ALGEBRAIC
COMBINATORICS

Ron M. Adin, Pal Hegediis & Yuval Roichman

Higher Lie characters and cyclic descent extension on conjugacy classes
Volume 6, issue 6 (2023), p. 1557-1591.

https://doi.org/10.5802/alco.323

© The author(s), 2023.
This article is licensed under the

CREATIVE COMMONS ATTRIBUTION (CC-BY) 4.0 LICENSE.
http://creativecommons.org/licenses /by /4.0/

and is a member of the Centre Mersenne for Open Scientific Publishing

Algebraic Combinatorics is published by The Combinatorics Consortium 4
www.tccpublishing.org Wwww.centre-mersenne.org ‘. >

e-ISSN: 2589-5486

MERSENNE


https://doi.org/10.5802/alco.323
http://creativecommons.org/licenses/by/4.0/
https://www.tccpublishing.org/
www.tccpublishing.org
www.centre-mersenne.org
http://www.centre-mersenne.org/

Algebraic Combinatorics
Volume 6, issue 6 (2023), p. 1557-1591
https://doi.org/10.5802/alco.323

Higher Lie characters and

cyclic descent extension on conjugacy classes

Ron M. Adin, P4l Hegediis & Yuval Roichman

ABSTRACT A now-classical cyclic extension of the descent set of a permutation has been in-
troduced by Klyachko and Cellini. Following a recent axiomatic approach to this notion, it is
natural to ask which sets of permutations admit such a (not necessarily classical) extension.

The main result of this paper is a complete answer in the case of conjugacy classes of
permutations. It is shown that the conjugacy class of cycle type A has such an extension if and
only if X is not of the form (r®) for some square-free r. The proof involves a detailed study of
hook constituents in higher Lie characters.

1. INTRODUCTION

1.1. BACKGROUND AND MAIN RESULT. The study of descent sets for permutations
may be traced back to Euler. A cyclic extension of this classical concept was intro-
duced in the study of Lie algebras [20] and descent algebras [8]. Surprising connections
of the cyclic descent notion to a variety of mathematical areas were found later.

The descent set of a permutation © = [y, ..., 7,] in the symmetric group S,, on n
letters is
Des(m) :={1<i<n—1:m>mp} C[n-1],
where [m] := {1,2,...,m}. Cellini [8] introduced a natural notion of cyclic descent
set:

CDes(m):={1<i<n:m>m4p1} Cnl,
with the convention m, 1 := 7;. The more restricted notion of cyclic descent number
had been used previously by Klyachko [20]. This cyclic descent set was further studied
by Dilks, Petersen and Stembridge [10] and others.

There exists a well-established notion of descent set for standard Young tableaux
(SYT), but it has no obvious cyclic analogue. In a breakthrough work, Rhoades [27]
defined a notion of cyclic descent set for standard Young tableaux of rectangular
shape. The properties common to Cellini’s definition (for permutations) and Rhoades’
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construction (for SYT) appeared in other combinatorial settings as well [24, 23, 11, 1].
This led to an abstract definition, as follows.

DEFINITION 1.1 ([3]). Let T be a finite set, equipped with a set valued map (called
descent map) Des : T — 21 Let shift : 2") — 2[7] pe the mapping on subsets
of [n] induced by the cyclic shift i — i+ 1 (mod n) of elements i € [n]. A cyclic
extension of Des is a pair (cDes, p), where cDes : T — 2" is a map andp : T — T
18 a bijection, satisfying the following axioms: for allT in T,
(extension) cDes(T') N [n — 1] = Des(T),
(equivariance) cDes(p(T')) = shift(cDes(T)),
(non-Escher) @ C cDes(T) C [n].
The term “non-Escher” refers to M. C. Escher’s drawing “Ascending and Descend-
ing”, which illustrates the impossibility of the cases cDes(m) = @ and cDes(w) = [n]

for permutations 7 € S,,.
A ribbon is a skew shape which contains no 2 x 2 square.

THEOREM 1.2 ([3, Theorem 1.1]). Let A/ be a skew shape with n cells. The descent
map Des on SYT(M\/u) has a cyclic extension (cDes,p) if and only if \/u is not a
connected ribbon.

The original proof used Postnikov’s toric symmetric functions. A constructive proof
was recently given by Huang [17].

For connections of cyclic descents to Kazhdan—Lusztig theory see [27]; for topologi-
cal aspects and connections to the Steinberg torus see [10]; for twisted Schiitzenberger
promotion see [27, 17]; for cyclic quasisymmetric functions and Schur-positivity see [2];
for Postnikov’s toric Schur functions see [3]. The goal of this paper is to determine
which conjugacy classes of the symmetric group carry a cyclic descent extension.

OBSERVATION 1.3. Let Des and CDes denote the classical descent set and Cellini’s
cyclic descent set on permutations, respectively. Let p : S, — S, be the rotation

[7T177T27 A "7Tn7177T7l] ’L [7TTL77T177T27 AR 77rn71]'

Then the pair (CDes,p) is a cyclic descent extension of Des on S, in the sense of
Definition 1.1.

Cellini’s definition provides a cyclic extension of Des on the full symmetric group,
but not on some of its subsets — for example, on many conjugacy classes; see Section 7.2
below.

ExXAMPLE 1.4. Consider the conjugacy class of 4-cycles in Sy,
Clay = {2341,2413, 3142, 3421, 4123, 4312}.
Cellini’s cyclic descent sets are

{33,{2,4},{1,3},{2,3}, {1}, {1, 2},

respectively; this family is not closed under cyclic rotation. On the other hand, re-
defining the cyclic descent sets to be

cDes(2341) = {3,4}, cDes(2413) = {2,4}, cDes(3142) = {1, 3},
cDes(3421) = {2,3}, cDes(4123) = {1,4}, cDes(4312) = {1, 2}
and defining the map p by
2341 — 4123 — 4312 — 3421 — 2341

and
3142 — 2413 — 3142,
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the pair (cDes, p) does determine a cyclic extension of Des for this conjugacy class.

The goal of this paper is to show that most conjugacy classes in S,, carry a cyclic
descent extension. In fact, we obtain a full characterization.

Recall that an integer is square-free if no prime square divides it; in particular, 1
is square-free. Our main result is the following.

THEOREM 1.5. Let X\ be a partition of n, and let Cyx C S,, be the corresponding con-
Jugacy class. The descent map Des on Cy has a cyclic extension (cDes,p) if and only
if X is not of the form (r®) for some square-free .

1.2. PROOF METHOD. The proof of Theorem 1.5 is non-constructive and involves a
detailed study of the hook constituents in higher Lie characters. Here is an overview
of the main ingredients.

1.2.1. Higher Lie characters.

DEFINITION 1.6. For a partition A of n, let Cy be the conjugacy class consisting of all
the permutations in Sy, of cycle type X\, and let x* denote the irreducible S,-character
corresponding to A. Let Zy be the centralizer of a permutation in Cy (defined up to
conjugacy). If k; denotes the number of parts of A equal to i, then Zy is isomorphic
to the direct product x}_,Z; ! Sk,. Here and in the rest of the paper Z; denotes the
cyclic group of order i, using additive notation (integers modulo ).

For each i, let w; be the linear character on Z; ! Sy, indexed by the i-tuple of
partitions (2, (k;), D, ..., D). In other words, let {; be a primitive linear character on
the cyclic group Z;, and extend it to the wreath product Z;1 Sy, so that it is Cf on the
base subgroup Zi“ and trivial on the wreathing subgroup Sk,. Denote this extension
by w;. Now let

A n
wt = Q) wi,
=1

im
a linear character on Z,. Define the corresponding higher Lie character to be the
induced character

wA = w? T;; .

The study of higher Lie characters can be traced back to Schur [30]. An old problem
of Thrall [39] is to provide an explicit combinatorial interpretation of the multiplicities
of the irreducible characters in the higher Lie character, see also [33, Exercise 7.89(i)].
Only partial results are known: the case A = (n) was solved by Kraskiewicz and Wey-
man [21]; Désarménien and Wachs [9] resolved a coarser version of Thrall’s problem
for the sum of higher Lie characters over all derangements, see also [26]. The best
result so far is Schocker’s expansion [29, Theorem 3.1], which however involves signs
and rational coefficients. For recent discussions see, e.g., [25, 5, 36].

A remarkable theorem of Gessel and Reutenauer [15, Theorem 2.1] applies higher
Lie characters to describe the fiber sizes of the descent set map on conjugacy classes.
Their proof applies an interpretation of higher Lie character ¢ in terms of quasisym-
metric functions (Theorem 2.5 below). It follows that higher Lie characters can be
used to prove the existence of cyclic descent extensions as explained below.

1.2.2. Hook multiplicities and cyclic descent extensions. Recall the standard nota-
tion sy for the Schur function indexed by a partition A, as well as F,, p for the funda-
mental quasisymmetric function indexed by a subset D C [n — 1]; see Definition 2.1.
A subset A C S, is Schur-positive if the associated quasisymmetric function

Q(A) = Z ]:n,Des(a)

acA
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is symmetric and Schur-positive.
For an integer 0 < & < n and a Schur-positive subset A C S,, denote

ME,A = <Q("4)7 S(n—k,lk)>a

where s(,,_j, 1% is the Schur function indexed by the hook partition (n — &, 1%).
First we prove the following key lemma, which provides an algebraic criterion for
the existence of a cyclic descent extension.

LEMMA 1.7. A Schur-positive set A C S, has a cyclic descent extension if and only
if the following two conditions hold:

(divisibility) the polynomial ZZ;& my,az® is divisible by 1 + x;
(non-negativity) the quotient has nonnegative coefficients.

See Lemma 3.2 below.

1.2.3. Divisibility. By the Gessel-Reutenauer theorem, for every conjugacy class Cy
the quasisymmetric function Q(Cy) is the Frobenius image of the higher Lie charac-
ter ¢, thus Cy is Schur-positive; see Theorem 2.5 below.

For a partition A - n denote

(1) Mg x = Mgc, = <Q(C)\)vs(n—k,1’“)> = <w)\’X(n7k:,lk)>.

PRrROPOSITION 1.8. The hook-multiplicity generating function of the higher Lie char-
acter Y

n—1
M,\(,T) = ka’)\xk
k=0

is divisible by 1+ x if and only if A is not of the form (r®) for a square-free integer r.

This divisibility condition is proved using an explicit evaluation of the higher Lie
character on n-cycles; see Section 3.3 below.

1.2.4. Non-negativity. In order to prove Theorem 1.5, it remains to show that the
coefficients of the quotient M)y (z)/(1 + x) are nonnegative, whenever X is not of the
form (r°) for a square-free r. It turns out that partitions A which have at least two
different parts, namely not of the form (r®) for any r, are the easiest to handle. In
that case, a factorization of the associated higher Lie character ¥ is applied to prove
the following.

LEMMA 1.9. Let A = pUv be a disjoint union of nonempty partitions with no common
part. Then

@ B _ r, @ ),

and its coefficients are thus non-negative.

The core of the proof of Theorem 1.5 is the case of A = (r®). For a fixed positive
integer r, consider the formal power series

M, (J?, y) = Z mi,(rs)xiysv
i>0
s=>1

where m; (,+) is the multiplicity of the hook character y(s=1") in the higher Lie
character ("), The following theorem completes the proof of Theorem 1.5.
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THEOREM 1.10. If r is not square-free then the formal power series

M, (z,y)
1+

has non-negative integer coefficients.

Proof of Theorem 1.5. Combine Lemma 1.7, Proposition 1.8, Lemma 1.9 and Theo-
rem 1.10. d

1.3. OUTLINE. The rest of the paper is organized as follows.

Necessary background, including a cyclic analogue of the Gessel-Reutenauer The-
orem, is given in Section 2.

The role of hooks in the study of cyclic descent extensions is explained in Section 3.
In particular, a necessary and sufficient criterion for Schur-positive sets to carry a
cyclic descent extension (Lemma 1.7) is proved in Subsection 3.2. Using this criterion,
the proof of Theorem 1.5 is reduced to Proposition 1.8 (divisibility) and Theorem 1.10
(non-negativity). Proposition 1.8 is proved in Subsection 3.3.

The proof of Theorem 1.10, stating the non-negativity of the coefficients
of My(z)/(1 + z) whenever this quotient is a polynomial, spans Sections 4, 5
and 6: the case of more than one cycle length is considered in Section 4; the case of
a single cycle is considered in Section 5; and the case of cycle type (r®) with s > 1
is considered in Section 6. In the case of more than one cycle length, non-negativity
is proved using a factorization of the associated higher Lie character (Lemma 1.9).
In the case of a single cycle, combining a combinatorial formula for inner products
with a variant of the Witt transform proves unimodality of the sequence of hook-
multiplicities (Proposition 5.2). This, in turn, implies the desired non-negativity of
the quotient.

In Section 6 we lift the single-cycle result to the case of cycle type (r*) with s > 1. In
Subsection 6.1 we provide an explicit expression for the coefficients of (1+x) M, (z,y),
see Theorem 6.3. This expression is used to obtain a product formula for the bivariate
polynomial 1 + (1 + )M, (z,y) in Subsection 6.2, and to deduce Theorem 1.10 in
Subsection 6.3.

Additional results are presented in Section 7. In Subsection 7.1 it is shown that
Lemma 3.5 and Theorem 6.3 imply well-known combinatorial identities. In Subsec-
tion 7.2 it is shown that the natural approach does not provide a cyclic descent exten-
sion for conjugacy classes in S,. Palindromicity of the hook-multiplicity generating
function M,s(x) is studied in Subsection 7.3.

Section 8 concludes the paper with final remarks and open problems.

2. PRELIMINARIES

The role of quasisymmetric functions in the study of the distribution of descent sets
is discussed in Subsection 2.1. The results presented here are used in Section 3 to
establish the reduction of existence of cyclic descent extension on conjugacy classes
to the study of hook-multiplicities in higher Lie characters. In Subsection 2.2 we
present cyclic analogues of a few classical results. These analogues are used for certain
enumerative applications; the reader may skip this subsection.

2.1. QUASISYMMETRIC FUNCTIONS AND DESCENTS. A symmetric function is called
Schur-positive if all the coefficients in its expansion in the basis of Schur functions
are non-negative. Recall the notation s/, for the Schur function indexed by a skew
shape A/p.
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DEFINITION 2.1. For each subset D C [n — 1] define the fundamental quasisymmetric
function

Fn.p(x) := E Tiy Tiy " T, -
11<12<K...<in
i;<iji1 if JED

Denote the set of standard Young tableaux of skew shape A\/u by SYT(A/u). There
is an established notion of descent set for SYT(A/p)

(3) Des(T) :={1<i<n—1:14i+1 appears in a lower row of T than i}.

THEOREM 2.2. (Gessel, see [33, Theorem 7.19.7]) For every skew shape A/,

Z ]:n,Dcs(T) = S\/u-
TESYT(A/ )

Given any subset A C S,,, define the quasisymmetric function
Q(A) = Z JT:n,Des(a)-
acA

Finding subsets of permutations A C S, for which Q(A) is symmetric (Schur-
positive), is a long-standing problem, see [15].
We write A - n to denote that \ is a partition of a positive integer n. For D C [n—1]
let xP := ] .
i€D

LEMMA 2.3. For every subset A C S,, and a family {c)}a-n of coefficients, the equality
(4) Q(A) = ZCAS)\

AFn
s equivalent to the equality

(5) Z XDes(a) _ ZCA Z XDes(T).

acA AFn TeSYT(X)

Proof. By Theorem 2.2, Equation (4) is equivalent to

Z fn,Des(a) = ch Z ]:n,Des(T)-

acA Mn  TeSYT(N)

Next recall from [33, Ch. 7] that the fundamental quasisymmetric functions in
Z1,..., T, form a basis of the vector space QSym,, of quasisymmetric functions in n
variables. Finally, apply the vector space isomorphism from QSym,, to the space of
square-free polynomials in z1, ..., z,, which maps F, p to xP. 0

COROLLARY 2.4. For every finite family S of skew shapes of size n and every subset
ACS, Q(A) = > causa/u if and only if

A/ peS
PDESECED DRV SRR
acA A/ ues TeSYT(A/ )

Corollary 2.4 will be combined with Theorem 1.2 to provide criteria for the exis-
tence of cyclic descent extensions for Schur-positive sets; see the proof of Lemma 3.2
and Remark 4.2 below.

Let A n be a partition of n and let ¥ be the higher Lie character indexed by A
(see Definition 1.6). The following result was proved by Gessel and Reutenauer.
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THEOREM 2.5 ([15, Proof of Theorem 2.1]). For every partition X of n > 1,
Q(Cx) = ch(¥?),
where ch is the Frobenius characteristic map. Equivalently,
() = S (0 s,
pEn

In particular, Q(Cy) is Schur-positive.
2.2. CYCLIC ANALOGUES. Recall the complete homogeneous symmetric functions
hn = Z Tiq =" T, (7’), > 1).

i1 <<

For a composition a = (a1, ..., ), define
ho :=ha,hay - ha, .
For any subset J = {j; < ... < j:} C [n— 1], define
Oé(J,?’l) = (jlan _jlaj?) _.j27' . a.jt _jt—17n _jt)'
This is a composition of n, with a corresponding connected ribbon having the entries
of a(J,n) as row lengths, from bottom to top. The associated ribbon Schur function
is
Sa(Jn) ‘= Z(fl)#(J\I)hoz(I,ny
ICJ

THEOREM 2.6 (Gessel, an immediate consequence of [14, Theorem 3]). Let A be a
finite set, equipped with a descent map Des : A — 2n=1_ [f

Q(A> = Z ]:n,Dcs(a)
acA
is symmetric then
{a €A : Des(a) = J}| = (Q(A), sagsm) (W C [n— 1))
For a subset @ # J = {j1 < j2 < ... < jt} C [n] define the corresponding cyclic
composition of n as

a¥e M) = (g — i, e = Jemta gt 10— Gt

with a¥¢ (/") .= (n) when J = {j1}; note that a®°(@™ is not defined. The corre-
sponding affine (cyclic) ribbon Schur function was defined in [3] as
§acyc<m> = Z (_1)#(J\I)hacyc(1,n).

@AICT

THEOREM 2.7 ([2, Cor. 4.13]). Let A be a finite set, equipped with a descent map
Des : A — 2= which has a cyclic extension. If

Q(A) = Z ]:n,Des(T)

acA
is symmetric then the fiber sizes of (any) cyclic descent map satisfy
{a € A : cDes(a) = J}| = (Q(A), Speve am)) (Vo C JC[n)).
PROPOSITION 2.8 ([3, Lemma 2.2]). If A C S, carries a cyclic descent extension, then

the cyclic descent set generating function is uniquely determined.
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COROLLARY 2.9. Let A C S, be a symmetric set which carries a cyclic descent exten-
sion and S be a finite set of skew shapes of size n which are not connected ribbons.
Then for every cyclic descent extension the following equations are equivalent:

(6) Q(A) = Z Cx/uSN >
A/ peES
and
(7) ZXcDes(a): Z e/ Z eDes(T)
acA A/uES TESYT(\/ 1)

Proof. By Theorem 2.7 and Theorem 2.2, if Equation (6) holds then, for every @ C
J G [nl,

{a € A : cDes(a) = J} = (Q(A), Faeverm) = { D Ca/pSa/us Saese am)

A/ pkn
= Y e QSYT(A 1)), Saeve 1)
A/ pkn
= > exul{T € SYT(A\/p) : cDes(T) = J}|.
A/ pkn

Thus Equation (7) holds.
For the opposite direction, let 2, = 1 in Equation (7) and apply Corollary 2.4 to
deduce Equation (6). O

Theorem 2.5 and Theorem 2.6 imply the following.

THEOREM 2.10 ([15, Theorem 2.1]). For every conjugacy class Cy of cycle type A\Fn
the descent set map Des has fiber sizes given by

[{r € Cxt Des(m) = J}| = (Q(Ca), saum)) (¥ C [n—1]).

The following cyclic analogue of Theorem 2.10 results from Theorem 2.5 and The-
orem 2.7.

THEOREM 2.11. For every conjugacy class Cx, which carries a cyclic descent set ex-
tension, all cyclic extensions of the descent set map Des have fiber sizes given by

{m € Cyx: cDes(m) = J}| = (Q(Ch), Sgeve (s.m)) (Ve € J C [n)).

3. THE ROLE OF HOOKS

3.1. HOOKS AND NEAR-HOOKS. It turns out that hooks and near-hooks play a crucial
role in the study of cyclic descent extensions.

A hook is a partition with at most one part larger than 1. Explicitly, it has the form
(n—k, 1’“) for some 0 < k < n—1. A near-hook of size n is a hook of size n+ 1 with its
(northwestern) corner cell removed; see [1] for a somewhat more inclusive definition
of this notion. Equivalently, recall the direct sum operation on shapes (partitions),
denoted A\ & p, yielding a skew shape having the diagram of A strictly southwest of
the diagram of p, with no rows or columns in common. A near-hook of size n is the
direct sum of a one-column partition (1¥) and a one-row partition (n — k), for some
0 < k < n. For example,

[ TTTT]
o6 - He (111 -
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Given an S,,-character ¢, let
(8) mig = (& X" (0<h<n-1), erg = (6,xF) (0 <k <n).

When ¢ is understood from the context, we use the abbreviated notations my, := my, ¢
and ey := eg ¢.

By Pieri’s rule [33, Theorem 7.5.17] combined with the (inverse) Frobenius char-
acteristic map,

k k _ —
XIEO=R) = N8 = ch ™ (510 8(n—y) = b (S(n_pr1.15-1) + S(n_k.1%))
= (R k1Y) (g < | < ).
Equivalently,
k
X(nflqlk) _ Z(_l)k—ix(y)@(nfi) (0 <k<n-— 1)'
i=0

Thus the sequences {my};_; and {e;}?_, determine each other via the relations

k
(9) er =mp+mp—1 and my = Z(—l)kiiei (0 <k < n),
i=0
where my := 0 for K = —1 and k& = n. Note that, in particular,
n
> (1) e =0

3.2. CYCLIC DESCENT EXTENSION AND HOOK-MULTIPLICITIES. Let A C S, be
Schur-positive with Q(.A) = ch(¢). Denote
my = (6, x") = (Q(A),5)  (VAFn).
For A = (n — k, 1¥) we use the abbreviation
M = M(y_p,1¥) (0 <k <n).
The hook-multiplicity generating function is defined as

n—1

MA(x) = Z mkxk.

k=0
The function M 4(x), where A is a conjugacy class, was studied and applied to the
enumeration of unimodal permutations with a given cycle type by Thibon [38].
OBSERVATION 3.1. For every 0 < k <n
mg = |[{a € A: Des(a) = [k]}].

Proof. For every 0 < k < n there exists a unique standard Young tableau T of size n
with Des(T) = [k] (where [0] := @). The shape of T is (n — k, 1¥). Comparing the
coefficients of x* on both sides of Equation (5) completes the proof. O

We now restate and prove Lemma 1.7.

LEMMA 3.2. A Schur-positive set A C S, carries a cyclic descent extension if and
only if the hook-multiplicity generating function M 4(x) is divisible by 1 + = and the
quotient M 4(x)/(1+x) has non-negative coefficients; equivalently, if and only if there
exist non-negative integers dp (0 < k < n —2) such that

my = dg + dp_1 (0<k<n-1),
where dy, :=0 for k=—1 and k =n — 1.
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Proof. If A carries a cyclic descent extension then, by Observation 3.1 and the equiv-
ariance of cDes, for every 0 < k <n — 1:
mg = |[{a € A: Des(a) = [k]}]
=|{a € A: cDes(a) = [k]}| +|{a € A: cDes(a) = [k]U{n}}|
=|{a € A: cDes(a) = [k]}| + |{a € A: cDes(a) = [k + 1]}|.

The numbers
di :=1|{a € A: cDes(a) = [k + 1]}| (-1<k<n-1)

satisfy the required conditions, which imply the corresponding properties of M 4(x).

For the opposite direction, assume that there exist non-negative integers dj, (with
d_1 = dn—1 =0) such that my = dp_1 + di for all 0 < k < n — 1. By Pieri’s rule [33,
Theorem 7.15.7],

S1MYB(n—k) = S(1%)S(n—k) = S(n—k+1,16-1) T S(n—k,1%) (I<k<n-1).
Hence
n—1 n—1 n—1
Z dp—18(1%)@(n—k) = Z dk—1(8(n—k+1,15-1) T S(n—k,1%)) = Z MES(n—k,1F)-
k=1 k=1 k=0
Since
n—1
QUA) =D (Q(A),sa)sa = > masx+ Y mMrSm_p1r)
AFn AFn k=0
A non-hook
we obtain
n—1
(10) Q(.A) = Z mxS) + Z dk_ls(lk)@(n,k).
AFn k=1

A non-hook

By Corollary 2.4, this is equivalent to

n—1
Z XDes(a) _ Z ma Z XDes(T) + Z dy_1 Z XDes(T).

acA Abn TeSYT(N) k=1 TeSYT((1F)D(n—k))
A non-hook

By Theorem 1.2, the set SYT(\) carries a cyclic descent extension if and only if A - n
is not a hook; and each of the sets SYT((1%) & (n — k)) (1 < k < n — 1) carries a
cyclic descent extension. Hence A also carries a cyclic descent extension, completing
the proof. O

COROLLARY 3.3. If a Schur-positive set A carries a cyclic descent extension then

n—1
Z XcDes(a) — Z ma Z XcDes(T) + Z dy_1 Z XcDes(T)’
acA AFn TESYT(N) k=1 TESYT((1%)®(n—k))

A non-hook

where my and dy, are the non-negative integers defined above.

Proof. By Corollary 2.9 together with Equation (10), the generating function for
the corresponding cyclic descent set is uniquely determined and satisfies the claimed
equality. d
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3.3. DIVISIBILITY OF THE HOOK-MULTIPLICITY GENERATING FUNCTION. Recall the
notation

mi = (6, X" F)) (0< k< n)

for an S,-character ¢.

LEMMA 3.4. For every Sy,,-character ¢, the hook-multiplicity generating function

n—1
ZZ?) = Z mk7¢ﬂjk
k=0
is divisible by 1+ x if and only if the value of ¢ on an n-cycle is zero, i.e., ¢(,) = 0.
Proof. By [28, Lemma 4.10.3], for every partition A - n
\ {(—1)k, if A = (n— k,1%) for some 0 < k < n;

Xm) = 0, otherwise.
Thus
n—1
n— (n— k 1k
(b(n) = Z<¢7 > X(n) = Z<¢7 (n—k,1* ) ka ¢ M¢( 1),
Abn k=0
which equals zero if and only if 1 + = divides My(z), completlng the proof. O

Letting ¢ = ¥*, the higher Lie character indexed by a partition \, reduces Propo-
sition 1.8 to the following character evaluation.

Recall the Mébius function p(n), the sum of all primitive (complex) n-th roots of 1.
If n has a prime square divisor then u(n) = 0; otherwise, n is a product of k distinct
primes and p(n) = (—1)*. The following lemma is equivalent to a combinatorial
identity due to Garsia, as shown in Proposition 7.2 below. We give here an independent
direct algebraic proof.

LEMMA 3.5. For A\bn

0, otherwise,

o= {um, i A= (r*);

where p is the Mdbius function.

Proof. Let ¢ be an n-cycle in S, and let Zy = Zg, (¢g) be the centralizer in S, of a
specific element g € Cyx. An explicit formula for the induced character [19, (5.1)] is

1
PO= 5 @)= g Y @),
TESy,
:v_lchZ)\
An n-cycle commutes only with its own powers. Thus, if A is not of the form (r®) for
some 7 and s, then there is no n-cycle in Zy; equivalently, 2~ 'cax ¢ Z) for every z € S,,.
It follows that, for such partitions A F n, ’(/J()‘n) =0
Assume now that A = (%), and let let ¢ = ¢g1g2---gs € Cx be a fixed product
of s disjoint r-cycles. The order of the centralizer Zy = Zg, (g) is slr®. If u € Z), is
an n-cycle (n = rs) then g = u* for some integer k with gcd(k,n) = s; equivalently,
$ = ¢’ for some 0 < j < r with ged(j,7) = 1. Conversely, if u € S,, is an n-cycle
satisfying u® = g’ for some 0 < j < r with ged(j,7) = 1, then g is a power of u and
therefore u € Zy. Thus the number of n-cycles in Z, namely the number of elements
of ZxNCny, is ¢(r)(s — 1)!r*~*, where ¢ is Euler’s totient function.
Viewing Z, as the group of s x s monomial (“generalized permutation”) matrices
whose nonzero entries are complex r-th roots of unity, an element u € Z) N C,)
corresponds to a matrix whose underlying permutation is a full s-cycle and the product
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of its nonzero entries is a primitive 7-th root of unity. This product is equal to w™(u),
so it is a primitive r-th root of unity. For u,v € Z\ N C,), write u ~ v if v = u? for
some integer ¢ (necessarily coprime to n). This clearly defines an equivalence relation
on Z\ NCpy- On each equivalence class, all primitive r-th roots of unity appear with
the same frequency as values of w?*. This property thus holds for all of Zy N Cin)s
where this frequency is (s — 1)!7*~L. Denoting by & any specific primitive 7-th root of
unity, the sum of all values of w* on Z, N C(n) is therefore

Z whu) = (s — 1)lr*~? Z &= (s — 1)l tu(r).
u€ZANCn) j:(g,m)=1

Given any c,u € C(y), there are exactly n = rs permutations x € S,, which satisfy
u =z 'cx. Thus

PO=PME @©=r Y W)= Y W

|Z>\| uEZAf‘IC(n)

as claimed. O

Proof of Proposition 1.8. By Lemma 3.4, 1 4+ x divides the hook-multiplicity gener-
ating function of the higher Lie character 1* if and only if w()‘n) = 0. Lemma 3.5
completes the proof. O

COROLLARY 3.6. Let A+ n.

1. If X = (r®) for some square-free integer r and positive integer s, then 1+x does
not divide the hook-multiplicity generating function My(z), and the descent set
map on the conjugacy class Cy does not have a cyclic extension.

2. If X is not equal to (r°) for any square-free v, then 1 + x divides My (z). In
this case, the descent set map on Cy has a cyclic extension if and only if the
quotient My (z)/(1 4+ x) has non-negative coefficients.

Proof. By the Gessel-Reutenauer theorem (Theorem 2.5), for every A n the conju-
gacy class Cy is Schur-positive, with Q(Cy) = ch(1)*). Combining this with Lemma 3.2
and Proposition 1.8 completes the proof of both parts. O

In the following sections we will prove the non-negativity of the coefficients of the
quotient My (z)/(1 + x) for partitions (cycle types) which are not equal to (r*) for
a square-free r: cycle types with more than one cycle length will be considered in
Section 4, single cycles will be considered in Section 5, and cycle types A = (r°) with
non square-free r and s > 1 will be considered in Section 6 (this is the most difficult
case).

4. NON-NEGATIVITY: THE CASE OF MORE THAN ONE CYCLE LENGTH
Consider, first, the case of a conjugacy class with more than one cycle length. This is
the easiest case to handle.

Proof of Lemma 1.9. The centralizer Zy of a permutation in Cy is isomorphic, in this
case, to the direct product Z, x Z,. By Definition 1.6, wh == wh @ w” and

11 A A ASn_ (4S8l v pSIvl\ ASn
( ) w =w TZA_ w TZ“ Rw TZV TS‘M‘XS‘U‘ °
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By the Littlewood-Richardson rule [33, Theorem A1.3.3], the outer product of two
irreducible characters (Xa ®x? ) Tg"x s,_, contains irreducible representations in-

dexed by hooks if and only if both o and 3 are hooks; in the latter case,

o o " 1, ke{i+ji+j+1}
(m=t19 @ y(n=m=71 >> o (n=k1%)y _ J & ’ '
( (X X TSm XS X ) 0, otherwise.

Therefore
My(z) = (1 + 2)My(x) M, (z),

as claimed. O

COROLLARY 4.1. If X is a partition with at least two different parts, namely not of the
form (r®) for any r, then My(z) is divisible by 1+x and the quotient has non-negative
coefficients.

REMARK 4.2. In this case, the existence of a cyclic descent extension may be proved
directly as follows. By Equation (11), ¥* is a sum of characters indexed by discon-
nected shapes. Thus, by Corollary 2.4, the distribution of the descent set over C, is
equal to a sum of distributions over the sets of SYT of various disconnected shapes.
By Theorem 1.2, each of these sets carries a cyclic descent extension, hence so does Cy.

5. NON-NEGATIVITY: THE SINGLE CYCLE CASE

Consider now the case of a conjugacy class with a single cycle. By Corollary 3.6, if r
is not square-free then 1 + 2 divides M,y(x). The main result of this section is the
following.

PROPOSITION 5.1. If r is not square-free then the coefficients of My(x)/(1+ x) are
non-negative

It follows from Lemma 5.12 below that, in order to prove Proposition 5.1, it suffices
to show the unimodality (to be defined) of M, (z). This is the content of the following
statement.

PROPOSITION 5.2. For any positive integer r, the sequence MO, () TV, (r)s « -+ s M —1,(r)
is unimodal. The largest element is one of the middle ones, namely m; ) for i =
(r—1)/2 if r is odd, and either i = (r —2)/2 or i =1/2, or both, if r is even.

In Subsection 5.1 we use a variant of the Witt transform to produce explicit formu-
las for the coefficients m; () (Lemma 5.11). Then, in Subsection 5.2, we prove their
unimodality.

5.1. A VARIANT OF THE WITT TRANSFORM. In this subsection we present a variant
of the Witt transform, which will be used to prove non-negativity in Sections 5.2
and 6.

Denote by (i, j) the greatest common divisor of two integers i, j. Recall the arith-
metical M6bius function p.

DEFINITION 5.3. For a positive integer r define

Br)i= 3 3 ua-nei

d|(r.5)

r/d

) o<i<n.

OBSERVATION 5.4. By definition,

h(r)=fralr) =1 (r=1).
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Also, the fundamental property
1, ifr=1
> uld) = .
i 0, ifr>1,
and some case analysis (r odd, or r =0 (mod 4), or r =2 (mod 4)) imply that

L dfr=1 L dfr=1,2
fO(T)_{o, ifr>1 and f"(r)_{o, ifr>2.

For the higher Lie character ("), simplify slightly the notations in Equation (8):
= (@MY (0<G<r=1), e = @0 XTI (0< <),
PROPOSITION 5.5. For every 0 < j < r
ej.r) = fi(r).
In particular, f;(r) is a non-negative integer.

REMARK 5.6. Proposition 5.5 will not be proved here, since it is the special case s = 1
of Theorem 6.3 below. It also follows from a well known result of Kraskiewicz and
Weyman [21] (Lemma 7.5 below). A symmetric functions proof which applies [35,
Lemma 2.7] was presented by Sheila Sundaram [37]. Another proof follows from [12,
Theorem 3.1]. See Subsection 7.1 below for a discussion.

DEFINITION 5.7. For a fized positive integer r, collect the multiplicities f;(r) into a
polynomial

Fi(@) = fo(r) + fi(r)z + fa(r)a® + ...+ fr(r)a”
Equation (9) and Proposition 5.5 imply the following.

COROLLARY 5.8.
Fo(z) = (1 +2) M) ().

= 13 w1~ ()

d|r
Proof. Use Definition 5.3, and write j = kd if d|(r, j). Then
r/d

ZHJJ Z u(d (d+1)a/d(§§j> ZM Z 1)@ (r/d)xkd

j=0 d|(r,5) k=0

=S D e

d|r

OBSERVATION 5.9.

O
REMARK 5.10. Recall from [22] that the r-th Witt transform of a polynomial p(z) is

defined by
Z /~L r/d

In our case, put p(xz) = 1 — x to get Fr(os) = Wpr)(—x). The proof of Theorem 4
and Lemma 1 in [22] could have been used to prove that the coefficients of F.(z) are
non-negative integers. This non-obvious property of the numbers f;(r) also follows, of
course, from their interpretation in Proposition 5.5 as inner products of two charac-
ters. What we really need, in Proposition 5.1, is the nonnegativity of the coefficients
of Fr.(z)/(1+ x)2.
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We now produce an explicit formula for each coefficient m; (). For a combinatorial
interpretation of these numbers, see Lemma 7.5 below.

LEMMA 5.11. For a positive integer r,

Zu (T/jd/d )(—DHW"” (0<j<r=1).

Proof. By Corollary 5.87
r—1

(14+2) ij7(r)xj = F,.(x).
j=0

Using Definition 5.3 and Observation 5.9, we can write
r—1
) | — _.n\d\r/d
DM =i 1+x > nld) z))" e
7=0 d|r

Using

(Gl ) il i‘f}c e (1= (o)) 1 —w+2® -+ (—2)")

and comparing coefficients of 27, where j = dk + ¢ with 0 < £ < d — 1, we get
r/d—1 r/d—1 L
My () = Z“(d)< i >(_1)(d+1)k+é — Z“(d>( i/dl )(_1)j+|_j/dj. 0
d|r djr

5.2. UNIMODALITY. A sequence (ag,...,a,) of real numbers is called unimodal if
there exists an index 0 < ig < n such that the sequence is weakly increasing up to
position ig and weakly decreasing afterwards: ag < a1 < ... < ai, 2 ... 0p—1 = Op.

LEMMA 5.12. Let a(z) = ap+ a1z + ... + a,x™ be a polynomial with real, nonnegative
and unimodal coefficients. Assume that 1+x divides a(x), and let b(z) := a(x)/(1+2).
Then the coefficients of b(x) are nonnegative.

Proof. Let b(z) = by + ...+ b,_12" 1. Then ag = by, a,, = b,_1, and
(12) a; = b1+ b (1<i<n-1)
Of course, divisibility of a(x) by 1 + x implies that

=0
Inverting (12) we get
(13) bi=>» (-1)7a; (0<i<n-1)
§=0

and, similarly,
(14) b= Y (-1)7la;  (0<i<n-—1).

j=i+1
By assumption, the sequence (ayg, . . ., a,) is nonnegative and unimodal, namely: there

exists an index 0 < 79 < n such that
0<a<...<a4=2... 2a, 20.
1

It follows from (13) that, for odd indices 0 < 2i
_|_

boit1 = (agi41 — a2;)
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and, for even indices 0 < 27 < 1g,
bai = (a2i — azi—1) + ...+ (az —a1) +ag > 0.
By (14), a similar argument holds for indices greater or equal to ig, and the proof is

complete. O

Lemma 5.12 shows that non-negativity of a sequence can be proved by showing
unimodality of a related sequence. In particular, Proposition 5.1 would follow once
we show the unimodality of the polynomial M,)(x). In order to do that, we need the
following technical lemma.

LEMMA 5.13. Assume that r > 7 and 1 < j <r/2; if j = (r — 1)/2 assume also that
r > 11. Let d > 1 be a divisor of v, and denote

o Ala)

mdd (r — 1)
J

(7"—1)(7"'—3)/17%[g L ifd>2;
r—2j 7 3/2, ifd=2.

Then

Proof. Write

<r_1> =)= (r—j) _ 0 rz—z

1l
J J: 1<i<y

Let ¢ := |j/d]. Then ¢d is the largest multiple of d not exceeding j, hence

()= (1) === I

The quotient A, ; 4 can therefore be written in the form

1
Aij»‘i = H _ Z

,
1<y, dti

)
1<y, dli

By assumption j < r/2, thus i/(r — ) < 1 for all 1 <7 < j. It follows that A, ;4 is a
decreasing function of j, with A, 14 =1/(r —1).
Ford>2and 2 <j < (r—2)/2,
2 r—2j
(r=1(r-2) = (r=1(—j)
where the last inequality, equivalent to 2(r—j) < (r—27)(r—2), follows from 2 < r—2j
andr—j <r—2.
Similarly, for d =2 and 3 < j < (r—2)/2,
3 3(r — 2j)
(r=1)(r=3) ~ 2(r=1)(r—j)’
where the last inequality, equivalent to 2(r—j) < (r—2j)(r—3), follows from 2 < r—2j
and r —j5 <r—3.
For d =2 and j = 2,

Ar,j,d < AT,Z,d =

Arjo <Az =

(I 3(r—4)
r—1"20r—1)(r—2)’
where the inequality, equivalent to 2(r — 2) < 3(r — 4), follows from r > 8.

Aroo =
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It remains to consider the case j = (r — 1)/2, namely r = 25 + 1, for d > 2. Note
that in this case we assumed that r > 11, namely j > 5.
Assume first that d > 2. Then

i ad
A’r‘ i < s < r = - = ,
,J>d A,G,d A,4,d H i 1
1<i<4, dti
4
where
aq =
(r—d)/d, ifd=3,4.
Clearly
1< r—4 - r—3
4 3
and therefore
8 r—2j
Arjd < Araa < Aras = J

< =,
(r=D=2)r—4) = (r=1)(—Jj)
where the last inequality, equivalent (since r =2j 4+ 1) to 8(j +1) < (25 — 1)(25 —3)
and to 452 — 165 > 5, holds for j > 5.

Finally, assume that » = 25 + 1 and d = 2. Then
15 o 3(r —24)

(r=1@=3)(r=5) = 2(r—1)(r—j)’
where the last inequality, equivalent (since r =2j+1) to 5(j +1) < 2(j — 1)(j — 2)
and to 252 — 115 > 1, holds for j > 6. This completes the proof. O

Arjo<Argo=Ar52 =

Proof of Proposition 5.2. We need to show that mg ) < my ) < ... < mp_1)/2
and m,_1 (r) < Myp_g () < ... < M[(,—1)/2] for any positive integer r.

For 1 < r < 7, computing the polynomial M, (z) := F,.(x)/(1 + x) explicitly, using
Observation 5.9, gives

My(z) =1;  My(x) = Ms(x) =z;  My(z) =2+ 2%
Ms(z) =z + 22 + 23; Mg(x) = o + 222 + 23 + 2,
My(x) = x + 2% 4 323 + 221 4 2.

The claim clearly holds in these cases. Assume from now on that r > 7.
Informally, the explicit formula for mj py in Lemma 5.11 has a dominant term
corresponding to d = 1, i.e., rm; () is approximately equal to (Tgl). We will show
that this approximation is good enough to make the sequence mq (y, ..., M1 ()
unimodal, like the sequence of binomial coeflicients. Note that, unlike the binomial
coefficients, this sequence is not always palindromic; see Proposition 7.13 below.

We first show that m;_; ) < my () for 1 < j < r/2. Recall that we assume r > 7.
For j =1, Lemma 5.11 shows that, for r > 1, mg ) =0 <1 =mq ).

Assume now that 1 < j < r/2. Clearly, for these values of j and any divisor d of r,
<r/d1)>< r/d—1 )
Li/dl ) = \LG=1)/d])

We conclude, by Lemma 5.11, that
Li/d) )

r—1 r—1
e =M 2 g )= 72
d|r,d>1
(7‘—1)_(7‘—1)_(7“—1)(1_ j >_(T—1)T—2j
J j—1 J r—j J r—j’
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using the notation of Lemma 5.13 we get
P, (r) = MY —1,(r)
(r—l) r—2j >1 7" _ ] Z Arj.a-
J r—j d|r,d>1

Let d(r) denote the number of divisors of 7. For odd r > 7 (unless j = (r — 1)/2 and
r € {9,11}), Lemma 5.13 implies that

T () — T 1, (r) 2 2d(r) — 2
- >1- E —_—=1-—
(T_.l) r=2j r—1 r—1
j /=g dlr, d>2
For even r > 7, Lemma 5.13 implies that

TG T o 3 >y 2 2d0r) -
.

(Tgl)% 1 d\rd>2r71_ r—1
We clearly have 2d(r) < r for 7 > 7, and therefore m;_; (,y < m; () in both cases.
In the remaining cases, namely j = (r — 1)/2 and r € {9,11}, we can compute
directly using Lemma 5.11. For » = 9 and j = 4 the divisors are d = 1,3,9, but
1#(9) = 0. Thus

=3+ (3] ()] -0

For r = 11 and j = 5 the divisors are d = 1,11. Thus

10 0 10 0
11ms (11) — 11my 1) = [(5> + (o)] — {(4) - (0)} =253 — 209 > 0.

So far we have proven that mg .y < my () < ... <M_1)/2),) for r>7.
The remaining inequalities, m, 1 ;) < My_o () < ... < M[(r_1)/2],(r), CAN be
written as mr_l_(j_l) ) < Mp_1_j( for 1 < j <r/2. By Lemma 5.11,

r/d—1 el i | (e — i ]
1 = ¢ 3 Al (r—/l—j)/dJ>(_1) RO 0 <G < - 1),
d|r

For a divisor d of r, if j = kd+ ¢ with0 < {<d—1thenr—1—j=(r/d—k—-1)d+
(d=1—-¢) with0<d—1—-¢<d—1, so that

lj/d|+|(r=1—=5)/d] =k+(r/d—k—-1))=r/d—1.
It follows that

r/d—1 it A1 — | i
My = Zu o e

Li/d]
_1 r/d =1\ _{yrr/d—j-li/d) o
T%“(d)< e 0<j<r_1).

This is exactly the formula for mj () except for the signs of the summands, which differ
(for each d|r) by the factor (—1)"*"/¢. These signs do not play any role in the proof
above that m;_; ) < my ¢y for 1 < j < r/2, which therefore also shows, mutatis
mutandis, that m,_;_¢_1) ) < my_1_j ) for 1 < j < r/2 — except possibly the
explicit confirmation when j = (r —1)/2 and r € {9,11}. In these cases r is odd, and
therefore (—1)"*"/¢ = 1 for any divisor d of r. This implies that indeed

M4, (9) = M5, (9) = Ma,(9) ~ M3,(9) >0
and
M5 (11) — Me,(11) = M5 (11) — M4, (11) > 0,
completing the proof. O
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REMARK 5.14. We conjecture that Proposition 5.2 remains true for an arbitrary parti-
tion p - n, in particular for every partition (r®) b n with any s > 1; see Conjecture 8.1.

Proof of Proposition 5.1. Combine Proposition 5.2 with Lemma 5.12. g
We conclude

COROLLARY 5.15. The conjugacy class of n-cycles C(y,) carries a cyclic descent exten-
sion if and only if n is not square-free.

Proof. Combine Lemma 3.2 with Corollary 3.6(2) and Proposition 5.1. O

6. NON-NEGATIVITY: THE CASE OF ONE CYCLE LENGTH

In this section we consider the case A = (r®). We fix r, while s and hence n = rs vary.
The arguments below also work for the trivial case r = 1.
As in the previous section, instead of the hook multiplicities

My (re) = <¢(7" )’ X(nfi,l')>
we prefer to work with their consecutive sums,
€4 (rs) 1= My (ps) + M1 (5).
Here is the structure of the current section. In Subsection 6.1 we obtain an explicit
description of e; (s (Theorem 6.3). The proof involves a detailed computation of

character values and inner products of characters. In Subsection 6.2 we transform
this description into a product formula (Corollary 6.9) for the formal power series

Eo(w,y) = Y eioa'y® =1+ (1+2)M,(z,y),
1,520
where .
Mr(x7y) = Zmi,(rs)xzys~

>0
s>1

The product formula is a substantial merit of working with e; (), and it facilitates
the extension of the case s = 1 to s > 1. This is done in Subsection 6.3, where the
result for s = 1 is used to obtain the general case.

6.1. FORMULAS FOR INNER PRODUCTS. In this subsection we obtain explicit formulas
for the inner products

ef (re) 1= </(/)(r5)7x(1k)@(n—k)> (0< k< n).

Recall that, by Equation (9), the sequences {my};_, and {e;}?_, determine each
other, via the relations

k
ex = my +mr_1 and myg = Z(—l)k*iei (0< k< n),
i=0
where my, := 0 for K = —1 and k& = n. Nota bene, these multiplicities depend on r

and s but this dependence is suppressed in the notation.

DEFINITION 6.1. For given non-negative integers i, r and s, let

Py (i) == {v—(m,...,fys):Zw—i,r>wl>w>...>%>0}
(=1

denote the set of all partitions of i into at most s parts, each of size at most r. Denote
the multiplicity of j in vy € Pr (i) by k;j(v) == {1 < €< s |y =3}
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FIGURE 1. The partition v = (5,3,3,2,0) € Fs5(13)

EXAMPLE 6.2.Let r = 6, s = 5 and ¢ = 13. Then v = (5,3,3,2,0) € Ps5(13) is
a partition of 13 with at most 5 parts, each of size at most 6; see Figure 1. The
multiplicities of the parts are ko(y) = 1, k1(y) = 0, ka2(y) = 1, ks(y) = 2, ka(y) =0,
ks(v) =1, and kg() = 0.

Recall f;(r) from Definition 5.3. The main result of this subsection is the following
formula.

THEOREM 6.3. For every s > 1 and i > 0 we have

€i(rs) = <1/)(TS)aX(1i)®(rs_i)> = Z H (J+1)k ('y)(( Z;’?{J(T»
3

YEP, < (i) 720

> H 1)Utk (=1L fi(r)
ks '
ko,-.,kr=07=0
jk‘]‘:S

ijkj:z‘

In particular, for s =1 we have e; () = fi(r).

REMARK 6.4. The special case s = 1 was stated (but not proved) in Proposition 5.5.
The result in that case is not new, as noted in Remark 5.6. This case shows that
fi(r) = €;,(ry is an inner product of two characters, and is therefore always a non-
negative integer. The factor

; fi o .
(—1)UHDks (=1)7*1f; _ (k;)’ if j is odd;
k; (fj+:?_1), if j is even
J
is therefore also a non-negative integer, and is zero if and only if either j is odd and

k;j > fj, or jiseven and k; > 0 = f;. If k; = 0, this factor is equal to 1 and may be
ignored.

In order to prove Theorem 6.3 we need a formula for a certain inner product of
characters (Lemma 6.6).

First recall some notations from Definition 1.6: the centralizer Z,.sy = Z, 1 S, of
an element of cycle type (r°), the linear character w™) on Z(rsy, and the higher Lie
character (") := (") Tgn;5)~

Embed Z(,+) = Z, 1 Ss into K, s = S, 15, < Sy, where Z, < S, is generated by a
full cycle. Denote

bra=w) 15

so that (™) = ¢, T}g&"s

OBSERVATION 6.5. ]f s = s1 + so then Z(Tsl) X Z(rsz) < Z(Ts)7 Kr,51 X Kr,32 < Kr,s
and also for the characters

W) =W @ W) and gy LK 0 = s @ Bray

81 T,59

Algebraic Combinatorics, Vol. 6 #6 (2023) 1576



Higher Lie Characters and Cyclic Descents on Conjugacy Classes

In the lemma below we express the multiplicity of a certain linear character in
a restriction of ¢, s. This expression will be used, in the proof of Theorem 6.3, to
compute €; (rs).

For every 0 < j <7, let R, ; :=5; x S,—; < S,, in the natural embedding. Then

Rryj 1S = K, N (Sjs X S(r—j)s) .
Denote by 1g, the trivial character and by g, the sign character of S,,, so that

k —
y1Hem—k) _ (es, X 1s, ) ngxsn_k i

Define
o SjsXS(r—j)s
Vrj,s = (ESjs X 1S(T—J)s) LRr,j?Ss )

This is a linear character on R, ;1 S;.

LEMMA 6.6. For every 0 < j < r, f;(r) is a non-negative integer and

(_1)j+1fj(7")> _ (ij)), if 7 is odd;

N {(fj(r):51), if 7 is even.

REMARK 6.7. As a byproduct, Lemma 6.6 provides a new proof of the non-negativity
of f;(r). Indeed, if s = 1 then (¢,1 ig:’jl,VnLﬁ = fj(r) is clearly a non-negative
integer. Y

Kr s j S
(Dr,s ¢R7~:J'ZSS’V7‘,J',S> = (_1)0“) ( s

The rest of this subsection consists of the proofs of Lemma 6.6 and Theorem 6.3.
In these proofs r, s and j are fixed, unless specified otherwise. For convenience, we
omit the indices and write Z := Z(,e), w 1= ("), ¢ 1= ) K = K, ,, ¢ := ¢y,
R:=R,j ,and v =1,

Proof of Lemma 6.6. The proof consists of two parts. First we determine the char-
acter values of the induced character ¢ = w TIZ( on the wreath product K = 5,1 S;
the resulting formula is Equation (16). In the second part we apply this formula to
compute the inner product.

Let ¢ : Z, — C be the primitive linear character used to define w; see Definition 1.6.
Recall the explicit formula for an induced character [19, (5.1)]: For a subgroup H < G
and a character y of H, define x° : G — C by x°(g) = x(9) if g € H and x°(g) =0
otherwise. Then

(15) X 1% (y) = ﬁ DX @ ya) = Xy,

re teT

where T is a full set of right coset representatives of H in G.

An element of K = 5,15, can be represented by an s-tuple of elements of S, and
a wreathing permutation from S, so K = {(x1,...,2s;0) | 21,...,25 €S, 0 € S}
with the product (21,...,240)(y1,...,¥s;T) = (T1¥o-1(1)s - -+, TsYo-1(s);07). A full
set of right coset representatives of Z, in S, is S,_; (in the natural embedding).
Hence, a full set of right coset representatives of Z = Z, ! Ss in K = 5,.1.5;
is T = {(z1,...,25;1) | (Vi)a; € Sp_1}. For any z1,...,25 € Z,, the shifted set
(21,-..,25 1)T is also a full set of right coset representatives. Instead of taking the
sum over T in (15), we will take it over the union of all the shifted sets, namely
{(z1,...,25;1)| (Vi) x; € S, }, and divide by r°. Since

(xla sy Tss 1)71(917 s 7ys;0)(x17 sy Tsy 1) = (x;1y1x0*1(1)7 s 7$;19333a*1(s)§0)7
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we conclude that, for any y = (y1,...,ys;0) € K,

1 _ _
oY) =wrE (y1,...,ys;0) = = Z wo(zl 1y1x071(1),...,x8 lyszgq(s);o)
T1,..,Ls €Sy
- 'I: Z w(xl_lylxdfl(l)v"'axsilysxafl(s);a)
L1y, TsESy

-]
(Vi) x yizgfl(,i)EZT,

s
1 —1
= Z HC(% YiTo—1(3))-
L1y, TsESy i=1
a:_lyizg,l(,i) EZ,

The factors in the product over i are complex numbers, thus commute. We can
therefore rearrange them in an order fitting the decomposition of o= € S, into
disjoint cycles: if

ol = Cy---C,
is a product of ¢ disjoint cycles, choose an element a; in each cycle C. Then
Cr = (ak,afl(ak),(j*Q(ak),...) (I1<k<g).

Since ( is a linear character, cancellation gives

H (@7 yizo-1()) = C(x;klyakxo—l(ak))g(x;—ll(ak)ya—l(ak)xa—2(ak)) EE
1€Cl
= C(-T;klckxak)y
where
Ck = YarYo—1(ay) " € Sr (I1<k<t).

The condition z; Yy, 1(4) € Zy (Vi) implies that the products x, ckxak € 7, (Vk).
Hence if ¢(y) # 0 then necessarily, each cycle-product ¢, € S, must be conjugate to
an element of Z,. Since Z, < S, is generated by a full cycle, a necessary and sufficient
condition for ¢i to have a conjugate in Z, is that it is a product of disjoint cycles of
the same length.

For any divisor d of r,if ¢, € S, isa product of disjoint d-cycles and z,, € S, issuch
that x_ ckmak € Z, then the value of ((z ckxak) is a primitive d-th root of unity.
By Varylng the conjugating element z,,, each element of Z, of order d is obtained
with the same multiplicity |Z4r/a)| = (r/d)!d"/?. The other xz;’s, for i € Cy ~ {ax},
are arbitrary, as long as x;lyixg—l(i) € Z, (Vi). There are r**~! such choices, where
Ly, is the length of the cycle C;. We conclude that, for any y € K for which ¢, € S,
is a product of disjoint dj-cycles (1 < k < t),

t
%H (r/di)ldy/ et 3T ().

2E€ELy : 0(z)=dy,

If g is a generator of Z,, then o(¢g™) = d if and only if m = jr/d for some integer j
coprime to d. It follows that

Yo=Y A = ).

2EZLy :0(z)=d 0<j<d: (5,d)=1
Since Z};:l(ﬁk — 1) = s —t, we now have an explicit formula for the values of ¢:
I p(di)dy/ ™ (r/dy)!
(16) oy) =4 L1 ; ’

0, otherwise.

if ¢, is a product of disjoint dg-cycles (Vk);
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To determine the inner product (¢ ¢§255, v) we evaluate the linear character v
on R1Ss. Let y = (v121,...,0525;0) € R1Ss, where v; € Sj,2, € S,—; (1 < i< s)
and o € Ss. Then, by the definition of v,

S

v(y) = v(vi21, ..., 0525 0) = sgn(o)? H5<”i)

i=1

where sgn(o) denotes the sign of o € Ss. We obtain

1
(¢ 1hs. V) = Z d(v121, ..., 0s25;0)V(V121, . . ., Us2s;0)

[R S| (v121,...,0525;0) ERLSs

1 sgn(o)’
:Q Z W Z ¢(v1217'~'7vszsaU)H€(Ui)'
o€ES, V1,...,U5 €S =1
215,25 E€Sr—j

By Equation (16), for each nonzero summand and each cycle Cy, of 071 (1 < k < t),
the cycle-product ¢, € R g S, of y has lcycle type d;/d’“, and its restrictions to S
and S,_; have cycle types d{c/d’“ and dg_])/dk, respectively. In particular, d|(r, 7). It
follows that the sign

t

S

For any d|(r,7), let ng denote the number of elements of R which are products of
disjoint d-cycles. If Cj has length ¢, then the cycle-product ¢ can be a product of
disjoint dg-cycles in exactly (j!(r — 5)!)*~Ing, ways. The choices of dj for different
cycles C, are independent; the only restriction is dg|(r, j). Using again the equality
Zzzl(ék — 1) = s — t and Equation (16), we obtain

S

<¢¢§zss,u>=5,z Sg“ Y oz vz o) [[ e(w)

7' — ] ) l
o€Ss V1,...,05E€S; i=1
zZ1 7---725657‘—.7

_ 1§~ _sen(o)
TN G-, =

] 2 = N i)y () (1)

r

1) (di+1)j/di

Ly smlo) g Hndk pldg)dy ™ (r/dk)(

oES, dy,...,d¢|(r,j) k=1
1 sgn(e)' (5~ napld)d /)T
o (il(r — Nt
st 5, Ul =" \ i) "

Of course, the number of elements of R = S; x S,_; which are products of disjoint
d-cycles is

N (e ) | ()
difd(j/d)t dr=D/d((r — j)/d)t dr/A(i/d)((r — ) /d)!

ng =
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Putting everything together and recalling that ¢ = cyc(o) is the number of cycles of
o, we obtain by Definition 5.3

cyc(o)
1 : pld) (=) DI (r/d
(@ drs. V) =5 > sen(o) Z r (j/d>
o€Ss d|(r,5)
1 .
= 2 sen(0) f(r)>,
" o€eSs

In particular, if s = 1 then f = (¢ | %, 1) is a non-negative integer.
Finally, by [32, Proposition 1.3.4], for any s > 0 and indeterminate z,

1 r+s—1
- cyc(o) _
512” ( s >

’ g€S;

Substituting —a for  and noting that sgn(o) = (—1)*~%°() we get

1 T
cyc(o) _
El E sgn(o)x™) = (s)

g€S;

This yields the desired formula, depending on the parity of j, for (¢ iﬁ S0 V) O

To prove Theorem 6.3 we need a final ingredient, a combinatorial parametrization
of (S,08s,8; x Srs—;) double cosets of S,.; by partitions.

Recall Definition 6.1. The idea and definition of P, 4(¢) actually appear already in
the work of Giannelli [16], in a similar context but without explicit reference to double
cosets or Mackey’s formula; see Definitions 2.8-2.10 and Proposition 2.11 there.

An example of a partition of 13 representing a certain (SgS5,.513 X S17) double
coset appears in Figure 1.

LEMMA 6.8. Let n =1s, K = K, s = 5,085 < S,,. There is a bijection between the
(K, S; x Sp—i) double cosets of Sy, and P, s(i), the set of partitions of i into at most
s parts, all of size at most r.

Proof. To describe the bijection from K\S,,/(S; x S,,—;) to P, (i) explicitly, first fix
the underlying decomposition {1,...,n} ={1,...,i}U{i+1,...,n} for the action of
Si X Sp—;. The left cosets in S,,/(S; x S,—;) are clearly in bijection with the subsets
of size ¢ in {1,...,n}:

Now fix a decomposition for the action of K = S, 1 .Ss: {1,...,n} = By U...U B,
where B; :={(j—Dr+1,(j—Lr+2,...,(j —Dr+r} (j =1,...,s). The elements
of S permute these blocks, and each of the s copies of S, acts on one of the blocks.
Given g € S,,, we map the double coset Kg(S; x S,,_;) to the partition v which is the
non-increasing rearrangement of the sequence

(IBing({L,....i})],...,|BsNg({1,...,i})]).

This sequence consists of s non-negative integers, each at most r, which sum up to .
Thus v € P, s(i). We will show that this map is a bijection.
For arbitrary x € K and y € S; x S,,—; we have, for each 1 < j < s,

|B; Nzgy({1,...,i})| = |B; Nzg({1,...,i})| = ‘m_l(Bj) Ng({1,... ,2})‘ .

The element 2~ ! € K = S, 1 S; permutes the blocks and permutes the elements of
each block. This shows that the mapping Kg(S; x S,—;) — v is well defined.
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The mapping from K\S,/(S; x S,—;) to P, s(?) is clearly onto, since for each
partition v = (a1,...,as) € P,s(i) there exists a permutation g € S, such that
1B; Ng({1,...,i})| =a; 1<) <s).

Finally, if K g1 (S; X Sp—;) and Kg2(S; X S,,—;) are mapped to the same partition ~,
then there exists a permutation 7 € S satisfying

Therefore there exist an element x € K = S, 1 .S such that
Bina({l,...,i}) = B Nzp({l,....i})  (1<j<s).
It follows that

a({1,...,i}) =2g2.({1,...,4}),

and therefore g1 = xgoy for a suitable permutation y € S; X S, _;. O

We are now ready to prove Theorem 6.3. The proof applies Lemma 6.8 and the
explicit bijection described in its proof, combined with Lemma 6.6.

Proof of Theorem 6.3. Recall that n =rs, K = K, s =2 5,15 < Sy, and ¢ = ¢ T}g(".
By Frobenius reciprocity (twice) and Mackey’s formula [19, (5.2), Problem (5.6)],

e; = (1, x3VOC=D) = (¢ 152, (es, X 1g,_,) Tors, )
:<¢Tf{n ig?xs _<7€S' XlS >

n—i

SiXSn_i
(17) - Z <¢ “I’Kyﬂ(S X Sp— JTKHXQ(S xS ,—7:)755i X lsn—i>
[9]€K\Sn/(SiXSn—i)
SiXSn—i
= Z (¢? Jngm SiXSn_i) ,(es x 1s,_,) quXn S, Xsnﬂ.)>-

[91€E\Sn /(Si X Sn—i)

The above sums are indexed by the (K,S; x S,,—;) double cosets in S,,. For each
representative g of a double coset, K9 := g~ ' K¢ is the corresponding conjugate of K
and ¢ is the character on K9 defined by ¢9(g 1kg) := ¢(k) for all k € K.

By Lemma 6.8, these double cosets are parametrized by the partitions in P, 4(7).
Let us determine the summand of (17) corresponding to a partition v € P, (i) in
which part j occurs with multiplicity k; = k;(y) (0 < j < 7). By the bijection
described in the proof of Lemma 6.8,

=t [Beng({L,....i})| =4}  (0<j<r),
where By :={(t —1)r+1,...,(t = 1)r+7r} (1 <t <s). Thus
K9n (SZ X Snfl) = (RT,O ! Sko) X (Rr,l ! Skl) X oo X (Rr’r l Skr),
where R, ; = S; x S,_;, as above. In particular,
8iXSp_i kj XS(r—j)k
(es; x 1s,;) istxm(s xsn_ = QEss, X sy, )iRJv 15k, M= ®”M kj
J

Note that, by Observation 6.5, ¢, s factors similarly. Therefore the Correspondmg
summand in (17) is

T

SiXSn_i Sr ISk
(18) <¢ JrKng XSn—i)? (ES X ]'Sn 1) Kgxm S ><sn7i)> = H<¢rk iR 7sz ) r,jk>
§=0

We have already computed these inner products in Lemma 6.6. By (17), (18),
Lemma 6.6 and Definition 5.3 we obtain

Vit f
ey = (O 132, (e, X 1s,_) 1y, ) E H )+ () <( 1:(7;2(7“))7
J

YEP; 5(i) 5=0
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as claimed. If s = 1 then P, (i) contains (for 0 < 4 < r) a unique partition v = (7),
for which k;(v) = 1 is the unique nonzero multiplicity. Thus, in this case,

(1)L
€i(r) = (—1)““1(( 1) . fil )) = fi(r). O

6.2. A PRODUCT FORMULA. Now we derive a restatement of Theorem 6.3 as a prod-
uct formula for formal power series.

COROLLARY 6.9. For a positive integer v, define the formal power series
E’r‘(xvy) = Z ez}(rs)xin'
1,20
Then

T

Er(zy) = [J(1 — (~a)iy) 0560,

§=0
Proof. Recall the following formal power series expansion, valid for any integer f:
— (f
1+t = t".
asn=3 (1)

By Theorem 6.3, with the obvious extension for s = 0,

r ERRVES s ‘
Er(w,y)= Z Z H J+1 (( 1) ]:jfj( )) ziy®

4,520 | ko,....,kr207=0

_Hi ((—1>j;]ffj<r>>xjkjykj

H —1)i gl (DT ()

as required. O

REMARK 6.10. For small r and arbitrary s, Corollary 6.9 enables us to determine
explicitly the hook-multiplicities m; (,s). This is done by recalling Equation (9) and
the fact that, by definition, e; (.+) is the coefficient of x'y® in E,(z,y). For example,
by Corollary 6.9 and Observation 5.4, Ey(z,y) = Es(x,y) = (1 + xy)(1 — 22y)~ L
Thus, for 7 € {2,3} and any s > 1, the value of ¢; (,+) is 1 for i € {25 — 1,25} and
zero otherwise. Combining this with Equation (9), it follows that, for r € {2,3} and
s = 1, the hook multiplicity m; <) is 1 for i = 2s — 1 and zero otherwise.

6.3. NON-NEGATIVITY. Now we are ready to prove Theorem 1.10.

Proof of Theorem 1.10. Assume that r is not square-free. Recall, from Definition 5.7,
the notation F.(z) := > 7_ f;j(r)z’. By Proposition 5.1 and Corollary 5.8 we may

write F.(z) = (1 + 2)2G,(z), where G,.(z) = Z;;é gj(r)z? is a polynomial with
non-negative integer coefficients. Let g;(r) := 0 for j < 0 or j > r — 2. Then

fi(r) =g;(r) +2g;-1(r) + gj—2(r)  (¥4).
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Therefore, by Corollary 6.9,
B, (z,y) = [ (1= (=) 040
Jj=0
=1](1- (—x)jy)(*l)j“(gj(T)+29j—1(7“)+9j—2(7“))

(Ut (—@-ﬂ‘ﬂy))“””lgﬂ”
(= (ap*iyp |

We claim that each factor in this product has the form 1+ (1 + z)%p;(z,y), with
p;j(z,y) a formal power series with non-negative integer coefficients. This implies that
(E.(z,y) —1)/(1 + z)? is itself a formal power series with non-negative integer coef-
ficients, completing the proof of Theorem 1.10.

Indeed, if j is odd then the corresponding factor is

((1+xfy)(1+xj+2y)>gj<r>: (wajm’

(1 — xj+1y)2 1— :cjﬂy)?
where
oy ) ) ) )
(A= =7y G+

i>0
is a formal power series with non-negative integer coefficients.
Finally, if j is even then the corresponding factor is

(( (1+a/tly)? y))gj(r):(l_;_( (z+1)%aly y))gj(r)’

1—aiy)(1l —ait? 1—aiy)(1l —ait?

where
iy p L ok
: =2y (@)Y (@)
_ _ pit2
(1 —aly)(1 — 27 +2y) = =
is a formal power series with non-negative integer coeflicients. O

7. ADDITIONAL RESULTS

7.1. COMBINATORIAL IDENTITIES. In this subsection it will be shown that Lemma 3.5
and Theorem 6.3 imply well-known combinatorial identities.
Recall the major index of a permutation 7 € S,,,

maj(m) := Z i.

i€Des()

The following identity is due to Garsia [13]. A purely combinatorial proof was given
by Wachs [40].

PROPOSITION 7.1 ([13, Equation 5.8]). For every partition A - n,

Z Cmaj(ﬂ) — {u(r), Zf)‘ = (TS);

o= 0, otherwise ,

where ¢ is a primitive n-th root of unity and u is the Mébius function.

The following lemma follows from the work of Stembridge [34].
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LEMMA 7.2. For every Schur-positive set A C S, with associated Sy,-character ¢ =
ch™H(Q(A)), the value of ¢ at an n-cycle c € S, is

$lc) =y (M),
TEA
where C is a primitive n-th root of unity.
Proof. First, recall the definition of the descent set of standard Young tableaux (SYT)

from Equation (3). By [34, Lemma 3.4], for every partition v F n the value of the
irreducible S,,-character x* at an n-cycle ¢ € S, is

(19) CETD SR
TeSYT(v)

Let A C S,, be Schur-positive with associated S,-character ¢, i.e., Q(A) = ch(¢). By
Lemma 2.3 together with Equation (19),

SO =3O s Y ¢ = 6N () = ol0),
TeA vkn TESYT(v) vkn

completing the proof. O

In light of Lemma 7.2 we deduce the following.
COROLLARY 7.3. Lemma 3.5 is equivalent to Garsia’s identity (Proposition 7.1).

Proof. By the Gessel-Reutenauer Theorem (Theorem 2.10), for every A b n, the
conjugacy class of cycle type X is Schur-positive with ch™'(Q(Cy)) = ©*. Letting
A =C, in Lemma 7.2, Proposition 7.1 implies Lemma 3.5 and vice versa. 0

There is a combinatorial description, due to Schocker, of the multiplicity of an
arbitrary irreducible character of S, in the higher Lie character. In its full generality
it is too complicated to be presented here, see [29] for the details. The special case
of a full cycle, A = (n) (for which () = (" T“Zg;‘ is the Lie character), is due to
Krasgkiewicz and Weyman [21]. '

THEOREM 7.4 (Kraskiewicz—Weyman, see [13, Theorem 8.4]). For every partition
vk n, the multiplicity m,, () = <1/1(”),X”> is equal to the cardinality of the set

{T eSYT(v): maj(T)=1 (mod n)}.

COROLLARY 7.5. For every 0 < k < n, the multiplicity my, () = (w(")7x(”_k’1k)> is
equal to the cardinality of the set

k
{1<a1<-~~<ak<n—1:2ai51(modn)}.

i=1

Proof. The map Des : SYT(n — k, 1¥) — ([”;1]) is a bijection, where ([";1]) denotes

the set of all k-subsets of [n — 1]. The major index of a tableau is the sum of the

elements of its descent set. O
Consider the following combinatorial identity.

PROPOSITION 7.6. For every 0 < k < n,

k _1)( )k/ n
{1<a1<...<akgn;zai51(modn)}‘: Z p(d)( 1T)ld+1kd<k;2>.

i=1 d|(n.k)
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Proof. Let H(x,q) :=[[;—,(1 4 z¢%). Writing

n n—1

q) = Z Z ck,txkqt mod (¢" — 1),

k=0 t=0

the cardinality we are interested in is the coefficient ¢ ; of z*q. For any d|n and 7 a
primitive d-th root of unity (we write o(n) = d),

i=1 i=1

n d n/d
H(z,n) = [[( +an) = (H(l + fmi)> = (1~ (=2)")"/",

where the last equality holds since both sides are polynomials of the same degree,
with exactly the same roots and the same constant term.
Let w be a primitive n-th root of unity. Then

ij th wjt 0<j<n—-1),

where hy(z) = Y} _, cxcx”. Fourier inversion gives

n—1

n

1 , ,
chlek =hi(x) = — H(z,w )w™
k=0 iz
_ 1 dyn/d —j
=Y a-ah Y e
d|n jio(wi)=d
1 n
= 3= () )
d|n
n/d
133 () enesua),
™ =0 af (k)
as required. O

OBSERVATION 7.7. Proposition 5.5 is equivalent to Proposition 7.6.

Proof. By considering separately the cases a < n and ax = n, Corollary 7.5 yields

k
{1<a1<~-<ak<n:2ai=1(modn)}
i=1

By Proposition 5.5 and Definition 5.3,

o Z u )(d+1)k/d n/d
o(m) = k/d)’

d|(n.)

= My, (n) T Mk—1,(n) = Ck,(n)-

proving Proposition 7.6. The opposite direction is similar. O

REMARK 7.8. Noting that Proposition 5.5 is the special case s = 1 of Theorem 6.3,
one concludes that Proposition 7.6 is a consequence of the latter.

It remains a challenge to find such a direct link between Schocker’s general descrip-
tion of the multiplicity and our version in Theorem 6.3.
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REMARK 7.9. Proposition 5.5 is not new. For example, by the Gessel-Reutenauer
Theorem (Theorem 2.10) together with Observation 3.1, Theorem 6.3 at s = 1 is
equivalent to the equation

[ € Con: Dest) =i} = £ (@)1~

d|n

n—1

j—l) (0<j<n),

which is an immediate consequence of a recent result of Elizalde and Troyka [12,
Theorem 3.1]. An older proof was presented to us by Sheila Sundaram [37], deduc-
ing Proposition 5.5 from [35, Lemma 2.7]. The reader is referred to [12] for further
discussion and relations to the enumeration of Lyndon words.

7.2. CELLINI’S CYCLIC DESCENTS. In this subsection it is shown that the apparently
natural approach does not provide a cyclic descent extension for many conjugacy
classes in S,.

Recall the original notion of cyclic descent set defined by Cellini [8],

CDes(m) :={1<i<n: m>m1} (Vr e Sy),

with the convention 7,41 := 7.

Elizalde and Roichman [6] presented several subsets of S,, on which the image of
Cellini’s cyclic descent map is closed under cyclic rotation, thus leading to a cyclic
extension of Des. However, as we shall see, many conjugacy classes do not have this
property. In fact, we conjecture that only two conjugacy classes have this property.
Here are some partial results.

PROPOSITION 7.10. For n = rs > 1, the image of Cellini’s cyclic descent map on any
conjugacy class of cycle type (r¥) is not closed under cyclic rotation.

Proof. Recall the notation Cx from Section 2. For r = 1 and n = s > 1, Cin)
consists of the identity permutation only. Cellini’s CDes(id) is the singleton {n} and,
for n > 1, the set {{n}} is not closed under cyclic rotation. For r > 1 (and s > 1),
let 0 =[s+1,s+2,...,n,1,2,...,s]. In other words, ¢ is the permutation in S,
defined by
o(i)=i+s (mod n) (Vi € [n]).

Then o € C(;+), and Cellini’s CDes(0) is the singleton {n — s}. If the image of CDes
on C(s) is invariant under cyclic rotation then there is a permutation m € C.s)
with CDes(w) = {n}. The only permutation in .S,, with this property is the identity
permutation, which is not in C(,.s). This is a contradiction. ]

PROPOSITION 7.11. For n > 1, the image of Cellini’s cyclic descent map on any
conjugacy class of k-cycles in Sy, except 2-cycles in Ss and 3-cycles in Sy, is not
closed under cyclic rotation.

Proof. Letting r = n in Proposition 7.10, statement holds on n-cycles. For k < n
let ¢ € Cg,in-ky be the permutation [k,1,2,...,k — 1,k + 1,k + 2,...,n]. Then
CDes(o) = {1,n}. By the equivariance property, there must be a k-cycle = with
cyclic descent set {1,2}. Then 7(3) is the minimal value thus it is equal to 1, and
(1) is the maximal value thus it is equal to n. Let m(2) = z, thus

m=[nz1,2,...,0—Lz+1,...,n—1],

namely, for every 3 < i<z +1,7(i) =i—2and forevery z+1 < i < n, n(i) =i—1.
Thus 7 has no fixed points unless = 2, in this case 7 has cycle type (n —1,1). One
deduces that statement holds for k < n — 1.

For the (n — 1)-cycles an argument similar to the above works. For n > 4 the
permutation o = (1,n—1,n—2,...,5,4,2,3)(n), ie., [n—1,3,1,2,4,5,...,n—2,n] €
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C(n—1,1) has cyclic descent set CDes(o) = {1,2,n}. By the equivariance property, there
is a permutation 7 € C(,—1,1) with cyclic descent set {1,n — 1,n}. Then 7(2) is the
minimal value thus it is equal to 1, and 7(n — 1) is the maximal value thus it is equal
ton.fw(n) =land 7(1) = kthen 1 <k <l <nand 7 = [k1,....k— 1,k +
1, l=1,141,...,n,1], so the cycle (1,k,k—1,...,2) of m has length 2 < k <n—1,
contradicting the equivariance property. O

CONJECTURE 7.12. For n > 1, the image of Cellini’s cyclic descent map on a conju-
gacy class C is invariant under cyclic rotation if and only if n € {3,4} and C is the
conjugacy class of (n — 1)-cycles.

7.3. PALINDROMICITY OF HOOK MULTIPLICITIES. A sequence ag,...,a, (equiva-
lently, the polynomial ag+ajz+- - +a,x™) is palindromic (or symmetric) if a; = a,—;
forall0 << n.

For a partition A - n recall the notation

k
My, = (B, xTRE) (0 <k <n).
In this subsection we prove the following.

PROPOSITION 7.13. Consider the partition A = (1) for positive integers r and s.

1. If s = 1 then the hook-multiplicity sequence mq (y, M1 (r); - > Myp_1,(r) 8 palin-
dromic if and only if either r is odd or r =0 (mod 4).
2. If s > 1 then the hook-multiplicity sequence Mg, (rsy, M1 (rs)y -y Mpg—1,(ps) IS

palindromic if and only if r =0 (mod 4).

Proof. 1. Assume first that s = 1. Recall the notations M, (x) := Z;;é m;,ma’ and
Fo(x) := Y7 fi(r)a’. By Corollary 5.8, F.(x) = (1 + 2)M(,)(x). Hence M,(z) is
palindromic if and only if F.(z) is palindromic.

If r is odd then, for every j, every divisor d|(r, j) is odd, hence (d + 1)j/d is even.
Thus, by Definition 5.3,

poy= 3 MO -y MO g 0<ssn,

dl(r.j) d|(r,r—3)

and F,.(z) is palindromic.
Next consider the case r = 0 (mod 4). Since p(d) = 0 for d = 0 (mod 4), Defini-
tion 5.3 implies that

—1)d+1)i/d 7/}

d

di(mg) " il

_ Z pu(d)(—1)(@+Di/d <T/d> Z pu(d)(—1)(@+Di/d (V’/d)
d)(r) " jfd di () " j/d
d odd d=2 (mod 4)

Again, if d|(r, j) is odd then (d + 1)j/d is even. If d = 2 (mod 4) then
(_1)(d+1)j/d(_1)(d+1)(rfj)/d - (_1)(d+1)r/d =1,

since 7/d is even. It follows that

(_1)(d+1)j/d — (_1)(d+1)(r71‘)/d
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in this case. We deduce that if r =0 (mod 4) then, for every 0 < j < r,

-2 () x e

dl(r,j d|(r,5)
d odd d=2 (mod 4)
- (d) < r/d > .S pu(d)(—1)(d+Dr=i)/d < r/d >
di(rr—i) (r=3)/d d|(rr—3) r (r—j)/d
odd d=2 (mod 4)
= fT*j (T)7

hence F,.(z) is palindromic.
On the other hand, if »r =2 (mod 4) then, letting j = 2,

=[G ()] =2 =010 - ()] =

thus F,.(z) is not palindromic in this case.
2. Assume now that s > 1. By Equation (9),

rs—1

Z%(r*)m =(1+a) me ol

Thus the sequence myg (rs), ... Myps_1, (rs) 18 pahndromlc if and only if the sequence
€0,(r%)s - - » Ers,(r) is. We will show that this happens if and only if r = 0 (mod 4).
Assume first that » = 0 (mod 4). Following Definition 6.1, for each partition
v = (1,---,7s) € Prs(i) consider the complementary partition ¥ = (91,...,%s) €
P, s(rs—i), defined by ¥, := r—vs41-¢ (1 < £ < 5), or equivalently by k;(¥) = kr—;(7)
(0<j<r). Since r =0 (mod 4), f;(r) = fr—;(r) (0<j <r), by Part 1 of the cur-
rent proof. In addition, 741 and r — j+ 1 have the same parity when r is even and j is
arbitrary. Using Proposition 6.3, it follows that for r =0 (mod 4) and any 0 < i < rs,

s Heee(10)

YEP, (i) j=0

3 H D=tk (O g ()
k. (’Y) = Crs—i,(re)
r—j

YEP, s(rs—i) j=0

ei,(rs)

proving palindromicity in this case. For the converse, consider again the explicit for-
mula for e; () (from Proposition 6.3) written above. Each summand corresponds to
a partition v € P, (7). According to Remark 6.4, the summand is zero if and only if
either k;(v) > f;(r) for some odd j, or k;(v) > 0 = f;(r) for some even j.

We have fo(r) = 0 for r > 1, f.(r) = 0 for » > 2, and fi(r) = fr—1(r) =1
for » > 0 thanks to Observation 5.4. It follows that for v € P, (i) to contribute a
nonzero summand, it is necessary that ko(v) = 0 (for » > 1), k.(y) = 0 (for r > 2),
ki(y) € {0,1} (for r > 0) and k,_1(7) € {0,1} (for r — 1 odd).

Assume first that » > 1 is odd. The restrictions on ko(7) and k1(y) imply that
for i = s there is no relevant v € P, s(s) (since s > 1). The restriction on k()
implies that for ¢ = rs— s there is only one relevant v € P, ;(rs—s), with k,_1(y) = s
(and k;(y) = 0 for all other values of j). Thus

Crs—s,(rs) = (z) =1>0= €s,(rs)»

and there is no palindromicity.
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If r =1 then fo(1) = f1(1) = 1 and the unique partition v € P 4(i) has ki(vy) =i
and ko(y) =s—14 (0 <i < s). It follows that

s—1i)\ (1 1, ifie {0,1};
Ci,) =\ _ )\, )= .
s—1)\1 0, otherwise.

For s > 1 this sequence is not palindromic.

Assume now that 2 < r = 2 (mod 4). The restrictions on ko(v) and kq(7y) imply
(actually, for any r > 1) that e; (o) = 0 for 0 <7 < 2s—1and egs_1 () = (fQ(?fls_Q).
Similarly, the restrictions on k() and k,_1(7) imply (for even r > 2) that e,,_; () =
Ofor0 <i<2s—1ande,s_gs41,(r¢) = (fT’Z(T)JFS_Q). Recall, from Part 1 of the current

s—1
proof, that for » =2 (mod 4)

r r—2
fQ(T) = ) > B = frf2(r)'
Therefore
fa(r)+s—2 frea(r)+s—2
€25—1,(rs) = ( s—1 > s—1 = €rs—2541,(r°)

and the sequence is not palindromic.
Finally, if » = 2 then, by Remark 6.10,

1, ifie{2s—1,2s};
€; (2s) =
(29 0, otherwise

and this sequence is not palindromic. This completes the proof. O

8. FINAL REMARKS AND OPEN PROBLEMS

Recall the notation my, ) := (¢, X("’kvlk)) By Proposition 5.2, the hook-multiplicity
sequence Mo (n), M1, (n); - - - » Mn—1,(n) is unimodal; We conjecture that it is unimodal
for all partitions A - n.

CONJECTURE 8.1. For every partition A - n, the sequence

Mo, N, TNy - ooy TMip—1 )\

1s unimodal.

The conjecture has been verified for all partitions of size n < 15 and for all parti-
tions of rectangular shape (r*) with r < 40 and s < 5.

Note that, by Lemma 5.12, Conjecture 8.1 would provide an alternative proof of
Theorem 1.10.

A sequence ay, ..., a, of real numbers is log-concave if a;_1a;11 < a? for all 0 <
i < n. It is not hard to show that a log-concave sequence with no internal zeros is
unimodal, see e.g. [7, 31]. Since log-concavity implies unimodality, it is tempting to
ask whether the hook-multiplicity sequence is log-concave.

CONJECTURE 8.2. For every partition A = (r®) with even r # 6, the hook-multiplicity
sequence mog x, M1 x, ..., Mp_1,x 1§ log-concave.

Conjecture 8.2 was verified for all » < 40 and s < 5.
Finally, recall that our proof of Theorem 1.5 is not constructive. We conclude the
paper with the following challenging problem.

PROBLEM 8.3. Find an explicit combinatorial description of a cyclic descent extension
on the conjugacy class of each cycle type not equal to (r®) for a square-free r.
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A solution of this problem for the conjugacy classes of involutions is presented
in [4]. The analogous problem for standard Young tableaux of fixed non-ribbon shape
was solved by Huang [17].
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