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Application of Realistic Magnetic-Cycle Reconstruction to Sun-as-a-Star

Observations

by Inês M. ROLO

One of the Sun’s many interesting intricacies is its magnetic activity, which varies over

a period of approximately 11 years known as the Solar Cycle. Dark sunspots and bright

faculae in the Sun’s photosphere are some of the visible manifestations of this activity,

with faculae typically forming around spots. Throughout the cycle, the number, location

and properties of these features change, and the understanding of this change has been

of increasing interest both regarding the Sun as well as other solar-like stars. This has

motivated the creation of parameterized models that can be constrained observationally.

This work builds upon that of Santos et al. (2015), where the behaviour and properties

of dark sunspots during the solar cycle were reconstructed using such a parameterized

model. We extend this model by including the behaviour and properties of the solar bright

faculae. The sunspot and faculae properties are studied using data from the Michelson

Doppler Imager (MDI) on board the Solar and Heliospheric Observatory (SOHO) across

Solar Cycle 23. Our results show that the new extended model is able to reproduce

the behaviour of sunspots and their associated faculae throughout the solar cycle. Fur-

thermore, we were able to estimate the impact of faculae on the light curve of the Sun,

complementing the existing model discussed in Santos et al. (2017) which primarily fea-

tured the signature of spots. This represents a step forward towards realistic modelling

of stellar magnetic activity, particularly useful for its mitigation in order to find Earth-like

planets around Sun-like stars.
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Aplicação de uma Reconstrução Realista do Ciclo Magnético a Observações do

Sol enquanto Estrela

por Inês M. ROLO

Uma das muitas complexidades do nosso Sol é a sua atividade magnética que varia

ao longo de um perı́odo de 11 anos a que chamamos Ciclo Solar. Manchas escuras

e faculae brilhantes vistas na fotosfera são duas das manifestações visı́veis desta ati-

vidade, com as faculae a formarem-se tipicamente em torno das manchas solares. Ao

longo do ciclo, o número, localização e propriedades destes fenómenos varia, e a com-

preensão desta mudança tem sido objeto de interesse e investigação não só no que

toca ao Sol, mas também a outras estrelas do tipo solar. Tal tem motivado a criação de

modelos parametrizados que podem ser calibrados recorrendo a dados observacionais.

O trabalho aqui desenvolvido segue de Santos et al. (2015) onde o comportamento e

propriedades das manchas solares foi estudado e reconstruı́do usando um modelo pa-

rametrizado. Aqui estendemos esse modelo para incluir a capacidade de simulação do

comportamento das faculae. O comportamento das faculae e das manchas é aqui estu-

dado utilizando dados observacionais provenientes do Michelson Doppler Imager (MDI)

a bordo do Solar and Heliospheric Observatory (SOHO) registados no decorrer do Ciclo

Solar 23. Os nossos resultados mostram que o novo modelo é capaz de reproduzir o

comportamento de manchas solares e das suas faculae associadas durante um ciclo.

Para além disso, este trabalho visa ainda a estimativa do impacto das faculae na curva

de luz do Sol, completando assim o modelo discutido em Santos et al. (2017) que apenas

incluia a variabilidade causada pelas manchas. Os desenvolvimentos aqui apresentados

representam um avanço na direção de uma modelação realista de atividade estelar com

particular aplicação na busca de planetas semelhantes à terra que orbitam estrelas como

o Sol.
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Chapter 1

Introduction

The main reference to be considered throughout this chapter is Priest (2014).

1.1 The Sun

The Sun was born from the gravitational collapse of a spinning cloud of gas and dust.

Today, at approximately 4.6 billion years of age, we find it in a stable phase known as the

main sequence, where it will remain until all the hydrogen in its core has turned to helium.

If we could look inside the Sun, we would be able two distinguish three regions: the

aforementioned core, a radiative zone and a convection zone. The core generates the

bulk of the energy output that emanates from the Sun, as it is here that nuclear fusion

takes place. This energy is then transported out, first in the radiative zone in the form

of photons by radiative diffusion and then in the convection zone in the form of heat by

convection currents. It is believed that the magnetic field of the Sun results from electrical

currents generated in the convection zone that act as a magnetic dynamo.

Continuing outwards, we arrive at the solar atmosphere where photons will now es-

cape directly into space. Here is where we will note the various phenomena that arise

due to solar magnetic activity. The first layer of the solar atmosphere is called the photo-

sphere. This is a very thin layer from which we receive the majority of the Sun’s light, and

where we will see both sunspots and faculae the two features that are of interest to this

work. Next is the chromosphere, where we can observe the extensions of faculae called

plages, followed by a transition region which ends where the corona begins extending all

the way into the solar wind. The corona is where we observe flares, prominences, and

coronal mass ejections also as a consequence of magnetic activity.

1
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1.2 Solar Observations

Since ancient times human beings have contemplated and studied the Sun. The earliest

systematic records of solar magnetic activity date back to ancient China during the Han

Dynasty, when sunspot observations made with the naked eye started to be written down

(Zhentao, 1990). The first known illustration of a sunspot, and accompanying description,

doesn’t appear until 1128 in John of Worcester’s Chronicle (Willis and Stephenson 2001;

Darlington et al. 1995; McGurk 1998; and Figure 1.1).

FIGURE 1.1: First known illustration of a sunspot by John of Worcester, available from
the archives of Corpus Christi, College Oxford (CCC MS 157).

With the advent of the telescope in the early 17th century, a new era dawns on So-

lar observations. In the 1600s, significant discoveries and detailed studies regarding

sunspots were made first by Thomas Harriot, and later by David and Johannes Fabri-

cius, Christoph Scheiner and Galileo Galilei laying the foundation for the understanding

of solar magnetic activity that we have today. During this time, Galileo also first observed

faculae as small but distinct regions that appeared on the surface of the Sun (Mitchell,

1916; Casanovas, 1997).

Today, we know that sunspots and faculae both appear in the solar photosphere as a

manifestation of strong magnetic fields.

https://www.ccc.ox.ac.uk/illustrations-john-worcesters-chronicle-england-ccc-ms-157


1. INTRODUCTION 3

Sunspots are cool and dark features in which two main structures can clearly be dis-

tinguished. At their center, there is a dark core region we call umbra and surrounding it

is a lighter filamentary region known as penumbra, as can be seen in Figure 1.2. The

magnetic field of a sunspot is stronger towards its center, that is, in the umbra where it is

approximately vertical. It is further worth noting that typically sunspots appear in groups

of opposite polarity with one sunspot leading in the direction of rotation, as is also evident

from Figure 1.2.

FIGURE 1.2: Full-disc contrast enhanced intensity image taken by SOHO/MDI (ESA &
NASA) on the 26th of April in the year 2000. Here we can clearly see sunspots laying
on the surface of the Sun, and their constituent darker umbra and lighter filamentary

penumbra.
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FIGURE 1.3: Graphical representation of faculae (orange contours) as provided by SO-
HO/MDI (ESA & NASA) of the observations made on 26th of April in the year 2000. As

is shown here, faculae are seen mainly towards the limbs of the Sun.

Appearing around sunspot groups is where we will find most faculae. Contrary to

sunspots, faculae are bright, high temperature structures but of strong magnetic field as

well. While sunspots are usually observable throughout the entirety of the solar disc,

faculae on the other hand are mostly seen in white light around the limbs of the Sun

(Figures 1.2 and 1.3). According to Spruit’s model (Spruit, 1976) for faculae, also referred

to as the ”hot wall” model, faculae are made of several small magnetic flux tubes. Inside a

magnetic flux tube, the plasma is more transparent due to the lower density, making it look

like a depression in the photosphere. When we observe the center of the solar disc, we

are effectively starring at the bottom of the flux tubes that comprise faculae, which have a
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temperature similar to the temperature of the photosphere. As such, there is no significant

contrast and we do not observe faculae in this region of the solar disc. However, as we

move our gaze towards the limbs of the Sun, the bottom of the flux tubes disappear, and

their high temperature walls become observable. Here faculae contrast is at a maximum

and, because of the higher temperature of the flux tube walls relatively to the photosphere,

faculae appear bright. The contrast of faculae near the limbs of the Sun is also further

enhanced due to limb darkening.

Characteristics of sunspots and faculae are seen to vary over a period of 11 years

we know as the Solar Cycle. Every 11 years the polarity of the magnetic field of the

Sun is reversed, impacting the features we see at its surface. Perhaps the most obvious

change noted throughout the cycle, and the one that historically allowed to distinguish its

different phases, occurs for the observed number of sunspots. In the beginning, very few

sunspots will appear in the surface of the Sun and, hence we say every cycle starts with

a solar minimum. As time goes on, more and more sunspots start appearing, and solar

maximum is reached when the number of sunspots appearing at the surface of the Sun is

at its maximum. The cycle will reach its end, when it reverts back to solar minimum, and

the polarity of the large scale magnetic field of the Sun is switched. It will take another 11

years for the Sun to revert back to its original polarity. This 22 year period is known as the

Hale Cycle (Hale et al., 1919).

The changes not only in number, but in position as well as area that sunspot groups

and faculae go through during the Solar Cycle, is what we propose to study in this work.

1.3 Magnetic Activity and Exoplanet Research

Our objective of understanding the Solar Cycle and perhaps most importantly the be-

haviour of sunspots, and faculae can be applied in the quest to find Earth-like planets

around Sun-like stars. As stellar activity does an incredible job at mimicking the signals

that allow us to identify the existence of planets around a star, the stellar signals may end

up leading to false positives in the detection of planets.

However, this is not all. The information we receive from stars is also what allows

us to determine planetary parameters, namely planetary mass and radius. Observations

carrying a contribution from stellar activity will inevitably introduce uncertainties in the de-

termination of these parameters. In creating parameterized models capable of simulating
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the behaviour of features that appear as a consequence of magnetic activity, we allow for

their contribution to observed signals to be estimated. This will ultimately lead to higher

accuracy not only in probing if there indeed exists a planet orbiting a certain star, but also

in the determination of its parameters.

With this in mind, here we propose two models: one that is capable of simulating the

behaviour of sunspots and faculae throughout the Solar Cycle, and another designed to

simulate their impact on the solar light curve as light curves are often used in exoplanet

detection. These models follow from Santos et al. (2015) and Santos et al. (2017), where

primarily only sunspot groups were included. This work is thus organized as follows: in

Section 2 all of the data treatment as well as the methods it entails are laid out. In Section

3 the development of a model designed to simulate the behaviour of sunspot groups and

their surrounding faculae throughout the Solar Cycle is described. In Section 4 a model

that uses the simulated sunspots and faculae to estimate their contribution to the light

curve of the Sun is detailed. And finally in Section 5 we outline our findings as well as

what we may conclude from this work.



Chapter 2

An Algorithm for Finding Faculae

Surrounding Sunspots

To embark on this journey with a purpose to better understand our Sun, one fundamen-

tal thing we need is means to study our star, which is to say, we need data. Here the

solar data obtained with the Michelson Doppler Imager (MDI) on board of the Solar and

Heliospheric Observatory (SOHO) during Solar Cycle 23 (Baranyi et al., 2016) are used,

and their analysis is essentially the very foundation of this work. The full disc facular and

sunspot time series are publically available1.

It is important to underline that these data, more specifically the facular data, need to

undergo some treatment before they can be used. The records provided by SOHO/MDI

have a time cadence of ≈1 hour. This being a high-resolution instrument, it is able to

distinguish facular points. These are the many small bright features that constitute what

we know as faculae (Priest, 2014). In this work we are focused on simulating active

regions where the highest density of faculae is found along with the sunspots they usually

surround (Priest, 2014). As such, it is reasonable to consider the entirety of the facular

points that appear around sunspot groups in an active region instead of each individual

facular point as recorded. An example of the situation at hand can be seen in Figure 2.1.

It is worth noting that not all faculae that appear scattered throughout the disc will

accompany a sunspot. It is well known that faculae live longer than sunspots (Howard,

1992), which means that even when a sunspot decays away the faculae surrounding it

may be present a while longer appearing in the surface of the Sun not accompanied by

sunspots (e.g. Solov’ev and Kirichek 2018). Also, not all regions of strong magnetic field

1http://fenyi.solarobs.csfk.mta.hu/en/databases/SOHO/

7

http://fenyi.solarobs.csfk.mta.hu/en/databases/SOHO/
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FIGURE 2.1: In the top panel we can see individual facular points (red points) surrounding
a sunspot group (black point). This is an illustration of what is available to us from the
SOHO/MDI data. We want roughly to recreate the bottom panel where instead of many
small facular points we build simulations considering the characteristics of the group of

facular points around the sunspot group, thus simulating the bulk of the active region.
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in the surface of the Sun are strong enough to develop into a sunspot, but will nevertheless

give origin to faculae (e.g. Mandal et al. 2017). Furthermore, polar faculae, which as the

name suggests appear in the poles of the Sun, lay above what is known as the Sun’s

active latitudes where we observe sunspot groups to form. For this reason, as the polar

regions are typically devoid of sunspots, these polar faculae also appear by themselves

(e.g. Saito and Tanaka 1957).

In the scope of this work we are interested only in faculae coexisting with sunspot

groups, so that we may simulate the behaviour of active regions. To find faculae existing

around sunspot groups, a strategy was devised and subsequent updates were made so

as to improve it. The following sections aim at describing this process.

2.1 Determination of Faculae Associated With Sunspot Groups

2.1.1 The Contour Method

The contour method relies on essentially sifting through the faculae data available to de-

termine the agglomerates of highest density in the solar disc at a given time. Like this, it

calls to intuition that we are locating the previously mentioned active regions. A density

contour is then drawn around the highest density regions, and the sunspot groups seen

at the same time as the facular points are probed to determine if they are in or out of the

contour. If they are in the contour, then they are said to be associated with the facular

points which together form the faculae that are of interest to this work. The inference of

relevant faculae properties is done as follows:

1. The total area of the faculae is taken to be the sum of the area of all facular points

in the contour;

2. Their positions, that is latitude, longitude as observed from Earth, and heliographic

longitude, are taken to be the median of the measured position coordinates of all the

facular points in the contour.

The next sections describe the development of an algorithm to emulate this process.

2.1.1.1 Drawing Contours Based on the Disc Faculae Density - Unrestricted

A first algorithm to select the faculae that are associated with sunspot groups will be re-

ferred to as unrestricted because it does not take any restriction concerning the positions
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of the contours. That is, the algorithm uses information of the facular points and sunspot

groups scattered throughout the disc and automatically looks for the highest density re-

gions appearing in the solar disc at that time. Kernel Density Estimation (KDE) is the

statistical method employed here to achieve this. We use the version readily available

from the python library SciPy (Virtanen et al., 2020). KDE uses a kernel function; in our

case, it will be a Gaussian function to estimate the probability density function (PDF) of a

set of data (Weglarczyk, 2018). Essentially, a Gaussian kernel is centered around each

data point to evaluate the probability density at that point. Summing the density estimates

from all data points results in a smoothed PDF representative of the underlying data dis-

tribution (Figure 2.2). Contours delimit regions where the estimated PDF has the same

value. An example of the obtained result is shown in Figure 2.3. Density contours will vary

from observation to observation, as will the probability density they represent. This is so

because the selection of contour levels is made automatically by evenly dividing the range

of estimated probability density values. The faculae associated with each sunspot group

are determined to be the ones lying inside the second innermost contour, corresponding

to the second-highest probability density (comprising ∼60% of points).
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FIGURE 2.2: Example of how Kernel Density Estimation works. The Gaussian kernel (in
grey) provides an estimate of the probability density for each sample data point (in black).
The sum of all contributions results in a smoothed probability density function (in blue)
representative of the underlying data. The probability density is greater in the region with

the largest number of points.

Looking at Figure 2.3 one might think this code is pretty sensible but the reality is,

going into more detail, we encounter some problems. If there are facular points surround-

ing a sunspot group, they should be considered to be associated with it. However, the

algorithm presented above does not take this into account, because compared to the rest
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FIGURE 2.3: Example of the output of the algorithm developed with no restrictions to
probe which faculae (blue) are associated with sunspot groups (black). The size of the

points corresponds to the area of the sunspot group or faculae they represent.

of the disc a given region around a sunspot group might have smaller density of facular

points not yielding a detection. This can be seen for example in the upper left corner of

Figure 2.3 where a sunspot group will be missed but clearly has facular points surrounding

it. To avoid missing smaller active regions, we could consider a contour of lower density,

but this leads to further issues. If the contour density is not restricted enough, during solar

maximum where the density of facular points is very high, we run the risk of having a

contour spanning the north and southern hemispheres leading to incorrect values in the

estimation of faculae latitude. For example, we noticed that at times, a sunspot group,

when in comparison to the median latitude of the facula, would end up being in the oppo-

site hemisphere. This problem is well illustrated by the outermost contour on both sides

in Figure 2.3.

Still, we might be able to choose an optimal contour to accommodate these situations

and even in this case we would be left with a reasonable estimation. But the reality

remains that this is one example out of an hourly record of more than 12 years, and in

some days these situations might be amplified and result in undesired biases.

This first algorithm is an important stepping stone in the development of the improved

version used to create the dataset we have in use today. As a first approach it allowed

us to understand what needed to be done next. We needed to find a way to section the

solar disc to take better advantage of finding high density regions automatically so as to

not miss valuable information and avoid biases. The solution? Clustering.



12
APPLICATION OF REALISTIC MAGNETIC-CYCLE RECONSTRUCTION TO SUN-AS-A-STAR

OBSERVATIONS

2.1.1.2 Drawing Contours Based on the Disc Faculae Density - Latitude and Lon-

gitude Restricted

A second version of the algorithm works similarly to the one described before, except that

the choice of where to draw the contours is not left entirely free. Instead, the solar disc is

divided in four sections or clusters,

1. North-East: [0, 50]◦ in Latitude and [−90, 0]◦ in Longitude;

2. South-East: [−50, 0]◦ in Latitude and [−90, 0]◦ in Longitude;

3. North-West: [0, 50]◦ in Latitude and [0, 90]◦ in Longitude;

4. South-West: [−50, 0]◦ in Latitude and [0, 90]◦ in Longitude.

The latitude limits are between ±50◦ as facular points beyond these limits are assumed

to be the previously mentioned polar faculae. This choice in latitude is further supported

by the fact that it roughly falls within the same limits as what are considered to be the

active latitudes (e.g. Kilcik et al. 2016). The result of this modification can be seen in

Figure 2.4.
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FIGURE 2.4: Example of the output of the code developed with restrictions in the position
of contours to probe which faculae are associated with sunspot groups. Here we can see
the different clusters of faculae, located in each quadrant of the solar disc, in the different

colors. The points are sized according to the area of each feature.

With this modification, the problem of overestimating the contours as far as encap-

sulating two hemispheres is completely resolved, and we may freely pick the outermost

contour as the active region limit (comprising ∼80% of points). This ends up allowing

for higher precision and more reliable detections, since it allows for facular points in less
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densely populated regions to be included in our detections. But clusters delimited in this

way have some drawbacks. First, we create artificial boundaries along the equator of the

Sun and the arbitrary line of 0◦ longitude. As faculae are not observable in the center of

the solar disc, due to low intensity contrast, the most significant errors are raised by the

boundary along the equator. This is because we may have faculae crossing the equator

when a sunspot group is close to latitude 0◦.

Furthermore, observing Figure 2.4 we may note that we should take into consideration

the area of the facular points. So far, density contours are computed taking into account

only the number of facular points existing in the solar disc. This algorithm is optimal if all

faculae have the same size, but this is not the case here. A facular point with a larger

area should be given more importance than the other smaller points, because in terms of

space covered in the solar disc it has a larger contribution. This situation is most obvious

in the North-East region (in blue) of Figure 2.4.

To solve these problems, the algorithm was extended to weight the facular points by

their areas when drawing density contours, and the clusters are now determined com-

pletely automatically using the K-Means Algorithm implementation available from the py-

thon library scikit-learn (Pedregosa et al., 2011). The K-Means Algorithm was first

introduced by MacQueen et al. (1967) and aims at partitioning datasets into agglomer-

ates of points that share similarities. Here we initialize the K-Means algorithm with the

cluster centers being the latitude and longitude coordinates of the sunspot groups present

in the solar disc at a given time. In doing this, the algorithm will look for facular points

around sunspot groups and divide the solar disc accordingly. Still, during solar minimum

there may be too few sunspot groups to yield an accurate division of the solar disc into

clusters. If there is one day where there is only one sunspot group, then the K-Means

Algorithm may incorrectly flag the whole solar disc as a cluster. To avoid this, we set the

minimum number of clusters to 4 which will default to the division of the solar disc into

quarters as seen in Figure 2.4.

An example of how the cluster division is done with the optimized algorithm can be

seen in Figure 2.5. Only clusters with more than a total of 30 facular points will be consid-

ered for the drawing of clusters. This is so because in general, the points within clusters

beneath this threshold appear too scattered creating biases. This might result in not ac-

counting for minor active regions near the edges of the Sun as can be seen, for example,

on the left near latitude -20◦ (light purple) in Figure 2.5. In the majority of cases this will be
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resolved naturally by the rotation of the Sun which will bring to the visible side more facular

points making the region significant for detection. Furthermore, on the right hand side of

Figure 2.5, in dark blue, we can see that with this final version of algorithm active regions

do cross the equator of the Sun but in a more controlled fashion, resolving the artificial

boundary problem. This ultimately translates to results that are truer to observations.
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FIGURE 2.5: Example of the output of the code developed with contours determined with
the K-Means Algorithm initialized with the position of sunspot groups as cluster centers
to probe which faculae are associated with sunspot groups. The colored points represent
the facular points that exist in the different clusters determined by the K-Means Algorithm.

All points are sized according to the area of the feature they represent.

By processing the records provided by SOHO/MDI with our algorithm, we obtain the

dataset we need to conduct the studies required for the performance of the simulations.

This dataset is comprised of a total of 2216 sunspot groups and their associated faculae

(characterized by an area and position that is defined as described in Section 2.1) for

Solar Cycle 23, starting in August 1996 and ending in December 2008. In what follows,

for simplicity, we will no longer use dates and instead consider the time to range from 0

years (time of the first observation) to 12.3 years (time of the last observation). The maxi-

mum observed sunspot group area is 3443 millionths of the solar hemisphere (MSH) and

the maximum faculae area is 6893.9 MSH. On average the sunspot group area is ∼261

MSH, while the faculae area is ∼1100 MSH. We also find the average sunspot group

to faculae total area ratio to be approximately 11. In the original dataset 2879 sunspot

groups were recorded, which means we loose information on 663 sunspot groups that our

method deemed not having faculae surrounding them. The average sunspot group area

is affected because of this, taking a value of ∼254 MSH in the original dataset. Maxi-

mum sunspot group area in the original dataset (3516 MSH) was also slightly different,
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but recorded for the same sunspot group. This means that, probably, the sunspot group

reached its maximum area towards the center of the disk where faculae would not visibly

be surrounding it.





Chapter 3

Insights into Solar Magnetic

Activity: Modeling Sunspot and

Faculae Evolution

The base work for the model to be described in this chapter was layed out in Santos et al.

(2015). This is thus the primary reference to be used throughout this chapter.

As it is, the simulation discussed in Santos et al. (2015), is written so that it takes us

through the evolution of sunspot groups appearing at the surface of the Sun. Throughout

the Solar Cycle, the number of sunspot groups N is randomly generated according to a

Poisson distribution whose only parameter λ, the mean, describes a time dependence

determined according to the observational data. Sunspot groups will this way be gener-

ated according to the phase of the cycle. In the beginning, during solar minimum, they will

be scarce, become more and more frequent as time continues to move forward, peak in

number around solar maximum, and then decrease again.

For each sunspot group that is generated, a position in the solar disc will be attributed

to it, with latitude and longitude coordinates being randomly drawn from under specific

distributions inferred from observations. At this stage in the simulation only the latitude is

time dependent, as sunspots forming latitudes start above (bellow in the southern hemi-

sphere) ∼ ±25◦ and migrate over time towards the equator of the Sun (Hathaway, 2015).

Typically seen in butterfly diagrams (Maunder, 1904), much like the one in Figure 3.1 for

Solar Cycle 23, this behaviour is known as Spörer’s Law of Zones (Maunder, 1903).

17
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Solar Cycle 23: Butterfly Diagram

FIGURE 3.1: Butterfly Diagram of Solar Cycle 23 obtained with SOHO/MDI observational
data.

The appearance frequency of sunspot groups and their position are, however, not the

only characteristics that go through changes during the Solar Cycle. The sunspot and

faculae areas also change. This is very much related to the fact that sunspots do not live

forever. In fact, a sunspot that is born in the beginning of a cycle will not even live to see

its end. Their time is limited: they appear, grow until they reach their maximum size and

then fade away over a period that can range from a couple of hours to several months

(Pettit, 1951).

To reproduce this evolution, we start by inferring the maximum area a sunspot group

will reach during its lifetime in a similar manner to the one we used to determine the

position coordinates. With this information it is possible to know how long it will live, and

how much of that time it spends growing and decaying. Solar rotation will be accounted for

by successively changing the longitude of the sunspot group, in the reference frame of the

observer, as it evolves over time. Each sunspot group that is generated will also be given

an identification number. This way every step can be recorded and used to determine

how well the simulation performs when compared to the observed sunspot group records.

The addition of faculae will follow the same molds, except faculae are usually associ-

ated with sunspots, being formed around them. The relation between the two features will

be greatly explored and all characteristics of faculae will follow from those of sunspots.

The following sections will focus on the mathematics and methods used to determine

and implement the steps covered in this brief introduction to our model for both sunspots

and faculae. The latter are the novelty to be introduced here, when in comparison to the

original work and are our main focus. It is to be noted that to include faculae a different
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dataset than the one available from the National Geophysical Data Center (NOAA/NGDC),

considered when the model was primarily developed, had to be used. Consequently

the parameters that described some of the characteristics of sunspot groups suffered

alterations which will also be pointed out in what follows. Towards the end of this chapter,

a review about the overall performance of the model will also be included.

3.1 The building blocks of the simulation: Properties of Sunspot

Groups and Faculae

3.1.1 Sunspot Group and Faculae Number

Starting with the number of features to generate at a given time, one base principle to

be taken into consideration is that the number of sunspot groups and faculae has to be

the same as we are only considering sunspot groups that co-exist with faculae. Pairs of

sunspots groups and faculae will be generated independently of other pairs through the

previously outlined randomized process.

In accordance with Santos et al. (2015), the time dependence to be emulated through

the mean of the Poisson distribution is best defined by the expression found in Hathaway

et al. (1994). The authors analysed the variation in monthly records of sunspot numbers

from Solar Cycles 14 to 22, and found a simple function that could describe the asymmet-

ric behaviour of the sunspot cycle over time t,

N(t) =
A(t − t0)3

exp
[
(t − t0)2/b2

]
− c

. (3.1)

Here t0 is the time at which the cycle starts, A is the amplitude of the cycle, b is the

time it takes to reach solar maximum, also called the rising time of the cycle, and c is the

parameter that describes the asymmetry of the cycle. The value obtained from Equation

3.1 is then divided by a constant so as to better adjust the probability of spot group, and

consequently faculae, generation in time. This is needed seeing as Equation 3.1 is fitted

to the total number of sunspots. The mean value of the Poisson distribution found to be in

better accordance with the observations is,

λ =
N(t)

7
. (3.2)
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Figure 3.2 shows the curve that best fits the average daily records of sunspot group

numbers throughout Solar Cycle 23 using SOHO/MDI observational data. The respective

parameter values can be seen in Table 3.1.
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FIGURE 3.2: Time dependence of the average daily records of sunspot group numbers
throughout Solar Cycle 23 using SOHO/MDI observational data (in black) accompanied
by the curve of best fit (in red) as determined using the function defined in Hathaway et al.

1994 (Equation 3.1).

Best Fit Parameters of Equation 3.1

t0 0
A 0.18
b 4.01
c 0.45

TABLE 3.1: Parameters that best fit the average daily records of sunspot group numbers
throughout Solar Cycle 23 using SOHO/MDI observational data as determined using the

function defined in Hathaway et al. 1994 (Equation 3.1).

The temporal asymmetry of the Solar Cycle was first noticed by Max Waldmeier (Wald-

meier, 1935). In closely assessing Figure 3.2, we can clearly see that the rise to solar

maximum is steeper than the descent back to solar minimum, as translated by the fitted

curve pertaining to Equation 3.1.

3.1.2 Sunspot Group and Faculae Latitude and Longitude

Having our collection of sunspot groups and faculae we are ready to start attributing them

characteristics. The first two are their location coordinates in the solar disc, that is, their

latitude and longitude. It is to be noted that in a first approach, the location coordinates

are determined by analysing only the instances in time where each sunspot group and
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respective faculae reach their maximum area. This way we are left with only one obser-

vation per sunspot group. This is so for the computational simplicity of working with fewer

data and the practicality of capturing more general behavioral trends. In doing so, we

should not be incurring in any bias since there is no reason to believe that the overall he-

liographic coordinates of the features change significantly depending on which stage they

are in their evolution. If we are able to reproduce sunspot group and faculae behaviour in

the instance when they reach their maximum area, adding time evolution should not affect

the performance of our simulation.

It is worth noting that, according to our observations, the majority of faculae do not

reach their maximum area at the same time sunspot groups do. The maximum area of

faculae is reached when the highest number of the facular points that constitute them is

visible. If a sunspot group reaches its maximum area near the edge of the eastern limb,

its accompanying facula will only reach its maximum area some time later, when all its

facular points have transitioned to the nearside of the Sun due to rotation. In contrast, if a

sunspot group reaches its maximum area near the edge of the western limb, its accompa-

nying facula will have reached its maximum area some time before, as some of its facular

points would already have transitioned to the farside of the Sun. Lastly, if a sunspot group

reaches its maximum area towards the center of the solar disc, its accompanying facula

will reach its maximum area in the limb closest to the location of the sunspot group, either

previously or subsequently in time. This is because faculae are not visible towards the

center of the Sun.
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FIGURE 3.3: Latitude distribution of sunspot groups over the extension of Solar Cycle 23.
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3.1.2.1 Sunspot Group and Faculae Latitude

Addressing the sunspot group latitude (LS) first, the first thing to do is determine what the

distribution of latitudes throughout the Solar Cycle looks like. This is shown in Figure 3.3,

from which we may gather that sunspot groups laying in the northern hemisphere as well

as those laying in the southern hemisphere follow a Gaussian distribution. However, there

is a certain asymmetry to these distributions: the southern hemisphere is more populated

than the northern hemisphere, which is consistent with what was found in the literature

for Solar Cycle 23 (Watson et al., 2011). This dominance of one hemisphere over the

other is implemented in our simulation by randomly choosing 1 for north or -1 for south

with a slightly higher probability for the southern hemisphere (0.55). The picked value

is then multiplied by the latitude value, which is here determined by randomly drawing a

value from a Gaussian distribution with time dependent parameters so as to emulate the

Spörer’s Law of Zones: a time dependent mean µLS , and a time dependent dispersion or

standard deviation σLS . Hathaway (2011), in studying the drift of sunspot latitudes towards

the equator of the Sun, found that the variation in mean latitude across a cycle is well

represented by a time dependent exponential function that can be written as,

µLS(t) = L0 exp
(
− t − t0

7.5

)
, (3.3)

where L0 is the latitude at the start of the cycle t0. Figure 3.4 shows the curve that best fits

the latitude of sunspot groups throughout Solar Cycle 23 using SOHO observational data.

The respective parameter values can also be seen in the Figure 3.4 and are L0 = 29◦,

and t0 = 0. In comparison with the original work, Santos et al. (2015), the mean sunspot

latitude at the beginning of the cycle was lowered from the previously considered 35◦ to

29◦.

As the cycle progresses we may further note from Figure 3.4 that the latitude dis-

persion around the mean value gets narrower and narrower, hence the need for a time

dependent σLS . Here we use the second order polynomial found by Jiang et al. (2011)

which is related to the mean latitude µLS(t) as follows,

σLS(t) = µLS(t)

(
x + y

(
t − t0

Pc

)
+ z

(
t − t0

Pc

)2
)

. (3.4)

Here x, y and z are the polynomial coefficients, t0 is the starting time of the cycle, and

Pc is the period of duration of the cycle. The fit parameters remain the same as found in
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FIGURE 3.4: Time dependence of the mean latitude of sunspot groups throughout Solar
Cycle 23 using SOHO/MDI observational data (in black) accompanied by the curve of
best best fit (in red) as determined using the function defined in Hathaway 2011 (Equation

3.3).

Santos et al. (2015) and can be seen in Table 3.2.

Best Fit Parameters for Equation 3.4
x 0.10
y 1.20
z -0.95

TABLE 3.2: Best fit parameters for the ratio between the standard deviation and mean of
the latitude distribution for sunspot groups described by Equation 3.4 as determined in

Santos et al. (2015).

The observed latitude of faculae is associated to that of the sunspot group they ac-

company, as can be seen from Figure 3.5.
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FIGURE 3.5: Observed relation between the latitude of sunspot groups and the respective
faculae.
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Inspired by what happens with sunspot groups, the latitude of the faculae (LF) they

accompany will also be drawn from a Gaussian distribution. Instead of the latter being

characterized by a mean and dispersion that depend on time, it will be characterized by a

mean and dispersion that depend on sunspot group latitude. The goal here is to have a

function that receives a randomly drawn sunspot group latitude value, and outputs a mean

and dispersion to be plugged into a Gaussian distribution from under which the faculae

latitude will be drawn.

The method devised to accomplish this consists essentially in turning what we see

in Figure 3.5 into a 2D histogram, which will partition both faculae and sunspot group

latitudes into bins. Within each bin of sunspot group latitudes, a Gaussian distribution is

fitted to the data points of faculae latitudes. For each bin, the best fit parameters of the

Gaussian distribution of faculae latitudes is saved along with the median sunspot group

latitude value and the maximum sunspot group latitude value, that is, the latitude at each

bin’s edge. Both quantities were used when finding how the parameters of best fit found

from each bin vary as a function of sunspot group latitude. However, the fit results obtained

with the maximum sunspot group latitude value ended up rendering a better performance

in the simulation.

Figure 3.6 shows an example depicting this process. For the sake of visualization the

number of bins was here reduced to 20. The number of bins is often maximized so as to

extract the most information.
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FIGURE 3.6: Demonstration of the method used to determine how the parameters of the
Gaussian distribution of faculae latitude vary with sunspot group latitude. Just like what is
happening with the bin highlighted in red (on the right), the distribution of faculae latitude
along that bin will be extracted (on the left) and the parameters of the best fit Gaussian
distribution will be saved along with the sunspot group latitude at the bin’s edge. This
data will then allow the inference of the variation of the faculae latitude with sunspot
group latitude. Here the darker colors show the regions where more sunspot groups and

faculae pairs are seen.
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In the case of sunspot group and faculae latitude the best results were obtained ex-

tracting information from 150 bins. These allowed us to infer that the overall mean faculae

latitude distribution µLF varies linearly with the sunspot group latitude LS in both hemi-

spheres taking the form,

µLF(LS) =


0.84LS − 3.7 for LS < 0

0.74LS − 4.4 for LS >= 0.
(3.5)

The dispersion σLF is well modeled as a function of sunspot group latitude through two

third-degree polynomials, one for each hemisphere, which can be written as,

σLF(LS) =


8.1 × 10−5L3

S + 1.3 × 10−2L2
S + 0.43LS + 8.6 for LS < 0

6.2 × 10−6L3
S + 1.1 × 10−2L2

S − 0.49LS + 8.9 for LS >= 0.
(3.6)

40 20 0 20 40
Sunspot Group Latitude [in degrees]

40

20

0

20

40

M
ea

n 
of

 F
ac

ul
ae

 L
at

itu
de

 
L F

 [i
n 

de
gr

ee
s]

LF

Best Fit

40 20 0 20 40
Sunspot Group Latitude [in degrees]

0

2

4

6

8

10

12

14

16

Di
sp

er
sio

n 
of

 F
ac

ul
ae

 L
at

itu
de

 
L F

 [i
n 

de
gr

ee
s] LF

Best Fit

FIGURE 3.7: Polynomials that best fit (in red) the variations of µLF (top panel) and σLF
(bottom panel) with sunspot group latitude.

This is shown in Figure 3.7.

As an intermediate test of the assumed distributions and functional forms, we may

perform the Kolmogrov-Smirnov (KS) test (Kolmogorov, 1991; Smirnov, 1954) to com-

pare observations and simulations. This test is often used in statistics to compare the

cumulative distribution functions of two samples, by measuring the maximum distance
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between them, and thus infer whether or not the result is consistent with the two samples

being drawn from the same distribution. This can be done by analyzing the critical value.

For a confidence level of 95% we may conclude that the samples are unlikely to have

been drawn from the same distribution if the critical value is under 0.05. In what concerns

sunspot group and faculae latitude, when comparing synthetic with observed data, after

100 runs the average critical values obtained were 0.17 and 0.19, respectively. The cor-

responding average maximum distances of the cumulative distributions were of 0.035 in

both cases. These small average maximum distances further support that the underlying

distributions show no statistically significant differences. An example of the simultaneous

simulation of the latitude of spot groups and faculae can be seen in Figure 3.8.
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FIGURE 3.8: Comparison between the results of the simulation (red circles) and the data
coming from the observations (black points) for faculae and sunspot group latitude.

3.1.2.2 Sunspot Group and Faculae Longitude

Turning now to sunspot group longitude, there seems to be no preferential heliographic

longitude at which sunspot groups form in our observational data (Figure 3.9). This is so in

the reference frame of the Sun. As such sunspot group heliographic longitude is randomly

generated from a uniform distribution that goes from 0◦ to 360◦. To an observer on Earth,

a sunspot group will be visible in the surface of the Sun when it is located between -90◦

and 90◦ longitude. This is consistent with the implementation described in Santos et al.

(2015).

Faculae heliographic longitude is also associated with sunspot group heliographic lon-

gitude as can be seen in Figure 3.10. To simulate it we consider the distribution of the

difference between the faculae and sunspot group heliographic longitude for which the
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FIGURE 3.9: Heliographic longitude distribution of sunspot groups over the extension of
Solar Cycle 23.

best fit is a normal distribution (Figure 3.11). This way the faculae heliographic longitude

will simply be the previously determined sunspot group heliographic longitude plus the

randomly generated difference taken from a normal distribution with µLN=-0.67, σLN=8 as

dictated by the best fit.
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FIGURE 3.10: Relation between the heliographic longitude of visible sunspot groups and
the respective faculae.

The average of the KS test critical values after 100 runs of the simulation obtained for

sunspot group and faculae heliographic longitude were 0.49 and 0.44 respectively. The

corresponding average maximum distances of the cumulative distributions were 0.025 and

0.027. Accordingly, there is not enough evidence to conclude that there is a statistically

significant difference between the two the distributions. An example of the simultaneous

simulation of the heliographic longitude of spot groups and faculae can be seen in Figure

3.12 where the heliographic longitude was converted to radians for later convenience.
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FIGURE 3.11: Distribution of the difference between the faculae and sunspot group he-
liographic longitude using SOHO/MDI observational data (in black) and the Gaussian

distribution of best fit (in red).
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FIGURE 3.12: Comparison between the results of the simulation (red circles) and the data
coming from the observations (black points) for faculae and sunspot group heliographic

longitude.

3.1.3 Sunspot Group and Faculae Maximum Area

Following the successful simulation of sunspot groups and respective faculae as well as

the determination of where they are in the solar disc, we now move on to establishing the

maximum area they will reach during their lifetime.

Originally the distribution of the sunspot group areas was considered to be well repre-

sented by a log-normal distribution and the simulation was able to reproduce the observed

sunspot group area well (Santos et al., 2015). When changing the dataset, however, we

obtained different results due to the significant prevalence of small sunspot group areas.

Dark features appearing in the photosphere of the Sun have been categorized as

pores, transitional sunspots, and mature sunspots. These categories are distinguishable
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in SOHO/MDI data due to the high resolution of the instrument. Pores differ from sunspots

in that they do not have a penumbra (Priest, 2014). Transitional and mature sunspots

are only discernible when studying their characteristics in detail. They were primarily

identified when studying the relation between their total magnetic flux and their area, with

three regions of distinct behaviour being put into evidence (Tlatov and Pevtsov, 2014; Cho

et al., 2015). For the purpose of this simulation, pores which have areas between [0,20]

MSH are not features of interest and thus sunspot groups with areas bellow the 20 MSH

threshold have been excluded from the original time series. This is mainly because pores,

having short lifetimes, provide a small contribution to Sun-as-a-Star Observations. Cho

et al. (2015) found that the area distribution of transitional sunspots is well represented

by two log-normal distributions while those of mature sunspots is well represented by one

log-normal distribution. This inspired an attempt at fitting sunspot group areas with more

than one distribution. The first try consisted of a fit of three log-normal distributions, which

was found to severely overestimate the largest sunspot group areas. The best results were

obtained with a combination of two log-normal distributions and one Gamma distribution.

The best fit to the sunspot group areas can be seen in Figure 3.13 and the parameters as

well as the weight of each distribution are listed in Table 3.3.
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FIGURE 3.13: Distribution of the sunspot group area. The best fit to the area distribution
of sunspot groups is shown in black. The red, green and blue lines represent the 2 log-
normal distributions and gamma distribution, respectively, that combined allow for a good
fit of the sunspot group area distribution. It is to be noted that the x-axis was here cut for

visualisation purposes. The highest sunspot area recorded is 3443 MSH.

From Figure 3.14 we may recognize a relation between faculae and sunspot group

area that is similar to the one found in Chatzistergos et al. (2022) for plages, which are
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Distribution Parameters Weights

Log-Normal µ1=5.0 σ1=0.8 0.6
Log-Normal µ2=3.5 σ2=0.3 0.2

Gamma α=2.1 β=0.003 0.2

TABLE 3.3: Parameters for the combination of distributions that best fit the observed
sunspot group areas.

extensions of faculae into the chromosphere. The authors found the areas of plages (AP)

to be related to that of sunspots (AS) by the power law,

AP = (0.34 ± 0.09)× A(0.35±0.08)
S − (0.004 ± 0.008). (3.7)
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FIGURE 3.14: Relation between sunspot group and faculae area.
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FIGURE 3.15: Distribution of observed faculae area (in black) and the Gamma distribution
of best fit (in red).

First, we tried to model what we observe in Figure 3.14 using such a power law, and

then attempted to simulate the scatter around the line of best fit. This approach turned
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out, however, to perform poorly with our dataset and we could not statistically reproduce

the observations. We further tried fits of quadratic and linear relations as often times found

in the literature (e.g. Foukal 1998; Singh et al. 2021) but to no avail.
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FIGURE 3.16: Polynomials that best fit (in red) the variations of α (top panel) and β
(bottom panel) with sunspot group area.

We then proceeded as previously described for faculae latitude after finding out what

the overall distribution of faculae area looks like (Figure 3.15). To do this, we use a python

tool called fitter (Cokelaer et al., 2023) capable of fitting each of the probability distri-

butions offered by the SciPy library (Virtanen et al., 2020) to a set of data and through

different statistical tests find out which one better represents it. Our statistical method of

choice will be the KS test. Out of the best-performing distributions, the one found to offer

the best reproduction of the observational data in our simulation was the Gamma distri-

bution. From here, we now aim to determine the parameters of the Gamma distribution

(the shape parameter α and the inverse of the scale parameter β = 1/θ) as a function of

sunspot group area. We split the sunspot group area in 150 bins and gather the values for

the parameters of the fit of a Gamma distribution to faculae area as well as the sunspot

group area at each bin’s edge. With this, we choose to represent both parameters of

the overall Gamma distribution of faculae area as varying with sunspot group area (AS)

according to a power law such that,
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α(AS) = 0.16A0.67
S + 0.05 (3.8)

β(AS) = −1.79 × 10−4A0.49
S + 5.89 × 10−4. (3.9)

This can be seen in Figure 3.16. After 100 runs of the simulation, the critical values found

from the KS test for the distributions of faculae and sunspot group area were 0.20 and

0.24, respectively, both above the threshold of 0.05. This indicates that we cannot rule out

the possibility of the generated and observed data being drawn from the same distribu-

tion. Analyzing the corresponding average maximum distances between the cumulative

distributions (0.034 and 0.032, respectively) further corroborates this. An example of the

performance of the simulation in generating sunspot group and faculae areas can be seen

in Figure 3.17.
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FIGURE 3.17: Comparison between the results of the simulation (red circles) and the
data coming from the observations (black points) for faculae and sunspot group area.

3.1.4 Sunspot Group and Faculae Evolution

3.1.4.1 Sunspot Group and Faculae Lifetime

All that is left now, is simulating the changes that sunspot groups and faculae go through

during their lifetime. But how long do sunspot groups and faculae live? Starting with

sunspot groups, Gnevyshev (1938) and Waldmeier (1955) found the relation between the

lifetime (τ) of sunspot groups and their maximum area (Amax) to be of direct proportional-

ity,
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τ =
1

DGW
Amax. (3.10)

Equation 3.10 is most commonly known as the Gnevyshev-Waldmeier (GW) rule. The

constant DGW was originally considered to be 10 MSH/day but has suffered updates over

the years (e.g. Petrovay and van Driel-Gesztelyi 1997; Henwood et al. 2010; Nagovitsyn

et al. 2019). Recently, Forgács-Dajka et al. (2021) found that the lifetimes of sunspot

groups seem to be better represented by considering DGW ∼ 20 MSH/day in the GW rule.

The authors also found that there is a lower limit on the lifetime of sunspot groups that can

be described by a function of the maximum area,

τmin = (1.25 ± 0.054)A0.33±0.021
max . (3.11)

In our simulation, the best match with the observations was obtained using DGW=10

MSH/day in the GW rule and considering a minimum lifetime as described by Equation

3.11.

For faculae, according to Borgniet et al. (2015), the ratio between the mean decay of

sunspot groups (D̄SG) and the mean decay of faculae (D̄F) is,

D̄SG

D̄F
=

−41.3 MSH/day
−27 MSH/day

∼ 1.5, (3.12)

meaning that, on average, faculae live 1.5 times longer than sunspot groups. As such, to

determine the lifetime of faculae from their maximum area we scale Equations 3.10 and

3.11 by a factor of 1.5.

During their lifetime sunspot groups and faculae go through a period of growth and

a period of decay with both features growing a lot faster than they decay (Howard, 1991,

1992). Because of this, our simulation accounts for the period of decay of each feature first

and considers the growth period to be the difference between the lifetime of the feature

and the time it spends decaying. We start from the maximum area and reduce it as time

passes according to a certain decay law. The reduction will continue so long as the area

remains above zero. If by the end of this process there is time unaccounted for, that time

will be the growth period of the feature. For the sake of simplicity we will also consider

that the decay law and the growth law have the same form, as was done in Santos et al.

(2015). To be consistent with observations we will only record sunspot groups with a total

area above 20 MSH and respective faculae with total area above 1 MSH.
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The decay of sunspot groups has been an object of research for many years and differ-

ent decay laws have been proposed. Recently Muraközy (2021), in accordance to what

had been found in Hathaway and Choudhary (2008), found the decay rates of sunspot

groups (Γ) to depend linearly on the area of the group (A) such that,

ΓM = −0.141A. (3.13)

In contrast, Javaraiah (2012) found a power law instead,

ΓJ = exp (0.26)A0.613, (3.14)

which was later modified in Santos et al. (2015) to better fit the observational data. In

the development of our simulation, it became clear that the modifications made in Santos

et al. (2015) were not a good representation of the new observational data considered in

this work. As such, alternatives were sought and tests with both Equation 3.13 and 3.14

were made, which lead to the conclusion that Equation 3.14 provides a better agreement

with observational data.

We began with the assumption that faculae obey the same decay law as sunspot

groups. However, when we introduced time evolution in our simulation, we were unable

to statistically reproduce the area distribution of faculae associated with sunspot groups.

Since the distribution of the maximum areas remained consistent with the observations,

we concluded that faculae must evolve differently. In an attempt to find a solution, we

conducted tests using Equations 3.13 and 3.14, changing their parameters. The best

correspondence with observations was obtained when considering that faculae decay

linearly according to,

ΓF = −0.065A. (3.15)

3.1.4.2 Sunspot Group and Faculae Visibility

Last but not least, we have to consider that as the Sun rotates so do the sunspot groups

and faculae residing on its surface. The Sun is known to rotate diferentially, that is, different

latitudinal bands rotate at different speeds. To an observer on Earth, the equator of the

Sun will have completed a full rotation after 26.24 days, while at a latitude of 26◦, closer to

that at which sunspots start appearing in the beginning of a cycle, it will take 27.28 days.
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Relative to other stars, at the equator, the Sun completes a full rotation after 24.47 days,

and at 26◦ in latitude, it completes a full rotation after 25.38 days. These are known as

the synodic and sidereal periods, respectively (Priest, 2014). Consequently, depending

on where sunspot groups and faculae form as well as their lifetime, if they are born in the

nearside of the Sun they might migrate to the far side and vise versa. For the purposes of

this work we are interested in simulating the visible side of the Sun to have a consistent

means of comparison with the observations, but the entirety of the Sun as well.

Moreover, because sunspots appear as indentations in the solar surface (Wilson,

1774), they will not rotate on par with their surrounding photosphere but rather slightly

faster. The deeper the indentation the more this effect is noticeable (e.g. Zappala and

Zuccarello 1991). As sunspots evolve they become more and more shallow until they dis-

appear, which means it is also true that young spots will move faster than sunspots that

are disappearing. This phenomenon will not be taken into consideration in our simulation

as the difference between the speed at which sunspots rotate and that of their surrounding

photosphere is not significant.

To account for differential rotation in our simulation we estimate the rotation rate of the

Sun as a function of latitude according to a commonly used simplified version of what was

found in Snodgrass (1983) and Snodgrass and Ulrich (1990),

Ω(L) = Ωeq,⊙
(

1 − α⊙ sin2(L)
)

(3.16)

in accordance with what was done in Santos et al. (2017). Here Ωeq,⊙ =0.2567 rad/d

is the angular velocity at the equator of the Sun, and the parameter α⊙=0.1584 dictates

how the rotation rate depends on the latitude. As sunspots and faculae evolve the angular

velocity Ω(L) will be calculated according to their latitude. With this information we are

able to determine how much a feature travelled in longitude as a consequence of rotation.

Adding this quantity to its initial longitude at every step of its evolution is how we include

differential rotation in our simulation.

Our simulation will then produce two sets of results, one for the visible side of the Sun

when the sunspot and faculae longitude will range from -90◦ to 90◦ and another for both

sides of the Sun where the longitude will range from -180◦ to 180◦.
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3.2 Results for Solar Cycle 23

With our simulation complete, we are now ready to look at the results finally considering

sunspot group and faculae evolution. It is to be noted however, that the way we built our

dataset (refer to Chapter 2) does not allow us to compare faculae observational data to

faculae synthetic data in its entirety. The method we created was built to find faculae

around sunspot groups and will succeed in capturing their overall behaviour but miss

their evolution. As faculae live longer than sunspots, at a certain point in their lifetime

they will exist without a sunspot. This is taken into account in our simulation but not in

our dataset. As a consequence we would expect to observe higher numbers of faculae

and higher accumulated areas when in comparison to those that were recorded. A good

statistical comparison cannot be achieved in these conditions. As such, for faculae, we will

statistically compare our observations with our synthetic data trimmed so that we consider

only faculae that are seen at the same time as their corresponding sunspot groups. A

comparison of the behaviour of the generated faculae and that of their associated sunspot

groups is also provided. Considering the entirety of our synthetic data, we will also check if

the results of our simulation are as we would expect from the addition of faculae evolution

beyond that of sunspot groups.

For sunspot groups we will analyse the performance of our simulation, once again,

by using the KS test. In Figure 3.18, we may see the results for sunspot groups at the

end of one run. After 100 runs the average critical values obtained for the comparison

between the simulated and observed number of sunspot groups and their total area are

0.29 and 0.16 respectively. This means that the results are in line with the assumption that

the samples share a common underlying distribution. We may also analyse the maximum

distance between the simulated and observed cumulative distributions to further support

this conclusion. For sunspot group number and total area these were 0.03 after 100 runs

of the simulation. An example of this small difference can be seen in Figure 3.19, which

illustrates the results for one arbitrary run of the simulation.

As for the latitude distribution, the critical value of the KS test, in adding sunspot group

evolution, was noted to be bellow the 0.05 required to support the hypothesis that the

synthetic and observed samples are drawn from the same distribution. However it is

to be noted that the largest distance between the two cumulative distributions averages

at 0.05 after 100 runs which is small. This means that our simulated data retains the

main characteristics of what we observe even if the difference between the distributions
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FIGURE 3.18: Overall results of the completed simulation of sunspot groups for Solar
Cycle 23. Here we present a comparison between the synthetic data (in red) and the
observations (in black) in what concerns the variations in number (top left), the variations
in total area (top right), the variations in latitude (bottom left) and the distribution of the

accumulated areas (bottom right) for sunspot groups.

is statistically significant. An example of what the difference between the synthetic and

observed cumulative latitude distributions of our data looks like can also be seen in Figure

3.19 for one arbitrary run of the simulation.

In Figure 3.20 we may now see a comparison between the observed faculae data and

the synthetic faculae data, which has been trimmed to include only faculae associated with

sunspot groups. Regarding faculae, the difference between the simulated and observed

area and latitude distributions is statistically significant. After 100 runs of the simulation,

the average critical values of the KS test did not exceed the 0.05 threshold. However, the

average maximum distances between the cumulative distributions are small, measuring

0.06 and 0.04 for area and latitude, respectively. The main reason for the statistical dif-

ference between the observed and simulated area distribution is most likely rooted in our

assumption regarding the evolution of faculae. At present, our dataset does not allow for

the study of faculae evolution. In the future this might be something to consider in order

to correct this discrepancy. Nevertheless, both from the values of the average maximum

distance between the cumulative distributions, and the bottom right panel of Figure 3.20

we can see that the shape of the accumulated area distributions matches, and we retain
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FIGURE 3.19: Example of the small difference between the synthetic (in red) and ob-
served (in black) cumulative distribution functions of sunspot group number (first panel),
total area (second panel), and latitude (third panel). This is as was obtained for one arbi-

trary run of the simulation.

the observed behavior of faculae. This is also true for faculae latitude. In what concerns

the simulated number of faculae, we obtain a good reproduction of observations with an

average critical value of 0.18 and an average maximum distance between the cumulative
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FIGURE 3.20: Comparison between the synthetic data obtained for faculae associated
with sunspot groups (in red) and faculae observations (in black) with the completed sim-

ulation for Solar Cycle 23.

distributions of 0.03. In Figure 3.21, the synthetic and observed cumulative distributions

of faculae associated with sunspot groups are presented for one arbitrary run of our sim-

ulation.

We also provide a comparison between our synthetic data obtained for sunspot groups

and the faculae associated with them. This can be seen in Figure 3.22. The most signifi-

cant differences in the behaviour of the two features are seen in the right panels of Figure

3.22. Throughout the cycle, the total area of faculae as a function of time is always higher

than that of sunspots. That is consistent with the fact that, on average, the simulated

sample shows a sunspot group to faculae area ratio of approximately 14. This is very

close to the 11 we find for our observational data. In comparison to sunspot groups, in the

bottom right panel of Figure 3.22, we may observe that the accumulated area distributions

of both features have significantly different shapes. The distribution for faculae depicted

in blue is shifted towards higher areas when in comparison to the distribution for sunspots

depicted in orange. Turning to the left panels, we may see that when in comparison with

sunspot groups we are generating the same number of faculae, and faculae latitudes are

consistent with sunspot group latitudes. This is as would be expected from our discussion

throughout this chapter.
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FIGURE 3.21: Example of the small difference between the synthetic (in red) and ob-
served (in black) cumulative distribution functions of faculae number (first panel), total
area (second panel), and latitude (third panel). This is as was obtained for one arbitrary
run of the simulation. The synthetic data has been trimmed to account for the fact that

our observations only contain faculae associated with sunspot groups.

Lastly, we may also analyze the behavior of our entire generated faculae dataset along-

side our observational dataset. Here, the synthetic data includes the entirety of the evo-

lution of faculae, containing times where faculae exist beyond their associated sunspot
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FIGURE 3.22: Comparison between the sunspot group (in orange) and faculae (in blue)
generated data with the completed simulation for Solar Cycle 23. Here, the faculae data

was trimmed so as to include only faculae co-existing with sunspot groups.
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FIGURE 3.23: Comparison between the synthetic data obtained for all generated faculae
(in red) and faculae observations (in black) with the completed simulation for Solar Cycle

23.
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groups owing to their longer lifetimes. We investigate here if the results we obtain re-

main coherent with what we would expect when we compare the synthetic data with our

observational data, where only faculae that are seen to co-exist with sunspot groups are

recorded. In the top left panel of Figure 3.23, we may see that, indeed, as a consequence

of faculae evolution beyond that of sunspot groups, we are generating larger amounts of

faculae. This results in an increase in the total area of faculae, which is evident from the

top right panel of Figure 3.23. In the bottom right panel, we may observe that the accu-

mulated area distribution for faculae suffers a pronounced increase towards lower areas.

This is a consequence of a longer faculae evolution, especially in allowing faculae to fully

decay, we create an abundance of small faculae in our synthetic data.



Chapter 4

The Light Curve of the Sun

Transit photometry is perhaps the most widely used method for detecting exoplanets to-

day, relying on the analysis of stellar light curves to reveal planets in orbit around their host

stars. The base principle behind it is, if we are measuring the quantity of light coming from

a star hosting a planet, then every time the planet passes in front of the star, there will

be a decrease in the amount of light we receive. This is usually known as a transit curve

(Bozza et al., 2016). However, a large long-lived spot that lasts for more than one rotation

of the star might produce a similar effect as that of a planet. In principle, for solar-like

stars, this can be resolved with a long observation time. A sunspot will eventually fade

away, while a planet will remain in orbit. The situation becomes more complex when an-

alyzing young, active M dwarfs, for example, as these stars have been observed to have

spots that remain stable for years (e.g. Robertson et al. 2014; Davenport et al. 2015).

Yet, challenges persist in making precise determinations. When analysing transit sig-

nals we may, for example, want to infer the radius of the orbiting planet from the depth

of the transit. In the case there is a high contribution from stellar activity, the curve may

appear noisy resulting in a higher uncertainty in the determination of this parameter. In

being capable of estimating the contribution of magnetic activity to the light curve of the

stars we are observing, we will be able to mitigate it in our signals. The model we will

discuss in this chapter presents a step forward in that direction.

Our goal here is to complement the existing model discussed in Santos et al. (2017)

which primarily featured the signature of sunspots, by adding the signature of faculae. We

will use the Sun-as-a-Star observations as obtained from the model described in Chapter

3 to accomplish this. The following sections will be dedicated to the description of the

model and the discussion of its performance.
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4.1 Sunspot Group Contribution

Following from the works of Lanza et al. (1993) and Eker (1994), in our model we consider

a spherically symmetric star with circular spot groups laying on its surface. Each of these

groups is then subdivided into smaller area elements, so that the relative flux contribution

of each element can be calculated. In the case of sunspots, as they are dark cool features,

the flux we receive from a star is reduced by their presence. For an individual element k,

we may calculate its contribution to the overall flux decrease using the expression,

(
∆F
F

)s

k
= (1 − CS)

Sk

πR2
⋆

µk
I(µk)

I(1)
, (4.1)

where R⋆ is the radius of the star, which in our case will be the radius of the Sun, Sk is

the area of the element being considered, µk = cos ψk with ψk being the angle between

the line of sight and the normal to the k-th surface area element, CS is the ratio between

the intensity of the spot to that of the photosphere, commonly known as contrast, and

I(µk)/I(1) describes the variations in intensity of the photosphere to an observer which is

well expressed by a limb-darkening law. An area element will be visible when 0 ≤ µk ≤ 1

as shown schematically in Figure 4.1.

Center: µk = 1µk = −1

Limb: µk = 0

Limb: µk = 0

Normal to Surface Element

Line of Sight
ψk

ψk

VisibleInvisible

FIGURE 4.1: Schematic representation of how µk determines the visibility of a surface
area element.
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In our model, the contrast CS is deemed to be a constant as we do not distinguish

between spot umbra and penumbra, and as CS has been proven to not vary signifi-

cantly depending on its position in the disc (e.g. Lanza et al. 2004). In accordance with

Lanza et al. (2003), we take the value of the contrast to be CS=0.67. Furthermore we

assume a quadratic limb-darkening law parameterized for solar-like stars observed by

Kepler (Claret, 2000) which can be written as,

I(µk)

I(1)
= 1 − 0.5287(1 − µk) + 0.2175(1 − µk)

2, (4.2)

in agreement to that described in Santos et al. (2017).

To account for the total flux contribution to the light curve of the entirety of the area

covered by sunspots we sum the contribution of the individual area elements such that,

(
∆F
F

)s

= ∑
k

(
∆F
F

)s

k
. (4.3)

Considering that the normalized flux coming from the star would take the value of 1

we may draw the light curve of the star as perturbed by sunspots by considering,

FS = 1 − ∆F
F

. (4.4)

In Figure 4.2 we may see the contribution of a single sunspot group to the light curve

of the Sun. This group has a lifetime of 68 days which corresponds to less than 3 full

rotations of the Sun at its given latitude (∼2◦). The blue line in Figure 4.2 traces the

evolution of the sunspot group, evidencing a period of growth and a period of decay. The

periodicity of the rotation of the Sun is put into evidence when we count intervals of time

where a ∼360◦ difference in longitude is noted as highlighted by the purple lines in Figure

4.2.

Every full rotation is characterized by a time frame where there is no contribution to

the light curve accounting for when the sunspot group is in the invisible side of the Sun,

and a flux minimum accounting for when the sunspot group is crossing the visible side

of the Sun. The highest contribution to the flux decrease that a sunspot group will make

will occur when the sunspot group is largest and when the entirety of its area elements

are in the visible side of the Sun. This will happen toward the center of the Sun as a

consequence of the intensity contrast being more prominent than at the limbs due to limb

darkening.
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FIGURE 4.2: Contribution to the light curve of one sunspot group that lives 68 days. The
blue line represents the evolution of the sunspot group, exhibiting a growth and a decay
period. The black line is the contribution to the flux decrease caused by this sunspot
group in particular. The purple lines mark solar rotation. The rotation period is approx-
imately 25 days, as would be expected for the sidereal period of the Sun, for a sunspot

group appearing near the equator at ∼2◦ in latitude.

4.2 Faculae Contribution

The implementation of the contribution of faculae to the light curve of the Sun differs from

that of sunspot groups in that they increase the flux of the Sun rather than decreasing it.

Moreover, the contrast of these features is well known to vary depending on their position

in the solar surface as they are mostly seen on the solar limb. Foukal et al. (1991) found

that this variation can be expressed as,

CF − 1 = 0.115(1 − µk). (4.5)

Substituting in Equation 4.1 yields a relative flux increase of an area element belonging

to a segmented circular faculae coexisting with a sunspot group of the form,

(
∆F
F

)f

k
= −0.115(1 − µk)

Sk

πR2
⊙

µk
I(µk)

I(1)
. (4.6)

Analogously to what was done for sunspot groups, after summing the contributions

of all area elements we may draw the light curve of the star as perturbed by faculae by

considering,

FF = 1 −
(

∆F
F

)f

= 1 + ∑
k

0.115(1 − µk)
Sk

πR2
⋆

µk
I(µk)

I(1)
, (4.7)

which results in a positive contribution to the overall flux.
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As µ=1 in the center of the stellar disc, this means that the faculae contrast is maximum

near the limbs of the Sun which is consistent with what we observe. Figure 4.3 is an

example of the result of the contribution of a long lived facula to the light curve of the Sun.

The facula lives for approximately 89 days which roughly translates into 3.4 rotations of

the Sun at its given latitude (∼ 24◦). During its lifetime we observe that the more area it

covers the more significant its contribution to the overall flux becomes, similarly to what

happens with sunspot groups. Furthermore while it is visible, in crossing the entirety of

the solar disc, its flux contribution will peak once near the eastern limb (around 30◦ in

longitude), drop to a minimum near the solar center (around 90◦ in longitude) and then

peak again near the western limb (around 130◦ in longitude). Contrary to what we observe

with sunspot groups, faculae only present a decay period in our simulation evidenced by

the red line in Figure 4.3. In considering a linear decay law for faculae, they decay so

slowly that this period occupies the entirety of their calculated lifetime. Faculae will spend

the majority of their lives decaying (Howard, 1991), so in not accounting for growth we

will still include the bulk of the contribution to relative flux variations in the light curve of

the Sun as induced by the presence of faculae. Nevertheless, this is yet another hint

that a study of faculae evolution is needed to better approximate our simulation to their

behaviour.

FIGURE 4.3: Contribution to the light curve of one facula that lives 89 days. While it is
visible, its flux contribution is maximum near the limbs of the Sun (near 30 and 130 de-
grees in longitude), and minimum in the center of the Sun (near 90 degrees in longitude).

It is worth noting that, in our model, as we are considering the entirety of the area a

facula would cover, there will be regions of faculae that will overlap with sunspots. How-

ever, the contrast of faculae when compared to that of sunspots is much lower. Therefore,
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FIGURE 4.4: Simulated light curves obtained for the Sun throughout the entirety of Solar
Cycle 23. The top panel contains only perturbations caused by sunspots, the second
panel contains only perturbations caused by faculae, and the third panel shows the rela-

tive flux variations caused by both faculae and sunspot groups.

we assume that when a faculae area element overlaps a sunspot area element, the con-

tribution of the spot will be more significant, rendering the faculae contribution in those

regions negligible. For this reason, at present, our model does not identify which regions
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of faculae overlap with sunspots and as such it does not remove faculae contribution in

the overlapping regions.

4.3 Simulated Light Curves for Solar Cycle 23

Figure 4.4 shows the synthetic light curves as obtained for the Sun throughout the entirety

of Solar Cycle 23. These include the contributions from all sunspot groups and faculae

that were generated, covering the entirety of their evolution.

As is to be expected, we may note that faculae perturb the light curve of the Sun less

significantly than sunspot groups and in both cases the largest amplitude perturbation oc-

curs during solar maximum. Interestingly, even if sunspots clearly dominate the variability

we observe in the synthetic curves, faculae contribution still translates into a notable in-

crease in the flux we receive from the Sun, especially during solar maximum. Such a

behaviour is a step further to achieving what has been observed from previous studies

on the variations of total solar irradiance. Here we are only simulating what happens for

visible light. For the sum of all wavelengths, the Sun will appear brighter at solar maximum

by ∼ 0.1% also due to plage contribution (e.g. Foukal and Lean 1988).
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FIGURE 4.5: Impact of faculae on the light curve of the Sun throughout the entirety of
Solar Cycle 23. In red we may see the variations in relative flux caused by faculae that
are associated with sunspot groups while in black we may see the contribution of all

generated faculae.

It is also interesting to analyse the impact of faculae evolution beyond that of sunspot

groups in the light curve of the Sun when in comparison to considering only the contribu-

tion of faculae that appear associated with sunspot groups. From Figure 4.5 we may infer

that even if we are contributing mainly to the creation of smaller faculae when considering
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the entirety of their evolution, this results in a higher contribution to the relative flux notice-

able throughout the entirety of the cycle. This is as we would expect from increasing the

generated numbers of faculae.
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FIGURE 4.6: Simulation of the relative flux variation as caused by the Earth orbiting the
Sun (in red), and as caused by sunspot groups and faculae (in gray). The transit was

drawn with the aid of the Python package batman (Kreidberg, 2015).

In Figure 4.6, we can see in red how the transit of the Earth orbiting the Sun would

look like when in comparison to the variations simulated to include stellar activity in the

light curve of our star. The variations in relative flux caused by the transit of the planet

would be undecipherable amidst the contributions of stellar activity. This emphasizes the

importance of being able to separate the variability caused by the star and the variability

caused by a possible planet in stellar signals, for planet detection.



Chapter 5

Summary and Conclusions

In this work we have presented an algorithm that is capable of detecting faculae that sur-

round sunspot groups from publicly available records. Furthermore we thoroughly studied

and simulated the behaviour of faculae that surround sunspot groups and estimated the

impact of both sunspots and faculae in the light curve of the Sun.

In studying faculae we put into evidence several important details concerning their

behaviour. Starting with location, we found that faculae latitude is well represented by

two Gaussian distributions (one in each hemisphere) with parameters that depend on

the location of sunspot groups. The mean faculae latitude was found to depend linearly

on sunspot group latitude, while the dispersion was better described by a third degree

polynomial. Faculae longitude on the other hand, proved to be well represented through

the Gaussian distribution of the difference between faculae and sunspot group longitude.

Faculae maximum area was found to follow a Gamma distribution with both the shape

and inverse scale parameters depending on sunspot group maximum area according to a

power law.

Regarding sunspot group behaviour it is worth noting our findings pertaining to sunspot

group maximum area. In the past, most studies considered the maximum area of sunspot

groups to follow a log-normal distribution. Here we put into evidence that when using high

resolution data the characteristics of different features are more meaningful, requiring a

more complex approach namely the combination of different distributions.

Regarding our tool developed to reproduce the behaviour of sunspots and faculae,

our results show that the synthetic data we are generating with our model is accurately

reproducing the behaviour described by the observational data. In the future, we would

like to extend this model to include the simulation of pores, polar faculae and faculae not

51
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associated with sunspots. Further additions and studies regarding faculae would benefit

from a dataset that follows faculae throughout their lifetime so as to study their evolution.

This would overall lead to more certainty in the reproduction of the behaviour of faculae.

In what concerns the estimation of the variability observed in the light curve of the

Sun, our results are a step closer to reproducing what has been found in the literature

for studies concerning the total solar irradiance. We have successfully incorporated the

contribution of faculae associated with sunspot groups that during solar maximum already

translate into an increase in the flux that we receive from the Sun. Subsequently we would

like to be able to account for the overlap there exists between features, so as to better our

synthetic results.

It is worth noting that the models developed and described throughout this work can

easily be adapted to simulate magnetic activity in other solar like stars. This can be

achieved by tweaking the input parameters of the models under the assumption that the

variability observed will be alike that of the Sun.

Going forward, we would like to use our synthetic sunspot and faculae data to probe

how these features impact other commonly used methods to detect planets orbiting stars,

such as, radial-velocity signals. Such a study could help with the mitigation of stellar

magnetic activity in the quest of finding Earth-like planets around Sun-like stars.

Overall, we believe this work represents a step forward towards realistic modelling of

stellar magnetic activity.
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