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A B S T R A C T

Continuous dynamic recrystallisation (CDRX) is often the primary mechanism for microstructure evolution
during severe plastic deformation (SPD) of polycrystalline metals. Its physically realistic simulation remains
challenging for the existing modelling approaches based on continuum mathematics because they do not
capture important local interactions between microstructure elements and spatial inhomogeneities in plastic
strain. An effective discrete method for simulating CDRX is developed in this work. It employs algebraic
topology, graph theory and statistical physics tools to represent an evolution of grain boundary networks
as a sequence of conversions between low-angle grain boundaries (LAGBs) and high-angle grain boundaries
(HAGBs) governed by the principle of minimal energy increase, similar to the well-known Ising model. The
energy is minimised by a modified Metropolis algorithm. The model is used to predict the equilibrium fractions
of HAGBs in several SPD-processed copper alloys. The analysis captures non-equilibrium features of the
transitions from sub-grain structures to new HAGB-dominated grain structures and provides estimations of
critical values for HAGB fractions and accumulated strain at these transitions.
1. Introduction

Severe plastic deformation (SPD) can significantly improve the
strength of alloys by reducing their grain size [1–3]. Typically, SPD
refines grains and reduces an average grain size to the sub-micron scale
by creating new high-angle grain boundaries (HAGBs), i.e., by increas-
ing the HAGB fraction in the resulting polycrystalline structure [4,5].
Several SPD processing techniques have been developed to produce
ultrafine-grained (UFG) materials. Those of largest industrial interest
include [6]: equal channel angular pressing (ECAP) [7,8]; high-pressure
torsion (HPT) [9], including ECAP-Conform [10,11]; multi-directional
forging (MDF) [12]; and accumulative roll bonding (ARB) [13]. In par-
ticular, the HPT methodology is found to be efficient for creating UFG
structures with grains down to several nanometres with predominantly
HAGBs [14], while ECAP allows for manufacturing relatively large
cylindrical samples with outstanding mechanical properties without
significantly changing the shapes and sizes of the samples [6,15].

Dynamic recrystallisation (DRX) [16] is the dominant mechanism of
grain refinement during SPD [4]. It has been shown that both continu-
ous (CDRX) and discontinuous (DDRX) recrystallisation can contribute
to the microstructure evolution during SPD [4,5]. At relatively low
temperatures and high strain rates, CDRX [16,17] becomes the primal
recrystallisation mechanism in copper alloys [18]. CDRX is shown
schematically in Fig. 1. At very small plastic strains clusters with a
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high density of dislocations are formed (Stage 1). As the deformation
develops, these clusters evolve into dislocation walls, which form sub-
grains. The dislocation walls are low-angle grain boundaries (LAGBs)
with crystallographic misorientations smaller than the commonly ac-
cepted threshold value of 15 degrees [19] (Stage 2). After this stage,
sub-grain structures with a large fraction of LAGBs are formed [5].
Further deformation promotes the rotation of the sub-grains (Stage
3). Eventually, the majority of the formed LAGBs convert to HAGBs,
i.e., grain boundaries with crystallographic misorientations larger than
15 degrees. At the final Stage 4 of the CDRX process, a dynamic
balance between the formation of new LAGBs and their conversion into
HAGBs is achieved [20,21]. After this final stage, the new UFG structure
with a large fraction of HAGBs is formed, and the new grains can be
distinguished from the initially created dislocation cells structure at
Stage 2. It is challenging to establish when the new grain microstructure
appears and which event in the microstructure evolution marks the
transition between the last two stages. It is natural to consider that
a percolation of the HAGB network is the critical event [19,22]. The
network percolation, however, is not a well-defined characteristic since
it could be size and orientation-dependent. It is desirable to explore
other descriptors that are intrinsic to the microstructure, e.g., based on
relations between different grain boundary types, and correlate these
with the macroscopic strain.
927-0256/© 2024 The Author(s). Published by Elsevier B.V. This is an open access ar
c-nd/4.0/).
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List of Symbols

𝑆 Configurational entropy
𝑗𝑖 Fraction of i-type triple junctions
𝑞𝑖 Fraction of i-type quadruple nodes
𝑝 Fraction of high angle grain boundaries
𝜀𝑝 Equivalent plastic strain
𝑊 Plastic work during the continuous dynamic

recrystallisation
𝑤 Energy spent on destruction of the system

order
𝜎𝑦 Yield stress
𝜀 Accumulated plastic strain
𝜂 Fraction of the total plastic work stored in

the form of new defect structures
𝜈𝑖 Spins in the Ising model
 Hamiltonian of the Ising model
𝜔𝑖 Topological weight of the 𝑖th grain bound-

ary
𝑢 Distortional strain energy
ℎ Energy density ℎ = 𝜁 ⋅ 𝑢
𝛱𝑎𝑐𝑐 Acceptance probability in Metropolis algo-

rithm
𝑝𝐿 Probability of conversion of low to high

angle grain boundary
𝑏 Burgers vector of dislocations
𝜌𝐷 Average scalar dislocation density
𝑑 Average grain size of material
𝛼, 𝜁 , 𝑔 Ising model parameters

The existing approaches to modelling microstructure evolution be-
ong to two classes [23,24]: continuum-based and meso-structural. In
ontinuum-based approaches, the microstructure evolution is described
y a set of internal state variables [25,26], while the elastoplastic de-
ormation is described in a classical continuum mechanics manner [27–
9]. The use of continuum-based approaches dominates the engineering
apers [30,31]. Their advantage is the simplicity in obtaining the
verage macroscopic behaviour of materials with dynamically changing
icrostructures. Since the solutions use finite element analysis, they

re considered the most practical for mechanical engineers at present.
owever, the continuum-based approaches come with several limita-

ions. First, the incorporation of texture-related parameters affecting
he mechanical behaviour of a material, such as grain orientations
nd grain boundary misorientations, is challenging. Second, analysis
f size effects is impossible without introducing higher-order theories,
.g., strain-gradient plasticity and the associated difficulty with cali-
rating their parameters. Third, interactions between microstructural
lements of different dimensions, such as grains, grain boundaries
nd triple lines, cannot be taken into account [32]. As a result, the
ontinuum-based approaches alone are not appropriate for the correct
escription of the CDRX phenomenon and related strain hardening [28]
f material; an explicit account of the finite, discrete nature of the
icrostructure is required.

On the other side, the mesoscale structural approaches reflect the
iscrete nature of the materials’ microstructures or, as a minimum,
ccount for existing discontinuities [33,34]. These include Monte-Carlo
odels [35–37], cellular automata [35,37,38], vertex or front tracking
odels [39,40], level set models [41,42], and phase field models [43,
4]. The listed discrete approaches have different application domains,
ut none offer the possibility to relate elements with different dimen-
ions and investigate the topological properties of the corresponding
2

etworks. It is, therefore, necessary to develop a modelling approach a
that captures the distribution and connectivity of different microstruc-
tural elements and provides a suitable framework for their topological
analysis.

Building on the recent theoretical developments of fully discrete
representation of grain boundary and triple junction networks and their
evolution during SPD [45,46], the present work investigates poten-
tial governing principles of CDRX by explicitly studying transitions
between LAGBs and HAGBs. The polycrystalline materials are repre-
sented by polyhedral assemblies constructed by Voronoi tessellations
of three-dimensional (3D) regions [47]. These resemble real materials’
microstructures [48,49], and are described in Section 2. The polyhedral
assemblies are geometric realisations of cell complexes in algebraic
topology. The description of such complexes provides complete infor-
mation about the connectivity between structural elements of different
topological dimensions. The proposed approach allows for the analysis
of all sub-structures formed by grains, grain boundaries (LAGBs and
HAGBs), and triple junctions of different types. The classical Ising
model is therefore adapted to describe the structure evolution. This
is discussed in Section 3 together with the numerical implementation
— the Metropolis algorithm [50]. Section 4 presents the application
of the developed discrete cell complex methodology and the proposed
governing principle to study grain structure evolution during ECAP and
HPT processing of copper alloys.

2. Discrete model of microstructure evolution during CDRX

An optimised Laguerre–Voronoi tessellation, provided by an open-
source software Neper [47], is used in this work. The Voronoi poly-
hedrons represent grains or subgrains. They are convex and bounded
by polygonal faces representing grain or subgrain boundaries (GBs).
Three polyhedrons share a common edge, which represents a triple
line/junction (TJ). Four polyhedrons meet at a point called quadruple
point/node (QN). The sets of grains or subgrains, GBs, TJs, and QNs
are sub-structures of the polycrystalline assembly with elements of
geometric dimensions 3D, 2D, 1D, and 0D, respectively. In the language
of algebraic topology, such an assembly is a polytopal cell complex
(PCC) denoted by . A 𝑘-cell in  represents a vertex, an edge, a
polygonal face and a polyhedron for 𝑘 = 0, 1, 2, 3, respectively; this is
illustrated in Fig. 2(a).

The model used in this work considers a binary classification of GBs
— LAGBs and HAGBs. It has been observed with different materials that
a given accumulated strain during CDRX the fractions of LAGBs and
HAGBs reach equilibrium. The balance of LAGBs and HAGBs is analysed
in the present work by mapping the 3D grain boundary network to a
graph, on which the Ising model is applied.

Configuration entropy is a useful descriptor of materials’ microstruc-
ture topology encoding the amount of information associated with
the specific defect microstructure. The configuration entropy, defined
in [46,51] and used in [32,45], is based on the fraction of different
types of TJs and can be calculated during the evolution process by [45]:

𝑆 = −
3
∑

𝑖=0
𝑗𝑖 log2 𝑗𝑖. (1)

where 𝑗𝑖 = 𝑁𝑖 ∕
∑

𝑁𝑖 are the ratios between the number of TJs 𝑁𝑖(𝑖 ∈
0, 1, 2, 3]) of type 𝐽𝑖(𝑖 ∈ [0, 1, 2, 3]) and the total number, 𝑁 =

∑

𝑁𝑖, of
Js in the discrete cell complex.

A 3-cell of  fully bounded by HAGBs is considered a grain. A 3-cell
f  with one or several LAGBs on its boundary is considered a sub-
rain [8]. The CDRX process leads to a significant increase in the HAGB
raction 𝑝 up to 0.7−0.9 [4] at large plastic strains. This means that there
s a higher probability of getting more grains at higher strains. Different
xperimental conditions and processes will affect the recrystallisation
ate and the final fraction of HAGBs [4,18]. The simulations start with
n arbitrary grain boundary network, in which the LAGBs and HAGBs
re randomly assigned. For the modified Ising model described in
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Fig. 1. Schematic representation of four different stages of CDRX process.
Fig. 2. (a) Cells of a 3-complex with different topological dimensions; (b) Graph representation of GB networks: Grain boundaries are graph nodes - blue nodes are LAGBs, red
dots are HAGBs; Grain boundaries sharing TJs are connected by graph edges - grey edges form LAGBs network, red edges form HAGBs network.
Section 3, different plastic strain values are used as input, and various
parameters (material and experimental process related) act together in
the iterative process, leading to the equilibrium state.

Practically, at small plastic strains around 𝜀𝑝 ≈ 0.3, the initial
coarse-grained structure has been transformed into a system of sub-
grains by creating a large number of dislocation walls [45] (see Stage
2 in Fig. 1). The simulation, therefore, covers the part of the CDRX
process where the former LAGBs are being converted into new HAGBs,
typically by sub-grain rotations (see Stage 3 in Fig. 1). The aim of this
work is to find the equilibrium state at every plastic strain level.

3. Modified Ising model

The tendency of a system in equilibrium to have minimal total
energy is a fundamental principle commonly used in physical sciences.
The binary classification of GBs allows for exploiting a well-known
binary Ising model used extensively in statistical mechanics for in-
vestigating phase transition in very different physical systems [52] –
3

from dynamics of magnetic spin systems to evolution of grain bound-
aries [53,54]. It was first proposed in 1920 by Wilhelm Lenz [55], then
solved in one dimension by his Ph.D. student Ernst Ising [56]. The
model defines a Hamiltonian [56] and provides the probability distri-
bution of the possible macroscopic states of a system whose elements
can be in two distinct microscopic states traditionally referred to as
spins. For applying the Ising model, the GB network is represented by
a graph, where the GBs are graph nodes and GBs with common triple
junctions are connected by edges; this is illustrated in Fig. 2(b).

The essential components of the Ising model are temperature and
Hamiltonian, which is the total energy associated with the system
elements in the presence of the external field. By definition, the temper-
ature is a derivative of energy with respect to entropy. In many cases,
the relation between the temperature and the Hamiltonian parameters,
strengths of external fields ℎ𝑖 and interactions 𝑔𝑖𝑗 , is negligibly weak
compared to the relation between the temperature and the system
disorder measured by the entropy [57]. Increasing the temperature
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to infinity ultimately destroys any order, creating a wholly stochastic
arrangement of the system elements. For the considered CDRX pro-
cess, the plastic strain 𝜀 is a direct analogue to the thermodynamic
emperature, as argued below.

The simulations start at the CDRX Stage 2 (see Fig. 1) when the
ub-grain structure is already formed, and the HAGB fraction is very
mall, about 5%. This LAGBs-dominated structure has minimal possible
nergy, which can only increase due to the creation of new HAGBs.
n the following Stages 3 and 4 (Fig. 1), the plastic deformation acts
gainst the elastic forces, creating a meta-stable HAGB structure. At
tage 4, according to the model of rotational DRX [58], nearly equiaxed
rains covered mostly by HAGBs became elongated during deforma-
ion. This causes the creation of several new LAGBs or dislocation walls
nside elongated grains. The LAGBs are converted into new HAGBs by
eans of subgrains’ rotation mechanism [58]. New equiaxed grains

re created, and the process of elongation-subdivision is repeated.
long with this process, arbitrary grain rotations occur because of

he inflow of dislocations into grain boundary and reverse diffusion
rocesses [59]. As a result, the plastic deformation ultimately destroys
ny special ordering in grain orientations. It leads to a large fraction
f HAGBs, but the final state strongly depends on the elastic modulus
f the material and the material’s yield stress. This suggests that during
DRX the cold plastic work 𝑊 = 𝜎𝑦 ⋅𝜀, where 𝜎𝑦 is the yield stress, plays

a role similar to the thermal energy in the ferromagnetic materials.
More precisely, only a fraction of the total plastic work 𝜂 ∼ 0.1 is stored
in the form of new defect structures [60], while the rest is dissipated
as heat. Hence, the energy spent on the destruction of the system order
is:

𝑤 = 𝜂 ⋅ 𝜎𝑦 ⋅ 𝜀. (2)

Contrarily, the Hamiltonian drives the system towards the maximum
possible order at a given temperature/plastic strain, e.g., the creation of
a HAGBs-dominated structure after CDRX. The presence of an external
field selects preferred spins that form the configuration with the lowest
possible total energy. From the grains perspective, the Hamiltonian is
minimised by minimising the stored elastic energy in grains. The elastic
energy in a grain is 𝑈 = 𝜎2∕𝐶, where 𝐶 is elastic modulus dependent
on the grain orientation with respect to the direction of the externally
applied force. There is an optimal grain orientation corresponding
to minimum elastic energy. A grain with a non-optimal orientation,
i.e., storing larger than the minimum energy, will have the tendency
to rotate to reduce the stored energy to the minimum. The critical
stress for conversion can be estimated from the local energy balance
𝜎2𝑐𝑟∕𝐶 ⋅ 𝑑3 ≈ 𝛥𝛾𝑔𝑏𝛿𝑑2, where 𝛥𝛾𝑔𝑏 is the increase of grain boundary
excess energy after conversion from LAGB to HAGB, 𝛿 ≈ 1 nm is the
grain boundary thickness and 𝑑 is the grain size. As the grain boundary
energy differences in alloys are about 1 J∕m2, the critical stress 𝜎𝑐𝑟 is
much smaller than the yield stress in nanocrystalline materials. This
means that rotations might occur prior to macroscopically observed
yielding.

According to the DRX mechanism, the elongated grains with nearly
optimal orientation create several new sub-grains bounded by LAGBs.
Rotations of sub-grains are necessary for turning their LAGBs into
HAGBs that must increase the elastic energy. The larger the external
force, the larger the change of elastic energy in a sub-grain due to its
rotation. It is assumed here that this process of elastic energy increase
is more common in the developed CDRX process during SPD than the
minimisation of elastic energy natural for the initial stages of plastic
deformation. The external force for rotation is the von Mises stress,
which is proportional to the second invariant of the deviatoric stress
tensor. During SPD, this stress can be assumed equal to the current yield
stress of the material, 𝑠𝑦. In such a case, the creation of new HAGBs
requires an increase of energy proportional to the distortional strain
energy, given by:

2

4

𝑢 = 𝑠𝑦∕2𝜇, (3) r
where 𝜇 is the shear modulus of the material. In addition to the effect of
stresses, which are viewed as the external field in the Ising model, GB
interactions can also be taken into account to represent the possibility
that the neighbourhood of a given GB can facilitate its conversion
from LAGB to HAGB, decreasing the potential barrier needed for such
conversion.

Consider a graph 𝐺 = (𝑉 ,𝐸), such that the elements of 𝑉 correspond
o the GBs of a given polycrystalline assembly, and the elements of 𝐸

correspond to pairs of GBs that have a common triple line/junction in
the assembly. The construction of this graph is unique and provides the
structure for the Ising model. The spins associated with the vertices
correspond to the two GB types: −1 is assigned to vertices represent-
ing LAGBs, and +1 is assigned to vertices representing HAGBs. The

amiltonian for the modified Ising model is given by:

= −
∑

𝑖
𝜔𝑖ℎ𝜈𝑖 −

∑

𝑒𝑖𝑘

𝑔 ⋅ ℎ(𝜔𝑘∕𝜔𝑖)𝜈𝑖𝜈𝑘, (4)

ere 𝜔𝑖 is the topological/combinatorial weight [61] of the GB corre-
ponding to vertex 𝑖, and the energy density ℎ is given by:

= 𝜁 ⋅ 𝑢, (5)

here 𝜁 is a constant, and 𝑢 can be calculated by Eq. (3). The interac-
ion term uses a parameter 𝑔 ≥ 0, which scales the energy density ℎ to

define an interaction strength with existing HAGBs only, i.e., the sum-
mation is over the edges connecting the current GB 𝑖 with neighbouring
HAGBs 𝑘. In the absence of HAGB neighbours, the interaction term is
zero. The combinatorial weights 𝜔𝑖 of cells of different dimensions in a
cell complex have been proposed in [61] for calculating combinatorial
curvatures. In that proposal, the weight of a 2-cell equals the number
of 1-cells on its boundaries, which is half the number of neighbouring
2-cells. In the present work, the weight of a grain boundary equals
the number of neighbouring GBs. This means that each vertex in 𝐺
is assigned a weight equal to the number of edges in 𝐺 adjacent to
he vertex. It can be shown [62] that for the Voronoi tessellation of
pace, the GB weight is proportional to the GB area, so the large weights
orrespond to the large GBs. Thus, the weights qualitatively represent
hat the larger boundaries with a large number of neighbours require a
arger amount of energy for their conversion into HAGBs. The weights
𝑘 in the interaction terms reflect the slight effect from the side of the

mall neighbouring GBs compared with the large ones.
The assignment of 𝜈𝑖 = +1 spin for all HAGBs and 𝜈𝑖 = −1 spin for

ll LAGBs, makes the conversion from HAGBs to LAGBs energetically
avourable, and the external field 𝑠𝑦 facilitates such conversions. Con-
urrently, the Hamiltonian energy (Eq. (4)) acts as a potential barrier
or LAGB to HAGB conversions because it increases with increasing
𝑦 or decreasing 𝜇 in Eq. (3), which prevents the formation of new
AGBs. The presence of HAGBs in a GB neighbourhood introduces

pins 𝜈𝑘 = −1 in the interaction term sum, which leads to a decreasing
amiltonian. The more the HAGBs in the neighbourhood and the larger

he interaction energy ratio 𝑔, the less the potential barrier for LAGBs to
AGBs conversion. At 𝑔 > 1, once the number of neighbouring HAGBs
ecomes larger than the number of LAGBs, the term |

∑

𝑘 𝑔 ⋅(𝜔𝑘∕𝜔𝑖)𝜈𝑘| >
𝑖 (as 𝑚𝑎𝑥

(

|

∑

𝑘 𝜈𝑘|
)

= 𝜔𝑖) and the LAGBs to HAGBs transition becomes
nergetically favourable (𝛥𝐻 < 0) for all 𝜔𝑘 ∼ 𝜔𝑖. The existence of
arge neighbouring grains with adjacent HAGBs (𝜔𝑘 ≫ 𝜔𝑖) have the
ame effect and make conversion energetically favourable.

.1. Metropolis algorithm for energy minimisation

To simulate the process of structure evolution, one can implement
he Monte Carlo random process numerically. The Monte Carlo sim-
lations follow a Markov chain, which is completely specified by the
ransition probability matrix 𝛱𝐴𝐵 that is the probability of transition
o state 𝐵 in the next step if the current state is 𝐴. All Monte Carlo
ethods follow a simple sequence of steps: (1) generate a pseudo-
andom number; (2) select items from the current state and try to
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transform these to transition to a new state; (3) accept or reject the
trial based on the random number and the trial acceptance probability;
(4) update the state if the trial is accepted and repeat the process. In
the modified Metropolis algorithm, the acceptance probability is given
by:

𝛱𝑎𝑐𝑐 = exp
(

−𝛥
𝑤𝑘

)

, (6)

where 𝑤𝑘 is the part of the plastic work given by Eq. (2). The same
values ℎ and 𝑔 for all grains lead to the following equation for the
nergy difference, which is used later for calculations:

 = 2ℎ𝜈𝑚 ⋅
(

𝜔𝑚 +
𝑔
𝜔𝑚

∑

𝑛
𝜔𝑛𝜈𝑛

)

, (7)

here 𝜈𝑚 represents the selected element’s spin and 𝜈𝑛 are the spins at
he nearest neighbours of that vertex. If 𝛥 ≤ 0, the trial is accepted
ith 𝛱𝑎𝑐𝑐 = 1, otherwise when 𝛥 > 0, the trial is accepted with the
cceptance probability

𝑎𝑐𝑐 = exp
(

−
(𝑠2𝑦)𝑘 ⋅ (𝜔𝑚 + 𝑔∕𝜔𝑚

∑

𝑛 𝜔𝑛𝜈𝑛)

𝜇 ⋅ 𝜂(𝜎𝑦)𝑘𝜀𝑘

)

. (8)

Here (𝑠𝑦)𝑘 is the yield stress in a single grain independent of the grain
boundary structure, while the term (𝜎𝑦)𝑘 is the average yield stress in
the polycrystalline material, and 𝜀𝑘 is a plastic strain. All parameters
are taken at simulation step 𝑘. If strain hardening is neglected and
constant values of stress are assumed, the equation takes the simple
form:

𝛱𝑎𝑐𝑐 = exp
(

−
𝜁 ′ ⋅ (𝜔𝑚 + 𝑔∕𝜔𝑚

∑

𝑛 𝜔𝑛𝜈𝑛)
𝜀𝑘

)

, (9)

here 𝜁 ′ = 𝑠2𝑦∕(𝜂𝜇𝜎𝑦) < 1 is a constant.
This approach gives 𝛱𝑎𝑐𝑐 ≈ 1 for very large values of 𝜀𝑘, which

eans that both the LAGBs to HAGBs transitions and their reverses
re accepted with equal probabilities. That inevitably leads to fractions
.5 for both boundary types, which does not correspond to the exper-
mental data for HAGB fraction at high accumulated strains [8,45,46].
he problem can be overcome by introducing an additional probability
𝐿 that accounts for the asymmetry between the LAGBs to HAGBs
ransitions and their reverses. Such asymmetry can be easily explained:
he LAGBs, by definition, are boundaries with misorientations between

and 15 degrees, while HAGBs are boundaries with misorientations
etween 15 and 62 degrees for crystals with cubic symmetries. In
uch case, during grain rotations, the probability for a boundary to
ecome HAGB is 𝑝𝐿 ≈ 1 − 15∕62 ≈ 0.76. From the other side, 𝑝𝐿
hysically depends on the ‘‘saturation level’’ in the dislocations density
𝑚𝑎𝑥
𝐷 , which is a function of the dislocation annihilation and generation
ates (see the following Section 3.2). This means it is a function of
he material’s purity and defect microstructure. According to materials’
haracterisation data after SPD [8,18,46], 𝑝𝐿 can vary in the range
rom 0.6 to 0.9, depending on the material and SPD processing route.
hese considerations lead to the following modified expression for the
cceptance probability:

𝑎𝑐𝑐 =

⎧

⎪

⎨

⎪

⎩

𝑝0, if 𝛥 ≤ 0.

𝑝0 exp
(

−
(𝑠2𝑦)𝑘(𝜔𝑚+𝑔∕𝜔𝑚

∑

𝑛 𝜔𝑛𝜈𝑛)
𝜂𝜇(𝜎𝑦)𝑘𝜀𝑘

)

, if 𝛥 > 0.
(10)

where 𝑝0 is related to 𝑝𝐿 as follows:

𝑝0 =
𝜈𝑖 + 1
2

− 𝜈𝑖(1 − 𝑝𝐿). (11)

The steps of the modified Metropolis algorithm become:

1. Start with an arbitrary spin configuration {𝜈𝑖}, 𝜈𝑖 = ±1;
2. Randomly select a vertex with spin 𝜈𝑖;
3. Flip the spin, i.e., 𝜈𝑖 ∶= −𝜈𝑖 (trial) and compute the energy

change, 𝛥;
4. If 𝛥 ≤ 0, accept the trial with probability 𝑝 and go to step 6.
5

0

5. Else accept the trial with probability 𝛱𝑎𝑐𝑐 = 𝑝0 ⋅ exp(− 𝛥
𝑤𝑘

); if
rejected flip the spin back 𝜈𝑖 ∶= −𝜈𝑖;

6. Return to step 1 unless a maximum number of iterations is
reached (see Fig. 3).

3.2. Strain hardening model

Strain hardening is essential for many mechanical processes, includ-
ing SPD, and often cannot be neglected in calculations. The modified
Ising model presented in this section contains two different stress-
related parameters: the deviatoric stress 𝑠𝑦, representing the local
yield stress in a grain, and 𝜎𝑦 representing average yield stress in the
whole polycrystalline assembly [28,29,63]. The former depends on the
crystallography and the presence of dislocations inside a grain. Using
the well-known Taylor and Hall–Petch laws for strain hardening, the
following expressions are used [18,59]:

𝑠𝑦 = 𝜎0𝑦 + 𝛼𝜇𝑏
√

𝜌𝐷, (12)

and

𝜎𝑦 = 𝜎0𝑦 + 𝛼𝜇𝑏
√

𝜌𝐷 +
𝐾𝐻𝑃
√

𝑑
. (13)

ere 𝜎0𝑦 is the yield stress of a dislocation-free nanocrystalline sample,
𝛼 ≈ 0.4 is the Taylor constant, 𝑏 is the Burgers vector of disloca-
tions [60], 𝜌𝐷 is the average scalar dislocation density [28], 𝐾𝐻𝑃 is the

all–Petch coefficient [64] and 𝑑 is the average grain size of material.
A simple approximation for the evolution of dislocation density

uring SPD shown in Fig. 4(a), can be given by [18,65]:

𝐷 = 𝜌𝑚𝑎𝑥𝐷

[

1 + (𝑟𝐷 − 1) ⋅ exp(𝑘𝑎(𝑟𝐷 − 1) ⋅ 𝜀)
]2
, (14)

here 𝑟𝐷 =
√

𝜌0𝐷∕𝜌
𝑚𝑎𝑥
𝐷 , and 𝜌𝑚𝑎𝑥𝐷 = (𝛿𝑓∕𝑘𝑎𝑏)2 is the saturation level or

maximal possible dislocation density with the dislocation annihilation
coefficient 𝑘𝑎 = 1.9 [18], dislocation generation parameter 𝛿𝑓 ≈
0.01 [28,63] and the Burgers vector for copper alloys which can be
taken equal to 𝑏 = 0.256 nm; 𝜌0𝐷 is the initial dislocation density. The
development of dislocation density during SPD depends weakly on the
initial dislocation density. The initial value selected here is 1011 m−2,
which is an average value for copper alloys.

The third term in Eq. (13) contains an average grain size 𝑑, which
depends on the fraction of HAGBs 𝑝 [18,65]. It can be estimated as [18]:

𝑑 =
𝛽

𝑝 ⋅
√

𝜌𝐷
, (15)

where the coefficient 𝛽 ≈ 11 is taken from the dislocation theory [18];
the corresponding result is shown in Fig. 4(b).

4. Results

The principal advantage of the developed discrete approach is that
it allows for studying topological changes and accounts for interactions
in the grain structure of industrially processed materials. Describing
the changes in the HAGB network can provide essential information
about the driving forces of the microstructure evolution process. At the
same time, energy minimisation as a governing principle is physically
correct for the systems close to their equilibrium state; this is often
not the case for some highly non-equilibrium SPD processes. At the
same time, one fundamental feature of the critical phenomena makes
some calculation results based on this model relevant for a much
wider range of system evolution routes. The Ising model explicitly
addresses the critical behaviour of a system described as a second-
order phase transition: when the microscopic parameter 𝑝 is close to
a critical value (percolation threshold) 𝑝 = 𝑝𝑐 , the behaviours of all
related macroscopic characteristics 𝐶𝑝 are described by power laws
in the form 𝐶 ∼ (𝑝 − 𝑝 )−𝜈 with some power 𝜈. Only the critical
𝑝 𝑐
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Fig. 3. Modified Metropolis algorithm for generating new grain boundary network.
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alue 𝑝𝑐 here depends significantly on the specific HAGBs arrangement
r evolution principle as discussed in [66], while all the coefficients
n these power laws are entropy-independent. This makes the Ising-
ike energy minimisation model useful for obtaining 𝑝(𝜀) relations,
espite its inability to provide the correct spatial distribution of HAGBs.
o the developed in the previous sections discrete methodology can
e effectively applied for simulations of structure evolution at severe
lastic deformation processes like ECAP and HPT.

.1. ECAP processing of copper alloys

During ECAP, external forces press metallic billets through the L-
haped die with angles between 60◦ and 135◦, but most commonly
0◦. This process is repeated many times, leading to large accumulated
6

lastic strains causing a DRX process inside initially coarse grains. After a
several passes, the ECAP produces UFG materials with an average grain
size of about a few hundred nanometres [67].

A cell complex corresponding to a volume of ECAP-processed cop-
per alloy has been created by the software Neper [47], as shown in
he middle of Fig. 2. A purpose-built Matlab code, implementing the
etropolis algorithm for the modified Ising model, was used for the

imulation of HAGBs fraction evolution, as well as for the calculation
f the configuration entropy.

Fig. 5(a) shows the experimental [8,68–70] (symbols) and calcu-
ated (curves) evolution of HAGBs fractions with accumulated strain for
CAP-processed copper alloys Cu-2%Co, technical purity Cu, oxygen-
ree Cu and Cu-0.1%Cr-0.06%Zr. The curves are obtained by fitting the
sing model parameters. Fig. 5(b) shows the configuration entropy [45]

s a function of the accumulated strain.
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Fig. 4. Dislocation density (a) and average grain size (b) as functions of the accumulated strain during SPD.
Fig. 5. (a) Comparison of simulated evolution of HAGBs fraction with experimental data on ECAP-processed copper alloys (Cu-2%Co [68], technical purity Cu [69],
Cu-0.1%Cr-0.06%Zr [8], oxygen-free Cu [70].); (b) Configurational entropy as a function of accumulated plastic strain during ECAP.
It can be seen from Fig. 5(a) that 𝑝𝐿 has the largest effect on the
𝑝−𝜀 dependence. This is best observed by comparing the results for Cu-
2%Co and Cu-0.1%Cr-0.06%Zr since 𝑔 and 𝜁 for these alloys are equal.
The value of 𝑝𝐿 limits not only the maximum HAGB fraction that can
be attained during the entire process but also the HAGB fraction that
can be attained at every strain level. It can be conjectured that 𝑝𝐿 is a
material-related parameter representing the material facility to attain
HAGBs at a given strain.

The results in Fig. 5(b) show that for all studies alloys the entropy
grows to a maximum value and then decreases with accumulated strain.
The entropy of Cu-2%Co decreases most rapidly and approaches a
value close to half of the maximum entropy at 𝜀 = 12. The entropy
of oxygen-free Cu and Cu-0.1%Cr-0.06%Zr maintain large values after
the maximum value, which means a richer variety of TJ types exist in
these configurations compared to the other two materials.

4.2. HPT processing of copper alloys

HPT applies substantial pressure (typically about 1–6 GPa) to the
circular surface of a thin disk and then rotates the anvil to induce shear
strain. The method results in a significantly uneven distribution of plas-
tic strain along the sample radius and is limited to small samples [14].
The equivalent strain varies significantly with distance from the centre
of the disc. For an ideal rigid cylinder, the shear strain by HPT can be
calculated from the equation:

𝛾 = 2𝜋𝑁𝑟 , (16)
7

ℎ

where 𝑁 is the number of revolutions, 𝑟 is the distance from the centre
of the disk, and ℎ is the thickness of the specimens, respectively. This is
only valid if no thickness changes occur. The equivalent plastic strain,
conjugate to the von Mises equivalent stress, is:

𝜀𝑁 =
𝛾
√

3
= 2𝜋𝑁𝑟

√

3ℎ
. (17)

The discrete model for HPT considers a radial section tessellated into
cells similar to the ECAP model, as shown in Fig. 6. The computational
section has a length of 5 mm, the right end of the section, with a
section-based coordinate 𝑥 = 0 mm at a distance 𝑎 > 0 mm from the
centre of the physical disk. The section is divided into five groups, as
shown in Fig. 6. Each group is formed by the grain boundaries with 𝑥
coordinates of their centres in the intervals (with unit mm): [0, 1), [1, 2),
[2, 3), [3, 4), [4, 5]. In such case, 𝜀𝑁 = 2𝜋𝑁𝑟

√

3ℎ
= 2𝜋

√

3ℎ
⋅𝑁 ⋅ 𝑟 = 𝑚 ⋅𝑁 ⋅ 𝑟 for

each grain boundary, where 𝑟 = 𝑎+𝑥, the thickness ℎ = 0.8mm [71–73].
The number of grains in the disc model is 10 000, and 500 grains in
the section (see Fig. 6), which is enough to show the local deformation
behaviour for the HPT process. The fraction of HAGBs in one group
shown in Fig. 6, circled in red, represents the half-radius to the centre
of the disk under the action of HPT, i.e. the fraction of HAGBs at a
distance 0.25 mm from the disc centre.

Fig. 7(a) shows the experimental [71–73] (symbols) and calculated
(curves) evolution of HAGBs fraction with accumulated strain for HPT-
processed copper alloys Cu-0.17Zr, pure Cu, and Cu-Ni-Si. The curves
are obtained by fitting the indicated Ising parameters. Fig. 7(b) shows
the configuration entropy as a function of the accumulated strain.
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Fig. 6. The whole disc radial section is used for calculations and its division into five pieces.
Fig. 7. (a) Comparison of the simulation curve for HAGBs fraction evolution with the experimental data on HPT processed copper alloys Cu-0.17Zr [71], Pure Cu [72], Cu-Ni-Si [73];
(b) Configurational TJs entropy as function to the accumulated plastic strain during HPT.
The parameter 𝑔 acts on the interaction term in the Hamiltonian,
Eq. (4). It can be seen in Fig. 7(a) that the HPT process requires a
larger 𝑔 than the ECAP process (Fig. 5(a)). It can be concluded that
𝑔 is dictated by the experimental procedure. The parameter 𝜁 acts on
both terms in the Hamiltonian. Both Figs. 5(a) and 7(a) show that larger
values of 𝜁 yield slower growth of HAGB fraction with plastic strain.

The results in Fig. 7(b) show that the for all studies alloys the en-
tropy grows to a maximum value, however, unlike the ECAP-processed
alloys and the entropy decrease is negligible. This means that the
HTP-process maintains the highest diversity of TJs subsequently.

4.3. Comparison with other conversion strategies

Previously investigated strategies for conversion between LAGBs
and HAGBs included conversion of randomly selected grain boundaries
(random) and conversion producing maximum increase of the config-
urational entropy (maximum entropy production, or MEPP) [45]. The
results of these studies are compared with the results from the present
work in terms of entropy dependence on HAGBs fraction in Fig. 8.
8

The results of the Ising-like model applied to ECAP correspond well
to the strategy with random conversion and are lower than the MEPP
results. Contrarily, the HPT appears to be most closely represented by
the MEPP model. This suggests that the addition of strain gradient
may have an effect similar to MEPP for the evolution process. It also
indicates higher deviation from equilibrium process states, which the
MEPP strategy commonly describes.

5. Discussion and conclusions

The defect structure evolution during different processing routes of
copper alloys can lead to very different microstructures. The fraction of
defects and their mutual arrangement (topology of their network) affect
most of the physical and mechanical properties of materials. Experi-
mental characterisations providing the texture (grain crystallographic
orientations) and the fractions of various defect types are common.
However, studies of spatial defect arrangements remain relatively rare
due to the lack of appropriate discrete models involving thermody-
namics and multi-dimensional features in the defect structure evolution
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Fig. 8. Configuration entropy [45] with different evolution strategies.

process. This often leads to superficial comparisons of different mi-
crostructures when two structures are stated to be similar only because
of the visual resemblance in their texture or equal defect fractions.

Grain boundary network evolution during the CDRX processes,
dominant at low-temperature SPD processing routes like ECAP, has
been the focus of this work. CDRX is characterised by the formation of
new, smaller grains due to an increase in sub-boundary misorientations
caused by the continuous accumulation of dislocations introduced by
the deformation. An element of this process is the conversion of initial
LAGBs into HAGBs. A significant amount of extraordinary mechanical
properties of metallic materials after SPD, e.g., functional properties
such as electrical and magnetic, strongly depend on the amount and
balance between LAGBs and HAGBs. The considered ECAP and HPT
processing of copper alloys is a wide and promising area of engineering
of bulk ultrafine-grained metals practical for the design of novel func-
tional materials for electro-mechanical applications. Unfortunately, the
research on the grain boundary networks forming during SPD is very
limited to date.

Previous works [45,46] followed the approach by Frary and Schuh
[22,51,74] to study grain boundary TJ networks and TJ types distribu-
tions during SPD of copper alloys. It was shown that their distribution
for these alloys is neither random nor fibre textured [45], but rather
close to what is produced by a process following the maximum entropy
production principle [75]. The present work substantially enriches
the analysis by employing a new Ising-like 3D model based on the
energy minimisation principle and a detailed analysis of the topological
evolution of HAGBs and related TJ networks. It is used for the first time
to study evolution during CDRX. The relations between HAGB fractions
and accumulated strains used in the analysis are based on experimental
data from the literature and correspond to actual SPD processing routes.
The energy minimisation model is shown to be helpful in predicting
such functions.

On the other hand, materials with the same fractions of ‘‘spe-
cial’’ grain boundaries can have largely topologically different grain
boundary networks possessing various levels of meta-stability. Their
evolution may be governed by different principles, such as energy
minimisation (equilibrium processes) or maximum entropy production
(highly non-equilibrium processes). Simulations reveal that a single
‘‘general’’ physical principle for microstructure evolution cannot pro-
vide a realistic description of microstructure development during SPD.
The outcome, which requires further investigation and experimental
validation, is that the relatively homogeneous deformation conditions
(ECAP case) are most closely described by the results obtained with
9

the minimum energy principle provided by the Ising-like model, while
conditions with strong deformation gradient (HPT case) appear to be
close to the results obtained with the maximum entropy production
principle. Clarifying such points might reveal the principal differences
in structure evolution in the presence of a strong deformation gradient.

It is anticipated that this work will precipitate the development of
advanced discrete models for grain boundary engineering, including
multi-states and cluster models, delivering further information on grain
boundary networks and allowing more accurate controls of the grain
boundary evolution process.
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