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Thesis Abstract

Harvesting solar energy presents a formidable challenge, primarily rooted in the
need to efficiently capture light across a broad spectrum range. Addressing this
challenge, we describe the concept of designing a broadband perfect absorber in the
form of a thin-film system with plasmonic nanoparticles as its foundational basis.
To understand how the light can be absorbed by the absorber and how to optimize
the absorber, we begin by looking into the fundamentals of electromagnetic wave
scattering inside matter and a dedicated multiscale modeling technique, which is
the computational methodology employed throughout this thesis. This multiscale
modeling technique allows us to bridge the optical responses from photonic structures
with critical features at multiple length scales.

Continuing to the next chapter, we study a thin-film absorber made from the
scattering responses of an Au144 gold molecules. Here, in the purpose to outline details
of the multiscale modeling process in depth, we determine the optical properties of
the individual gold molecule by using time-dependent density functional theory. It
turns out that, this kind of thin-film absorber absorbs the light in the entire visible
light region quite well. As a further aspect, we employ bulk copper nanoparticles as
the basis for the nanoparticle layer within the absorber. We inspect on computational
grounds the effect of the nanoparticles filling factor and the thin-film thicknesses on
the absorber performance.

Remarkably, our findings reveal that the thin-film absorber with copper nanopar-
ticles is capable of absorbing 90% of light energy across a broad spectrum ranging
from ultraviolet to near-infrared wavelengths. To validate the accuracy of our simu-
lations, we translate these optimized absorber layouts into fabrications together with
experimental partners from the University of Kiel. The experimental results align
remarkably closely with our simulations, confirming the capability of our designed
broadband perfect absorber. This research not only contributes to advancing solar
harvesting technology but also underscores the potential of multiscale modeling
techniques in tackling complex challenges at the intersection of materials science and
renewable energy.
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1. Introduction

Light is everywhere. Each day, we bask in the sunlight as we step outside during the
day, and when night falls, artificial lighting illuminates our surroundings, facilitating
our activities. Thinking deeper, light is a fascinating phenomenon that captivates
our understanding and imagination. Its dual nature as both a wave and a particle
challenges the very foundations of physics, as demonstrated by the famous double-
slit experiment [1]. From the eye-catching colors of a rainbow after rain to the
laser display in a show, the ability to paint the world with vibrant hues and reveal
hidden truths through spectroscopy is truly attractive to people. Furthermore, its
incredible speed traveling at almost three hundred million meters per second, to
be exact 299.792.458 meters per second in a vacuum, makes it the universal speed
limit, defying our intuition. Light also plays a crucial role in our daily lives, from
the warmth of sunlight to the marvels of optical communication [2, 3] and medical
imaging technologies [4, 5]. The light strange, yet interesting behavior continues to
inspire scientists that there are a lot of things yet to be discovered.

Interestingly, delving deeper into the study of light involves the exciting realm
of optical metamaterials [6, 7, 8, 9]. Optical metamaterials are synthetic materials
designed for controlling light at the nanoscale, spanning the spectrum from ultraviolet
to visible light and even into the infrared range. What sets optical metamaterials
apart is their ability to harness properties absent in the natural world. For instance,
the concept of epsilon-near-zero materials, characterized by their permittivity hovering
close to zero [10], and time-varying materials, where their optical properties change
with time [11, 12, 13]. To unlock these exotic attributes, metamaterials are often
structured on a sub-wavelength scale, ensuring that these exotic properties can be
induced and harnessed for the benefit of science and technology alike.

One interesting topic to study is the light propagation and scattering in meta-
materials. It is a phenomenon that unveils how electromagnetic waves interact with
the meta-atoms within the metamaterial. When light enters a medium, such as air,
water, or glass, the light interacts with the meta-atoms and is subject to a process
called scattering. This scattering phenomenon is responsible for the refraction and
diffraction of lights in various directions, giving rise to the beautiful phenomena we
observe in our everyday lives, such as the blue sky, colorful sunsets, rainbows, and the
beautiful underwater world. Different mediums and particles scatter light in distinc-
tive ways, leading to unique optical responses. For instance, the shorter wavelengths
of blue and violet light scatter more than longer wavelengths like red and orange,
causing the sky to appear blue during the day, explained through Rayleigh scattering,
when the sunlight interacts with particles or structures that are much smaller in
size than the wavelength of the sunlight, the air molecules in the atmosphere, in
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Chapter 1. Introduction 2

this case, [14]. We can understand these aforementioned phenomena by exploring
Maxwell’s equations, which serve as the fundamental framework for understanding
the behavior of electromagnetic waves. To unravel the complex interaction between
light and matter, we must carefully solve these equations to unveil the patterns of
electric and magnetic fields that emerge as a response to the presence of light. The
Maxwell equations can be solved through analytical and computational means, which
is further explained in this thesis.

We employ a powerful approach that categorizes itself as multiscale modeling
technique. This technique serves as a bridge between various length scales, allowing
us to seamlessly transition from the nanoscale to the macroscale. By acquiring the
scattering response from small-sized particles, we can explore the scattering responses
from larger objects and systems. An illustrative example of this methodology is
the investigation of optical properties in cavities and metasurfaces constructed from
chiral molecules [15, 16]. These studies are made feasible through the application of
time-dependent density functional theory (TD-DFT), which enables us to capture
the scattering responses at the molecular level. For instance, we can quantify how
strong plasmonic excitations are sustained in hollow spherical gold nanoparticles [17].
Leveraging the insights gained through TD-DFT, we can then apply the multiscale
modeling technique to real-world devices, thereby expanding our ability to manipulate
and engineer optical properties across a range of scales.

Further to the application of the multiscale modeling technique, we want to take
a look at the current state of the world regarding the energy crisis. The emergence
of sustainable energy marks a significant shift in humanity’s approach to powering
our world. Historically dependent on finite fossil fuels, which have detrimental
environmental impacts including air pollution and contribution to global warming,
society began to recognize the need for more environmentally-friendly energy sources.
Sustainable energy, deriving power from renewable resources such as wind, solar,
hydro, and geothermal, promises not only a reduced carbon footprint but also a
solution to the depletion of traditional fuels [18]. As the realities of climate change
became more and more evident, and as technological advancements made renewable
energy sources more viable and cost-effective, a global push towards sustainability
began. A particularly intriguing topic in the realm of sustainable energy is the solar
thermal collector (STC) [19, 20]. An STC is a device that collects solar radiation and
converts it directly into heat. This collected energy is versatile and can be directed
towards a multitude of heating applications, spanning from water [21] and space
heating [22] to various industrial processes [23]. Moreover, using principles akin to
turbines in large-scale geothermal plants, this captured heat can also be transformed
into electricity [24]. This multi-functionality showcases the STC’s capability to
generate multiple forms of energy using a single device. There is a rich diversity
within STCs, with various types including conventional black chrome absorbers
[25], STCs that uses mixture of materials [26, 27, 28], grating STCs [29, 30], a
photonic crystal STC [31], and those that incorporate nanoparticles [32, 33]. So that,
this motivates us to focus on studying nanoparticle-based STCs combined with a
multilayer system that acts as perfect broadband absorbers.

1.1 Thesis outline
In this thesis, our primary objective is to explore the potential of metallic

nanoparticles as the foundation for a multilayer thin film system designed to function
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as a perfect broadband absorber. To start this thesis, it is important to know the
fundamentals of the theories and computational methods that will be used to study
the absorber. That’s why we have focused Chapter 2 on explaining the basic ideas
that will support our study.

Our study commences with a brief introduction to a nanoparticle packing
algorithm known as the force-biased algorithm. This algorithm is helpful in densely
arranging a cluster of spherical nanoparticles within a cubic unit cell. This specific
arrangement of nanoparticles allows us to investigate the optical interactions that
occur when numerous spherical nanoparticles are positioned nearby. To delve further
into the optical phenomena, we delve into the heart of electromagnetic theory, the
Maxwell equations, and the methods used to solve them. Among these methods, we
examine the Mie theory, which permits us to expand both incident and scattered
fields as linear combinations of vector spherical wave function with its appropriately
determined Mie incident and scattered expansion coefficients.

Since we want to understand the electromagnetic wave in matter, especially in
metals. We have to continue by explaining the optical properties of the metals. We
start by elaborating Drude model. This model provides a basic understanding of
electric permittivity in metals. Then we enhance the Drude permittivity by incorpo-
rating a size effect term, particularly when dealing with small-sized nanoparticles.
After that, we consider that the metal is illuminated with electromagnetic waves
with specific frequency so that a strong electric field outside near the surface of the
metal is induced. This is caused by localized surface plasmon resonance. Later, we
want to understand when two different spheres in plasmon resonance interact with
each other. This will be explained through plasmon hybridization theory. This is
important to our analysis of why a cluster of nanoparticles can trap the light, which
is following our goal to design an absorber based on these nanoparticles.

The computational methods used in this thesis can be summarized under the
notion of multiscale modeling techniques, a way to bridge the light scattering effects at
the microscopic scale to a full-fledged macroscopic device. To shed light on the method,
consider an isolated metallic nanoparticle. By studying its scattering response, one
can analyze further and determine the optical characteristics of a macroscopic device
made from a dense collection of such nanoparticles. After considering the isolated
metallic nanoparticle, nanoparticles are systematically packed within a cubical unit
cell, forming a dense cluster through the application of the force-biased algorithm.
Therefore, in the following that is explained first, the T-matrix method steps in,
determining the scattering response from the cluster. Progressing further, we can
create a layer where these nanoparticle clusters are replicated periodically and
infinitely extended in two dimensions, allowing for the determination of reflection
and transmission coefficients from these slabs containing the metallic nanoparticles.
For enabling the absorption optimization of the thin film, the s-parameter retrieval
method is used to link effective material parameters such as permittivity to the film.
The technique ends with determining the reflection and transmission coefficients
from a stack of thin films by using the transfer-matrix method efficiently. Figure 1.1
points out the overall concept of the multiscale modeling method.

After we elaborate the theoretical background, we continue on Chapter 3, in which
explains the application to the nanoparticles-based thin film broadband absorber.
We explain the physics about how the combination between thin film system and
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Figure 1.1: An illustration explaining multiscale modeling method.

a cluster of metallic nanoparticles can enhance light absorption, corresponding to
optical properties of metal theories in Chapter 2. Then, we continue the thesis by
considering two types of plasmonic nanoparticles that can be applied to a layer in
the thin-film system: Au144 gold molecules and bulk copper nanoparticles.

We conclude the thesis by summarizing our discussion and offering a brief outlook
on the possibility of further improving the thin-film absorber.
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2. Theoretical Background

We start this chapter by explaining some of the theory and computational methods
that are used in this thesis. The chapter is divided into two sections. The first section
explains about the optical properties of metal and particle plasmon in general. We
will use these theories as a basis to explain the physical response that arises around
this thesis. The second section refers to the computational method that is used in
this thesis in form of multiscale modeling technique.

2.1 Force-biased algorithm for tight-packing of spheres
People try to model real-life problems with computational effort, such as bin-packing
problems [34]. In this problem, fixed number of bulk objects are filled in inside a
bin, but they have to be placed in some way to have the best quantity as possible
without overfilling and manipulating the capacity of the bin. Therefore, many packing
algorithms are studied to solve the bin-packing problems. Packing algorithms are
composed to generate the best configuration of a number of objects within a defined
space, considering their unique shapes and sizes. Most of these algorithms force
the objects to not overlapped and touching to each other. This is important for
processes where the spatial organization of objects or particles directly impacts
material properties. For instance, maximizing the density of nanoparticles in a drug
delivery system can influence the therapeutic index, or achieving uniform distribution
on a photovoltaic device can enhance light absorption efficiency.

One of such algorithms is the force-biased algorithm [35, 36]. Instead of using
purely geometrical constraints, the algorithm incorporates the concept of simulated
forces to optimize the packing configuration by maximizing the density of nanopar-
ticles as possible in a fixed packing region. For now on, we will call the density of
nanoparticles as filling fraction (FF ). In a force-biased algorithm, particles or objects
exert repulsive forces on each other when they overlap and attractive forces when
they are close to a desired configuration. By following the gradient of these forces,
particles can move to a configuration where the overall system’s potential energy is
minimized. This happens in an iterative process.

Consider N distributed spheres with diameter di in a container of volume Vcon.
In this thesis, the container is specified as a cube with a given side length. The
spheres are modeled with a core-shell structure, the core is defined as the inner
sphere and the core-shell-system as the outer sphere. The outer spheres have outer
diameter dout

i = did
out and the inner spheres have inner diameter din

i = did
in. The

inner diameter factor din dictates the diameter of the actual sphere of the system. The
dout is determined as an input parameter defined at the start of the calculation to be

6
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as large as possible by the user. Also, the centers of the spheres, ri, are randomized
at the first calculation, so it has a very high chance that the spheres will overlap in
this case.

At each iteration, when there is a pair of overlapping spheres i and j, there are
two procedures in the algorithm:

• The spheres are repelled and changing positions to make sure that overlapping
spheres are pushed away from each other. The positions are updated in each
iteration according to the repulsion force Fij

ri → ri + 1
2di

∑
j ̸=i

Fij, (2.1)

where the repulsion force is

Fij = σΛijPij
rj − ri

||rj − ri||
. (2.2)

σ is the scaling factor. Λij is 1 when the sphere [i, j] overlap and 0 otherwise.
Pij is the potential function defined as

Pij = dout
i dout

j

 ||rj − ri||
1
4

(
dout

i + dout
j

)2 − 1

 . (2.3)

• The spheres are gradually shrinking by reducing dout by utilizing Eq. (2.4),

dout → dout −
(1

2

)δ dout
st
4τ

, (2.4)

where

δ = log

 π
6
∑N

i=1

(
dout

i,st

)3

Vcon
−

π
6
∑N

i=1 (dout
i )3

Vcon

,

τ is the contraction rate, and dout
st is dout that is defined at the start of the

iteration.

As iteration runs, the dout would decrease so that dout would be in an optimal
value in which the spheres have a very close gap within each other. When the
iteration converge, the final outer spheres will have a smaller or equal diameter than
the inner spheres, due to the shrinking procedure, which means din > dout, the spheres
are not overlapped and touching. The calculation can be stopped at the middle of
the iteration for granting smaller filling fraction. The final filling fraction can be
calculated by defining the ratio between the final volume of the inner spheres and
the volume of the container χ stated in Eq. (2.5),

FF = volume of the inner spheres
volume of the container =

π
6
∑N

i=1 (din
i )3

Vcon
=

π
6 din∑N

i=1 (di)3

Vcon
. (2.5)

In the next step, we continue from the hard-sphere packing algorithm and
would like to describe how light will interact with these spheres. Fundamentally, the
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Maxwell equations describe the electromagnetic response completely. Then, we will
proceed to the T-matrix formulation to identify the scattering response it causes.

2.2 Maxwell equations

Given that a particle positioned within a background media. The particle can interact
with another particle and the electromagnetic sources, like electromagnetic waves
and electric currents. We can study the behavior of electromagnetic waves inside the
particle in such a situation by solving Maxwell equations. The Maxwell equations
are a set of equations spanning from Eq. (2.6) to Eq. (2.9) [37]. Not only do
these equations shed light on the dynamics between arbitrarily shaped particles and
electromagnetic waves, but they also account for the presence of total charge density ρ
and total electric current density J, respectively. The total charges inside the material
include free charge and bound charge. Beyond that, these equations are fundamental
in the broader realm of electromagnetism. They underpin our understanding of
several related topics, such as the propagation of electromagnetic waves in different
media, the principles governing electronic circuits, and the intricate behaviors of
charges and currents when immersed in electromagnetic fields. As we progress,
harnessing the insights from these equations will be instrumental in predicting and
analyzing the responses of the nanospheres when exposed to electromagnetic waves.
The four Maxwell’s equations are:

∇ · D(r, t) = ρf (r, t), (2.6)

∇ · B(r, t) = 0, (2.7)

∇ × E(r, t) = −∂B(r, t)
∂t

, (2.8)

∇ × H(r, t) = Jf (r, t) + ∂D(r, t)
∂t

. (2.9)

The Maxwell equations introduce the electromagnetic fields, which are the electric
displacement D(r, t), the magnetic flux density B(r, t), the electric field E(r, t), and
the magnetic field H. These fields can be called as D(r, t)-field, B-field, E-field,
and H-field. We will explain the differences between these four electromagnetic
fields in few further paragraphs after we explain the constitutive relation. Equation
(2.6) explain the principle that the divergence of the electric displacement D is
proportional to the charge density ρ, signifying the role of electric charges in affecting
the spatial variation of the electric displacement field. Proceeding further, we observe
that the magnetic field behaves divergentless, having only a rotational component,
as illustrated by Eq. (2.7). One of the important things from these equations is
the manifestation of Faraday’s law, which asserts that a time-varying magnetic
field can induce an electric field, as evident from Eq. (2.8). Transitioning to Eq.
(2.9), we find out that the presence of an external free electric current Jf in pair
with a time-dependent electric displacement D acts as a source for the generation
of a magnetic field. This equation accentuates the interdependency and intricate
relationship between electric and magnetic response.

In the scope of this thesis, we have purposely considering the material that
is dispersive. This means that the characteristics of these materials, such as their



Chapter 2. Theoretical Background 9

permittivity and permeability, will vary based on the frequency of the incident elec-
tromagnetic wave. This frequency-dependent behavior of materials can significantly
influence wave propagation and interaction response. Dispersion necessitates a deeper
understanding of how different frequency components interact with the material.
One efficient way to delve into this is by employing the Fourier transform. By using
the Fourier transform, we can transition from analyzing signals and responses in the
time domain to studying them in the frequency domain. This mathematical tool
allows us to decompose a time-domain function into a sum of sinusoids of different
frequencies, allowing us to reveal the spectrum of frequency components present in
the original function. In the context of our study, this means we can evaluate how
each individual frequency component of an incident wave interacts with the material,
offering a comprehensive view of its dispersive properties. Mathematically, given a
function f(t) defined over a continuous range of time t, its Fourier transform F (ω) is
defined as:

F (ω) =
∫ ∞

−∞
f(t)eiωt dt (2.10)

This transformation allows us to define the electromagnetic fields at Eq. (2.6)-(2.9)
in frequency domain. By assuming that the solution of the Maxwell equations
have electromagnetic fields that is time-harmonic, A(r, t) = A(r)e−iωt, so that the
time derivative ( ∂

∂t
) at the Maxwell equation can be stated as −iω and applying

convolution operation to the Fourier transform, we can derive the Maxwell equation
in frequency domain as

∇ · D(r, ω) = ρf (r, ω), (2.11)
∇ · B(r, ω) = 0, (2.12)

∇ × E(r, ω) = iωB(r, ω) (2.13)
∇ × H(r, ω) = Jf (r, ω) − iωE(r, ω). (2.14)

However, the Maxwell equations are not enough for understanding and finding
the electric field and the magnetic field. There has to be a link from the D-field
to the E-field and H-field to the B-field. We take an example to the electric field
case. When there is an external electric field interact with the dielectric particle, the
polarization field P is induced since bound charges interact with the electric field
having oscillationary feature. The D-field is the electric field without the contribution
from the polarization field. So that, the contribution of E-field is only from the free
charge inside the particle, Same also when we consider that there is an external
magnetic field, magnetization happens if the particle material is magnetic, and the
H-field is the contribution from the free current inside and the magnetization field M.
Looking forward, we assume all of the material used in this thesis is isotropic, linear,
local, non-magnetic, and homogeneous in time, so that we have the constitutive
relation,

D(r, ω) = ϵ0E(r, ω) + P(r, ω) = ϵ0ϵr(ω)E(r, ω), (2.15)
B(r, ω) = µ0H(r, ω) − M(r, ω) = µrµ0H(r, ω), (2.16)

where we introduce the relative permittivity ϵr(r, ω) and relative permeabillity
µr(r, ω). The vacuum electric permittivity ϵ0 and magnetic permeability µ0 are
known constants. Further, we take the E-field and B-field, indicating the total field
that emerge from a scattering event.
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To predict the behavior of electromagnetic fields, the Maxwell equations Eq.
(2.11)-(2.14) with Eq. (2.15)-(2.16) need to be solved for a given spatial distribution
of the material. Even though analytical solutions exist for basic settings, the Maxwell
equations are still notably hard to solve.

Note that in this thesis, we assume that there is no external charges and currents
as the sources, so that ρf = 0 and Jf = 0. Also, we assume that the material is
homogeneous in space. When Eq. (2.13) is multiplied by a curl (∇×) on both sides
of the equation, substituting the constitutive relation in Eq. (2.15), an applying
vector triple product identity, we can get the electric Helmholtz equation,

∇2E(r, ω) + k2(ω)E(r, ω) = 0, (2.17)

where k is the wavenumber that can be related to the dispersion relation,

k(ω) = ω

c

√
ϵr(ω) = ω

√
ϵ0ϵr(ω)µ0 (2.18)

The magnetic Helmholtz equation can be derived using the same path used to derive
2.17 by beginning with Eq. (2.14) instead of Eq. (2.13). The magnetic Helmholtz
equation is

∇2B(r, ω) + k2(ω)B(r, ω) = 0. (2.19)
Therefore, we can solve the Maxwell equation to find the electric field and the
magnetic field by working out on Helmholtz equation in Eq. (2.18) and Eq. (2.19)
analytically.

Anyhow, tackling the Maxwell equation can be a formidable challenge due to
its intricate nature and the specific interface conditions or geometries one might
encounter. Analytically addressing it often involves the application of mathematical
techniques like separation of variable method, which seeks to break down the problem
into simpler, more manageable parts. Similarly, eigenfunction expansions can be
employed, where solutions are expressed as a series in terms of eigenfunctions, thereby
enabling us to decompose the complex equation into a set of simpler ones. However,
analytical solutions aren’t always feasible, especially for more complicated geometries,
like non-spherical particles, or non-uniform media. This is where numerical methods
come into play when solving the Maxwell equations beside starting by Helmholtz
equation. Among these, the finite-difference time-domain (FDTD) method are one of
popular method to use [38]. FDTD divides the computational domain into a grid and
computes the fields at discrete time steps, making it particularly useful for problems
where time-evolution of the field is of interest. On the other hand, the finite element
method (FEM) involves dividing the problem domain into smaller, simpler parts
called "elements" [39]. By approximating the solution over each of these elements and
then assembling them together, FEM can handle complex geometries and materials
with varying properties.

2.3 Optical properties of metal
In this section, we explain the basic approach to describe the optical properties

of a metal, especially expressing the electric permittivity of a noble metal by a Drude
model [40]. Since we study small-sized metallic nanoparticles further in the thesis,
a correction to the electric permittivity should be added to make the calculation
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more accurate when dealing with these nanosized objects. Then, we continue to
explore that strong near-field can be induced just outside of a metallic small-sized
sphere when we illuminate it by an electromagnetic wave with specific frequency.
This resonant response is a localized surface plasmon polariton, which is a reonantly
excited charge density oscillation coupled to an electro-magnetic field [41]. Finally,
we consider systems consisting of two closely spaced metallic nanoparticles. In these
systems, a much stronger near-field emerges inside the gap of the dimer. The details
of this situation of two coupled nanoparticles can be explained with modeled with
plasmon hybridization theory [42].

2.3.1 Drude model and the size effect
Consider a metal. Inside the metal, there are many free electrons with mass

me and charge e. They move freely and can collide with each other with damping
constant γe. There is an external source in form of an external time-harmonic electric
field Eext = E0e

−iωt that interact with the electrons. We can study the motion of
the electrons by solving the equation of motion,

∂2r
∂t2 + γe

me

∂r
∂t

= eE0e
−iωt. (2.20)

We assume also that the solution of this equation is time-harmonic as well so that we
can use the ansatz r(t) = r0e

−iωt. Substituting the ansatz with its time derivatives
into Eq. (2.20), we get the solution to Eq. (2.20), which is

r0 = e

me

E0

−ω2 − iγω
. (2.21)

The external electric field oscillates and interacts with the electrons within a metal,
driving the electrons to oscillate as well. Given that the metal has an electron
density n within a volume V , we can get the polarization density P by relating to
the material properties in form of electric susceptibility χ,

P = p
V

= ner0 = ne2

me

E0

ω2 − iγω
= ϵ0χE0. (2.22)

The electric susceptibility measures of how much a material becomes polarized in
response to an applied electric field. However, the susceptibility only represents the
induced part of the response when there is matter in the system and not just vacuum.
Therefore, we have to describe the material properties in form permittivity ϵ, since
the permittivity holds information about the overall response from the material.
Assuming that the metal is linear and isotropic, we can relate the susceptibility to
the permittivity by Eq. (2.23),

ϵ = ϵ0(1 + χ) (2.23)

Substituting Eq. (2.22) into Eq. (2.23) leads to the Drude permittivity,

ϵ(ω) = ϵ0

(
1 − ne2

meϵ0

1
ω2 + iγω

)
= ϵ0

(
1 −

ω2
p

ω2 + iγω

)
, (2.24)



Chapter 2. Theoretical Background 12

where ωp is the plasma frequency. At frequencies below the plasma frequency,
electromagnetic radiation cannot propagate through the metal and is reflected. Above
this frequency, the medium becomes transparent to the radiation, allowing it to pass
through. In a metal, the abundance of free electrons gives them a characteristically
high plasma frequency. As a result, metals are generally reflective to visible light,
which falls below their plasma frequency. Yet, for frequencies much higher than the
plasma frequency, such as X-rays, metals can become more transparent, losing their
metallic properties.

The Drude model is particularly good at capturing the permittivity character-
istics of noble metals like gold and silver. However, when applied to other metals,
such as aluminum, the Drude model faces challenges. Specifically, the imaginary
part of the electric permittivity for aluminum, when observed experimentally [43],
demonstrates an increase of magnitude at higher frequencies. This behavior contrasts
with that of noble metals, where the imaginary component decays in a manner that is
in harmony with the Drude model’s predictions. Note that the Drude model does not
consider electronic and atomic structures of materials. It means that the discrepancy
in case of aluminum permittivity can be explained through other models.

When the dimension of the metallic structure is getting finite and gets even
comparable to the mean-free path of the electrons, the free electron inside the metal
will have higher change to collide to each other electron and the boundary of the
metal. This suggests to modify the damping constant of the electron by adding to
bulk damping coefficient a size dependent factor [44]. This can be expressed as

γ = γbulk + AvF

r
. (2.25)

A is a constant that relates to the shape of the metal and its value is usually close to
one, vF is the velocity of electrons in form of Fermi velocity, and r is the radius of the
particle assumed to be a sphere. We can apply the size effect into the experimental
permittivity, Johnson and Christy permittivity data [45] for instance, by applying
Eq. 2.25 to Eq. 2.24 and add in the experimental permittivity ϵexp, resulting in

ϵ(ω) = ϵexp(ω) +
ω2

p

ω2 + iγbulkω
−

ω2
p

ω2 + iγω
. (2.26)

The third term Eq. 2.26 is the size-corrected term and consists of parameters that
are intrinsic to the noble metals. Note that the bulk damping coefficient can be
determined experimentally by finding the relaxation constant τ = 1/γbulk of the
metal. These parameters are listed in Table 2.1.

2.3.2 Localized surface plasmon resonance and plasmon hy-
bridization

Consider an external time-harmonic electric field with magnitude E0 that is ap-
plied to a metallic sphere with radius R and electric permittivity ϵsph in a background
with electric permittivity ϵbg. Analytically, one can determine the electric field both
outside and inside the sphere, particularly under the quasistatic approximation [40].
This means that the size of the sphere has to be much smaller than the wavelength
of the external field for making sure the fields change slowly.
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Table 2.1: Plasma frequency, relaxation constant, and Fermi velocity of copper,
silver, and gold

Cu Ag Au
ωp(1015s−1) 13.4 14.0 13.8
τ(10−15s) 6.9 31 9.3

vF(108cm/s) 1.57 1.39 1.39

The electric field can be found through the electric potential V (r, θ) by solving
the Laplace equation in spherical coordinates,

∇2V (r, θ) = 0 → 1
r

∂2

∂r2 [rV (r, θ)] + 1
r2 sin θ

∂

∂θ

[
sin θ

∂V (r, θ)
∂θ

]
= 0, (2.27)

considering no free charge in the metal as a source and no dependency of the potential
on azimuthal angle ϕ. Here, we consider that the electric field has polarization along
ẑ We can solve 2.27 by using separation of variable technique. After a thorough
derivation, we can get the electric potential inside the sphere

Vinside(r, θ) = −
(

3ϵbg

ϵsph + 2ϵbg

)
E0r cos θ, (2.28)

and outside the sphere

Voutside(r, θ) =
(

ϵsph − ϵbg

ϵsph + 2ϵbg

)
R3

r2 E0r cos θ − E0r cos θ. (2.29)

As explained before, an electric dipole can be induced due to the presence of electric
field oscillation inside the metal. The induced dipole moment p can be derived from
the potential outside the sphere in Eq. (2.29) by using equation below,

V (r) = 1
4πϵbg

p · r̂
r2 ,

leading to

p = 4πϵbg

(
ϵsph − ϵbg

ϵsph + 2ϵbg

)
R2E0ẑ. (2.30)

We may get interested in the field outside the sphere, so the electric field can be
obtained through Eq. 2.29 and taking the derivative of the scalar potential,

Eoutside = −∇Voutside = −
((

3R3

r3

)(
ϵsph − ϵbg

ϵsph + 2ϵbg

)
+ 1

)
ẑ. (2.31)

From the Drude permittivity presented in Eq. (2.24), it is evident that the real
part of the permittivity becomes negative when the plasma frequency exceeds the
operating frequency. Assuming that ϵbg > 0, the denominator in Eq. (2.31) becomes
negligible, approaching zero. Consequently, the induced dipole moment mentioned
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in Eq. (2.30) must be resonantly enhanced. This pronounced effect arises at specific
frequencies due to the dispersive nature of the permittivity. This resonant response
is usually linked to the excitation of a localized surface plasmon resonance (LSPR)
for metals, but indeed also other effects can cause the permittivity of a material to
take small and negative values. The LSPR is a unique optical effect observed when
the external electromagnetic wave, with a specific frequency, drives the oscillation
of free electrons within a metal. This collective oscillation of electrons leads to
resonance predominantly at the surface or interface between a nanoscale metallic
particle and a dielectric background. This response results in the enhancement of
the electromagnetic field in the immediate vicinity of the particle, producing a very
strong near-field outside of it.

ϵsph = −2ϵbg, (2.32)
known as the Fröhlich condition. The conditions required to ensure this resonance
occurrence include a negative real part of the metal’s permittivity, matching the
magnitude (but opposite in sign) to the dielectric constant of the surrounding medium,
the particle’s size and shape, and the incident light’s frequency. To find the resonance
frequency of a LSPR, we substitute the Fröhlich condition in Eq. (2.32) to the Drude
permittivity in Eq. (2.24) and setting the denominator of Eq. (2.24) as the LSPR
frequency (ωLSPR). The LSPR frequency is represented as

ωLSPR ≡ ωp√
1 + 2 ϵbg

ϵ0

. (2.33)

Finally, one interesting effect occurs when two resonant spheres are placed close
to each other. The spheres can interact to each other, strengthening the induced near-
field due to LSPR. A noteable theory that explains this interaction is the plasmon
hybridization theory [42]. We know that the LSPR of a sphere induces a dipole
field. The plasmonic interaction between these dipoles gives rise to hybridization
in which creating a combined modes, known as bonding and antibonding modes.
The bonding mode arise when the dipoles are in-phase and the antibonding mode
emerges when the dipoles are out-of-phase, explained visually in Fig. 2.1. When
hybridization occurs, two distinct resonance peaks emerge, representing the bonding
and antibonding modes. The higher frequency peak that corresponds to the bonding
mode, while the lower frequency relates to the antibonding mode. Capitalizing on
the intense near-field that develops in the gap between the spheres offers numerous
applications. The strong near-field can act as a source for generating nonlinear optical
effects. Additionally, it can enhance the sensitivity of biosensors, allowing for more
precise and rapid detection of various biomolecules [46, 47]. Furthermore, in the
realm of renewable energy, the strong near-field can be harnessed for solar energy
applications, specifically aiding in trapping sunlight more efficiently [48, 49, 50].

2.4 Mie theory to T-matrix of a single particle formalism

The Helmholtz equations, which are generally fundamental in wave physics and
acoustics, describe how wave fields evolve in space. When these equations are applied
to a spatially localized particle, Mie theory emerges a powerful tool to determine
the interactions between incident and scattered waves for a particle smaller than
wavelength of the incident wave [51]. At its core, Mie theory proposes a systematic
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Figure 2.1: Illustration of the plasmon hybridization. Two different spheres
characterized in red and blue color interact each other with their dipole phase
sketched in arrow.

way to expand both the incident and scattered fields of a localized particle in the
frequency domain into vector spherical wave functions (VSWFs). Originally developed
by Gustav Mie to describe the interaction of light with a sphere [52], we can use that
approach also as a framework to describe the interaction of light with arbitrarily
shaped objects. We only require them to be localized in space.

To harness the power of Mie theory, one must first understand the intricacies
of VSWFs. VSWFs are derived from the scalar spherical harmonics function, and
they take the form of a multiplication between an oscillatory exponential term, an
associated Legendre function P m

n , and spherical Bessel function z(i)
n . The associated

Legendre function is a direct consequence of the solution to the Helmholtz equation
from a sphere within the spherical coordinate system and the spherical Bessel function
represents what kind of wave solution it is depending on its type, i.e outgoing and
incoming wave. There are two primary type of VSWFs: those with electric parity
defined in Eq. (2.34) and magnetic parity defined in Eq. (2.35),

M(i)
n,m(r, ω) = ∇ ×

(
r · eimϕ · P m

n (cos θ) · z(i)
n (kr)

)
, (2.34)

N(i)
n,m(r, ω) = c

ω
√

ϵbg
∇ × ∇ ×

(
r · eimϕ · P m

n (cos θ) · z(i)
n (kr)

)
, (2.35)

The electric VSWFs represent the electric field’s response in spherical coordinate, also
work same with the magnetic ones. They give insight into how the fields interact and
scatter around and within the particle. These two types of VSWFs are indispensable in
the context of Mie theory. They enable the decomposition of complex electromagnetic
fields into more manageable components, therefore facilitating a detailed analysis of
scattering response.

The VSWFs are stated with their respective multipolar order n, angular mo-
mentum order along a specific axis m, and superscript i. The index n corresponds
to the multipolar term, n = 1 to the dipolar term, n = 2 to the quadrupolar term,
and etc. Meanwhile, the superscript i is chosen depending on the type of the radial
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spherical function z(i)
n (kr) that is used. The functions are spherical Bessel function

(i = 1), spherical Neumann function (i = 2), spherical Hankel function of the first
kind (i = 3), and spherical Hankel function of the second kind (i = 4). We are
interested on finding the incident field and scattered field of a spherical particle, thus
we only use the spherical Bessel function for finding the incoming field (choosing
that expansion, the fields stay finite at the origin) and the spherical Hankel function
of the first kind for determining the scattered field (in that expansion, an outgoing
wave condition is satisfied). ϵbg is the relative permittivity of the sphere background.
The VSWFs are orthogonal, so that we can linearly expand the electric field E at a
specific frequency ω in VSWFs as its basis function. The incident field is defined in
Eq. (2.36) and the scattered field in Eq. (2.37),

Einc(r, ω) =
∞∑

n=1

n∑
m=−n

a0,n,mN(1)
n,m(r, ω) + a1,n,mM(1)

n,m(r, ω), (2.36)

Esca(r, ω) =
∞∑

n=1

n∑
m=−n

p0,n,mN(3)
n,m(r, ω) + p1,n,mM(3)

n,m(r, ω), (2.37)

The expansion comes with their respective expansion coefficients aα,n,m for the
incident field and pα,n,m for the scattered field. Notice that we introduce the α to
the expansion coefficients, which points to the two parities of multipole, electric
multipole (α = 0) and magnetic multipole (α = 1).

The incident expansion coefficients aα,n,m and the scattered expansion coefficients
pα,n,m can be related by a matrix equation, known as the T-matrix T, stated in Eq.
(2.38), 

pα,1,m

pα,2,m

...
pα,n,m

 = T


aα,1,m

aα,2,m

...
aα,n,m

 . (2.38)

The T-matrix, represented as T, is a fundamental aspect in our study of scattering by
a system of nanoparticles. Its uniqueness signifies that it captures the entire essence
of a nanoparticle system’s electromagnetic interaction. The power of the T-matrix
lies in its ability to act as a comprehensive descriptor of the system, eliminating the
need for individualized representations of each nanoparticle. When an incident field
interacts with a system of nanoparticles, the T-matrix becomes an instrumental tool
in predicting the scattered field. Given that the incident field and the T-matrix of
the system are known, someone can determine how the system will scatter this field,
revealing the interactions at play at a microscopic level.

But the capabilities of the T-matrix do not end there. By diving deeper into
its mathematical structure, one can derive even more physical insights about the
system. For instance, optical cross-sections [51, 53], which are vital parameters in
understanding how light interacts with particles, can be extracted directly from the
T-matrix. We know that the light is absorbed and scattered when interacting with
the particle, or get "extinct" in total. The optical cross-sections are the extinction
cross-section, absorption cross-section, and the scattering cross-section, in which are
defined as the ratio between the power of light that is absorbed or scattered Wabs,sca
and the irradiance Iinc,

Cabs,sca = Wabs,sca

Iinc
, (2.39)
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and the extinction cross-section is the summation of absorption cross-section and
scattering cross-section,

Cext = Cabs + Csca. (2.40)
Especially for the scattering cross-section and extinction cross-section for an arbitrary
particle, it can be derived further by finding the power W in form of Poynting vector
S through an imaginary sphere surrounding the particle with surface area A,

Winc = −
∫

A
Sinc · r̂ dA, Wsca =

∫
A

Ssca · r̂ dA, Wext = −
∫

A
Sext · r̂ dA, (2.41)

recalling that the Poynting vector in form of electric field E and magnetic field H is
defined as

S = E × H. (2.42)
Meanwhile, the absorbed light power is written as the sum of three terms: Wabs =
Winc − Wsca + Wext. We can get the scattering cross-section assuming that we are
in the far-field region leading to that the imaginary sphere has a large radius. This
means that the scattered field only has radial component. Then, if we consider
unpolarized incident light, we have to take the rotationally average of the cross-
sections by calculating the cross-section over all possible direction of the incident
field and take the average of all of the illumination. After we substitute Eq. (2.41),
(2.36), (2.37), and (2.38), into Eq. (2.39) and (2.40), we can get the expression of
scattering and extinction cross-section in form of T-matrix T as

Csca = 4π

k2
bg

Tr
(∣∣∣T∣∣∣2) , (2.43)

Cext = − 4π

k2
bg

Re
[
Tr
(
T
)]

, (2.44)

where kbg is the wavenumber of the background medium. Basically, by computing the
trace of the T-matrix—a process that essentially sums up its diagonal elements—one
can determine these cross-sections.

For an isolated spherical object, the T-matrix can be derived analytically. That
simplicity renders possible computations extremely accurate and fast. When de-
termining the T-matrix for such an object, it is crucial to consider the interface
conditions that dictate the behavior of the electromagnetic field. For a spherical
particle, this concerns the surface of the object. Given the geometry and symmetry
of a sphere, the electromagnetic field’s behavior can be understood by examining
its interface conditions. One of the most fundamental principles at play here is the
continuity of the tangential components of the electromagnetic field. Applying this
fact in form of spherical coordinate, we express the interface condition,

r̂ × Ein(r, ω) − r̂ × Eout(r, ω) = 0, (2.45)

r̂ × Bin(r, ω) − r̂ × Bout(r, ω) = 0, (2.46)
where Ein denotes the component of E tangential to the surface that resides inside
the object and Eout denotes the component of E tangential to the surface outside of
the object. By leveraging this principle and integrating it with Maxwell’s equations,
an analytical expression for the T-matrix can be derived. The single sphere T-matrix
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have only diagonal elements Tα,n,m. Further, the single sphere T-matrix is diagonal,
and we can find the diagonal elements of the single sphere T-matrix analytically,

Tn,α = µsphς2
αz(1)

n (ΩkR)[kRz(1)
n (kR)]′ − µsphz(1)

n (kR)[ΩkRz(1)
n (kR)]′

µbgς2
αz

(1)
n (ΩkR)[kRz

(3)
n (kR)]′ − µsphz

(3)
n (kR)[ΩkRz

(1)
n (kR)]′

. (2.47)

The subscript sph and bg mean the sphere media and the background media in
order. k is the wavenumber, k = ω

c

√
ϵbgµbg, R is the radius of the sphere, Ω is the

wave impedance, Ω =
√

ϵbgµbg
ϵsphµsph

, and the value of ςα depends on the multipole parity
considered α,

ςα =


Ω, α = 0

1, α = 1
. (2.48)

However, the realm of particles is vast and varied. For those that possess even
more convoluted or irregular geometries, the analytical approach often falls short.
In these instances, we must turn our attention to numerical methods, such as the
finite element method [54]. These computational techniques, while more resource-
intensive, offer a versatile solution, enabling us to tackle a broader spectrum of
shapes and configurations. Through iterative calculations and simulations, these
numerical strategies can approximate the scattering behavior of these complex entities,
providing invaluable insights into their interactions with electromagnetic fields.

2.5 Global T-matrix for a cluster of particles
In this thesis, we are not only considering individual spherical nanoparticle, but

also a cluster comprising of finite number of spherical nanoparticles. Then, we need
to suitably express the scattering response from that cluster of nanoparticles. To
extend the formalism, we essentially write the total incident E-field of a nanoparticle
in a cluster on nanoparticles as a superposition of the external incident E-field (Eext

inc)
and the scattered E-field from the other nanoparticles [55, 56],

Etotal
inc,i (r, ω) = Eext

inc(r, ω) +
∑
j ̸=i

Esca,j(r, ω), (2.49)

which we call secondary illumination field Esec
inc. We have discussed the T-matrix

of a single nanoparticle, but the formulation explained beforehand is not suitable
for a cluster of nanoparticles. For that purpose, we introduce the local T-matrix
Tlocal to describe the scattering from a cluster of particles. The local T-matrix of the
overall cluster of nanoparticles represent all of the scattering response from all of
individual nanoparticles and the interaction between the neighboring nanoparticles.
To accommodate the additional illumination on each particle from the scattered field
from all the other particles, we extend Eq. (2.38). Equation (2.38) can be written in
a T-matrix equation term as


pα,1,m

pα,2,m

...
pα,n,m

 = T


aα,1,m

aα,2,m

...
aα,n,m

+ T


0 τ

(3)
α,1,2 · · · τ

(3)
α,1,N

τ
(3)
α,2,1 0 . . . . . .
... . . . 0 . . .

τ
(3)
α,N,1

. . . . . . 0




pα,1,m

pα,2,m

...
pα,n,m

 = T


aα,1,m

aα,2,m

...
aα,n,m

 .
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plocal = Tlocalalocal + Tlocalτ
(3)
localplocal. (2.50)

Equation (2.50) can be rearranged in a form of local T-matrix, Tlocal,

plocal = (1 − Tlocalτ
(3)
local)−1Tlocalalocal (2.51)

Since the Eint
sec of a particle is relevant to the scattered field of neighboring particles,

we need to find the element matrix τ
(3)
local,α,i,j , translation coefficients of the particle-ith

to the particle-jth. The translation coefficient allows us to describe the scattered
field from a particle relative to a different origin. Previously, we assumed that the
coordinate center for the calculation was the same as the center point of the particle.
Now, we can move the particle from its coordinate center and calculate the field from
a different origin. This means we can determine the field from a particle in relation
to other particles that are not positioned at the coordinate center of the system. In
essence to express the scattered field from particle j as an incident field on particle i.
The translation coefficient τ

(3)
i,j is related to the properties of VSWF expansion at

different position [57, 58],

τ
(3)
i,j (k(r − R)) =

∞∑
λ=1

λ∑
µ=−λ

[
τ

(3),1
λµlm(−kR) + τ

(3),2
λµlm(−kR)

]
τ

(1)
λ,µ(kr), r < R (2.52)

τ
(3)
i,j (k(r − R)) =

∞∑
λ=1

λ∑
µ=−λ

[
τ

(1),1
λµlm(−kR) + τ

(1),2
λµlm(−kR)

]
τ

(3)
λ,µ(kr), r > R (2.53)

τ
(1)
i,j (k(r − R)) =

∞∑
λ=1

λ∑
µ=−λ

[
τ

(1),1
λµlm(−kR) + τ

(1),2
λµlm(−kR)

]
τ

(1)
λ,µ(kr). (2.54)

Equation (2.52) and (2.53) is used for translating the scattered field when the incident
field at the center of coordinate and the particle is translated from vector r to R
and Eq. (2.54) grant us to translate the incident field to a different origin. Then, the
translation coefficients in Eq. (2.52)-(2.54) are related to the translation coefficients
τ

(n),v
λµmn, v = {1, 2},

τ
(n),1
λµmn(kr) = γlm

γλµ

(−1)m 2λ + 1
λ(λ + 1) iλ−l

√√√√π
(l + m)!(λ − µ)!
(l − m)!(λ + µ)!

∑
n=1

max([λ−l],[µ−m])∑
p=λ+l−(2n−1)

[
ip

√
2p + 1z(n)

p (kr)Yp,m−µ(r̂)
(

l λ p
m −µ −m + µ

)(
l λ p
0 0 0

)

{l(l + 1) + λ(λ + 1) − p(p + 1)}] (2.55)

τ
(n),2
λµmn(kr) = γlm

γλµ

(−1)m 2λ + 1
λ(λ + 1) iλ−l

√√√√π
(l + m)!(λ − µ)!
(l − m)!(λ + µ)!

∑
n=1

max([λ−l],[µ−m])∑
p=λ+l−(2n−2)

[
ip

√
2p + 1z(n)

p (kr)Yp,m−µ(r̂)
(

l λ p
m −µ −m + µ

)(
l λ p − 1
0 0 0

)
√

[(l + λ + 1)2 − p2][p2 − (l − λ)2]
]

(2.56)
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The 3x2 matrices at Eq. (2.55) and Eq. (2.56) are the Wigner 3j-symbol.

The local T-matrix primarily operates within a defined correlation between
individual particles. This makes it effective for localized problems but insufficient
when addressing the collective behavior. In contrast, the global T-matrix offers a
better approach by integrating the properties of each nanoparticle in the cluster,
meaning that we can understand a more comprehensive picture of their combined
scattering response. This translation from local to global coordinates is made
possible by translating the local Mie coefficients, which inherently describe the
scattering behavior of single particles, to a global coordinate system centered at r0.
This is especially crucial in research and applications where the interplay between
nanoparticles in a cluster can lead to unique optical response, which would not be
clear when looking at individual nanoparticles in isolation. The global scattered
coefficient pglobal are related to the the local scattered coefficient plocal as

pglobal =
(
τ

(3)
0,1 τ

(3)
0,2 · · · · · · τ

(3)
0,N

)
plocal, (2.57)

and

aglobal =



τ
(1)
1,0

τ
(1)
2,0
· · ·
· · ·
τ

(1)
N,0

 alocal. (2.58)

By substituting Eq. (2.57) and (2.58) to Eq. (2.50), the global T-matrix formulation
is derived as

pglobal =
(
τ

(3)
0,1 τ

(3)
0,2 · · · · · · τ

(3)
0,N

)
(1 − Tlocalτ

(3)
local)−1Tlocal



τ
(1)
1,0

τ
(1)
2,0
· · ·
· · ·
τ

(1)
N,0

 aglobal

pglobal = Tglobalaglobal (2.59)

2.6 Scattering from a two-dimensional periodic layer
We have just demonstrated how to calculate the scattering response of a cluster
of nanoparticles. When such a cluster is periodically and infinitely arranged in
two dimensions, it forms a consistent layer. In essence, it forms a grating from
which we wish to calculate reflection and transmission for a given illumination. This
requires to consider the interaction of some central unit cell with all the other unit
cells forming the lattice, a process that we sometimes call renormalization [59].
Specifically, we introduce the Ewald summation, a mathematical approach pivotal
for efficiently computing interactions in periodic systems [60]. On other hand, we
explore the Q-matrix method, an essential tool for deriving the reflection and the
transmission coefficient from an individual layer [61]. Both methods are combined
with the T-matrix methods explain previously.

Consider a periodic layer that consists of a lattice of clusters. Please be re-
minded that each of these clusters consists of a larger number of individual metallic
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nanoparticles that are tightly packed. The layer is illuminated with a plane wave.
The plane wave has to be expended into spherical waves since we are dealing with
spherical particles inside the lattice. We adopt Eq. (2.51) that express the scattered
Mie coefficients to the individual contribution within a lattice and the interaction
with all the other particles forming the lattice,

player = (1 − Tlattice
∑
R

′
τ

(3)
latticee

ik∥·R′)−1Tlatticealayer = (1 − U)−1Tlatticealayer (2.60)

where R = m1a1 + m2a2 is the lattice points in term of lattice constant m1,2 and
primitive vector a1,2. Notice that we do not consider the origin, indicated by primed
sum of Eq. (2.60). The difference between Eq. (2.51) and Eq. (2.60) is that the
translation coefficient inside Eq. (2.60) accomodates the interaction between all
of the periodic lattices by the lattice summation U , instead of particles inside a
lattice that interact locally. When attempting to compute the interactions in a
layer characterized by an infinite lattices, especially over long ranges, it becomes
impractical or even impossible to sum over all pairs of unit cells directly. Therefore,
lattice summation techniques exploit the translational symmetry to drastically reduce
the computational effort needed to calculate total interaction. Common methods
include the Ewald summation [60] and non-Ewald summations, like Wolf summation
[62]. In the following, we give an overview the Ewald summation [63].

2.6.1 Ewald summation
Some interactions between the unit cells forming the lattice can be short-range and
only affect nearby neighbors, or can have effects over long distances. Computing
all these interactions directly, especially for large systems, becomes computationally
expensive and often infeasible. Ewald summation allows to compute efficiently the
long-range interactions between the unit cell in a periodic lattice system. The basic
idea behind Ewald summation is to split the calculation of the interactions into
two parts: one in short-range and one in long-range. This separation allows for the
summation of each part to converge more rapidly than if one were trying to compute
the potential directly over all particle pairs in the system. According to Eq. (2.60)
and the concept of the Ewald summation, we separate U into three terms,

Ulm(k) = Ushort,lm(k) + Ulong,lm(k) + Ucorr,lm(k). (2.61)

A third term Ucorr,lm(k) is added to Eq. 2.61 to correct the overall summation since
the summation does not use periodic condition. In this thesis, we do not approach
the full derivation of the decomposition, but the thesis by Beutel had done a great
job deriving the Ewald summation that consist of the VSWFs.

The short-range summation is derived by introducing the integral representation
of the spherical Hankel functions and the decomposition formula in a paper by Solbrig
et al., done in real space, we can get

Ushort,lm(k) =
−i
√

2l+1(l−m)!
4π(l+m)! P m

l (0)
√

π

∑
R

eik∥·R+imϕ−R
1
k

(2R

k

)l ∫ ∞

T 2
ul− 1

2 e−R2u+ k2
4u du.

(2.62)
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The integral I1(k, R) = 1
k

(
2R
k

)l ∫∞
T 2 ul− 1

2 e−R2u+ k2
4u du can be solved by the recursion

relation(
2RT 2

k

)l 1
R2kT

e−r2T 2+ k2
4T 2 = Il(k, R) + 1 − 2l

rk
Il−1(k, R) + Il−2(k, R). (2.63)

Since we want to determine I1(k, R), we need to know I0(k, R) and I−1(k, R). They
can be expressed by a linear combination of Faddeeva function w,

I0(k, R) ± I−1(k, R) =
√

π

kR
e−(RT )2+( k

2T )2

w

(
iRT ± k

2T

)
. (2.64)

Then, the long-range summation Ulong,lm is calculated in reciprocal space to reduce
some errors from the calculation of the short-range summation in real space. By using
the Fourier transform properties, the contributions emerging from the long-range
interaction convergence more rapidly. By introducing the reciprocal lattice vector
G = M1b1 + M2b2, with the reciprocal lattice constant M1,2 and reciprocal primitive
vector b1,2, the final form of Ulong,lm can be expressed using the incomplete gamma
function Γ as

Ulong,lm(k) =
im
√

(2l + 1)(l − m)!(l + m)!
Ak

∑
G


∣∣∣k∥ + G

∣∣∣
2k

l

e
imϕk∥+G

Γk∥+G

·
l−|m|

2∑
λ=0

(
Γk∥+G

|k∥+G|

)2λ

λ!
(

l+m
2 − λ

)
!
(

l−m
2 − λ

)
!
Γ
1

2 − λ, −
Γ2

k∥+G

4T 2

 .

(2.65)

Next, the correction to the Ewald summation must be included to remove errors
from the short and long-range summation. The correction is related to an additional
self-interaction, because particles now interact with their periodic images, these
self-interactions need to be subtracted. This correction is expressed as

Ucorr,lm(k) = δl0

4π
Γ
(

−1
2 , − k2

4T 2

)
. (2.66)

It is important to determine the appropriate value for the coefficient T in Eq.
(2.62), Eq. (2.65), and Eq. (2.66) in advance to ensure that the individual terms
vanish quickly as the vector length increases. Additionally, the exponential in the
integral representation of the spherical Hankel function used for deriving the Ushort,lm
should be consistent for both the real and reciprocal space components. Also, it
is noted that the equations previously use spherical wave as the basis, we have to
revert back the Ewald summation to the plane wave basis since the layer mostly is
defined as a planar structure, it is better to represent the formulation in Cartesian
coordinate and propagation in plane wave is much more likely.

We can represent the total scattered field Esca from the lattice scattered Mie
coefficient player in Eq. (2.60) to relate the formulation to reflection and transmission
coefficient further in form of

E(r) =
∑
s=±

∑
d=↕

∑
G

EG,sdeikG,sd·r, (2.67)
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where

EG,sd =
∞∑

l=1

l∑
m=−l

2πγlm

AksΓG,sil+1

(
m

sin θ
P m

l (cos θ) + s
∂

∂θ
P m

l (cos θ)
)

. (2.68)

Note that, the formulation here is in helicity basis. We can convert the field from
the helicity basis into parity basis (TM and TE polarization) later thereafter.

2.6.2 Propagation in multilayer system by Q-matrix method
Until now, we have derived the scattered field from a two-dimensional infinitely

extending layer in Eq. (2.68). Taking our analysis further, we now expand our focus
from a single layer to a more complex multilayer system. Our primary objective is to
determine the reflection and transmission coefficients arising from interactions within
this system. A paper by Beutel et al. [61] explains a method that is not only fast but
also efficient. This approach is referred to as the "Q-matrix method." The essence of
the Q-matrix lies in its ability to establish a connection between the incoming fields,
both from above and below the layer, and the outgoing fields from the layer. This
relationship is shown in the matrix equation presented in Eq. (2.69).

(
Eabove

↑
Ebelow

↓

)
=
Q

↑↑
Q

↑↓
Q

↓↑
Q

↓↓

(Ebelow
↑

Eabove
↓

)
(2.69)

In the context of Eq. (2.69), the first arrow in the subscript of the Q-matrix element
indicates the where the field propagation direction and the second arrow expresses
the outgoing field propagation direction. For example, in this case, Q

↓↑
means that

it is the Q-matrix element that represent the field coming from and to above the
layer. Then, the superscript denotes region where the field reside. When considering
a multilayer system, each Q-matrix is a representation of the propagation inside a
single layer. It is noted also that one observes that an incoming field in one layer
could very well correspond to an outgoing field in another layer, and the reverse holds
true as well. So that, for a multilayer system, all layers are considered in the process.

The Q-matrix calculation is done in slices. There are interfaces, bulk layers, and
layers that contain particles. Figure 2.2 visualizes an example of a multilayer system
with their definition of the slices. The Q-matrix elements of an interface between
two bulk layers can be calculated as

Qdd′,GG′,ss′ =
δGG′tss′,d, d = d′

δGG′rss′,d, d ̸= d′ , (2.70)

where the t and the r is the transmission coefficient and reflection coefficient in
order. The first case in Eq. (2.70) is used for an interface that represent the top and
bottom edge of a multilayer system and the second case is applied for the interface
between layers inside the multilayer system. Next, the field can propagate through a
bulk layer, a layer made of homogenous medium. The Q-matrix elements for this
homogeneous layer are

Qdd′,GG′,ss′ = δdd′δGG′δss′eikG,sd·d. (2.71)
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Figure 2.2: Definition of the slices in the Q-matrix method.

The Kronecker Delta in Eq. (2.70) and Eq. (2.71) shows whatever diffraction orders
appears in the bulk layer with wavevector kG,sd. The dummies d, G, s are still related
to the dummies explained in the Ewald summation chapter. The vector d determine
the center point of the slice relative to its edge. Lastly, the particle in a layer slice
has Q-matrices elements to the expansion coefficents that has been modified with
Ewald summation in Eq. (2.61). As the last step, we have to combine all of the slices
in the multilayer system.

Finally, we can do some post-processing after we obtained the Q-matrix. At
first, we can get the expansion Mie coefficients of an electric field, outside and inside
the layer. The relations between the Q-matrix element to the expansion coefficients
of outgoing wave below and above the multilayer system are

Eabove
↑ = (1 − Qa

↑↓
Qb

↓↑
)−1Qa

↑↑
Ea

↑ + Qa

↓↑
(1 − Qa

↑↓
Qb

↓↑
)−1Qb

↓↓
Eb

↓, (2.72)

Ebelow
↓ = Qb

↓↑
(1 − Qa

↑↓
Qb

↓↑
)−1Qa

↑↑
Ea

↑ + (1 − Qa

↑↓
Qb

↓↑
)−1Qb

↓↓
Eb

↓. (2.73)

Starting from this point, determining the reflection and transmission coefficient
becomes feasible, as they correlate directly to the expansion coefficients of the electric
field, as highlighted in Eq. 2.72 and Eq. 2.73. The directionality of the incoming
wave plays a pivotal role in this determination. To illustrate, when the incoming
field approaches from a downward trajectory, the reflection coefficient is derived from
Eq. 2.72. Conversely, for the calculation of the transmission coefficient, one would
reference Eq. 2.73.

2.7 Homogenization of a layer
Up until this point, our discussion has focused on the characterization of thin

films without delving into the optimization of their properties. As outlined in the
previous sections, our approach involves defining the arrangement of particles within
the film using a fixed filling fraction and dimensions of the unit cell comprising
these particles. Therefore, adjusting the thickness of the thin film in a continuous
fashion is challenging, as it would entail introducing empty gaps between the top
and bottom of the film within the particles packing domain. To overcome this
challenge, one viable solution is to homogenize the thin film containing the metallic
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nanoparticles, effectively treating it as a continuous medium with bulk properties
[15, 64, 65, 66, 67]. This allows us to represent the thin film as a whole, characterized
by its effective electric relative permittivity (ϵeff) and effective relative magnetic
permeability (µeff), simplifying the analysis and enabling a more comprehensive
exploration to the properties of the film. That is possible because once we know
the effective properties, we can treat it as a homogeneous film and can continuously
change its thickness in the analysis.

Prior to delving into the methodology for determining the effective relative
permittivity of a thin film, it is essential whether the system in question is indeed
feasible to homogenization. We can turn to the valuable insights provided by Zerulla
et al. [67]. Their work presents an approach to determine whether a material can
be homogenized or not by exploring their band structure, facilitated through the
utilization of an effective T-matrix. Meanwhile, the band structure itself can be
derived by solving the eigenvalue equation associated with the material starting from
the Q-matrix [68, 69]. Not that the unit cells inside the film has lattice vector a3 in
z-axis. Because that the plane wave from the N -th slice reaching the adjacent slice
becomes generalized Bloch waves with property

E↑↓(N + 1) = eik·a3E↑↓(N), (2.74)

where the arrow is a notation whether the electromagnetic coming from below or
above, stated previously in Eq. (2.69). Note that the wavevector k is a function of
k∥ and the z-component of the wavevector kz. We will find the band structure in
form of kz through the k. Then, the electric fields at slice N -th and N + 1-th are
connected through the elements of the Q-matrix as follows

E↑
N+1 = Q↑↑E↑,N + Q↑↓E↓,N+1, (2.75)

E↓
N = Q↓↑E↑,N + Q↓↓E↓,N+1. (2.76)

Substituting Eq. (2.74) to Eq. (2.75) and Eq. (2.76), we can get an eigenvalue
equation,(

Q↑↑ Q↑↓
−[Q↓↓]−1Q↓↑Q↑↑ [Q↓↓]−1[1 − Q↓↑Q↓↓]

)(
E↑,N

E↓,N+1

)
= eik·a3

(
E↑,N

E↓,N+1

)
. (2.77)

So that by finding the eigenvalues of Eq. (2.77), we can find a set of numbers that is
equal to eik·a3 for a given parallel wave vector component k∥ and frequency ω.

The upper frequency up to which we consider a material to be homogenizable
can be derived from a basic condition. The condition that we impose on the band
structure is that the second derivative of the frequency (f) to the wavenumber
component perpendicular to the thin film (kz) is equal to zero [67],

∂2f

∂k2
z

= 0. (2.78)

For all frequencies below that condition, we expect the material to be homogenizable.
At the frequency where this condition is met, the dispersion relation is roughly in
the center of the Brillouin zone, and we expect that the electromagnetic field does
not experience the spatial periodicity of the underlying medium. For example, in
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Fig. 2.3, the band-structure of an example of a thin film shows that there is no
discontinuity along all of the frequency considered. This means that this thin film is
homogenizable in the entire spectrum.

Figure 2.3: (a) The real component and (b) imaginary component of the band
structure of a thin film consisting of copper nanoparticles in alumina media. Total
number of nanoparticles = 102, filling fraction = 58% and the thickness of the
film = 16.1 nm. The inset shows the size distribution of the copper nanoparticles.

In this thesis, effective medium retrieval method is used to homogenize the
thin film containing the nanoparticles [70, 71]. This method considers the reflection
and transmission coefficient from a thin film with given thickness. The approach
basically takes the reflection and transmission coefficient from the actual film and
tries to identify the effective material parameters of a homogeneous thin film that
would give the same reflection and transmission coefficient. Within the application
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of this method in this thesis, we assume linear-polarized plane-wave illumination at
normal incidence and the thin film is surrounded by a vacuum. The thin film at the
effective level is made from an isotropic, homogeneous, local medium, and without
electromagnetic coupling. We can find the ϵeff and the µeff once we know the effective
wavenumber and its effective impedance by

ϵeff = kf

ηf

, (2.79)

µeff =
(

kfc

ω

)2 (
ηf

kf

)
, (2.80)

where parameters kf and ηf are defined as

ηf = i

√√√√k2
s(r − 1)2 − k2

c (t)2

(t)2 − (r + 1)2 , (2.81)

kf =
(

− cos−1
(

ks − r2ks + (t)2kc

(ks + kc − kst + kcr)(t)

)
+ 2πm

)(1
d

)
, (2.82)

where integer m is the branch order. The branch order is picked at the start of
the method to ensure continuity of the wave vector in the respective medium. The
subscript f , s, and c mean the film, substrate, and cladding in order. We can make
Eq. (2.81) and Eq. (2.82) much simpler because the substrate and the cladding
are set as vacuum, so that wavenumber of the substrate and the cladding is equal,
ks = kc = 2π

λ
, where λ is the wavelength of the incoming wave.

2.8 Transfer-matrix method

The transfer-matrix method is an elegant approach deeply rooted in linear
algebra, which provides a systematic way to analyze multilayer systems, commonly
encountered in optics and photonics [40, 72]. Given that real-world applications often
involve various materials with distinct optical properties, this method is invaluable
for predicting how light interacts with layered structures. When light encounters
such a system, it undergoes multiple reflections and transmissions at each interface.
By using the transfer-matrix method, these interactions are represented by matrices,
and their cumulative effect is determined by the multiplication of these matrices in a
specific sequence. This results in a global matrix, from which the overall reflection
and transmission coefficients of the entire structure can be derived. Furthermore,
the method’s versatility is highlighted by its capability to handle both transverse
electric (TE) polarized and transverse magnetic (TM) polarized light. Also, the
transfer-matrix method can accommodate oblique incidences.

We start by assuming that its interfaces are within the x-y plane. We consider
full invariance in y-direction, and the incident plane wave has a wavevector in the x-z
plane. We start the mathematical derivation of the transfer matrix by assuming two
type of linear polarization, transverse electric (TE) and transverse magnetic (TM),
as two separate problems. We assume that the field is invariance in x-axis, so that

E(x, z) = E(z)eikxx, (2.83)
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H(x, z) = E(z)eikxx. (2.84)
It is noted for the TE polarization, we choose the component of the electric field
points into the y-direction Ey(z), since the tangential component of the electric field
is continuous along the y-axis in the TE polarization. So that, the only the magnetic
field that matters (Hx(z)) in the plane of propagation, x-z plane. Substituting Eq.
(2.83) and Eq. (2.84) into the Helmholtz equation yields

iωµ0Hx(z) = ∂

∂z
E(z). (2.85)

For TM polarization we have to consider the H-field that is parallel to the y-axis.
Following the same approach as in the TE case, we can get the expression for the
TM polarization,

−iωϵ0Ex(z) = 1
ϵf

∂

∂z
H(z), (2.86)

the subscript f means the region inside the film. Then, we can generalize Eq. (2.85)
and Eq. (2.86) for both polarization cases that

G(z) = ϱ
∂

∂z
F (z), (2.87)

where for TE polarization case, G(z) = iωµ0Hx(z), F (z) = E(z), ϱ = 1, and for
TM polarization case, G(z) = −iωϵ0Ex(z), F (z) = H(z), ϱ = 1/ϵf . Then, since we
know the incoming field at the interface between the substrate (the region where the
incident field propagates initially before contacting the film’s interface) and the film,
or we can say that at z = 0, we can solve an initial value problem by choosing a
suitable ansatz. We consider the ansatz

F (z) = C1e
ikf,zz + C2e

−ikf,zz. (2.88)

Here, the C1 and C2 coefficients are to be determined from the interface conditions
that the tangential component of the electric field is continuous at the interface of
the film, in this case at z = 0. This means that

F (0) = C1 + C2, (2.89)

and
G(0) = iϱkf,z[C1 − C2]. (2.90)

The kf,z is the z-component of the kf . Since we have two equations as a requirement
to find C1 and C2, we get

C1 = 1
2

[
F (0) − i

ϱkf,z

G(0)
]

, (2.91)

and
C2 = 1

2

[
F (0) + i

ϱkf,z

G(0)
]

. (2.92)

At last we know the constants C1 and C2, so that we can substitute the constants to
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the ansatz F (z) = C1e
ikf,z + C2e

ikf,z , yields

F (z) = cos(kf,zz)F (0) + 1
ϱkf,z

sin(kf,z)G(0), (2.93)

and
G(z) = −ϱkf,z sin(kf,z)F (0) + cos(kf,zz)G(0). (2.94)

We can write Eq. (2.93) and Eq. (2.94) as a matrix equation,(
F (z)
G(z)

)
= m̂

(
F (0)
G(0)

)
. (2.95)

The m̂ is the transfer matrix for a single slab, that is represented as

m̂ =
(

cos(kf,zz) 1
ϱkf,z

sin(kf,zz)
−ϱkf,z sin(kf,z) cos(kf,zz).

)
(2.96)

Further on, we can determine the transfer matrix of a multilayer system that has
total a thickness D consisting of N individual layers with thickness d = d1, d2, ..., dN

by computing the product of all the individual transfer matrices associated with each
layer. This process is mathematically represented by Eq. (2.97),(

F (z)
G(z)

)
d1+d2+...+dN =D

=
N∏

i=1
m̂i(di)

(
F (z)
G(z)

)
0

= M̂
(

F (z)
G(z)

)
0

, (2.97)

which systematically combines these matrices to capture the cumulative effect of the
entire multilayered system. Beforehand, we have to know the configuration, sketched
in Fig. 2.4. The cladding layer or can be called the coating layer is the first layer
when the incident field illuminated to the stacks and the substrate layer is the last
layer of the stacks. The remaining of the stacks then sandwiched by a cladding layer
and a substrate layer.

Specifically, when examining the field in the cladding, one must understand it
as a composite of both the incident field (FI) and any field reflected (FR) from the
slab. To do this, since the field in the cladding consists of the incident field and the
reflected field from the entire layer stack, the ansatz for the field in the cladding is

Fclad(x, z) = eikxx
[
FIeikclad,zz + FReikclad,zz

]
, (2.98)

and
Gclad(x, z) = iϱkclad,zeikxx

[
FIeikclad,zz − FReikclad,zz

]
. (2.99)

The subscript ’clad’ means cladding, subscript I and R imply incident wave and
reflected wave. Then, we define the ansatz for the field in the slabs as

Ff(x, z) = eikxxF (z), (2.100)

and
Gf(x, z) = eikxxG(z). (2.101)

By using the same way when determining the matrix equation for the single film
case, we can find the same matrix equation for the interface between the substrate
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Figure 2.4: A sketch of a multilayer system consisting of stacks of layers that are
sandwiched by a cladding or coating layer and a substrate layer. The layer stacks
in the figure can indicate one or more layers in the middle of the multilayer. The
incoming electromagnetic wave comes from above to the cladding layer with angle
of incident θ and the arrows show that the electromagnetic wave can propagates
inside the layers in frequent.

and the slabs in Eq. (2.97). However, we have to relate the field in the substrate and
the cladding (the region where the transmitted field propagates outside the stratified
film) to relate to the final reflectance and the transmittance. Again, we define the
ansatz for the field in the substrate in terms of transmitted field (FT ) as

Fsubs(x, z) = eikxxFT eiksubs,z(z−D), (2.102)

and
Gsubs(x, z) = iϱsubsksubs,zeikxxFT e−iksubs,z(z−D). (2.103)

Combining Eq. (2.98) and Eq. (2.99) with Eq. (2.102) and Eq. (2.103) results in
a matrix equation that represents the field in substrate and cladding linked with a
transfer matrix M̂,(

F (z)
G(z)

)
D

= M̂
(

F (z)
G(z)

)
0

⇒
(

FT

iϱkclad,zFT

)
=
(

M11 M12
M21 M22

)(
FI + FR

iϱkclad,z(FI − FR).

)
(2.104)

The transfer matrix M̂ connects the fields over an interface through the boundary
conditions of Maxwell’s equations. This means that we can find the reflected field and
transmitted field amplitudes depending on the incident field amplitude by solving
the system of coupled equations above as,

FR = (ϱsubsksubs,zM22 − ϱcladkclad,zM11) − i(M21 + ϱsubsϱcladksubs,zkclad,zM12)
(ϱsubsksubs,zM22 + ϱcladkclad,zM11) + i(M21 − ϱsubsϱcladksubs,zkclad,zM12)

FI ,

(2.105)

FT = 2ϱsubsksubs,z(M11M22 − M12M21)
(ϱsubsksubs,zM22 + ϱcladkclad,zM11) + i(M21 − ϱsubsϱcladksubs,zkclad,zM12)

FI .

(2.106)
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Equation (2.105) and Eq. (2.106) depend on the polarization of the incident field
that is considered. For the TE case, the F field is the E field and H field for the TM
case. Also, note that the value of ϱTE = 1 and ϱTM = 1/ϵlayer are set previously. At
last, we can find the reflection and transmission coefficient of the multilayer system.
The reflection coefficient r is defined as the ratio of the reflected wave’s complex
electric field amplitude for TE case and magnetic field amplitude for TM case to that
of the incident wave. Similar when finding the reflection coefficient, the transmission
coefficient t is the ratio between the transmitted wave to the incident wave,

rTE,TM = FR

FI

, (2.107)

tTE,TM = FT

FI

(2.108)

Finally, we can define the reflectance (R) and the transmittance (T ) from the
multilayer system illumination. The reflectance is equivalent to the ratio of the power
of the reflected wave to the incident wave and the transmittance is equivalent to
the ratio of the power of the transmitted wave to the incident wave. We can find
the reflectance (R) and the transmittance (T ) by the reflection and transmission
coefficient,

RTE,TM = |rTE,TM|2 , (2.109)

TTE,TM = Re|kclad,z|
ksubs,z

|tTE,TM|2 , (2.110)

2.9 Summary

In this chapter, we have explained the intricate framework of multiscale modeling
employed through this thesis. At its essence, once the physical configurations of
a nanoparticle cluster, coupled with its corresponding global T-matrix, are found,
we can calculate the scattering properties of a singular layer composed of these
clusters. Not stopping there, the further steps involve the deployment of techniques
like homogenization and the transfer-matrix method. On the upcoming chapter,
we will talk about how we apply the multiscale modeling framework to analyze the
nanoparticle-based thin film absorber, approached from both the individual molecular
nanoparticle and the bulk nanoparticle perspectives.



Chapter 2. Theoretical Background 32



3. Nanoparticle-based Multilayer
Broadband Absorber

Having covered the theoretical background, we are now ready to use the multiscale
modeling to explore the optical functionality of some selected into applications. Our
primary focus will be on understanding the optical functionality of the absorber
part of a nanoparticle-based thin-film solar thermal collector (STC). This emphasis
arises from the multiscale modeling ability to bridge the small dimensions of the
nanoparticles with the operational dynamics of a larger scale device through the
application of multiscale modeling techniques. By describing into the optical func-
tionality of the absorber, we aim to study how the nanoparticles capability to be the
basis of a thin-film absorber, and we demonstrate its potential to have a strong and
broadband absorption. We start this chapter by considering Au144 molecules as the
nanoparticle, and as we progress, our discussion will cover the incorporation of copper
nanoparticles into the thin-film absorber. We have complemented the theoretical
study with practical fabrication of the absorber. We note that the results presented
in this chapter is based on results published in [73, 74, 75].

3.1 The concept of nanoparticle-based solar thermal collector

A solar thermal collector can collect the sunlight because of a particular com-
ponent within its structure known as the ’absorber’. In nanoparticle-based STCs,
multiple processes inside the structure are responsible for the efficient absorption of
sunlight and its conversion into heat. A predominant one is plasmonic light trapping
that requires densely packed metallic nanoparticles [76]. These nanoparticles not only
scatter but also effectively trap sunlight between the nanoparticles gap, enhancing
the overall light absorption and making it more efficient. It is helpful to see these
nanoparticles as secondary light sources, especially after the initial scattering of
incoming light. This results in an increased photon flux between the nanoparticles in
the absorber, increasing the likelihood of light being trapped [77]. The intensity of
the near-field produced by these nanoparticles is influenced by their characteristics,
such as size, shape, and material composition. For instance, optimizing light trapping
can be achieved by minimizing the gap between nanoparticles, thereby increasing the
cluster’s filling fraction. We will explain more about this physical statement by utiliz-
ing the concept of plasmonic hybridization in later sections. Furthermore, designing
nanoparticles with pronounced features, like nanocylinders and nanocubes, concen-
trates charges at their edges and corners, allowing us to harness the lightning-rod
effect [78, 79], which also contributes to the absorption enhancement.

33
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Another contributing factor is to the overall absorption destructive interference
caused by multiple reflections inside the absorber layers. As light waves reflect
multiple times within this layers, certain waves can interfere and cancel each other
out, thereby minimizing energy losses different than absorption [80]. To minimize
these other loss channels, one can design the system so that the thickness of these
layers is optimized. The goal is to achieve zero reflection at the interface of the top
layer in the thin-film. For this to occur, it is essential that the generalized impedance
of the combined thin-film absorber layers aligns or matches with that of air. When
this matching is achieved, it ensures minimal reflections and maximizes the amount
of light that is absorbed. Of course, not just reflection needs to be minimized but
the same holds also for transmission. However, that is usually not a major issue,
since transmission can always be suppressed by using a rather metallic film as the
terminating layer of the thin-film. When reflection and transmission is suppressed,
light can only be dissipated inside the thin-film which implies in the current scenario
that heat is generated. It is worthwhile to mentioned that all these properties have to
be satisfied in an extended spectral domain, which contributes to the design challenge.

In the following section, we continue with the study of the nanoparticle-based
thin-film STCs absorber with two types of scatterers: Au144 molecules and copper
nanoparticles.

3.2 Thin-film absorber with Au144 molecules
In this section, we will discuss metallic molecules as the constituents of a thin-film

perfect absorber, specifically focusing on those comprising 144 gold atoms, denoted
as Au144. The choice of Au144 is not arbitrary. It stands out due to its stability,
as affirmed by density functional theory (DFT) energy computations and energy
decomposition analysis. Notably, this molecule forms a bridge to the broader realm
of gold nanoparticles, which would traditionally be the subject of pure classical
electromagnetic simulations, illustrated in Fig. 3.1. The advantage here is the
feasibility offered by the multiscale modeling, facilitating the study of phenomena
across multiple scales as explained before. As we progress in our discussion, we will
demonstrate that the performance of an absorber utilizing Au144 molecules is on
par with that of gold nanoparticles and it has a promising result. This comparison
holds significant implications. It suggests that the modeling of Au144 provides a
closer alignment with real-world scenarios, particularly since gold nanoparticles, in
essence, are assemblies of gold molecules. This analytical approach ensures that we
are not only operating in the realm of theoretical constructs but are also anchoring
our findings in tangible, practical scenarios.

This study is made possible through the use of time-dependent density functional
theory (TD-DFT), which allows for the chemical calculation of a molecule’s T-matrix.
We note that the TD-DFT calculation is done by Dr. Christof Holzer. TD-DFT is a
theoretical framework used in quantum chemistry and condensed matter physics to
study the electronic structure and dynamics of molecules, atoms, and solids. It is an
extension of density functional theory (DFT), which is primarily used to calculate
the ground state electronic structure of systems, by introducing time-dependent
perturbation to the system, often in the form of an external electromagnetic field
(such as light). This perturbation can excite electrons from the ground state to higher
energy states, creating excited states. By solving coupled-perturbed Kohn-Sham
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Figure 3.1: Au144 molecule that is constructed by the quantum chemical method is
approximated with a sphere in the Maxwell equation-type computational method.
Adapted from [73].

equations, we can obtain the dipolar electric polarizability tensor from a molecules
through the transition density of it in the excited states [81, 82]. The resulting
transition density outlines the average charge motion away from the atoms in this
band.

The T-matrix calculation is done by Turbomole program. In our case, we
calculate the T-matrix from a stable Au144. The radius equal to 0.7516 nm. Figure
3.2 shows its transition density.

3.2.1 Application of the multiscale modelling
We now employ the molecular T-matrix obtained through TD-DFT simulations

to describe the optical properties of a realistic macroscopic device. We specifically
focus on the characteristics of Au144 gold molecules, which are considered as the
nanoparticles embedded within the thin-film absorber. Using Eq. 3.1, we can
calculate the T-matrix in dipole approximation for this molecule linked to the
molecule’s electric polarizability tensor, which measures the induced electric dipole
moment in response to an external electric field. Please note, we consider here only
the electric dipolar polarizability, since this is the only term that has a nonvanishing
contribution. Electromagnetic coupling terms are not important because of the
quasispherical symmetry of the considered object, and magnetic dipole moments or
even higher-order multipole moments are too weakly excited. Further, Fernandez-
Corbaton et al. [83] have derived a one-to-one relationship between the electric
polarizability tensor α as expressed in Cartesian coordinates and the T-matrix T of
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Figure 3.2: Transition density at the plasmonic peak (λ = 460 nm) of the Au144
generated from the polarizabilities from 2.0 to 2.5 eV. An isovalue of 0.00015 a.u.
was used. Adapted from [73].

a molecule. This relationship is expressed as

T = −Zk3c

6πi
M
(
α
)

M−1, M =


1√
2

i√
2 0

0 0 1
− 1√

2
i√
2 0


−1

, (3.1)

where Z is the wave impedance, k is the wavenumber of the background medium, c is
the speed of light, and the matrix M is the transformation matrix from a Cartesian to
spherical basis since we are dealing with further formulations in spherical coordinate.
Equation (3.1) is derived by considering that the dipolar incident Mie coefficients
aα,n,m are proportional to the incident electromagnetic wave at the origin in spherical
coordinates. We apply then Eq. (3.1) to express the Au144 molecule T-matrix that
is obtained through TD-DFT. Figure (3.3) depicts the electric polarizability of the
Au144 molecule in vacuum and silica (SiO2) background. The electric polarizability
of the metallic molecule in vacuum (blue line in Fig. (3.3)) indicates that the Au144
nanoparticle possesses two pronounced maxima peaks that can lead to localized
surface plasmon resonance (LSPR) at λ = 460 nm and λ = 565 nm. When the Au144
molecule is placed in a vacuum, its electric polarizability is solely determined by the
intrinsic properties of the nanoparticle itself. However, when the gold nanoparticle is
embedded in a SiO2 matrix, the two maxima peaks are still evident but exhibit a slight
shift to lower energies and an increase in magnitude. This suggests that the SiO2
matrix has the ability to enhance the strength of the LSPR generated by the induced
electric dipole within the nanoparticle. Such a redshift of the LSPR resonance is fully
inline with the phenomenological description that we have developed in subsection
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Figure 3.3: Magnitude of the electric dipolar polarizability of an Au144 nanopar-
ticle in air and SiO2. Adapted from [73].

2.3.2. When describing the LSPR of a small metallic nanoparticle, we have seen
that an increase in the permittivity of the background material forces the LSPR to
occur at a wavelength where the permittivity takes more negative values. When
considering the metal to be described with a Drude type material dispersion, this
more negative permittivity occurs at smaller frequencies so at longer wavelengths.
And it is that change in the resonance wavelength that we even see to emerge at the
level of a TD-DFT simulation.

As a next step, we wanted to describe the response from a larger cluster of
such metallic molecules that we consider later as one unit cell that is periodically
arranged to study the reflection and transmission from a thin-film. For that purpose,
we assembled 500 Au144 molecules into a cubic unit cell with a side length of 12.5 nm
utilizing the force-biased algorithm. Figure 3.4 illustrates an exemplarily cluster of
these molecules with a filling fraction of 45%. Advancing in our multiscale modeling
approach, we determined the global T-matrix for this cluster. Given that all molecules
in the cluster are identical, it is much easier and faster to compute the cluster’s
global T-matrix only with a T-matrix of single gold molecule. After having computed
the T-matrix of the cluster of metallic molecules in a local formulation, translation
operations are performed to obtain the global T-matrix for the entire cluster. Utilizing
this global T-matrix, we computed the absorption cross-section of the molecules
cluster. Figure 3.5 shows the absorption cross-section of a single Au144 molecule and a
configuration of 101 densely packed Au144 molecules embedded in a silica matrix. For
comparison, we also show the absorption cross-sectioon of a single gold nanoparticles
with nominal the same radius as the Au144 molecule and a configuration of 101 gold
nanospheres embedded in the same background medium. When treating them at
the level of a gold nanosphere, the polarizability was expressed purely on classical
grounds. This comparison aims to ascertain the optical interactions, if any, between
the molecules when closely packed. To be specific, the T-matrix of this particular
single gold nanosphere is calculated analytically through Eq. (2.47), and the cluster
of 101 gold nanospheres are generated in full agreement with the cluster made from
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Figure 3.4: Cubical unit cell for a cluster containing 500 metallic molecules
classically described as small metallic nanoparticles. Adapted from [73].

with the Au144 molecules. Note that we use the Johnson-Christy experimental gold
permittivity [45] with size effect added for the gold nanosphere calculation.

Figure 3.5: The absorption cross-section from a single Au144 molecule (solid line,
left y-axis), a single Au nanosphere (dashed line, left y-axis), a cluster comprising
101 Au144 molecules (solid line, right y-axis), and a cluster comprising 101 Au
nanospheres (dashed line, right y-axis).

The interaction between the gold molecules in a unit cell does not introduce new
resonance peaks in the visible light spectrum. It also applies to the gold nanospheres.
Drawing upon the principles of plasmon hybridization theory, the induced electric
dipoles between the gold molecules are neither completely in-phase nor out-of-phase.
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As a result, the antibonding mode typically seen at shorter wavelengths is absent
in this scenario. A distinct resonance peak for an individual gold nanosphere is
identified at λ = 526 nm, corresponding to the localized surface plasmon resonance
(LSPR) of that specific nanosphere. In contrast to this, the absorption cross-section
for the gold molecule does exhibit a barely pronounced weak resonance peak. The
weak resonance can be attributed to the longer atomic spacing within the gold
molecule compared to a gold nanosphere of the same dimensions, leading to less of
probability of electrons interact to each other in the molecule, so that causing lack
of resonance for the molecule. Also, the quantum simulation is unable to compute
the plasmonic interactions from the molecule electron gas correctly. The molecules
of that small size cannot be treated on the base of classical Maxwell’s equations
where the material properties are captured with a dielectric function. So that, the
discrete nature of the transitions that we still observed in the polarizability clear
speaks against such a treatment of the Au144 molecule at the level of a continua.
Furthermore, the absorption magnitude intensifies with the inclusion of more gold
molecules or nanospheres. This is not just a result of increased quantities leading to
a higher probability of absorption, but also due to the fact that gold molecules tend
to weakly interact with one another, primarily through van der Waals forces. Given
the minuscule size of these particles, scattering effects are minimal, effectively ruling
out any significant radiative interaction among them. These findings align well with
established physical theories and expectations. Importantly, throughout our study,
we have thoroughly considered and incorporated the effects of these interactions in
our modeling and analysis.

We continue the multiscale modeling by creating a layer that is periodically
and infinitely arranged in two dimensions. In our case, a layer consisting of Au144
molecules in silica matrix cluster is build. The thickness equal to the lattice constant
of the cluster unit cell, which is d = 12.5 nm. Substrate and cladding consists of
a vacuum. Then, we can calculate the reflection coefficient and the transmission
coefficient of this layer through the previously described Q-matrix method. This
allow us to find the effective electric permittivity of this layer by s-parameter retrieval
method in form of Eq. (2.79). We can retrieve the effective magnetic permeability as
well. However, it is negligibly dispersive relative to the vacuum permeability because
the Au144 molecule is nonmagnetic. We also want to study the optical response when
considering thin-films with different thicknesses. For this purpose, we consider layers
comprising of the Au144 molecules layer stacked to each other. We consider that the
thin-film will have 1, 2, and 4 layers as a stack. This means that the thickness of
each stack equal to d = {12.5, 12.5 · 2, 12.5 · 4} nm. Figure 3.6 presents the effective
relative electric permittivity of the Au144 molecules thin-film stacks that was retrived
from the respective complex reflection and transmission coefficients. We observe that
the real and imaginary components of the effective relative electric permittivity for
both a single stack and multiple stacks are nearly identical. This suggests that the
permittivity is not dependent on the thickness of the layer, classifying this layer as
homogeneous. Consequently, the effective permittivity retrieval algorithm appears to
be working correctly. Additionally, two peaks are noticeable in the real component of
the permittivity curve. These peaks correspond to wavelengths that bear resemblance
to the electric polarizability curve presented in Fig. 3.3. This observation holds
true for the peak of the imaginary component of the electric polarizability at a
wavelength of 635 nm. Furthermore, the curve of the real part displays an increase
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Figure 3.6: Real and imaginary part of the effective relative electric permittivity
of the Au144 nanoparticles in SiO2 matrix thin-film stacks. Adapted from [73].

and subsequently starts to decay at longer wavelengths. This behavior is reminiscent
of the real part of the Lorentz oscillator permittivity model, a modification of the
Drude permittivity model. The Lorentz models consider that there is a virtual spring
that bound an electron with an another electron. Causing Eq. (2.24) has additional
term with Lorentz oscillation frequency (ω0), stated in Eq. 3.2,

ϵ(ω) = ϵ0

(
1 +

ω2
p

ω2
0 − ω2 − iγω

)
. (3.2)

Now, since we have the effective relative electric permittivity of a thin-fim made
from densely packed Au144 molecules, we can use that to optimize a multilayer system
to act as a broadband perfect absorber. This multilayer system is a thin-film system
where the Au144 molecule layer discussed previously with thickness dnp is deposited
on top of a pure SiO2 matrix spacer layer with thickness dspacer and a very large thick
gold mirror, illustrated in Fig. 3.7. We exploit the concept of multiple reflections
within the spacer layer, facilitated by the gold mirror. The design in Fig. 3.7 is
intended to ensure that the final reflected outgoing wave at the interface of the Au144
molecule layer and vacuum is effectively vanishing due to destructive interference.
Moreover, when light penetrates the Au144 molecule layer, it may be absorbed by
the Au144 molecules. Consequently, the design of this device is proposed to achieve
a broad and strong absorption of the incident electromagnetic waves across a wide
spectrum. We consider light illumination in normal incidence with wavelength in
visible light spectrum, which ranges from λ = 300 nm to λ = 800 nm. We want to
maximize the objective function in Eq. 3.3, over the area τ , normalized below the
absorption curve, so that has a quantity between 0 and 1.

fob(dnp, dspacer) =
∫ λ=800 nm

λ=300 nm τ(dnp, dspacer) dλ∫ λ=800 nm
λ=300 nm dλ

, (3.3)
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Figure 3.7: Scheme of the considered multilayer thin-film system. Adapted from
[73].

We seek to optimize the objective function by pinpointing the ideal thickness for both
the Au144 molecules and spacer layers. To accomplish this, we evaluate the reflectance
(R), transmittance (T ), and absorptance (A) of the absorber utilizing the classical thin-
film transfer matrix method. This methodology presents a significant speed advantage
for calculations over the Q-matrix method, particularly when considering many
wavelengths. For each variation in layer thickness within the range dnp = 0 − 100 nm
and dspacer = 0−100 nm, we compute the absorptance area τ . The resulting colormap
is presented in Fig. 3.8(a). There is a noticeable region of the optimal layer thicknesses,
which is highlighted with a blue ring in Fig. 3.8(a). The optimal thicknesses are
determined to be around dnp = 15 nm and dspacer = 39 nm. To further validate these
findings, we show the reflectance (R), transmittance (T ), and absorptance (A) of the
absorber in relation to the specified film thicknesses against wavelength, as depicted in
Fig. 3.8(b). Remarkably, approximately 97% of the absorption curve is encapsulated
beneath the absorption curve, indicating that nearly the entirety of light in the visible
spectrum is absorbed by the device. Additionally, we predict that the overall response
gets weaker at infrared wavelength. This is not surprising considering the weaker
plasmonic response of the metallic molecules at these wavelengths. Additionally,
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Figure 3.8: (a) The integrated absorption of perfect absorbers containing Au144
molecules and a silica spacer layer on top of a gold substrate as a function of
the thicknesses of the involved layer of Au144 molecules thin-film and dielectric
spacer layer thicknesses. A blue ring points to the optimal nanoparticle layer and
spacer layer thickness where the total absorption is maximized. (b) Wavelength
dependent reflectance, transmittance, and absorptance for the optimal thin-film
layers thicknesses. The absorptance of a referential structure consisting of a silica
layer on top of a gold substrate is also shown for comparison. Adapted from [73].
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we analyzed the absorptance curve of the absorber without the inclusion of Au144
molecules. For the thin-film lacking of the Au144 molecules, the absorption curve
begins to attenuate starting from a wavelength of approximately 500 nm. This
observation suggests that the molecular/nanoparticles interactions play a significant
role at wavelengths exceeding 500 nm, while the absorption at shorter wavelengths
is predominantly driven by the destructive interference effect. Consequently, by
carefully engineering the interactions between nanoparticles within the thin-film,
there is potential to enhance and optimize absorptance at these higher wavelengths.

In conclusion, we have successfully engineered a broadband perfect absorber in
the visible light domain using Au144 molecules as the foundation of the absorber.

3.3 Thin-film broadband absorber with copper nanoparticles
We have proposed a broadband thin-film absorber that is based on Au144

molecules. This absorber has showcased a broadband and rather strong absorp-
tion capabilities within the visible light spectrum. As our research progresses, we
are exploring the potential of absorbers using metallic nanoparticles, specifically
copper (Cu) nanoparticles. Historically, noble metals such as gold (Au) and sil-
ver (Ag) have been preferred in plasmonic absorbers because of their outstanding
low-loss plasmonic properties [84, 85, 86]. However, the limited availability of both
silver and, in particular, gold, combined with their high material costs, makes gold
nanoparticle-based absorbers economically challenging. Based on that concern, we
study the feasibility of absorbers constructed from more economical and readily
available materials, such as copper nanoparticles combined with an alumina (Al2O3)
dielectric. Notably, the performance of copper nanoparticles can compete with that
of silver and gold, especially when the particles are non-spherical [87]. Furthermore,
the natural color of copper, which arises from its particle composition, correlates
directly with the wavelength of its plasmon resonance peak. In comparison to gold
and silver, the plasmon resonance peaks of copper occur at longer wavelengths [88].
This means that it is advantageous as it broadens the absorption spectrum, while
absorption at shorter wavelengths is achieved through the multiple reflection effect
within the multilayer system, as detailed in the previous section. Moreover, while
Cu offers performance that might be comparable to Ag and Au, it has a noticeable
tendency to oxidize [89], which can significantly impair the plasmonic response of
the nanoparticles. Fortunately, oxidation can be mitigated by applying ultra-thin
protective coatings [90] or by treating the nanoparticles with corrosion inhibitors
[91].

In this section, we undertake an experimental effort to realize the optimal
configuration of a copper nanoparticles based thin-film broadband absorber taken
from predictions obtained with our multiscale modeling technique, leading to the
subsequent fabrication of the selected thin film. We observe that the fabrication and
the characterization of the copper nanoparticle layer is carried out exclusively by the
research group led by Prof. Franz Faupel at Kiel University. Their group possesses
the expertise to fabricate absorber samples using two different techniques, namely the
gas aggregation source (GAS) [74, 92] and simultaneous co-sputtering method [75].
In the gas aggregation source method, the sample is fabricated inn a RF magnetron
sputtering system with an alumina target and a separately attached custom-built gas
aggregation source. Then, as comparison, in the co-sputtering method, the absorber
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is fabricated via a magnetron sputter deposition technique in a custom-built high
vacuum deposition system. This method has two separate sources to deposit Cu
nanoparticles and an alumina matrix onto the thin-film surface.

Then, we explore initially the impact of several degrees of freedom on the
performance of the device and conclude on promising samples that shall be realized
and characterized. We then compared the results obtained with the different absorber
fabrication techniques to simulations. Further, we extend the study from absorber
characterized by a single layer containing nanoparticles with a certain filling fraction
(FF ), referred to as a single-nanocomposite layer, to samples that contain a stack
of more than one copper nanocomposite layer featuring different filling fractions.
This configuration is termed a multi-nanocomposite layer. Our findings reveal that
the multi-nanocomposite absorber demonstrates better absorption capabilities in
comparison to its single-nanocomposite counterpart.

We start by packing a cluster of nanoparticles in a unit cell. The size distributions
of the nanoparticles is taken according to an absorber sample fabricated through
gas aggregation source technique, shown in Fig. 3.9. This reduces the number

Figure 3.9: Nanoparticles size distribution for FF = 33.0% as measured. Adapted
from [74].

of nanoparticles in the simulations, which simplifies the computations, while the
approximated experimental size distribution is preserved. Then, as well, we use the
same approach for determining the absorptance of the copper nanoparticle thin-film
absorber as with the Au144 in the previous section. The same formalism was applied
until the calculation of the absorptance by the transfer matrix method, where the
thin-film optimization starts. We mention that the experimental copper permittivity
data by Johnson-Christy [45] and alumina permitivity data by Boidin [93] are used
in the computation. Also, we assume that the T-matrices of the copper nanoparticles
have up to eighth multipolar order. We consider the absorber configuration analogous
to the Au144 absorber, with that the Au144 molecules are substituted with copper
nanoparticles in alumina matrix, the spacer layer is considered as pure alumina
matrix and the copper mirror is used as the substrate, illustrated in Fig. 3.7. Note
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that, we use the size-corrected copper permittivity in Eq. (2.26) since the sizes of
the nanoparticles are very small but not too small to require a description at the
level of a TD-DFT.

We can take an early guess about the effect of the nanoparticle filling fraction on
the absorption by the thin-film absorber by plotting the effective permittivity across
the relevant spectral domain from 250 nm until 1800 nm of the copper nanoparticle
using the s-parameter retrieval method, shown in Fig. 3.10. It is shown that there

Figure 3.10: (a) Real and (b) imaginary part of the effective permittivity of
thin-films made from copper nanoparticles for different filling fractions in the
spectral range from λ = 250 − 1800 nm. Adapted from [74].

are two noticeable peaks seen at around 800 nm and 1000 nm induced through the
antibonding mode resulting from the hybridization of plasmons from interacting
nanoparticles in the layer. Meanwhile, a weaker peak around 600 nm is linked to the
intrinsic localized surface plasmon resonance peak for a single copper nanoparticle,
redshifting along a larger filling fraction. The real and imaginary parts of the effective
permittivity peaks also tend to move to longer wavelengths or redshift and the
magnitude of the effective permittivity is larger, especially in lower energy, as the
filling fraction is higher. This is good for absorber application because we can say that
the thin film with a high filling fraction of copper nanoparticles results in broadband
and strong absorption.

Next, we want to know the effect of the angle of incidence on the absorber.
Transverse magnetic (TM) polarization light is considered with oblique incidence,
while its angle is varied from θ = 0 − 80◦. Figure 3.11 displays the integrated
absorptance with respect to the angle of incidence. From the figure, we can tell that
there is an optimal angle, around 60 degrees for all of the filling fraction variation,
which is coincidentally connected to Brewster’s angle, that can cause the reflection
to go to zero and hence maximize the absorption. So then, we consider the optimal
angle of incidence to be θ = 60◦ later be used in this thesis.

We start to optimize the thin film by finding the optimal thicknesses of the thin
film, the nanoparticle layer thickness (dnp) and the dielectric spacer layer (dspacer).
We sweep the dnp and dspacer from 0 to 150 nm and the integrated absorptance spectra
is calculated for all of the thicknesses possibility with the optimal angle determined
before. The colormap depicted in Fig. 3.12 shows the contours of the integrated
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Figure 3.11: Normalized area of absorptance as a function of the incidence angle
for a TM polarized plane wave illumination and as a function of the filling fraction.
Adapted from [74].

absorptance as a variation of the nanoparticle layer and spacer layer thickness for
filling fraction variation, calculated at normal and oblique incidence. From the

Figure 3.12: The normalized area of absorptance in the broadband perfect
absorber containing Cu nanoparticles at incidence angle (a) θ = 0◦ and (b)
θ = 60◦ for 41.5% filling fraction (FF) as a function of the layer thickness and
the thickness of the spacer layer. Comparison to lower filling factor for (c) FF
= 33.0% and (d) FF = 23.0% at θ = 60◦ are also depicted. Adapted from [74].
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figure, it is observed that there exist specific optimal dnp and dspacer for thin films,
which are distinctly highlighted in the contour colormaps as the brightest regions.
These optimal thicknesses ensure that the thin film absorber is capable of efficiently
absorbing more than 80% of incident light energy. Remarkably, the optimal thin film
exhibits a remarkable ability to absorb a broad spectrum of light, demonstrating
strong absorption characteristics even when its thickness is kept relatively thin,
typically below 100 nm. For proving this, we plot the absorptance of a thin film
absorber with optimal dnp and dspacer according to the colormap in Fig. 3.12(b), in
form of Fig. 3.13. As depicted in Fig. 3.13, the thin film absorber with a 41.5%

Figure 3.13: Absorptance in a few selected examples where the thicknesses of
the layers has been chosen at dnp = 80 nm, dspacer = 13 nm. The absorptance is
shown for three different filling fractions previously considered. The angles of
incidence are chosen to be θ = 60◦. Adapted from [74].

filling fraction demonstrates almost perfect light absorption capabilities, across a
wide spectral range encompassing the ultraviolet to the near-infrared regions. Even,
thin film absorbers with lower filling fractions show integrated absorptance exceeding
90%. Furthermore, an oscillatory pattern emerges in the absorptance data, which
can be attributed to the phenomenon of Fabry-Perot resonance. In this context,
denser nanoparticles effectively nullifies reflection inside the layers, thereby yielding
enhanced absorption across an extended spectral region. These observations lead us
to a compelling conclusion: the filling fraction of nanoparticles employ an important
aspect in designing the nanoparticle-based thin-film absorber. For optimal design of
a thin-film-based perfect absorber, a higher nanoparticle filling fraction is advisable.
Yet, it is worth noting that determining the optimal absorber layer thicknesses for
maximizing absorption is not trivial, it calls for further study in future research
efforts.

Further, we apply the optimal thin film absorber thickness to the experimental
fabrication with gas aggregation source method and compare the absorptance obtained
through simulation and experiment. For this reason, we consider the thin filn absorber
with the 114 nm nanoparticle layer thickness for 33.0% nanoparticle filling fraction
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and 105 nm nanoparticle layer thickness for 41.5% filling fraction with the alumina
spacer layer thickness is consistent to 20 nm, shown in Fig. 3.14. There is an

Figure 3.14: Comparison of the simulation and experimental absorptance curves
for two selected samples characterized by (a) FF = 33.0%, dnp = 114 nm and
(b) FF = 41.5%, dnp = 105 nm at dspacer = 20 nm and for an incidence angle
of θ = 60◦. The arrows act as a guide to the eye to highlight similar features
between the experimental and numerical results. Adapted from [74].

apparent discrepancy between the simulation and experimental absorptance curves,
according to Fig. 3.14. The experimentally measured absorptance is weaker than that
simulated, though the prominant peaks can be correlated to each other, illustrated by
the arrows in the figure. This discrepancy can be attributed to the gas aggregation
source-derived absorber’s inhomogeneity in thickness, which results from touching
particles and the aggregation of nanoislands within the nanocomposite layer, seen
in Fig. 3.15(a). Figure 3.15(a) shows an SEM micrograph capturing the thin-film
absorber consisting copper nanoparticles on a silicon wafer after a deposition duration
of 30 seconds. Agglomerated nanoparticles or nanoislands, which are of particular
interest, have been highlighted using red circles in the figure. Based on our analysis,
we predict that nanoparticles in touch likely do not exhibit electromagnetic coupling.
Further, to evaluate the impact of closely spaced nanoparticles on the observable
characteristics, we show in Fig. 3.15(b) an example that compares the absorption
cross section of a pair of touching nanoparticles (gap distance = 0 nm) to a pair of
only nearly touching nanoparticles (gap distance = 1 nm). It can clearly by seen that
a non-touching copper dimer can have a higher absorption cross-section in general,
except at wavelength above 900 nm. The absorption at these longer wavelength can
be made stronger when more than two particles interact, leading to a pronounced
of coupling due to plasmonic hybridization, as we have already discussed in the
previous section. So, we can say that touching particles decrease the performance
of the absorber because the light trapping potential between the particles can be
lost. This reduces the likelihood of plasmonic interactions between the nanoparticles
and give a roughened surface to the layer according to Fig. 3.15(c). Figure 3.15(c)
is an AFM topography taken on top of the thin-film absorber surface. It seems
like there is a flucuative of roughness shows by a significant difference of surface
roughness amplitude. This is due that large-sized nanoparticles that creating the
roughness caused by small surface diffusion at the absorber surface. Such a surface,
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in turn, leads to increased outward reflection, which is unfavorable to the absorber’s
performance.

Figure 3.15: (a) SEM picture after 30 s of copper nanoparticle deposition onto Si
substrate. It is well visible that some nanoparticles are in touch with others. Some
of them are marked with blue circles. (b) Absorption cross-section of touching
and non-touching (gap separation = 1 nm) 5 nm radius copper dimer in alumina.
(c) AFM topography color plot of an exemplary absorber layer structure with a
total thickness of 47.1 nm is shown. The difference between the hills and valleys
is 38 nm. This proves that the surface roughness can partially cause deviations
between simulations and experiments. Adapted from [74].

We now try to compare the performance of the thin film absorber based on gas
aggregation source and co-sputtering method. We start by considering size distri-
butions shown in Fig. 3.16(a) and Fig. 3.16(b), respectively. The size distributions
are considered in the simulations to reproduce the details of the experimental size
distribution. That should allow us to make simulations close to what is experimen-
tally possible. The clusters in the simulations are formed from 100 nanoparticles
with FF = 33% for the gas aggregation source method and 115 nanoparticles with
FF = 32% for the co-sputtering method.

Going into the absorptance calculation by the transfer matrix, we consider
that, since the unpolarized light is used as the incident light in the experimental
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Figure 3.16: Size distribution of nanoparticles obtained through (a) gas aggre-
gation source method with N = 100, FF = 33% and (b) co-sputtering method
with N = 115, FF = 32%. Visualization of the nanoparticles cluster with its con-
figuration according to (c) gas aggregation source and (d) co-sputtering method
size distribution.

characterization of the thin film, we can find the reflectance of an unpolarized incident
film by using Eq. 3.4. In that equation,the reflectance of unpolarized light (Runp)
is equal to the average reflectance of TE-polarized (RTE) and TM-polarized (RTM)
waves as

Runp = RTE + RTM

2 . (3.4)

We set the wavelength of the incident light from the ultraviolet to the near-infrared
region (λ = 250 − 1800 nm), resembling the AM1.5 solar spectrum [94]. Additionally,
we considered an oblique incidence for the incoming light, setting the angle of
incidence at 60◦, instead of normal incidence. This is done to better approximate
real-world scenarios and to more accurately assess the performance of our copper
absorber. This setting is in full agreement with the experimental details. Afterward,
we compared the absorptance spectra of both the gas aggregation source-derived
absorber and the co-sputtered absorber, as illustrated in Fig. 3.17. This figure
presents a side-by-side comparison of the absorptance curves obtained from both
experimental measurements and computational simulations. The gas aggregation
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Figure 3.17: The absorptance spectra for plasmonic thin film absorbers fabricated
via gas aggregation source (104 nm nanocomposite thickness, 33% Cu FF, blue
curves) and simultaneous co-sputtering (100 nm nanocomposite thickness, 32%
Cu FF, red curves). The side-by-side comparison of the experimentally obtained
(left) and modeled (right) absorptance spectra is included.

source-derived absorber absorptance reveals discrepancies when comparing measured
spectra to simulations, particularly at longer wavelengths. Both curves align closely
in the shorter wavelength region. This can be attributed to the fact that the
generalized impedance of the overall thin film layer stack matches that of air, leading
to destructive interference in reflection and a rather high absorption. This suggests
that the congruence observed in this region is primarily a result of the intrinsic
properties of the thin film as a whole, rather than being influenced by the interactions
of nanoparticles within the film. In other words, the intrinsic characteristics of the
thin-film, like the material and the thickness of the thin-film, dominate the properties
of the absorber at shorter wavelengths, i.e., around below λ = 500 nm. A similar
trend has also been observed also at the Au144 absorber in Fig. 3.8(b). Meanwhile,
the interaction of nanoparticles play a role at much longer wavelengths to have a
broadband and strong absorption. Notably, the simulation (illustrated by blue lines
in Fig. 3.17 on the right side) displays several maxima in this region, indicative
of Fabry-Perot oscillation characteristics. In contrast, such oscillations are absent
for the measured gas aggregation source-derived absorber. In the optimal design,
reflection should be suppressed as much as possible. On the other hand, we observe
an excellent agreement between the simulated and experimental absorptance spectra
for the co-sputtered absorbers in Fig. 3.17.

This is evident both in the general shape of the curve, which presents a peak
around 1400 nm, and in the overall absorptance values. Thus, it can be inferred
that the co-sputtering technique offers a more effective approach to fabricate a
layer embedded with metal nanoparticles for absorber devices compared to the gas-
aggregation source method. In general, the absorptance curve has a strong and
spectrally broad feature that is caused by the light that get trapped between the
copper nanoparticles due to interaction between the copper nanoparticles at the
antibonding mode, which is induced at wavelength around 1400 nm, in which not
seen when we take a look on the Au144 molecules case.

From this point forward, our focus will be on a study of the copper nanoparticle
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absorber fabricated using the co-sputtering method. We are considering variations
in the filling fraction, which are 25%, 32%, 40%, and 50%, as well as different
nanocomposite layer thicknesses: 60 nm, 80 nm, 100 nm, and 140 nm. So that, we
have a total of 16 absorber samples to examine. The absorptance spectra for each
of these samples have been calculated, and the value of integrated absorptances, as
defined in Eq. (3.3), have been obtained for each sample. To simplify the visualization
and comparison of results, we have created an integrated absorptance heatmap that
contains all variations in filling fraction and nanocomposite layer thickness, presented
in Fig. 3.18. This figure facilitates a direct comparison of integrated absorptance
between the experimental and simulated absorbers across the range of filling fractions
and nanocomposite thicknesses. In the heatmap, a greyscale color scheme is used
to represent the integrated absorptance values. A value of 0.604 corresponds to the
absorber exhibiting the lowest absorptance, depicted in black and represents the 80
nm nanocomposite layer with a 50% filling fraction. On the other end of the spectrum,
a value of 0.836, which is represented in white, corresponds to the absorber with the
highest reflectance, specifically the 60 nm nanocomposite layer with a 25% filling
fraction. From Fig. 3.18(c), a noticeable deviation is observed between the simulation
and experimental results for the absorber thin films with a 50% filling fraction. As
the layer becomes densely packed with copper nanoparticles, there arises a potential
for the nanoparticles to come into contact with each other, possibly leading to the
formation of accumulations termed as nanoislands, as previously discussed. This can
result in an absorber where the nanoparticles exhibit weakened overall plasmonic
interactions between their gaps. Furthermore, experimental observations, particularly
from SEM images, show that at higher filling fractions, the nanoparticles deviate from
a spherical shape. In such cases, standard geometrical descriptors like diameter or
radius lose their relevance in characterizing the size of the copper nanoparticle within
the nanocomposite. This deviation is a possible reason for the discrepancy observed
between experimental and simulated absorption spectra. On the other hand, both
simulated and experimental absorptance spectra have similar feature that there exists
an optimal nanocomposite thickness beyond which increasing the thickness does not
further reduce the integrated reflectance. For instance, the integrated reflectance for
a 140 nm thick absorber consistently exceeds that of its 100 nm counterpart.

Lastly, we consider a multi-nanocomposite absorber. This absorber contains a
stack of many separate copper nanocomposite layers with different filling fraction.
The stack is deposited on top of an alumina spacer layer with 20 nm thickness and
a copper mirror, illuminated with unpolarized light at 60◦ angle of incidence, just
like when we consider a single-nanocomposite absorber. We define the stack with
thickness equal to ddc, so that each nanocomposite layer has a layer thickness of
ddc/N , where N is the number of layers in the stack. We consider cases where N = 2
and N = 4. We vary also the order of the layers according to the filling fraction
of the nanocomposite layer, the filling fraction of the layers are made increasing or
decreasing from top to bottom, illustrated in Fig. 3.19(a). For instance, we have a
stack consisting of N = 2 layers with 25% filling fraction and 50% filling fraction.
The layers here can have increasing or decreasing filling fraction from top to the
bottom of Fig. 3.19(a). It is also the same when we consider N = 4 layers with 25%
filling fraction, 32% filling fraction, 40% filling fraction and 50% filling fraction. So
that, we continue by calculating the absorption spectra for all of the configuration of
the absorber mentioned. Having established these configurations, our next course of
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Figure 3.18: Heatmaps for the integrated absorptance that is (a) experimen-
tally obtained as well as retrieved by (b) simulation. The nanocomposite film
thicknesses is labelled in the y-axis and the filling fraction is in the x-axis. The
greyscale represents the integrated absorptance, with white and black colors
corresponding to the highest and lowest obtained absorptance, respectively. (c)
A direct comparison between the experiment and simulation is provide. Adapted
from [75].

action is to compute the absorption spectra for each distinct multi-nanocomposite
absorber setup, shown in Fig. 3.19(b) in form of a colormap.

The results reveal the absorption curve of the multi-nanocomposite absorber with
an increasing filling fraction has absorptance value with the best broadband absorp-
tion, compared to the other configurations. So that, the multi-nanocomposite absorber
with an increasing filling fraction demonstrates better broadband absorption when
compared to both the single-nanocomposite absorber and the multi-nanocomposite
absorber with a decreasing filling fraction. Consequently, the results from the multi-
nanocomposite absorbers indicate that there is a great potential for optimizing the
absorption spectra of plasmonic absorbers.

Our next objective is to enhance the performance of the copper nanoparticles
thin film absorber, optimizing it for broader and stronger light absorption. In
subsequent subsections, we describe multiple aspects of the thin film absorber. First,
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Figure 3.19: (a) The dual-nanocomposite absorber sketch, consisting of two
layers of increasing nanoparticle filling fraction, an alumina spacer layer, and a
copper mirror. (b) Absorption spectra colormap of copper single-nanocomposite
absorber with 25% and 50% filling fraction, and multi-nanocomposite absorber
with increasing and decreasing filling fraction. ddc = 100 nm is chosen.

we explore the thermal emission properties of the absorber, particularly focusing on
calculations done in the infrared region. This is followed by an investigation into
the influence of the surface roughness on the absorber’s performance. Our prior
discussions have highlighted that increased surface roughness can lead to attenuated
absorption, especially at longer wavelengths, as observed in the experimental results.
Further, we consider the thin film absorber with a mixture of copper and tungsten
nanoparticles. The reason behind this mixture stems from the tungsten nanoparticles’
ability to induce localized surface plasmon resonance at longer wavelengths than
noble metals, therefore offering the potential to further broaden the absorptance
spectrum. Concluding this section, we conduct a brief analysis of the thin film
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absorber that incorporates sharp-edged copper nanoparticles, aiming to discern the
unique properties and performance enhancements they might contribute.

3.3.1 Thermal emission spectrum of the copper nanoparticle
thin film absorber

In this section, we study the effect of emission at the infrared spectrum as
we compare the absorptance from the thin-film absorber with the AM1.5 sunlight
spectrum. The electromagnetic radiation emitted by the Sun due to its high tem-
perature, is primarily in the form of visible light and near-infrared radiation. The
Sun’s intense heat, generated by nuclear fusion processes in its core, causes it to
behave like a blackbody radiator. To understand the sunlight radiation, we have
to know the Planck’s law of blackbody radiation. Planck’s law essentially describes
how the intensity of radiation emitted by a blackbody varies with temperature and
wavelength or frequency. It is worth noting that Planck’s law played a pivotal role in
the development of quantum mechanics because it introduced the idea that energy is
quantized in discrete units (quanta), which was a departure from classical physics at
the time. The spectral irradiance I(T, λ) of a body can be known through Planck’s
law of blackbody radiation equation in the specific absolute temperature of the body
T , and wavelength λ is

I(T, λ) = 2hc2

λ5
1

e
hc

λkBT − 1
, (3.5)

where h is the Planck constant, c is the speed of light, and kB is the Boltzmann
constant. According to Planck’s law of blackbody radiation in Eq. 3.5, the Sun’s
emission spectrum closely follows that of an ideal blackbody, with a peak in the
visible part of the spectrum.

We calculate the light emission through emissivity. Emissivity is a material
property that describes how efficiently an object or material emits thermal radiation.
According to Kirchhoff’s law of thermal radiation, the emissivity of an object at a
particular wavelength is equal to its absorptivity at that same wavelength. This means
that materials that are good at absorbing thermal radiation at a given wavelength
are also good at emitting radiation at that wavelength. To obtain the emissivity,
it is important to determine the fraction of sunlight energy that the Earth absorbs.
Considering that the energy from the sun propagates in a spherically expanding
wavefront, we can calculate the radiant flux, denoted as Φearth, at the Earth’s surface.
The radiant flux can be computed by multiplying the spectral irradiance I(T, λ)
by the Earth’s surface area, which is approximately 1.3 × 1014m2. For the sake of
simplification in our model, we have chosen to ignore the influence of the Earth’s
atmosphere. Subsequently, the radiant flux of our thin-film absorber sample can be
calculated by multiplying the radiant flux of the Earth with the absorptivity of the
absorber. The emissivity is then defined as the ratio of the Earth’s radiant flux to
the sample’s radiant flux, as stated in Eq. 3.6.

e = Φsample

Φearth
. (3.6)

So, the emissivity typically ranges between 0 and 1, where 0 indicates a perfect
thermal reflector (no emission), and 1 signifies a perfect thermal emitter (complete
emission). However, we want to minimize the emission in the infrared spectrum. In
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devices like STC, minimizing infrared emission is crucial because infrared represents
heat. If a device absorbs sunlight (or any other form of energy) and then re-emits a
significant portion of it in the form of infrared radiation, it effectively loses energy.
By minimizing this infrared emission, the device retains more of the absorbed energy,
therefore operating at a higher efficiency. Also, if the absorber continually emits
and thus loses energy as infrared, it might need external cooling solutions to prevent
overheating. Meanwhile, we consider the absorptivity as the objective function in
Eq. 3.3.

We consider the thin-film absorber calculated through simulation with the
nanoparticle size distribution obtained by the gas aggregation source method with
41.5% nanoparticle filling fraction, as the first sample. This will be compared with the
much more superior 25% − 50% FF dual-nanocomposite configuration, illustrated in
Fig. 3.19(a), as the second sample. We set the working temperature of the thin-film
absorber to a maximum of 400K [95]. This temperature can be achieved through
concentration technologies such as parabolic troughs or linear fresnel collectors that
track the sun with moving mirrors or a reflective coating [96]. We note that both thin
film absorber is illuminated with unpolarized light with normal incidence. The first
sample has dnp = 35 nm and dspacer = 46 nm and the second sample has dnp = 35 nm
and dspacer = 46 nm. In Fig. 3.20 and Fig. 3.21, we compare the absorptance with
the sunlight spectral irradiance in the ultraviolet to near-infrared (UV-NIR) region
(λ = 250 − 1800 nm) in a same figure. Also, we compare the absorptance with the
absorber emission curve from the UV to the infrared region (λ = 250 − 20000 nm)
to determine the emissivity of the sample. From Fig. 3.20, it is evident that the

Figure 3.20: The absorptance curve for a thin film absorber with a single nanopar-
ticle layer 41.5% nanoparticle filling fraction (red line) and the AM1.5 sunlight
spectrum spectral irradiance curve, calculated in (a) λ = 250 − 1800 nm and (b)
λ = 250 − 20000 nm.

thin film absorber with single-layer copper nanoparticles showcases an absorptivity
of 7.6% across the ultraviolet to near-infrared (UV-NIR) spectrum. Interestingly,
this absorber’s capacity to absorb light is particularly concentrated in the region
corresponding to the most intense sunlight radiation, which falls within the green part
of the spectrum. Even at longer wavelengths, where sunlight radiation is less intense,
the absorber still retains a decent absorptance. However, as we take a look into
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much longer wavelengths—extending up to 20 micrometers in the infrared domain,
particularly starting from 1100 nm—the absorptance curve exhibits a marked decline.
Notably, when the absorber operates at a temperature of 400K, it emits robust
thermal radiation around the 7-micrometer wavelength at its strongest, with an
emissivity of 2.3%. At this specific wavelength, the absorber displays minimal light
absorption, which consequently contributes to its high efficiency.

Then, we consider the dual-nanocomposite thin film absorber, which has been
shown in previous sections can absorb the electromagnetic field better. The absorp-
tance curves in comparison with the sunlight and the working absorber emission
spectrum are shown in Fig. 3.21. From our observations, it is evident that the

Figure 3.21: The absorptance curve for thin film absorber with a dual-
nanocomposite layer, 25% − 50% (top to bottom) nanoparticle filling fraction
(red line) and the AM1.5 sunlight spectrum spectral irradiance curve, calculated
in (a) λ = 250 − 1800 nm and (b) λ = 250 − 20000 nm.

dual-nanocomposite thin film absorber maintains an almost constant absorptance,
with an 87% absorptivity across the UV-NIR spectrum. This consistency is indicative
of an ideal scenario for achieving broadband-perfect absorption. Furthermore, the
absorptance exhibits an oscillatory pattern, which can be attributed to the Fabry-
Perot resonance. In contrast, the emissivity value of this dual-nanocomposite thin
film is significantly higher than that of its single-nanocomposite counterpart. For
applications, it is crucial to optimize the design of the thin film absorber such that we
maximize absorptivity in the sunlight spectrum region while minimizing emissivity
in the infrared region, as this dual quality enhances the material’s performance in
thermal management and energy-harvesting applications.

3.3.2 The effect of surface roughness at the thin film broad-
band absorber

As mentioned previously, the absorptance of the copper thin film absorber
fabricated through the gas aggregation source method fails to match the absorptance
calculated through simulation. One significant reason for this discrepancy is the
introduction of surface roughness on the upper layer of the absorber causing additional
unwanted reflection. So, in this section, we study briefly the effect of surface roughness
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on the thin film absorber with computational means. To model this, we can initiate
by representing the rough surface using a three-dimensional grid. Each point on this
grid is characterized by a displacement vector, capturing the details of the surface
profile.

The surface roughness can be modeled by generating random roughness. We
start by defining a three-dimensional grid that represents the surface. Each grid point
can be associated with a displacement (∆x, ∆y) for 3D. One of the primary tools to
analyze this modeled surface is the auto-correlation function (ACF) [97]. The ACF
aids in determining the spatial relationships or correlations between different points on
the rough surface. Specifically, it quantifies how the elevation or depth at one specific
point relates to that of another point located at a distinct distance. Through this
function, we can extract vital insights about the periodicity, randomness, or dominant
features of the surface. For instance, if the ACF drops to zero rapidly, it implies
that the surface has a short-range order, indicating a high degree of randomness.
On the other hand, a slow decay may suggest periodic or structured patterns in the
roughness. The auto-correlation function Ξ of a surface height profile h(x, y) is given
by

Ξ(∆x, ∆y) = ⟨h(x, y)h(x + δx, y + δy)⟩, (3.7)
where the angle brackets denote an average overall position (x, y). Among the various
forms of auto-correlation functions, the exponential and Gaussian auto-correlation
functions stand out due to their unique characteristics and wide applicability. The
exponential auto-correlation function captures correlations that decay at a constant
rate and the Gaussian auto-correlation function is characterized by its bell-shaped
curve. The exponential and Gaussian auto-correlation function is defined in Eq. 3.8
and Eq. 3.9,

Ξ(δx, δy) = σ2e2.3(
√

x2 + y2

b
), (3.8)

Ξ(δx, δy) = σ2e− π
4 (

√
x2 + y2

b
). (3.9)

The auto-correlation function depends on the root-mean-square (RMS) roughness σ,
which is the standard deviation of the surface topography, stated in Eq. 3.10,

σ =
√

lim
Lx,Ly→∞

1
LxLy

∫ Ly/2

−Ly/2

∫ Lx/2

−Lx/2
[z(x, y) − z̄]2 dx dy. (3.10)

The RMS roughness provides a quantitative measure of surface height variations from
the mean surface height, meaning the general magnitude of surface irregularities. The
auto-correlation function uses this value to determine how these height variations
or features correlate over different spatial scales or distances. In essence, the auto-
correlation function gives insight into the patterns and periodicities of the roughness,
while the RMS roughness determines the roughness magnitude. Then, the correlation
length b, the length that denotes the distance over which two points on a surface
remain correlated affects the auto-correlation function. The correlation length can
provide insight into the size of the dominant features or patterns on the surface.
For instance, if a surface has a short correlation length, it suggests that the surface
has rapidly varying features, whereas a long correlation length would imply more
extended, larger-scale features or patterns. We plot the autocorrelation function of
exponential and Gaussian distribution in Fig. 3.22. Then, we determine the power
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Figure 3.22: The auto-correlation function of (a) exponential and (b) Gaussian
distribution. σ = 0.1 and b = 0.028 are used in this figure.

spectral density function. This function provides a representation of the amplitude
of a surface’s roughness as a function of the spatial frequency of the roughness. After
determining the power spectral density function, it is essential to remember that it
sheds light on which frequencies are dominant and which ones are less pronounced. By
performing the Fourier transform of the auto-correlation function, we are essentially
transitioning from the spatial domain into the frequency domain. This representation
makes it easier to scales of roughness present in our surface. Subsequently, by taking
the inverse Fourier transform of this frequency response, we obtain a filter function.
This filter function acts as a function to generate the desired surface profile with
roughness. The result is the surface profile depicted in Fig. 3.23(a-c). It can be seen
from Fig. 3.23(a) and Fig. 3.23(b) that a smaller RMS roughness (σ) indicates a
higher degree of randomness in surface roughness. Specifically, surfaces characterized
by an exponential auto-correlation function display much sharper peaks compared to
those with a Gaussian auto-correlation function. This pronounced peak structure is
inherently characteristic of the exponential auto-correlation function. On the other
hand, when we consider the surface profile governed by the Gaussian auto-correlation
function, as depicted in Fig. 3.23(c), we observe a considerably smoother surface.

For the next step, we determine the reflection and transmission coefficients for
a stack that comprises copper nanoparticles within an alumina layer, with rough
alumina surfaces atop the nanoparticle layer, using an in-house infinite-difference time-
domain method code. Subsequently, the stack’s effective permittivity is calculated
using the retrieval method, which will then be applied to the transfer matrix method
to accommodate more complex layers. The thin film absorber is illustrated in Fig.
3.23(d). We fixed the copper nanoparticle thickness and the alumina spacer layer to
120 nm and 20 nm, respectively. We consider normal incidence with TM polarization.
Then, we calculate the absorptance from 250 nm to 1400 nm wavelength, represented
in Fig. 3.23(e). When comparing the black line with the solid red and blue lines
in Fig. 3.23(e), it becomes apparent that the inclusion of surface roughness in
the thin film absorber results in reduced absorption at wavelengths above 600 nm.
Notably, the surface profile does not introduce any additional distinct absorptance
curve features. Further, the absorptance associated with the absorber possessing a
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Figure 3.23: The surface profile generated by exponential auto-correlation function
with (a) σ = 1.5, b = 28 nm and (b) σ = 0.1, b = 28 nm. (c) The surface profile
by Gaussian auto-correlation function with σ = 1.5, b = 76.25 nm. (d) A sketch
of the copper nanoparticle thin film absorber with the surface profile integrated
on top of the absorber. The distance between the surface of the nanoparticle layer
to the tallest peak of the rough surface is defined as d. (e) The absorptance of the
thin film absorber varies with changes in the surface profile. For comparison, the
absorptance of the thin film absorber without surface roughness is also included.
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smaller RMS roughness, as depicted by the dashed blue line, surpasses that of the
non-rough absorber. This suggests a possibility of surface roughness optimization.
Such optimization can provide a balance between achieving broadband and strong
absorptance and preserving the structural integrity of the absorber.

3.3.3 Thin film absorber with copper-tungsten nanoparticles
mixture

In our next research, we examine thin film absorbers embedded with copper
nanoparticles, which are also combined with nanoparticles of alternative materials.
The primary objective is to ascertain whether this combination can enhance the ab-
sorber’s performance, enabling it to absorb light at wavelengths extending beyond the
near-infrared region. One promising approach involves integrating nanoparticles made
of materials known to sustain localized surface plasmon resonance at near-infrared
wavelengths, such as tungsten, as discussed by Andersen et al. [98]. Consequently,
we aim to analyze the interaction between tungsten and copper nanoparticles in
broadening the absorptance spectrum. To initiate our simulation, we refer to the
size distribution of nanoparticles depicted in Fig. 3.24, which is representative of a
sample fabricated using the gas aggregation source method. As the next step, in the

Figure 3.24: Size distribution of nanoparticles with 40% filling fraction in 136
nm side lattice length cubical unit cell.

multiscale modeling technique, we partition the nanospheres such that one half com-
prises one specific material, while the other half is composed of a different material.
We refer to this configuration as a "nanoparticle mixture." To enlighten, consider a
cluster composed of 324 nanospheres, which is a number of spheres considered in Fig.
3.24: we would allocate 162 nanospheres to be made of copper and the remaining 162
to be made of tungsten. The assignment of each nanosphere to its respective material
is done randomly to ensure a heterogeneous distribution. On the technical front,
we initially calculate two distinct T-matrices: one for a singular copper nanosphere
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and another for a singular tungsten nanosphere. From there, we compute the global
T-matrix for the entire cluster, taking into account the nanoparticle mixture of both
copper and tungsten. We apply the experimental refractive index by Werner et al. [99].
Once this is achieved, the following steps in the multiscale modeling technique align
with the methods in previous sections. Specifically, we determine the absorptance of
a thin film system. This system is comprised of an alumina layer embedded with
a copper-tungsten nanoparticle mixture, an alumina spacer layer, and a reflective
copper mirror base. The thin film absorber is illuminated with TM-polarization
with 52.5852◦ optimized angle of incidence. The nanoparticle layer and spacer layer
thickness are swept along 0 to 100 nm to find the optimal configuration of the thin
film absorber. Figure 3.25(a) shows the integrated absorptance colormap, concerning
the thicknesses of the thin film absorber. From Fig. 3.25(a), it is observed that the

Figure 3.25: (a) A colormap describing the integrated absorptance in respect to
the copper-tungsten nanoparticle mixture layer thickness dnp and the alumina
spacer layer thickness dspacer. The region in yellow determine the region of optimal
thin film absorber thicknesses. (b) Absorptance curve with dnp = 70 nm and
dspacer = 8 nm, according to the Fig. (a).

thin film absorber exhibits its largest integrated absorptance when the nanoparticle
layer has a thickness of 62 nm and the spacer layer has 8 nm in thickness. We plot
the absorptance of the nanoparticle mixture thin film absorber with this particular
thickness configuration in Fig. 3.25(b). According to Fig. 3.25(b), it is seen that
the absorptance remains consistently close to one across the ultraviolet to the visible
light spectrum with an impressive 0.96578 integrated absorptance. However, there
is a noticeable decline beginning at a wavelength of 825 nm and continuing beyond
this point. Based on these observations, we guess that there exists an ideal mixture
composition that could sustain an absorptance value of over 0.9 across the entirety
of the considered spectral region.

Furthermore, we explore a nanoparticle mixture composed of three metals:
copper, gold, and aluminum. The localized surface plasmon interactions within a
single cluster containing nanoparticles of these varied metallic compositions present
a potential for a study. In this scenario, we adjust the percentage compositions of
the metals in the nanoparticles, with maintaining the same size distribution as we
previously observed in the copper-tungsten nanoparticle mixture. Following a similar
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approach as before, we identify the optimal metallic nanoparticle mixture and proceed
to calculate the absorptance based on this optimized composition. Initially, we set
the nanoparticle layer thickness at 32 nm and the spacer layer thickness at 10 nm.
These thin film absorber configurations have been derived from the optimal thin film
thicknesses observed when the cluster consists of 100% copper nanoparticles. Later,
with these parameters fixed, we compute the integrated absorptance across various
metal mixture possibilities. The results of these calculations are visualized in a ternary
plot, as depicted in Fig. 3.26(a). According to the ternary plot in Fig. 3.26(a), the

Figure 3.26: Cubical unit cell for a cluster containing 500 metallic molecules
classically described as small metallic nanoparticles.

optimal nanoparticle mixture comprises 63% copper, 33% gold, and 4% aluminum.
This suggests that aluminum interacts minimally with the other nanoparticles within
the cluster. However, when comparing the performance, it appears that the absorber
with the copper-gold-aluminum nanoparticle mixture is less effective than the one
with the copper-tungsten nanoparticle mixture. Specifically, the absorptance is
strongest between wavelengths of 300 nm and 500 nm. This can be attributed
to the proximity of the localized surface plasmon resonance peak wavelengths of
the metals in consideration. Generally, copper, gold, and aluminum exhibit LSPR
peaks at wavelengths shorter than 800 nm. This similarity in their localized surface
plasmon resonance wavelengths results in weaker plasmon interactions at longer
wavelengths. From this analysis, we can infer that by combining nanoparticles with
diverse localized surface plasmon resonance peaks spanning a broader spectrum, it
is possible to achieve both broadband and strong absorption within the thin film
absorber.

3.3.4 The effect of oxidized copper nanoparticles to the thin
film broadband absorber

In this subsection, we examine thin film absorbers that incorporate copper oxide
nanoparticles. Unlike pure copper nanoparticles, a significant portion can undergo
oxidation during the sputtering deposition process, resulting in the formation of
copper oxide or cuprite (CuO) nanoparticles, as noted by Su et al. [100]. This means
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that, from an experimental standpoint, the nanoparticle layer will not exclusively
contain pure copper nanoparticles. As a consequence, it becomes vital to understand
the implications of the presence of cuprite nanoparticles on the absorptive properties
of the thin film absorber. We calculate the absorptance for this particular type of
absorber, taking into account a filling fraction of 40% for both types of nanoparticles
and an incidence angle of 52 degrees under TM-polarization. We note that the
experimental cuprite refractive index is used [101] in this case. Figure 3.27 presents
the absorptance data for the thin film absorber with pure copper and copper oxide
nanoparticles. The thickness of these absorbers then is optimized by parameter
sweeping to maximize the integrated absorptance. From the data presented in Fig.

Figure 3.27: The reflectance and absorptance of thin film absorber with copper
and copper oxide nanoparticles. The optimal thin film thicknesses are used in
this figure for each case copper and copper oxide thin film absorber, stated in
the figure legend, with their integrated absorptance.

3.27, it is clear that the absorptive properties of thin film absorbers with cuprite
nanoparticles are less effective than those of pure copper nanoparticles, especially
in the longer wavelength range. This reduced absorptive capability of cuprite can
be attributed to its attenuated localized surface plasmon resonance strength, which
results from the presence of its oxygen atoms that make cuprite. Consequently, the
presence of cuprite within the nanoparticle layer can be pinpointed as a contributing
factor to the observed diminished near-infrared absorption, as depicted in Fig. 3.17.

3.3.5 The potential of using sharp-tipped nanoparticles to the
thin-film broadband absorber

The plasmon interaction between non-spherical nanoparticles presents interest-
ing research, particularly when examining nanoparticles with sharp tips, such as
nanocones and nanostars. Studies have shown a significant near-field enhancement
induced due to localized surface plasmon resonances at the tips of these structures,
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thereby increasing the probability of light trapping between the sharp-tipped nanopar-
ticles [102, 103]. This can be attributed to the concentrated electric field at the
sharp edges and tips, which amplifies the interaction with incident light. To validate
this claim, we analyze where we calculate the absorption cross-section of various
structures with similar size: a single gold nanosphere, a nanocone, and a stellated
nanooctahedron, depicted in Fig. 3.28(a). We can see from Fig. 3.28 that the
absorption cross section for sharp-tipped nanoparticles is generally larger than with
spherical nanoparticles, except at the localized surface plasmon resonance peak of
the nanosphere around 550 nm wavelength. It is noted that the absorption cross
section for the nanocone features a very strong and sharp at λ = 683 nm. Also, the
stellated nanooctahedron absorption cross-section curve has slower decay in longer
wavelength compared with the other curves, leading to broader absorption. So that,
we can exploit these features of the sharp-tipped nanoparticles to be applied to the
thin film absorber.

Figure 3.28: (a) The absorption cross section of a single gold nanosphere,
nanocone, and stellated nanooctahedron. The dimension length d of the nanopar-
ticles considered is set equal to 10.62 nm, illustrated in the inset of the figure.
The absorptance of the golden (b) nanocones and (c) stelllated nanooctahedrons
thin film absorber with variation of filling fractions [FF = 25%, 45%, 60%]

Further, we consider the thin-film absorber with nanocones and stellated nanooc-
tahedron with a variation of nanoparticles filling fractions, which is FF = 25%, 45%, 60%.
Figure 3.28(b) and (c) represents the absorptance resulting from the sharp-tipped



Chapter 3. Nanoparticle-based Multilayer Broadband Absorber 66

nanoparticles thin-film absorber. It is observed that the golden stellated nanooctahe-
dron absorbs light more consistently and is stronger at a longer wavelength, compared
to the nanocone. This is due to that a stellated nanooctahedron has more sharp
tips than a nanocone, causing more near-field enhancement surrounding the stellated
nanooctahedron. However, we see that the thin film absorber with sharp-tipped
nanoparticles absorptance value is lower as not be expected from results in this thesis
for all of the nanoparticles filling fraction variation. We note that this anomaly is due
to that the Rayleigh hypothesis is violated. The Rayleigh hypothesis is an assumption
often used to state that the scattered field can be expanded everywhere outside a
particle with a series of spherical waves arising from the origin of the scatterer, but
only valid in the region outside of a sphere that circumscribes this particle [104, 105].
This means that the near-field interaction between the sharp-tipped nanoparticles is
invalid, leading to weak absorption.

3.4 Thin-film broadband absorber with cobalt nanoparticles

In this section, we study a thin-film absorber with cobalt nanoparticles. The
cobalt nanoparticles have been studied as a basis for an electromagnetic wave absorber
in microwave region [106]. So, we want to know whether cobalt nanoparticles
could be used to absorb light in optical frequencies. In this case, the thin film is
considered to consist of a layer with cobalt nanoparticles in a silica matrix and a
glass substrate (n = 1.5) as the reflector. Experimentally, the cobalt nanoparticles
thin film is fabricated by utilizing an in-house magnetron sputtering system, having
size distributions according to Fig. 3.29. Then, using the size distribution, we utilize

Figure 3.29: Cobalt nanoparticles size distribution for 48% filling fraction, con-
sisting of 250 spheres in a cubical unit cell lattice constant equal to 18.5 nm.

the same computational methods and details used in Section 3.3 to calculate the
reflectance at λ = 250 − 1600 nm. The thin-film absorber is illuminated with light
with oblique incidence with an angle of incidence equal to 45◦ and 70◦. We set
the nanoparticle layer thickness fixed to 20 nm and the nanoparticle filling fraction
is varied from 28% to 58%. The reflectance curves measured by the experiment
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and calculated through simulation are compared for all of the degree of freedom
variations, shown in Fig. 3.30. We should begin by acknowledging that absorptance

Figure 3.30: Reflectance curves for cobalt nanoparticles thin film absorber ob-
tained by (a) experiment and (b) simulation. 28% to 58% nanoparticle filling
fraction variation is considered with 45◦ and 70◦ angle of incidence.

can be expressed as one minus reflectance when considering a glass substrate with
a notably very high thickness, making transmittance negligible. This implies that
low reflectance values correspond to high absorptance. According to Fig. 3.30, we
figure out a correspondence between the experimental and computational reflectance
data, revealing shared features while notably diverging in terms of amplitudes. It is
reasonable to guess that this discrepancy may caused by limitations in measurement
sensitivity within the experimental apparatus. Nonetheless, the overall qualitative
agreement highlights the validity of our computational approach. Surprisingly, we
observe a trend where reflection becomes stronger as the filling fraction of cobalt
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nanoparticles increases, irrespective of the angle of incidence, with slight redshifting.
This presents a contrast to what we might expect based on previous experiences
with copper nanoparticle thin films. The explanation behind this lies in cobalt’s
inherently weaker localized surface plasmon resonance (LSPR) strength in comparison
to copper, This diminished LSPR effect results in a reduced interaction due to plasmon
hybridization between cobalt nanoparticles, therefore showing the importance of the
role of nanoparticle filling fraction in enhancing absorption. Furthermore, we note a
difference in reflectance curve feature between two different angles of incidence at
45◦ and 70◦, one with weaker and stronger absorption, respectively. The difference is
marked by distinct peaks at around 400 nm wavelength for the 45◦ incidence and
corresponding valleys for the 70◦ incidence. We note that the latter angle is in closer
proximity to Brewster’s angle, especially given our utilization of transverse magnetic
(TM) polarization illumination. These peaks are related to the localized surface
plasmon resonance peak of a single cobalt nanoparticle. This concludes that cobalt
nanoparticle’s thin film absorber has potential because the absorber can perform
better than copper nanoparticle absorber with stronger absorption, though it has
not been experimentally proven.

3.5 Summary

In this chapter, we have employed the multiscale modeling technique to in-
vestigate the performance of a nanoparticle-based multilayer broadband absorber.
Our motivation for this study stems from prior research indicating the potential of
nanoparticle-based solar thermal collectors. Our objective was to study into the
optimization of this absorber. To achieve this, we establish a multilayer system
consisting of a layer of Au144 gold nanoparticles in conjunction with copper and
cobalt nanoparticles in a dielectric matrix, a dielectric spacer layer, and a metallic
mirror. Our results demonstrate a nearly perfect broad absorption of up to 90% of
incident light energy. Further, we made an effort to optimize the copper nanoparticle
thin film absorber by considering many properties inside the absorber, like adding
nanoparticles with different material other than copper, studying the effect of surface
roughness at the surface of the thin film absorber, and subsituting the nanoparticles
inside the thin film with ones with sharp tips. Moreover, we compared the compu-
tational results obtained from the copper and cobalt nanoparticles absorber with
experimental data, showing a noticeable agreement. These findings not only confirm
the validity of the computational result but also provide valuable insights for further
enhancements in the absorber’s performance.
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4. Conclusion and outlook

We have studied in this thesis broadband perfect absorbers based on thin film systems
with plasmonic nanoparticles. The thin film consists of a layer with many metallic
nanoparticles, a dielectric spacer layer, and a metallic mirror as the substrate. We
utilize the multiscale modeling methods to study the optical properties of such an
absorber. The method starts by considering the optical properties of nanoparticles
or a molecule and further utilizes the small-scale optical properties to be applied in
a large-scale device, a thin-film absorber in our case.

For instance, the T-matrix of an Au144 gold molecule obtained through TD-DFT
can be scaled up to be transformed into a T-matrix of a cluster of many identical
Au144 molecules. Later, we can find the scattering response from a layer built from
a periodic arrangement of clusters in two dimensions. Finally, we can find the
absorptance from the absorber with a layer of molecules. It turns out that the light
can be almost perfectly absorbed in a visible light spectrum (λ = 300 − 800 nm),
approximately 97% of light energy is absorbed by the thin film when we consider a
specific thin film thickness, which is a pretty good finding. Further, we take a look at
bulk copper nanoparticles inside an alumina matrix as the nanoparticles layer for the
next study. By considering various copper nanoparticles cluster filling fraction, we
understand that a larger filling fraction of copper nanoparticles is beneficial to absorb
more light at longer wavelength, especially in near-infrared regions (λ ≈ 1800 nm).
We found that it is possible to have 90% of light energy absorption according
to computation. Additionally, a research group led by Prof. Franz Faupel at
Kiel University explored the fabrication of the absorbers, had their configurations
according to the design predicted by our computations. We compare the results from
the fabricated and the simulated samples. It turns out that we have generally very
good agreement with both the results in specific filling fractions. Only for excesssively
large filling fractions, the agreement between experiment and simulation was not very
satisfying. This disagreement was explained by the violation of specific assumptions
made in the simulations. Specifically, we observed at high filling fractions for the
fabricated nanoparticle layers an aggregation of nanoparticles to form nanoislands
within the layer. That aggregation diminishes the plasmonic interaction between the
nanoparticles, observed through measurements in the experiment. That interaction
of fused nanoparticles is not taken into account in our simuations.

There are many interesting ideas reported by many people to improve our
absorber, so that the absorber can strongly absorb electromagnetic waves in a much
broader spectrum, expectantly up to the mid-infrared region (2500 − 25000 nm).
For instance, applying non-spherical nanoparticles to the absorber, several papers
have reported near-infrared plasmon resonances [107, 108, 109]. This is a challenge
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computationally because we have to find the T-matrix of non-spherical nanoparticles.
We can use numerical methods to find this T-matrix, but it only works when the
nanoparticles are not interacting in the near-field region, due to Rayleigh hypothesis
[105]. However, ongoing research in the group of Prof. Carsten Rockstuhl’s at the
Karlsruhe Institute of Technology explores an algorithm to create a T-matrix for non-
spherical nanoparticles expioiting the concept of a topological skeleton. Then, it will
be interesting if we can improve the absorption of light at much longer wavelengths
than near-infrared regions. For example, applying materials that sustains LSPR
at wavelengths in the near-infrared region like indium tin oxide [110], could be one
option. Alternatively, we can employ a metasurface on top of our absorber with
chiral plasmonic materials [111], vanadium oxide nanorods [112], and adding cermet
thin films as the spacer layer [113].

As we venture into solar harvesting applications, it becomes essential for future
studies to compare the performance of our absorber with the actual solar radiation
spectrum. Evaluating its effectiveness across specific operating temperatures is also
essential. Given that we aim to position the absorber in areas with high sunlight
intensity, such as areas near the equator and deserts with notably high ambient
temperatures, understanding its thermal performance will be important. It is also
noteworthy that sunlight emits a decent infrared light. Therefore, to optimize
its efficiency, the design of the solar absorber should prioritize the absorption of
sunlight primarily at wavelengths with the highest intensity, which peaks in the
visible spectrum and gradually decreases at longer wavelengths. This means that it
would ensure maximum sunlight energy absorption while minimizing losses, leading
to enhanced overall efficiency of the solar harvesting system.
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