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ABSTRACT. We provide a general HIM framework for forward contracts written on abstract market
indices with arbitrary fixing and payment adjustments. We allow for indices on any asset class, featuring
collateralization in arbitrary currency denominations. The framework is pivotal for describing portfolios
of interest rate products which are denominated in multiple currencies. The benchmark transition
has created significant discrepancies among the market conventions of different currency areas: our
framework simultaneously covers forward-looking risky IBOR rates, such as EURIBOR, and backward-
looking rates based on overnight rates, such as SOFR. In view of this, we provide a thorough study
of cross-currency markets in the presence of collateral, where the cash flows of the contract and the
margin account can be denominated in arbitrary combinations of currencies. We finally consider cross-
currency swap contracts as an example of a contract simultaneously depending on all the risk factors
that we describe within our framework.

1. INTRODUCTION

Benchmark reforms have introduced significant discrepancies among interest rate option markets
of different currency areas. In the US market, for example, caps and floors are currently written on
a compounded version of the secured overnight financing rate (SOFR), whereas in the EUR area the
unsecured EURIBOR rate is still the market standard underlying. This poses a significant challenge
when considering a portfolio of interest rate derivatives which are denominated in multiple currencies.
This is a typical situation arising, for example, when computing risk measures at the portfolio level, or
in the context of xVA (x-Value Adjustment) calculations, where all the trades between the bank and the
counterparty must be jointly simulated in order to account for netting agreements. A model suitable
for these portfolio-wide calculations should then be able to simultaneously describe forward-looking
credit-sensitive rates on the one hand, and forward-looking and backward-looking overnight-based
interest rates on the other hand.

To solve this issue, in this paper we provide a general HJM framework to describe forward contracts
written on abstract market indices. Our setting allows indices with arbitrary fixing and payment
adjustments and indices on any asset class, so to accommodate the benchmark transition. Moreover, it
allows for multiple currencies, meaning that the cash flows from the contract and the collateralization
may be denominated in arbitrary combinations of currencies. Thus we simultaneously extend the
literature on multiple-curve valuation with collateral, on interest rate and on cross-currency modelling,
and we define the bases for analysing the benchmark transition.

We first provide a sound foundation for our valuation formulas by extending the work of |Gnoatto
and Seiffert| [2021] on cross-currency valuation with collateral. In particular, we consider a general
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setting where the market drivers are It6 semimartingales. Going beyond the diffusive setting, we
allow the presence of market incompleteness. In doing so, we extend the martingale approach of
Bielecki and Rutkowski [2015] to incomplete markets and reconciled with |Piterbarg [2012] and Moreni
and Pallavicini [2017], among others. This is achieved by postulating the martingale property of the
discounted gains from trading in the contingent claim and without resorting to replication backward
stochatic differential equations. Our framework inherits one important feature of (Gnoatto and Seiffert
[2021] as initially stated in Bielecki and Rutkowski| [2015]: the martingale measure of the “domestic”
risk-neutral measure, say Q*, has not a unique numéraire. On the contrary, under Q¥ each risky
asset, including collateralized derivatives, is discounted by means of an asset-specific cash account.
The measure QF is then a “multi-numéraire” martingale measure. This means in particular that
the cash account growing at the overnight rate is not the numéraire of Q. as it is often stated in
the existing literature. We obtain valuation formulas for contingent claims denominated under an
arbitrary currency kg with cash flows paid or received in currency ko and with collateral amounts
being exchanged in currency k3. Equipped with these formulas, we systematically treat zero-coupon
bonds under arbitrary configurations of the collateral currency and contractual cash flows. This in
turns allows to properly define a multitude of forward measures in view of term-structure modeling.

In the second part of the paper, we set the market “in motion” by mean of a Heath-Jarrow-Morton
framework Heath et al|[1992]. In doing this, we generalize the existing literature in at least two
directions. On the one hand, we extend the general multiple-curve HJM framework of |Cuchiero et al.
[2016] to a multiple-currency setting, thus setting the cross-currency market “in motion” by means of
general [t6 semimartingales. On the other hand, we consider abstract indices as the target modeling
quantities, in opposition to Cuchiero et al. [2016], where only IBOR rates are modelled. By working
with abstract indices, we indeed encompass the case of classical IBOR rates, of new backward-looking
indices based on overnight rates, such as SOFR, and other quantities such as inflation or commodity
prices. This allows to accommodate the situation where we simultaneously consider a market with
standard forward-looking rates (e.g., EURIBOR for the EUR area or TIBOR for the JPY area) and
backward-looking rates (e.g., SOFR-based rates for the USD area). This is important in the current
market setting since benchmark reforms have introduced a significant level of asymmetry between
interest rate markets of different monetary areas. Our framework is then pivotal for the management
of large portfolios of interest rates products which are denominated in different currencies and are
subject to different market conventions. This is a typical situation which is faced when computing
xVA at the portfolio level by Monte Carlo simulations. We also mention that our work extends the
cross-currency HJM framework of |[Fujii et al.|[2011] to a general semimartingale setting.

In view of the above-mentioned markets asymmetries, we treat cross-currency swap contracts as
test-bed for our framework. These contracts allow us indeed to demonstrate the relevance of all the
modeling quantities that we consider in the paper. In particular, we describe cross-currency swap
contracts by means of our proposed abstract indices, meaning that we can cover, for example, the
situation of a legacy EURUSD cross-currency contract created before the LIBOR transition exchanging
USD LIBOR against EURIBOR. According to the US LIBOR act, market participant can indeed
choose the LIBOR fallback rate that they deem more appropriate. Hence for the USD leg the agents
may agree on the fallback proposed the by International Swaps and Derivatives Association (ISDA)
which is based on SOFR, or they may choose an alternative benchmark such as AMERIBOR. Our
framework is general enough to cover all the possible situations, so it represents the ideal setup for
the valuation of a portfolio that typically combines legacy trades and new positions.
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In the remaining part of the introduction we review the most important market features that
motivate the present work together with the existing literature.

1.1. Violations of the covered interest rate parity. Consider a domestic agent d endowed with
an initial capital N'%. At time t > 0 the agent faces two investment alternatives. A first possibility
would be to invest the initial capital for an horizon ¢ by lending on the d-unsecured market, thus
earning the d-IBOR rate L{(t,t + §). Alternatively, the agent could enter at time ¢ into a f-foreign
exchange forward with length ¢ and rate Xtd’f (t+0). In this case, at time ¢ he/she would convert the
amount A% at the spot exchange rate Xtd’f and lend the amount in foreign currency on the foreign
unsecured market, where he/she would earn the unsecured f-IBOR rate L{ (t,t+9). After the time 0,
the agent would then reconvert the amount by means of the foreign exchange forward rate Xtd’f (t+9)
agreed at time ¢. The combination of such an FX spot and an FX forward transaction is termed FX
swap. We say that the covered interest rate parity holds if the two strategies described deliver the
same amount in domestic currency at the end of the period §. In particular, if the covered interest
rate parity were to hold, then we would obtain the classical relation that links the market quote of
the FX forward with the unsecured spot rates of the two currencies, namely
(1.1) A (14 5) = xtdfo‘SLg(t’t”).

1+ 0Ly (¢t t+9)
Market data on FX swaps and FX forwards show however the systematic violations of .

We can similarly discuss the valuation of cross-currency swaps. These are long-term transactions

which involve an exchange of cash flows between two agents, here denoted with d for domestic and f
for foreign, over a schedule of dates, say Ty, 11, ..., 1. Since the cash flows are indexed on the floating
ratesﬂ of two currencies, cross-currency swaps can be seen as a long-short position on two floating-rate
bonds denominated in two different currencies. In particular, at time Ty the two agents lend to each
other the notional amounts A'¢ and N/ in domestic and foreign currency, respectively. Then, at each
time T3, i = 1,...,n, the agents receive floating-rate interests for the notionals lent. In addition, at
time T the notionals are swapped back. If the covered interest rate parity were to hold, then the
sum of the value of the two legs at time ¢ < Ty should be zero in the absence of any adjustment. More

precisely, taking the perspective of the domestic d agent, we should observe that

N
0 =N (—Bd(t, To) + Y (Ti = Tioa) L{(Ti, Ti) BY(t, T;) + BY(t, TN>>

(1.2) =

N

- XN (—Bf (t,To) + > (T, = Ti) L (Tia, T B (,T)) + B/ (¢, TN)> ,
i=1

where B%(t,-) and Bf(t,-) denote risk-free zero-coupon bonds in domestic and foreign currency, re-

spectively.

However, when looking at market data, one observes that the covered interest parity is systematically
violated. More precisely, the relations and were approximately satisfied before the 2007
financial crisis. Since then, persistent violations have been observed, with the consequence that cross-
currency forward values can not be reconstructed from unsecured funding rates. In particular, the
relations and must be adjusted by introducing the so-called cross-currency basis swap spread.
For cross-currency swaps against USD, for example, the market practice involves to introduce a spread
over the floating rate for the non-USD leg of the contract. If d corresponds to USD, then this means

1Depending on the currency pairs involved, the floating rates could be secured or unsecured.
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FIGURE 1. Cross-currency basis swap spread time series for the pair EUR-USD (left
panel) and for the pair GBP-USD (right panel). Each curve corresponds to a different
maturity.

that in order for relation to hold, we must substitute L{(Ti,l, T;) with L{(T@-,l,Ti) + So(Tw)
for all i = 1,..., N, where Sy(T) is the cross-currency basis swap spread which is a function of the
contract’s maturity T and is set at the stipulation of the contract. Similarly, for relation to
hold, we must substitute L{ (t,t+9) with L{ (t,t+9)+So(t+9). We report in Figure[1| the time series
for the cross-currency basis swap spreads So(T) for the currencies pairs EUR-USD and GBP-USD,
and for several maturities T ranging from one to thirty years.

To explain this phenomenon, we need to look into the nature of the contracts under consideration.
In particular, the market quotes refer to perfectly collateralized instruments. In other words, the
published quotes assume the existence of an ideal collateralization agreement (Credit Support Annex
- CSA), in which the two agents exchange margin calls in continuous time so to perfectly annihilate any
outstanding credit exposure. On the other hand, the replication strategy involves IBOR rates. Hence,
it is subject to (at least) the liquidity risk, since the lending activity is not supported by any guarantee
(unsecured lending). In summary, there is a discrepancy between a perfectly collateralized derivative
security and a wrongly postulated replication strategy by means of unsecured borrowing/lending.
This highlights the importance of studying the cross-currency basis swap spread. This, however, has
received a limited coverage in the financial mathematics literature so far: it was analyzed in
'Takahashi| [2011], McCloud, [2013] and Moreni and Pallavicini [2014]. Moreover, up to our knowledge,
the only reference providing a modeling framework for this spread in a HJM setting is :
our work greatly generalizes this setting.

1.2. IBOR-OIS spread. A similar discrepancy is observed in single-currency interest-rate markets
when trying to replicate the market quotes of forward-rate agreements (FRA) with unsecured bor-
rowing/lending on IBOR zero-coupon bonds. Let Lf’k(Tl,T 5) be the (collateralized) FRA rate at
time t for the period [T, T3], where ¢ stays for collateralized and k denotes a generic currency. If the
replication was possible, we should get that

1 BE(t,Ty)
LOF(T, . Ty) = VAN |
o (1 1) T, —Th (Bk(t;T2> ’

where B¥(t,-) denotes the unsecured (IBOR) zero-coupon bonds for the currency k. However, this

replication argument fails, as it is shown empirically in Bianchetti and Carlicchi [2013]. Moreover, it

is also observed that the forward rate can not be reconstructed from collateralized zero-coupon bonds
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B®k(t,-) in the currency k, namely

1 BeF(t,TY)
LOF (T, Ty) £ LOFP (T, Ty) = U q).

This discrepancy has led to the multiple-curve framework initiated by the seminal work by Henrard
[2007], and later studied by several authors, e.g. |Cuchiero et al.| [2016] and |Cuchiero et al.| [2019),
Morini [2013], Kijima et al. [2009], Kijima et al. [2009], Kenyon| [2010], Henrard|[2010], Mercurio| [2010],
Mercurio| [2013], Mercurio and Xie| [2012], Moreni and Pallavicini| [2014], [Pallavicini and Tarenghi
[2010], |Crépey et al.|[2012], Grbac and Runggaldier| [2015], Henrard| [2014], Filipovi¢ and Trolle [2013],
Grasselli and Migliettal [2016], |(Grbac et al. [2016], Morino and Runggaldier| [2014], |Grbac et al.| [2015],
Eberlein et al.| [2020].

1.3. The LIBOR discontinuation is not the end of IBORs. A further element of complexity in
this picture is the ongoing reform of certain interest rate benchmarks. First of all, we need a word of
clarity: the term LIBOR refers to the London inter-bank offered rate, which is an unsecured inter-bank
rate available for several tenors, maturities and currencies. It has been administrated by the British
Bankers Association (BBA) until 2014, and by the Inter Continent Exchange (ICE) afterwards. It is
ICE who is managing its discontinuation by publishing selected tenors for the USD and GBP areas via
an unrepresentative synthetic methodology. LIBOR, however, is only an example of unsecured inter-
bank offered rate subject to a certain jurisdiction. There are indeed several other unsecured inter-bank
rates, such as EURIBOR for the EUR area or TIBOR for the JPY area. Hence, we should not take
LIBOR as a synonym for inter-bank offered rates in general, and the fact that LIBOR rates are being
discontinued does not mean that unsecured inter-bank rates are being discontinued in general. In the
following, we clarify the ongoing situation for the EUR and the USD area.

In the EUR area the reform of interest rate benchmarks led to the discontinuation of the unsecured
EONIA (Euro Overnight Index Average) which was substituted by ESTR (Euro Short Term Rate).
The calculation methodology of the EURIBOR rate has been updated by means of a three step
waterfall methodologyﬂ There are no plans for a discontinuation of EURIBOR, meaning that for the
EUR area a multiple-curve model is still needed in order to properly describe the market of interest
rate product{] Similarly, in the JPY area there are no plans to discontinue the Tokyo Inter Bank
Offered Rate (TIBOR)]

The situation in the USD area is more involved. Here the overnight Fed Fund rate has not been
discontinued. However, a second overnight rate has been introduced as the central building block of
the interest rate market: this is the secured overnight financing rate (SOFR) which is a repo rate where
the collateral is given by treasury bills. This means that for the USD area there are two overnight
rates, namely an unsecured one (Fed Fund) and a secured one (SOFR). In particular, it is SOFR which
is now the market standard for the remuneration of collateral. This means that, for example, a proper
valuation of swaps depending on the Fed Fund rate should be performed by means of a two-curve
setting in order to account for the spread between the Fed Fund rate and SOFR. Notice that swaps
on the Fed Fund rate used to be “old” OIS swaps in the terminology of |(Cuchiero et al.| [2016].

With the demise of USD LIBOR, the market of interest rate swaps and interest rate options mostly
moved, in terms of liquidity, to SOFR-based instruments, where the floating rate relevant for a cer-
tain coupon is constructed by compounding SOFR over the relevant time window. However, these

thtps ://www.emmi-benchmarks.eu/benchmarks/euribor/reforms/
*https://www.esma.europa.eu/sites/default/files/2023-12/ESMA81-1071567537-121_EUR_RFR_WG_Final_
Statement.pdf

‘https://www.jbatibor.or.jp/english/reform/
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overnight-based instruments are not suitable for the Asset Liability Management hedging needs of
medium and smaller financial institutions. This led on the one hand to criticisms against SOFR, see
for example |Cooperman et al.|[2022], and on the other hand to the introduction of alternative inter-
bank rates such as AMERIBOR T30 or AMERIBOR T90 administrated by the American Financial
Exchangd’| with quoted futures on the Chicago Board Options Exchange. As previously mentioned, in
the US area, interest rate option markets moved to SOFR-based instruments which have been analyzed
in several papers such as Mercurio| [2018], Lyashenko and Mercurio [2019], Heitfield and Park [2019),
Andersen and Bang| [2020], Macrina and Skovmand, [2020], Turfus| [2020], Willems| [2020],Gellert and
Schlogl [2021], Rutkowski and Bickersteth| [2021], Skov and Skovmand| [2021], Backwell and Hayes
[2022], Brace et al.[[2022], Huggins and Schaller| [2022], |Schlogl et al.| [2023], [Fontanal [2023], Fontana
et al. [2023].

1.4. Summary of the requirements. Our objective is to devise a general framework for cross-
currency markets that makes it possible to jointly capture all the previously mentioned stylized facts.
The paper is structured as follows. In Section [2] we construct the cross-currency basis market which
includes general risky assets. In Section [3] we obtain valuation formulas for fully-collateralized con-
tingent claims by extending Gnoatto and Seiffert| [2021]. As a preparatory step and application,
we thoroughly study zero-coupon bonds (ZCBs) as basic building blocks for term-structure models.
Section [] presents all the measure changes that are relevant for defining our HJM framework. In
particular, we define several extended forward measures, generalizing the approach of |Lyashenko and
Mercurio| [2019]. In Section [5| we introduce the HIM framework for the multiple discount curves which
we need in order to account for the presence of the cross-currency basis spread. In Section [6] we
study abstract indices, allowing us to span the whole interest rate market, and, more general, any
market with quoted forwards on indices. Finally, Section [7] shows the relevance of the framework in
the context of cross-currency swaps valuation.

2. MULTI-CURRENCY TRADING IN THE BASIC MARKET

We follow the notation of |Gnoatto and Seiffert| [2021]. Let T > 0 be a fixed time horizon and
(Q,G,G,P) be a filtered probability space with the filtration G = (gt)te[ovT] satisfying the usual
conditions. Here Gy is assumed to be trivial, and all the processes to be introduced in the sequel are
assumed to be G-adapted right-continuous with left limits (RCLL) semimartingales.

We then postulate the existence of L € N economies, and we introduce the following indices ranging
from 1 to L in order to distinguish between all the possible scenarios:

(i) ko denotes the currency of denomination of the portfolio, hence represents the domestic cur-
rencys;
(ii) k1 denotes the currency of denomination of the risky assets, the associated repo cash accounts,
and of the unsecured funding accounts;
(iii) ko denotes the currency of denomination for the contractual cash-flows;
(iv) k3 denotes the currency of denomination of the collateral;
(v) k will be used to denote a general currency.

We set to di, the number of risky assets which are traded in terms of the currency with index k.
Then S%*1 denotes the ex-dividend price of the i-th risky asset traded in units of currency ki, and

D¥*1 is the corresponding cumulative dividend stream, for every i =1,. .., di, -

5The American Financial Exchange is an electronic exchange for direct lending and borrowing for American banks.
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The trading desk uses different sources of funding, each being represented by a suitable family of
cash accounts. In particular, for each risky asset there is an asset-specific funding account, which we
call the repo account. We denote by B¥¥1 the funding account associated to the asset S“*1. Positive or
negative dividends from the risky asset S**! are invested in the corresponding funding account B**1.
For unsecured funding, we assume that the trading desk can fund its activity by unsecured borrowing
and lending in different currencies. We then introduce the cash accounts B¥ := B%*1 with unsecured
rates r*1, for k; = 1,..., L. Moreover, we use the symbol ~ to denote quantities which are discounted
by means of their corresponding repo account, and the symbol ~ for quantities which are discounted
by means of the corresponding unsecured account. For example, for the risky asset S“*1 we write

Sik . — ZZZ, and SPF1 = 5;:
We further denote by AX*0F the price of one unit of currency k in terms of currency ko, for every
k # ko. Following the usual FORDOM convention, we have, e.g., that XUSP-FUR ig the price in USD
of 1 EUR.

We work under the following assumptions as in |Gnoatto and Seiffert [2021, Assumption 2.1].

Assumption 2.1. We assume that:

(i) For alli =1,...,dg,, and all k1, the ex-dividend price processes Stk gre real-valued RCLL
semimartingales;

(ii) Foralli=1,...,dy,, and all k1, the cumulative dividend streams DUk are processes of finite
variation with Dé’kl =0;

(iii) For all j =0,...,dk,, and all k1, the funding accounts BI* are strictly positive and contin-
uous processes of finite variation with Bg’kl =1;

(iv) For all ko and all k # ko, the exchange rate processes X*0* are positive-valued RCLL semi-
martingales.

Following (Gnoatto and Seiffert| [2021], we shall first characterize the absence of arbitrage in a market
consisting solely of basic traded assets. A trading portfolio in this market is defined as follows.

Definition 2.2. Let Ng := 251:1 di, be the total number of traded assets in all currencies. A
dynamic portfolio consisting of risky securities and funding accounts is denoted by ¢ = (§,1), where:

(i) &€ € RNs with G-predictable components, £9%1, representing the number of shares owned on
the risky asset SPF1, fori=1,... Jdg,, and ky =1,...,L;

(ii) ¥ € RNsTL with G-predictable components, ¥, representing the units of cash account on
Bbk1 fori=0,... Jdi,, and k1 =1,...,L. Fori =0 we use the shorthand Pk = 0k,

We denote by V(¢) the wealth process of the trading strategy ¢ expressed in currency kg, where
we omit the index kg to simplify the notation. From the definition of trading strategy, it is easy to
see that

L dkl . . dkl . .
Vi(p) = Z thoJﬂ Z éz,kl Sz,kl + Z wgJﬂl Bg’kl
ki=1 i=1 =0
The discounted wealth process is V(¢) := ‘;(,zg) .

We now introduce the concept of self-financing trading strategy.
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Definition 2.3. A trading strategy ¢ is self financing whenever the wealth process V (¢) satisfies

L d

kl
Vi(p) = Z (/ Xko,klézkl ( Szlﬁ dDzIﬂ)
1

ki=1 |\ =

I é-z',kl Sik g ykoks 4 gi,kld [Si,kl 7 Xko,kl]
(0] s s s 0.4 s s

dx,
+ Z / Xsko,’ﬁ wg,kl ngJﬂ + / wg,kl Bg’kl dXsko’kl
]:0 (Ovt} (Ort]

Our first task is to provide conditions guaranteeing absence of arbitrage in the basic market con-
sisting only of risky assets and cash account positions. The concepts of admissibility and of arbitrage
opportunity that we consider are the standard ones.

Definition 2.4. A self-financing trading strategy ¢ is admissible for the trader whenever the dis-
counted wealth f/(gp) is bounded from below by a constant. An admissible trading strategy ¢ is an
arbitrage opportunity whenever P <‘~/T(§0) > 0) =1andP <VT(§0) > 0) >0, for T > 0.

A classical textbook arbitrage strategy can be constructed in a market with two risk-free assets
growing at two different rates. To preclude such trivial arbitrage opportunities, the following repo

constraint becomes crucial:
(2.1) PR B L gtM gtk — 0 for every t € [0,T), i=1,...dg,, and 1 < k; < L.

The repo constraint reflects the realistic situation where the holdings on every risky asset are financed
by a position on the asset-specific cash account, and it is not possible to create long-short positions
on different cash accounts to produce risk-less profits.

Lemma 2.5. Under the repo constraint (2.1)), the discounted portfolio dynamics is

dV Z Zl: i,k1 dKZ Kok SiJﬁ kaU:kl + Z k‘ld BF kol
t Bko f t t %  Bko )
k1=11i=1 k1=1,k1#ko t
where for every i =1,...dy,, and k1 = 1,..., L, the processes

S

i ko,k ; Sik ykok , 4
KZ” 0,k1 ::/ S;’kldX§07kl _Ys s deJ/ﬁ + Xfo’kldS;’kl +d [Xk07k1’57/7k1:|
(0,¢]

represent the wealth, denominated in units of currency ko and discounted by the funding account BbF1,

of a self-financing trading strategy that invests in the asset S¥F1.

Proof. |Gnoatto and Seiffert| [2021, Corollary 2.15} shows that the portfolio dynamics are of the form

L dk1 k
B»f
dVi(p) =Y Bko&l’kldK’ko’kl + E E Bz,ﬂ (%le’ M +£““S““1) kO’k1d<Bko>
k1=11=1 =11=1
L diy Bik ko.k1 Rk
’ X 0, lB 1
k1 ;-ko.k k
3 S B a3 b (U
ki=1 i=1 B ki1 Bfo ¢
Hence substituting the repo constraints (2.1) and regrouping terms, we get the result. ]

The absence of arbitrage in the basic model is characterized by |Gnoatto and Seiffert| [2021, Propo-
sition 3.4] as follows.
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Proposition 2.6. Assume that all the strategies available are admissible and satisfy the repo constraint
@1). Then the multi-currency model is arbitrage free if there exists a probability measure Q¥ ~ P on
(Q,G), such that the processes

ok S’i,k‘l Xé{fo:kl ik Si,kl ok
0,~1 Rl 0,R1
(2.2) /(0 ; X0 d (B“ﬂ)s + ) dDg™ +d |:Bi7k1 , X L and
» 0<t<T
thmkl Béﬂ
t 0<t<T

are (Q*, G)-local martingales, for alli=1,...,dy,, and allky =1...,L.

Thanks to Proposition [2.6| we have the recipe to construct arbitrage-free models. In the next section
we shall introduce the concept of collateralization and extend the market model with collateralized
contracts.

3. PRICING UNDER FUNDING COSTS AND COLLATERALIZATION

The approach of |Gnoatto and Seiffert| [2021] is based on the assumption that it is possible to
replicate contracts with cash flow streams by means of collateralized trading strategies. However,
interest rate markets are intrinsically incomplete since interest rates are not traded assets. We then
need to adapt the approach of (Gnoatto and Seiffert| [2021] to the setting of martingale modeling. The
idea is that introducing a contingent claim with a given and yet-to-be-determined price process into
an arbitrage-free market model does not introduce arbitrage opportunities. Another aspect is that
the formulas of (Gnoatto and Seiffert) [2021] were derived under a diffusive setting, namely without
jumps. We consider a more general setting and work with semimartingales as driving processes for
the market.

The approach is as follows: starting from the trading portfolio V(¢), we include in the market a
collateralized contingent claim with dividend flow. The inclusion of this additional asset must be done
in a coherent manner, namely without breaking the martingale property of the market. We start with
the following assumption.

Assumption 3.1. The processes (2.2) and (2.3) and stochastic integrals with respect to (2.2)) and
[2.3) are true (Q*o, G)-martingales.

Thanks to Lemma Assumption guarantees that V(y) is a true (Q%, G)-martingale. As a
consequence, the basic market consisting only of the primary assets is free of arbitrage opportunities.
We now proceed to extend the market by introducing the contingent claim. In particular, we define
the dividend flow of a financial contract as in |Gnoatto and Seiffert| [2021, Definition 2.5], where we
exclude possible cash flows occurring at time zero as these would only represent a shift in the value of
the contract.

Definition 3.2. We define o financial contract as an arbitrary RCLL process A2 of finite variation
representing the cumulative cash flows paid by the contract in currency ko from time 0 until the
maturity date T'. By convention, we set AIS2 =0.

We now introduce collateralization. In particular, we consider the cash-collateral convention, mean-
ing that the collateral is exchanged in cash, i.e., in units of an arbitrary currency ks, and not in terms
of units of a risky security. Rehypothecation is also allowed, meaning that the trader can use the
cash he/she receives to fund the trading activity. This constitutes the most adopted convention for

variation margin.
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We represent the collateral by a right-continuous G-adapted process C*3 which is received or posted
by the trader in units of currency ks, with k3 = 1,..., L. In particular, for every time instant ¢ € [0, 77,
we denote with C’f 3T the value of collateral that is received by the trader from the counterparty at
time ¢, and with C’tk %™ the value of collateral that is posted by the trader to the counterparty at time
t. We assume that the collateral account satisfies C’é“? = 0, meaning that the collateral is returned
to its legal owner at the terminal time 7. We also assume that the agent receives or pays interest
contingent on being the poster or the receiver of collateral: the trader receives interest payments based

¢ k3,b

@kl or pays interests based on the rate r .

on the rate r
We then introduce a contingent claim with dividend process A*2 collateralized by means of C*3,
and with price process in domestic currency S kO(AkQ, C’k3). We work under the following assumption.

Assumption 3.3. The price of the contingent claim S*(A*2 Ck3) depends only on the yet-to-be-
paid cash-flows, i.e. Sé,?o (Ak2 CF3) = 0, QFo-a.s.. Moreover, for every 0 < t < T, we assume that
Sko(Ak2 Cks) is integrable with respect to (Q%,Gy).

We finally define the full-discounted value process of the claim including the evolution of the mark-
to-market and the collateralization procedure.

Definition 3.4. The discounted full-value process of the collateralized contingent claim S* (A*2, C*3)
1s defined by

5 - ko, k2
(04 Bs°
Xk‘mka
1 ko _ c,k3,b k3\+ _ ko _ c,k3,l k3\— S
(3.1) +/(07t] [(rko —rekat) (Choyt — (rko —rekat) (clo)7] s
k
- g)(ko’ki’ (rko — rks)ds
(0,4] Bko * B B '

The various terms appearing in (3.1)) have the following interpretation: S’fo (Ak2 C*3) captures
the fluctuations of the mark-to-market of the contract that is held by the trader, who also receives

dividends during the lifetime of the contract. These dividends are reinvested in the unsecured cash
XSkkaz
O,t] B§O

receives (C*3)*, then he/she reinvests this amount at the unsecured rate r*¢ and pays interests to the

account which produces f( dA’s“Q. Moreover, the transaction is collateralized. If the trader

¢k3:b thus giving rise to the funding spread r¥0 —r©k3:b - Similar considerations

counterparty at the rate r
hold for the case when the trader posts the collateral amount (C*3)~. Finally, the last term in (3.1
captures the fluctuations of the collateral amount due to changes in the foreign exchange rate.

The next assumption is crucial in order to preserve absence of arbitrage.

Assumption 3.5. The process M and stochastic integral with respect to M are true (Qk, G)-
martingales.

We now denote by ¢ = (¢, 1) the self-financing portfolio that invests in the basic traded assets
according to ¢, and invests additionally one unit in the claim with discounted full-value process M.
The portfolio is admissible in the sense of Definition hence self financing, meaning that

dVi(¢™) = dVi(p) + d.M,.

Starting from an extended portfolio p®*, we derive in the following theorem the price formula for
the contingent claim S*o(Ak2, C*s).
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Theorem 3.6. Let Assumption and the repo constraint (2.1) hold. Then the price in
units of currency ko of a contingent claim with cash flows A*? and with collateral C*3 is

ko,k2

[
1 Bs®

ko _ Ck’3, ks\+ _ ko _ C/€37 ks S [
T e e e O [C R

ks
—/ G5 —s_xhoks (pho _ pksygg gt] .

(t,

7 BF
Proof. Combining Assumption and Assumption we deduce that V;(¢%%) is a true (QF, G)-
martingale. From the martingale property of V;(¢®) we then get that

0 =B [Vr(e™) - Vi(o™)| G| =B [y — 2| 6]

from which, by Assumption we deduce the expression for the price of the contingent claim. [

Sfo (AkQ, Cks) — BfoEQkO

Notice that, modulo the different sign convention, the pricing formula derived in Theorem is
equivalent to the pricing equation (6.10) in |Gnoatto and Seiffert| [2021]. We stress however, that
the present derivation does not assume a diffusive setting (in fact, it does not rely on any explicit
dynamics), nor relies on the concept of replication.

We now simplify the setting by introducing the following assumption.

Assumption 3.7. We shall assume that ro*3b = ksl Qko_q.s. for all ks =1,..., L.

We then set ro#s = peksb = peksl and let B*s be the collateral cash account with interest rate

r¢F3  namely

(3.2) B&*3 .= exp / roksds b
(0,2]

Under Assumption we also introduce the following spreads capturing the discrepancy between

unsecured rates and collateral rates of different currency denominations.

Definition 3.8. Let 1 < kg < L. We define:

(i) The liquidity spread ¢*0 as the difference between the unsecured funding rate r* and the

c,ko

collateral rate r ¢,ko :

, namely ¢*0 .= rko — ¢

ko.ks qs the difference between the liquidity

kosks .

(ii) For any ks # ko, the cross-currency basis spread ¢
spread for the currency ko and the liquidity spread for the currency ks, namely q

gro — g*s

We then introduce the collateral cash account B¢*0-F3 with interest rate r¢koks .= p&ko 4 ghosks

namely

t
(3.3) Bk exp { / (reko + ghoto) ds} .
0

We further say that the contingent claim with discounted full-value process (3.1)) is perfectly or fully
collateralized if
Shko(Ak2 Cks)

ks __
(3.4) Chs = 2

, dP ® dt-a.s..
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In this case, the dynamics of .# in (3.1)) simplifies to

deO (Alcz7 Cka) thmkz dAk?2 B Sf:o (AkQ, Cka)
Bk’o Bk’o t Bko
t t t

(3.5) dMy, = (,,,g,ko n qlﬂo,/%) dt,

and we obtain the following corollary.

Corollary 3.9. Let Assumption and the repo constraint (2.1)) hold. Then the price of a
fully collateralized contingent claim with cash-flows A¥? and collateral C*3 is

ko, k2

Xs ks G
(t,1) BoFoks 7 '
) S

(3.6) Sko(Ak2 Chs) = peloks gt

Proof. From Assumption [3.5] we have that

BFo .
0 = E2® / —5d,
(

ko,k 8
t,T] B? 0,r3

Gt

i k‘o k:() k‘g k‘3 kO :k2 k‘o kz k‘g
T <dSs (A, CF) 200 SCARCR) (o ds>|gt]
(

i BERoks B B ¢ B
_ o | SE(AR.CR)  sfo(aR, o) L elg
I B;’ko’k3 B?ko,ka (1] B?ko,kzs s |Ft] -
From Assumption E we have that S;’lo (Ak2 C*3) = 0, hence we get the claim. O

The formula obtained in Corollary [3.9generalizes (6.23) in|Gnoatto and Seiffert] 2021] to incomplete
markets possibly driven by jump-diffusion processes. From (3.6) we can also obtain generalizations of
formulas (6.24)-(6.26) of \(Gnoatto and Seiffert| [2021].

Corollary 3.10. The following pricing formulas can be derived:

(i) ko cash-flows collateralized in currency ko: this corresponds to ko = ks = ko and we obtain

[ ekt
(.7

so we discount using the domestic collateral rate. This is the valuation formula employed in

Sho( Ao, Choy — EO Gi

)

the whole literature on single-currency multiple-curve interest rate models.
(ii) ko cash-flows collateralized in a currency ks: this corresponds to ko = ko, k3 # ko and we

obtain

Sko(ako, Chsy — O Gi

)

s N ko.k
/ 6_ ft (7’; 0+‘1u0 S)dudAkO
S
(t,7)

so that the foreign collateralization results in the appearance of the cross-currency basis in the
discount factor.
(iii) ko cash-flows collateralized in currency ko: this corresponds to ke # ko, ks = ko and we obtain

Sfo (Akz, Ckzo) _ EQkO [/( e JE rZ’kOdquo,kgdAlgg G
t

7T]

We conclude with a remark.

Remark 3.11. For deriving the pricing formula (3.6]), we assumed that S;O(A]”, Ck3) = 0 P-a.s.. If the
contract pays a single cash-flow at the terminal time 7', then one obtains the same pricing formulas by
alternatively postulating that A* = 0, dP ® dt-a.s., and by treating Sg‘) (Ak2 Ck3) £ 0 as the random
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terminal payoff of the contract. For such a simple instrument the two assumptions are equivalent.
This alternative viewpoint will be relevant in the next Section [3.1] when considering forward measures:
in this case we will make use of the well-known property of zero-coupon bonds being equal to one at
maturity.

3.1. Pricing of zero-coupon bonds. We have obtained pricing formulas for contingent claims under
arbitrary currency configurations for the promised cash flows and for the collateralization agreement.
We proceed now to treat zero-coupon bonds as a special case of this setting. This will serve as basis for
term-structure models in Sections [5] and [6] We shall use the shorthand ZCB for zero-coupon bonds.

Remark 3.12. Due to the martingale properties postulated in Section [3] we find it convenient to work
directly with the process .# instead of working with the whole extended portfolio. The derivation of
equivalent formulas with the extended portfolio is left to the reader.

3.1.1. Domestic ZCB with domestic collateral. Let T > 0 and denote the price process of a domestic
ZCB collateralized in domestic currency by {Bko’ko (t,T), 0<t< T}. In the notation of Section
this corresponds to ko = k3 = ky. Moreover,

Spo(Ak2 CFs) = BRoko(¢ T), and  Aj2 = AJ = 1y
Since Xkoko = 1, dP ® dt-a.s., full collateralization takes from equation ([3.4]) the simpler form
Bkoko (¢, T)

P =C == =B T).
t
The process M in (3.5 simplifies then to
~ dBFoko(t,T) 1 BRoko(t T)
dM; = L+ Al — ————2r7"0dt,
t Btko Btko {t=T} Bfo t

and from the pricing formula (3.6)) we get that
1

c,ko
BT

(3.7) BFoko (¢ T) = Bekog@*

gt] )

with B%¥ the bank account defined in (3.2). Equation (3.7) represents the pricing formula for a
so-called OIS bond as in, e.g., |[Cuchiero et al. [2016] and (Cuchiero et al. [2019]. Holdings in these

bonds are funded by holdings in the asset-specific cash account B¢*o,

3.1.2. Domestic ZCB with foreign collateral. Let T' > 0 and denote the price process of a domestic
ZCB collateralized in foreign currency by { B¥-*3(¢,T), 0 <t < T}. In the notation of Section 3| this
corresponds to ks = kg and k3 # kg. Moreover,

Spo(Ak2 CFs) = BRoks(¢ 7Y, and  Aj2 = AJ = Ly
Full collateralization from equation (3.4) means that
BFoks (¢ T)

ko,ks3
Xt

ks __
Ct _—

)

and the process . in (3.5) takes the form

~ dBFRs(t,T) 1 BFo-ks (¢ T)
d.tty = Bfo Bfo dl{t:T} - Tlﬂo

(Tf,ko + qfo,ka)dt'
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gt] )

where B%*0k3 is the bank account defined in (3.3). Notice that the currency dislocation in the
collateralization schemes results in the presence of a second term structure of zero-coupon bonds that

From the pricing formula (3.6) we get that

1
ko,k
BC’ 0,~3

T

(3.8) Broks (4 T) = pekoks gt

are funded by means of the newly introduced asset-specific cash account Bko-3,

3.1.3. Foreign ZCB with domestic collateral. Let T > 0 and denote the price process of a foreign ZCB
collateralized in domestic currency by {B*»*0(t,T), 0 <¢ < T}. In the notation of Section [3| this
corresponds to k3 = kg and ko # ko. Moreover,

Sfo (Alcz7 Cks) _ tho,k2Bk2,ko (t, T), and AfQ _ 1{t:T}-
Full collateralization from equation (3.4)) means that
xfok2 pleko (¢ 1)

ko,ko
Xt

and the process . in (3.5) takes the form

it = = Aot pRkor, 1),

X0 phako( ,T))t . Xk I xfokphako T)
{t:T} ko
Bt

Bl Bl
gt] )

From the pricing formula (3.6 we then get that

3.1.4. Domestic ZCB without collateral. Let T > 0 and denote the price of a fully unsecured ZCB
in domestic currency by {Bko (t,T), 0<t< T}. In the notation of Section [3| this corresponds to
ky = ko and C* = 0, dP ® dt-a.s.. Then

d% _ d( ¢,ko
t= Ty dt.

ko,k2
XT

C7k0
BT

(3.9) xfoke phako (¢ ) — pERogQ™

with B*0 the bank account defined in ([3.2).

SfO(A]QkaS) = Bko(t7T)7 AfQ = Afo = 1{t=T}7

and the process . in (3.5)) simplifies significantly to

- dB*(t,T 1 BFo(t, T
a.4, = B2 T) gy — 20T

ko
r0dt
Bl Blo Bkt

with r*0 being the unsecured rate. From the pricing formula (3.6) we then get that

a

This corresponds to a textbook pre-financial-crisis ZCB linked to the unsecured bank account B*o.

1
B

B (t,T) = BFEQ®

4. MEASURE CHANGES

We considered so far the domestic risk-neutral measure Q0. This is the measure such that the
processes and are (local) martingales, and we have used Q* as the pricing measure to
obtain pricing formulas from the point of view of an agent in the economy ky. We shall introduce in
this sections new measures which naturally arise in our framework and which will be crucial for the



CCY-HJM 15

HJM modelling in Sections [f| and [6f More specifically, we shall introduce spot-foreign measures and
forward measures.

4.1. Spot-foreign measures. Under Assumption [3.1] we introduce spot-foreign risk-neutral mea-
sures as follows.

Definition 4.1. Under Assumption let 1 < ko < L with ko # ky. We define the Q%2 (spot)-foreign
risk-neutral measure Q2 ~ Q¥ on (2, G) by

& ko 4-kok k
8@ 2 :: BTQXTO 2 BOO .
OQko Bé{o B§2 Xéﬂo,kz
Due to the martingale property of (2.3) we have that

anz _ E@’“O [anz gt] _ BfQtho’kQ B(l]fo
oQko |, OQko B BRrxyor

(4.1) forallt <T.

This family of measures allows to price ZCBs from different point of views, as illustrated in the

following two examples.

4.1.1. Foreign ZCB with foreign collateral under the domestic measure. We consider a ko-ZCB collat-
eralized in currency ks from the point of view of the domestic measure Q*0. Performing a measure
change from Q to QF2 allows to obtain the dual formula to (3.7), namely the dual formula to the
price of a domestic ZCB with domestic collateral under the domestic measure. In this case, we have
ks = ko and kg # k2. In the notation of Section [3| we then have
Sfo (AkQ, Ck:3) _ tho,szkz,kQ (t,T), and A?z _ 1{t:T}-
Notice that full collateralization in equation (3.4]) takes now the form
tho»kQ Bkg,kg (t, T)

Cf?) - ykooke = Blaka (t,T),
t
and the process . in (3.5) satisfies
d (Xko,kz Bk2,k2 ( T)) Xko,kg Xko,szkQ ko
. v ke (¢, T
d.d, = 5 by St —dAp -~ - ¢ T) (rf”“" + qfo””) dt.
t B; By

From the pricing formula (3.6) we finally get that
ko k

(4 2) kakQBkg,kg (t T) _ BC,konEQkO XTO : G

' t )T gekoka | TEL0

T

which provides us with the pricing formula for a ko-foreign bond collateralized in the currency ko from
the point of view of a kp-based agent. By equation (4.1]), we now perform a change of measure on the
right-hand side of (4.2)) and change to the pricing measure Q"2:

ko,k2 ko
XT BT

c,ko,ka yko,k2 ko
BT XT BT

ko,k2 ko
Xt Bt

th07k2Bk2,k2 (t, T) _ Bfko,szQk? i
t

Gt

Notice that

BJ? Tk k k ko k Tk 1
Bc,ko,kgBkQ = exp {/O (Tso - Tsz - (T? 0+ QSO7 2)) dS} = €Xp {_/0 7"? 2d8} = Bc,k27
T T
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i

This is the formula for the same contract under the dual measure QF2, which is the same as the
previously obtained formula (3.7 in Section for ko = ko.

hence equation (4.2)) simplifies to
1

c,ka
BT

Bkg,k‘z (t, T) — BtC,k2E@k2

4.1.2. Foreign ZCB with domestic collateral under the foreign measure. We consider a ko-ZCB with
domestic collateral as in Section With a measure change from Q* to Q2 we will obtain a dual
valuation formula under the foreign measure which is consistent with equation of Section
namely with the pricing formula of a domestic ZCB with foreign collateralization.

Starting from equation , we perform a change of measure to QF? accordingly to equation :

. Xko,k2
th07k23k’2,ko (t, T) _ B?kOEQ 0 T

c,ko
BT

ko, k2 ko
XT BT

c,ko ko v, ko,k2
BT BT XT

kg k07k2
Bt Xt
ko
Bt

G| = ByEY” ¢ ;

which leads to

¢,k k. k
(4 3) Bk27k0(t T) _ Bt OBt2 QkZ BTO g
: ) ko Beko gha Ll
t T T

Notice that

B’_{[io { T k k k T k ko, k 1
—————— = exp / (7' 0 _/r-cv (U—- 2) ds} :exp{_/ <7’C7 2+q 2, 0) ds} ==
B U, (7o o VR )

hence (4.3]) becomes
]

4.2. Forward measures. Recall from Remark that ZCBs are contracts with zero dividend
process and a terminal price of one unit of currency. Then, from Section [3.1] we obtain that, under

Assumption and under the repo constraint ({2.1]), the processes

BFoko(t, T BFoks (¢ T BFo(t, T
(4.4) 7( . 7) , 7( . 7) , and 7( . 7) ,
BC,ko BC,kost Bko
i 0<t<T t 0<t<T t 0<t<T

are martingales for every choice of the indices k1, ko, and k3. This shows that including ZCBs with

1

ka,k
BC72’0
T

BF2ko (t,T) = BtC,kkaEQk?

This corresponds to (3.8]) with flipped currency indices.

different funding strategies corresponds to including new risky assets together with their asset-specific
cash-accounts: each new asset is funded by an associated asset-specific cash account, hence giving rise
to further repo constraints of the form (2.1)).

Furthermore, the martingales in may serve as density processes for new probability measures.
We shall introduce some of them in the following definition: the list is not exhaustive, but covers all
the essential tools that are needed for cross-currency term-structure modeling. In particular, notice
that classical forward measure are defined up to the maturity of the corresponding ZCB. For later use,
we adopt the approach of [Lyashenko and Mercurio| [2019] and extend the concept of forward measure
by considering as numéraire the self-financing strategy that after the maturity of the corresponding
ZCB, say T, reinvests the notional into the corresponding cash account.

Definition 4.2. Let T > 0 be fized. We define the following forward measures:
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(i) The domestic-collateralized domestic T-forward measure QT*0%0 ~ Q%0 on (Q,G) is defined
via the Radon-Nikodym derivative

aQT7k07k0 Bk(),k‘o (T, T) B(C),ko
8Qk0 T B%ko Bko,ko (0, T) :

In particular:
(a) Fort <T we have

8@T,/€0,k0 - EQkO 8@T,k0,k0 _ Bko,ko (t, T) B(C]akO '
OQko G B OQko b= BtC,ko Bko.ko (O7T)’
¢,k
(b) Fort > T, since Bkoko(t T) = %, we define
T
a@T,ko,ko 1 B(C),ko
N P OO

hence QTkoko = Qko on t > T.
(ii) The ks-collateralized domestic T-forward measure QTFo-Fs ~ QKo on (0, G) is defined via the
Radon-Nikodym derivative
7k 7k
8@T,ko,k3 _ Bk07k3(T7 T) Bg 0,r3
0QFo B; 0,k3  Bko 3(0)’_]‘)

(4.5)

In particular:
(a) Fort <T we have

8@T,k0,k3 B EQkO 8@T,k0,k3 _ Bko,k3 (t, T) B87k07]€3 '
dQko g B OQFko b Bz%ko,k‘:s Bko:ks (0,T)’
¢, ko, k
(b) Fort > T, since B**3(t, T) = B’;T;kz, we define
T
a@T,ko,kg 1 ngoyks
OQko G " B%k’o,ks Bko ks (07T)’

hence QT koks = Qko on t > T.
(iii) The uncollateralized /unsecured domestic T-forward measure Q7% ~ Q*0 on (Q, G) is defined

via the Radon-Nikodym derivative

oQTk  Bko(T,T) By
oQko T Bk Bk(0,T)

In particular:
(a) Fort <T we have

8@T,ko _EQkO aQT,ko
a(@ko G - 8Qk0

_ BR@4,T) By
‘|7 Bl Bk(0,T)

k,
(b) Fort > T, since B*(t,T) = %, we define

8QT’kO
dQko

_ 1 By
Bl BR(0,T)

Gt
hence QTFo = QFo on t > T.
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6@"0 3Qk0+1
a@kn—l BQ)CO
Qko Qk0+1
BQT,kO—l,kB aQT.kO,ko aQT,kO,k;g 6@T.kg+1,k0+l 5@T,k0+l,k3
BQ’VO* 1 6Qk0 6Qk0 a@k0+1 a@k0+1
QTJVO*L]CU* QT,k’o*Lk's QT,k’o«,ku QT,k’o,k:s @T,ko+1»ko+1 QT,k’o-,ks

FIGURE 2. This graph summarizes (a part of) the relations between the different pric-
ing measures. Each node in the graph is a pricing measure and each edge represents the
link between two probability measures via a suitable Radon-Nikodym derivative. For
the sake of readability, we only plot the Radon-Nikodym derivatives with respect to the
spot measures. However, each node of the graph can be linked to all the other nodes.
For illustrative purposes, we represent these relations only for the forward measure
QTko=Lko=1 (blue arrows).

Figure [2| summarizes some of the relations between the different pricing measures.

Remark 4.3. We observe that the domestic-collateralized domestic T-forward measure that uses T-OIS
bonds as numéraire is the one typically employed in the literature on single-currency multiple-curve
models, such as [Cuchiero et al| [2016] and |Cuchiero et al. [2019]. Our general setting, however,
highlights the fact that there is no need to assume (as in the references above) that the OIS bank
account is the numéraire of Q%o (in fact, it is not): under QFo, as we have seen, we have that multiple
assets with different funding strategies are simultaneously martingales with no cash account playing

the role of universal numéraire for all the risky assets.

5. CROSS-CURRENCY HJM FRAMEWORK

The previous sections served the purpose of introducing a general valuation setup in the multi-
currency setting, where in each currency we have a multitude of interest rates and risky assets. The
results were formulated in an (almost) model-free setting: the only assumption is that certain processes
are martingales. The aim of this section is to set some of these processes “in motion” by introducing a
general HJM framework that accounts for a multitude of features of the cross-currency multiple-curve
market.

So far, we mainly adopted the point of view of a kg-based investor with associated risk-neutral
measure Q0. Here, we will instead consider a generic ko currency, 1 < ko < L, in order to provide a
symmetric treatment of the different currency areas. We aim to construct a modeling framework that
takes into account the intimate links existing among the different curves. In view of this, instead of

directly modeling all the families of ZCBs, we choose to fix a reference curve for each currency area,
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and to model the remaining curves by means of (either positive or real-valued) spreads with respect
to the reference curve. This is intuitive from a financial point of view and in line with the modeling
philosophy of |Cuchiero et al. [2016].

In the following, for dx € N, let X = (X;);>0 be an R%¥ -valued It semimartingale with differential
characteristics (b, ¢, K') with respect to a truncation function y. We recall the notion of local exponent
(see also Kallsen and Krithner| [2013, Definition A.6]), which we state under the probability space
(Q,6,G,P).

Definition 5.1. Let 8 = (5i)i>0 an R _yalued predictable and X -integrable process. The local ex-
ponent of X at 8 under the measure P is a predictable real-valued process (\Il]f’X(ﬁt))tZO such that
(exp(f(f BsdXs — fot \IIED’X(ﬂS)ds))t>O is a local (P, G)-martingale. We denote by U™ the set of pro-

cesses (3 such that WX (3) exists.
Moreover, with the following lemma we can express the local exponent in Lévy-Kintchine form.

Lemma 5.2. For any 8 € U, outside some dP ® dt-nullset, it holds that
1 T
E (6) = 6t + 58] ey + / (%7€~ 1— BT x(©)) Kalde).

Moreover, the gradient V/gt\I/ItP’X (Bt) of ‘If]f’X(ﬁt) in the direction of B; is the R -valued vector given
by

(5.1) Vﬁt\IJ]f’X(ﬁt) = b + b +/ (65;55 - X(f)) Ky(dS).
We shall use the shorthand V@f’X(ﬁt) = Vg, \I/ItP’X(Bt).

Proof. For the first part, see Cuchiero et al. [2016, Proposition 3.3]. Equation (5.1)) is obtained by
simple computations. [l

We first focus on ZCBs prices. Starting from the particular configuration of the process .# in
Section [3], we know that

Bko,ko t, T Bko,k3 t, T
( BC,SCO : ) , and < Bc,kg»k?’ )
t 0<t<T t 0<t<T

are (Q*, G)-martingales. We now specify suitable HJM frameworks which allow to model these two
families of ZCBs.

Remark 5.3. The results of the present paper can be suitably adjusted to include the case of stochastic
discontinuities as in [Fontana et al. [2023]. The estimation of term-structure models in the presence
of stochastic discontinuities due to the action of the central bank is delicate: in the aftermath of the
financial crisis, most central banks adopted a near-zero interest rate policy for several years without
significant changes. Hence the statistical basis for the estimation of models with stochastic discontinu-
ities, in particular for the estimation of the jumps size of the distribution, is rather limited. Backwell
and Hayes [2022], recognizing the above challenge, postulate a distribution for the jumps size without
performing a statistical estimation of the jumps linked to the monetary policy. In view of this, we
choose not to pursue such a direction.

5.1. HJM framework for collateral discount curves. We first concentrate on the domestic bond
with domestic collateral. This is the case that is considered by the whole literature on multiple-curve
models. The terminology OIS bond is common for this process, since the market-observed initial term
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structure of such ZCBs is obtained from a bootstrap procedure applied to overnight indexed swaps
(OIS).

We consider a filtered probability space (Q,G,G,Q!, ..., QL) with the filtration G = (G;);>¢ satisfy-
ing the usual assumptions. On the probability space we postulate the existence of multiple probability
measures Q¥ for 1 < ky < L. Following (Cuchiero et al.| [2016], we introduce a term-structure model
for {(Bkoko (¢, T))teo,r), T > 0} for each currency ko. Let P denote the predictable o-algebra.

Definition 5.4. We say that the triple (f, a,0) satisfies the HJM-basic condition, if:

(i) The map f: Ry — R is measurable with fOT |f(u)|du < oo, QF0-a.s. for all T € Ry;
(ii) The map (w,t,T) — a(T)(w) is a P @ B(Ry)-measurable R-valued process such that
fo fo lovs (u)|duds < oo, Q¥0-a.s. for allt, T € Ry;
(iii) The map (w t,T) — 04(T)(w) is P @ B(R)-measurable RYX -valued process such that

1
fo or(u) Toy(u)du < oo, Q¥0-a.s. for all t,T € Ry, and the process ((fo ot (u lzdu> )
>0

1s integrable with respect to the j-th component of the semimartingale X .

Definition 5.5. For any 1 < kg < L, a bond-price model for the currency ko is a quintuple
(Bho X, f5 ko ek geko) where
(i) The collateral cash account BS*° is absolutely continuous with respect to the Lebesgue measure,
i.e. BoF = eJo "4 with collateral short rate ko = (ré*) 50
(i) X is an R -valued Ité semimartingale;
(iii) The triple (f, ko qeko geko) satisfies the HIM-basic condition in Definition |5.4)
(iv) For every T € R+, the instantaneous collateral forward rate (f; &rko (T))tejo,1) is given by

t t

5:2) FeRT) = ) + [ agh(myds + [ ot (Tyixs
0 0

(v) The ko-collateralized ko-ZCB prices {(B¥* (¢, T))cjo1), 750} satisfy
(5.3) Broko (¢, Ty = o= F 10 (),

for allt <T and T > 0. Moreover B*ko(t t) =1 for all t > 0.

Next, we characterize the measures Q* as the “domestic” risk-neutral measure for each economy
ko. This is in line with the previously introduced measure Q*0. The next definition is in line with
Cuchiero et al.|[2016, Definition 3.9].

Definition 5.6. Let 1 < kg < L. We say that the bond price model for the kg-collateralized ko-ZCBs

1s risk-neutral if the processes

(5.4) (Bko’ko (6 T)

Ck:() > ’ T Z 0
Bt t€[0,T)]

are (Q*, G)-martingales.

We stress the fact that being martingales does not mean that the cash account B¢*0 is the
numéraire of the measure Q. In fact, it is not. As we have seen in Section [3| B®*0 is the specific
funding account of the kg-collateralized k¢-ZCB. When considering multiple risky assets in the kg
economy as in Section [2] it becomes clear that B“*0 is only the funding account for one of the several

risky assets in the economy. We also recall that, in order to prevent arbitrage opportunities, it is
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sufficient to impose the repo constraint (2.1]) together with the assumption that both (2.2]) and ({2.3])

are QF-martingales.
We shall now characterize the martingale property for the family of processes in (5.4]). Let

T
s6h0 (7Y o / oM (1),
t
We state the following result.

Proposition 5.7. Let 1 < ko < L and 0 <t <T. The followings are equivalent:
(i) The bond-price model for the currency ko is risk neutral;
(ii) The conditional expectation hypothesis holds, i.e.
By
Bk

EQ"

(iii) The process 72?19'0 (T) e U X and the following conditions are satisfied:
(a) The process

t t
(exp{— J | \119’“09%—2?’%(1’))018})
0 0 te[0,7)

is a (QF0, G)-martingale;
(b) The consistency condition holds, meaning that

QPo,— AT’?kOdS ¢,k ¢k
(5.5) v, Jo (1) = —r 2% = = f;2°(1);
(¢) The HIM drift condition
r k Qko, X k
(5.6) | it = X -zt )
holds.

Proof. See the proof of |Cuchiero et al.| [2016, Proposition 3.9].

Corollary 5.8. If the bond-price model for the currency ko is risk neutral, then:

(i) For every T > 0, the instantaneous collateral forward rate ( tc’ko (T))sejo,) is given by
t t
6.7 FT) = f5T) ~ [ otV s D)ds + [ ot (DX
0 0
ko

(i) For everyt > 0, the collateral short rate r{"™° at time t is given by

t t
oo = foko(r) — /0 ko (1) v w20 (_xioko (1)) ds 4 /O o&0 (t)d X,

Proof. By taking the derivative with respect to 1" > 0 on both sides of equation (5.6)) we get

Q*0,X ,  seko
(5.8) agto(r) = PV EEE) gty gt X (sptor),

By substituting equation (5.8]) into (5.2)) we get (i). By letting ¢ — T" we then obtain (ii).

O

Remark 5.9. We remark that if X is a standard Brownian motion, then the differential characteristics

of X are (0,14, ,0), where I, denotes the identity matrix of dimension dy. Hence

vw X (Cxeko (1)) = —seho(T),
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and we recover the classical formulation for the instantaneous collateral forward rate, namely

t T t
ety = g5+ ozt ([ asta) ds+ [ astonax.,
0 s 0
as found, e.g, in Filipovi¢ [2009, Theorem 6.1].

5.2. HIM framework for cross-currency basis curves. The previous results conveniently sum-
marize the HJM methodology applied to the domestic-collateralized domestic-ZCBs, (B ko,ko (t, T )) te(0.1]?
for every currency denomination 1 < kg < L. The next step is to model foreign-collateralized domestic-
ZCBs, (Bko’k3 (t, T))te[o,T]’ for every T' > 0. The starting point is the result in Sectionaccordingly

to which the processes
(B/fo,ka (t,T) )
¢,ko,k3
B, t€[0,T

should be (Q*, G)-martingales. We formulate this requirement in the following assumption.

Assumption 5.10. For all 1 < kg, ks < L with kg # k3, we assume that the processes

BFok3
(<tT>) 0
chk07k3
i t€[0,T

One possible approach is to introduce a specific bond-price model for B*¥3(¢ T) in the spirit
of Definition This, however, would not exploit the link between BFo0(¢, T) and BFo-F3(t, T),
and would lead to some redundancy. With a similar approach to (Cuchiero et al. [2016], one can
instead model the multiplicative spread between BYo-Fo(t, T) and B**3(t,T). By doing this, the
previously studied domestic-collateralized domestic-ZCB price models serve as reference curves, while

are (Qo, G)-martingales.

the remaining curves are obtained by means of spreads with respect to these reference curves. In
particular, this will lead us to construct a HJM framework for the instantaneous cross-currency basis
Ko,k
spreads {(¢;""*(T))iepo,r), T = 0}-
We first define the modeling quantities.

Definition 5.11. Let t € [0,T] with T > 0, and 1 < ko, ks < L such that ko # k3. We define the
ko-ks cross-currency spread bond via
Bho-ks (¢ T)
kosks (¢ Ty .= J

k‘o,kB)

and the ko-ks cross-currency spread cash account QF0k3 = (Q; t>0 by setting

03 gg
9

Qfo’kg — e a:
with g3 being the ko-ks cross-currency basis spreads introduced in Definition .
The following lemma states the relevant martingale property for our purposes.

Lemma 5.12. Let 1 < kg, k3 < L with kg # ks and T > 0. Assume that the bond-price model for the
ko-collateralized ko-ZCB is risk neutral. Then Assumption holds if and only if the processes

Qko,ks (t, T)
( Fo s , T'20
t te[0,T)

are (QT*0ko G)-martingales.
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Proof. We use the Bayes’s formula for conditional expectations. For some fixed 1 < kg, k3 < L with

ko # ks and T > 0, the process <ngks(tT)> is a (QTko-ko G)-martingale if and only if the
te[0,T]

kq,k3
t

process

(QkOv’fg(t,T) Broo(t, T) )
ko,k N
Qto ° Btc OBkO’kO(OvT) te[0,7)

. k . . QFo-k3 (¢, 1) B*o-ko (¢t T) _ Bko-k3(¢.T)
is a (Q", G)-martingale. Since RRIE R g

tion H.10 0

, we then conclude thanks to Assump-

Remark 5.13. We understand from Lemma that cross-currency spread models should satisfy the
martingale property under the forward measure Q7"%0-*0 Looking at the time series of cross-currency
basis swaps in Figure [T} we also observe that cross-currency spreads could be positive or negative and
could exhibit a term structure of different shapes (either increasing or decreasing). This is different
from the IBOR-OIS basis considered in (Cuchiero et al.| [2016]: the multiplicative spot spreads between
OIS and IBORs is indeed greater than one and is increasing with respect to the tenor length. This

poses us in a more flexible modelling setting.

For any given currency kg, we shall now put together a bond price model for the kg-collateralized
ko-ZCBs with a family of L — 1 models for the kg-ks cross-currency bond spreads. We call such a

combination an extended bond price model.

Definition 5.14. Let 1 < kg < L be fixred. We call a model consisting of

I. The R yalued Ité semimartingale (X, Q01 ... QFoko=1 Qkokotl koL pekoy.

II. The functions fg’ko, qgo’l, . ,qgo’k°_1, qlgo,ko-i-l’ o q§07L,'
III. The processes
atho kol gkoko=l kokotl koL
and
Uc,ko7 Uk0,1’ o 70k0,k0—17 Jko,k’o-&-l’ o 7Jko7L;

an extended bond-price model for the currency ko, if for every ks # ko the following conditions are
satisfied:
(i) The quintuple (B&Fo X fg’ko, acko g@ko) s a bond-price model in the sense of Definition .
(ii) The ko-ks cross-currency spread cash account Q03 is absolutely continuous with respect to the
Lebesgue measure, 1i.e. Qfo’ks —eh g ds with cross-currency basis rate ks = (qfo’k:")tzo;
(iii) The triple (qgo’k3, akoks gkoks) satisfies the HIM-basic condition in Definition '

(iv) For T € Ry, the instantaneous cross-currency basis spread (qfo’k3 (T))sefo,) is given by

t t
qfoJf:s (T) = q§07k3 (T) + / aﬁo’kg (T)ds + / U§O,k3 (T)dX;
0 0

vi) The ko-ks cross-currency spread bonds {(Q%o-Fs (t,T))ecor), T = 0} satisfy
(510) Qk‘o,kg (t, T) — e tT qfo,kS (u)du
for allt <T and T > 0. Moreover QFo-3 (t,t) =1 for allt > 0.

Remark 5.15. We point out that for each currency kg, the dynamics of the instantaneous cross-currency

basis spreads qf 0.ks (T) are defined under the measure Q*o.
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The next definition naturally collects the martingale conditions that are relevant in the current
setting.

Definition 5.16. Let 1 < kg < L. We say that the extended bond-price model for the currency kg is
risk neutral if the following conditions hold:
(i) The bond-price model for the ko-collateralized ko-ZCB (B%*0, X, fg’ko, acko geko) s risk neu-
tral in the sense of Definition [5.6}
(ii) For each 1 < kg < L with ks # ko and T > 0, the processes

Qko,kS (t, T)
( ko,ks3 , T20
t te(0,7)

are (QTFoko G)-martingales.

The next result characterizes condition (ii) of Definition We define

T
Z,’fo’]%(T) ::/t Ufo’k‘?’(u)du.

Theorem 5.17. Let 1 < ky < L and 0 <t <T. For an extended bond-price model for the currency
ko satisfying condition (i) of Deﬁnition the followings are equivalent:

(i) The extended bond-price model satisfies condition (ii) of Definition [5.16;

(ii) For every ks # ko, the conditional expectation hypothesis holds, i.e.

ko,k3

T,kg,ko t
EQ
Qko,ks
T

(iif) For every ks # ko, the process — ($%%0(T) + $koks(T)) € U X and the following conditions
are satisfied:

T ko,k
—=e ft th S(u)du,
)

G

(a) The process

(5.11) <exp {_ /0 t (zg,ko (T) + xkoks (T)) dX;s — / t WX (_yieko () _ whoks (T))d8}>te[0 .

0

is a (QF0, G)-martingale;
(b) The consistency condition holds, meaning that

ko _ [ 4F0:k3
(5.12) P S gt gy hoks _ kosks gy,
(¢) The HIM drift condition
T
ko,k ko X K ko, k ko x k
(5.13) [ alv = N s ) - iR ) - WX (xp))
t

holds for every ks # kg.

Proof. Let T > 0 and 1 < kg < L with ks # ko be fixed.

(i) = (ii) Since the process (W) is a (QTFo-ko G)-martingale, it follows that
t€[0,T)

t

)

QT+k0+ko 1
E [ Qk07/€3
T

ko,k3
gt] _ Qe T)

ko k
QtO 3

which, rearranged, gives (ii).
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(5.15)

(5.16)

(5.17)
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(i) = (iii) Since the process (W) is a (QT*o:ko G)-martingale, we know from
¢ [0,7]

Lemma that the process
(B’%Jci% (t,T)  Broko(t, T)QMoks(t, ) e~ I ("0 w+a,"" (u ))du)
t€[0,T]

Btc,kmks - Btako,k?, efo POk gFoksy g

is a (Q*, G)-martingale. Let R; := — ft Ck“ )+ qfo " (u))du — fo r&ko 4 gkoks)gs. Then
the martingale property of is equlvalent to the martingale property of exp (R), which
implies that 1 € 2% and \IJ;QkO’R(l) = 0. Due to the integrability conditions on a®* and
o“ko in Definition and on o*0*3 and g*ok3 in Definition we can apply the classical
and the stochastic Fubini theorem, which yield

T
[ 0w+ d s w)
T t T
:/(; (fg,kO( )_|_q§0,k3 ))du+A /S (ag’ko(u)+a§0’k3(u))dud8

! c,ko ko,ks3 . ! c,ko u ko,ks3 u ”
" / (Bek(T) + $hoks (T)) X, /0 (55 (u) + g% (u) )

0
By applying Kallsen and Krithner| [2013, Lemma A.13] we then obtain that

k ¢ko Fo.k3 T
0= \I,;QkO,R(l) _ \1,9 0, fo s U +qs )ds,X) ((1 _(Ec ko(T) + Eko,kg,(T))T) >

T
- /t (@ (w) + aFR (u))du + FE70 () 4 gfoR2 (2).

Set now T' = t. Since Eg’ko (t) = Efo’k3 (t) =0, we get

Qko,— [; 5 0ds Qko,— [; g0 *3 ds QF0,— [ (150 4503 ) ds k ko
v, 0 (1) + 9, 0 (1) =19, 0 (1) = =270 (t) — 2" (1),

hence ([5.12)) due to the consistency condition (5.5). Moreover, substituting ([5.16[) into (5.15)
yields the following drift condition:

T
‘/t (™ () + af** () ) du = —wf X (=R (1) - SR (1)),
hence
T ko,ks3 Qko X c,ko ko,ks3 T c,ko
) o (u)du = W, (=27(T) = B,7(T)) — ; o, (u)du

ko, X k ko ,k ko X k
= 70 (-EpR(T) - SR (D) - T (),
where the last equality is due to the drift condition for the bond-price model in Proposition
We now have both the consistency condition and the drift condition. By substituting
them into ([5.15)), together with (5.14]) we can write that
Bk:o,k‘3 t. T T ] t
P e {= [ u = [ ghetas)
t 0

Btc’ko’k3

T t
= ex _ c,ko U ko,k3 U U — c,ko ko,k3
- p{ [0+ dhet ot [ st + st ax,

0

t
- [ wse st - shotax. ),

0
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from which we deduce that the process (5.11)) is a (Q*, G)-martingale for every T > 0.
(iii) = (i) The consistency condition and the drift condition yield again equation (5.17). The
martingale property of (5.11)) together with Lemma implies then the last statement.

O
Remark 5.18. We emphasise that the HIM drift condition ([5.13)) is given in terms of the local exponent

,ko,ko’X

P X ynder the measure Q*0. However, one can show that the local exponent gQ" under the

measure Q7"*0:k0 is obtained from Q. X through the following relation:
(5.18) WO X () = WO X (g — meko(1)) — WX (—meko(T),

for any 8 € UQX 0 Q"X Hence the HIM drift condition (5.13) can be rewritten as

T ko,ks3 QT kosko x ko,k3
o (u)du = Wy (=X"7(T)).
t

Notice also that relation ([5.18) could be used to formulate an alternative proof for Theorem by
working under the measure Q7-*0:¥0 instead of under the measure QFo.

Corollary 5.19. If the extended bond-price model for the currency ko is risk neutral, then for every
1 < ks < L with k3 # ko, we have that:

(i) For every T' > 0, the instantaneous cross-currency basis spread (qfo’k3 (T))sejo,) is given by

Ko,k Ko,k
g (T) = "™ (T)

t
(5.19) _ /0 ((O'g’ko (T) + Ufmks (T))vq;;Q’“O’X(—Z?’“O (T) _ El;o,ks (T))
t
—o &k (T) W@ X (_xoho (T))) ds + / okoks (T)dX;
0
(ii) For every t > 0, the ko-ks cross-currency basis rate qfo’k?’ at time t is given by

ko,ks __ _ko,ks
gy = {4y

t
B / (o5t () + ko (1) VOO X (—xebo () — Shoka (1)) — oo (VTN (—2ebo (1)) ) ds
0

t
- / okoks (1) d X,
0
Proof. The proof proceeds similarly to the proof of Corollary O

Remark 5.20. We remark that if X is a standard Brownian motion, then the differential characteristics
of X are (0,14, ,0), hence
VU (—xph (1) =~z (D),
and
VO (5 (T) — Sf(T)) = —5ph () - SR (),
Then, after some simplifications, the dynamics for the instantaneous cross-currency basis spread in

equation ([5.19) becomes
Ko,k Ko,k
;" (T) = g9 (T)

4 /O t <akk () ( / ! (050 () 4 bk (u))du) + 0%ho(T) ( / " hoks (u)du>> ds

t
+ / okoks(TyaXx,.
0
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This is in line with the results found in Piterbarg| [2012].

5.3. HIM framework for foreign-collateral discount curves. We consider now the domestic
bond with foreign collateral. More precisely, for a fixed currency 1 < kg < L, we consider L — 1
bonds {(Bko-ks (t,T))ejo,r), T > 0}, one for each currency k3 # ko. From equation (5.9), Bhoks (¢ T)
is obtained as the product between the domestic bond with domestic collateral, B¥o-*o (t,T), and the
ko-ks cross-currency bond spread, Q*ok3 (t,T), namely

(5.20) BFoks (. T) = BRoko(¢ T)QRoks (¢, T).

Moreover, by combining equations (5.3)), (5.10) and (5.20]), we can rewrite B*0*3(¢, T) in terms of the
instantaneous collateral forward rate and of the instantaneous cross-currency basis spread, namely

(5.21) Broks (¢, Ty = o= K U7 )+ ) du,

Remember also that, by definition, the ko-k3 collateral cash account at time ¢ is given by

t, c,k ko, k
(5.22) pokoks — ofo(r ™0 +as0 ") ds

In other words, given an extended bond-price model as introduced in the previous section, the foreign
collateral discount curve is also implicitly modelled. In particular, for every T' € R, the instantaneous
foreign-collateral forward rate (f; Kook (0 ))tefo,r) follows the HJM dynamics

FERA() = FERT) 4 gl ()

t t
(5.23) = fOR(T) 4 gl (T) 4 / (aZ0(T) + abo%s (T))ds + / (0540 (T) + 05043 (T))dX,,
0 0

and the ko-k3 collateral short rate r; Ko-k3 ot time ¢ is obtained by

c,ko,ks __ cko ko k3
T =1 +q

t ¢
(5.24) = %0 4 g 4 / (alko(t) 4+ akoks(t))ds + / (a&ko(t) + akoks (t))d X,
0 0
We conclude with the following results.

Lemma 5.21. Let 1 < kg < L and 0 <t <T. For an extended bond-price model for the currency kg,
the followings are equivalent:

(i) The extended bond-price model is risk neutral;

(ii) For every ks # ko, the conditional expectation hypothesis holds, i.e.

BtC,kO k3

Qo
E BC,kO k3
T

gt] = = SO wydu,

(iii) For every ks # ko, the following conditions are satisfied:

(a) The consistency condition holds, meaning that

kg _ [ c,kg,k3
(525) \Il? 0, f() Ts ds _ —TELkO’kS _ tch()’k:i (t),
(b) The HIM drift condition
T
K Ko,k ko x K Ko,k
(5.26) /t (g™ (u) + @ (u))du = W& ¥ (=5 (1) — 2o (1))

holds.

Proof. These results are implicitly obtained in the proof of Theorem [5.17] ]
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Corollary 5.22. If the extended bond-price model for the currency ko is risk neutral, then for every

ks # ko we have that:

(i) For every T > 0, the instantaneous foreign-collateral forward rate (ff’ko’k3 (T))tejo,1) is given
by

c,ko,k: c,k ko,k
Je () = fo (1) + ¢ (T)

t
- / (oSH0(T) + ook (1) VWX (=55 h0(T) — shoks(T))ds
0

t
T / (50 (T) + 050k (T) )X,
0

¢,ko k3
t

(ii) For everyt > 0, the ko-ks collateral short rate r at time t is given by

c,ko,ks __cko ko,ks
Ty =71y T4

t
= [ (@50 + ot () VO X (1) — sl 1)) ds
0

¢
+ / (U?ko (t) + 05071‘3 (t))dXs.
0

Proof. The two results are obtained by inserting the drift condition (5.26|) into equation (5.23) and
equation (5.24]), respectively. O

5.4. Foreign exchange rate models and changes of measure. We considered so far HJM models
for the collateral discount curves, for the cross-currency basis curves, and for the foreign collateral
discount curves. All these models have been presented under a domestic currency measure Q0 with
the index k¢ ranging from 1 to L. In this section, we derive the corresponding dynamics under a
different measure QF for k # ky. This allows to specify the term-structure models of every economy
under a single probability measure, which is essential when performing Monte Carlo simulations.

The first step is to link the different economies by means of general foreign exchange (FX) rate
processes. From Proposition we learned that, to guarantee absence of arbitrage in the unextended
market, we need the (Qko, G)-local martingale property of , namely, we require that, given a fixed
currency kg, for any choice of k # kg, the processes

Xkokak
o) (x751)
By 0<t<T

are (Q*, G)-local martingales. Moreover, in Section [3| we worked under Assumption stating that
the processes ([5.27)) are true (Qko, G)-martingales. We now proceed to construct models which are
consistent with this setting.

Definition 5.23. Let 1 < kg < L. We call a model consisting of
I. The RIxT2L=1_yqlued It6 semimartingale
(X, BOL,... BoL Qkol . Qkoko—l gkokotl koL,
II. The initial conditions (Xégo’l, .. .,Xoko’ko_l, Xfo’k°+1, .. .,XOkO’L) € Ri_l ;
III. The processes (ot F0l . gXkoko=1 gXkokotl = 5& KoLy,
an FX market model for the currency kg, if for every k # ko the following conditions are satisfied:

(i) The collateral cash accounts BS* satisfies condition (i) of Definition '
(i) The ko-k cross-currency spread cash accounts Q*0F satisfies condition (ii) of Definition |5. 14}
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(iii) The maps (w,t) — atX’kO’k are P @ B(R,)-measurable R4X -valued processes such that:

(a) Jt/\"}’ko’k is integrable with respect to the j-th component of the semimartingale X ;

(b) ook ¢ Q0. X
We then postulate the following dynamics for the FX rates:
ko,k kot By QP b ok t
(5.28) 0% = Ap” %exp {—/ GLOX (g X0k g —|—/ JsX’kO’kdXs} ,
By 0 0
or, analogously,

t t
xfok = xpok 4 / XRok(peko _pok o gkokygg 4 / Aot gEhokgx
0 0

The dynamics of the FX rates immediately implies that the processes are (Q*, G)-local
martingales. In line with Assumption [3.1] we must further impose the assumption that the processes
are such that are (Q*, G)-true martingales. Concretely, for general It6 semimartingales,
this can be achieved by imposing the conditions of Kallsen and Shiryaev| [2002], see also |Criens et al.
[2017]. This will allow us to introduce changes between different spot martingale measures via the
processes ((5.27)).

But before defining the change of measure starting from , we introduce some assumptions on
the differential characteristics of the It6 semimartingale X. This is in line with |Criens et al.| [2017,
Condition (B2)] and leads us to a concrete version of Assumption for the process in terms
of the semimartingale characteristics.

Assumption 5.24. Let 1 < ko < L be fized. For the R -valued Ité6 semimartingale X with QFo-
differential characteristics (kaO,c, K @ko) with respect to the truncation function x, we assume that:

(i) For allt >0 and all k # ko,
t
Xkoky el (gXho k) Te K@ (geyds < ko_q.s.;
/ /}((,;«,ko,k)g‘ﬂe"p{("s )€} (oM e KO (d)ds < 0o, QFas
(ii) For all T > 0 and all k # ko,

1 t
sup EQ™ {exp { / (Uf’ko’k)Tch;Y’ko’kds
t<T 2 Jo

t
+/ /d (exp {(ngvkoJf)Tg} ((aj‘v’vak)Tg — 1) + 1) K9 (d{)ds}] <oo, QF-as.
0 JRix
Assumption allows us to derive the following representation for the semimartingale X.

Lemma 5.25. Under Assumption the semimartingale X admits the following representation
under the measure QFo

t t t
(5.29) X, = Xo+ / b2 ds + / Ve dW @ + / / §<MX—K;@k°) (d¢, ds),
0 0 0 JRIx

where W@ s an RIX yalued (Qko, G)-Brownian motion, \/- denotes the matriz-square root for sym-
metric positive semidefinite matrices, and pX is the random measure for the jump components of X
with compensator K Q" ynder the measure Qo

Proof. The canonical decomposition of X under Q* is

t t
X, =X + / b2 ds + / N
0 0
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t i t
s [ (- kY agds + [ x©)n e ds).
0 JRix 0 JRix
Because of Assumption for the last term we notice that we can add and subtract
t
| [ €= x@n*ias.as) < .
0 JRix

hence we obtain the decomposition ([5.29)) with
B =08 [ (e ) K de),
RiX

which, with an abuse of notation, we denoted again by pR*o, [l

Measure changes between different spot martingale measures are now defined via the processes
(5.27). We detail the measure transformation in the following result.

Lemma 5.26. Under Assumption for any k # ko, we introduce the risk-neutral measure QF ~

Qko on Gr by
o _phn o

oQr T Bl xkokpgk’
such that
Ko,k
(5.30) 00" | _ g [ 00| o) A% BE By
' oQko |5, OQko By xytBE
Then
(5.31) W .= e —/ (Jf’ko’k)T\/ads, and
0

k T k,

(5.32) K (dg) = exp{(ax’ko’k) g} K9 (de),

represent, respectively, a (Qk, G)-Brownian motion and the compensator of i~ under Q*. Finally, the
semimartingale X admits the following representation under QF :

t t t
(5.33) X; = X, +/ 2" ds +/ Jedw® +/ / ¢ (uX - K9k> (dg, ds),
0 0 0 JRix

where

b3 = b3+ (o) e - /R ) 5(1 —exp { (o ”““’ff&})ff?“ (de).
X

Proof. Equality ([5.30)) is easily satisfied since the processes (5.27)) are (Q*0, G)-local martingales, while
the transformations (5.31)) and ([5.32)) are due to the Girsanov transform, see, e.g., Jacod and Shiryaev

[2003]. It is left to show (/5.33).
Combining (5.29) with (5.31)) and ((5.32)), and by adding and subtracting f(f Jrax ¢KQ (de, ds), we
get

t t
Xi = Xo+ / b2 ds + / N (de@’“ + (JSX”“O:’C)T\/ads>
0 0
t t X,kg,k) T
+/ / £ (' - k%) (dg,ds>+// §<e(”5 ") 5—1> K2 (de, ds).
0 JRIx 0 JRix

Regrouping the terms concludes the proof. (Il

We provide an application of the previous computations. Consider two currency areas kg, k. To
underline the fact that the characteristics of the semimartingale X are specified under a certain
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probability measure, we write X Q" and X Qk, respectively. We consider the following hybrid model
resulting from the combination of (5.7)) for the two currency areas, (5.19) and (5.28)):

t t
feRo(T) = feho(T) — / 0O (TYT WYX (_5oh0 (7)) ds + / o%Ho(T)dX 2,
0 0

t t
k() = fek(T) - / oK (T)TULX (5K (T))ds + / oS (T)dX P,
0 0

(1) = a1 - | (o0 ) + TR (3T — ShoK(T))
0

t
ot (T) TR N (i) ) ds+ [ oltr)ax @
0

ko k kot By QO b0k X Xk Y ko Ok
X :XO’BC’keXp{—/O\IIS (gt )ds+/00870’ dX; }
t

All the quantities are modelled under the measure QF, except for the k-instantaneous collateral
forward rate {(f; ’k(T))te[o,T}, T > 0}. By Lemma we can express the whole system under a

unique measure Q%0 as follows:

t "
ST = F8) - [ o @)U (s D))
0

n T
+ [ot (18 as— (o Tedss [ o= el RE @ty
0 R

(Y 2T (e, ds>> ,

where we recognize additional drift terms capturing the so-called quanto adjustments.

/e dW @ + /

R

6. FORWARDS OF INDICES

The aim of the present section is to analyze the financial concept of a forward contract in a general
way. For this reason, we first introduce on the usual filtered probability space (2, G, (G¢)i>0, Q, . .., QF)
an abstract index associated to a generic currency area ko. Then, our definition of a forward price
is that of a fixed rate that makes a forward contract fair, in the sense that the price of the contract
at initiation time is zero. This principle is not new, but was first used by [Mercurio| [2009] in order
to introduce the concept of a forward rate agreement (FRA). The same principle has then been vir-
tually employed in all the subsequent literature on multiple curves, and was also specialized in |Fries
[2016]. However, the definitions currently existing in the literature usually require to perform changes
of measure, since the pricing measure is linked to the cash-account numéraire. We have seen instead
that under the measure QF there is a multitude of martingales, namely each risky asset discounted by
means of its own asset-specific cash account. We can then define all the forwards under a unique spot
pricing measure Q*0: this is a consequence of our fully coherent model of funding from the previous
sections.

We denote by I¥2(T°, T, T¢, TP) the index referring to the period [T, T¢] which is fixed in T for
a payment in TP, with 7% < T < T¢ and TP > T/, see Figure [3| for an illustration of the structure
of the index. This means that the index is treated as a Gpr-measurable random variable, while 77
fixes the time horizon for discounting. In particular, this definition includes both the case TP > T*°
and the case TP < T°, meaning that the payment may happen before, at, or after the end of the
period, depending on the payment adjustment. In some cases, the index may be observed and paid
simultaneously, namely 7% = T¢ = T/ = TP. Notice also that this extends the classical notation
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t T° Tf Te = TP

of oF

FiGure 3. Illustration of an abstract index. The period starts at T and ends at T°.

The fixing and payment times are adjusted versions of 7 and T°. In this case, we set
T3 < T/ <T¢and T =TP.

where T/ = T% = T and TP = T° = T + 6. In this case, indeed, the index I*2(T,T,T + 6,T + 6)
corresponds to I*2(T, T + §) in the usual notation, with the additional superscript ks for the currency
denomination of the index.

We then denote by I¥o-k2:k3(Ts T T¢ TP) the value for a ko-based agent of a forward, written on
the index I*2(T°, TF,T¢ TP), collateralized in currency ks, and with payment date TP. We define
If 0:k2,k3 (T°, TS, T¢, TP) as the G;-measurable random variable that solves the following equation

BC,kO,ks
(6.1) EQ" Bi — (Iéi’; (T, T, T°, TP)xFoke — pFok=bs (s pf ,Te,Tp)> gt] =0,
Tpr

where we assume that the conditional expectation is finite. We notice however that, from the mathe-
matical point of view, the date T does not play any role in the forward definition . Indeed, the
dates that really matter for the pricing of the forward are the start of the period T°, which sets the
start of the measuring of the index, the fixing date 77, which sets the G s-measurability of the index,
and the payment date TP, which sets the discounting. For this reason, without loss of generality, we
shall drop the dependency on T°¢ and work with I*2(T*, T TP) and I¥o-k2:k3(Ts T/ TP) for the index
and the associated forward, respectively.

In view of specifying a dynamic model for the forward I*o-k2:k3(Ts Tf TP), we need however to
consider a running version of the index I*2 (T°% T ,TP). For this, let us define 67 == TF —T% and
67 := TP — T being, respectively, the fixing and the payment adjustments with respect to the fixing
date. Then, at a given time t > 67, we observe the spot index fixed in ¢, i.e. T/ = ¢, and with fixing
window which has started in the past in 7° = ¢ — ¢/ for the payment horizon TP = t 4 6P. In other
words, for the spot index with fixing in ¢, we shall adopt the notation It’€2 (t — 6f,t,t + 67) instead
of IfQ (T%,t,TP). Notice that for every time instant ¢, the spot index IfQ (t — ot t+ oP) refers to a
measurement period which has started in t — 6/, hence, with this new notation, the running time must
start in 67, namely t > ¢/, since we need enough past information to evaluate the index.

By working under this new notation, we now formalize the definition of a forward of an index.

Definition 6.1. For a fized 67 > 0 and a fized 67 > 0, let (IfQ(t— 5f,t,t+5p)) . be a generic
t=>

index which at every time instant t > 6 has reference period starting in t — 67 and payment date
t 4 6P, For any T > 6/, we denote by

LT 8N T T4 8), for 6 <t < T+,

the value at time t for a ko-based agent of a forward, written on the index (IZ” (t—o6ft,t+ 51’)) -
t>

collateralized in currency ks, with period starting in T — 6%, fizing in T and payment date T + 6P.
We define Ifo’k2’k3 (T — 67, T, T + 67) as the Gi-measurable random variable that solves the following
equation:

) BC,k07k3
62) B oo (- T T @) - T -6 T T 4 8)) | gt] —0,
T+6p
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where we assume that the conditional expectation is finite. We set B&*0:ks = Beko whenever ks = ky.

il

It is important to notice that, for a fixed index (It’€2 (t—of t,t+ 5”)) ost? there are as many forward
t

From the above definition of a forward, we immediately obtain the relation

¢, ko, k
EQ [g T IR (T 51T, T 4 o)Xt

P c,kQ.k3 T+6P
(6.3) LM — 65T, T + 6°) = o7 _
EQ/CO |: BtcY 0-%3 g :|
Bc,ko,kg t
T+5P

prices as there are possible funding (collateralization) policies. This is captured by the cardinality of
the index 1 < k3 < L. In particular, by means of the change of measure (4.5)), from (6.3)) we obtain
that

(64) Ifo7k2,k3 (T _ 5f’ T,T + 51’) = EQTJréP,ko,k:s |:I§€12 (T _ 5f7 T,T + 573)/'\{7]31];2

gt:| )
hence the forward index is a (QT+9"Fo-F3 G)-martingale.

Remark 6.2. We point out that in Definition after that the the spot index Ié? (T — 6,7, T + oP)
has been fixed, namely for any T < t < T + 67, the only varying components are the rate X*0*2 and
the collateral cash account B¢*0-*3 which are fixed at time T + 0P, see equation . Hence, strictly
speaking, the forward Ifo’kQ’ks (T — 67, T, T +6P) is a genuine forward only for §/ <t < T, but it keeps
varying for T < t < T + 6P because of the fluctuations of X*0-k2 and B&koks,

6.1. Some examples. We present in this section some examples which serve as motivation for our
general framework which allows for the fixing date of the index to vary within the observation interval
[T%,T¢]. In particular, the formalism that we introduce can be used to recover various types of interest
rates linked to the SOFR rate as introduced by Lyashenko and Mercurio [2019]. In what follows, for
M e N, let 0 =1Ty,T1,...,Ty be a schedule of times, with 9, := T}, — T,,_1 the year fraction for the
interval [T},,—1,T)), for 1 <m < M.

6.1.1. Backward-looking rate. An example of index is the backward-looking rate. In the notation
of Lyashenko and Mercurio| [2019], this is denoted by R (T},—1,7),). In our notation, T° = T,,_1,
T/ =TP =T, and t = T,,. We then write L{ﬁfn (Tr—1,Tim,Tr) = R(Tyn—1,T,) for the backward-
looking rate in currency ko = kg, which is given by

k

1 Tm pokog 1 ( By

I%)n(Tm—lmiaTm)—5<€Tml u_1>_5 %—1 y mzl,...,M.
" m BTm—l

Clearly I%’n (Tyn—1,Tim, Trn) is a Gz, -measurable spot index.

6.1.2. Forward-looking rate. The forward-looking rate, in the notation of [Lyashenko and Mercurio
[2019] F(T),—1,T)), is the T,,—i-time value of the fair FRA rate Kp in the swaplet with payoff
Om (R(Tym—1,Tm) — Kr). This is a spot interest rate at time 7,1, which we can however map in our
general formalism of forwards. In this case, we have T% = T},,_1, T7 = TP = T}, and t = T),_;. Let
then I;];i_l(Tm—l,Tm,Tm) = F(Ty—-1,Ty) be the forward-looking rate in currency ko = kg, which,
from , is given by

Bc,ko
EQ*o %Iéﬁfﬂ(Tm—laTmaTm) ngl] 1 1
ki i
IT»,Onfl(TmflaTMaTm) = c,kg B 67 <Bk07k0(T g ) : 1> |
EQ* | Imot| G " .
B;TZO m—1
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This is a G7,, ,-measurable spot index.

6.1.3. Backward-looking in-arrears forward rate. The backward-looking in-arrears forward rate, in the
notation of Lyashenko and Mercurio| [2019] R, (), is the ¢t-time fixed fair value K of a FRA with
payoff 6., (R(Tyn—1,Tm) — Kg). In this case, we have a genuine forward rate which can be mapped in
the general definition. In particular, we have T% = T},_1, T = T}, and T? = T},. We then identify
this forward rate as a general forward in currency ko = k¢ with collateralization in currency ks = ko,
by setting Iko’ko’ko (Tr—1,Tim,Tim) = Rin(t). Equation takes the form

EQkO |: B% ko IkO (Tm—17 Tma Tm)‘ gt:|

1 [ BFoko(t, Tp_q)
Iko,kmko T T T = Tm — - \vemz) 9
t ( m—1,4Lm, m) EQko |:B§’k0 g:| 5m Bko,k‘o(thm)
B t

It is clear that Ry, (Tim-1) = F(Tm-1,Tm)-

6.1.4. Forward-looking forward rate. The forward-looking forward rate, F,,,(t) in the notation of Lyashenko
and Mercuriol| [2019], is the ¢-time fixed fair value K of a FRA with payoff 6., (F'(T—1,Tm) — Kr).
Also in this case we have a genuine forward rate which can be mapped in our general definition by
setting T° = T},,_1, T/ = T},_1 and TP = T},,. We then identify this forward rate as a general forward

in currency ko = ko with collateralization in currency k3 = ko, by setting I, ko,ko,ko (Tr—1,Trn—1,Tim) =
F,.(t). Equation (6.3) takes then the form

EQ" 1% (Toet, T, T,

ko ko ko |:B;:LO 1( m—154Lm, m) gt 1 Bkmko (t,Tm_l)

I Tty T, Tn) = N =5, \ BTy L)
EQO[ tcko g{l m y+m

As already observed by |Lyashenko and Mercurio| [2019)], for ¢ > T},,_1, we have F,,,(t) = F (Ty—1, Tin)-
Moreover, for t < T,,—1, Rn(t) = Fy(t), dP ® dt-a.s., and for ¢t = T,,—1, we have Ry, (T;n—1) =
Fr, (Tm—l) =F (Tm—laTm) .

6.1.5. Forward-looking inter-bank offered rate. An example of forward is a contract written on a
forward-looking inter-bank offered rate (IBOR), such as LIBOR, EURIBOR, TIBOR or AMERI-
BOR. We denote by Z*0 (T TP) the value of the IBOR index for the currency ky. The IBOR index
is fixed at the beginning of the period, namely T/ = T, hence for t = T*, the index Iéi% (T%,TP) is
Grs-measurable. For ko = kg, we then set 77 = T° = T,_1 and TP = T,,, and equation takes
the form

EQkO kg Iko (Tmfla Tm) gt
ko k() ko BTmO -t
It Y (TmflaTmthm) — Bc,ko
]EQko |:B,5C’ko gt:|
Tm

Tm kg k
= EQ o [Igfn—l(TmflaTm)‘ gti| =: IfO7k0(Tmfl’Tm717Tm)7

form =1,..., M, which serves a definition for the IBOR forward rate for currency kg collateralized in
units of currency kg. This coincides with the definition of forward LIBOR rate originally introduced
in |Mercurio [2009] and then employed in the literature on interest rate modeling in the multiple curve
framework.

6.1.6. Commodity forwards. Definition covers also examples in the commodity markets. Let
I*(T1, Ty) be an index whose values depend on an underlying process observed over the interval [T}, T5]
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with T} < T», hence in this case T° = T} and T/ = TP = T,. The underlying process could be, e.g., the

spot price of electricity or a temperature index, such as the cumulative average temperature (CAT)
1 T:

index. In the notation of [Benth et al.[[2008], we would have I*o(Ty,Ty) = -1, Jo Sudu for the elec-

tricity index, and I* (T, Ty) = 7?;2 Tudu for the temperature index, with {S, },>0 and {7 }u>0, respec-

tively, the spot price of electricity and the instantaneous temperature. For ko = k3 = kg, the forward
written on I% (T}, Tb) is then, in the notation of Benth et al. [2008], IFo R (Ty Ty Ty) = F(t; 11, Ty).
Equation (6.3)) becomes

c,k
EQ* {Bt ° (T4, Th)

Bc,ko
i

T
This is a Gp,-measurable contract which is referred to as a forward with delivery period [T1,T5]. Here
QT2:ko-k0 ig the pricing measure and Ifo’ko’ko (T1, Ty, T3) is a (Q"2k0-Fo G)-martingale. This is a typical
kind of contracts in the electricity markets where the underlying (the electricity) must be delivered over

o]
_ EQTQ,kO,kO |:

Itk:o,k‘o,ko (TI,TQ,TQ) — [5—8 (T17T2>) gt] .

c,kq
)

-k
EQkO BtC 0
B

a period of time. For those types of commodities with instantaneous delivery, we have T7 = T5 instead,
and we may simply write I¥0(Ty) = I*(T1,Ty) for the index and Ifo’ko’ko (Th) = It"co’ko’]CO (T, T1,Th) =
EQ"*o*o [Ié’l‘f (Tl)‘ Qt} for the forward contract.

6.2. HIJM framework for abstract indices. The aim of the present section is to study an HJM-
type of framework for forward contracts on the abstract index from Definition As for discount
curves, we can choose between modeling directly the forward contracts, or we can introduce appropriate
spread models. We shall follow the approach of |Cuchiero et al. [2016], where the authors modelled
the multiplicative spreads between LIBOR FRA rates and OIS FRA rates. In particular, we shall
extend their approach in at least two directions. In fact, OIS FRA rates correspond to the forwards
on the future performance of the collateral account. However, we have seen that in our setting we
have multiple collateral accounts corresponding to multiple collateral currencies. Hence, on one hand,
we will allow for multiple collateral currencies. On the other hand, we will work in a general setting
allowing for both forward- and backward-looking rates, namely we will extend the definition of OIS
FRA rates to include also backward-looking rates.

Before doing that, let us discuss the role of the native currency of denomination ko for the spot
index (If2 (t— o6t t+ 5p)>t>5f which appears in Definition Starting from equation and

switching to the Q*2 spot measure as in Definition we obtain that
i)

X k c,kg,
tho,kj Bf2 ]EQkQ |: BTQHSP Bt ko,k3 Ié‘? (T _ 5};-7 T, T + (Sp)XkO’kZ

BFo Xko,kQ Bk2 Bc,ko,kg T+56P
ko,k2,k3 . f D\ __ t T+6P “T+8P —T+5P
I (T — 6/, T, T + 67) = P 0 —
By EQkQ E kT+élf Btk k gt
ko 0-k2 pk2 ¢,kq,k3
By Xrysp Briysp Brisp
kb Bc,k:g,k3
X0k g Q2 [ e I2(T — 61, T,T + 67)| Gy
(6.5) - Prsr

kg,ko cko,k

Qk2 | X 0T2BTRTS
E Ty
Xk:o,kQ Bc,k2,k3

T+6P ~T+6P

Qt]

rGko + qko,k3 + rke _ pko — k2 ks + Y > + qk‘z,k:s‘

Be*okspk2 _ peks,

where we used that £ C’kBkO ks due to the relations

Equation (6.5)) shows that we can conveniently postulate a model for the generic forward under the
native currency of denomination of the index ks and then perform a measure change to recover the
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formulation of Deﬁnition For this reason, we will limit ourselves to model T%0-#2:%3 (T —§f T T+ 6P)
for ky = ko, which will allow us to further simplify the notation and write I*0*3 (T — §/ T T + 6P) :=
TFokosks (T — §F T, T + 6P).

Our proposed generalization of OIS FRA rate, or, equivalently, of forward performance of the
collateral rate, is the following;:

Definition 6.3. For any 1 < ko, k3 < L, any 67,6 > 0 and T > 6/, we define the ko-ks simple
forward collateral rate (Ifo’kS’D(T — 65, T, T + 5p)) related to the term structure of discount

8f <t<T+éP
factors {(B**3(t,7)),ci0.,), T > 0} by

1ok Pr — 67 1T 4 67)

_5f cko.k T+6P c,kg,k

1 (___ 1 Qko — [0 Ty 0%3 dyy— Tw 0%3 du _ f _f

5f <B’€07’“3(t,T+5P)]E [e Ji Jr Gl —1), o <t<T-¢§,
ek, R P ¢ kg, ks

1 [ B0 1 Qko [ — [T+oF pekooks gy, B e

=4 o7 | gokoks Bk07k3(t7T+5p)E € T Gt L, T—-6§ <t<<T,

T—5f

1 w -1 Tt <T4ov

&f Bckav;% ) < .
T—§

The definition above is very general since it does not restrict the fixing time 7' to coincide with
the start of the period or with the payment date. In particular, this latter case is obtained by letting
0P = 0. This leads to

1 ( Brok3(t,7-57)
S ¥ (Fpotsim—1),  VsisT-d,
(6.6) IO 5(T — o, T,T) = e.kooks
) ) 1 B
i Btc,ko,;eg, BFok3(0,T) 1), T- of <t<T.
T—6

Notice that, in the single-currency setting, for 87 < ¢ < T'— §7, this corresponds to the OIS FRA rate
of (Cuchiero et al.|[2016] with k3 = ko, namely Ifo’kO’D(T — 6/, T, T) = LP(T — 6/, T) in the notation
of (Cuchiero et al. [2016]. Moreover, in Section we derived the HJIM dynamics of B**3(¢,.) as a
consequence of the frameworks postulated for B*0:¥o(¢,.) and Q*o-¥3(¢,-). It is then immediate to link
the kg-k3 simple forward collateral rate with the kg-k3 cross-currency spread bond since, by definition,

we have
1 [ BFoko(t,T—87)Qko-*s (+,T—6f)
ko,ks,D 57 ( BFo-Fo (¢,T)QF0 k3 (1,T) 1), §f<t<T -9,
IFoksDp 6. T, T) = L BeroRogerko ks 1 f
7 | smmom momangeaen 1) oo <tsT

We then see that the dynamics model for Itko’ks’D(T — 07,7, T) (but also the one for Ifo’kS’D(T -
6/, T, T + 6)) is fully characterized by the HJM models studied in Section

The next step is to introduce appropriate HJM frameworks for the spreads with respect to the
forward of a generic index. It is obvious that for modelling the multiplicative spread between the
forward I*0-F3 on a generic index and the discount curve I¥0-53:D  the start of the period for I*o:ks
must coincide with the start of the period for I%0#3.0 say T — §7 for some T > §7 > 0. Similarly,

the payment date for I*0-*3 must coincide with the payment date for I*0-k3.D

, say T+ 6P for a certain
6?7 > 0. However, we observe at this point that for any fixed start of period T — 67 and any fixed
payment date T + 67, the two quantities T50:53(T — 67 .. T + 67) and I*o#3D(T — §f . T 4 §P) may
have different fixing dates, both varying between T'— 6 and 7'+ 6P. As this would lead to work with

four different date indices, we shall let free the fixing date in I%0#3(T — §/, . T + §P), namely we set it
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to T, and we shall set the fixing date in I¥0-#3:P(T — §f . T + 6P) to coincide with the payment date,
namely T + 6P, similarly as in . Under this simplifying assumption for the discount curve index,
we generalize |Cuchiero et al.|[2016] by introducing the following.

Definition 6.4. Fiz 1 < ko, ks < L and 67,6? > 0, and let 6 := 67 + 6P. For every T > 61, the
forward index spread at time 6/ < t < T + 6P for the time period [T — of, T + 0P| over the index
IFo(T — 67, T, T + 6P) collateralized according to BS*ks and payed at time T + 6P is defined by

1+ 8IFs (T — 67 T, T + 67)
1+ §IF0RP(T — §f T + 60, T + 67)

(6.7) SFoks(p — 57 T, T 4 67) =

Notice that, strictly speaking, the quantities 6/ and 67 in refer to the fixing and payment
adjustments for the numerator If 0.k (T — 6/, T, T + 7). Indeed, the fixing and payment adjustments
for the denominator Ifo’k3’D(T — 60,7 + 6P, T 4 6P) are § = 67 4 6P and 0, respectively. Hence
in this case becomes

1 (Broks(tT-57) 7 /
D §<Bk0,k3(t7T+5p)_1 ) 0 <t <T — 4§,
I} 0k B _ (5f,T—|— 6P, T + 6P) = [ pekoks X ;
) Bcw’fofs BFo-k3 (£, T+67) L), T—0¢ <t<T+d",
T-5

and the forward spread in can be rewritten by
Sfoks (T — 5 T, T + 67)

Ko,k Bk0:k3 (t, T+67)
(1+5It0 3(T—5f,T,T+5p)>Wt,T—5f)7 §f<t<T -6l

(6.8) Ko,k B ek
_ (1 +oIfoks (T 5f,T,T+5p)) L BRRs (LT 5), T —6f <t<T,

c,kp,k3

B
(1 + oIk (p — 8F T T 5P)) Ll Bk (LT 4 67), T <t < T+ 0.

c,kg,k3
t

This definition of spread, explicitly featuring the ko-ks cross-currency spread bonds, highlights the
role that cross-currency convexity adjustments will play in the dynamics of the generalized forward.
In particular, we observe that for §7 < t < T, both numerator and denominator in the definition
of spread are random quantities. However, for T'— 6/ < t < T we are in the monitoring period
of both numerator and denominator, hence we expect the volatility to be decreasing. Finally, for
T <t < T+ P the numerator is no longer random since it has been fixed in t = T, while we still
observe fluctuations of the denominator with decreasing volatility up to time ¢ = T + 6P, where the
volatility becomes zero. From , we then deduce that for T' < t < T + 6P the multiplicative spread

is of the form
Bkosks (t, T + 6P)

Skoks(p _ 51 T, T +67) =C pokoks
t

)

with C := Bjcilioé’;f‘“’ (1 + 5[{,20’]63 (T -6/, T, T + 51”)) € R being a Gr-measurable random variable. Hence
for T' < t < T + 6P the model for the multiplicative spread is given by the HJM framework for the
foreign-collateral discount curves in Section [5.3] since the only fluctuating components in the spread
are BFoks (. T 4 §P) and BOFOs,

Notice further that for T = ¢, we have that If“’k3 (t—o67,t,t+6P) = Itko (t —o67,t,t+6P), hence from

(6.7) the spot index spread is given by

1+ 6IM(t — 67 t,t + 6P)

Sfoks(t — o 4t + o7) =
o ) 14 s1F0ksD (4 _ 55 ¢ 4 67t + o0)

., for any t > §7.
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Remark 6.5. In some applications, it is desirable to guarantee that the forward index spread is larger
than one. These situations arise for example when modeling a forward risky inter-bank rate. This
property can be achieved by imposing restrictions on the dynamics of the spread as in |Cuchiero et al.
[2016] and |Cuchiero et al. [2019]. Alternatively, one can define the forward index spread by first
modelling

1+ 8I7% (T — 67 T, T + 67)

Sko.k f ._
L+ 08T = 67, T, T +67) = 1+ 81" DT — 55 T+ 60, T + ov)’

so that Sf“’k3 (T—6,T,T+0oP) = 1+5S’f°’k3 (T — 67, T, T +6P) is larger than one as soon as Sfo’k3 (T —
6o, T, T+ 0P) is positive. The drawback of this approach is that it typically leads to more complicated
pricing formulas. For example, for a caplet written on the IBOR rate, this approach leads in general

to the pricing formula of a two-dimensional basket option.
The next lemma characterizes the martingale property of the forward index spreads.

Lemma 6.6. Let 1 < ko, k3 < L and 67,67 > 0. Then the forward index spread (Sfo’k:” (T -6, 17, T+
) )ie(sf mtov) 18 @ (QT_5f7k0’k3, G)-martingale for every T > 7.

Proof. The proof generalises Lemma 3.11 of |Cuchiero et al.| [2016]. Fix any schedule 67,7 > 0. We
know from that (Ifo’k?’ (T -7, T, T+ 6P))ielsf T+ov) 18 @ martingale under QT+9%ko-ks . Moreover,
using Bayes’ formula, the spread process (‘S'tko’k3 (T — 67, T, T + 6F))elss Tror) 18 @ (QT_éf’kO’ki‘,G)-
martingale if and only if the process

aQT—(Sf,ko,kg

SR (T — 67,1, + 67) S0

Gt
is a (Q*, G)-martingale. From Definition we can compactly write that

OQT 8 kosks Befoks ghoks (¢ (T — 61), T — 5/
. AQko = B(ko kg( 5T T )75f )’ forall 6/ <t <T+6",
o Biiiss (67, )

where t A (T — 67) is the minimum between t and T — §/, and we consider 67 as the start of the running
time. Similarly, from we can rewrite compactly the spread as

o,k
By BFoks (¢, T + 6P)

pokoks Broks (i A (T = 67), T — 6F)

ST — 51 1.7+ 57) = (14 1M (T — 6 1T+ 7))

By combining the last three equations, we then obtain

bodks (51 oo\ BsroHBRoks (1, T 4 6) BRoks (57, T 4 57)
1+5It (T—5,T,T+5) Py ko k )
Byhoks Bhosks (57T op) BRo*s (67, T — 67)

which is indeed a (Q, G)-martingale because (I} (T — 6/ T, T+0%))sefsr T+ov) 18 2 (@, Gy
B;,fko,ks BF0-k3 (£, T+6P)

8@T+5p,k0,k3
G, - B:,ko,kSBko,k3(5f7T+6p)a

705 for all t > 6. O

martingale and

We point out that Lemma generalises Lemma 3.11 of (Cuchiero et al| [2016] in the sense that
in our setting the fixing date 7" may differ from the start-of-period date, T'— §/. Moreover, since we
model the spread up to the payment date, T' + 6P, we obtain a more general result, stating that the

multiplicative forward index spread is a martingale under the forward measure QT_éf’kO’k3 for any
aQT—éf,ko,k3

87 <t < T+ 6P. Notice, however, that for t > T — §/ the Radon-Nikodym derivative 50%0

Gt
is a known quantity, hence the two measures QT_‘sf’kO’k?’ and Q0 are equivalent for any t > T' — 67 up
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to a multiplicative factor. This means that, in practice, the multiplicative spread is a Q*0-martingale
after the start of the monitoring period, T — 6.

We proceed now to introduce the modeling framework for the forward index spreads. The following
definition captures the complexity given by the fact that the forward on the index, for any given
schedule 67,67 > 0 and any currency ko, can be collateralized in any currency k3 = 1,..., L.

Definition 6.7. Let 1 < ko < L and 6,67 > 0 be fired. We call a model consisting of

1. An extended bond-price model for the currency kg

ko, 1 koko—1 yko,ko+1 ko,L peko poko kol koko—1 ko,ko+1 ko,L

<X7Q 0 PR 7Q 0 0 7Q 0 0 A 7Q 0 7B 07 6f ’qaf 9yt 7q6f 7q6f 9 "7q6f )
eko Koyl koko—1  ko,ko+1 ko.L _cko kol koko—1 _ko,ko+1 ko,L
Qom0 Q0L PO ROROTE 0 g O gt gt OO T g RO RO g™ )

in the sense of Definition |5.14);
II. The RE-valued Ité semimartingale (Stko’l(t — 6l tt+67), ... ,SfO’L(t — 6t t+ 5p)>

)

t>6f
III. The functions hg;’ép’ko’l, cen hg;’dp’kO’L;
1V. The processes
aéf,ép,ko,l’ o 7a6f,6p,k0,L7
and
de,ép,ko,1’ o ’Udf,ép,kzo,L_

o multiplicative spread model for the currency kg, if for every 1 < ks < L the following conditions
are satisfied:

(i) The spot spread index Sfo’k3(t — &7 t,t + 6P) is absolutely continuous with respect to the
Lebsegue measure and satisfies Sfo’k3 (t— 8/ t,t+0P) =e” Jss nt R0k
spread short rate 8707 ko, ks — (hff’sp’ko’kS)tZ(;f ;

(ii) The triple (hg;’(sp’ko’ks,045f’6p’k0’k3,05f75p’k07k3) satisfies the HJM-basic condition in Definition
52

(iii) For every T > &/, the instantaneous multiplicative spread forward rate (hftS 207 ko ks (7)) eess 7]

with multiplicative

s given by

t
(69) hff,é?’,k’(),kg (T) — h§;761’7k0,]€3 (7_) + /

t .
fagf’ép’ko’kS(T)ds—l—/ Ug’ﬁ”,ko,ka(T)dXs;
1)

of

(iv) For every T > 6/, the instantaneous multiplicative spread forward rate satisfies
hgf’(sp’ko’k:‘ (1) = ffk°k3 (1), forevery T <t <7 <T+ 6
(v) The forward indez spread (Sfo’k3 (T -6/, 7,7+ 0P))telss o) Satisfies

6f,ap,ko,k3dsffT+6P hff,ép,ko,ks(u)du
t

(6.10) Shoks(7 — §F T, T + 67) = e~ Jor s
The next definition naturally collects the martingale conditions that are relevant in the current

setting.

Definition 6.8. Let 1 < ko < L and 6,67 > 0. We say that the multiplicative spread model for the

currency ko is risk neutral if the following conditions hold:

(i) The extended bond-price model for the currency ko

ko,1 ko,ko—1 ko,ko+1 ko, L pcko gcko  ko,l ko,ko—1 ko,ko+1 ko,L
X7QO 7“'7Q00 7Q00 "'7Q0 7B O?ff 7Qf 7"‘7Qf 7qf 7"'7qf )
0 0 6 0 0

atko gkl pkoko=l pkokotl (koL geko kol gkoko—l gkokotl Uko,L)
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is risk neutral in the sense of Definition |5.16]
(ii) For each 1 < kg < L, the forward index spreads

{(Sfo’k3(T—5f,T,T+5p> T>6f}

te[sf T+or]

are (QT*‘W”“O’“, G)-martingales.

For every 7 > 6/, we further define

-
fo’(sp’ko’kg(T) ::/ Uff"sp’ko’k3(u)dU,
t

and state the following result characterizing condition (ii) of Definition

Theorem 6.9. Let 1 < ko < L and 67,67 > 0. For a multiplicative spread model for the currency ko,
the followings are equivalent:

(i) The multiplicative spread model satisfies condition (ii) of Definition[6.8;
(ii) For every T > 87 and every ks, the conditional expectation hypothesis holds, namely

76 Kook ot 67,87 kg oks TP 6 6P kg kg
EQT ot [Séo’kS(T—éf,T,TJréP)‘gt] — e Jirh ds— 77" 1] (w)du

9

for every t € [§/,T + 67);
(iii) For every T > 67 and every ks, — 387,67 ko k3 (T + 67) € UY*X and

— <Z5f,5”7k07k3 (T + 6P) + neko (T — 57  pkoks ( — 5f)) e u@ka’

and the following conditions are satisfied:
(a) The process

t
f c, )
(6.11) (exp {— /M (mafnbods (7 4 g7) £ 3000, (0 = 6T) + SR (T - 61)) X,

! Qo X f .k ko,k
— /5f QOO X (_ydT0tkoks (L Py — ES’A?T M)(T -0l — ESR’(; M)(T —0/))ds
te[6) , T+67]

is a QF-martingale;
(b) The consistency condition holds, meaning that

ko, [, S R0k f 7
(6.12) \IJ;Q Jss 5(1) _ _hfiﬁp,ko,ks _ _hiﬁp,ko,]% (t)

for allt > 67 ;
(c) For every T > 6/ and every ks, the HIM drift condition

T46P
67,67 ko, ks d
Qy (u)du
t

G139 e Xy oy mply (@ o) sl (- 61))

ko x ek Ko,k
— U (S (T = 8T) =Sl (T = 67))

holds for every t € [67,T + 7).

Proof. The proof goes in parallel to the proof of Theorem In the following, let T > 6/ and
1 < k3 < L be fixed.
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(i) = (ii) Since the process (Sfo’k?’ (T -6/, 7, T+ 5p)> is a (QT % ko:ks | G)-martingale,

te[6f  T+or)
it follows that
—65 ko
EQT 51 kg k3 Séimks (T — 5f’ T,T + 513)‘ gt] = Sfmks (T — 5f, T,T + 6P)

t 85,67 kok T+6P , 61 5P Ko,k
_ eff(sf hg 0 3dsfft R 03 (u)du

(i) = (iii) Since the process (Stko’kS (T -6/, T, T + 57’)) isa (QT_(Sf’kO’ki‘,G)—martingale,
te[6f  T+6P]
by Bayes’ formula, the process

Shoks i _ gt g e gny Dot BOREA (T~ o), T 51)
t ( —o L+ )Bc,ko,kg, Bkoks (5f T — (5f)
tA(T—67) ’ te[6f T+67)

(6.14) f
. ¢ 68 6P kgok T4+5P , 67 6P kq,k T—sf ko k
o Jar e T s = [T by TS (wydu [0 g £ 7 ()

tANT—6F) c,kg,k T—8F ,c,kq,ks
dar T o s [0 f0 R () du

te[6f, T+67)

is a (Q*, G)-martingale. Let

! 57 6P koK oy 67,67 ko, k T-af ko,k
k) ’ ) C7 2
R : = —/ h 0 r0Rsds — / hy % (w)du — / ftA(%_Sdf)(u)du
5T t tA(T—67)

tA(T—67) T—67 -
_/M Tg,ko,ksds_‘_/éf f;} 0, 3(u)du

Then the martingale property of is equivalent to the martingale property of exp (R),
which implies that 1 € UQLOR and ngO’R(l) = 0. Due to the integrability conditions on
a®* and o“ko in Definition on a*0k3 and g*o-F3 in Definition and a® 0"koks anq
¥’ 0% ko.ks iy Definition we can apply the classical and the stochastic Fubini theorem,
which yield

o 57,67 ko k o 5% .67 ko k Yl fop
/ RO O R0ks (1) :/ h(Sf’ 1Ko, 3(u)du+/ / Ozg 0 ’ko’k3(u)dud5
t 9 5f Js

(6.15) !

‘ t
+/ ng’6p’k0’k3(T+5p)dXs _/ hzf,zSP,ko,ks(u)dU,
51 of

and, similarly, starting from (5.23)),

T-of Ko,k
FoReEs L (u)du
/t/\(T—ch) tA(T—5F)

T-67 tN(T—=6T)  pT—6f
(6.16) = / fg}ko’k:’ (u)du + / / (S0 (u) + afoF2 (u))duds
§f &f s

tA(T—87) tA(T—87)
+ / (xoko (T — §7) 4 Shoks (T — 57))d X, — / Ckoks () du.
of 5f

By applying Kallsen and Krithner| [2013, Lemma A.13] and using the equality

. _sf .
Qko,— fé?(T 3 )T?ko,ksds

Qko,— fé?(T*éf) 7«;7’“0”“3113
t tA(T—5F) 1) ’

7 1) =0
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(6.17)

(6.18)
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we then obtain that
0=w2"()

f O
Qko,— fa}\(T 30 peokoiks g

5f 5P kg, ks
Qko _f(sf o Jd 1)
tAN(T—5F)

=, (1) + W

0,X 6F .67 ko k k Ko,k
+ o (-zt OR(T 4 57) — Sk (T — o) = spoks (T — 5f))

THO% 51 52 kook o k Ko,k
_ ,0P ko, k3 o c,ko 0,k3
/t oy (u)du /t/\(Taf)(am(T‘sf)(U) + atA(Tﬂ;f)(u))du

+ RS ) 4 pekoks o (EA(T - oT)),

ko fé}\(T sy o ko ik g eko ks .
A(T—61) (1) + f(t/\(’T 51)) _(t A(T — 6%)) = 0 because of the consistency
condition (5.25). Set now ¢t =T + ¢ in . Since E?pg;ko’k?’ (T +oP) = ;kodf (T —67) =

Ef}o’?f (T — 67) =0, we get

where W

fsp
Qoffgfh(s 8P ko3 g

0=, (1) + hTOoka p),

hence (6.12). Moreover, substituting the two consistency conditions into (6.17) yields the
following drift condition:

T8 58 59 ko T k ko, k
) sR0,R3 C,R0 0,73
/t o (u)du+/t/\(T6f)(atA(T6f)( )—i—aM(T Jf)(u))du

ko, 67 6P ko k e,k ko,k
= W (o Rk g o) ke (- 6Ty - ik (- T)),

hence, by the drift condition (5.26)),

T+6P
65,67 ko, k
/ a; R0 S(U)du
t

_ gQFo.x 64,67 ko K K Ko,k
_ (*Et VR 4 67) — SR (T —0T) = Sfols (T — 5f))

Qko, X ¢,k Ko,k
= Visn) (" Zinirosn) (T =) = Bl e (T = 87)).

We now have both the consistency condition and the drift condition. By substituting them

into (6.15)), and then together with (6.16)) into (6.14]) we write that

¢,ko,ks3 ko k f f
. BRoEsS(t AT —67), T — 6
Stko,ks<T _ (5f,T,T+ 5p) 5f ( ( )’ )
Bokoks Bkoks3 (5f T — 5f)
tA(T—61) ’
T+6P
= exp{ — /f hg;ﬁp,ko,ka (u)du
§

t
ko, X 57,67 ko, k kK ko, k:
= /M WO (o (1 g gr) w1 - 6f) - SRt (T - o)) ds

s ek Kok
- /5f (B8 Robs (1 4 67) 4+ D5y (T = 6) + 2l (T = 89)) dXs}’

from which we deduce that the process is a Q*o-martingale for every T > 67.

(iii) = (i) The consistency condition and the drift condition yield again equation ([6.18)). The
martingale property of (6.11]) implies then that the forward index spread (S, ko’kg( -6, T, T+
OF))relss Trov) 1S @ Q- 5f k07k3, G)-martingale.
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O

The drift condition allows us to explicitly observe the interplay between the different risk
factors that drive the multiplicative spread. In particular, we observe that the drift depends of course
on the integrated volatility of the spread Eff’ap’ko’k?’ (T + 6P) up to the payment date T + 6P, but also
on the integrated volatility of the instantaneous collateral forward rate Ef’ko (T — 67) and on that of
the instantaneous cross-currency basis spread Ef ok _ §f ), which is an interesting feature from an

economic perspective.

Remark 6.10. Similarly as in Remark we notice that the HJM drift condition (6.13) is given in
terms of the local exponent Qo X However, one can show that for any 6/ <t < T — 6/ the local

_sf
exponent PO RORX i der the measure QT*‘Sf’kO’k?’ is obtained from ¥Q*:X by
\I;QT_‘sf’kO’k:” X (B) = \I;Qko X (B—Ec’ko (T—5f) _ykosks (T—(Sf)) _ \Iijo X (_ECJCO (T_(;f) _ykosks (T—5f)),

for any R%valued predictable and X-integrable process 3 = (Bt)t>0. We further observe from Defini-
tion that for T — 6/ < t < T + 6P the two measures QF and (@T*‘W’ko”l€3 are equivalent up to a
multiplicative constant. Hence, basically, we have that

\IIQT—af,ko,ks,X(B) = \I/QkO’X(B)'

The HIJM drift condition (6.13)) can then be rewritten under the forward measure QT*‘sf’kO’kS as

THO" 51 52 kook QT-" kok3 X, 65,67 ko ok
/ oy 7O (u)du = Wy (=X (T 4 67)),
t

for every 6/ < t < T + §P. We further notice that, since hff’ép’ko’k3(7') = ff7k°’k3(7') for every
T <t <71 <T+ 6P by definition, then aff’ép’ko’kg (1) = o™ (1) + af**3 (1) and Eff"sp’ko’kS(T) =
20k (7) 4 £Foks (1) for every T < ¢ < 7 < T + 6P, and the drift condition coincides with the
drift condition , namely

o k Ko,k o 57,67 ko k
/ (a2 () + afo* (u))du = / o8 kRS () gy
t t
f
_ ‘IlgkO,X(_Eg 7(5197]@0,/<33(]1_i_ 6p))
= WS 4 6) = ST+ 87)),

for every T <t <T + §P.

Remark 6.11. For ks = ko, 6/ = 0 and 67 = 4, the drift condition (6.13)) becomes
T+6
(6.19) / o R0 (uydy = WX (—sp koo 45y - weto(T)) — WX (k).
t

Notice that this extends the results of |Cuchiero et al. [2016], because we model the spread beyond
the fixing date, in this case T', namely we model the spread up to the payment date, 7'+ §. This is
important since, as discussed before, despite for T < t < T + éP the index has already been fixed, one
still observes fluctuations in the spread due to fluctuations in the foreign-collateral discount curves.
Instead, in |Cuchiero et al. [2016], these fluctuations are implicitly ignored since the spread is only
modelled up to the fixing date T'. In particular, this would mean to set

ot 0,ko,k ot 0,ko K
/ O‘? Ko:ko (1) du :/ 0’?’ Hoko (1)) du = 0,
T T
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hence $O0F0R0 (T 4 §) = £%0k0R0 (7Y Under these assumptions, we observe that the drift condition
(6.19) coincides indeed with the drift condition found in |Cuchiero et al.|[2016, Theorem 3.15].

Corollary 6.12. Let 1 < kg < L and 67,67 > 0. If the multiplicative spread model for the currency
ko is risk neutral, then for every 1 < ks < L we have that:

(i) For everyt > 6/ and 7> § = 6/ + 6P, the instantaneous multiplicative spread forward rate is
given by

67 57 ko k: 67 57 ko k
By kRS (o) = 3380k )

t
f c
[ oty e oo 0).

e X (_zgfﬁ”vkm (1) = SEK0 g (r = 6) = Thos (7 — 5))

c k c
- (Usf(OT—(s) (r—0)+ ‘75/0\’(];3—5) (T — 5)) V‘I’g X <_Es’/]\€(07'—5) (r1—0)— 2159\7(]?—5) (- 5))) ds

t
f
+/ U;S 75p7k0,k3(7_)dXS;
of

6f76p7k07k3
ht

(ii) For every t > §, the multiplicative spread short rate at time t is given by

hffﬁp,ko,k‘:z _ hffﬁp,ko,k?, (t) _ h§;75”7/€0,k3 (t)

t
51 .67 ko k c,ko . ko,ks _ .
- /5f ((Us Or(t) + TsA(t—o) (t—0)+ Tsn(t—9) (t 5)>

R AARS <_ggf,6ﬂk0ak3 (£) = Zoxt sy (¢ = 8) = 20 5 (6 — 5))

c . K c )
— (o5k gy (= 0)+ ool (- 0)) TR (xoke (k- 8) — S (1 - 5)))ds

t
+/ Ugf’ép’ko’kB(t)dXs;
of

Proof. The proof proceeds similarly to the proof of Corollary starting from and using the
drift condition (6.13|) for 7 := T + 6P. For the short rate, we let t — 7. O

We conclude this section by deriving the HJIM framework for an abstract index by combining the
multiplicative spread model for the currency kg with the HIM framework for the extended bond-price
model in Section In particular, from Definition for any fixed 1 < ko, ks < L, any 6,67 > 0
and for any T > 67, the forward on the abstract index I¥(T — §/, T, T + 6P) at time 6/ <t < T + 67
for the time period [T — §7, T 4 §P] collateralized according to B*0*3 and payed at time T + 7 is the
product between the multiplicative spread and the discount curve index, namely

IFoks (T — 65 T, T + 67) = % (Sfo”% (T = 8,1, 7+ 67) (1 + 61, P (T — 6/ T 4 67, T + &%) — 1) ,
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where 6 = 67 + 6P. From we further write that
IPoks(r — 51 T, T + 67)

1 ko,k BFo-k3 (1, 7—57)
3<3t° 3(T—6f,T,T+5p)W—1), 5 <t<T— o
(6'20) ¢,kq.k3
_ )1 ko,k B, 1
)4 Sto (T - 5f>T’T +67) Btc,ko’;c:s Bko-k3 (4, T+67) L, T of <t <T,
T—6
15T — 87,1, 7 4 67), T <t<T+ 6P

By combining equations ([5.20)), (5.21), (5.22) and (6.10), we can also rewrite the index in terms of
the instantaneous collateral forward rate, the cross-currency basis spread and of the instantaneous

multiplicative spread forward rate, namely

¢ 60 6P kg .k T46P , 67 6P kq,k T+6P [ pc,k ko,k
ko.k 1 — [t hs ’ 0:%3 gs— h 03 () du+ 0 (1) 4q, 03 (u) ) du
Ito, 3(T_ (5f,T,T—|—(5p) — (6 f(gf ft t (w) fTﬂ;f < e O (u)+gy ( )) 1 ,

for 6/ §t§T—5f, and
IFoks(p — 1 T, T + 67)

6F 6P kqg,k P 5 6P kg k ko o kook P [ ek koK
1<6—f§f hy 0 R0R3 gg (TN R 03 (w)du+ [, ¢ (rﬁ 04¢5° 3)ds—ftT+5 (f 0 (u)+q,° 3(u)>du_ 1)
b

J

for T — 6f < t < T. Notice that for T < t < T + 6P the forward equals the index at time T, namely
Itko’k?’ (T — 6,7, T +6P) = Iéf? (T — 6/, T, T + 6P). Hence, in particular, it is constant.

7. APPLICATION: CROSS-CURRENCY SWAPS PRICING

We provide an in-depth study of cross-currency swap contracts. The motivation for studying these
instruments is twofold: on the one hand, cross-currency swap contracts offer the perfect example of
instruments which depend on all the sources of risk that we have described in the previous sections.
On the other hand, studying cross-currency swap contracts serves as a starting point for analysing
the benchmark transition, which is still not treated in the literature. In particular, in view of the
benchmark reform, we shall describe the legs of the contracts in terms of some abstract indices, in
line with the approach adopted in Section [6.2] We proceed as follows: we consider first the case of
constant-notional cross-currency swaps and provide the corresponding pricing formulas under different
collateral currencies. Then, we consider resetting cross-currency swaps, and, finally, we study potential
leg asymmetries which are originated by the LIBOR transition.

We consider two generic currencies 1 < ko, k < L and a time interval [7%, 7€, with 7¢ > 7° > 0,
representing the monitoring period of the cross-currency swap contract which is stipulated by two
agents at time 0. In general, the number of legs for a swap can be arbitrary, most typically for
bespoke over-the-counter (OTC) contracts. However, for simplicity, we consider contracts with only
two legs and we use the index kg and the index k£ to denote, respectively, the domestic and the foreign
leg. Let then N*0 € N and N¥ € N be the numbers of time intervals in the two schedules of cash
flows happening within the interval [7%,7¢] and referring, respectively, to ko and to k. Notice that,
in general, the number of cash flows can be different among different legs, typically due to different
payment frequencies. We then denote the time instants for the domestic leg by %0, with 0 < n < Nko,
and the time instants for the foreign leg by t*, with 0 < n < N*. In particular, we set tlgo =th=1°

and t];\?ko = tf\,k = 7¢ TFor each interval of the form (tflo_l,tﬁo], we define §ko := tho tflo_l, for
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1 <n < Nk, Similarly, we define 6% := & — tf?hl, for 1 < n < N*. We then introduce 5ﬁ°’f, (57120’]),
§5F and %P such that 60 4 skor — ko and sk 4 sk — 6k, respectively.

We further introduce ¢ € {+1,—1} as the indicator for long and short positions, respectively, and
NF0 and N* for the constant notional of the contract in domestic and foreign currency, respectively.

Notice that a schedule of time-varying notional could be included by writing /\/t k,;% and /\/;’Z, instead.

Spreads can also be included in either leg by means of the quantities S5°(7¢) and S¥(7¢). The standard
market practice is to quote cross-currency swaps against USD and to add the spread to the non-USD
leg. Notice also that the two spreads are fixed at the moment of the stipulation of the contract, namely
in 0, and depend on the final horizon of the monitoring period, namely 7¢. As in the previous sections,
we denote with k3 the currency of denomination of the collaterals.

7.1. Constant-notional cross-currency swaps. The simplest form of cross-currency swap involves
two agents who lend to each other notional amounts in two different currencies. The notional is
swapped at the initial time, 7%, and then swapped back at the terminal time, 7¢. We denote by
CCS*0ks the value in domestic currency of the constant-notional cross-currency swap collateralized
in currency k3, which at time ¢ > 0 is given by

COSIH = ¢ (S1(Aes, CF) = XfF S (s, CF) )|

with AIZSJCS and Agcs representing the cash flow of the domestic and foreign legs associated to two
generic market indices I* and I*. In particular, for each t < 7¢, the leg £ € {ko, k} is evaluated via

Sf(AéCSa de) = Ng <_B£7k3 (tv Ts)]I{tSTS} + B&kg (tv 7_8)
(7.1)

N¢ . Bc,é,kg

y; ¢ ¢ ¢ I 0.f 0 ‘

+ Z 5n]EQ c,b,ks <Ite +857 (tn717 tp1+ 6nf7 tn) + SO(T€)> Gt H{tﬁté} )
n—1 Bt,él n—1

where the indicator function I means that each term in the summations exists until its payment date,

namely the n-th term in the domestic leg disappears for ¢t > tko

0 and the n-th term in the foreign

leg disappears for ¢ > t¥. Notice that the same formulas allow also to treat the case of fixed-versus-
fixed and fixed-versus-floating cross-currency swaps by suitably setting the desired indices to zero and
interpreting the spreads S(’fo (7¢) and SE(7°) as fixed rates.

We now illustrate how the modeling quantities analyzed in the present work are crucial in the
evaluation of the formula (7.1). By Definition we express the leg ¢ € {ko,k} in terms of the
forward contract I*3 written on the index I with collateralization in currency ks, namely

Sf (AECCS’ Ck3) - Nﬂ <_B£’k3 (t? TS)H{tST“’} + Be,kg (ta 7'6)
(7.2) .
8k (I (st + 007 8 + SE(r) ) BY2 (8, ) Ty }> -
n=1

In particular, for every ¢t > 0, the forward contract I#3 can be written in compact form starting from

equation (6.20]) as

ks pbks ¢
Gks 0 0f 0 1 [ B B (U At _1ith 1) ok e e 0F
(1:3) 1P Eatia + 80800 = 5 | Sl pemg gy S ot T 640 1
" tntl T

n—1
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By substituting ([7.3]) into (7.2)), we get

S{(Abeg, C™) = N* (-BMB (t,7°)Lp<psy + B3 (2, 7°)

Lk
+Z c 3 Bfk’d(t/\tn lytf; 1)S€k3<t€ 5ff té) 1+5682< e) Bé’kf“’(t tﬁ)ﬂ
Bcék:3 B€k3(t tﬁ) n tn nOo\T yln {tgtfl} .
n=1 AL

Finally, we use the definition of the foreign-collateral discount curves as product between the domestic
bond with domestic collateral and the ¢-k3 cross-currency bond spread in equation (5.20|) and obtain

St (AGcs, C™) =N* (Bw(t’ QU (t, T )y rey + B (2, 7)Q5 (¢, 7°)

NZ
P> ( P BN o )R bl

X T k: 7
el Bf/\tﬁ,thAtz,l B&E(t,t%)@f,ks(tjtno)

SP( ot 4 0T ) — 1+ Y ) B Q1 ) n{t%}> .

This shows how all the quantities modelled in the previous sections enter into play in the evaluation
of cross-currency swap contracts. In particular, the formulas obtained also highights that constant-
notional cross-currency swaps are linear with respect to all the quantities introduced in our cross-
currency HJM framework.

7.2. Resetting cross-currency swaps. A resetting (or marked-to-market) cross-currency swap
(MtMCCS) is constructed via a sequence of one-period cross-currency swaps. Every single cross-
currency swap in the sequence involves an exchange of notional, so that the contract can be inter-
preted as a rolling strategy on loans with varying notional. The rolling mechanism implies exchanges
of notional at every payment date, and it reduces the outstanding counterparty risk exposure. This
version of the instrument is cheaper if one takes into account the possibility of default of the agents
which are involved in the transaction.

Typically, quoted instruments feature notional resets on the leg indexed to the stronger currency
(e.g., USD for the EURUSD pair), and a constant notional for the weaker currency (i.e., EUR in the
EURUSD pair example). In this case, the spread is introduced only on the weaker leg and it is fixed
in such a way that the value of the contract at initiation is zero. This means in particular that the
spread is the market quote. For our example, we shall analyze the case when the notional resets affect
either the kg- or the k-denominated leg. The collateralization is in currency ks.

We then denote by MtMCCS*0¥3 the value in domestic currency of the resetting cross-currency
swap collateralized in currency k3. With the notional resets affecting the kg-denominated leg, for
t < 7¢ we have that

MtMCCS*ks = ¢ (Sko (AR inrccs: CF) — X[ Sp Ak s, CkS)) ;

where Aﬁj}t mccs represents the cash flow of the domestic leg with resetting. Similarly, if the notional
resets are affecting the foreign leg instead, the valuation formula is

MtMCOCS™ ks = ¢ (550(14]3)0570’63) R SE(AR L cess Ck?’)) ,
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with A’fm mccos being the cash flow of the foreign leg with resetting. In particular, then the value of
the leg with resetting is given for ¢ € {ko, k} by

Sf(Aﬁ/[tMCCSa Ck?’) =
NZ

| By, ¢ ( ¢ ¢ ¢ 0f 40 ¢
(7.4) N §:1 E? Btcée,ks thfl <1 +0n <Itfbl+5f;f(tn—1> ty1 + 057 t5) + 50(7'6)>> AR
. n= té

Nt e,0,ks
. QZ Bt g,ﬁ
ZE gebks th;_l Gi H{tgti} ’

tZ

n—1

n=1

where we notice that the notional for the leg ¢ € {ko,k} is now denominated in the other currency,
namely in currency x € {ko, k} with x # £. The leg with no resetting, Sf'(A%qg, C*3), is evaluated as
in for k € {ko, k}. Starting from , with similar steps as in Section one recovers all the
modelling quantities studied in the paper, including the dynamics for the FX rate in Section [5.4]

7.3. The impact of the LIBOR transition. For concreteness, we take the perspective of a USD
agent who entered at time ¢t = 0 before any benchmark reform into an OTC EURUSD cross-currency
swap with notional resets and fixed spread applied on the EUR-denominated leg. In this case, we then
have kg = $ and k = €. As a legacy product, we assume that the swap was entered when the USD
3M LIBOR and the 3M EURIBOR were the market standard floating rates applied to the two legs in
this kind of contracts. Both the floating rates are fixed at the beginning of the period and paid at the
end, so in this case 6§’f = (5;3{’f = 0 for all n, which allows us to use the more familiar notation

It

l l l ¢ { ¢ l l L l l
i st oy by 40 St =1 (thytnontn) =Ty (thoty), for £ € {€,8},

n 'n n—1s“n—-1> n—1»

to denote the IBOR rate of the two currencies which is fixed in t!_, for the interval (t{_,¢ ], and is

paid in tfl. In line with the prevailing market standard, we assume that the collateral is exchanged
in USD, namely r©Fs = pohko = p&$ with 7% being initially the Fed Fund rate which is an unsecured
overnight rate. The value of the resetting cross-currency swap is then

MtMCCS™ = ¢ (Sf(A%Csv C%) — XPESE(ASarces C$)) ;

where, before the LIBOR discontinuation, the USD leg is evaluated as in ([7.1)), namely

S} (Abcs: %) = N* (—B$’$<t, 7 i<rey + BYS(t,79)

NS s BC,$
D E T Ry
n=1 t5

=N?¥ <—B$’$(t, )<y + B (8, 79)

NS
5 8.8
£ 3 68 B, 1R [zt% (t5,,15)
n—1

i)

n=1
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Here the spread Sg (1) = 0 because the the USD currency is the strong one in the USD-EUR pair.
The EUR leg is instead evaluated as in ((7.4) by

1

N€ €%
c | B €%
ST (ASnmcos C) = N7 | D B | —CagXe” (1407 (22, 05000 + 509) ) | G| Ty
= €

C,€7

€,$
Xte
n—1

gt H{tﬁtﬁ} )

N€
_ EQ€
2

was initially represented by the EONIA rate. We remark that the expression above

Bc €,

n 1
where the rate r©€
depends also on the infinitesimal cross-currency basis ¢%€

The benchmark reform had multiple impacts on the valuation of this type of products. The first
one is a switch of the collateral rate by central counterparties for both the currency areas, which also
became the market standard for OTC markets. On 27 July 2020, the central counterparties switched
&€ from EONIA to ESTR. Subsequently, on 16 October 2020, the rate % has been switched from the
Fed Fund rate to SOFR. Both the switches of discount rates triggered exchanges of cash flows among
agents. Even more relevant is the discontinuation of the USD 3M LIBOR rate, which is impacting
directly the USD leg. In this case, the agents can agree on different alternatives, all of which are
captured by our framework.

A first choice is to replace the USD 3M LIBOR by means of AMERIBOR T90. In this case, the new
benchmark is still an unsecured forward-looking rate that embeds a dynamic credit component, hence
the valuation formula is virtually unchanged. A second choice is to adopt the ISDA fallback
protoco]ﬂ where USD 3M LIBOR is replaced by the sum of the backward- looking rate and a fixed

credit spread. This means that in ([7.5)) we replace the spot index If ti 15 t$ byl

1—1

c,$
1 f$ roSdu 1 B 4
$ $ 48 to _ — n
Itn (tn l,tn,tn) : W e 1 1 +CS = t$ _ t$ Bc7$ 1 +CS7
n n—1 n n—1 8 .

where CS denotes a credit spread between the USD 3M LIBOR and the backward-looking rate. This
is usually estimated as a mean or a median on the basis of historical data. For an in-depth analysis
of LIBOR fallbacks from a quantitative perspective, we refer to Henrard [2019]. We limit ourselves to
notice that a constant credit spread is a questionable choice, since it is clearly unable to capture the
dynamic nature of inter-bank risk Filipovi¢ and Trolle [2013].

In the aftermath of the benchmark reform, cross-currency swaps still fall within our HJM framework:
the market practice has moved to the use of the backward-looking rate on both legs.
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