(a110405 + a110607 — 100503 — A10070g + Asdgay — A4a3),
g6 = —4(a1104a5 — a2,a7 — a110307 — G100608 — A100409 — A305ag),
q7 =2(a2,az + a110203 + a11a% + 4305 + A110205 + A110305 + a1102 — aq103
—2a100408 — a303 — A5a3 — 2a1006dg — 207agdg — 0205 — 03a3),
s = 4(a110206 + 0110407 — G100708 — AgA3 — A10020g + A4asds),
g9 = —2(a2ya2 + a110203 + 1103 — a?yas + 4110205 — a11a305 — ar1a% — ay1a3
—2a1004a3 — a3a3 — As5a3 + 24100609 — 2a703dg — A203 + a3a3).

Loa p=ae'? +aze't £ a3(e'25 4 e134) 4 que!3 4 ag(eB4 — 2¢125) 4 gge?
407 (236 — 26135) 1 qg(2e15 + €246) 4 g (€256 + £395) 1 110 (€396 — 2¢156) 4 aqq 456,
d(Jpp) = 16153 + goe1235 1 q3e1236 4 que1245 4 g5 (1246 4+ ¢2345) 4 g (1256 4 01345)
4q7(e1346 _ o2356) 4 goo1356 4 02346
*(p) = (@1a11)? + a1091 — % qa — a7q5 + S g6 + asge, Wwhere:
q1 = 8(20100_?; + a10a2a6 — A3a6ag — 2as5a7ag + a3dsdg — azd7dg),
g2 = —8(2a10a3a5 — 24100207 — 2040503 + 2a3a70g + A3ag — A204ag),
g3 = —8(a100306 + 2a100507 — 40603 — 20203 + 40509 — A3070g),
g4 = 8(2a1102 + ay1a206 — 20602 + 4asagag + aza2),
g5 = —8(a1103a5 — 110207 — 2a100s0s + 20703 — a1002a9 + a3asay),
g6 = 4(2ayaz + a11a3 — a1102a4 — 4a10a3as + 2a4a3),
q7 = —8(2a%as — 110405 + a1103a7 — 2100703 + A10a30dg — A40gds),
qs = _8(20%0‘16 — a110406 — 2a1102 — 4ayoa7a9 — 0405).
g9 = —2(2a%,az + a11a% — a11a2a4 — 20110305 — 4a11a5a7 — 4a10a3as + 4a10a6as
+2a402 — 4ajoasag — 4azagag — 2a3a3).
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