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ABSTRACT

The focus of this study is on the nonlinear mechanical properties of epoxy and
epoxy-based nanocomposites, exploring frequency and strain amplitude dependency.
Nanocomposite samples of epoxy are reinforced with fumed silica (FS), halloysite
nanotubes (HNT) and Albipox 1000 rubber (Evonik) nanoparticles. Considering
these particles have different geometries and stiffnesses, they are expected to have
significantly different influences on the mechanics of the resulting composite. To
enhance the reliability of the results and to reveal the impact of nanofillers on the
mechanics of the material more distinctly, the manufacturing process is designed
to be the same for all the specimens within the same material groups to eliminate
the effects of the manufacturing process. The comprehensive characterisation pro-
cess consists of Fourier-Transform InfraRed Spectroscopy (FTIR), Scanning Elec-
tron Microscopy (SEM) and Dynamic Mechanical Analysis (DMA). The DMA tests
are designed so that the material properties are measured depending on the vibra-
tion frequency and strain amplitude. Finally, the characterised nonlinear dynamic
properties of these nanocomposites are used as the input material properties into a
numerical model. In this simulation, a cantilever beam with representative nonlinear
material properties, for these nanocomposites, is created, as example and its forced
response is plotted under the same levels of excitation in the frequency domain.
Key effects of the different nanofillers are identified using the resonance behaviour,
primarily focusing on the stiffness and damping of the epoxy-based nanocomposites.
These experimental and numerical procedures followed show the significant impact
of the nanoparticle reinforcements on the nonlinear nature of theseepoxy-based com-
posites.
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1. Introduction

The nature of the majority of modern engineering designs are often significantly non-
linear which usually root from the materials and the structural properties including
intrinsic material properties, discontinuous structure in a material e.g. a composite, con-
tacts and of course large deformations. Materials in engineering are categorised based
on how they are deformed when loaded. When deformation occurs under load, then, it
is important to make the distinction as to whether the material is linear or nonlinear.
If the material stiffness is constant, then the material characteristics are linear, whereas
if the stiffness depends on the deformation and/or the deformation rate, the material is
nonlinear Ogden (1984); Tüfekci et al. (2023).

The nonlinearity of material response can be expressed mathematically by material
constitutive relationships Lee et al. (2008); Sadd (2019). As a result, the function chosen
to represent the nonlinear behaviour becomes significant Nguyen et al. (2019). Thus,
there are various ways to represent the material characteristics in the literature that
scientists have developed over history. The chosen function controls the characteristic
of the mechanical system. Especially if other parameters such as geometry and thermal
effects get involved, the nature of the system becomes even more complicated which
makes the modelling even more difficult Tüfekci (2001); Li et al. (2022). Thus, the
selection of the function for the material behaviour is the first and the key step of the
modelling. For instance, a loaded, perfectly elastic material is supposed to return to the
same resting point when the load is removed, whilst plasticity causes the material to
rest at a different position/form when the load is removed Tufekci et al. (2019). This
behaviour can be captured with certain types of functions.

In these constitutive equations, different material models employ different functions.
These functions are selected based on the data acquired from material characterisation
experiments that focus on mechanical behaviour under various loading scenarios Luo
and Daniel (2003). Considering polymers are usually less stiff materials compared to
metallic materials, a different technique/model is necessary to predict their mechan-
ics Tüfekci et al. (2020). Hyperelasticity is based on this lower stiffness assumption
as well as incompressibility (Poisson’s ratio ν = 0.5), depending on the load history
and pseudoelastic behaviour Richards and Odegard (2010); Johlitz and Diebels (2011).
A significant amount of efforts are put into the research on the analysis of hyperelas-
tic structures, particularly their statics, dynamics and internal resonance, along with
their nonlinear vibrational and bending behaviours Khaniki et al. (2023b); Khaniki and
Ghayesh (2023); Khaniki et al. (2022, 2023a). Understanding of hyperelasticity plays a
critical role in designing systems with very compliant materials. However, it is impor-
tant to consider the damping behaviour of polymeric materials. Often, viscoelasticity
modelling is employed which describes the material behaviour as a combination of cou-
pled viscous and elastic responses Ouis (2004). With the viscous behaviour, this mod-
elling technique takes damping into account Schapery (1969). This damping can take
the form of linear viscoelasticity and/or nonlinear viscoelasticity Bilasse et al. (2010);
Tüfekci et al. (2021).

Damping affects the whole mechanical behaviour of structures in steady-state and
transient situations Johnson and Kienholz (1982). Damping is one of the most crucial
properties of a vibrational system, so it needs to be predicted accurately to avoid future
problems and to derive possible benefits during the design process Crandall (1970).
Adhikari reviews and explains in detail some of the most commonly used and essential
damping models Adhikari (2000). The first class of damping in terms of simplicity would
be linear damping Woodhouse (1998). Some commonly used linear damping models are
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the linear viscous and linear viscoelastic damping models Lin and Zhu (2009). Viscous
damping is usually better when modelling systems with a lesser degree of freedom, such
as damping elements or external damping effects Tan and Rogers (1995). For material
damping, the viscoelastic material model offers much more flexible and more accurate
modelling possibilities Banks et al. (2011). Linear viscoelastic damping is often expressed
using the complex modulus approach Ouis (2004). This approach is based on adding a
complex part to the Young’s and shear moduli of the material.

The mathematics must also be modified to increase the accuracy in modelling the
inherent damping. The calculation process of the eigenvalues and eigenvectors of vis-
coelastic systems are also defined in detail in previous research that can be found in the
literature Lázaro et al. (2012); Adhikari and Pascual (2009). These two linear damping
methods are often suitable for a specific range of frequency in which they are modulated.
It should be noted that these models do not precisely represent the damping behaviour
of the material or the structure. Although linear viscoelasticity is more accurate than
viscous damping in the modelling of material damping, nonlinear viscoelasticity is even
more accurate to this extent. However, it is computationally much more expensive com-
pared to the linear theories. For nonlinear damping, the challenge is to choose the
suitable functions to represent the behaviour of real systems, just like the issue with
the functions inserted into the constitutional equation of the materials Krack and Gross
(2019); Hu and Zhou (2022b,a). Polynomials are the first type of function to represent
nonlinearities. With sufficient terms, any type of function, even unknown functions, can
be approximated Xiao et al. (2013). However, for some cases, there are better solutions
that require less computational resources than polynomials Karkar et al. (2013). The
selected functions can be fitted to the experimental data to determine the necessary co-
efficients and to fully define the functions Schapery (1969). Another type of modelling
nonlinear behaviour of viscoelastic damping is to take advantage of fractional deriva-
tives of viscoelasticity Padovan and Sawicki (1998). The investigation of the effect of
the fractional derivatives on vibrational behaviour of a mechanical system can be found
in literature as well Rossikhin and Shitikova (1997). It is also possible to explain how
fractional derivatives come into existence in the physical world of real materials Torvik
and Bagley (1984).

For the investigation of damping, there are different measures to interpret the effect
of damping apart from the energy sink Adhikari (2000). Free vibration behaviour of a
mechanical system is one of the significant phenomena where the damping behaviour
could be extracted by evaluating the ratios of successive peaks and the time for the
vibration to fade out Rossikhin and Shitikova (1997). Amplitude, period and phase lag
between the force and displacement functions in a steady state forced vibration are
also essential concepts on interpreting the damping characteristics of the systems Krack
et al. (2016). There is also some research that analyses and evaluates the hysteresis
curves of materials to obtain the damping characteristics Amadori and Catania (2018).

Experimental approaches are generally seen as the more reliable methods for char-
acterising dynamic mechanical material behaviour Jordan et al. (2005). Several ex-
perimental techniques and methodologies are used for investigating nonlinear dynamic
characteristics of various materials. Mace et al. propose a novel, less computationally
demanding approach for damping prediction in composite laminates that offers effective
predictions without needing a detailed internal structure model, aligning closely with
experimental results Mace et al. (2022a). In a subsequent work, they introduce a novel
damping test procedure, improving on the established impact hammer testing technique
for better measurement of principal loss factors in lightly damped components Mace
et al. (2022b). Next, they present an innovative technique to extract modal damping
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properties from flat specimens, allowing for large amplitude, single harmonic, free de-
cay damping extraction, showing promising potential for providing reliable, amplitude-
dependent parameters Mace et al. (2020). Kliem et al. utilise a vibrational test setup to
examine the dynamics of a cylindrical composite structure Kliem et al. (2019). Xu and
Gupta employ dynamic mechanical analysis (DMA) to determine the storage modulus
at different strain rates and temperatures Xu and Gupta (2018). Xu et al. use DMA
to characterise the elastic properties of polymer-based nanocomposites across various
strain rates and temperatures Xu et al. (2019). Esmaeeli et al. design and propose a
novel setup to measure mechanical properties at high frequencies Esmaeeli et al. (2019).
Pierro and Carbone also design a vibrational test rig, using an impact hammer to ex-
tract mechanical properties and compare the results with DMA Pierro and Carbone
(2021).

There are several parameters that influences the mechanical behaviour of materials.
The addition of nanoparticles has a significant impact on the mechanical properties and
behaviour of polymeric materials Chen et al. (2021); Parveen et al. (2020). Srivastava
and Stanley et al. present studies on carbon nanotube-epoxy resin composites and glass
fabric-reinforced liquid thermoplastic composites filled with cellulose microcrystals, re-
spectively, both enhancing composite performance Stanley et al. (2021). The stiffness
of polymeric materials strongly depends on temperature, as do the damping proper-
ties Ludwigson et al. (2002). It is well-known that the stiffness of polymers decreases
with increasing temperature. Particularly as the material approaches and surpasses its
glass transition temperature (Tg). Beyond the Tg, the polymer transitions from a glassy
state to a rubbery state, significantly altering its mechanical properties.Whereas damp-
ing initially increases until it reaches a peak, then, converges to a lower bound value
Lu et al. (2017). Furthermore, the stiffness and damping characteristics of materials,
especially polymers, depend on environmental hygrothermal conditions Bouadi and Sun
(1990); Fuller et al. (2021); Acarer et al. (2022, 2023). Apart from the temperature and
humidity/water content, among many other parameters affecting the dynamic mechani-
cal properties of polymers and polymer-based composites, the amplitude and frequency
of the exciting loads are considered the most dominant Padovan and Sawicki (1998);
Crandall (1970); Jrad et al. (2013a). Besides, previous research shows that stiffness
and damping properties are independent from each other, even under the same am-
bient conditions Vescovini and Bisagni (2015). For instance, the study by Xu and Li
explores bio-inspired nanocomposites, balancing stiffness and damping, to exceed tradi-
tional material limits Xu and Li (2023). Moreover, Jiang, Li, and Hu’s research presents
a strain gradient viscoelasticity theory for polymer networks, offering new insights into
microstructure-dependent stress Jiang et al. (2023).

Nanoreinforced polymer-based composites are known for their sophisticated be-
haviour/nature, even more complex that the mechanical behaviour of polymers Thosten-
son et al. (2005); Rathi et al. (2021). Therefore, the nonlinear behaviour of nanocom-
posites attracts attention of researchers Al-Furjan et al. (2022); Ebrahimi et al. (2020).
A major source of complexity is the high surface area to volume ratio of nanoparti-
cle reinforcements, causing interphase regions with nonlinear behaviour to form Kim
et al. (2017); Hao et al. (2022); Lu et al. (2021). In the presence of multiple types of
nanoreinforcements increases the complexity of the interphase behaviour Owais et al.
(2019); Jin et al. (2022). The orientation of these reinforcements and their alignments,
especially in magnetically oriented composites, significantly enhance the anisotropy in
such composites Sierra-Romero and Chen (2018). Further complexity is introduced when
considering the agglomeration of reinforcing elements, such as in the case of carbon nan-
otubes within multi-scale hybrid nanocomposite plates Ebrahimi et al. (2021). Particles
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commonly used for nanocomposites include halloysite nanotubes (HNT), carbon nan-
otubes (CNT), fumed silica (FS), silica and rubber nanoparticles Tüfekci et al. (2021);
Acarer et al. (2021); Sprenger (2020); Ozdemir et al. (2016); Odent et al. (2015). Wang
et al. investigate the properties of unidirectional fibre-reinforced composites, studying
how interphase properties within the representative volume element (RVE) influence
overall material properties Wang et al. (2011).

In this study, nanocomposites with epoxy matrix and various reinforcements namely,
FS, HNT and rubber nanoparticles are prepared following a consistent manufactur-
ing procedure and characterised using Fourier transform infrared spectroscopy (FTIR),
scanning electron microscopy (SEM) and DMA. FTIR analyses are conducted to make
sure that the chemical compositions of the matrix are not affected by any reinforce-
ment or the manufacturing procedure. SEM shows that the nanocomposite materials
are manufactured do not contain major structural flaws like agglomeration/clustering of
the reinforce- ments and air bubbles. The DMA aims to characterise the nonlinear dy-
namic mechanical properties in terms of the dynamic stiffness and loss factor employing
the complex modulus approach with vibration amplitude and frequency dependence. In
addition, a numerical model, that includes a cantilever beam with the representative
effective nonlinear material properties through the DMA tests, is developed allowing
the investigation of the effects of reinforcements on the dynamics of a structure. In this
model, surface functions are fitted to the acquired forced vibration data with amplitude
and frequency dependence for each material. Then, these functions are inserted into the
stiffness term of the equation of motion (EOM) and the nonlinear frequency responses
are plotted using the appropriate (pseudo-arclength) continuation method. Thus, the
effects of each type of particle on the frequency response and the material nonlinearity
are discussed from another perspective. The experimental and numerical methodologies
presented in this research are expected to guide the stiffness and damping analysis dur-
ing the design of engineering structures employing composite materials. The novelty of
this study lies in its approach to the nonlinear nature of the polymer-based nanocom-
posites, taking advantage both experimental and theoreticah/numerical methods. The
integration of these methodologies, along with the consideration of several nanoparti-
cle reinforcements with different geometric and mechanical properties and their impact
on material and structural dynamics, is a step towards a more comprehensive analysis
of nanocomposite materials in engineering design. The potential applications of this
research span a range of fields of engineering, including aviation, where precise and
advanced understanding of dynaics of composite material could enhance the design of
aircraft components. Besides, this study could guide the development of more efficient
and durable wind turbine blades or vibration absorbers in the renewable energy sector.

In this study, nanocomposites with epoxy matrix and various reinforcements namely,
FS, HNT and rubber nanoparticles are prepared following a consistent manufactur-
ing procedure and characterised using Fourier transform infrared spectroscopy (FTIR),
scanning electron microscopy (SEM) and DMA. FTIR analyses are conducted to make
sure that the chemical compositions of the matrix are not affected by any reinforce-
ment or the manufacturing procedure. SEM shows that the nanocomposite materials
are manufactured do not contain major structural flaws like agglomeration/clustering
of the reinforcements and air bubbles. The DMA aims to characterise the nonlinear dy-
namic mechanical properties in terms of the dynamic stiffness and loss factor employing
the complex modulus approach with vibration amplitude and frequency dependence.
While earlier research often limits itself to studying just one or two types of nanoparti-
cle reinforcements, this study expands the scope by exploring a broader range of possible
materials. Despite the growing interest and activity in the field of epoxy-based nanocom-
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posites, there remains a lack of integrated research that combines both experimental and
theoretical/numerical analyses. This work fills this gap by providing a holistic perspec-
tive on the nonlinear behaviour of such materials, particularly highlighting the influence
of different nanoparticle reinforcements. In addition, a numerical model, that includes a
cantilever beam with the representative effective nonlinear material properties through
the DMA tests, is developed allowing the investigation of the effects of reinforcements
on the dynamics of a structure. In this model, surface functions are fitted to the acquired
forced vibration data with amplitude and frequency dependence for each material. Un-
like previous models that employ oversimplified functions to represent nonlinearity, this
model utilises fitted functions to the experimental data with frequency and amplitude as
the free variables representing the actual nature of the material, making the predictions
more realistic and applicable as frequency and amplitude are the two dominant factors
that control the material nonlinearity Jrad et al. (2013b,a). Then, these functions are
inserted into the stiffness term of the equation of motion (EOM) and the nonlinear
frequency responses are plotted using the appropriate (pseudo-arclength) continuation
method. By doing so, a numerical model is built that can represent the complicat-
ed/nonlinear nature of the material efficiently without having to deal with time domain
experimenting and numerical modelling. Thus, the effects of each type of particle on
the frequency response and the material nonlinearity are discussed from another per-
spective. Understanding the implications of different nanofillers is crucial for tailoring
the mechanical and dynamic properties of epoxy-based nanocomposites to suit specific
applications. This approach presented with this study could make it possible to tailor
the vibrational characteristics of composite structures. The experimental and numerical
methodologies presented in this research are expected to guide the stiffness and damp-
ing analysis during the design of engineering structures employing composite materials.
The novelty of this study lies in its approach to the nonlinear nature of the polymer-
based nanocomposites, taking advantage both experimental and theoretical/numerical
methods. The integration of these methodologies, along with the consideration of sev-
eral nanoparticle reinforcements with different geometric and mechanical properties and
their impact on material and structural dynamics, is a step towards a more compre-
hensive analysis of nanocomposite materials in engineering design. The potential appli-
cations of this research span a range of fields of engineering, including aviation, where
precise and advanced understanding of dynamics of composite material could enhance
the design of aircraft components. In automotive and aerospace engineering, the gained
understanding could lead to development of lightweight, yet durable components, im-
proving fuel efficiency and safety. Besides, this study could guide the development of
more efficient and durable wind turbine blades or vibration absorbers in the renewable
energy sector. Moreover, in marine applications, such knowledge might be essential in
designing structural components that can withstand challenging sea conditions while
optimizing performance.

2. Manufacturing and Characterisation of the Materials

2.1. Material Manufacturing

Three sets of nanocomposites, as well as unfilled epoxy samples, are manufactured
within the scope of this study. The first set is silica particulate reinforced epoxy and the
second set is HNT reinforced epoxy. For silica reinforcement, fumed nanosilica (HDK
N20 Pyrogenic Silica - Fumed Silica from Wacker Silicones) was acquired. For HNT
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reinforcement, Nanografi was acquired. Also, the same epoxy resin (Laminating resin
MGS L 285 Hardener MGS 285 from Hexion) with aviation certification was employed.
The third and the final set is prepared by using Albipox 1000 by Evonik. Figure 1 and
Table 1 summarise the information related to the reinforcing particle geometries.

Figure 1.: Representation of the particle geometries used as reinforcements (Images are
not to scale).

Table 1.: Particle reinforcements and their dimensions.

Material Groups Diameter Length
FS dF S = 12 nm -

HNT dHNT = 30 − 70 nm lHNT = 1 − 3 µm
Rubber (Albipox 1000) dR = 500 − 1000 nm -

2.1.1. Unreinforced Epoxy

The epoxy components (Laminating resin MGS L 285 Hardener MGS 285) with aviation
certificates are purchased from Hexion.The resin and hardener components of epoxy are
mixed slowly for 5 minutes at room temperature and then the mixture is cast into the
mould. To prevent any bubbles in the material, which remain from the mixing process,
the moulded cast is put into a vacuum for 2 hours. After the hardening accelerates,
the mould is kept at room temperature and in atmospheric conditions for 22 hours.
Following that, the mould with hardened resin is post-cured at 60°C for 15 hours.

2.1.2. Fumed Silica and Halloysite Nanotube-Reinforced Epoxy

First, the nanoparticles are held in the furnace at 60°C for 8 hours to minimise the
interparticular humidity they contain. The particles are added to the resin and mechan-
ically mixed with an electromagnetic mixer at 100 rpm at 50°C for 2 hours. Then, the
mixture is homogenised with ultrasonic homogenisation with the temperature control
that stops the homogenisation when the temperature reaches 60°C to avoid overheating.
This means the particles are dispersed in the epoxy resin without adding the hardener.
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Following mixing the particles into the resin, the mixture is put into a vacuum chamber
for degassing for 1 hour. Later, the hardener is added and mixed slowly for 10 minutes.
Then the blend is cast into the mould for curing at room temperature into the vacuum
chamber for 2 hours. Then, the cast is left in the ambient conditions for 22 more hours.
Post-curing is done the same way as the plain epoxy at 60°C for 15 hours.

The material groups are categorised based on the compositions, namely, reinforcement
types and the amounts of reinforcements put in the epoxy. There are three groups of
reinforced composites. The first group has silica (average diameter: 12 nm), the second
has HNT (range of diameter: 30-70 nm range of length: 1-3 µm) as reinforcements.
Based on the mass fractions of reinforcements, there are four groups with 0.5%, 1%,
1.5% and 2%. Combining these, eight material groups are generated and investigated
within the scope of this study. These manufactured material groups and their contents
are summarised in Table 2.

Table 2.: Material compositions of the nanocomposite sample groups (mass is measured
in g.).

Matrix mass [g] Reinforcement mass [g]
Mass fractions (mf ) Epoxy resin Hardener FS HNT

0.005 85.29 34.11 0.60 0.60
0.01 84.86 33.94 1.20 1.20
0.015 84.43 33.77 1.80 1.80
0.02 84.00 33.60 2.40 2.40

2.1.3. Rubber (Albipox 1000)-Added Epoxy

Manufacturing of these composites contains fewer steps than the ones with HNT and
silica. Since Albipox 1000 (originally contains 40 % in mass rubber particles with di-
ameters 500-1000 nm) is already a homogeneous mixture, there is no need to use the
ultrasonic homogenisation. This mixture is blended with epoxy to achieve the required
reinforcement mass fractions. Then, the mixture is mechanically stirred with the elec-
tromagnetic mixer at 60 ◦ C, at 100 rpm for 4 hours. Following that, the mixtures are
degassed in a vacuum chamber for 1 hour. Afterwards, the hardener is added and mixed
slowly for 5 minutes. Finally, the mixture is moulded and put into the vacuum chamber
for degassing for 2 hours. Then, the mixture is left in the ambient conditions for 22
hours and post-cured at 60 ◦ C for 15 hours.

The categorisation of the material groups are done in the same way as described in
the previous section. Albipox 1000 is to be named as the reinforcement based material
groups. The reinforcement mass fractions are arranged to be 5%, 10% and 15%. This
material group and its material compositions are presented in Table 3.

The mould and some of the samples are displayed in Figure 2.

2.2. Material Characterisation

2.2.1. Fourier Transform Infrared Spectroscopy

Fourier transform infrared spectroscopy (FTIR) is a powerful standardised technique to
identify and quantify molecular constituents within a material by measuring the wave-
lengths and intensities of absorbed infrared light. It offers a quick and non-destructive
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Table 3.: Material compositions of the nanocomposite sample groups provided by Evonik
(mass is measured in g.).

Matrix mass [g] Reinforcement mass [g]

Mass fractions (mf ) Epoxy resin Hardener Albipox 1000

0.05 72.43 32.57 15.00
0.1 59.14 30.86 30.00
0.15 45.86 29.14 45.00

Figure 2.: Manufactured samples of unreinforced epoxy and nanocomposites.

way to determine the chemical bonds and molecular structures in both organic and inor-
ganic compounds. FTIR analyses in the mid-infrared spectrum (MIR-between 4000-650
cm−1), where the most important peaks related to the polymeric matrix are expected,
investigate the chemical groups that are on the surface of the nanocomposite samples.
Thus, they are performed to examine the chemical composition of the manufactured
materials. This aims to ensure all the changes in the mechanical properties are purely
due to the presence of the reinforcing phases.

2.2.2. Scanning Electron Microscopy

Scanning electron microscopy (SEM) is a visualisation/imaging method using electron
beams instead of light to produce detailed high-resolution images of samples. It provides
a depth of focus and the capability to produce three-dimensional-like images of the
surface topography and morphology of materials. Particularly useful for investigating
the distribution and orientation of nanofillers within polymer matrices and possible
material flaws, SEM is essential in understanding the interfacial interactions and possible
agglomeration of particles in the matrix. SEM is conducted (with an SEM, FEI Quanta
Feg 250) to visualise the morphology of the manufactured epoxy-based nanocomposites.
Thus, the uniform dispersion of the reinforcing particles can be confirmed. The existence
of any material flaws or irregularities can be significantly change the material behaviour
since the mechanics of the materials are mainly controlled by their internal structures.
Before obtaining the SEM images of the unreinforced and reinforced epoxy samples are
made conductive by coating with gold/palladium and then SEM views are obtained at
20kV.

2.2.3. Dynamic Mechanical Analysis

Dynamic Mechanical Analysis (DMA) is an experimental procedure that reveals me-
chanical properties of materials. By subjecting material samples to a predefined stress
and monitoring the resultant strain, DMA is capable of providing detailed informa-
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tion on the mechanics of materials. This technique offers an in-depth understanding of
how materials respond under varying frequencies, temperatures and deformation modes,
making it crucial for characterising the dynamic behaviour of materials particularly
polymer composites. In the context as one of the most standardised methods, DMA
is employed to characterise the dynamic properties of the manufactured epoxy-based
nanocomposites. DMA is performed on a beam sample of the sizes 70 mm by 10 mm by
3 mm using the dual cantilever fixture on a TA DMA Q800. The dual cantilever beam
configuration ensures that the required level of stiffness is achieved even with compliant
materials such as these nanocomposites. The clamps at both ends of the beam sam-
ple are tightened each with two screws with 0.9 N.m (8 in − lbs) standardised torque.
Hence, the friction at the beam-clamp interfaces does not contribute significantly to the
measured damping data. That means, the beam and the clamps stay in the full-stick
regime. The test is conducted by exciting the beam sample from the middle harmoni-
cally with certain displacement amplitude and frequency. The excitation frequency goes
up to 150 Hz while the strain amplitude for the beams go up to 0.1%. During the test,
the force response and the displacements are used to calculate the dynamic modulus of
the material. As the measures of stiffness and damping, storage modulus and loss factor
are chosen. It is also important to note that all the tests are conducted multiple times
for each set of samples to ensure repeatability and under constant room temperature
considering these materials are temperature sensitive Feng and Guo (2016). To avoid
heating of the sample due to the deformations it is subjected to, the samples are kept
idle in tha DMA chamber under the controlled room temperature for five minutes before
and in between the runs. It is also important to note that the experiments are done
multiple times with at least three runs to yield consistent data sets, so the repeatability
of these experiments can be assessed. The DMA setup is shown in Figure 3.

3. Forced Vibration of Nanocomposite Elastic Beams with Material
Nonlinearity

3.1. Formulation of the Cantilever Beam Model

To serve as an example and a model to compare the variety of nonlinearities caused
by the reinforcements, a cantilever Euler-Bernoulli beam case is selected, which is ex-
cited from its free end (displayed in Figure 4) around its first bending mode. The beam
has a rectangular cross-section (width b = 80 mm, height h = 12 mm and length
L = 160 mm) and is assumed to be made of the nonlinear nanocomposite materials
manufactured and characterised within the scope of this study. Considering the excita-
tion is mono-harmonic and only the first bending mode is of interest, the beam can be
reduced to a single degree of freedom (SDOF) system as shown in Figure 5 by calculating
and using the equivalent mass, stiffness and consequently damping properties.

Table 4.: Selection of the most distinctive material samples from each material group
for the nonlinear vibration calculations.

Material groups Inclusion Content
FS 1 %

HNT 1 %
Rubber (Albipox 1000) 15%
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Figure 3.: DMA test setup with a sample with the dual cantilever fixture configuration
and the dimensions of a standard sample.

Beam
ρ, A, E∗(ω, X0), I

F (t)

z

y

Figure 4.: Cantilever Euler-Bernoulli beam system example.

These equivalent stiffness/damping properties are then expressed as kequivalent =
3EI/L3 while the equivalent mass can be written as mequivalent = (33 mbeam)/140.
The dynamic properties extracted as a result of the DMA tests are included within
the stiffness and damping expressions as polynomial functions with the frequency, (ω)
and amplitude, (X0), dependence. To integrate this into the typical EOM of an SDOF
system with a viscous damper, the following steps can be taken. From each material
group (reinforcement type) the most distinctive ones compared to epoxy are selected
regarding both stiffness and damping properties to make the effects of the different
particles more obvious in the results. The selected materials are shown in Table 4.
First, the EOM of the system can be written as in Equations (1) and (2) considering
the viscous damper and dynamic modulus approaches separately:
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k∗(ω, X0)

m
y

Figure 5.: Reduced mechanical system with a single degree of freedom.

k(X0, ω)y + c(X0, ω)ẏ + mÿ = F (t) (1)

k∗(X0, ω)y + mÿ = F (t) (2)

Here, t indicates time and y is the coordinate of the point of interest. Furthermore, k
denotes the stiffness, c damping, m the mass of the SDOF system and F (t) the excitation
force, whilst k∗ expresses the complex dynamic stiffness. The dynamic stiffness possesses
two parts, as shown in Equation (3), the real and complex parts, thus, it is also called
complex stiffness:

k∗(X0, ω) = k′(X0, ω)(1 + iη(X0, ω)) (3)

i is the complex number, k′, the coefficient of the real part, is responsible for the elastic
potential energy storage, whereas η, the loss factor, is the coefficient of the complex part
and it is the concept that leads to damping. This also explains why η stands for the
loss factor.

Next, assuming a typical solution, as shown in Equation (4), for the EOM, the re-
sponse of the SDOF system is modelled:

x(t) = X0e(iωt) (4)

Knowing these two expressions in Equations (1) and (2) represent the same system,
it is possible to state that they are supposed to be identical. Taking advantage of this
equality, one can express the viscous damping in terms of the loss factor. This expression
is presented in Equation (5):

c(X0, ω) = k′(X0, ω)η(X0, ω)
ω

(5)

As mentioned earlier, the stiffness of the SDOF system is obtained by calculating the
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equivalent stiffness of the cantilever beam excited at its tip with a concentrated force.
Thus, the relation of the dynamic stiffness, which, again, depends on the amplitude
and the frequency of the vibration motion, to the dynamic modulus of elasticity (E∗)
is given below, in Equation (6):

k∗ = k∗(X0, ω) = 3E∗(X0, ω)Ix

L3 (6)

Here, L is the beam’s length and Ix is the area moment of inertia of the cross-section
of the beam. Similarly, the equivalent mass, which is a constant unlike the stiffness term,
should also be presented as in Equation 7:

mequivalent = mbeam
33
140 = ρAL

33
140 (7)

where mequivalent denotes the equivalent mass and mbeam is the actual mass of the
beam. The mass of a constant cross-sectioned beam can be expressed in terms of the
density, ρ, cross-sectional area, A and the length of the beam, L.

Similar to the dynamic stiffness, the dynamic modulus of elasticity should also be
formulated, as in Equation (8):

E∗(X0, ω) = E′(X0, ω)(1 + iη(X0, ω)) (8)

In the expression of the dynamic modulus of elasticity, the complex part is there to
preserve the nature of the dynamic stiffness, considering that the equivalent stiffness
only depends on one material property which is the modulus of elasticity. The equivalent
stiffness depends on all the other parameters, which are geometric properties.

Plugging in the relation between the dynamic stiffness and the beam properties
(Equations (6) and (8)) into the EOM with the dynamic stiffness approach in Equation
(2), the final form of the EOM is derived which is presented in Equation (9):

3E′(X0, ω)(1 + iη(X0, ω))Ix

L3 y + mÿ = F (t) (9)

Transforming the assumed solution in Equation (4) using sine and cosine functions,
the solution assumed becomes as in Equation (10):

x(t) = C1cos(ωt) + C2sin(ωt) (10)

C1 and C2 here denote the unknowns of the assumed solution function.
Then, the differential EOM is transformed into a set of two algebraic equations as

shown in Equation (11):

k∗C1 − ω2mC1 = F0 (11a)
k∗C2 − ω2mC2 = 0 (11b)
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The vibration amplitude, X0 can be expressed in terms of the unknown coefficients
of the assumed function, which leads to Equation (12):

X0 =
√

C2
1 + C2

2 (12)

Finally, remembering that the DMA tests characterise the material properties based
on the strain amplitudes, the strain-load relation, given in Equation (13), for a cantilever
Euler-Bernoulli beam is used to convert the DMA data into a usable form in the model
formulated in this section:

ϵ = FLh

2IxE
(13)

Here, h denotes the beam thickness and E is the modulus of elasticity of the beam
material.

The final set of equations are solved numerically in frequency domain taking ad-
vantage of the pseudo-arclength continuation method which is explained briefly in the
following subsection.

3.2. Pseudo-Arclength Continuation Method

The pseudo-arclength continuation method is numerical technique employed to trace
equilibrium paths in nonlinear systems, particularly in problems where standard con-
tinuation methods face difficulties due to turning points or limit points on the bifurcation
diagram.

Given a nonlinear system of equations defined by:

F(x, λ) = 0, (14)

where x represents the solution vector and λ is a bifurcation or control parameter,
the objective is to compute the solution curve C : λ 7→ x(λ).

For the pseudo-arclength approach, an orthogonal predictor-corrector strategy is em-
ployed. The predictor approximates the next solution point on the curve, whilst the
corrector refines this approximation until the desired accuracy is achieved. The core
idea is to extend the system by introducing an additional constraint that maintains an
almost constant arc length between consecutive points on the solution curve:

s2 − |xi+1 − xi|2 − (λi+1 − λi)2 = 0, (15)

where s is the pseudo-arclength step size and xi, λi are the current solution and
parameter values, respectively.

This formulation ensures that the continuation can proceed past turning or limit
points where the tangent to the curve becomes vertical, a situation that often poses
challenges for standard methods.
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By combining the original system of equations with the pseudo-arclength constraint,
a new augmented system is formed:

[
F(x, λ)

s2 − |xi+1 − xi|2 − (λi+1 − λi)2

]
= 0. (16)

This augmented system can then be solved using standard iterative techniques like
Newton’s method. The pseudo-arclength continuation has been found particularly ben-
eficial in tracing nonlinear frequency response curves, where the presence of resonance
peaks and nonlinear phenomena can cause abrupt changes in system response.

Even though the pseudo arclength continuation method is a well-known method, the
model that this continuation method is applied to is proposed by this research. The
DMA experiments are performed to explore the material behaviour against varying
vibration amplitude and frequency, simplifying the mathematical load on the computa-
tions by making it possible to work directly in the frequency domain without requiring
any transformation from time domain calculations and also without requiring any time
domain experimentation. Meanwhile, the model remains representative of the actual
material behaviour as the data is acquired through experiments.

4. Results and Discussions

4.1. Material Characterisation

4.1.1. Fourier Transform Infrared Spectroscopy

In the unreinforced epoxy, peaks occur at 2957, 2916, 2848, 1462, 1244, 826, 730 and
719 cm−1 as given in Table 5. The peak at 2957 cm−1 corresponds to the asymmetric
vibration of CH3. While the peaks at 2916 and 2848 cm−1 correspond to C −H stretch-
ing vibrations, the peak at 1462 cm−1 corresponds to the C − H bending vibration of
the methylene group. The peaks at 1244 and 826 cm−1 can be associated with the
C − O stretching vibration and the C = C bending vibration of the aromatic structure,
respectively. The peaks at 730 and 719 cm−1 occur due to the C − H bending vibration
González et al. (2012); Maity et al. (2008).

Table 5.: Peaks appearing on FTIR spectrum for epoxy.

Wave number [cm−1] Vibration type
2957 CH3 asymmetric
2916 C − H stretching
2848 C − H stretching
1462 C − H bending
1244 C − O stretching
826 C = C bending
730 C − H bending
719 C − H bending

The spectra obtained from the FTIR analyses performed on FS-reinforced epoxy
samples are presented in Figure 6a. With the addition of FS to the epoxy resin, the
new peaks occurring at 1080, 1037 and 970 cm−1 prove the presence of FS in the epoxy.
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The peaks at 1080 and 1037 cm−1 can be explained with the asymmetric stretching or
bending vibrations of Si − O − Si and Si − O bonds Kuzielová et al. (2021); Li et al.
(2014), respectively, while the peaks at 970 cm−1 can be attributed to the Si − OH
vibration Li et al. (2014); Shokri et al. (2009); Singh Kashyap et al. (2021).

Figure 6b shows the FTIR results of HNT-reinforced epoxy composites. With HNT
additive to epoxy, the water in the interlayer of HNT can be identified by the bending
vibration peak seen at 1634 cm−1 Liu et al. (2019); Sadjadi et al. (2017). The peak
corresponding to 1032 cm−1 can be attributed to the Si − O stretching vibration Be-
rahman et al. (2016); Barot et al. (2020). The large peak of O − H stretching in the
range of 3200-3600 cm−1 in the 0.5% HNT additive may be due to some impurities in
the material. The Al bonds in the HNT’s structure do not appear in the plots since it is
expected to appear around 400 cm−1, which falls out of the bounds of the investigated
spectra.

In the FTIR spectra of rubber (Albipox 1000)-reinforced epoxy composites are shown
in Figure 6c. The results of 10% rubber (Albipox 1000) added epoxy, the peaks in
the range of 3200-3600 cm−1 correspond to the O − H stretching vibration caused by
the wide peak water. No such impurities are found in the 5% and 15% Albipox 1000
additives. With the addition of Albipox 1000, the base resin of which is DGEBA, the
peaks between 2957-2848 can be attributed to the C − H stretching vibrations in CH2
and the aromatic and aliphatic C-H stretching vibrations. The peaks occurring at 1510,
1036 and 830 cm−1 show the aromatic C − C stretch, the ether C − O − C stretching
and the C − O stretching of the oxirane group, respectively. As a result of the addition
of the rubber (Albipox 1000) to the epoxy, the presence of a new peak at 2121 cm−1

in the spectra is clearly seen. The peak at 2121 cm−1, which corresponds to the nitrile
(C ≡ N) group of the rubber in Albipox 1000, confirms the presence of Albipox 1000
in the epoxy.

It should be pointed that FTIR characteristics of the polymer are not markedly
changed for different manufacturing processes and by the addition of different
nanofillers. The changes observed in the FTIR characteristics of the composites are
mainly caused by the reinforcements. It is already unlikely since no chemical reaction-
s/alterations are expected between the epoxy matrix and the reinforcing nanoparticles
in the composites that are reinforced with FS and HNT. The composites containing Al-
bipox 1000 do not display significant changes, which is initially judged to be expected
considering they are provided in an epoxy-compatible polymeric dispersion.

FTIR peaks seen in the spectra, caused by the inclusion of FS, HNT, rubber (Al-
bipox 1000) and in the epoxy, clearly demonstrate the successful incorporation of these
materials into the epoxy.

4.1.2. Scanning Electron Microscopy

Figure 7 shows SEM cross-sectional views of unreinforced epoxy and epoxy-based
nanocomposite samples, respectively. The SEM surface views of the unreinforced epoxy
(Figure 7a) clearly show epoxy material has a uniform structure, with no voids formed.

In the SEM surface view of the FS-reinforced epoxy in Figure 7b, no material de-
fects, voids, or cracks that reduce homogeneity are observed in the material. Also, FS
showed good dispersion in the epoxy matrix. This result reveals that FS reinforcement
in the epoxy does not have a tendency to agglomerate in the epoxy matrix with this
manufacturing strategy and that FS has a strong interaction with the epoxy matrix.
Therefore, this indicates that the presence and properties of well-dispersed FS particles
in the epoxy is effective in modifying the mechanical performance of the FS-reinforced
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(a) FTIR spectra of FS-reinforced epoxy
nanocomposites.

(b) FTIR spectra of HNT-reinforced epoxy
nanocomposites.

(c) FTIR spectra of rubber (Albipox 1000)-
reinforced epoxy nanocomposites.

Figure 6.: FTIR spectra of the manufactured epoxy and the nanocomposites (The data
of the pure epoxy sample is plotted with the black (bottom) line.).

epoxy.
With the inclusion of HNT in the epoxy matrix, a significant change occurs on the

membrane surface and a cracked appearance is obtained over the entire surface structure
as shown in Figure 7c. Another remarkable point is that the HNT-reinforced epoxy
exhibits a less homogeneous surface structure compared to the FS-reinforced epoxy.
Therefore, the embrittlement of the composite can be expected which has an impact on
the mechanical performance of HNT-reinforced epoxy, both the performance-enhancing
HNT’s superior properties and more brittle behaviour should be considered together.

SEM views of rubber (Albipox 1000) added epoxy samples are shown in Figure 7d.
From Figure 7d, it can be pointed out that the epoxy reinforced with rubber (Albipox
1000) has a dense surface and the nanoreinforcement in rubber (Albipox 1000) is not
found on the material surface. This phenomenon can be attributed to the good compat-
ibility of rubber (Albipox 1000) and epoxy and the dispersion of the nanoreinforcement
within the material structure.

4.1.3. Dynamic Mechanical Analysis

The results of the DMA tests are presented in this section. First of all, stress-strain plots
which show the repeated loading and unloading are discussed. Stress-strain plots, which
exhibit hysteresis for the FS-reinforced samples, under 1 and 150 Hz and the maximum
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(a) SEM image of unreinforced epoxy
showing a surface neither any signifi-
cant material flaws nor any inclusions.

(b) SEM image of FS-reinforced
epoxy nanocomposites (FS particles
are the grey dots with 10 − 15 nm di-
ameter.).

(c) SEM image of HNT-reinforced
epoxy nanocomposites (HNT parti-
cles are the faint grey dots and lines
with 30−70 nm diameter and 1−3 µm
length.).

(d) SEM image of rubber (Albipox
1000)-reinforced epoxy nanocompos-
ites (rubber particles are the grey dots
within the range of 500− 1000 nm di-
ameter.).

Figure 7.: SEM image of the manufactured epoxy and the nanocomposites.

strain amplitude of 0.12% excitation for 20 repeated cycles after reaching the steady-
state, are presented in Figure 8. These data shows that the stiffness of the materials
increases with increasing FS reinforcement mass fraction. All stress-strain plots display
a slight curvature and noticeable hysteresis, at these excitation frequencies and for this
range of strain amplitude. The slopes of the hysteresis curves of the materials in Figure
8a are found to be relatively close to the static results from the study by Tüfekci et al.
Tüfekci et al. (2023). Moreover, there is a significant increase in stiffness of the material
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and dissipated energy in Figure 8b compared to Figure 8a. The hysteresis is mainly
caused by the material’s intrinsic damping and not the frictional effects introduced by
the clamps Vescovini and Bisagni (2015). When friction dominates, it is expected that
the curves have lower slopes or even flat tops and bottoms towards the both ends of the
motion. For the stress-strain plots obtained, such a change in slope is not observed. This
indicates that frictional damping either does not exist or is negligible. Also, the stress-
strain plots, have forms distinctive of a viscoelastic solid, with damping properties not
as high as for example viscoelastic damping seen in neoprene rubber Chung (2001). The
main reason for this is that the temperature at which these experiments are conducted,
the epoxy polymer is in the glassy region, where the viscoelastic properties are not as
dominant as they are in the rubbery region. These hysteresis plots also indicate that the
steady-state response is achieved. Thus, it is concluded that the heating of the sample
due to cyclic loading and other similar factors do not have a significant impact on the
results. These data shows a settled steady-state response through the cyclic loading.

The results of the DMA tests are plotted in Figures 9 to 12 which display considerable
nonlinear behaviour for all material types for different excitation frequency and strain
amplitude.

Figure 9 shows the data acquired from the tests performed on the unreinforced epoxy
samples. The variation of storage modulus of epoxy is found to be around 10% within
the investigated range of strain amplitude and frequency. The storage modulus however,
is not as sensitive to the strain amplitude of the vibration as it is to the excitation fre-
quency. Increasing strain amplitude leads to a slight drop in the storage modulus whilst
with increasing frequency, the storage modulus rises showing a saturation characteristic.
On the other hand, the loss factor (damping) is affected more dramatically. The loss
factor almost doubles as the strain amplitude and frequency increase. The loss factor
of epoxy changes as a result of the viscoelasticity of the material. The variation of the
material properties clearly reveal the nonlinear nature of the polymer. The excitation
frequency has a more significant effect on the loss factor compared to the strain am-
plitude. The results of the unreinforced epoxy are found consistent with the research
published by Feng and Guo at room temperature Feng and Guo (2016).

Considering that the loss modulus can be calculated using the storage modulus and
the loss factor, only the storage modulus and the loss factor plots are presented for the
next material groups. The loss modulus plots are given in A.

The results of the DMA tests conducted on FS-reinforced epoxy nanocomposites are
presented in Figure 10. The results suggest that the addition of FS up to mf = 1%
increases the storage modulus. The addition of 0.5% mass of silica stiffened the mate-
rial approximately by 5% whereas it increased the damping capabilities by up to 20%
compared to unreinforced epoxy. Both the storage modulus and the damping factor get
their highest average values with the presence of mf = 1% FS. This increase in the
storage modulus can be explained with the stiffening effect of the particles whilst the
damping is mainly related to the effect of the interfaces created between the matrix and
the nanoparticles. The local plastic deformation in the matrix around the reinforcing
particles is thought to be caused by the triaxial stress concentrations. There is a slight
drop in the storage modulus and the loss factor with increasing amount of FS (above
mf = 1%) in the epoxy resin, the FS-reinforced epoxy nanocomposites still have en-
hanced storage moduli and loss factors compared to the unreinforced epoxy. The drop in
the storage modulus is most likely due to the increased number of stress concentration
locations. These locations exhibit plastic deformation so reducing the capacity to store
elastic strain energy. It is also likely that the viscoelastic properties are influenced by
these plastic regions which lead to the drop in the loss modulus. At high frequency and
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(a) Hysteresis curves (20 steady-state cycles) of the unreinforced epoxy and FS-
reinforced epoxy at 1 Hz.

(b) Hysteresis curves (20 steady-state cycles) of the unreinforced epoxy and FS-
reinforced epoxy at 150 Hz.

Figure 8.: Hysteresis curves (20 steady-state cycles) of the unreinforced epoxy and FS-
reinforced epoxy samples for the maximum strain amplitude of 0.12%.

strain amplitude, the loss factor increases and this is thought to be a localised nonlinear
effect.

Figure 11 shows the results of the DMA tests performed on HNT-reinforced epoxy
samples. It can be seen that the presence of HNT increases the storage modulus and
the damping capability of the epoxy matrix. The storage modulus and loss factor are
highest when the mass fraction of HNT is mf = 2%. HNT particles are stiffer than FS
and so the increase in storage modulus is enhanced. As for the FS-reinforced samples,
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(a) Variation of storage modulus of unrein-
forced epoxy.

(b) Variation of loss modulus of unreinforced
epoxy.

(c) Variation of loss factor of unreinforced
epoxy.

Figure 9.: Variation of dynamic mechanical properties of unreinforced epoxy with strain
amplitude (up to 0.12%) and frequency (up to 150 Hz).

it is thought that the plastic deformation influences the viscoelastic properties leading
to a reduction in loss modulus for mf = 1% and higher. In all HNT-reinforced samples,
a slight drop of the storage modulus is observed with increasing strain amplitude. It is
thought that this fall is more significant compared to the FS-reinforced epoxy samples
due to the increased magnitude of localised plastic deformations in the matrix.

The data acquired from the DMA tests of epoxy-based composites containing rubber
particles is presented in Figure 12. Unlike any other composites presented within the
scope of this study, this composite displays a significant drop in storage modulus which
is related to the lower stiffness of added rubber particles compared to the epoxy matrix.
The general trend of the storage modulus with frequency and strain amplitude of each
sample exhibits the general characteristics that other material groups also display. The
storage modulus falls slightly with increasing strain amplitudes and it increases signifi-
cantly with increasing frequency. Meanwhile, the case with the damping of this material
type is slightly more complicated. The loss factor is not strongly affected by the mass
fraction of rubber. This is because the loss modulus (see Figure A3) decreaases with
increasing mass fraction of rubber in a similar way as the storage modulus. The loss
factor shows a similar behaviour with frequency and strain amplitude for rubber par-
ticles as for unreinforced epoxy and the other epoxy-based nanocomposites. However,
the localised increase in loss factor is not present at high frequencies and high strain
ampltidue for the softer rubber particles.

Building on the earlier findings, the DMA results hint at some interesting ways in
which different reinforcements affect epoxy-based materials. For instance, adding FS
particles seems to make the epoxy stiffer, which is reflected in the storage modulus
data. At the same time, these particles might also be playing a role in the observed in-
crease in damping. This could be due to how the epoxy interacts with the nanoparticles,
leading to what looks like localised deformations in the material, which is observed to
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(a) Variation of storage modulus of mf = 0.5%
FS-reinforced epoxy-based nanocomposite.

(b) Variation of loss factor of mf = 0.5% FS-
reinforced epoxy-based nanocomposite.

(c) Variation of storage modulus of mf = 1%
FS-reinforced epoxy-based nanocomposite.

(d) Variation of loss factor of mf = 1% FS-
reinforced epoxy-based nanocomposite.

(e) Variation of storage modulus of mf = 1.5%
FS-reinforced epoxy-based nanocomposite.

(f) Variation of loss factor of mf = 1.5% FS-
reinforced epoxy-based nanocomposite.

(g) Variation of storage modulus of mf = 2%
FS-reinforced epoxy-based nanocomposite.

(h) Variation of loss factor of mf = 2% FS-
reinforced epoxy-based nanocomposite.

Figure 10.: Variation of dynamic mechanical properties of FS-reinforced epoxy with
strain amplitude (up to 0.12%) and frequency (up to 150 Hz).

be affecting the material’s damping behaviour.
In the case of HNT-reinforced samples, it seems that these particles also make the

material stiffer, even more so than FS particles. Yet, similar to FS, these particles may
be causing some small-scale deformations in the epoxy. These deformations are found to
influencing the storage modulus, especially when more HNT is added, and also appear
to contribute to the material’s ability to dampen vibrations. It’s worth noting that the
change in storage modulus seems more noticeable when higher strain amplitudes are
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(a) Variation of storage modulus of mf = 0.5%
HNT-reinforced epoxy-based nanocomposite.

(b) Variation of loss factor of mf = 0.5%
HNT-reinforced epoxy-based nanocomposite.

(c) Variation of storage modulus of mf = 1%
HNT-reinforced epoxy-based nanocomposite.

(d) Variation of loss factor of mf = 1% HNT-
reinforced epoxy-based nanocomposite.

(e) Variation of storage modulus of mf = 1.5%
HNT-reinforced epoxy-based nanocomposite.

(f) Variation of loss factor of mf = 1.5% HNT-
reinforced epoxy-based nanocomposite.

(g) Variation of storage modulus of mf = 2%
HNT-reinforced epoxy-based nanocomposite.

(h) Variation of loss factor of mf = 2% HNT-
reinforced epoxy-based nanocomposite.

Figure 11.: Variation of dynamic mechanical properties of HNT-reinforced epoxy with
strain amplitude (up to 0.12%) and frequency (up to 150 Hz).

used, which suggests some localised changes in the material.
When rubber particles are added to the epoxy, the material appears to get less stiff,

which is not surprising given that rubber is generally softer than epoxy. What’s inter-
esting here is that the damping behaviour does not change in a monotonic/straight-
forward manner. This could be because both the storage modulus and loss modulus
are decreasing somewhat in parallel. Yet, the rubber-reinforced samples display a dif-
ferent damping trend at higher frequencies and strain amplitudes, which could point
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(a) Variation of storage modulus of mf = 5%
rubber (Albipox 1000)-reinforced epoxy-based
nanocomposite.

(b) Variation of loss factor of mf = 5%
rubber (Albipox 1000)-reinforced epoxy-based
nanocomposite.

(c) Variation of storage modulus of mf = 10%
rubber (Albipox 1000)-reinforced epoxy-based
nanocomposite.

(d) Variation of loss factor of mf = 10%
rubber (Albipox 1000)-reinforced epoxy-based
nanocomposite.

(e) Variation of storage modulus of mf = 15%
rubber (Albipox 1000)-reinforced epoxy-based
nanocomposite.

(f) Variation of loss factor of mf = 15%
rubber (Albipox 1000)-reinforced epoxy-based
nanocomposite.

Figure 12.: Variation of dynamic mechanical properties of rubber (Albipox 1000)-
reinforced epoxy with strain amplitude (up to 0.12%) and frequency (up to 150 Hz).

to unique behaviours tied to rubber’s specific characteristics. Therefore, each type of
additive seems to offer its own set of benefits and drawbacks, providing options for
fine-tuning epoxy’s mechanical and damping properties.

4.2. Forced Vibration of Nanocomposite Elastic Beams with Material
Nonlinearity

The results of the computed forced responses of the beams are plotted in Figures 13-16.
The first bending mode of the unreinforced epoxy beam is calculated as approximately
102.67 Hz. This calculation is based on the assumption of a linear model which is
not continued for the rest of the calculations. Here the beam is assumed to have the
constant material properties E = 2.5 GPa, ν = 0.38 and ρ = 1400 kg/m3 (which
makes the structure model linear) while the vibration amplitudes are relatively small.
For the beam made of unreinforced epoxy under the excitation force amplitude of 2 N ,
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the behaviour is found to be linear even with the material nonlinearity as shown in
Figure 13. Thus, the frequency that corresponds to the peak displacement amplitude
for each sample under the corresponding excitation force amplitude is referred to as the
"resonant frequency".

Figure 13 presents the frequency response functions (FRF) for the pure epoxy. The
force amplitude changes from 2 N to 10 N . It can be seen from Figure 13, that for
small force amplitude of 2 N , the response is linear. If the force amplitude increases, it
shows slight softening. If the force amplitude reaches 10 N , there is hardening. This
can be explained by the slight change in the storage modulus and the damping factor
with strain amplitude and frequency as indicated in the surface plot in Figure 13.

Figure 13.: Frequency responses of the cantilever beam made of unreinforced epoxy
(The red lines show the behaviour of the dynamic mechanical properties at the resonant
frequencies under the corresponding excitation force amplitudes for this sample).

The FRF for a composite material which is epoxy reinforced with FS particles (mf =
1%), is shown in Figure 14. The results suggest that adding FS particles into epoxy
increase the natural frequency by about 10%. If the force amplitude on the composite
material grow from 2 N to 10 N , the vibration amplitude increases slightly and the
composite material shows a stiffening behaviour with strain amplitude and frequency.
This can be explained with the appreciable rise of the storage modulus with increasing
amplitude around the resonance frequency as marked in the plot (Figure 14).

The FRF for HNT-reinforced composite material (mf = 1%) is given in Figure 15.
The data indicate that adding HNT particles into the epoxy considerably increases the
natural frequency. Even for a smaller excitation force amplitude of 2 N , a significant
nonlinearity (hardening effect) is observed. This can be explained by the changes in
stiffness and a slight increase in damping with the addition of HNT. This hardening
effect becomes much more significant when the excitation force amplitude is increased.

Figure 16 shows the FRF for a composite material which is epoxy reinforced with
rubber (Albipox 1000) particles (mf = 15%). As shown in Figure 16, adding rubber
particles into epoxy decreases the natural frequency, as is expected. The force amplitude
increases from 2 N to 10 N . If the force amplitude on the composite material increases,
the amplitude of the vibration also builds up and the softening effects become more
noticeable. This softening can be explained with the slight drop in the storage modulus
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Figure 14.: Frequency responses of the cantilever beam made of epoxy reinforced with
FS for mf = 1% (The red lines show the behaviour of the dynamic mechanical properties
at the resonant frequencies under the corresponding excitation force amplitudes for this
sample).

Figure 15.: Frequency responses of the cantilever beam made of epoxy reinforced with
HNT for mf = 1% (The red lines show the behaviour of the dynamic mechanical prop-
erties at the resonant frequencies under the corresponding excitation force amplitudes
for this sample).

values with growing strain amplitudes around the resonance frequency as demonstrated
in the surface plot in Figure 16.

4.3. Discussion

After ensuring, through FTIR and SEM, the effects of manufacturing process on the
mechanics of the composites are minimised, it is possible to relate the changes in the
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Figure 16.: Frequency responses of the cantilever beam made of epoxy reinforced with
rubber (Albipox 1000) for mf = 15% (The red lines show the behaviour of the dynamic
mechanical properties at the resonant frequencies under the corresponding excitation
force amplitudes for this sample).

mechanical behaviour of the materials solely to the reinforcing particles.
The results from the DMA tests and the numerical model of cantilever beam show

significant differences in the behaviour/performance of the nanocomposites reinforced
with FS, HNT and rubber. The stress-strain plots, Figure 8, highlight the hysteresis due
to the intrinsic material properties related to the viscoelastic nature of the materials,
thereby displaying and comparing the damping capabilities of plain epoxy and FS-
reinforced epoxy.

Figure 9 shows the change of storage modulus of unreinforced epoxy, illustrating the
sensitivity of this material to strain amplitude and excitation frequency. The inclusion
of FS in epoxy, as shown in Figure 10, leads to a rise in the storage modulus. The FS-
reinforced samples proves the advantages of nanoreinforcements, especially in enhancing
both stiffness and damping capabilities. Furthermore, the DMA tests on HNT-reinforced
epoxy samples, presented in Figure 11, suggest an enhancement in storage modulus and
damping when HNT is introduced. It is observed that the stiffening effect of HNT is more
significant compared to the stiffening effects of FS. Moreover, the data from the epoxy-
based composites containing rubber particles suggest that, whilst these composites are
more compliant, in other words, these composites have lower storage modulus overall,
their behaviour regarding frequency and strain amplitude is primarily consistent with
other material groups. This is due to the behaviour of epoxy predominantly governing
the behaviour of the composites.

The nonlinear behaviours are also observed through the numerical simulations, espe-
cially from the FRFs. The results of the numerical model point out to hardening and
softening effects of different nanocomposites under varying force amplitudes. The cases
of HNT-reinforced and rubber particle-reinforced epoxies, display strongly opposite be-
haviour hinting towards the tailorability of the mechanical properties under external
excitations with the selection of the appropriate nanofiller.

27



5. Conclusions

Within the scope of this study, different epoxy-based nanocomposites with FS, HNT
and rubber nanoparticles are manufactured employing a consistent manufacturing pro-
cedure. The prepared nanocomposite specimens are characterised via FTIR analysis,
SEM and DMA sweeping through frequency and amplitude. Following the characteri-
sation, a cantilever beam made of these manufactured nanocomposites is theoretically
modelled, which displays the effects of the reinforcements on the dynamic mechanical
characteristics of a simple mechanical structure/system. The beam is idealised to be
an SDOF system, which is tuned for the fundamental natural frequency (first bending
mode). The model is solved numerically using pseudo-arclength continuation technique.

The results of the FTIR reveal that there is no significant variation in chemical com-
position among the materials. Moreover, the SEM images acquired show that there are
no major material flaws that might have affected the results of the mechanical character-
isation. The DMA tests demonstrate that the presence of various nanoreinforcements
can significantly affect the storage modulus and the damping capabilities of the ma-
terial. In terms of improving the stiffness and damping simultaneously, FS and HNT
reinforcements have significant effects. The HNT-reinforced epoxies give well-improved
results on stiffness and damping compared to the unreinforced epoxy.

Finally, the simulation of the cantilever beam shows the influence of the reinforcing
particles on the dynamics of the beam by changing the material characteristics. The
epoxy with rubber reinforcements show a reduction in resonant frequency. The HNT-
reinforced epoxy displays significant stiffening nonlinearity as well as an increase in
damping. This case study shows, that depending on the system requirements, modifying
the material constituents with nanoparticles can have considerable effects on the overall
dynamic behaviour of a mechanical structure/system. For this reason, choosing the
right nanofiller needs to be carefully considered, during the design of an engineering
component.

The proposed method and the results obtained shed light on the considerable influ-
ence of nanoparticle reinforcements in changing the dynamic mechanical characteristics
of epoxy-based nanocomposites. This integrated experimental and theoretical method-
ology can have impact on a broad spectrum of engineering for engineering design, par-
ticularly in areas where specific material behaviour is important for performance. The
results highlight the necessity of strategic selection of nanofillers, as they directly influ-
ence the stiffness, damping and therefore, the overall performance of composite mate-
rials. The in-depth experimental and simulation methodologies employed and proposed
here bridge the gap of knowledge in understanding the interactions between nanoparticle
type and the nonlinear behaviour of epoxy nanocomposites. This study, therefore, serves
as one of the earliest reference points for engineers and researchers to optimise/tailor
the performance of composite materials for various applications.

This study also paves the way for future research, especially regarding nonlinear
material behaviour in polymer-based nanocomposites. Following this study, it would
be interesting to consider other parameters in addition to amplitude and frequency of
vibration to investigate the nonlinear nature of these epoxy-based nanocomposites such
as the temperature and humidity as well as the effects of the combinations of multiple
reinforcement types. Another aspect for research would be to study the effects of fatigue
of such nanocomposites depending on the nanofillers.
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6. Appendices

Appendix A. Dynamic Mechanical Analysis: Loss Modulus Results

Here, the loss factor of the manufactured materials are presented in Figures A1-A3 for
completeness.

(a) Variation of loss modulus of mf = 0.5%
FS-reinforced epoxy-based nanocomposite.

(b) Variation of loss modulus of mf = 1% FS-
reinforced epoxy-based nanocomposite.

(c) Variation of loss modulus of mf = 1.5%
FS-reinforced epoxy-based nanocomposite.

(d) Variation of loss modulus of mf = 2% FS-
reinforced epoxy-based nanocomposite.

Figure A1.: Variation of loss modulus of FS-reinforced epoxy with strain amplitude (up
to 0.12%) and frequency (up to 150 Hz).
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(a) Variation of loss modulus of mf = 0.5%
HNT-reinforced epoxy-based nanocomposite.

(b) Variation of loss modulus of mf = 1%
HNT-reinforced epoxy-based nanocomposite.

(c) Variation of loss modulus of mf = 1.5%
HNT-reinforced epoxy-based nanocomposite.

(d) Variation of loss modulus of mf = 2%
HNT-reinforced epoxy-based nanocomposite.

Figure A2.: Variation of loss modulus of HNT-reinforced epoxy with strain amplitude
(up to 0.12%) and frequency (up to 150 Hz).

(a) Variation of loss modulus of mf = 5%
rubber (Albipox 1000)-reinforced epoxy-based
nanocomposite.

(b) Variation of loss modulus of mf = 10%
rubber (Albipox 1000)-reinforced epoxy-based
nanocomposite.

(c) Variation of loss modulus of mf = 15%
rubber (Albipox 1000)-reinforced epoxy-based
nanocomposite.

Figure A3.: Variation of loss modulus of rubber (Albipox 1000)-reinforced epoxy with
strain amplitude (up to 0.12%) and frequency (up to 150 Hz).
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