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A collisionless shock is often regarded as a discontinuity with a plasma flow across
it. Plasma parameters before the shock (upstream) and behind the shock
(downstream) are related by the Rankine-Hugoniot relations (RH) which
essentially are the mass, momentum, and energy conservation laws. Standard
RH assume the upstream and downstream regions are uniform, that is, the
fluctuations of the plasma parameters and magnetic field are negligible.
Observations show that there exist shocks in which these fluctuations remain
large well behind the shock. The pressure and energy of these fluctuations have to
be included in the total pressure and energy. Here we lay down a basis of theory
taking into account persisting non-negligible turbulence. The theory is applied to
the case where only downstream magnetic turbulence is substantial. It is shown
that the density and magnetic field compression ratios may significantly deviate
from those predicted by the standard RH. Thus, turbulent effects should be taken
into account in observational data analyses.
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1 Introduction

Collisionless shocks are one of the most ubiquitous phenomena in the plasma
universe. In fast collisionless shocks the upstream flow is decelerated and the
downstream magnetic field, density, and temperature increase. The relations between
the upstream and downstream plasma parameters and the magnetic fields are
represented using Rankine-Hugoniot relations (RH) [1, 2]. These relations assume
that the upstream and downstream states, both sufficiently far from the shock transition
layer, are uniform, that is, all relevant variables converge to their constant values. In
most cases the ion and electron pressure are assumed isotropic with the polytropic
equation of state in both asymptotic regions [2]. These assumptions are especially typical
for astrophysical shocks [3]. In a number of studies the assumption of isotropy was
relaxed [4–10] but fluctuations are still assumed to disappear. It has been shown that
pre-existing turbulence may affect the plasma parameters [11–18].

In the solar wind turbulence at the scales of interest is typically modest [19, 20], while
behind the shock transition, in the downstream region, the level of the turbulence is
typically by an order of magnitude higher [21–23]. Very long waves with the period of tens
of seconds pass from the foreshock of the Earth bow shock and propagate in the
magnetosheath toward the magnetopause [24]. Recent simulations show enhancement
of turbulence on transmission through the shock [25–27] and modifications of the shock
front itself. In these simulations a pre-existing turbulence was included with amplitudes
higher than those observed and wavelengths much smaller than those observed, because of
the simulation limitations. The box was not large enough to catch the far downstream state
of the plasma and magnetic field. Theoretical studies [22, 28] treated transmission of the
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turbulence which was decoupled from the mean fields. A step
toward theoretical incorporation of turbulence in the shock
conditions was done within the Burgers equation for an
incompressible fluid without magnetic field [11]. It was shown
that the magnetic field in shocks may be amplified due to the large
scale (wavelength of 101–102 shock widths) upstream density
fluctuations [29]. RH with turbulence included were introduced
ad hoc by [13], without addressing the magnetic field. Observations
at the Earth bow shock reveal presence of substantial downstream
magnetic fluctuations well behind the shock transition layer in
most shocks. Figure 1 shows the magnetic field magnitude
measured by the Magnetospheric Multiscale mission (MMS)
[30], probe 1, around the shock crossing on 2015-10-21 at 07:
05:05 UTC. MMS1 shock crossings are documented on the SHARP
webpage https://sharp.fmi.fi/shock-database/ (see also [31]).
According to the SHARP list, the angle between the model
shock normal [32] and the upstream magnetic field is θu = 30°

and the Alfvénic Mach number (see definition in Section 4) isM =
9.4. The shown downstream region, t < 0, lasts for 20 min behind
the transition at t = 0, while the magnetic field does not converge to
a uniform value. These fluctuations have to be taken into account
when deriving Rankine-Hugoniot relations. Recently, observed
fluctuations of electric and magnetic fields were included in the
Poynting flux [33]. In this paper we systematically study Rankine-
Hugoniot relations in the presence of a substantial turbulence.

2 General Rankine-Hugoniot relations

We treat the plasma within the magnetohydrodynamic (MHD)
approach. The plasma is described by the mass density ρ(x, y, z, t),
hydrodynamic velocity V(x, y, z, t), and kinetic pressure P(x, y, z, t).
Here we restrict ourselves with the isotropic pressure only. This
should be completed with the magnetic field B(x, y, z, t) and electric
field E(x, y, z, t). The latter obeys the Ohm’s law E +V ×B/c = 0 in the
ideal MHD. The MHD equations for the plasma can be written in
the form of conservation laws:

∂

∂t
ρ + ∂

∂xi
Ji � 0 (1)

∂

∂t
ρVi( ) + ∂

∂xj
Tij � 0 (2)

∂

∂t

1
2
ρV2 + ϵ( ) + ∂

∂xi
Qi � 0 (3)

where i = x, y, z, ϵ is the internal energy density, and the mass,
momentum, and energy fluxes are

Ji � ρVi (4)
Tij � ρViVj + pδij + B2

8π
δij − BiBj

4π
(5)

Qi � 1
2
ρV2 + ϵ + P( )Vi + B2Vi

4π
− Bi BjVj( )

4π
(6)

These equations are completed with the Maxwell equation

∂

∂t
Bi � ∂

∂xj
ViBj − VjBi( ) (7)

Let the shock normal be in the x-direction. This means that after
averaging over physically meaningful time and space the x-
component of the fluxes are constant

〈ρVx〉 � 〈Jx〉 � const (8)
〈ρViVx〉 + 〈P〉δix + 〈B

2

8π
〉δix − 〈BiBx

4π
〉 � 〈Tix〉 � const (9)

〈1
2
ρV2Vx〉 + 〈ϵVx〉 + 〈PVx〉

+〈B
2Vx

4π
〉 − 〈

Bx BjVj( )
4π

〉 � 〈Qx〉 � const
(10)

and

〈VxBi − ViBx〉 � 0 (11)
We split all variables into a mean part and a fluctuating part

using the notation

ρ → ρ + r, 〈r〉 � 0 (12)
P → P + p, 〈p〉 � 0 (13)
ϵ → ϵ + e, 〈e〉 � 0 (14)
V → V + v, 〈v〉 � 0 (15)
B → B + b, 〈b〉 � 0 (16)

Substituting into the fluxes we have

ρVx + 〈rvx〉 � const (17)
ρViVx + Pδix + B2

8π
δix − BiBx

4π
+ ρ〈vivx〉

+〈rvi〉Vx + 〈rvx〉Vi + 〈b
2

8π
〉δix − 〈bibx

4π
〉 � const

(18)

1
2
ρV2Vx + ϵVx + PVx + B2Vx

4π
− Bx BjVj( )

4π

+〈rvj〉VjVx + 1
2
〈rvx〉V2 + ρVx〈v2〉 + 〈evx〉

(19)

+〈pvx〉 + Bj

2π
〈bjvx〉 + Vx

4π
〈b2〉

−Bx

4π
〈bjvj〉 − Bj

4π
〈bxvj〉 − Vj

4π
〈bxbj〉 � const

VxBi − ViBx + 〈vxbi〉 − 〈vibx〉 � 0

(20)

Bx � const (21)
In general, triple correlations should be retained and analyzed.

For simplicity and brevity in the above expressions only pairwise
averages are included. The last equation follows from  ·B = 0. A
simpler set of equations was proposed by [13] without derivation.
The introduced averaging should be an ensemble averaging which is
replaced by appropriate time and space averaging (as is done below)
for the purposes of the observational data analysis.

FIGURE 1
The magnetic field magnitude measured by the Magnetospheric
Multiscale mission (MMS), probe 1. Large amplitude magnetic
fluctuations in the downstream region, t < 0, are clearly seen.
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3 The case of the shock crossing 2015-
10-21/07:05:05

Figure 2 shows three components of the magnetic field in the GSE
coordinate system for the MMS1 shock 2015-10-21/07:05:

05 mentioned above. In the region −600 < t < − 200 the magnetic
field variance exceeds the mean magnetic field squared, 〈(B −〈B〉)2〉/
〈B〉2 = 2.5. In the region−1200< t<− 600 themagnetic field variance is
smaller but still very significant, 〈(B −〈B〉)2〉/〈B〉2 = 0.68. For
comparison, Figure 3 shows the ion density, temperature, and speed,
calculated onboard by the Fast Plasma Investigation instrument of
MMS [34] and Figure 4 shows the electron density, temperature, and
speed. The relative fluctuations of these parameters are much smaller,
e.g., 〈(ni − 〈ni〉)2〉/(〈ni〉)2 ≈ 0.01 and 〈(vi − 〈vi〉)2〉/(〈vi〉)2 ≈ 0.1.

The time resolution for the moments is 4.5 s, much larger than
0.125 s for the magnetic field. However, even quick visual inspection
of Figure 2 shows that the temporal scale of the large magnetic
fluctuations is comparable with the scale of the density and
temperature fluctuations. Thus, the relative significance of the
magnetic fluctuations is substantially larger than that of the
density and temperature fluctuations.

The ratio of the eigenvalues of the variance matrix Sij = 〈bibj〉 is
1:1.2:1.5, that is, the turbulence is nearly isotropic.

4 Magnetic fluctuations

In view of the above we restrict ourselves here with the magnetic
fluctuations only, neglecting r, p, e, and vi, so that

FIGURE 2
The GSE magnetic field components measured by the
Magnetospheric Multiscale mission (MMS), probe 1.

FIGURE 3
Top: the ion density ni. Middle: the ion temperature Ti. Bottom:
the ion speed Vi. All are onboard moments by the FPI instrument [34].

FIGURE 4
Top: the electron density ne. Middle: the electron temperature
Te. Bottom: the electron speed Ve.
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ρVx � const (22)

ρV2
x + P + B2

8π
+ 〈b

2
⊥

8π
〉 − 〈b

2
x

8π
〉 � const (23)

ρViV⊥ − B⊥Bx

4π
− 〈b⊥bx

4π
〉 � const, (24)

1
2
ρV2Vx + ϵVx + PVx + B2

xVx

4π
+ Vx

4π
〈b2〉 � const (25)

VxB⊥ − V⊥Bx � 0 (26)
Bx � const (27)

where ⊥ refers to y, z. The case of Alfvén turbulence, where the
relative velocity fluctuations are also large and have to be taken into
account, has been treated by [35] in the strong shock limit.

Assuming, for simplicity, isotropy of the fluctuations, we have
eventually

ρVx � const (28)
ρV2

x + P + B2

8π
1 + G

3
( ) � const (29)

ρVxV⊥ − B⊥Bx

4π
� const, (30)

1
2
ρV2Vx + ϵVx + PVx

+VxB
2
⊥ − Bx V⊥ · B⊥( )

4π
+ B2G

4π
� const

(31)

VxB⊥ − V⊥Bx � const (32)
Bx � const (33)

where G = 〈b2〉/B2.
It is convenient to proceed in the de Hoffman-Teller frame

(HT). Let u and d denote upstream and downstream, respectively.
Eqs 30, 32 mean that Bu,⊥, Bd,⊥,Vu,⊥,Vd,⊥, and x̂ are all in one plane.
Let it be x − z plane. bThe angle between the shock normal and the
local magnetic field is given by

cos θ � Bx

B
(34)

Bu cos θu � Bd cos θd (35)
for both upstream and downstream. HT is the shock frame in which
V⊥‖B⊥ in both asymptotic regions. The Normal Incidence Frame
(NIF) is the frame in which Vu,⊥ = 0. In NIF Vu � Vux̂ while in HT
Vu � UuB̂u, with Vu = Uu cos θu and similarly for the downstream
region. The Alfvénic Mach number M is defined as

M � Vu

vA
, vA � Bu����

4πρu
√ (36)

It is widely accepted also to define β � 8πPu/B2
u. With this notation

we shall have

ρuUu cos θu � ρdUd cos θd (37)

ρuU
2
u cos

2θu + Pu + B2
u

8π

� ρdU
2
d cos

2θd + Pd + B2
d

8π
1 + G

3
( ) (38)

ρuU
2
u sin θu cos θu −

B2
u sin θu cos θu

4π

� ρdU
2
d sin θd cos θd −

B2
d sin θd cos θd

4π

(39)

1
2
ρuU

3
u cos θu + ϵu + Pu( )Uu cos θu

� 1
2
ρdU

3
d cos θd + ϵd + Pd( )Ud cos θd + B2

dG

4π
Ud cos θd

(40)

Here we are treating the case where the upstream region is quiet
while the downstream region contains significant magnetic
fluctuations.

Let us define

R � Bd

Bu
, N � ρd

ρu
, Π � Pd

ρuU
2
u cos

2θu
,

Y � Ud

Uu
, ϵ + P � γ

γ − 1
P

(41)

we have also

cos θd
cos θu

� Bu

Bd
� 1
R

(42)

Now the equations take the following dimensionless form

R � NY (43)
1 + 1 + β

2M2
� Y

R
+ Π + R2 1 + G/3( )

2M2
(44)

1 − cos2θu
M2

� Y − R cos2θu
M2

( )
����������
R2 − cos2θu

√
R sin θu

( ) (45)

1 + γ

γ − 1
β cos2θu
M2

� Y2 + 2γΠY
R γ − 1( )( ) cos2θu + 2RYG cos2θu

M2

(46)

Figure 5 shows the dependence of the density compression N =
nd/nu (left column) and the magnetic compression R = Bd/Bu (right
column) on the Alfvénic Mach numberM, for two cases: a) θu = 60°,
β = 0.2 (top row), and b) θu = 20°, β = 2 (bottom row), and for various
values of G � 〈b2〉/B2

d. In both cases both compression ratios
increase with the increase of G. For θ = 60° and sufficiently large
G the compression ratios exceed the theoretical maximum for G = 0
andM→∞. Deviations of the ratios from the standard ratios at G =
0 are larger for lower Mach numbers.

5 Discussion and conclusion

We have shown that undamped fluctuations in the
downstream region have to be taken into account in the
Rankine-Hugoniot conditions which relate the mean upstream
and downstream values of the plasma parameters and magnetic
field. It appears that if only isotropic magnetic fluctuations are
included, the density and magnetic field compression ratios may
be substantially different from those expected from the standard
RH. The density compression ratio may even exceed the
theoretical maximum for strong shocks. Such unusual density
compression ratios are observed at the Earth bow shock. They are
usually attributed to the difficulties of particle measurements and
are often considered as a sufficient argument to exclude shocks
from the analysis [36, 37]. The findings in this paper encourage
re-consideration of analysis of shocks with unconventional
compression ratios.
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The present analysis is incomplete, since we limited ourselves
with magnetic fluctuations only. For the shock, used as an example,
this was justified, since the relative fluctuations of density and
temperature were much smaller. This would not necessarily
happen in all shocks, so that other fluctuations have to be taken
into account too.
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FIGURE 5
The density compression ratio N = nd/nu (left column) and the magnetic compression ratio R = Bd/Bu (right column), as functions of the Alfvénic
Mach number M, for two cases: a) θu = 60°, β = 0.2 (top row), and b) θu = 20°, β = 2 (bottom row). In both case presence of fluctuations results in the
increase of the compression ratios.
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