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Abstract
We study quantum field theories placed on a two-dimensional de Sitter space-
time (dS2) with an eye on the group-theoretic organization of single and multi-
particle states. We explore the distinguished role of the discrete series unitary
irreducible representation (UIR) in the Hilbert space. By employing previ-
ous attempts to realize these states in free tachyonic scalar field theories, we
propose how the discrete series may contribute to the Källén–Lehmann decom-
position of an interacting scalar two-point function. We also study BF gauge
theories with SL(N,R) gauge group in dS2 and establish a relation between
the discrete series UIRs and the operator content of these theories. Although
present at the level of the operators, states carrying discrete series quantum
numbers are projected out of the gauge-invariant Hilbert space. This projection
is reminiscent of what happens for quantum field theories coupled to semiclas-
sical de Sitter gravity, where we must project onto the subspace of de Sitter
invariant states. We discuss how to impose the diffeomorphism constraints on
local field-theory operators coupled to two-dimensional gravity in de Sitter,
with particular emphasis on the role of contact terms. Finally, we discuss an
SYK-type model with a random two-body interaction that encodes an infinite
tower of discrete series operators. We speculate on its potential microscopic
connection to the SL(N,R) BF theory in the large-N limit.
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1. Introduction

InMinkowski space,Wigner’s classification [1] links the very tangible concept of a particle—a
tiny streaming packet of energy andmomentum—to the abstract notion of a unitary irreducible
representation (UIR) of the Poincaré group. This principle is so powerful at constraining the
observable physics [2] that one is lead to apply it in other maximally symmetric spacetimes. In
de Sitter space, this has been advocated either directly or indirectly in several papers [3–39].
Relatedly, dS/CFT considerations [40–45] and the bootstrap and S-matrix methods [46–61]
exploit the de Sitter isometries to constrain physical phenomena. In this paper, we explore the
logic of Wigner’s classification on particle dynamics in the setting of quantum fields propagat-
ing on a two-dimensional de Sitter spacetime (dS2).4

We choose to work in dS2, rather than its four-dimensional counterpart, so as to have a
simplified playground in which to explore the relevant physics. Indeed, the dS2 group of iso-
metries, SO(1,2) (or its double cover SL(2,R)) shares many features in common with the
SO(1,4) isometry group of dS4. Of particular interest to us is that both groups contain discrete
series UIRs, in addition to the more generic principal series representations, associated with
heavy fields in de Sitter, as was first established in the works of Bargmann and Harish-Chandra
[66–68]. In dS4, the discrete series UIRs appear in the single-particle Hilbert space of higher-
spin gauge fields, both massless and partially massless [8–10, 69], including, as a special case,
the linearized graviton. However, in dS2, healthy models with discrete series UIRs have been
more elusive. For example, they have been shown to arise in the single-particle Hilbert space
in free tachyonic scalar models [16, 19].

One reason to concern ourselves with discrete series UIRs is that they generically appear
in the multiparticle (tensor-product) Hilbert space of heavy fields [70, 71]. This statement
deserves scrutiny. Since de Sitter is a time-dependent spacetime, energy is not conserved,
allowing for interesting phenomenology. For example [17, 18, 72], a scalar particle of mass
m0 in de Sitter space, coupled via a cubic interaction to particles with masses m1 and m2, can
decay into these particles even if m0 < m1 +m2—a process forbidden in flat space by energy
conservation. A similarly counter-intuitive fact is that the two-particle Hilbert space of a single
heavy field in de Sitter carries the discrete series UIR, which, as we just mentioned, is gener-
ally constructed as a scalar tachyon in dS2. We are thus motivated to explore how these dis-
crete series UIRs can arise in different quantum field theories (QFT) constructions on a rigid
dS2 background. We also investigate how the discrete series contribute in a Källén–Lehmann

4 Reviews on quantum aspects of de Sitter spacetimes include [62–65].
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[73, 74] spectral decomposition of the two-point function for general interacting scalar fields
in dS2 (see [13–15, 18, 36, 56, 75, 76] for related discussions).

We find that we can construct operators furnishing the discrete series representations in
BF-type gauge theories on dS2. However, such BF gauge theories are topological and as a
result these UIRs eventually are projected out of the gauge-invariant Hilbert space. In a sense,
they only exist in the pre-Hilbert space of the theory, meaning they may come alive if we
break the gauge invariance or do something to alter the structure of the spacetime. At least
semiclassically, BF gauge theories can be thought of as higher-spin fields in two-dimensions
[77, 78], thus providing a link between the two- and four-dimensional constructions of these
UIRs.

The simplest example is a BF-theory with SL(2,R) gauge group, which can be mapped to
de Sitter JT gravity [79, 80]. The discrete series operators are built from the Weyl mode of the
two-dimensional metric. But since one must further impose the diffeomorphism constraints
of the theory, the Hilbert space is severely reduced. This is reminiscent of the need to gauge
the dS4 isometry group in semiclassical quantum gravity near a dS4 vacuum, which restricts
the Hilbert space to just the de Sitter invariant states [23, 81–83]. This naturally leads us to
ask how to construct gravitational observables. In particular, we discuss how contact terms in
n-point functions of local operators in dS2 [31] propagate into the appropriate gauge invariant
observables, suitably constructed.

In anticipation of future work we examine the appearance of the discrete series in a micro-
physical SYK model endowed with a two-body random interaction and discuss how it may
connect to the aforementioned BF theories at large-N [84, 85]. More generally, the parallels
between dS2 and dS4 motivate us to explore the space of integrable/solvable quantum field
theories in dS2 and cosmological analogues of the Yang–Baxter equation. This is in the spirit
of the Schwinger model as a toy model for various phenomena in four-dimensional quantum
field theory, and rhymes with recent efforts on quantum gravity in dS2 [86–95].

The paper is structured as follows. In section 2 we discuss the basic geometric aspects of
dS2 and introduce various relevant coordinate systems. In section 3 we consider the UIRs
of SL(2,R), the free Green’s function for particles in the principal series UIR and a simple
model furnishing the ∆= 1 discrete series UIR. In section 4 we elaborate on the Källén-
Lehman decomposition of a de Sitter invariant two-point function of interacting scalar fields.
In section 5we describe how the operator content of BF-type gauge theories furnish the discrete
series UIR, at the level of the pre-Hilbert space. In section 6 we discuss how the constraints
from gauging the dS2 isometry group in a theory of gravity affect observables and correlation
functions, bearing in mind the role of potential contact terms. In the outlook, section 7, we
discuss a microphysical SYK model that encodes an infinite tower of discrete series particles
and speculate on its relation to a higher-spin theory of dS2. In appendix A we review the UIRs
of the SO(1,2) isometry group of dS2. In appendix B we construct a discrete series UIR via a
Clebsch–Gordan analysis at the level of a quantum mechanics of two degrees of freedom each
furnishing a principal series UIR.

2. Geometry of dS2

In this section we discuss the geometry of a two-dimensional de Sitter spacetime, referred
to as dS2. We also discuss some group theoretic properties of its isometry group SO(1,2)∼=
SL(2,R)/Z2.
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2.1. Geometry

Let us begin by reviewing the geometry of dS2. The usual starting point is to view this
spacetime as a Lorentzian hypersurface embedded in a three-dimensional ambient Minkowski
spacetime, satisfying the equation

−
(
X0
)2

+
(
X1
)2

+
(
X2
)2

= ℓ2 , XA ≡
(
X0,X1,X2

)
∈ R3 . (2.1)

The metric of dS2 is induced from the flat metric of the ambient spacetime

ds2 = ηAB dX
AdXB =−

(
dX0
)2

+
(
dX1
)2

+
(
dX2
)2
, (2.2)

by solving (2.1). It follows from the above construction that the isometry group of dS2 is
the Lorentz group in three-dimensions, SO(1,2). We will also permit fermionic fields on this
spacetime, meaning we should actually consider the double cover of SO(1,2), namely G≡
SL(2,R). The generators of G are constructed as follows, consider the differential operators:

LAB =−i(XA∂XB −XB∂XA) , (2.3)

which under commutation satisfy

[LAB,LCD] =−i(ηADLBC− ηACLBD+ ηBCLAD− ηBDLAC) . (2.4)

In this paper, we will use a hat̂ to denote abstract operators. Whenever an operator appears
without a hat, we mean the representation as a differential operator. If we define

L0 ≡ L12 , L±1 ≡−(L02± iL01) , (2.5)

we observe that the above algebra is isomorphic to that of SL(2,R),

[Ln,Lm] = (n−m)Ln+m . (2.6)

The quadratic Casimir is given by

C ≡ 1
2
LABLAB = L2

0−
1
2
(L−1L1 +L1L−1) . (2.7)

From here, we will use the shorthand L± ≡ L±1. The maximal compact subgroup of G is
K≡ SO(2), generated by L0. It is worth noting that dS2 shares its isometry group with the
Poincaré disk, also known as Euclidean AdS2.

Correlation functions on the spacetime will be given as functions of de Sitter invariant
quantities. For example, the two-point function will depend on the following de Sitter invariant
distance, defined in terms of coordinates on the hyperboloid:

u(X,Y)≡
ηAB
(
XA−YA

)(
XB−YB

)
2ℓ2

= 1− ηABXAYB

ℓ2
, (2.8)

where contractions are made using the ambient Minkowski metric (2.2). From this formula
we conclude that u(X,X) = 0, as expected, whereas u(X,−X) = 2 for antipodally separated
points. Thus points are spacelike separated for u> 0, null separated when u= 0, and timelike
separated for u< 0 . Lastly, for u> 2, there exist no spacelike geodesic paths connecting the
two points.

We can select from a variety of parameterizations of the induced metric on the hypersur-
face (2.1). Here we list a few.
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2.1.1. Global coordinates on dS2. The global chart:

XA = ℓ (sinhτ, cosϑcoshτ, sinϑcoshτ) , (2.9)

covers the entire manifold, resulting in the two-dimensional line element

ds2

ℓ2
=−dτ 2 + cosh2 τ dϑ2 , τ ∈ R , ϑ∼ ϑ+ 2π . (2.10)

In this coordinate system, the invariant distance u(X,Y) defined in (2.8) can be expressed
simply as

u= 1+ sinhτ sinhτ ′− cos(ϑ−ϑ ′)coshτ coshτ ′ . (2.11)

The Killing vector fields of dS2 in the global chart are given explicitly by

L12 =−i∂ϑ , (2.12)

L01 = i(cosϑ∂τ − sinϑ tanhτ ∂ϑ) , (2.13)

L02 = i(sinϑ∂τ + cosϑ tanhτ ∂ϑ) , (2.14)

which respectively generate the rotational and two boost symmetries of dS2. Similarly, we
have

L0 =−i∂ϑ , L± = e∓iϑ (−i tanhτ∂ϑ± ∂τ ) . (2.15)

The quadratic Casimir is then given as a differential operator on scalar fields, by

C =−ℓ2□dS , (2.16)

where □dS is the scalar Laplacian on dS2.
One can unwrap the spatial S1 by taking ϑ ∈ R in (2.10), as considered in [20, 28]. The

resulting spacetime is smooth and has an isometry group given by the universal cover of G,

namely ˜SL(2,R), which is also the isometry group of Lorentzian AdS2.

2.1.2. Conformal compactification of dS2. It will occasionally be convenient to work in a
global coordinate system with the infinite coordinate time compactified to a finite interval,
given by

ds2

ℓ2
=
−dT2 + dϑ2

sin2T
, T ∈ (−π,0) , (2.17)

and obtained from (2.9) by the identification

coshτ =− 1
sinT

. (2.18)

In this coordinate system, the invariant distance u(X,Y) takes the following form

u=
cos(T−T ′)− cos(ϑ−ϑ ′)

sinTsinT ′ =
2sin(ϑ−−ϑ ′−)sin(ϑ+−ϑ ′+)

sin(ϑ+−ϑ−)sin(ϑ ′+−ϑ ′−)
, (2.19)
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where

ϑ± ≡ ϑ±T
2

(2.20)

are, respectively, the instantaneous left and right moving coordinates on global dS2. The met-
ric (2.17) is conformally equivalent to the Lorentzian cylinder over a finite time-interval. In
this case we have Killing vectors given by

L12 =−i∂ϑ , (2.21)

L01 =−i(cosϑ sinT∂T+ sinϑ cosT∂ϑ) , (2.22)

L02 =−i(sinϑ sinT∂T− cosϑ cosT∂ϑ) . (2.23)

These give us:

L0 =−i∂ϑ , L± =−e∓iϑ (icosT∂ϑ± sinT∂T) . (2.24)

2.1.3. Planar coordinates on dS2. We also make use of the planar coordinate system when
discussing phenomena that are localized near a boundary point. This coordinate patch is ana-
logous to the Poincaré patch in AdS. The metric is

ds2

ℓ2
=
−dη2 + dx2

η2
, η ∈ (−∞,0) , x ∈ R , (2.25)

and covers half of the global dS manifold. It contains the late time slice with a single point
removed. It is obtained from the embedding coordinates

XA =
ℓ

2η

(
η2− 1− x2, 2x, η2 + 1− x2

)
. (2.26)

2.1.4. Euclidean continuation to S2. The global patch of dS2 can beWick rotated to the stand-
ard metric on the two-sphere. In the coordinates (2.10) one takes τ → i

(
ψ− π

2

)
and restricts

the range of ψ ∈ (0,π) to obtain the smooth geometry. In the coordinates (2.17) one takes
T→−iX− π

2 to obtain the metric

ds2

ℓ2
=

dX2 + dϑ2

cosh2X
, (2.27)

with X ∈ R. Again this metric is that of the two-sphere. Similarly to (2.18), the relationship
between X and the polar angle ψ is

coshX=
1

sinψ
. (2.28)

At least in the absence of gravity, quantum field theory on the Euclidean sphere plays an
important role in the axiomatic formulation of quantum field theory on de Sitter space (see
for instance [11, 96]). In particular, correlation functions of local operators on the Euclidean
sphere can be continued to dS2 correlation functions in the Euclidean vacuum.

7
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2.1.5. Discrete symmetries. In addition to the continuous isometries described above, the
dS2 spacetime also enjoys discrete antipodal (A), parity (P), and time reversal (T) symmetries.

P T A

Global ϑ→ 2π −ϑ t→−t ϑ→ ϑ+π , t→−t
Planar x→−x × η→−η
Conformal ϑ→ 2π −ϑ T→−π− T ϑ→ ϑ+π , T→−π− T

The above table summarizes the action of these symmetries in terms of the corresponding
coordinates of each coordinate patch.

3. UIRs

3.1. General theory

TheUIRs of SO(1,2) are well known [70] (see e.g. [29, 30, 32, 56, 57, 97] for recent literature).
Here we will be brief. Let us label the eigenvalue of the quadratic Casimir (2.7) as ∆(∆− 1).
The quantity ∆ is known as the conformal weight and labels a particular representation. Only
a few possible choices of ∆ lead to UIRs, which we review in appendix A.

To set the stage, we remind the reader that a state |n,∆⟩ in a UIR is labeled by its eigenvalues
under the maximal commuting subgroup of SL(2,R):

Ĉ|∆,n⟩=∆(∆− 1) |∆,n⟩ , L̂0|∆,n⟩=−n|∆,n⟩ , L̂±|∆,n⟩=−(n±∆) |∆,n± 1⟩ .
(3.1)

Recall that operators denoted with a ̂ signify abstract matrix (not necessarily differential)
operators. Because L̂0 is a compact generator, which acts by rotating the de Sitter hyperboloid,
its eigenvalues must be integers (or half integers for the double cover).

To have a UIR means we have a positive, semi-definite inner product on the space of states
defined above. The various distinct UIRs for which this is possible are:

• The principal series, πν , for which ∆= 1
2 (1+ iν) with ν ∈ R .

• The complementary series, γ∆, for which 0<∆< 1 .
• The discrete series,D±

∆, for which∆ is either a positive integer or half integer. The (+) refers
to the highest-weight module, which has an element annihilated by L+. The (−) refers to a
lowest weight module which contains an element annihilated by L−.

Moreover, as suggested by the Casimir eigenvalue, there is an isomorphism between πν and
π−ν and γ∆ and γ1−∆. The isomorphism does not hold for theD±

∆, as unitarity restricts∆⩾ 1
for D±

∆. The ranges of n differ across the various representations, so we provide a handy sum-
mary in table 1 for the scalar representations. For both scalar and fermionic representations,
see appendix A.

Much like states can be organised into UIRs, we can also discuss the transformation prop-
erties of certain operators under SL(2,R). In particular, an operator O∆,n satisfying[

L̂0,O∆,n

]
= nO∆,n ,

[
L̂±,O∆,n

]
= (n±∆)O∆,n±1 , (3.2)

is said to be a conformal operator of weight ∆. Although we have states and operators fur-
nishing UIRs of the de Sitter group, there is no state-operator correspondence as is usual for

8
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Table 1. Summary of the various scalar representations and their eigenvalues under the
SL(2,R) algebra. For more details see appendix A.

Rep. Range of ∆ Range of n Scalar m2ℓ2

πν ∆= 1
2 (1+ iR) n ∈ Z m2ℓ2 > 1

4
γ∆ 0<∆< 1 n ∈ Z 0< m2ℓ2 < 1

4
D±

∆ ∆ ∈ Z+ n=∓∆,∓(∆+ 1), . . . m2ℓ2 =−t(t+ 1) with t ∈ N0

conformal field theory [76]. Acting with a local conformal operator at the Euclidean de Sitter
boundary creates a non-normalizable state due to coincident point singularities. Relatedly,
the future boundary of de Sitter space, though Euclidean, arises as the end point of the bulk
Lorentzian spacetime’s time evolution. As such, the imprints of a Lorentzian structure such
as a non-commuting operator algebra and standard Hermiticity conditions must be obeyed at
I+.

Recall from (2.16) that the Casimir operator C can be represented by the Laplacian on dS2

as C =−ℓ2□dS. The equation of motion for a massive scalar field is

□dSϕ = m2ϕ , (3.3)

implying the relationship

∆(∆− 1) =−m2ℓ2 =⇒ ∆=
1
2

(
1±

√
1− 4m2ℓ2

)
. (3.4)

From here we determine that states in the complementary series are faithfully represented by
scalars whose mass squared satisfies: 0< m2ℓ2 < 1

4 , whereas states in the principal series are
given by scalars with m2ℓ2 > 1

4 . In order to obtain a state in the discrete series, for ∆= 1+ t
with t ∈ N0, we would need

m2ℓ2 =−t(t+ 1) . (3.5)

Namely, for t= 0, the scalar is massless, otherwise the scalar must be tachyonic. Perhaps, then,
discrete series states are unphysical in dS2, and can be rightfully ignored. However, recalling
[71] the tensor product of scalar representations:

πν ⊗πν ′ =

(⊕
∆

D±
∆

)
⊕
(
2
ˆ
R+

dωπω

)
, (3.6)

one notes thatD±
∆ invariably makes an appearance in the two-particle Hilbert space of massive

scalar fields on dS2.5 GivenWigner’s interpretation of UIRs as single particle states in quantum
field theory, we are led to ask if these discrete series bound states can be interpreted as asymp-
totic free particle states under some suitable definition. In fact, much of this paper will concern
itself with how the discrete series appears in different guises in the context of dS2. In section 4
wewill explore the consequences ofD±

∆ appearing in the multi-particle Hilbert space by study-
ing the spectral decomposition (or Källén–Lehmann representation) of the two-point function
of a heavy interacting scalar on dS2.

5 We elaborate on the two-particle Hilbert space from the perspective of a Hilbert space built from wavefunctions on
S1 in appendix B.
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An interesting consequence of our analysis is that a QFT whose classical equations of
motion on dS2 are given by (3.3) is not guaranteed to have a state of dimension ∆ (related
to the mass via the relation (3.4)) in its Hilbert space. This is most obvious, whenever the
metric degrees of freedom are dynamical. Suitably gauging the ambient SL(2,R) isometry of
dS2 will result in a reduction of the physical Hilbert space—a fact we will explore in a few
examples in section 5.

3.2. Free Fock space: principal series

So far our exposition has been quite abstract, so as an instructive aid to the reader, we will
show how to build the principal series UIR, as in (3.1), using single-particle excitations of a
free quantum field theory on dS2. We start with the action:

S=−1
2

ˆ
d2x
√
−g
[
gµν∂µϕ∂νϕ+m2ϕ2

]
, (3.7)

from which we can derive the equation of motion (3.3):

□dSϕ = m2ϕ . (3.8)

In this section, we will insist that m2ℓ2 > 1
4 such that ∆= 1

2 (1+ iν). There are several ways
to decompose our classical field into modes. Working in global coordinates (2.9), we choose
to expand our field in modes that are regular near the pole of the lower half-sphere

(
τ →− iπ

2

)
in the Euclidean continuation of the global coordinates defined above (2.27). Being regular on
the south pole, these modes define a Hadamard state, as we will come to see [11, 96]. That is,
we write

ϕ(τ,ϑ) =
∞∑

n=−∞
a∆n ϕ

E,∆
n (τ,ϑ)+ a∆†

n ϕ∗E,∆n (τ,ϑ) (3.9)

where [98, 99]:

ϕE,∆n (τ,ϑ) = fE,∆n (τ)
e−inϑ

√
2π

, (3.10)

and the time dependent factor is:

fE,∆n (τ)≡ eiαn

√
Γ(∆− |n|)Γ(1−∆− |n|)

2
P|n|
−∆ (isinhτ) , (3.11)

where Pba(x) is an associated Legendre function. We have chosen a particular phase factor

e2iαn = eiπ(|n|+
1
2 ) Γ(|n|+ 1−∆)Γ(1+∆)

Γ(|n|+∆)Γ(2−∆)
, (3.12)

which will play an important role in what follows. These modes are normalized such that(
ϕE,∆n ,ϕE,∆m

)
= δnm ,

(
ϕE,∆n ,ϕ∗E,∆m

)
= 0 , (3.13)

where the bracket (·, ·) denotes Klein–Gordon inner-product:

(ϕ1,ϕ2) =−i
ˆ
Σ

dΣµ (ϕ1∂µϕ
∗
2 −ϕ∗2∂µϕ1) =−icoshτ

ˆ 2π

0
dϑ(ϕ1∂τϕ

∗
2 −ϕ∗2∂τϕ1) . (3.14)

10
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The phase factor (3.12) ensures that these modes transform nicely under the generators of
SL(2,R) given in (2.15):

L0ϕ
E,∆
n =−nϕE,∆n , L±ϕ

E,∆
n =−(n±∆)ϕE,∆n±1 . (3.15)

Onemay find the above equation surprising, given that the Euclidean modes have an admixture
of falloffs (e−∆τ and e−(1−∆)τ ) at late times, but it is nevertheless possible to express them
as transforming properly under the conformal algebra.

Canonical quantization proceeds by promoting ϕ(τ,ϑ) and its canonical conjugate π(τ,ϑ)
to operators, where

π (τ,ϑ)≡ δL
δ (∂τϕ(τ,ϑ))

= coshτ ∂τϕ , (3.16)

and demanding

[ϕ(τ,ϑ) ,π (τ,ϑ ′)] = iδ (ϑ−ϑ ′) . (3.17)

This can be achieved by promoting (a∆n ,a
∆†
n ) to operators that satisfy:[

a∆n ,a
∆†
m

]
= δnm ,

[
a∆n ,a

∆
m

]
=
[
a∆†
n ,a∆†

m

]
= 0 . (3.18)

We must also choose a state on top of which we build our Fock space. The Euclidean vacuum
|Ω⟩, is defined such that

a∆n |Ω⟩= 0 , ∀n . (3.19)

What remains is to identify the basis states of the principal series UIR: |∆,n⟩. A natural expect-
ation is the following:

|∆,n⟩ ≡ a∆†
n |Ω⟩ (3.20)

at least at the single particle level [100]. To check that this is indeed correct, we must write
down the conformal generators in the basis of creation and annihilation operators:

L̂n =−
∞∑

k=−∞

(k+ n∆) a∆†
k+na

∆
k , (3.21)

for n= {−1,0,1}. Using the canonical commutation relations (3.18), we find[
L̂n, L̂m

]
= (n−m) L̂n+m , (3.22)

as required. It is also straightforward to check that[
L̂n,ϕ(τ,ϑ)

]
=−Lnϕ(τ,ϑ) , (3.23)

where the operators on the right hand side are the differential representation of the algebra
given in (2.15). Finally given the definitions, a short computation yields:

L̂0 a
∆†
n |Ω⟩=−na∆†

n |Ω⟩ , L̂± a
∆†
n |Ω⟩=−(n±∆)a∆†

n±1|Ω⟩ . (3.24)

11
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Hence we see that we have correctly identified |∆,n⟩ ≡ a∆†
n |Ω⟩. Given these definitions, the

mode functions may be expressed as overlaps of the field operator ϕ and the state |∆,n⟩:

ϕE,∆n (τ,ϑ) = ⟨Ω|ϕ(τ,ϑ) |∆,n⟩ , ϕ∗E,∆n (τ,ϑ) = ⟨∆,n|ϕ(τ,ϑ) |Ω⟩ . (3.25)

3.3. Free two-point function

We now turn to the two-point function, or propagator, of a free, minimally-coupled, massive
scalar field ϕ on dS2

Gf (X,Y)≡ ⟨Ω|ϕ(X)ϕ(Y) |Ω⟩ . (3.26)

The subscript ‘f’ refers to the fact that it is free. This satisfies(
□dS−m2

)
Gf (X,Y) = 0 , (3.27)

with ∆ related to m through (3.4). Here we are choosing to study the Wightman function,
but we could just as well study the retarded, advanced or Feynman propagator by replacing
the right hand side of (3.27) with δ(X,Y)/

√
−g and choosing suitable boundary conditions.

The above differential equation can be expressed as an ODE of the de Sitter invariant distance
u(X,Y) defined in (2.8)

u(2− u)G ′ ′
f (u)+ 2(1− u)G ′

f (u)+∆(∆− 1)Gf (u) = 0 . (3.28)

Being a second order differential equation, there are two linearly independent solutions

Gf (u) = c1 2F1
(
∆,1−∆,1,1− u

2

)
+ c2 2F1

(
∆,1−∆,1, u2

)
. (3.29)

For∆ in the principal or complementary series, the term proportional to c1 has the appropriate
lightcone singularity in the limit u→ 0, while the term proportional to c2 has an antipodal
singularity in the limit u→ 2. Both behaviors are allowed in a de Sitter invariant state, however,
we will further demand that the state |Ω⟩, upon which we build our Fock space, be Hadamard,
which disallows any field singularities at spacelike-separated points. This fixes:

G∆
f (u)≡ Γ(∆)Γ(1−∆)

4π 2F1
(
∆,1−∆,1,1− u

2

)
, ∆ ∈ πν or γ∆ , (3.30)

where the coefficient is set by demanding that we match onto the flat space answer in the limit
u→ 0 , which, in this case, is

Gf (u) ≈
u→0
− 1

4π
log

u
2
. (3.31)

Moreover, for πν , we can show the Hadamard two-point function admits a Fourier decompos-
ition in terms of the Euclidean modes constructed in section 3.2:

G∆
f (u) =

∞∑
n=−∞

ϕE,∆n (τ,ϑ)ϕ∗E,∆n (τ ′,ϑ ′)

=
Γ(∆)Γ(1−∆)

4π 2F1
(
∆,1−∆,1,1− u

2

)
, ∆ ∈ πν . (3.32)

12
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The case of ∆ in the discrete series is subtle and requires some care. Let us parametrize
∆= 1+ t for t= 0,1,2, . . . . Note that for these values of ∆, the coefficient of (3.30) diverges
as Γ(−t). This divergence has a physical origin [101], as we will discuss shortly. For now, let
us repeat the exercise and try and solve (3.28) for these values of ∆. The two independent
solutions are:

Gf (u) = c1Pt (1− u)+ c2Qt (1− u) , (3.33)

where Pt and Qt are Legendre functions of order t. A peculiarity: the term proportional to c1 is
a polynomial of order t in (1− u) and thus has no lightcone divergence in the limit u→ 0.
Alternatively, the term proportional to c2 has both lightcone and antipodal divergences. If
we demand that |Ω⟩ be Hadamard, we are required to set c2 = 0, throwing away both the
coincident-point and antipodal singularities, together. This leaves a correlator free of diver-
gences, or branch cuts—which is certainly not expectated for a local quantum field. It would
seem, then, that there is no room for the discrete series to contribute to the two-point function,
at least if we are to have a standard coincident point singularity.

As we will discuss in the next section, this conclusion is not quite correct. Following the
work of [16, 101–103], we will show that a more delicate treatment indeed leads to a contri-
bution from the discrete series UIR.

3.3.1. Revisiting the discrete series two-point function. We now proceed to explain the phys-
ical origin behind the divergence in (3.30) when ∆= 1+ t, following [101]. For this, let us
recall that the Hadamard Wightman function on dS2 can be obtained via analytic continuation
of the two-point function on an S2 of radius ℓ [11, 96] . Thus, we should compute the Euclidean
path integral

G∆
E (Ω,Ω ′) =

´
Dϕϕ(Ω)ϕ(Ω ′) e−SE[ϕ]´

Dϕe−SE[ϕ]
, (3.34)

where the Euclidean action is given by

SE [ϕ] =
1
2

ˆ
S2
d2x
√
gϕ(Ω)

[
−□S2 +m2

]
ϕ(Ω) . (3.35)

As usual, to evaluate the path integral it is convenient to expand the field ϕ(Ω) in a basis of
eigenfunctions of the two-sphere Laplacian, as

ϕ(Ω) =
∞∑
L=0

L∑
M=−L

cLMY
M
L (Ω) , Dϕ =

∞∏
L=0

L∏
M=−L

dcLM . (3.36)

We have chosen the YML (Ω) to be real-valued, such that the cLM are themselves real-valued.
The YML (Ω) satisfy the standard orthonormality conditions

□S2Y
M
L =−L(L+ 1)

ℓ2
YML ,

ˆ
S2
d2x
√
gYML Y

M ′

L ′ = ℓ2 δLL ′δMM ′ , (3.37)

as well as the completeness relation

∞∑
L=0

L∑
M=−L

YML (Ω)YML (Ω ′) = δ (Ω,Ω ′) . (3.38)

13
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Performing the remaining Gaussian integrals over the cLM leads to the Euclidean Green’s func-
tion in momentum space

G∆
E (Ω,Ω ′) =

∞∑
L=0

L∑
M=−L

YML (Ω)YML (Ω ′)

L(L+ 1)+m2ℓ2
. (3.39)

Upon employing the addition theorem

L∑
M=−L

YML (Ω)YML (Ω ′) =
2L+ 1
4π

PL (1− u(Ω,Ω ′)) , (3.40)

we can further express the Euclidean Green’s function in the following form

G∆
E (Ω,Ω ′) =

1
4π

∞∑
L=0

2L+ 1
L(L+ 1)+m2ℓ2

PL (1− u(Ω,Ω ′)) . (3.41)

In turn, for genericm2ℓ2, the above sum can be performed explicitly, resulting in an expression
involving the hypergeometric function. Namely,

G∆
E (Ω,Ω ′) =

Γ(∆)Γ(1−∆)

4π 2F1

(
∆,1−∆,1,1− u(Ω,Ω ′)

2

)
, (3.42)

as expected from (3.30), and where we have used (3.4), which relates m2ℓ2 with ∆. Here
u(Ω,Ω ′) is the appropriate geodesic distance on the S2, equivalent to the analytic continuation
of (2.8) to Euclidean signature. In this case, it is straightforward to verify that

1− u(Ω,Ω ′)

2
= cos2

(
θ (Ω,Ω ′)

2

)
=⇒ u(Ω,Ω ′) = 2sin2

(
θ (Ω,Ω ′)

2

)
, (3.43)

where θ(Ω,Ω ′) is the angle subtended by a geodesic arc connecting Ω to Ω ′. Notice, however,
that when m2ℓ2 =−t(t+ 1), with t ∈ N0, there are a collection of (2t+ 1) modes, precisely
those with L= t, with vanishing Euclidean action. The integrals over these modes necessarily
lead to divergences which must be dealt with6. Thus, the Lorentzian discrete-series divergence
originates from the fact that this theory suffers from a Euclidean vacuum state which is non-
normalizable, precisely due to these problematic modes [104, 105].

One can now proceed to try and define an appropriate Euclidean two-point function for
the discrete series UIR [101]. The idea is to eliminate the problematic modes from the sum
altogether:

H∆=1+t
f (Ω,Ω ′) =

∞∑
L=0
L ̸=t

L∑
M=−L

YML (Ω)YML (Ω ′)

L(L+ 1)− t(t+ 1)
, (3.44)

and try to give this function a Lorentzian Hilbert space interpretation, as in [16, 19]. From
here on, we will label free propagators on the discrete series as Hf, the ‘f’ again referring
to the fact that it is free, so as to distinguish it from the typical two-point function of the

6 The modes with L< t have negative Euclidean action, and may seem even more problematic. One way to deal with
these is by analytically continuing the contour of integration for the offending cLM’s.
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principal and complementary series. This procedure is inherently ad-hoc, and the final answer
will necessarily be ambiguous, moreover, it is difficult to reconcile with local quantum field
theory, although in the next section we will give an example of how to proceed when ∆= 1.

Note that the completeness relation (3.38) implies that

[
−ℓ2□S2 − t(t+ 1)

]
H∆=1+t

f (Ω,Ω ′) = δ (Ω,Ω ′)− 2t+ 1
4π

Pt (1− u(Ω,Ω ′)) , (3.45)

where we have used the addition theorem (3.40). We see that the Klein–Gordon operator act-
ing on the two-point function (with the problematic zero-modes removed) is not sourced by
a local δ-function disturbance, but rather, by a function supported on the entire S2—evidence
of some tension with locality. Moreover, this right hand side implies that the notion of the
identity operator on the Hilbert space needs modification whenever the discrete series is con-
cerned. Since all we have done is remove an entire SO(3) representation from the sum, the
final answer remains SO(3)-invariant, and the analytically continued result will therefore be
de Sitter invariant.

It is possible to solve this inhomogeneous Klein–Gordon equation outright, giving:

H∆=1+t
f (u;α) =− 1

4π
Pt (1− u)

(
log

u
2
+α
)
− 1

2π

t−1∑
s=0

2s+ 1
t(t+ 1)− s(s+ 1)

Ps (1− u) , (3.46)

where the constant α is an ambiguity proportional to a homogeneous solution to (3.33). The
Green’s function defined in (3.44) is equivalent to (3.46) with α= 0, but we have included
the α ̸= 0 term in order to provide the general solution to (3.45), which reflects the ambiguity
in defining the procedure for removing the zero-modes. Indeed, in [101], the parameter α is
related to a Becchi-Rouet-Stora-Tutin (BRST) gauge-fixing procedure. The formula (3.46)
has the appropriate short-distance singularity as in (3.31), as expected for a two-point function
in a Hadamard state, but the coefficient α cannot be fixed by any local requirement. We will
also make use of the following definition

H∆=1+t
f (u)≡ H∆=1+t

f (u;0) . (3.47)

Suffice it to say: if we ever encounter the Klein–Gordon operator withm2ℓ2 =−t(t+ 1) under
any circumstance in dS2, we should exercise care. In what follows, we will provide some
examples where such equations arise.

3.3.1.1. Comment on positivity of Hf for 0< u⩽ 2. In the spacelike separated regime (0< u⩽
2), Euclidean and Lorentzian correlators agree. On the sphere, we typically interpret the two-
point function at antipodally-separated points as the norm of a state. Based on this intuition,
we expect the two-point function in this regime to be positive definite. However (3.46) is
oscillatory in this regime, and is not sign definite at antipodal points for every t. This is unlike
the principal and complementary series correlators (3.42), which are positive definite for 0<
u⩽ 2.
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3.3.1.2. Comment on late time behavior of Hf. We now turn to the late time behavior of these
correlation functions. Choosing the global coordinate system (2.10), and taking τ = τ ′→∞
we find the following late time behavior for a discrete series two-point function:

lim
τ→∞

H∆=1+k
f (u;α) = e2kτ

(−1)k+1

4π

(
k− 1

2
k

)
sin2k

(
ϑ−ϑ ′

2

){
2τ +α+ log

[
1
4
sin2

(
ϑ−ϑ ′

2

)]}
(3.48)

where we have used k in place of t to disambiguate it from the time coordinate τ . This piece
of the correlation function grows at late times. Note that the dependence on the ambiguous
parameter α is subleading at the future boundary, albeit only polynomially in the global time
τ . On the other hand, the late time behavior of the free principal series correlator is

lim
τ→∞

G∆
f (u) = e−2∆τ Γ(∆)Γ

(
1
2 −∆

)
4π3/2

∣∣∣∣sin(ϑ−ϑ ′

2

)∣∣∣∣−2∆

+ c.c. , ∆ ∈ πν , (3.49)

meaning that, at late times, the discrete series contributions, if present, will wash out the imprint
of the principal series on the conformal boundary.

Before moving on, let us briefly comment on a familiar example of a discrete series theory:
the case of the free, massless scalar. The massless free boson has an action invariant under
constant shifts of the field ϕ(x)→ ϕ(x)+ c, and integrating over the constant mode of ϕ leads
to a divergence since this mode is not Gaussian suppressed in Euclidean signature, again ren-
dering the Laplacian operator non-invertible. There are two familiar remedies: we can either
compactify the zero-mode by identifying ϕ∼ ϕ+R in which case the field ϕ is no longer well-
defined as a local scalar operator on Hilbert space and we must instead consider operators such
as : e2π iϕ/R :,7 or we can gauge the shift symmetry, in which case ϕ is not a gauge-invariant
operator on Hilbert space. In both cases, the bare field ϕ(x) loses its status as a well-defined
quantum field acting on Hilbert space.

It is of crucial importance that we acknowledge that the discrete series cannot be relegated
as an easy-to-ignore curiosity. In appendix B, we solve a quantum mechanical model that
may be thought of as the late-time single-particle Hilbert space of two principal series fields
propagating in dS2. We show that the discrete series arises in the two-particle Hilbert space
of this quantum mechanical example, via a simple Clebsch–Gordan analysis. The projecting-
out of the problematic modes happens simply by demanding normalizability of the two-body
wavefunctions.

In the following section, we will examine the case of a free massless scalar with a gauged
shift symmetry and show that the correlators of this theory can be derived starting from (3.46).

3.4. Scalar with a gauged shift symmetry and the ∆= 1 discrete series

With the general discussion of the previous section now behind us, let us provide a simple
examplewhere theGreen’s function (3.46) (for∆= 1)makes an indirect appearance. Consider
a massless scalar coupled to a gauge field:

S=−1
2

ˆ
d2x
√
−ggµν (∂µϕ −Aµ) (∂νϕ −Aν)+ k

ˆ
d2x
√
−gBϵµνFµν . (3.50)

7 Even in the case of the compact free scalar, global constraints arise when the zero-mode is treated carefully, see
exercise 9.2 of [106]. For example, shifts of ϕ act as U(1) phase rotations of the vertex operator : e2π iϕ/R :, and the
only non-vanishing vacuum correlators are those of charge-neutral strings of vertex operators.
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Here, Fµν = ∂µAν − ∂νAµ, B is a real-valued scalar and ϵµν is the antisymmetric Levi-Civita
tensor with ϵTϑ =+1/

√
−g.8 The model’s global shift symmetry ϕ(x)→ ϕ(x)+ c, absent the

gauge field, is promoted to a local symmetry. We take the shift symmetry to be non-compact
such that k ∈ R. Explicitly, the model’s Abelian gauge invariance is ϕ(x)→ ϕ(x)+ω(x) and
Aµ→ Aµ + ∂µω with ω a smooth real-valued function.

Had we not gauged the shift symmetry, the model would suffer from a pathological zero
mode, as explained in the previous section. In [101], the constant shift mode is gauged via a
non-local condition on the S2. The model (3.50) follows the spirit of [101], but the advantage
of this setup is that we are always in the realm of local quantum field theory.

It is convenient to consider the model in the global coordinate system (2.17), for which the
Weyl factor drops out altogether. Gauge invariant operators are given by

B , Fµν , Oµ (T,ϑ) = ∂µϕ(T,ϑ)−Aµ (T,ϑ) , χ =

˛
C
Aµdx

µ , (3.51)

and combinations thereof. The curve C is taken to be a closed spacelike curve. In addition, the
dressed operators

Oq (T,ϑ) = e−i qϕ(T,ϑ) exp iq
ˆ
L
Aµdx

µ , (3.52)

where L is a curve beginning at some reference point and ending at (T,ϑ), can be arranged
into gauge-invariant combinations by taking products for which the sum of the q vanishes.

We can construct a Hilbert space by acting on the vacuum state |Ω⟩ with suitable com-
binations or distributions of the gauge-invariant operators. Working in the AT = 0 gauge, the
ensuing constraint is given by

2k∂ϑB− ∂Tϕ = 0 . (3.53)

This fixes the non-constant spatial modes of B, leaving only the constant mode b≡ 1
2π

¸
dϑB

as an independent gauge-invariant operator. We must further ensure invariance under residual
gauge transformations given when ω is purely a function of ϑ. This can be used to gauge away
the spatial non-zero modes of Aϑ, again leaving χ as the gauge-invariant operator.

Thus, we land on the non-gauge invariant operator algebra

[ϕ(T,ϑ) ,∂Tϕ(T,ϑ
′)] = iδ (ϑ−ϑ ′) , [b,χ ] =− i

2k
. (3.54)

To create single-particle states, we can build a creation operator out of the gauge-invariant
operators. Creation and annihilation operators which stem from gauge invariant operators,
expressed in the AT = 0 gauge, read as follows

an− a†−n ≡ i

√
2
|n|

ˆ
dϑe−i nϑ∂Tϕ(T,ϑ) |T=0 , (3.55)

an+ a†−n ≡−i sgnn

√
2
|n|

ˆ
dϑe−i nϑ (∂ϑϕ(0,ϑ)−Aϑ (0,ϑ)) , (3.56)

8 We will distinguish between the Levi-Civita tensor and symbol by denoting the latter as ϵ̃µν such that ϵ̃Tϑ =+1.
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where n ∈ Z/{0}. We thus define the vacuum |Ω⟩ as the state annihilated by the an, while
acting with the a†n for either n> 0 (or n< 0) furnishes the lowest (highest) weight∆= 1 UIR.
Additional states are created by acting with the operators χ and Oq(T,ϑ).

One can also consider the model in Euclidean signature, on the two-sphere, whose metric
is given by (2.27). The path-integral of interest is now

ZBF =

ˆ
DϕDAµDB

volG
e−SE[ϕ,Aµ] ei k

´ √
gBϵµνFµν , (3.57)

where

SE [ϕ,Aµ] =
1
2

ˆ
d2x
√
ggµν (∂µϕ −Aµ) (∂νϕ −Aν) , (3.58)

and volG is the volume of the gauge group. Path-integrating over B imposes that Aµ = ∂µξ is
locally pure gauge, and ξ is a non-constant function which we use to parameterize the entire
field configuration space of flat-curvature connections. Up to a Jacobian, this imposesDAµ→
Dξ. One can subsequently eliminate any ξ dependence from the action by a shift in ϕ → ϕ + ξ.
The path-integral over ξ then cancels against volG, save for the zero-mode corresponding to
the constant part of the gauge group. This remaining zero-mode is cancelled by the integral
over the constant mode ofϕ. One subsequently computes expectation values of gauge-invariant
operators. Employing the results in section 3.3.1 we have the Euclidean two-point function

⟨Oµ (Ω)Oµ (Ω
′)⟩=− 1

4π
∂µ∂µ ′

(
log

u(Ω,Ω ′)

2
+α

)
, (3.59)

where Ω and Ω ′ are points on the two-sphere, and

u(Ω,Ω ′) =
cosh(X−X ′)− cos(ϑ−ϑ ′)

coshXcoshX ′ , (3.60)

is the invariant length on the two-sphere, in analogy with (2.8). The result can be Wick rotated
back to dS2, producing an SL(2,R) covariant result. Importantly (3.59) is obtained by taking
derivatives ofH∆=1

f (u;α)written in (3.46), and the necessity to compute a correlation function
of gauge-invariant operators kills any dependence on the ambiguous coefficient α.

It may be possible to repeat this exercise and gauge the non-constant global shift-
symmetries of the scalar in the case of the t ̸= 0 discrete series.

3.4.1. The ∆= 2 discrete-series equation. Now we briefly comment on an example where
the ∆= 2 UIR makes an appearance. We will consider a different example in section 5.2,
which shares some features with this one. Recall, following (3.3), that the ∆= 2 Casimir
equation is:

ℓ2□dSϕ =−2ϕ . (3.61)

This equation can be derived in a setting where we couple 2d quantum gravity to a two-
dimensional conformal-matter field theory with large positive central charge. Upon integrating
out the matter-CFT, the fluctuations of the Weyl factor ω of the physical metric in the Weyl
gauge take the form of a tachyonic scalar in de Sitter (as noted in footnote 6 of [89], see also
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[107]). To be explicit, parameterize the metric gµν = e2ω(T,ϑ)g̃µν with g̃µν given by (2.17).
The constant-curvature equation of motion R[g] = 2/ℓ2 can be written as:

ℓ2□dSω (T,ϑ)≈−2ω (T,ϑ) , (3.62)

for smallω(T,ϑ). As we discuss in section 5.2, in a somewhat different example, the conformal
factor ω(T,ϑ) is subject to the residual diffeomorphism constraints, which, in turn, remove the
three Euclidean zero-modes of (3.62).

3.5. Discrete series analogues in dS4

Let us now discuss the analogues of the discrete series in four-dimensional de Sitter space.
The isometry group of dS4 is SO(1,4), so in addition to conformal dimension ∆, UIRs in this
setting are also labeled by a spin s quantum number associated to the SO(3)-rotation subgroup
of SO(1,4). A spin s field on dS4 has Casimir eigenvalue, directly generalizing the SL(2,R)
case:

C =∆(∆− 3)+ s(s+ 1) . (3.63)

There are two possible discrete series analogs in dS4 (see section 4 of [32]):

• Exceptional type I: in the s= 0 sector, one finds a collection of discrete scalar UIRs,
known as the exceptional type I representations, labeled by a discrete conformal dimension
∆= 3+ k where k, again, is a non-negative integer. One proposal for a free-field-theoretic
construction of these representations is the following: Consider the action

S=−1
2

ˆ
d4x
√
−g
[
gµν∂µϕ∂νϕ +m2

k ϕ
2
]

(3.64)

where the mass is tachyonic and satisfies:

m2
kℓ

2 =−k(k+ 3) , (3.65)

analogous to (3.5). This field is massless for k= 0, but is otherwise tachyonic for larger
values of k. As noted in [101], this theory suffers from a set of unsuppressed Euclidean
zero-modes associated to the following symmetry of the action (3.64) [103]:

ϕ → ϕ +λk , λk = sA1A2...AkX
A1XA2 . . .XAk , (3.66)

where sA1A2...Ak is a real traceless and symmetric constant tensor and the XA are coordinates
on the ambient hyperboloid, as in (2.1). For k= 0, this is the familiar shift symmetry of the
free, massless scalar. If this symmetry is gauged [16, 101, 107], as in the ∆= 1 example
of section 3.4, then the theory might be amenable to quantization. So far, no one has yet
attempted the exercise.
• Exceptional type II: for s ̸= 0, one finds an additional family of discrete UIRs realised as

free spin-s (partially) massless gauge fields in dS4. These fields have:

∆= 2+ t , t= 0,1, . . .s− 1 . (3.67)
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The quantity t is called the depth. To realize these exceptional series on de Sitter, consider
the following field theory of a fully-symmetrized, transverse, traceless, spin-s field which
satisfies the following equations of motion [108, 109]:[
□dS−m2 +

s(s− 2)− 2
ℓ2

]
ϕµ1...µs = 0 , ∇νϕνµ2...µs = 0 , ϕννµ3...µs

= 0 . (3.68)

At generic values of the mass, this equation propagates 2s+ 1 degrees of freedom. In dS4,
the Higuchi bound for such a spin-s field is given by:

m2ℓ2 ⩾ s(s− 1) . (3.69)

Below this value of the mass, one of the Stückelberg fields that implement the transverse-
tracelessness conditions obtains a ghost-like kinetic term, rendering the theory non-unitary.
However, there are a set of special masses, all at or below the Higuchi bound where the
theory develops a gauge symmetry that removes the ghosts. These masses are:

m2
s,tℓ

2 = (s− 1− t)(s+ t) , t= 0,1, . . . ,s− 1 . (3.70)

At these special points, known as the partially massless points, the equations of
motion (3.68) develop a symmetry under ϕ→ ϕ+ δϕ, where

δϕµ1...µs =∇(µt+1
∇µt+2 . . .∇µsλµ1...µt) + . . . (3.71)

and the additional dots indicate terms with fewer derivatives9. The gauge parameter must
itself satisfy:[
□dS +

(s− 1)(s+ 2)− t
ℓ2

]
λµ1...µt = 0 , ∇νλνµ2...µt = 0 , λννµ3...µt

= 0 . (3.72)

In total, this gauge symmetry amounts to removing amassive spin-t field’sworth of propagat-
ing degrees of freedom. Thus the partially massless spin-s field propagates a total of 2(s− t)
degrees of freedom. Note that the maximal-depth field with t= s− 1, the field is mass-
less and propagates two polarizations, just like the graviton. At the time of writing, besides
Vasiliev theory on dS4 (which has an infinite tower of massless fields), no consistent inter-
acting theory with partially massless fields is known. Vasiliev theory possesses an enormous
higher-spin gauge symmetry [12], one which encompasses the underlying SO(1,4) global
symmetry of the dS4 spacetime. So while we might naively think the Vasiliev fields carry
conformal dimensions labeled by∆= 1+ s, the gauge-invariant Hilbert space only consists
of ∆= 0 states.

In dS2 there is no intrinsic spin—the SO(3) rotation group is replaced by SO(1)∼= Z2 with
respect to which states can be graded. We may therefore wonder if the discrete series states in
dS2 admit realisations that share features with either the Exceptional Series I or II of dS4, as
described above. Although the tachyonic scalar theory seems the most natural to consider—
due to the absence of spin in two-dimensions—in section 5 we will describe a scenario more
closely related to the s ̸= 0 partially-massless fields of SO(1,4).

9 As we will not need it, we do not provide the full expression for the gauge invariance of (3.68). The interested reader
can find it in equation (2.5) of [108].

20



J. Phys. A: Math. Theor. 57 (2024) 025401 D Anninos et al

4. Spectral decomposition

In this section, we discuss the Källén–Lehmann [73, 74] spectral decomposition of the two-
point function for general interacting scalar fields in dS2. This has been discussed in many
works before us [13–15, 18, 36, 56, 75, 76]. Our goal here is to focus on the contributions
from discrete series states D±

∆.
To set the stage, let us quickly review the spectral decomposition of the two-point function

of an interacting scalar field ϕ in d-dimensional flat space:

Gi (x− y) = ⟨Ω|ϕ(x)ϕ(y) |Ω⟩ . (4.1)

The subscript ‘i’ denotes that it is ‘interacting.’ Under very general assumptions, this correla-
tion function can be expressed as [2, 73, 74]

Gi (x− y) =
ˆ ∞

0
dµ2ρϕ

(
µ2
)ˆ ddp

(2π)d
eip·(x−y)

p2 +µ2
. (4.2)

In this form, unitarity of the two-point function demands ρϕ(µ2)> 0 and,

ˆ ∞

0
dµ2ρϕ

(
µ2
)
= 1 . (4.3)

The usefulness of this representation stems from the fact that the interacting correlation func-
tion Gi(x− y) can be expressed, up to an undetermined function, out of free-field propagators,
under any circumstance; allowing us to anchor our intuition on free-field theory, and free-field
excitations. The quantity ρϕ(µ2) is called the spectral density of the interacting field ϕ, and is
chock-full of information about the underlying theory—namely it has within it data about the
overlap between ϕ(x)|Ω⟩ and any state in the Hilbert space. Hence, for example, it can tell us
if the field ϕ(x) creates single-particle excitations, or if it is composite.

To see this, note that spectral function governs the analytic properties of the two-point amp-

litude Gi(p) =
´∞
0 dµ2 ρϕ(µ

2)
p2+µ2 , which will have poles at the single-particle states created by

ϕ(x) and a branch cut starting at the first multi-particle state. Hence if Gi(p) only has a single
pole, we have an invariant notion of a ‘free-field.’ Alternatively we define ϕ(x) as composite
if Gi(p) only has branch cuts and no poles.

On general curved backgrounds, we cannot use analyticity arguments, as we do in flat space,
to give an invariant notion to the meaning of single-particle (poles) and multi-particle (branch-
cuts) states. But hope is not lost. de Sitter is a maximally-symmetric spacetime, and we have
the constraining power of group theory to guide us—so while we may not have a notion of
multi-particles, we do have tensor product representations, as we discuss now.

One might then think, following (3.41), that the natural generalization of (4.2) to Euclidean
dS2 is:

Gi (u) =
1
4π

ˆ ∞

1
4ℓ2

dm2ρϕ
(
m2
) ∞∑
L=0

2L+ 1
L(L+ 1)+m2ℓ2

PL (1− u) , (4.4)

but, this formula, for the subtleties described in section 3.3.1, misses contributions from states
in the discrete series D±

∆, which are required to appear by group theoretic considerations [70].
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4.1. Spectral decomposition: a proposal

To derive the spectral decomposition, we start with the identity operator on the field-theoretic
Hilbert space of a general interacting scalar field theory:

1= |Ω⟩⟨Ω|+
∑
∆,n

|∆,n⟩⟨∆,n|
⟨∆,n|∆,n⟩

. (4.5)

The state |Ω⟩ is the (Hadamard) Bunch–Davies vacuum, and the states |∆,n⟩ carry quantum
numbers, respectively, under the quadratic Casismir C and the action of rotation L0, as
in (3.1)10. The normalization factor must be included for a generic UIR, since only the prin-
cipal series can simultaneously be made unit normalized while also faithfully transforming
under the action of the ladder operators (3.1), see appendix A.

Let us now consider the two-point function of a general interacting scalar field in dS2:

Gi (X,Y)≡ ⟨Ω|ϕ(X)ϕ(Y) |Ω⟩ . (4.6)

Inserting the identity operator, this implies:

Gi (X,Y) = ⟨ϕ⟩2 +
∑
∆,n

⟨Ω|ϕ(X) |∆,n⟩⟨∆,n|ϕ(Y) |Ω⟩
⟨∆,n|∆,n⟩

. (4.7)

Although we have included the possibility of a vacuum expectation value for the field ϕ, from
now on, we will assume that ⟨ϕ⟩ ≡ ⟨Ω|ϕ(X)|Ω⟩= 0 in the Bunch–Davies state. We will use an
additional fact about SL(2,R) representation theory, namely that the operator 1 excludes the
complementary series [70]. Using this:

Gi (X,Y) =
∞∑
t=0

 ∑
n̸={−t,...,t}

Γ(|n|+ 1+ t)
Γ(|n| − t)

⟨Ω|ϕ(X) |1+ t,n⟩⟨1+ t,n|ϕ(Y) |Ω⟩


+

ˆ +∞

−∞
dν

{∑
n∈Z
⟨Ω|ϕ(X)

∣∣ 1
2 (1+ iν) ,n

〉〈
1
2 (1+ iν) ,n

∣∣ϕ(Y) |Ω⟩} . (4.8)

In the above equation, the first line includes the contributions from discrete series D±
1+t states

(and we have combined the highest and lowest weight UIRs into a single sum), and the term out
front is the normalization factor (see appendix A). The second line contains the contributions
coming from principal series states πν .11

4.1.1. Principal series contribution. We now proceed to write down the principal series con-
tribution to (4.8). We have already done most of the work in section 3.2. This argument is

10 More generally, there is also a sum over states transformingwith either positive (even) or negative (odd) action under
the operator e2π i L0 . The scalar case we are studying leaves only states with even action under this transformation. The
odd states are relevant to the case of fermionic fields as considered in [110, 111], to which our analysis can be extended.
We note that the complementary series are non-unitary in the odd case, and so would not appear in the decomposition
of the identity.
11 One can incorporate the complementary series γ∆ by appropriately shifting the principal series contour.

22



J. Phys. A: Math. Theor. 57 (2024) 025401 D Anninos et al

similar to one that appeared in [56]. Given that our Fock space is built atop the Bunch–Davies
state |Ω⟩ the symmetries of the problem require:

⟨Ω|ϕ(X)
∣∣ 1
2 (1+ iν) ,n

〉
= c(ν)ϕ

E,∆=
1
2 (1+iν)

n (X) , (4.9)〈
1
2 (1+ iν) ,n

∣∣ϕ(Y) |Ω⟩= c(ν)∗ϕ
∗E,∆=

1
2 (1+iν)

n (Y) , (4.10)

where the mode functions are given in (3.10) and subsequent equations. The undetermined
coefficient c(ν) contains information about the field ϕ and its interactions. Now, we can
use (3.32) to express:

∑
n∈Z
⟨Ω|ϕ(X)

∣∣ 1
2 (1+ iν) ,n

〉〈
1
2 (1+ iν) ,n

∣∣ϕ(Y) |Ω⟩= ρϕ (ν) G
∆=

1
2 (1+iν)

f (u(X,Y)) (4.11)

where G∆
f (u) is given in (3.30) and ρϕ(ν)≡ |c(ν)|2 ⩾ 0.

4.1.2. Discrete series contribution. Identifying the discrete series mode functions is a subtle
problem. As described in section 3.3.1, this is because, on this representation and in stark
contrast to the principal series, the corresponding Euclidean Laplacian operator for the discrete
series is non-invertible. The non-invertibility of the Euclidean differential operator indicates a
gauge redundant structure in the discrete series sector, and suggests [16] we must modify the
Klein–Gordon representation of the Casimir operator. A potential modification is described at
length in [16], but we will not review it here. We simply quote the following:∑
n ̸={−t,...,t}

Γ(|n|+ 1+ t)
Γ(|n| − t)

⟨Ω|ϕ(X) |1+ t,n⟩⟨1+ t,n|ϕ(Y) |Ω⟩= σϕ (t;αt)H
∆=1+t
f (u(X,Y) ;αt) .

(4.12)

The left hand side of this equation suggests that we may be able to prove that σϕ(t;αt)⩾ 0,
but since the functions H∆=1+t

f (u;α) are not positive on the Euclidean section, at this stage
we cannot impose any positive conditions on the density σϕ. Moreover, we have left in the
inherent ambiguity with respect to the choice of αt.

4.1.3. Final answer. We are now ready to write down the full Källén–Lehmann representa-
tion for an interacting scalar field ϕ in two dimensions:

Gi (X,Y) =
∞∑
t=0

σϕ (t;αt) H
∆=1+t
f (u(X,Y) ;αt)+

ˆ ∞

−∞
dν ρϕ (ν) G

∆=
1
2 (1+iν)

f (u(X,Y)) .

(4.13)

A remark is in order. While we were not able to constrain the sign of σϕ, nor its dependence
on the ambiguous parameters αt, it must be that the right hand side leads to a unitary two
point function for an interacting scalar theory in de Sitter. This means that the total sum of
discrete and principal series contributions must result in a two point function with appropriate
properties: positivity on the Euclidean section as well as a positive coincident point limit that
grows at most logarithmically in u. While the density on the discrete series may or may not be
sign definite, this certainly constrains how they may contribute to the final answer.
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Given the discussion around (3.48), it is interesting to note that, if present, the discrete series
contributions will dominate over the principal series contributions at the late-time boundary.
While this seems bizarre, it tells us that we need to either search for a general principle that
would exclude the contribution of the discrete series in the two-point function of scalars in dS2,
or understand how and why they may arise in interacting scalar field theories. We have no way
to discount the discrete series representations based on group theoretic arguments alone, unless
the de Sitter group is gauged—as is the case when gravity is turned on. In quantum field theory
on a rigid dS2 background, the discrete series states are, without a doubt, present in the tensor
product Hilbert space of two species of particles, even in the absence of interactions. We take
this as an invitation to try and understand the physical nature of these vexing representations.

5. Discrete series operators in BF theory on dS2

This section is concerned with BF gauge theories on dS2. Our interest in these theories stems
from the fact that, in a suitable gauge, the equation of motion

□dSϕ =−t(t+ 1)ϕ , t ∈ Z (5.1)

arises quite naturally. One may use this to conclude that the discrete series UIRs have a role to
play in BF theories on dS2, but this is too quick. After all, BF theories are topological, meaning
they are insensitive to the background on which they live, and there should be no imprint of the
dS2 background once we have appropriately quantized the theory. However, there is a sense
in which the discrete series UIRs are realized at the level of the pre-Hilbert space of the field
operators, in the sense of (3.2). That is, the discrete series UIRs are realized by the linearized
field equations of the SL(N,R) BF-theory, with N⩾ 2, as we will demonstrate below. These
field operators do not survive the imposition of the gauge constraints, but if, for example, we
add a boundary to dS2, for example along a worldline in the static patch, we can imagine
breathing life into these modes.

Moreover, semiclassically, the SL(N,R) gauge theory is a two-dimensional version of
higher-spin theory [77, 78, 84, 85] whose gravitational subsector is governed by the SL(2,R)
embedding inside of SL(N,R). The field operators play a crucial role in formulating the gauge
theory, but they are subject to the gauge constraints. Imposing these gauge constraints, for the
theory quantized on a spatial circle, cuts down the size of the pre-Hilbert space and leads to
a physical (gauge-invariant) Hilbert space absent of any non-trivial SL(2,R) representations.
Nonetheless, the presence of the discrete series UIR, at the level of the pre-gauged operator
algebra, plays an important role in characterizing the entanglement structure of the theory [112,
113], as well as providing a convenient basis for expressing the wavefunctionals [79, 80, 114].
These pre-Hilbert space states may offer a guiding principle for a microphysical completion
of the theory, as in [43, 44].

The setup in this section may be compared with an analogous one in dS4. At the free level,
the discrete series UIR of SO(1,4)may be realized as the single-particle Hilbert space of (par-
tially) massless gauge fields of spin s, with s= 1,2, . . . (along with their fermionic counterparts
[115]) (see section 3.5). Turning on interactions among these fields, which include the linear-
ized graviton for s= 2, requires that we gauge any residual symmetries, including the SO(1,4)
isometry group of dS4, which is a subgroup of the diffeomorphism group [81, 82]. As such,
non-trivial SO(1,4)UIRs are projected out of the physical Hilbert space of the interacting the-
ory. On its own, the free theory leads to a somewhat misleading picture. For example: a model
that encapsulates these ideas is the Vasiliev theory with Λ> 0 [12, 116], which has an infinite
tower of interacting higher-spin gauge fields in dS4. The gauge-invariant Hilbert space of the
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Vasiliev theory was argued in [44] to be dramatically reduced at the microscopic level. Related
remarks for the theories at hand will be given in section 7.

5.1. Abelian BF-theory

The Abelian BF-theory with compact U(1) gauge group is governed by the action

SBF =
k
4π

ˆ
d2x
√
−gBϵµνFµν , Fµν = ∂µAν − ∂νAµ . (5.2)

Here, B is a real compact scalar field B∼= B+ 2π, and ϵµν is the antisymmetric tensor with
ϵTϑ =+1/

√
−g. The theory is invariant under gauge transformations Aµ→ Aµ + ∂µω with ω

a compact scalar of radius 2π. Although we will consider the theory on the spacetime (2.17),
the action (5.2) is independent of themetric. Also note that similar to the case of Chern–Simons
theory, the parameter k in front of the action is quantized.

The classical equations of motion are given by

∂µB= 0 , □dSϕ = 0 , (5.3)

where we have picked the Lorenz gauge: Aµ ≡ ϵµν∂νϕ. We note that the constant part of ϕ
is absent from the field configuration space, as it does not affect the physical field Aµ. The
second equation in (5.3) is equivalent to that of a free massless scalar field in dS2, i.e. (3.3)
with m2 = 0, but now with the zero-mode removed by construction. The solutions are

ϕ(T,ϑ) = χ
T
2π

+
∑

n∈Z/{0}

ei nϑ

2π

(
αn

sinnT
n

+βn cosnT

)
≈

limT→0−
χ
T
2π

+
∑

n∈Z/{0}

ei nϑ

2π
(Tαn+βn) ,

(5.4)

subject to reality conditions α∗
n = α−n and β∗

n = β−n, and we have singled out α0 ≡ χ. Recall
that β0 is not included in the above sum because the gauge field Aµ is insensitive to the constant
mode of ϕ. Upon quantization, B and ϕ are promoted to quantum operators, and (5.3) become
operator equations. The operator χ is associated to the Wilson loop and forms a canonical
pair with the constant mode of B. Under the decomposition (5.4), one might conclude that the
modes αn and βn can be organised in terms of the D±

∆ UIRs with ∆= 1. χ and the constant
mode of B, which are the only operators that survive the gauge constraints, furnish a singlet
representation of SL(2,R).

Having discussed the transformation properties of the operators B and ϕ, we note that it is
not the case that the physical state space furnishes the ∆= 1 UIRs. Starting from the above-
mentioned pre-Hilbert space, properly imposing the gauge constraints will result in an enorm-
ous reduction of the physical Hilbert space.

5.1.1. Hilbert space of Abelian BF-theory. There are many ways to quantize this theory, but
we will begin with a way that quickly identifies the Hilbert space [117]. This will be done in
temporal gauge, where we set AT = 0. This means we must also impose the constraint gener-
ated by AT at the level of the action, namely:

∂ϑB= 0 . (5.5)
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Let us define χ≡
¸
dϑAϑ, which is the piece of Aϑ invariant under the residual gauge free-

dom Aϑ→ Aϑ + ∂ϑω(ϑ), and b= 1
2π

¸
dϑB. Thus our gauge-fixed action is a simple quantum

mechanical model:

Sg.f.BF =
k
2π

ˆ
dTb χ̇ . (5.6)

Recall that by flux quantization b∼= b+ 2π and moreover, by compactness of the gauge
group χ∼= χ+ 2π. Thus the fields b and χ are canonically conjugate pairs, with commutation
relation:

[χ,b] =
2π i
k

. (5.7)

Because of the compactness of the fields, the well-defined observables are eib and eiχ. We can
work in an eigenspace of the operator eib, which is spanned by square-integrable wavefunctions
Ψn(χ) = ei nχ/

√
2πwith n ∈ Z. Recalling that the operator b=− 2π i

k ∂χ, conjugate toχ, is also
compact, such that ei b = ei(b+2π q) with q ∈ Z. We require that

− 2π i
k ∂χΨn (χ)∼=

(
− 2π i

k ∂χ + 2π
)
Ψn (χ) . (5.8)

The above expression informs us that n should in fact be defined modulo k such that the cor-
rect range is n= 0,1, . . . ,k− 1. Thus the gauge-invariance significantly reduces the Hilbert
space, rendering a naively infinite Hilbert space into one that is k-dimensional, and therefore
incapable of carrying the ∆= 1 UIR. Going back to our original gauge-theoretic variables,
the Hilbert space is spanned by the wavefunctionals

Ψn [Aµ] =
1√
2π

ei n
¸
dϑAϑ , n= 0,1, . . . ,k− 1 , (5.9)

where B=−iδ/δAϑ.

5.2. SL(2,R) BF-theory as JT gravity

We now proceed to SL(2,R) BF-theory. The theory is semi-classically equivalent to a JT
gravity [79, 80, 114] built from gravitational degrees of freedom including a two-dimensional
metric gµν and a scalar ϕ, and it is in these variables that we will analyze the model. The theory
is governed by the following action:

SJT =
1

16πG

ˆ
M
d2x
√
−gϕ

(
R− 2

ℓ2

)
(5.10)

where we take ℓ2 to be positive such that the theory admits dS2 solutions. As described in [79,
80, 118], we may recast the above action as an SL(2,R) gauge theory (in the first order formal-
ism) by combining the zweibein eaµ and the spin-connection ω01 into an SL(2,R) gauge field,
while collecting the field ϕ and additional auxiliary fields (imposing the torsionless condition)
into the adjoint-valued scalar B. Though related, neither the SL(2,R) gauge symmetry, nor any
subgroup thereof, of the BF-theory (5.10) is to be identified with the SL(2,R) isometry of the
dS2 vacuum which is in fact slightly broken by the general classical solution.

The equations of motion stemming from (5.10) are

δϕ : R− 2
ℓ2

= 0 , (5.11)
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δgµν :
(
ℓ2∇µ∇ν + gµν

)
ϕ = 0 . (5.12)

In global coordinates, the solution is

ds2

ℓ2
=
−dT2 + dϑ2

sin2T
, ϕ = γ0 cotT+

(
γ1e

iϑ + γ−1e
−iϑ
)
cscT . (5.13)

The breaking of de Sitter invariance is evidenced by a non-trivial profile for the dilaton ϕ.12

We will parallel the previous section’s discussion on the Abelian BF theory. First we will
pick a gauge where the ∆= 2 discrete series equation of motion appears, allowing for a
description of this UIR, at least at the level of the pre-Hilbert space. Afterwards we will explain
how imposing the gauge constraints significantly cuts down the size of the Hilbert space. To
this end, we parameterize the global dS2 geometry in Weyl gauge as:

ds2

ℓ2
= e2ω(ϑ

+,ϑ−) 4dϑ+dϑ−

sin2 (ϑ+−ϑ−)
, (5.15)

where the solution in (2.17) corresponds to ω(ϑ+, ϑ−) = 0 with T= ϑ+−ϑ− and ϑ= ϑ+ +
ϑ−. Equation (5.11) governing the Weyl factor is then

ℓ2□dSω
(
ϑ+, ϑ−

)
= 1− e2ω(ϑ

+,ϑ−) ≈−2ω
(
ϑ+, ϑ−

)
, (5.16)

where in the second expression we have expanded for small ω(ϑ+, ϑ−) and □dS is the
Laplacian with respect to the metric (5.13), which is the same as (5.15) with ω(ϑ+, ϑ−) = 0.
As noted in [95], this linearized equation governing ω(ϑ+, ϑ−) is the equation of a free scalar
on a fixed dS2 background with a tachyonic mass m2ℓ2 =−2, corresponding to the discrete
series equation for ∆= 2. The non-linear nature of equation (5.16) can be thought of as self-
interactions for the field ω. Therefore, the Weyl gauge here should be thought of as paralleling
the Lorenz gauge in the Abelian BF theory.

In two-dimensions, a local region of the geometry is determined entirely by the Ricci scalar,
so up to global effects, the general solution space to (5.16) must be the set of diffeomorphisms
preserving the Weyl gauge (5.15)

e2ω(ϑ
+,ϑ−) = sin2

(
ϑ+−ϑ−

) ∂+f(ϑ+)∂−g(ϑ−)

sin2 ( f(ϑ+)− g(ϑ−))
, (5.17)

and

ϕ = γ0 cot
(
f
(
ϑ+
)
− g
(
ϑ−))+{γ1ei [f(ϑ

+)+g(ϑ−)] + γ−1e−i [f(ϑ+)+g(ϑ−)]
}
csc
(
f
(
ϑ+
)
− g
(
ϑ−)) .

(5.18)

12 Note that taking the trace of (5.12) leads to

ℓ2□dSϕ
(
ϑ+, ϑ−)

=−2ϕ
(
ϑ+, ϑ−)

, (5.14)

which is a tachyonic free scalar equation with m2ℓ2 =−2. However, since ϕ is subject to a symmetric tensor’s worth
of equations, there are only three linearly independent solutions. We will make further comments on this observation
below, but take note that this is precisely the number of Euclidean zero-modes admitted by the Euclidean continuation
of (5.14).

27



J. Phys. A: Math. Theor. 57 (2024) 025401 D Anninos et al

with f(ϑ+) and g(ϑ−) smooth functions. The classical solution space is therefore labeled by the
modes of the functions f and g, as well as the three parameters γi. In the Abelian BF theory, the
zero-mode of the scalar ϕ in Lorenz gauge was projected out, allowing us to identify candidate
operators that might furnish a ∆= 1 UIR—at least at the level of the pre-Hilbert space. Our
task now is to identify a similar mechanism in this setting, but for ∆= 2, which requires
projecting out three zero-modes.

Which are the zero-modes that must be projected out? The natural candidates are either the
three Killing symmetries of the spacetime, or the three non-isometric conformal-Killing trans-
formations. Of these the former are physical, since the de Sitter invariance of the background
is broken by the dilaton profile, whereas the latter correspond to field redefinitions of Weyl
factor ω, and therefore do not describe physically inequivalent data. We will now show pre-
cisely how this plays out. Starting from the linearized equation (5.16) and using the variables
T= ϑ+−ϑ− and ϑ= ϑ+ +ϑ−, we must solve:

sin2T
(
−∂2

T + ∂2
ϑ

)
ω (T,ϑ) =−2ω (T,ϑ) . (5.19)

The solutions may be expressed in terms of angular modes around the spatial S1, labeled by
n ∈ Z. For n ∈ Z/{−1,0,1}, the solutions are

ω (T,ϑ) =
√
|sinT|

∑
n∈Z/{−1,0,1}

ei nϑ
(
αn

√
2
π
Q3/2

|n|−1/2 (cosT)+βn

√
π

2
P3/2
|n|−1/2 (cosT)

)
,

(5.20)

with α∗
n = α−n and β∗

n = β−n. Near the future boundary T→ 0−, we have two characteristic
behaviors given by ω(T,ϑ)∼ T−1 and ω(T,ϑ)∼ T2. Concretely,

ω (T,ϑ)≈
∑

n∈Z/{−1,0,1}

ei nϑ
(
αn
|n|
(
n2− 1

)
3

T2 +
βn
T

)
. (5.21)

We must treat the n ∈ {−1,0,1} modes separately. These are given by

ω{−1,0,1} (T,ϑ) =
{
α0 (1−TcotT)+ 1

2

(
α−1e

−iϑ +α1e
iϑ
)
(TcscT− cosT)

+β0 cotT+
(
β−1e

−iϑ +β1e
iϑ
)
cscT

}
. (5.22)

Near T∼ 0−, these modes behave as

ω{−1,0,1} (T,ϑ) ≈
T→0−

∑
n∈{−1,0,1}

ei nϑ
(
αn

T2

3
+
βn
T

)
. (5.23)

Due to the reality conditions on ω(T,ϑ), β0 and α0 are real valued. Which of these modes cor-
respond to Killing symmetries, and which correspond to conformal Killing transformations?

To determine this, let us expand the nonlinear solution (5.17) near the future boundary,
where T→ 0−, and we will furthermore choose the slice g(x) = f(x)≡ h(2x). On this slice
one finds :

e2ω(ϑ
+,ϑ−)|bdy = 1+

T2

3

(
2Sch(h(ϑ) ,ϑ)+ 4h ′ (ϑ)

2− 1
)
. . . . (5.24)
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This equation is invariant under the transformation

tanh(ϑ)→ a tanh(ϑ)+ b
c tanh(ϑ)+ d

, ad− bc= 1 , (5.25)

therefore, we see that there are three modes that leave the late time form of the metric invari-
ant. Moreover, these modes are proportional to T2 at late times, suggesting that the αn for
n= {−1,0,1} are associated to the (broken) Killing symmetries, and therefore should not be
discarded.

A clearer exposition, making contact with the discussion around the tachyonic equation of
motion for the ∆= 2 discrete series UIR, can be achieved by repeating the above analysis at
the linearized level. To linear order, the solutions (5.17) are

2ω
(
ϑ+,ϑ−)= ϵ

{
δg ′ (ϑ−)+ δf ′

(
ϑ+)− 2δf

(
ϑ+)cot(ϑ+ −ϑ−)+ 2δg

(
ϑ−)cot(ϑ+ −ϑ−)} ,

(5.26)

where we have taken f(ϑ+) = ϑ+ + ϵδf(ϑ+) and g(ϑ−) = ϑ− + ϵδg(ϑ−). Taking the late-time
limit T→ 0 along the slice δg(x) = δf(x)≡ δh(2x), we gain an equation for the Weyl mode in
terms of the linearized Schwarzian derivative:

ω ≈ 2
3
T2ϵ(δh ′ (ϑ)+ δh ′ ′ ′ (ϑ)) . (5.27)

Expanding δh in modes δh(ϑ) =
∑

n cne
i nϑ, we see that the modes with n= {−1,0,1} do not

change the Weyl factor at late times.

5.2.1. Conformal Killing vectors. We now expect the βn modes for n= {−1,0,1} to be asso-
ciated with conformal Killing transformations. These are field redefinitions of ω, and therefore
are not in the physical phase space, leading us to discard them. To see how this works out, we
study the conformal Killing equation:

∇µξν +∇νξµ = gµν∇ρξ
ρ . (5.28)

For the case of dS2 in global coordinates (2.17) there are six globally well-defined conformal
Killing vectors, smooth with respect to the Euclidean continuation to the two-sphere. Of these,
three are divergence-free Killing vector fields that do not alter the original metric, and are
essentially the three α−1,0,1 zero-modes identified earlier. The remaining three are conformal
Killing vector fields that non-trivially transform the metric Weyl factor. Contracting the con-
formal Killing equation (5.28) with a covariant derivative yields

ℓ2□dSξν =−ξν , (5.29)

from which it follows that

ℓ2□dS∇µξ
µ =−2∇µξ

µ . (5.30)

Upon identifying ω =∇µξµ, this is precisely the linearized form of (5.19). The three globally
well-defined conformal Killing vector fields are given by (labeling vector fields as V≡ Vµ∂µ)

ξ1 = ∂T , ξ2 = cosTsinϑ∂T+ cosϑsinT∂ϑ , ξ3 = cosTcosϑ∂T− sinϑsinT∂ϑ . (5.31)
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Their corresponding, non-vanishing, divergence is

ω =∇µ (a1 ξ
µ
1 + a2 ξ

µ
2 + a3 ξ

µ
3 ) = β0 cotT+

(
β−1e

−iϑ +β1e
iϑ
)
cscT , (5.32)

where β0 =−2a1, β±1 =−a3∓ ia2. These are the β±1 and β0 modes in (5.22), which we
can now interpret as the subset of globally well-defined conformal Killing vector fields. We
thus interpret the three βn modes of (5.22) in terms of a residual redundancy in the Weyl
parameterization (5.15).

Thus, just as removing the constant part of ϕ (β0 in (5.4)) whenworking in the Lorenz gauge
Aµ = ϵµν∂νϕ in the Abelian U(1) BF-theory was necessary so as to not overcount field con-
figurations; failure to remove the β−1,0,1 modes from the configuration space of Weyl factors,
would lead to an overcounting of field configurations13.

The three remaining αn modes are then naturally paired to the three modes γn of the dilaton
solution space (5.13). This again mirrors the story in the U(1) BF example. There, the canon-
ical pairing was between the constant part of B and the Wilson Loop operator α0 ≡ χ. Indeed,
a canonical analysis reveals that−4π∂Tω is momentum conjugate to ϕ [92], and the αn modes
have an appropriate Poisson bracket algebra with the γn modes of (5.13). Under the action of
the Killing isometries, the triplets furnish a three-dimensional, and hence non-unitary, irredu-
cible representation of SL(2,R).

5.2.2. Hilbert space of dS2 JT gravity. Upon quantizing the JT gravity theory (5.10), the
fields ϕ(T,ϑ) and gµν(T,ϑ) are promoted to operators. The wave equation (5.19) becomes
an operator equation governing ω(T,ϑ). As we have just shown, the operator modes in the
decomposition (5.20) furnish a ∆= 2 irreducible representation of SL(2,R). The operators
αn and βn, for n ∈ Z/{−1,0,1}, appearing in (5.20) constitute a basis for the representation.
The highest- and lowest-weight towers are labeled by quantum numbers n= 2,3, . . . and n=
−2,−3, . . . as expected. The operators αn with n ∈ {−1,0,1} are naturally paired up with the
three modes γn associated to ϕ in (5.13). As mentioned, these furnish a three-dimensional
non-UIR of SL(2,R).

But as in the Abelian BF-theory, although the operator algebra furnishes the ∆= 2 rep-
resentation, the physical Hilbert space is much smaller. This reduction arises when the gauge
constraints of the BF theory are properly imposed. Instead, the Hilbert space is spanned by
a family of states parameterized by a single real parameter, indicating a Hilbert space of a
quantum mechanical, rather than quantum field theoretic, nature. Concretely, one can con-
sider the problem in the Schrödinger picture, as we did for the U(1) BF-theory in (5.9). Here,
one studies wavefunctionals ΨΣ[h(u),ϕ(u)] of the induced metric h(u) and dilaton field ϕ(u)
on a Cauchy surface whose points are labeled by u. The wavefunctions are subject to the con-
straints of the JT theory. As shown in [79, 80, 114, 121], one can solve the constraints exactly.
The spatial diffeomorphism redundancy allows us to pick a gauge of constant ϕ(u) = ϕ0. In
addition one must impose the associated momentum constraint on the wavefunctions. Prior to
doing so, the wavefunctions are functionals of the boundary metric h(u). (In the AdS2 context,
this would be the functional of the Schwarzian mode [119].) The momentum constraint further
enforces that the ΨΣ[h(u),ϕ0] are functions of the constant mode of h(u) only (see appendix

13 It follows that the configuration space of the boundary values ofω(T,ϑ) should be understood in terms of a quotient
space of the set of all boundary metrics modulo the SL(2,R) redundancy, a feature that has prominently appeared in
the AdS2 considerations of the model [119, 120]. This echoes naturally with the group theoretic necessity of removing
the three modes n= {−1,0,1} from the ∆= 2 discrete series UIR.
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C of [92] for example). Thus, the physical state-space of the SL(2,R) BF-theory on a global
spatial slice is insensitive to the ∆= 2 conformal operators stemming from (5.20).

5.3. SL(N,R) BF-theory, briefly

Our discussion permits a direct generalization to the SL(N,R) BF-theory. We comment on this
case briefly here, and leave a general analysis to future work. The SL(N,R)BF-theory has been
studied in [77, 78, 84, 85] as a higher-spin extension of JT gravity. Provided the SL(2,R) is
principally embedded in the SL(N,R) gauge group, the theory contains a spectrum of fields of
spin s= 2,3, . . . ,N. These can be viewed as decomposing the adjoint representation of sl(N,R)
into traceless and symmetric sl(2,R) tensors as follows:

ta =⊕N−1
k=1 t

A1...Ak , a= 1, . . . ,N2− 1 , (5.33)

where ta is a generator of sl(N,R) in the adjoint, and the tA1...Ak are rank-k traceless symmetric
tensors of sl(2,R), each with (2k+ 1) components, such that the sum gives a total of N2− 1
components. This is indeed the dimension of the adjoint representation of sl(N,R).

The gravitational subsector of the theory is captured by the SL(2,R)⊂ SL(N,R) embed-
ding, and the models admit a (near) dS2 vacuum solution. The equation governing fluctuations
(in a suitably chosen gauge) about the dS2 vacuum generalizes (5.16) to the following collec-
tion of fluctuation equations [85]

ℓ2□dSωs (T,ϑ) = s(1− s)ωs (T,ϑ) , s= 2,3, . . . ,N . (5.34)

The Schwarzian boundary mode is extended to an SL(N,R) version. The three-redundant
modes observed in the SL(2,R) case are replaced by (2s+ 1) redundant modes for each s.
As for the previous cases, although there are operators furnishing the discrete series UIRs for
∆= 2,3, . . . ,N the state-space of the theory does not. The details of this will be presented in
future work. At N→∞ the gauge-symmetry is generated by an infinite dimensional higher-
spin algebra [78], which is an extension of the N→∞ limit of SL(N,R), reminiscent of the
algebra governing four-dimensional Vasiliev theory [12, 116].

6. Structures at I+, contact terms, and gravitational constraints

The purpose of this section is to present certain important structures that arise when consider-
ing matter-field observables coupled to gravity. Specifically, we will show how to implement
the gauge constraints on the late-time matter-field observables, and the implications that arise
as a result of imposing these constraints. Throughout the section, we work in the semiclassical
limit, where the fluctuations of the metric field are suppressed. Nevertheless, quantum gravity
will play a role inasmuch as it requires us to impose the gauge constraints on the matter. These
constraints are of particular importance for the theories discussed in the previous section 5,
which realise the discrete series UIR in the pre-Hilbert space of a gauge theory. The import-
ance of gravitational constraints were pointed out in early work [23, 81, 82, 122, 123], and
explored more recently in [44, 124, 125].

To construct gauge-invariant observables at the late-time boundary, we will consider
expectation values of conformal operators (made out of matter fields) integrated over the late-
time spatial slice. Thus, the implementation of the diffeomorphism constraints is performed at
the late-time conformal boundary, in a similar way to how vertex operators are integrated over
the string worldsheet in order to construct operators invariant under the Virasoro constraints.
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Because we advocate integrating over the spatial slice, it will be crucial to keep track of any
and all contact terms that arise in late-time (pre-integrated) dS2 correlation functions. We thus
start with a discussion on the allowed structures present in late-time correlation functions.

6.1. Allowed structures for correlators on I+

In dS2, the future boundary is conformal to an S1, and conformal operators on the conformal
circle transform as described in (3.2):[

L̂0,O∆,n

]
= nO∆,n ,

[
L̂±,O∆,n

]
= (n±∆)O∆,n±1 . (6.1)

This is the type of setup imagined in dS/CFT where it is posited that interacting quantum
fields on a de Sitter background reorganize themselves into a Euclidean CFT on the future
boundary at I+. We can combine this collection of operators into a single object called a local
quasi-primary field

O∆ (ϑ)≡
∑
n

O∆,n
e−inϑ

√
2π

, (6.2)

which transforms covariantly under SL(2,R) coordinate transformations

O∆ (ϑ)→
(
∂ϑ ′

∂ϑ

)∆

O∆ (ϑ ′) , tan
ϑ ′

2
=
a tan ϑ

2 + b

c tan ϑ
2 + d

, (6.3)

with (a,b,c,d) ∈ R and det

(
a b
c d

)
= 1. The three generators that exponentiate to form the

group elements are:

eiλH←→
(
1 λ
0 1

)
, eiλK←→

(
1 0
−λ 1

)
, eiλD←→

(
1+ λ

2 0
0 1

1+λ
2

)
, (6.4)

and the action of these generators on a quasi-primary field of dimension ∆ is

H≡ 2icos
ϑ

2

[
∆ sin

ϑ

2
− cos

ϑ

2
∂ϑ

]
, (6.5)

K≡−2isin ϑ
2

[
∆ cos

ϑ

2
+ sin

ϑ

2
∂ϑ

]
, (6.6)

D≡−i [∆ cosϑ+ sinϑ∂ϑ] . (6.7)

These Hermitian generators are related to the complexified ones described previously via the
relationship

H= L0−
1
2
(L+ +L−) , K= L0 +

1
2
(L+ +L−) , D=− i

2
(L+−L−) , (6.8)

where the operators

L0 =−i∂ϑ , L± = e∓iϑ (∓∆− i∂ϑ) , (6.9)

generate the algebra of SL(2,R) as given in (2.6).
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Under this general structure correlation functions of quasi-primary operators transform as
expected, namely

⟨O∆1 (ϑ1)O∆2 (ϑ2) . . .O∆n (ϑn)⟩=

[
n∏

i=1

(
∂ϑ ′

∂ϑ

)∆i
∣∣∣∣∣
ϑ=ϑi

]
⟨O∆1 (ϑ

′
1)O∆2 (ϑ

′
2) . . .O∆n (ϑ

′
n)⟩ .

(6.10)

and if the underlying theory is invariant under SL(2,R) transformations, then the correlation
functions must be invariant as well. We will now raise some points which, to our knowledge,
have not previously been highlighted in the literature.

6.1.1. Two-point function. In general treatments on conformal field theory, one determines
that invariance under (6.10) entirely fixes the two point function of quasi-primary operators:

⟨O∆1 (ϑ1)O∆2 (ϑ2)⟩=


c12[

sin2
(

ϑ1−ϑ2
2

)]∆1+∆2
2

, ∆1 =∆2

0 , ∆1 ̸=∆2

(typical) . (6.11)

This above statement presupposes that no local contact terms contribute to the correlation
function of two operators. The logic behind this reasoning stems from the formulation of CFT
in Euclidean signature. In this setting, contact terms in correlation functions correspond to
ultraviolet ambiguities in the definition of the local operator O∆(ϑ).

The setting for dS/CFT is different. Correlation functions at the future boundary encode
the entire bulk history. As we will soon demonstrate in an example, local contact terms in
correlation functions can now arise naturally from the bulk Heisenberg algebra of quantum
fields. Therefore they are not UV ambiguities, but rather, are fixed by the canonical structure
of the bulk Hilbert space. With this in mind, we present the most general structure allowed for
a two-point function which is invariant under (6.10):

⟨O∆1 (ϑ1)O∆2 (ϑ2)⟩=


a12 δ (ϑ1−ϑ2) , ∆1 = 1−∆2

b12 g∆1+∆2 (ϑ1−ϑ2)+
c12[

sin2
(

ϑ1−ϑ2
2

)]∆1+∆2
2

, ∆1 =∆2

0 , otherwise

.

(6.12)

The function g∆ only contains contact terms

g∆ (ϑ) =



δ (ϑ) , ∆= 1

δ ′ (ϑ) , ∆= 2

δ ′ ′ (ϑ)+ δ(ϑ)
4 , ∆= 3

δ ′ ′ ′ (ϑ)+ δ ′ (ϑ) , ∆= 4

δ(4) (ϑ)+ 5
2δ

′ ′ (ϑ)+ 9
16δ (ϑ) , ∆= 5

δ(5) (ϑ)+ 5δ ′ ′ ′ (ϑ)+ 4δ ′ (ϑ) , ∆= 6
...

. (6.13)

Crucially, the contact term proportional to a12 in (6.12) occurs when an operator is paired with
an operator in a shadow representation. For principal series operators, this means we have
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paired an operator with its complex conjugate. It is worth noting that the late-time behavior of
the discrete series two-point function (3.48) is in tension with the structures present in (6.12).

6.1.2. Three-point function. In a similar vein to the discussion above, standard CFT treat-
ments state that invariance under (6.10) also completely fixes the three point function:

⟨O∆1 (ϑ1)O∆2 (ϑ2)O∆3 (ϑ2)⟩

=
c123[

sin2
(
ϑ1−ϑ2

2

)]∆1+∆2−∆3
2

[
sin2

(
ϑ1−ϑ3

2

)]∆1+∆3−∆2
2

[
sin2

(
ϑ2−ϑ3

2

)]∆2+∆3−∆1
2

(typical) .

(6.14)

Again, this presupposes that none of the points are coincident. Allowing for contact terms, we
find

⟨O∆1 (ϑ1)O∆2 (ϑ2)O∆3 (ϑ2)⟩= c123

b12 g∆1+∆2−∆3 (ϑ1 −ϑ2)+

[
sin2

(
ϑ1 −ϑ2

2

)]−∆1+∆2−∆3
2


×

b13 g∆1+∆3−∆2 (ϑ1 −ϑ3)+

[
sin2

(
ϑ1 −ϑ3

2

)]−∆1+∆3−∆2
2


×

b23 g∆2+∆3−∆1 (ϑ2 −ϑ3)+

[
sin2

(
ϑ2 −ϑ3

2

)]−∆2+∆3−∆1
2

 ,

(6.15)

and the function g∆ is given in (6.13). One must exercise care when using this expression, as
wemust tune the coefficients such that the correlation functionmake sense as in a distributional
sense.

As we will now demonstrate, these contact terms can unambigulously arise at the late time
boundary of de Sitter. We will demonstrate this by considering the correlation functions of a
free field in the principal series.

6.2. Contact terms in the two-point function

Let us now return to the setting of a free-principal series field, with ∆= 1
2 (1+ iν) as in

section 3.2. There, we introduced the bulk scalar field ϕ(τ,ϑ) and its canonical conjugate

π (τ,ϑ) = coshτ ∂τϕ , (6.16)

subject to the quantization condition (3.18)

[ϕ(τ,ϑ) ,π (τ,ϑ ′)] = iδ (ϑ−ϑ ′) . (6.17)

The late-time behavior of this free field operator is

lim
τ→∞

ϕ(τ,ϑ)≈ e−∆τO∆ (ϑ)+ e−(1−∆)τO†
∆ (ϑ) , (6.18)

lim
τ→∞

π (τ,ϑ)≈−1
2

[
∆e(1−∆)τO∆ (ϑ)+ (1−∆)e∆τO†

∆ (ϑ)
]
, (6.19)
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where the operator O∆(ϑ) and its complex conjugate O†
∆(ϑ) transform as conformal quasi-

primary operators in the principal series with weight 1
2 (1+ iν) and 1

2 (1− iν) respectively [30,
31]. Recalling the definitions (3.9)–(3.12) we write these operators as follows:

O∆ (ϑ) =
Γ
(
1
2 −∆

)
2π

∞∑
n=−∞

[
a∆n e

i(αn+βn)−iπ2 (∆−|n|)−inϑ + a∆†
n e−i(αn−βn)+iπ2 (∆−|n|)+inϑ

]
,

(6.20)

O†
∆ (ϑ) =

Γ
(
∆− 1

2

)
2π

∞∑
n=−∞

[
a∆n e

i(αn−βn)−iπ
2
(1−∆−|n|)−inϑ + a∆†

n e−i(αn+βn)+iπ
2
(1−∆−|n|)+inϑ

]
,

(6.21)

where we have defined the following phase:

e2iβn =
Γ(∆− |n|)

Γ(1−∆− |n|)
. (6.22)

Given (6.17), we must have that[
O∆ (ϑ) ,O†

∆ (ϑ ′)
]
=

i

∆− 1
2

δ (ϑ−ϑ ′) =
2
ν
δ (ϑ−ϑ ′) , (6.23)

as one can check using the algebra of creation and annihilation operators. As a result of this
rigid structure, one readily finds:

⟨Ω|O∆ (ϑ)O†
∆ (ϑ ′) |Ω⟩=

1+ coth
(
πν
2

)
ν

δ (ϑ−ϑ ′) , (6.24)

⟨Ω|O∆ (ϑ)O∆ (ϑ ′) |Ω⟩=
Γ(∆)Γ

(
1
2 −∆

)
4π3/2

[
sin2

(
ϑ−ϑ ′

2

)]−∆

. (6.25)

Notably, the contact term is rigid, stemming from the canonical quantization condition
imposed on the bulk scalar field ϕ, reproducing the structure in (6.12).

There is a related discontinuity that one can extract when bulk operators are null separated.
This can be seen in the Wightman two-point function, which for a free theory reads

⟨Ω|ϕ(τ,ϑ)ϕ(τ ′,ϑ ′) |Ω⟩= Γ(∆)Γ(1−∆)

4π 2F1

(
∆,1−∆,1,1− u

2

)
, (6.26)

where

u= 1+ sinhτ sinhτ ′− cos(ϑ−ϑ ′)coshτ coshτ ′ . (6.27)

The two-point function (6.26) exhibits a branch cut along u= 0, that is, for null-separated
points, which results in a discontinity across the cut as we approach from a spacelike direction
(u→ 0+), or a timelike direction (u→ 0−):(

lim
u→0−

− lim
u→0+

)
⟨Ω|ϕ(τ,ϑ)ϕ(τ ′,ϑ ′) |Ω⟩=− i

4
. (6.28)
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One can further compute

⟨Ω|ϕ(τ,ϑ)π (τ ′,ϑ ′) |Ω⟩= Γ(∆)Γ(1−∆)

4π
coshτ ′∂τ ′ 2F1

(
∆,1−∆,1,1− u

2

)
. (6.29)

For the above correlator, the singular behavior extends along the light-cone from the δ-function
singularity on the equal time slice (6.17). This singular structure will be present in the operator
algebra of any interacting quantum field theory on a rigid de Sitter background.

6.3. Contact terms in higher-point functions

The operator algebra (6.23), or somewhat more concretely (6.17), persists in an interacting
theory. Consequently, higher point functions must obey these operator algebras. For perturb-
atively small interactions, the operators O∆(x) and O†

∆(x) remain good conformal operators
up to small corrections. Take, for example, an equal-time 2n-point function

G(2n) (ϑ1, . . . ,ϑn;ϑn+1, . . . ,ϑ2n)≡ ⟨Ω|
n∏

i=1

O∆ (ϑi)
n∏

i=1

O†
∆ (ϑn+i) |Ω⟩ . (6.30)

The above correlation function will be invariant under permutations of X1 = {ϑ1, . . . ,ϑn} and
X2 = {ϑn+1, . . . ,ϑ2n}. However, exchanging elements between X1 and X2 leads to non-trivial
structure. For example, at tree level order we have

⟨Ω|

(
n−1∏
i=1

O∆ (ϑi)

)[
O∆ (ϑn) ,O†

∆ (ϑn+1)
]( n∏

i=1

O†
∆ (ϑn+i)

)
|Ω⟩

=
2
ν
δ (ϑn−ϑn+1)×G(2n−2) (ϑ1, . . . ,ϑn−1;ϑn+2, . . . ,ϑ2n) , (6.31)

Relations such as the above, which follow from the Lorentzian canonical nature of the bulk
de Sitter theory, are an important structural feature of the space of correlation functions at the
late-time surface.

6.4. Integrated operators and gravity

We now consider what happens when we couple the quantum field theory in question to grav-
ity, bearing in mind the aforementioned contact terms. Let us assume the existence of a semi-
classical gravitational theory, which permits a de Sitter solution with small fluctuations. This
might be, for example, a de Sitter version of JT gravity coupled to matter fields [92–94] or
two-dimensional gravity with Λ> 0 coupled to a CFT with a large positive central charge as
in [89, 91].

For the sake of simplicity, we take the matter theory to have a pair of free massive scalars
ϕ and ϕ̃, each with ∆= 1

2 (1+ iν). Observables must be diffeomorphism invariant, and con-
sequently also de Sitter invariant since the SL(2,R) de Sitter isometries are a subgroup of the
diffeomorphism group. On the late-time surface at I+, we require that the invariant operat-
ors are SL(2,R) invariant with respect to the conformal transformations of the boundary S1.
Recalling that the one-form dϑ transforms with weight minus one, this can be achieved by
integrating an operator of weight ∆= 1 over the boundary direction. One such example of a
non-Hermitian boundary operator invariant under the residual SL(2,R), we take

Ograv
∆ =

ˆ 2π

0
dϑ :O∆ (ϑ)Õ†

∆ (ϑ) : , (6.32)
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where O∆(ϑ) and Õ∆(ϑ) are two distinct principal series conformal operators as in (6.20),
transforming with∆= 1

2 (1+ iν). One can also build de Sitter invariant states. One of them is
the Bunch–Davies vacuum |Ω⟩. Acting withOgrav

∆ on |Ω⟩ yields a de Sitter invariant state, but
one that is not normalizable. Amore systematic way of constructing de Sitter invariant states is
discussed in [81–83, 125] and specifically for dS2 in [23]. We can consider expectation values
of de Sitter invariant operators. For instance,

⟨Ω|Ograv
∆ O

grav
∆ |Ω⟩=

csch(πν)
4πν

ˆ
S1×S1

dϑdϑ ′

sin2
(
ϑ−ϑ ′

2

) . (6.33)

The above expression is divergent and sensitive to the coincident point limit but avoids the
appearance of any contact terms. Additionally, this expression, and corresponding higher-point
correlation functions, are of the type that appears when considering open string amplitudes on
the disk. To regularize the integral, we can consider a point-splitting cutoff as in [126, 127],
namely whenever the points collide we split them by a small amount ε. Specifically, we define

x≡ ϑ+ϑ ′

2
y≡ ϑ−ϑ ′ , (6.34)

and write

⟨Ω|Ograv
∆ O

grav
∆ |Ω⟩reg. =

csch(πν)
4πν

ˆ 2π− ε
2

ε
2

dx

(ˆ −ε

−x

dy

sin2 y
2

+

ˆ x

ε

dy

sin2 y
2

)
,

≈
ε→0

4csch(πν)
ν

(
1
ε
− 1

2π
+O(ε)

)
. (6.35)

which diverges linearly in ε. Higher-point functions will exhibit the same type of divergence.
We can compare the structure of the SL(2,R) invariant gravitational correlators in dS2 to

the invariant volume of SL(2,R), as computed in [127]:

volSL(2,R) =
1
32

ˆ
S1×S1×S1

dφ1dφ2dφ3

|sin φ1−φ2
2 sin φ1−φ3

2 sin φ2−φ3
2 |

. (6.36)

Upon regularization we note the same linear divergence as for (6.35). The work of [127] goes a
step further (at least in the context of open string theory) and argues, based onWeyl invariance,
that one can meaningfully extract a constant term from volSL(2,R), which turns out to be
−π2/2.

If one were concerned with the non-Hermiticity of the operators Ograv
∆ defined above, we

may also build the analogous diffeomorphism invariant operators out of the late-time operators
of a single field in order to analyze the contribution of the contact term (6.25). In this case we
take

Qgrav
∆ =

ˆ 2π

0
dϑ :O∆ (ϑ)O†

∆ (ϑ) : , (6.37)

leading to:

⟨Ω|QgravQgrav|Ω⟩= csch(πν)
4πν

ˆ
S1×S1

dϑdϑ ′

sin2
(
ϑ−ϑ ′

2

) + csch2
(
πν
2

)
ν2

ˆ
S1×S1

dϑdϑ ′ δ2 (ϑ−ϑ ′) .

(6.38)
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A very similar calculation to (6.35) yields14

⟨Ω|QgravQgrav|Ω⟩ ≈
ε→0

4csch(πν)
ν

(
1
ε
+
π

ν
coth

(πν
2

)
δ (0)− 1

2π

)
+O(ε) . (6.39)

The contact term contribution, unlike the contribution of separated points, has not been pre-
viously discussed in the context of the volume of SL(2,R). Nonetheless, upon replacing the δ
function with a limiting Gaussian, it has a similar linearly divergent behavior. The suggestion
that this too could be an appearance of the volume of the group, and therefore regularizable in
the same way is intriguing.

It seems any such gravitational correlators built out of Hermitian combinations of these
late-time operators ((6.37) is one example) must include contractions between O and O† and
so cannot avoid contributions from these types of contact terms. The situation is reversed in the
case of correlators built from late-time operators for complementary series fields, as detailed
in [31], the operators for ∆ ∈

(
0, 12
)
are

lim
τ→∞

ϕ∆ (τ,ϑ) = e−τ∆α∆ (ϑ)+ e−(1−∆)τβ1−∆ (ϑ) . (6.40)

The operators α and β are Hermitian, but contact terms, such as the ones described above, can
only arise in correlators that mix α and β. This implies that integrated gravitational correlators
can be constructed of Hermitian observables that do not encounter contact terms, for example,
for ∆= 1/2 the two-point function of

Agrav =

ˆ
S1
dϑ : α 1

2
(ϑ)α 1

2
(ϑ) : , (6.41)

will be free of contact term singularities.
To recap: the implementation of gravitational constraints in this way renders observables

diffeomorphism invariant at the expense of locality. This is not to say that quasi-local physics
is doomed. Since recent observations suggest that an exponentially expanding Universe is a
good model for the cosmological era we are currently entering, we must reflect on how one is
to describe the quasi-local physics of everyday experience. Perhaps the quasilocal description
emerges in a relational sense, much like the relation between an observer’s physical orientation
relative to the chair they are reading this paper in.

7. Microphysical outlook: a holographic proposal

We would like to end our discussion by pointing out a microphysical model whose operator
content furnishes an infinite tower of discrete series UIRs, namely D±

s with s= 2,4, . . . and
moreover has an infinitely large symmetry: The q= 2 SYK model, whose Hamiltonian gov-
erns N quantum mechanical Majorana fermions ψi, with i = 1, . . . ,N subject a random two-
body interaction [120, 128, 129]. Although free, the model exhibits an emergent conformal
symmetry at low energies and the operator spectrum can be organised in terms of their prop-
erties under SL(2,R). The discrete series operators take the form O∆(ϑ) = ψi ∂

∆−1
ϑ ψi with

∆= 2,4, . . . We discuss the potential role of O∆ in terms of a microphysical completion of
a dS2 theory endowed with an infinite tower of higher-spin fields—a de Sitter version of the
theories discussed in [77, 78, 84, 85].

14 We make the substitution
´
S1×S1 dϑdϑ

′ δ2(ϑ−ϑ ′) = 2πδ(0), for reasons we hope are not too obscure.
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7.1. The q=2 SYK model

The general q SYK model describes N Majorana fermions ψi interacting via a q-body inter-
action. Following [120, 128], the Euclidean action is given by

SUV =

ˆ
S1
dϑ

1
2
ψi∂ϑψi− iq/2

∑
1⩽i1<i2<···<iq⩽N

Ji1...iqψi1 . . .ψiq

 , (7.1)

where the factor of iq/2 in (7.1) is required by Hermiticity, and the couplings Ji1...iq are sampled
from a Gaussian with zero mean and variance〈

J2i1...iq

〉
=
J2 (q− 1)!

Nq−1
, (7.2)

where J has units of energy and characterizes the variance of the distribution on Ji1...iq . The
coordinate ϑ∼ ϑ+ 2π is a coordinate on a Euclidean S1 which is meant to evoke the boundary
coordinate of global dS2. We can obtain an effective, disorder-averaged theory by integrating
in a bilocal field G(ϑ,ϑ ′) given by the fermionic two-point function

G(ϑ,ϑ ′) =
1
N

N∑
i=1

⟨Tψi (ϑ)ψi (ϑ ′)⟩ . (7.3)

Here T signifies Euclidean time ordering. Integrating over both the couplings Ji1...iq and the
fermions leads to the effective action

SeffUV =−N
2
logdet(∂ϑ−Σ)+

N
2

ˆ
S1×S1

dϑdϑ ′
[
Σ(ϑ,ϑ ′)G(ϑ,ϑ ′)− J2

q
G(ϑ,ϑ ′)

q
]
. (7.4)

Because of the anticommuting fermions, the bilocal field must obey G(ϑ,ϑ ′) =−G(ϑ ′,ϑ).
The saddle point equations are given by

∂ϑG(ϑ,ϑ ′)−
ˆ
S1
dυΣ(ϑ,v)G(υ,ϑ ′) = δ (ϑ−ϑ ′) , Σ(ϑ,ϑ ′) = J2G(τ,τ ′)

q−1
. (7.5)

At low energies, we can drop the local derivative term and are left, focusing on q= 2, with the
following equation of motion:

J2
ˆ
S1
dυG(ϑ,υ)G(υ,ϑ ′) =−δ (ϑ−ϑ ′) . (7.6)

As does the general q-body SYK model, the q= 2 theory exhibits a reparameterization invari-
ance

ϑ→ f(ϑ) , G(ϑ1,ϑ2)→ [f ′ (ϑ1)]
1/2

G( f1, f2) [f
′ (ϑ2)]

1/2
, (7.7)

where f(ϑ) is a monotonic map. The fermion operators ψi transform as primaries of scaling
dimension ∆= 1/2. The saddle point solution is given by

G(cl) (ϑ1,ϑ2) =
1

2π J
sin−1 ϑ1−ϑ2

2
, (7.8)
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and at low energies all reparameterizations (7.7) of the above are also solutions. The low
energy sector of the model contains a tower of conformal primary operators O∆(ϑ) =
N−1∑

i ψi ∂
∆−1
ϑ ψi, for∆ ∈ 2Z+, where∆= 2,4, . . . are the respective conformal dimensions.

Had we considered complex fermions, we would have ∆p = p for all positive integers.
The presence of an infinite tower of conformal operators, each of integer weight, is sug-

gestive of an integrable structure with an infinite enhancement of symmetries. We now show
this is indeed the case.

7.2. Infinite symmetries of the q=2 SYK model

The saddle point equation (7.6) is reminiscent of matrix multiplicationG ·GT =−J−21which
is invariant under

G→ O ·G ·OT (7.9)

with O an orthogonal matrix. The Lie algebra of the orthogonal matrices is spanned by the
skew-symmetric matrices. In the continuum case, O is replaced by a function of two times,
and each time coordinate serves the purpose of a continuous matrix index. We thus observe
that (7.6) is invariant under the transformation

G(ϑ,ϑ ′)→
ˆ
S1×S1

dυdζO(ϑ,υ)G(υ,ζ)O(ϑ ′, ζ) , (7.10)

where O(ϑ,ϑ ′) satisfies

ˆ
S1
dυO(ϑ,υ)O(ϑ ′,υ) = δ (ϑ−ϑ ′) . (7.11)

At the infinitesimal level, we can expand O(ϑ,υ) = δ(ϑ,υ)+ ξ(ϑ,υ), where it follows
from (7.11) that ξ(ϑ,υ) is an anti-symmetric function ξ(ϑ,υ) =−ξ(υ,ϑ). To first order in
ξ(ϑ,υ), we find that the transformation of G is

δξG(ϑ,ϑ ′) =

ˆ
S1
dυ (ξ (ϑ,υ)G(υ,ϑ ′)−G(ϑ,υ)ξ (υ,ϑ ′)) . (7.12)

We can determine the commutator of two such transformations by computing [δξ ′ , δξ]≡
δξ ′δξ − δξδξ ′ . A little algebra reveals

[δξ ′ , δξ] = δξ ′◦ξ (7.13)

where

[ξ ′ ◦ ξ] (ϑ,ϑ ′)≡
ˆ

dυ [ξ ′ (ϑ,υ)ξ (υ,ϑ ′)− ξ (ϑ,υ)ξ ′ (υ,ϑ ′)] . (7.14)

The commutator of an infinitesimal reparameterization or ϑ, which is (7.7) with f(ϑ) = ϑ+
ε(ϑ), with an orthogonal generator [δε, δξ] yields
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[δε, δξ]G
(
ϑ,ϑ ′)= ˆ

S1
dυ

[
(ε(ϑ)∂ϑ + ε(υ)∂υ)ξ (ϑ,υ)+

ε ′ (ϑ)+ ε ′ (υ)

2
ξ (ϑ,υ)

]
G
(
υ,ϑ ′)

−
ˆ
S1
dυG(ϑ,υ)

[(
ε(υ)∂υ + ε

(
ϑ ′)∂ϑ ′

)
ξ
(
υ,ϑ ′)+ ε ′ (υ)+ ε ′ (ϑ ′)

2
ξ
(
υ,ϑ ′)] ,

(7.15)

which is the action of a reparameterized ξ. As for the reparameterization symmetries,
although (7.10) is a symmetry of the strict low energy action, it is broken by the leading irrel-
evant contribution to the effective action

SeffUV =
N
2

ˆ
S1×S1

dϑdϑ ′ δ (ϑ−ϑ ′)∂ϑG
(cl) (ϑ,ϑ ′) , (7.16)

=
N

4π J

ˆ
S1×S1

dϑdϑ ′ δ (ϑ−ϑ ′)∂ϑ

ˆ
S1×S1

dυdζ
O(ϑ,υ)O(ϑ ′, ζ)

sin υ−ζ
2

, (7.17)

which diverges at coincident points. Extracting the soft mode action from this divergence can
be done by a heuristic point-splitting analysis (see section 3 of [130]) where we split the coin-
cident points by a small amount δε. We find the following contribution

Seffbreaking =
N

2π J

ˆ
S1×S1

dϑdν

[
p.v.
ˆ

dξ
sinξ

O(ϑ+ δε,ν+ ξ)∂ϑO(ϑ,ν− ξ)
]
, (7.18)

where p.v. denotes the Cauchy principal value. The above is reminiscent of the contribution to
the soft-mode sector in SYK theories with global symmetries [130, 131]. In the case at hand,
these will give rise to an infinite enhancement of the soft sector.

Although many of the transformations (7.10) lead to a non-vanishing soft-mode action and
are consequently softly broken, the SYK model with q= 2 has an infinite number of physical
symmetries due to the fact that the underlying theory is free. This is most easily seen from the
perspective of the Euclidean fermionic action

SUV =
1
2

ˆ
S1×S1

dϑdϑ ′ψi (ϑ)δ (ϑ−ϑ ′)(δij∂ϑ ′ − i Jij)ψj (ϑ ′) , (7.19)

where the couplings Jij =−Jji are sampled from a Gaussian with zero mean and variance〈
J2ij
〉
= J2/N. For any given realization of the couplings, the following non-local transforma-

tion

ψi (ϑ)→
ˆ
S1
dϑ ′Qij (ϑ,ϑ

′)ψj (ϑ
′) , (7.20)

transforms the action as follows

SUV =
1
2

ˆ
(S1)4

dϑdϑ ′dϑ ′ ′dϑ ′ ′ ′Qil
(
ϑ,ϑ ′ ′)ψl (ϑ ′ ′)δ (ϑ−ϑ ′)(δij∂ϑ ′ − i Jij)Qjk

(
ϑ ′,ϑ ′ ′ ′)ψk (ϑ ′ ′ ′) .

(7.21)
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Thus for Qij(ϑ,ϑ
′)’s satisfying

ˆ
S1×S1

dϑdϑ ′δ
(
ϑ−ϑ ′)Qil

(
ϑ,ϑ ′ ′)(δij∂ϑ ′ − iJij

)
Qjk
(
ϑ ′,ϑ ′ ′ ′)= δ

(
ϑ ′ ′ −ϑ ′ ′ ′)(δlk∂ϑ ′ ′ ′ − iJlk) ,

(7.22)

we have a symmetry of the action.
Ordinarily, non-local field transformations are not permitted but here we are viewing ϑ

as a coordinate on the future spacelike boundary of dS2. As such, the locality properties of
fields can be relaxed. At low energies, and upon averaging over the couplings the above sym-
metry becomes (7.10) and (7.11). What we see here is that the infinite low energy symmetry
is deformed into an infinite symmetry of the ultraviolet fermionic theory.

7.3. Higher-spin dS2 dual?

We have seen that the q= 2 model displays a highly symmetric low energy sector encoding
an infinite tower of conformal primaries O∆ with ∆ ∈ 2Z+. It is tempting to suggest that the
O∆ are captured by an underlying dS2 theory with an infinite tower of operators in the discrete
series UIR, echoing ideas expressed for the AdS2 case in [78, 132]. A potentially relevant class
of models exhibiting such properties are the N→∞ extensions of the SL(N,R) BF-theories
[84, 85] discussed in section 5.3. Guided by the linearized equations (5.34), the higher-spin
bulk operators at I+ extend the SL(2,R)∆ = 2 operator (5.20) to an infinite tower of operators
with ∆= 2,3, . . . ,∞.

We propose that the bulk late-time conformal operators are microscopically constructed
from two towers of q= 2 SYK conformal operators

O∆ (ϑ) =
1
N

N∑
i=1

ψi ∂
∆−1
ϑ ψi , Õ∆ (ϑ) =

1
N

N∑
i=1

χi ∂
∆−1
ϑ χi , with ∆ ∈ 2Z+ .

(7.23)

Here ψi and χi, with i = 1, . . . ,N, are two collections of q= 2 SYK fermions. The reason we
have two towers of operators in the bulk dS2 is the higher spin extension of the observation that
there are two collections of operator modes, αn and βn, associated with the mode expansion
bulk operator ω(T,ϑ) in (5.20). In addition, there should be operators associated to the adjoint
valued B(T,ϑ) field, which has non-trivial commutation relations with the SL(N,R) gauge
field. It is natural to construct these out of fermionic operators also, which have non-trivial
commutation relations with the ψi and χi. To this end, we note that for a sufficiently large
number N of fermionic operators satisfying the standard anti-commutation relations, one can
approximate the bosonic creation/annihilation operator algebra with arbitrary precision [133].

Due to the presence of a timelike boundary, the AdS2 version of the SL(N,R) BF-theory
has a slightly broken infinite dimensional higher-spin algebra governed by a soft-sector [132],
as well as an infinite set of conserved physical boundary charges extending the conservation
of energy associated to ordinart JT gravity. In the dS2 case, all physical symmetries must be
further gauged. Given that the microphysical operators ψi are built from quantum mechanical
fermions subject to an infinite dimensional symmetry, such a gauging might result in a finite-
dimensional Hilbert space [134–137].

42



J. Phys. A: Math. Theor. 57 (2024) 025401 D Anninos et al

Data availability statement

All data that support the findings of this study are included within the article (and any supple-
mentary files).

Acknowledgments

It is a great pleasure to thank Teresa Bautista, Max Downing, Eleanor Harris, Kurt
Hinterbichler, Damián Galante, Diego Hofman, Austin Joyce, Vasileios Letsios, Manuel
Loparco, Beatrix Mühlmann, Guilherme Pimentel, Kamran Salehi Vaziri, Vladimir Schaub,
and Zimo Sun. D A is funded by the Royal Society under the Grant ‘The Atoms
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Appendix A. Representation theory of SL(2,R)

We review the UIRs of SL(2,R). For more detailed reviews of this subject we refer the reader
to [32, 138]. We provide a short summary here for convenience and to fix our conventions,
making the link to the global coordinate parameterisation explicit.

A.1. Global decomposition

SL(2,R) is a non-compact connected simple real Lie group. As such, it does not permit non-
trivial finite dimensional UIRs. We can derive the UIRS of the group SL(2,R) by induction on
K= SO(2), the maximal compact subgroup. This approach is reviewed in [30, 32, 70, 71]. We
consider the Lie algebra sl(2,R). The complexified generators defined in equation (2.5) obey
the commutation relations

[L0,L±] =∓L± , [L+,L−] = 2L0 . (A.1)

L0 generates K and is associated to the spatial translations in the global coordinate paramet-
erisation (2.10). We derive UIRS by insisting on the following reality conditions, derived from
the hermiticity of the de Sitter generators in (2.3)

L†0 = L0 , L†± = L∓ . (A.2)

The quadratic Casimir is given, as in the text, by

C ≡ L2
0−

1
2
(L−L+ +L+L−) . (A.3)

We consider states which simultaneously diagonalize L0 and C,

L0|n,∆⟩=−n|n,∆⟩ , C|n,∆⟩=∆(∆− 1) |n,∆⟩ . (A.4)
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Including half integer spin fields leads one to consider even and odd UIRs of SL(2,R). These
are defined respectively by the action of the exponentiation of L0

e2π i L0 |n,∆⟩=±|n,∆⟩ . (A.5)

It is clear that n ∈ Z or n ∈ Z+ 1
2 for even and odd representations respectively. We can imme-

diately see that the reality of the Casimir eigenvalue implies one of either∆= 1
2 + iν, ν ∈ R or

∆ ∈ R holds. We further seek to normalize the states such that ⟨n,∆|n,∆⟩⩾ 0 and the action
of the ladder operators satisfies

L±|n,∆⟩=−(n±∆) |n± 1,∆⟩ . (A.6)

Unitarity demands ⟨n,∆|L−|n+ 1,∆⟩= ⟨n+ 1,∆|L+|n,∆⟩∗ and ⟨n,∆|n,∆⟩> 0, (see [32])
which leads to the following condition

⟨n+ 1,∆|n+ 1,∆⟩
⟨n,∆|n,∆⟩

=
n+ 1−∆

n+∆∗ ≡ λn , =⇒ λn > 0 , (A.7)

for all n. For ∆ ∈ R, it will be useful to rewrite

λn =

(
n+ 1

2

)2− (∆− 1
2

)2
(n+∆)

2 > 0 , ∆ ∈ R . (A.8)

Thus, even UIRs are permitted for the principal series when ∆= 1
2 (1+ iν), as well as for the

complementary series when∆ ∈ (0,1), and for the discrete series∆ ∈ Z+ . The same follows
for oddUIRs in the principal and discrete series. However the positivity condition (A.8) for n=
− 1

2 in the complementary series cannot be satisfied and thus there are no odd complementary
series UIRs. To summarize, the UIRs of SL(2,R) are given by:

• Even and odd principal series, π±
ν : we have∆= 1

2 (1+ iν) and n ∈ Z or n ∈ Z+ 1
2 for the

even, resp., odd representations. The states can be consistently normalized as follows:

⟨n,∆|m,∆⟩πν
= δn,m . (A.9)

• Complementary series, γ∆: in this case we are confined to the range ∆ ∈ (0,1). The com-
plementary series must be even, and thus n ∈ Z. For this representation, we can take:

⟨n,∆|m,∆⟩γ∆
=

Γ(n+ 1−∆)

Γ(n+∆)
δn,m . (A.10)

• Even and odd discrete series, D±
∆,±: for the even and odd cases, where ∆ ∈ Z+ or ∆ ∈

N+ 1
2 , respectively, we have a pair of UIRs for which L±|n=∓∆,∆⟩= 0, corresponding

to D±
∆: the highest- and lowest-weight representations. In this case we must normalize the

states as follows:

⟨n,∆|m,∆⟩D±
∆
=

Γ(∓n+ 1−∆)

Γ(∓n+∆)
δn,m . (A.11)

• Trivial representation: ∆= 0 and n= 0.
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Appendix B. Two conformal particles on the circle

In this appendix, we consider the two-particle Hilbert space content, for particles in the prin-
cipal series UIR. For a related analysis see section 3.2 of [57].Wewill be using the conventions
of [29]. We start with the Hermitian generators acting on wavefunctions of a single degree of
freedom θ ∈ [0,2π)

Hθ
∆ ≡ 2icos

θ

2

[
∆ sin

θ

2
− cos

θ

2
∂θ

]
, (B.1)

Kθ
∆ ≡−2isin

θ

2

[
∆ cos

θ

2
+ sin

θ

2
∂θ

]
, (B.2)

Dθ
∆ ≡−i [∆ cosθ+ sinθ∂θ] . (B.3)

These hermitian generators are related to the complexified ones of (2.5) by

Hθ
∆ = L∆,θ

0 − 1
2

(
L∆,θ
+ + L∆,θ

−

)
, Kθ

∆ = L∆,θ
0 +

1
2

(
L∆,θ
+ + L∆,θ

−

)
, Dθ

∆ =
−i
2

(
L∆,θ
+ − L∆,θ

−

)
.

(B.4)

The operators (B.1)–(B.3) obey the algebra[
Dθ

∆,H
θ
∆

]
= iHθ

∆ ,
[
Dθ

∆,K
θ
∆

]
=−iKθ

∆ ,
[
Kθ
∆,H

θ
∆

]
= 2iDθ

∆ . (B.5)

These square to the trivial quadratic Casimir

Cθ = 1
2

(
Hθ

∆K
θ
∆ +Kθ

∆H
θ
∆

)
−
(
Dθ

∆

)2
=∆(∆− 1) (B.6)

If we pick the standard inner product on this Hilbert space:

( f,g) =
ˆ 2π

0
dθ f∗ (θ) g(θ) , (B.7)

then the operators (B.1)–(B.3) are self-adjoint with respect to this inner product if and only if
∆= 1

2 (1+ iν) with ν ∈ R, also known as the principal series.

B.1. Single particle Hilbert space

To build the single particle Hilbert space, we construct the compact operator L∆,θ
0 and rais-

ing/lowering operators L∆,θ
±

L∆,θ
0 =

1
2

(
Hθ

∆ +Kθ
∆

)
=−i∂θ , L∆,θ

± =
1
2

(
Hθ

∆−Kθ
∆

)
∓ iDθ

∆ = e∓iθ (∓∆− i∂θ) ,
(B.8)

The Hilbert space is spanned by states of definite Cθ and L∆,θ
0 . These are states ψn(θ)

satisfying:

L∆,θ
0 ψn (θ) =−nψn (θ) , Cθψn (θ) = ∆(∆− 1) ψn (θ) (B.9)
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with n ∈ Z. These imply the action of the raising and lowering operators will be:

L∆,θ
± ψn (θ) =−(n±∆)ψn±1 (θ) . (B.10)

Since the Casimir is trivial, the wavefunctions are easy to compute

ψn (θ) =
1√
2π

e−inθ (B.11)

and are orthonormal with respect to the standard inner product

(ψk,ψn) =

ˆ 2π

0
dθψ∗

k (θ)ψn (θ) = δkn . (B.12)

B.2. Two-particle Hilbert space

Let us now construct the two-particle Hilbert space, built out of the tensor product of two
single-particle Hilbert spaces on the conformal circle. We would like to thus consider the diag-
onal SL(2,R) algebra constructed as

H≡ Hθ1
∆1

+Hθ2
∆2
, K≡ Hθ1

∆1
+Hθ2

∆2
, D≡ Dθ1

∆1
+Dθ2

∆2
(B.13)

which obey the same algebra as before. Now, the quadratic Casimir operator

C = 1
2
(HK+KH)−D2 (B.14)

is nontrivial and given explicitly by

C =−4sin2
(
θ1− θ2

2

)
∂θ1∂θ2 + 2sin(θ1− θ2) [∆2∂θ1 −∆1∂θ2 ]

+ [∆1 (∆1− 1)+∆2 (∆2− 1)+ 2∆1∆2 cos(θ1− θ2)] . (B.15)

To build the two-particle Hilbert space, we proceed exactly as before. First we construct the
compact L0 generator, as well as the raising/lowering operators L±, defined as

L0 =
1
2
(H+K) =−i∂θ1 − i∂θ2 , L± =

1
2
(H−K)∓ iD . (B.16)

The two-particle Hilbert space is spanned by wavefunctions that satisfy

L0ψ
∆
n (θ1,θ2) =−nψ∆

n (θ1,θ2) , Cψ∆
n (θ1,θ2) = ∆(∆− 1) ψ∆

n (θ1,θ2) . (B.17)

What is interesting in the two-particle case, is that, while∆1 and∆2 are required to take values
in the principal series by Hermiticity, the eigenvalue ∆ is allowed to take values in any of the
SL(2,R) representations. It is possible to solve (B.17) explicitly. The solution is:
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ψ∆
n (θ1,θ2) =

e
−in

(
θ1+θ2

2

)
+i∆

(
θ1−θ2

2

)
[
sin2

(
θ1−θ2

2

)]∆1+∆2−∆

2

×

[
c1e

+i(n+∆1−∆2)
(

θ1−θ2
2

)
2F1 (∆+ n,∆+∆1−∆2,

1+ n+∆1−∆2, e
i(θ1−θ2)

)
+ c2e

−i(n+∆1−∆2)
(

θ1−θ2
2

)
2F1 (∆− n,∆−∆1 +∆2,

1− n−∆1 +∆2, e
i(θ1−θ2)

)]
. (B.18)

The choices of c1 and c2 are predicated by the normaliseability of these wavefunctions using
the inner product

(
ψ∆
n ,ψ

∆ ′

m

)
=

ˆ 2π

0

ˆ 2π

0
dθ1dθ2

(
ψ∆
n (θ1,θ2)

)∗
ψ∆ ′

m (θ1,θ2) = cn δnmδ∆∆ ′ . (B.19)

where δ∆∆ ′ is a stand-in for the appropriate Kronecker or Dirac delta function, depending upon
which representation we are dealing with, and cn is the appropriate coefficient that ensures
that the generators act faithfully on the representation, see appendix A. To actually check
normalizability, it is easier to change coordinates to

x≡ θ1 + θ2
2

y≡ θ1− θ2 , (B.20)

and the integration measure becomes

ˆ 2π

0

ˆ 2π

0
dθ1dθ2→

ˆ 2π

0
dx
ˆ x

−x
dy . (B.21)

B.3. Discrete highest weight ∆ ∈ D+
∆

To check that the D+
∆ UIR appears in the tensor product Hilbert space of two Principal Series

quantum mechanical degrees of freedom, we simply need to check that the highest weight
wavefunction ψ∆

n=−∆(θ1,θ2) is normalizable. This wavefunction satisfies

L0ψ
∆
n=−∆ (θ1,θ2) = ∆ψ∆

n=−∆ (θ1,θ2) , L+ψ
∆
n=−∆ (θ1,θ2) = 0 , (B.22)

for ∆= 1+ t and t= 0,1,2, . . . . The rest of the highest weight module can be generated by
acting successively with L−. It is easy to find the wavefunction satisfying (B.22):

ψ1+t
−(1+t) (θ1,θ2) =

1
N(t,µ,ν)

ei(1+t)
θ1+θ2

2 +µ−ν
4 (θ1−θ2)

[
sin

(
θ1− θ2

2

)]t−i(µ−ν
2 )

, (B.23)

where we have taken ∆1 ≡ 1
2 (1+ iν) and ∆2 ≡ 1

2 (1+ iµ), and N(t,µ,ν) is an overall factor
that ensures that this wavefunction is properly normalized (see (A.11)). Normalizability of the
wavefunction requires t⩾ 0 and single-valuedness of the center-of-mass wavefunction fixes t
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to be an integer. It is straightforward to verify that these wavefunctions are square-integrable
with respect to the inner product (B.19), and a simple calculation yields

N(t,µ,ν) = 21−t sinh
[π
2
(µ− ν)

]√√√√√√(2t+ 1)!
2t∑
s=0

(−1)1+s−t
[
(s− t)2−

(
µ−ν
2

)2][
(s− t)2 +

(
µ−ν
2

)2]2
(
2t
s

)
.

(B.24)

With this normalization, we have verified that the action of L− on this state follows (B.10).
Thus we have shown that, in this quantummechanics of two decoupled principal series degrees
of freedom, the tensor product Hilbert space contains every possible discrete highest weight
module. Let us now show that this is also true for the discrete lowest weight modules.

B.4. Discrete lowest weight ∆ ∈ D−
∆

This exercise is exactly the same as before. Now we search for a wavefunction that satisfies

L0ψ
∆
n=∆ (θ1,θ2) =−∆ψ∆

n=∆ (θ1,θ2) , L−ψ
∆
n=∆ (θ1,θ2) = 0 , (B.25)

for∆= 1+ t and t= 0,1,2, . . . . The remainder of the lowest weight module can be generated
by acting successively with L+. It is again easy to find the wavefunction satisfying (B.25):

ψ1+t
1+t (θ1,θ2) =

1
N(t,µ,ν)

e−i(1+t)
θ1+θ2

2 −µ−ν
4 (θ1−θ2)

[
sin

(
θ1− θ2

2

)]t−i(µ−ν
2 )

, (B.26)

where we have again taken ∆1 ≡ 1
2 (1+ iν) and ∆2 ≡ 1

2 (1+ iµ), and N(t,µ,ν) is given
in (B.24) and ensures appropriate normalization according to (A.11).

B.5. Principal and complementary series

For normalizability of the principal or complementary series, we will re-solve (B.17), this time
for n= 0, specifically. The general solution can be written as

ψ∆
0 =

1[
sin2

(
θ1−θ2

2

)]∆1+∆2−
1
2

2

{
b1P

∆− 1
2

∆1−∆2− 1
2

[
cos

(
θ1− θ2

2

)]

+b2Q
∆− 1

2

∆1−∆2− 1
2

[
cos

(
θ1− θ2

2

)]}
, (B.27)

where Pν
µ(x) and Q

ν
µ(x) are associated Legendre functions. It suffices to determine if ψ∆

0 can
be made normalizable for some choice of b1,2. Specifically, we need, for the complementary
series:

ˆ 2π

0

ˆ 2π

0
dθ1dθ2

(
ψ∆

0 (θ1,θ2)
)∗
ψ∆ ′

0 (θ1,θ2) = δ (∆−∆ ′) . (B.28)

However, for∆,∆ ′ ∈ [0,1], it is easy to verify that the above wavefunctions are not oscillatory
over the domain of θ1,2 ∈ [0,2π], making it impossible for the wavefunctions to be plane-wave
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normalizable. This precludes the complementary series from appearing in the tensor product
of two principal series Hilbert spaces.

For the principal series, we need:

ˆ 2π

0

ˆ 2π

0
dθ1dθ2

(
ψ

1
2+iγ
0 (θ1,θ2)

)∗
ψ

1
2+iγ

′

0 (θ1,θ2) = δ (γ− γ ′) . (B.29)

For these parameters, the above wavefunctions are appropriately oscillatory, and if we were
sufficiently patient, we could use the results of [139] to find which choice of b1,2 gives the
desired normalization, but we leave this as an exercise.

B.6. Tensor products from Harish-Chandra characters

One way to demonstrate the presence of discrete series representations in the decomposition of
the tensor product of principle series representations is a simple calculation using the Harish-
Chandra characters. Starting from Hθ

∆ in (B.1), the principle series character for the repres-
entation ∆= 1

2 (1+ iν) can be derived as follows (see section in A.2 of [97] or section 3 of
[29]):

χπν
(t)≡

ˆ
dθ⟨θ|e−itHθ

∆ |θ⟩= e−
1
2 (1+iν)t+ e−

1
2 (1−iν)t

|1− e−t|
=
∣∣∣csch t

2

∣∣∣cos νt
2
. (B.30)

On the other hand, for ∆ ∈ Z+ the discrete series Harish-Chandra character is (see equation
(5.18) of [32]):

χD+
∆⊕D−

∆
(t) =

2e−∆t

1− e−t
, (B.31)

where the factor of 2 comes from the fact that D+
∆ and D−

∆ have the same character.
We will now show that the discrete series appears in the tensor product Hilbert space of two

principal series representations. To do this, let us multiply the Harish-Chandra characters of
two different principal series representations.

χπν
(t)×χπµ

(t) = csch2
t
2
cos

νt
2

cos
µt
2
, (B.32)

=

ˆ ∞

−∞
dλρ(λ) χπλ

(t) . (B.33)

We can formally recover the density ρ(λ) by dividing (B.32) by
∣∣csch t

2

∣∣ and performing inverse
cosine transform (see [57] for a similar discussion). The result is

ρ(λ) =− 1
8π

8γ+
1∑

σ1,σ2,σ3=0

ψ

(
1
2
+
i
2
[(−1)σ1ν+(−1)σ2µ+(−1)σ3λ)]

) . (B.34)

Here ψ(x)≡ Γ ′(x)
Γ(x) is the digamma function, and γ The Euler-Mascheroni constant. The

digamma function ψ(x) has poles whenever x is a non-positive integer, with residue−1. Note,
given the form or χπλ

(t) in (B.30), that ρ(λ) and ρ(λ)+ c will give the same result when
integrated against a character. Thus ρ(λ) is not a well-defined concept in its own right, but
makes sense when integrated against a certain class of distributions.
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Let us consider the case µ= ν, where the appearance of the discrete series manifests itself
most clearly since a piece of the density is independent of ν. In this case we can write

ρµ=ν (λ)≡ ρindep. (λ)+ ρdep. (λ) (B.35)

with

ρindep. (λ) =− 1
4π

{
ψ

(
1
2
(1+ iλ)

)
+ψ

(
1
2
(1− iλ)

)}
(B.36)

and

ρdep. (λ) =− 1
8π

8γ+
1∑

σ1,σ2=0

ψ

(
1
2
+
i
2
[(−1)σ1 2ν+(−1)σ2 λ]

) . (B.37)

Now we proceed to evaluate
ˆ ∞

−∞
dλρindep. (λ) χπλ

(t) . (B.38)

The functions ψ
(
1
2 (1± iλ)

)
have poles for λ=±2i

(
n+ 1

2

)
, respectively, with n= 0,1,2, . . . .

Proceeding carefully, for terms multiplying e−
t
2 (1+iλ) we must close the contour in the lower-

half λ-plane, and for terms multiplying e−
t
2 (1−iλ) we must close the contour in the upper-half

λ-plane. Carefully noting the orientation of each of the contours, we obtain

ˆ ∞

−∞
dλρindep. (λ) χπλ

(t) = 2
∞∑
n=0

e−(1+n)t

1− e−t
=

∞∑
∆=1

χD+
∆⊕D−

∆
(t) . (B.39)

Thus

χ2
πν

(t) =
∞∑

∆=1

χD+
∆⊕D−

∆
(t)+

ˆ ∞

−∞
dλρdep. (λ) χπλ

(t) , (B.40)

and we clearly see the discrete series Hilbert space emerging from an analysis of the character
of the tensor product of two principal series representations. This nicely complements the
analysis in appendices B.3 and B.4.
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