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Abstract: We consider two constructions of 4d N' = 1 gauge theories in M-theory. The
first is purely geometric and involves compactifying M-theory on singular manifolds of Ga-
holonomy. The geometries studied are ALE-fibered over a compact base M3. This fibration
admits a description in terms of a Higgs bundle with three-dimensional base M3 which arises
as the BPS equations of M-theory reduced adiabatically along the ALE fibers. The gauge
theory sector of these compactifications originates from M2-branes wrapped on vanishing
cycles of the ALE fibration with interactions set by Euclidean M2-branes wrapped on asso-
ciative submanifolds traced out by the vanishing cycles. The first part of this thesis develops
the physics of these models and introduces a colored supersymmetric quantum mechanics
organizing and quantifying non-perturbative effects due to M2-brane instantons. In this
framework we study the local models of twisted connected sum Ga-manifolds and describe
their possible chiral deformations.

The second construction considered in this thesis utilizes M5-branes wrapped on Rie-

mann surfaces embedded in local Calabi-Yau threefolds. We focus on the subset of such



configurations derived from 4d N = 2 theories of class S breaking to N' = 1. Their BPS
equations construct Higgs bundles differing from the standard class S Higgs bundle by an
additional Higgs field. The associated N/ = 1 curve collects the spectral data of both Higgs
fields and different curves describe distinct vacua of the same gauge theory. The second part
of this thesis studies the construction of such Higgs bundles and derives the confinement
properties of each vacuum from the associated NV = 1 curve. This allows for the study
of confinement in non-Lagrangian N = 1 theories which is illustrated by constructing an

infinite class of non-Lagrangian A" = 1 theories that contain confining vacua.
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Part 1
Introduction

Quantum field theories have been at the heart of theoretical and experimental particle
physics for close to a decade. Their predictive power is unprecedented and their contributions
to mathematics and physics numerous. Yet they resist rigours mathematical formulation and
exploring their properties remains an active field of research. Wide ranging progress has been
made for topological, conformal and supersymmetric quantum field theories and others. In
these cases non-trivializing structures are imposed on the dynamics of the field theory and
as a consequence methods of analysis beyond perturbation theory become available. In this
thesis we focus on supersymmetric field theories which in many cases allow for embeddings
into string and M-theory establishing common higher dimensional origins, classifications
and non-trivial equivalences. In this fashion string and M-theory have proven to be an
invaluable tool in deepening the understanding of supersymmetric quantum field theories,
which display many semi-realistic features relevant for more generic quantum field theories.

In this thesis we consider two constructions of 4d N’ = 1 gauge theories in M-theory.
String theory realizations of such gauge theories allow for geometric interpretations of
their moduli spaces and dynamical properties. Often, the former is a favorable perspec-
tive for exploring regimes of strong coupling, following theories through phase transitions
and describing non-Lagrangian theories. Complementary, the latter regularly elucidates
non-perturbative aspects of the gauge theory and geometrifies its spectrum and symme-
tries. Whenever string theory backgrounds are purely geometric, perhaps supporting various
branes, these methods are referred to collectively as the tool set of geometric engineering
with many ideas tracing back to the seminal papers [5-8|.

Since its inception geometric engineering has been at the heart of many applications



of string theory, starting with model building for particle physics [9-18], the study of su-
perconformal field theories [19-26], or sharpening the boundaries of the string theory land-
scape [27-30]. For many of these applications F-theory has been the framework of choice
in recent years. In F-theory however, the defining data of 4d A/ = 1 theories is not purely
geometric, but includes a choice of G4-flux, which pushes this construction beyond a purely
geometric framework and yet is crucial for the resulting 4d N' = 1 theory to be chiral.

An alternative construction that yields minimal supersymmetry in 4d is obtained from
M-theory on Ga-holonomy manifoldsﬂ and will be the focus of part|lIjof this thesis. The main
challenge in this set-up is the construction of compact Go-manifolds with singularities, which
yield both gauge (codimension 4) and chiral matter (codimension 7) degrees of freedom in
4d 19,/10L[31H34]. To this moment this is an open question. These singularities are necessary
ingredients in an attempt to replicate semi-realistic physics, without them the 4d theory
contains at most an abelian gauge symmetry and no light charged matter.

Until recently, even the number of known smooth, compact G2-manifolds was rather lim-
ited: the only concrete examples were the Joyce orbifolds given by resolutions of 77 /T [35],
constructions based on orbifolds of a Calabi-Yau three-fold times S' and the construction
of Joyce and Karigiannis [36] giving Ga-manifolds constructed from compact Ga-orbifolds
by gluing in Eguchi-Hanson spaces along the orbifold locus. Recently, a comparatively
large class of examples (order millions) of compact Ga-manifolds was described in [37-39]
as twisted connected sums (TCS).

The physics of M-theory and string theory on TCS Ga-manifolds has been investigated
in [40H48]. One key property common to all TCS manifolds, which is a direct consequence
of this particular construction, is that singularities will occur (if at all) in codimension 4
and 6, but not 7. From the standard geometric engineering dictionary for Ga-manifolds it
then follows that the resulting models in 4d do not have chiral matter. An obvious question

is then which type of deformations are required to remedy this limitation.

We shall often simply refer to these as Go-manifolds.



Part [[] of this thesis provides a setting which gives some answers to this question and
explores how such transitions would be characterized in TCS geometries, by providing a
local model description in terms of a Higgs bundle. We set out to develop this Higgs bundle
description for the class of ALE-fibered Go-manifolds in great generality before applying it
to the local limits of TCS Ga-manifolds. This local model framework was advocated for
in [49] with the heterotic dual picture initially presented in [34].

We begin by reviewing of the Higgs bundle descriptions of ALE-fibered Ga-manifolds
and the associated gauge theory sector engineered in M-theory. Chiral matter is localized at
distinct codimension 7 singularities of the geometry and therefore interactions are generated
purely by Euclidean M2-brane instantons. A critical contribution of the presented research
lies in the analysis of these non-perturbative interactions by studying these at low energies
where they permit a description in terms of Euclidean instantons of a quantum mechanical
system. The latter allows for their computation using localization techniques and therefore
these geometries constitute a class of examples with exceptional control over such membrane
instanton effects. Further, we study certain non-generic Higgs bundles, called to be of type
Morse-Bott, describing ALE-fibered Ga-manifolds with codimension 6 singularities. Armed
with these local models we study chiral deformations of local TCS Ga-manifolds.

We now pivot to introduce the contents of part [[II] in this thesis. Gauge theories with
minimal supersymmetry in four dimensions can exhibit confinement. A celebrated result in
Go-physics is the description of confinement in 4d N' = 1 super Yang-Mills (SYM) theory
[31,[32,50]. Here the geometric transition of (a quotient of) the Bryant-Salamon cone [51]
is found to describe the transition from the gauge theory phase to the confining phase.
Confining strings are realized in M-theory as wrapped M2-branes and other objects such as
domain walls and glueballs are also understood string theoretically. Here, another example is
MQCD [52], the diagnostics for confinement are the confining strings and their charges under
unbroken 1-form symmetries. These are rare occasions in which characterizing confinement

does not rely on a field theoretic, Lagrangian perspective.



Many celebrated results on supersymmetric field theories, with roots in string theory,
involve the construction and classification of non-Lagrangian theories [19-21}24H26.53-56].
These are engineered by geometries or on the world volumes of brane systems and therefore
defined without an explicit reference to a perturbative Lagrangian formulation. This presses
the question on how to determine the higher form global symmetries [57] for this class of
theories and understand their description at long distances.

Very recently a plethora of results concerning the string theory origin of 1-form sym-
metries and more generally higher form global symmetries have been derived. Highlights
include the study of geometrically engineered (superconformal) field theories in 5d [58-62],
in 4d [63H66] and related holographic considerations [67-70]. In many cases these advances
have freed the analysis of higher form symmetries from an underlying Lagrangian formula-
tion and added additional tools for the study of the IR physics of non-Lagrangian theories.

Part [[T]] of this thesis pushes forward along these ideas. We consider 4d N = 1 gauge
theories realized on the world volume of Mb5-branes wrapped on Riemann surfaces embedded
in Calabi-Yau three-folds. This construction accesses a larger class of theories than those
engineered from (Ga-manifolds and in particular we focus on theories arising as deformations
(rotations) of theories in class S. Here we start with 6d N/ = (2,0) theories and construct
the spectrum of line operators in 4d by wrapping surface operators on one-cycles of the
Riemann surface, extending the results presented in [3].

The most prominent example of this class of theories is MQCD [52] which lies in the
same universality class as 4d N'=1 SYM. It is the simplest and first class of examples we
consider in part [[I]] of this thesis. We further study 4d A =1 SYM with an adjoint chiral
superfield subject to various polynomials superpotentials [71H74] and finally give a new class
of non-Lagrangian N/ = 1 theories exhibiting confinement constructed from theories in class
S using multiple irregular punctures. We derive the preserved 1-form symmetry in each
vacuum from its N = 1 curve. Notably the input data for this procedure is solely the

topology of the N’ = 1 curve and requires no Lagrangian to be specified. The N' =1 curve



is a solution to a Higgs bundle over the Riemann surface wrapped by the M5-branes. This
Higgs bundle is an extension of the standard class S Higgs bundle |75-77] by an additional
Higgs field [78.|79]. Crucially this BPS system requires both Higgs fields to commute and
therefore, as we explain, the diagonal curve of the spectral curves for both Higgs fields can
be constructed. This combination of spectral curves is the A" = 1 curve and its derivation
and properties are subject of part [[TI]

The structure for this thesis is as follows. In part we give the content of [1,[2]
and [3}/4] respectively. Part [II] merges the two papers contained into a unified presentation
and part presents the key results of |4] preceded by the content of [3] on which these
build upon. For both parts additional details can be found in the appendices of the original
papers which we reference where appropriate. Finally in part [[V] we conclude and offer an

outlook on interesting future research directions.



Part 11
Higgs Bundles for M-theory on G,;-manifolds

We briefly discuss the geometries considered in this part of the thesis and the methods we
developed to analyse them. Consider a Go-manifold realizing in M-theory an ADE gauge
group in 4d and take its local model to have a description in terms of an ALE-fibration over

a compact supersymmetric cycle Mz
(C2/FADE—>M3. (1)

The supersymmetric three-cycle M3 is an associative cycle in the Ga-manifold. We col-
lect some background on Gs-manifolds, their associative submanifolds and ALE spaces in
sections [L.1] and [L.2]

As M-theory compactified on an ALE space gives a 7d super Yang-Mills (SYM) theory
with ADE gauge group [10,/18/80], the effective 4d N' = 1 theory of an ALE-fibration can be
found by studying a topologically twisted 7d SYM theory on the three-manifold Ms. The
BPS equations then determine the field configurations along M3 that ensure that N = 1
supersymmetry is preserved in 4d. They are given in terms of a Higgs bundle specified by
an adjoint valued one-form Higgs field ¢ and a gauge connection A along Mj3. We will focus
mainly on diagonalizable Higgs fields, which implies that the connection A furthermore has
to be flat. The diagonalizability implies that we can equivalently describe the Higgs bundle
via its eigenvalues or spectral data.

The BPS equations are Da¢p = DL(Z) = 0 and F4 = i[¢, ¢] which requires the complex
connection D = d + ¢ with ¢ = ¢ + iA to be flat. The spectrum is characterized by the
zero modes of the operator D and in general the zero mode counting problem for a given

BPS configuration is difficult to solve. However, progress can be made by instead studying



approximate zero modes localized at the zeros of ¢. These modes result from M2-branes
wrapped on vanishing cycles in an ALE fiber. Their masses are generated non-perturbatively
by M2-brane instantons wrapped on associative cycles spanned by the vanishing cycles in
the ALE-fibration. Consequently, the massless spectrum follows by finding those linear
combinations of approximate zero mode for which these mass terms cancel.

This point of view motivates the study of a colored supersymmetric quantum mechanics
(SQM). The approximate ground states and flow-line instantons in this quantum mechanics
are in correspondence with the approximate zero modes and non-perturbative effects due to
M2-brane instantons. The field space of the 7d SYM theory is the Hilbert space of the colored
SQM on which the operator D acts as the supercharge. Compactification integrals are
interpreted as amplitudes of the colored SQM. It is natural to conjecture that the quantum
mechanics is an effective description of a probe M2-brane wrapped on the vanishing cycles of
the ALE-fibration. Rather than deriving this statement from M-theory, we argue bottom up
starting from the 7d SYM that all non-perturbative effects here are correctly accounted for by
this colored SQM. We then leverage the colored SQM as computational and organizational
tool for the M-theory compactification. The relationship between the SYM and SQM is
discussed in more detail in section [6.4]

While this approach elucidates the light modes of the compactification and interactions
between these, the final answer to the zero mode counting problem remain difficult to deter-
mine. However, in certain simple cases we can give an explicit answer [1/49]. We consider the
simplified setting with BPS equations d¢ = d'¢) = 0 and so ¢ = df, where f is a harmonic
function. We allow source terms, i.e., Af = p. In this set-up the problem of finding the
zero mode spectrum and interactions maps to generalizations of Morse-Bott cohomology on
M3, which is a manifold with boundary constructed from Mz by excising the support of the
sources p. More general configurations relate to generalizations of Novikov cohomology. As
a preview of the results to follow, we summarize some relations between the Go-manifold,

partially twisted 7d SYM, effective 4d theory and the colored SQM in table



Another virtue of this simplified set-up is that it suffices for the modelling of the local
geometry of M-theory compactifications on TCS Ge-manifolds, which have an ALE-fibration
over S3 (e.g., as in [45]) with fully factored spectral covers. Moreover it allows us — in the
framework of the local Higgs bundle description of the geometry — to make a concrete pro-
posal for the types of deformations and transitions that the geometry needs to undergo.
Although we necessarily lose the concrete description of the geometry offered in terms of
a twisted connected suIrE| we may nevertheless track what happens to our model in the
language of the local geometry, which may be useful in modifying/improving the TCS con-
struction.

Part [[T of the thesis is structured as follows. Chapter [L.I] reviews background material
on Go-manifolds, ALE spaces and other geometric constructions prevalent throughout this
thesis part. Chapter [2] studies the partially twisted 7d SYM theory describing M-theory on
ALE-fibered G-manifolds at low energies. We derive the Lagrangian, its supersymmetry
variations, the resulting BPS equations, field content and characterize the zero mode spec-
trum. In chapter [3] we consider solutions to the BPS equations with flat connections. These
permit a spectral cover description which allows for a clear interpretation of source terms in
the BPS equations as defects. For fixed backgrounds with fully reducible spectral covers we
analyze in chapter [ the localized matter sector. In these cases the zero modes are counted
by relative de Rham cohomology groups. This result hinges on an isomorphism which can
not be constructed in more general cases and in chapter [5| we interpret the results of chapter
[ from a more physical perspective using Morse-Bott cohomology. This approach allows for
the generalizations to all solutions of the BPS equations (with or without flat connection)
which are presented in chapter [f] Here the Morse-Bott picture is expanded to a particle
probing the Higgs bundle, this is the colored SQM. Chapter [7] then pushes beyond consider-
ations of the spectrum and focuses on the Yukawa couplings and higher point interactions.

These are computed via supersymmetric localization in the colored SQM. Chapter [ then

2Studying such transitions in a compact setting seems to go beyond the current tools available in geometry,
as it can no longer be a TCS. However, see also [81].



ALE-fibered
Go-manifold

AN =1
Twisted SYM

4dN =1
Effective Theory

N=2=(1,1)
Colored SQM

Codim. 4 singularity

Non-abelian

Non-abelian

Bulk sector

along Mj gauge symmetry gauge symmetry
Singularity Approx. localized Perturbative
Matter
enhancement zero mode on M3 ground state

Decompactification of
vanishing cycle

Defect,
‘Transverse Brane’

Higgs field pole

Associative S3

Flow lines of ¢

Mass terms

Instanton and
differential Onrw

Associative S3

Y-Flow tree of ¢

Yukawa coupling

Generalized instanton
and cup-product U

Associative S3

Flow-tree of ¢

Higher-point
coupling

Generalized instanton,
Massey product m,,

Globally defined
ALE 2-cycles

Split spectral cover

Maximal # of
U(1) symmetries

dim gapg embedded
Witten SQMs

Monodromy mixed
ALE 2-cycles

Non-split spectral
cover, Higgs field
with branch cuts

Submaximal # of
U(1) symmetries

Combination of
Witten SQMs

Table 1:

Dictionary between ALE-fibration/Gy geometric data of the fibration over Ms,

the partially twisted 7d SYM, effective 4d theory and the colored SQM and the 4d N/ =1

low energy effective theory.

generalizes the results for solutions of the BPS equations with fully reducible spectral covers
presented in chapters 4] and [5| to solutions with irreducible spectral covers where sheets are
mixed by monodromies. Finally, in chapter |8| we apply our local model analysis to the local

models of TCS G2-manifolds and study which deformations would be necessary to generate

a chiral spectrum.
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Chapter 1
(Go-manifolds, Associatives and ALE spaces

1.1 Lie Group G, and Gy-Manifolds

We review facts about the group G2 and Ga-manifolds as presented in [82] relevant for chap-
ter [l]] of this thesis. The group Gz is a compact, connected, simply-connected, semisimple

14d Lie group defined as the subgroup of GL(7,R) preserving the 3-form

q)/ — d.fClQS + dx145 + d.’L’lﬁ? + d$246 _ dﬂ:257 o d$347 o dm356 . (11>

Here the abbreviation dz"/* = da’ A da? A da* was used. It further preserves the flat metric,
an orientation of R” and as a consequence the Hodge dual *®’. Its Lie algebra has the Dykin

diagram

—=e

)

and its lowest dimensional irreducible representation are of dimension 1,7, 14 and 27 respec-
tively with a unique representation for each dimension.

A Go-manifold is a triple (X7, ®, g) consisting of a (compact) manifold X7 and torsion-
free Go-structure (®,g). A torsion-free Ga-structure (®,g) is a Ga-structure (®,g) where
the 3-form ® € Q3(X7) is covariantly constant V® = 0 with respect to the Levi-Civita
connection V of the metric g. A Go-structure (P, g) is a positive 3-form ® together with its
associated metric g. A positive 3-form @ is a 3-form ® for which at each point p € X7 there
exists an oriented isomorphism o, : T, X7 — R” mapping @, to ®'. The metric g associated
to a positive 3-form @ is the unique metric g such that o}, maps g, to the flat metric on R7.

In this case the frame bundle F' of X7 permits a principle sub-bundle whose fiber at a
point p € X7 is given by all isomorphisms 7, X7 — R” mapping P, to ®’. Any such fiber is

due to the definition of ®" isomorphic to the group Gs. By this reduction of the structure



1.2. ADE SINGULARITIES AND ALE SPACES 11

group the holonomy group of the manifold is contained within G3. For compact X7 the
condition of covariant constance V® = 0 is equivalent to the requirement of closure and
coclosure

Ao =0, d'd=d+®=0. (1.2)

As the Hodge star depends on the metric which itself depends on the 3-form ® the property
of for the Gs-structure to be torsion-free is a non-linear PDE for .

Of interest in Go-manifolds are calibrated 3-cycles. These are 3d submanifolds N C X
which are calibrated with respect to the 3-form ®. Given a 3d submanifold N C M the
metric on X7 induces a metric on N via restriction and upon a choice of orientation on N
this gives rise to a natural volume form voly on N. The 3-form & is a calibration on X7 by
which we mean that ®|y < voly for any 3d submanifold N. A submanifold which is such
that ®|y = voly is called calibrated with respect to ®.

Submanifolds NV calibrated with respect to ® minimize the volume within their homology

class. Let N’ € [N] be a 3-cycle homologous to N C X7, then

Vol (N') —/N/VOIN: Z//(I>—/N(I>—/NVOIN—V01(N). (1.3)

G2-manifolds may exhibit holonomy groups properly contained within Ga. We call a Ga-

manifold whose holonomy group is exactly Go a manifold of G2-holonomy.
1.2 ADE Singularities and ALE Spaces

ADE singularities are quotient singularities arising from fixed points in C?/T" where I is
taken to be a finite subgroup of SU(2). Physically the group I' is required to be a subgroup

of SU(2) as upon equipping C?/I" with the flat metric § the holonomy group simply becomes

Hol(C?*/T,6) =T c SU(2), (1.4)

making C?/T" an orbifold of special holonomy whereby half of the supersymmetry is pre-

served in compactifications involving C?/I". Mathematically this is motivated by the goal
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to preserve the canonical class of a surface when introducing or resolving ADE singularities
embedded in them. These quotients are also realisable as singular varities in (x,y,z) € C?
and have been classified [83-85|. Their equations read

At 0=a 492+ 2011,

D, : 0=2a?+1y%z+2"1,

Es: 0=xa>+9>+ 2, (1.5)

Er 0:x2+y3+yz3,

Ey: 0=a2>+y°+2°,
where the index of the A, and D, series starts at n = 1 and n = 4 respectively. They
are related to the Dykin diagrams via minimal resolution&ﬂ obtained by blowing up the
singularities at the origin m times, where m references the index featured in . This
introduces m exceptional divisors C; of self intersection —2 with mutual intersection numbers
C;-Cj = 0or 1. The collection of curves C; are always connected and their intersection
matrix reproduces the Dynkin diagram of the simply laced semi-simple Lie algebras of type
ADE. Further these resolutions are smooth manifolds and can be equipped with metrics of
SU(2) holonomy which asymptote the flat metric away from the resolved singularity. These
are the ALE spaces constructed in [86]. These spaces are further hyperkahler, i.e. each can

be equipped with a triplet (I, J, K) of complex structures satisfying
P=rP=K=-1, I1J=-JI=K, VI=VJ=VK=0. (1.6)

We give an example taken from [87]. Let the group G = U(1)" act on the 4n dimensional
complex vector space X = H"T! by assigning alternating charges to neighbouring factors of
the quaternions Hl, i.e. the first two factors in X are charged +1, —1 respectively under the
first factor of U(1), the second and third factor are charged +1, —1 respectively under the
second factor of U(1) an so on. Each factor of H can be equipped with a hyperkahler struc-

ture with respect to the flat metric. These give rise to a hyperkahler structure (7, J, K, d)

LA resolution of a singular variety X is a proper birational map f : Y — X where Y is a non-singular
variety. A resolution is called minimal if all other resolutions factor through it. For surfaces these always
exist.
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on X with respect to the flat metric § on X together with the associated Kahler forms
(wr,wy,wk). Each factor of U(1) now acts freely on X preserving the metric § and Kahler
forms (wr,wy,wr) and gives rise n vector fields V; generating this action. Focussing on the

complex structure I we see that from
0=Lywr=d((V;swr), (1.7)
we obtain the existence of a function (ur); satisfying
d(pr); = Vi swr. (1.8)

Denoting the Lie algebra of U(1) by u(1) and setting g = u(1)"” we can package the n maps

(1) into a single map

pr:X =gt (ur(m), &) = (ur)i(m), (1.9)

where &; is an element of the i—th factor of u(1). The Lie group G acts naturally on both
X and ¢g* and if py is equivariant with respect to these we call it a moment map. We can
proceed similarly for the other two complex structures J, K to receive maps pj, pug. For
G = U(1)" these three maps are indeed moment maps and as the action of G fixes the origin

in g* it descends to an action on the space

N = p7(0) N s (0) N (0) (1.10)

We can now form the quotient Z = N/G and it can be shown that the the hyperkahler
structure of X induces a hyperkahler structure on the quotient Z which is of dimension
dim Z = dim X —4 dim G = 4 dropping a summand dim G for each intersection in and
an additonal one for the final quotient by G. The space Z is referred to as the hyperkahler
quotient of X by G, denoted by X//G and was first introduced in [88]. It can be shown
that it is isomorphic to C?/Z,, 1 .

In [86] it is shown that the desingularisations can be described in this setup by slightly

altering the above construction. Changing (1.10) to

N =pNa)np'B)Nug'(v),  aByeg, (1.11)
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we generically obtain a non singular space to which the action of G on X descends as a
fixed point free action. Taking the quotient by this action we obtain a generically smooth
asymptotically locally euclidean (ALE) space Z of SU(2) holonomy. In addition Z is a
hyperkahler manifold itself as the hyperkahler structures of X descend to Z.

To study the topology of these solutions we start by considering the unresolved case of
n = 2 with @ = 3 = v = 0 which is isomorphic to C2/Zy given by as the the singular
variety

2?2+ +22=0, (z,y,2) € C3. (1.12)

Grouping real and imaginary parts of z, y, z into vectors u and v respectively (|1.12)) becomes

u? =02, uv =0, (1.13)

which describes a circle bundle over R? with the base parametrised by say v as the equations
assert that we are dealing with a sphere bundle where each fiber has been intersected with
a plane through the origin. One notices in addition that restricting to a sphere of constant
radius B, in the base the plane determined by the second equation in completes one
rotation when traversing any great circle. This circle bundle 7 : Z, — B, is characterised
by 7* : Ho(B,,Z) = 7 — H(Z,,7) where restriction to points of a fixed radius r within the
base have been denoted by the corresponding subscript. In the above setup Ho(Z,,Z) = Z
and so the 7* is characterised by a number « called the winding number, here &« = 1. The

more general case of C2/Zy described by
2?4yt + 2" =0, (z,y,2) € C?, (1.14)

is treated similarly its topology is also that of a circle fibration but now e = n. A topological
defect sits at the origin.

Resolving the singularity and executing the hyperkahler quotient construction as in [87]
we find the metric on Z to be the multi centred Taub-NUT metric [89)

— — 1 e d - ,LL 1
ds?> = UdXdX + =(df +7dX)?, U= —_ + — 1.15
U( 7dX) ;IX@%! 2 (1.15)



in the limit A — oo with #; = ;. Here X are coordinates on R3 and 6 is an angular coor-
dinate, the structure of a circle fibration has persisted. The vector 7 is such that the U(1)
connection ) = 7 dX on R3 satisfies dU = %d. The position vectors Zx(c, 3,7) collect
the 3n moduli of the metric marking the points at which the circle fibres degenerate. The
resolution Z develops singularities of type C2/Z,, whenever m of the &} collide. This corre-
sponds to a remnant singularity or equivalently only a partial resolution of the singularity.

Other ADE singularities can be resolved similarly by ALE spaces of SU(2) holonomy.

Chapter 2
The Gauge Theory Sector of M-theory on GGo-manifolds

M-theory compactified on a Ga-manifold gives rise to a 4d N’ = 1 supersymmetric gauge
theory with matter fields, coupled to supergravity. In this thesis we will be interested in
the gauge theories obtained from such compactifications and therefore will decouple gravity.
Gauge degrees of freedom in an M-theory compactification on a holonomy Gs-manifold are
localized on codimension 4 subspaces, which are associative (i.e., calibrated) three-cycles
Ms. Locally the geometry takes the form of an ALE-fibration over Mgz as in . A useful
way to characterize the gauge sector is to think in terms of the 7d SYM theory obtained
from M-theory on the ALE-fiber: the gauge bosons in the Cartan subalgebra of the gauge
group arise from dimensional reduction of the M-theory three-form C3 on the two-forms
in the ALE-fiber, and the remaining non-abelian gauge bosons arise from wrapped M2-
branes. In an adiabatic approximation, where the ALE-fibration varies slowly over M3, the
4d effective action can be obtained by dimensionally reducing this 7d SYM theory on the
three-cycle M3, with a partial topological twist. In this section we carry out this reduction
and determine the spectrum of gauge and matter fields, which are determined by solutions
of BPS equations along M3 (see ) The solutions are given in terms of a Higgs bundle

over Ms, that is specified by a one-form Higgs field ¢ and an internal gauge field A.

15
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2.1 Partial Topological Twist and BPS Equations

We start with 7d SYM with ADE gauge group G. This theory can be obtained by dimen-
sional reduction of the maximally supersymmetric 10d SYM on R%6 x T3, Our conventions
are such that the 10d gauge multiplet consists of a (hermitian) gauge field A and a Majorana-
Weyl spinor A both valued in the adjoint representation of an ADE group G. The Lorentz
group, and thereby the vector multiplet, reduce as follows
SO(1,9), — SO(1,6)r x SO(3)r

A: 10 — (7,1)®(1,3) = (Am, i) (2.1)

A 16— (8,2) = (M)
where the 10d vector indices are split into M = 0,...,6 and ¢ = 1,2,3 and the spinor
indices decompose as a« = 1,...,8 and & = 1,2, where we denote the R-symmetry indices
with a hat. The 10d Majorana condition descends to a 7d symplectic Majorana—conditiorﬂ

Denoting the gauge coupling in 7d by g7 the action becomes

Sta =y [T | =T (Fun ™) = ST (DuosD¥ o) + 1T (6, 0510% ) |
97 (2.2)

1 7 @ Yad s My B R sad i\ Bra y
t dw[+2Tr(A (3")a? Dardsa ) = 5Tr (320" 101 A 050) |

where Dy = Oy —i[Apr, -] and F is the field strength associated to A. The supersymmetry
variations are
ifad o B
0AM = t5€ (901)a” Asa
17 ~ ~
dp; = +§€aa(0i)dﬁ>\a3 (2.3)
g = — 2 Fun (V™) Fegs + L Dadi(3M) (o) ey — S0 dgle (M) e ;
ad 4MN’Y a €Ba 2Mz'7 a a Cpp T 4 PO PIIET & €ap>
where 4 denotes the 7d gamma matrices.
This 7d SYM theory is the starting point for the analysis of gauge degrees of freedom in
a local Ga-holonomy compactification of M-theory. For a given ALE-fiber, the singularity
determines the 7d gauge group G. We now reduce this theory further on an associative

three-cycle Ms3. Since this will be generically curved with holonomy group SO(3), the 4d

'We refer to appendix A of [1] for our conventions with regards to spinors and supersymmetry.
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theory will in turn only retain supersymmetry if we partially topologically twist the local
Lorentz group SO(3)p with the R-symmetry SU(2)g. Upon compactification on Mz the
local Lorentz symmetry is broken to

SO(1,6), x SU(2)g  — SO(1,3)r, x SO3)a x SU(2)r

A (1,1) = (2,2;1,1)@(1,1;3,1) = (W, 4)

(2.4)
¢: (1,3) — (1,1;1,3) = (¢)
€, A (872) — (271;272) D (172;272) = ()\agdaj\dgd)y
where the vector indices split as p = 0,...,3 and 4,7 = 1,2,3 and the spinor indices are

a, &, o, & = 1,2. The fermions \yq4 satisfy a Majorana-condition.
The supersymmetry parameter e transforms non-trivially under SO(3),y, so that to pre-
serve supersymmetry in 4d, we redefine the local Lorentz group SO(3)ys by an R-symmetry

transformation?] [10,[18]/80]
SU(Q)tWist = diag(SO(S)M, SU(Q)R) 5 (2.5)

with generators (X/); + (Xg)i, where ¥ denotes the generators of the respective algebras.
The field content and supersymmetry parameters transform under the partially twisted

Lorentz group as follows

SO(1,3), x SU@2)um x SU2)r  —  SO(1,3)1, x SU(2)wist
We o (2,2:1;1) = (2,2;1) = (W)
A (1L,1;3,1) = (1,1;3) = (4)
¢: (1L,1;1,3) — (1,1;3)=(¢)
6N (2,1;2,2) = (2,1,1)®(2,1;3) = (Xa» Yia)
& A (1,2,2,2) —  (1,21)@(1,2;3) = (x*,¢;%).

It follows that there are four real supercharges, as required for 4d N’ = 1 supersymmetry,

€ =(2,1;1), & =(1,2;1). (2.7)

2We will be slightly casual here and in the following, in that the twist involves the Lie algebras, rather
than the groups.
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After the twist the fermions y and 1 transform as singlets and triplets of the twisted Lorentz

group and are identified with 0- and 1-forms on M3 valued in ad(P), i.e.,

x € Q°(M;z,ad(P)) ® C
(2.8)

P e QY (Ms,ad(P)) @ C,
where P is a é—principal bundle. We denote the field strengths associated to the gauge fields
W, and the internal connection A; by F),,, and (F4);;, respectively, and their associated

covariant derivatives as D, and D;. The latter can be combined with the scalars ¢;, which

both transform as a 3 of SU(2)¢wist, into a complex 1-form

i = ¢i +1iA;, ©i = ¢; — 1A;, D; = 0; + [pi, -], D; = 0; — [@i»-]. (2.9)

Note that ¢, and D,D are related by conjugation in the gauge algebra. We further

introduce
(Fo)ij = [Di, Dy], (Fo)ui = [Dy, Dyl , (F2)ui = [Dyu, Di] (2.10)

and its conjugate Fz = .7-"3;. We assume that the 4d gauge fields A,, are independent of the
internal coordinates along M3, so that the latter two expressions become standard space-time

derivatives of the complex scalars ¢, @

(Fodui = Dppis  (Fp)ui = Dupi - (2.11)
Define the interaction term
I, 5 =2Di¢" = 0;0" + 0@ + i, @] - (2.12)
The partially twisted 7d SYM action is then
SF, twist = 912 /d7${ Tr[ — X" D, x — i 5" Dy + V2ix D — V/2ix Dl
7
+ \jiﬁijk%ﬁjl/fk - \jiﬁijkllﬁipjl/}k} }

Sowis = 5 [ d'a{ = 1T [Fu ] = BFu(F] = B](Fu )]

(2.13)
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The supersymmetry variations for the bosonic fields are
oW, = ieouX , SWu = —1€0,X

1

V2

1

bAi= ——seli, A = el

7

1 — _
8y = —et; , 8o; e); 2.14
o \/5610 o ﬂﬁl/) (2.14)
Spi = V21 Sp; =0
3, =0, 0pi = V28,

and for the fermionic ones we find

ox = Fluote+il, p€, ox =0

ox =0, ox = F et —il, €
B ) (2.15)
0 = i(Fo)ije e, oUt = V2i(F,) folte
6’(;16 = \/ii(]:@)#kﬁ“e, &Ek = *i(fso)ijeijkg.

To obtain a 4d supersymmetric theory upon twisted dimensional reduction, the field config-
uration along M3 needs to preserve supersymmetry. We further require the background to
enjoy 4d Poincaré-invariance and therefore require it to be independent of the coordinates
along R3

(Fo)ui=0,  (Fa)ui=0. (2.16)
The BPS equations are then obtained by setting (6\) = 0 and are
lpo = 0ip" + 00" + i, @1 =0,  (Fp)ij =0,  (Fp)ij =0, (2.17)

where the first equation is obtained by setting the real and imaginary parts of dx to zero
separately. 4d Poincaré invariance requires (F),,) = 0. Rewriting (2.17) with respect to the

notation in (2.6)) the BPS equations become the F- and D-term equations

OZFA_Z[(bv(ﬂ

0=Duo (2.18)

0=Dlg.
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Background values for the Higgs field ¢ and gauge field W along M3 that solve these equa-
tions will determine the effective field theory in 4dE| and describe the classical supersymmetric
vacua for the compactified theory. In components the BPS equations are
0= 0;4; — 0;A; + i[Ai, Aj] —i[¢i, &;]
0 = 0i¢; + i[Ai, §;] — 0 — i[A;, ¢i] (2.19)
0= g" (dip; + i[As, &) -
Depending on the topology of Mgz there are various solutions to these equations. The

simplest set of solutions are obtained for commuting Higgs fields
[¢.¢] =0,  Fa=0. (2.20)

We will generally assume this to be the case. The Higgs field backgrounds derived from
an ALE-fibered Gs-manifold necessarily commute and so this class of solutions is sufficient
for the study of local geometries. Solutions with non-vanishing field strength are referred
to as T-branes [90] but are not straight forwardly related to geometries with G2 holonomy
but offer an alternative approach in the construction of chiral 4d theories. The remaining
equations are D¢ = *D:r4¢ = 0. If M3 is a compact three-manifold without boundaries

and ¢ is regular, there are two cases to consider:
m(M3)=0 = A=0, dp=x%xdx¢p=0 = ¢=0
(2.21)
(M) #0 = Dap=DLo=0.
In the first case ¢ has to be a harmonic 1-form and thus must be trivial, in the second case
it can be non-trivial.
We will be interested in simply-connected three-manifolds in the following. To never-
theless have non-trivial solutions we relax the assumption that ¢ is regular, which can be

achieved by including sources into the D-term equations. Writing ¢ = df, the function f is

then required to satisfy Poisson’s equation

¢ =df, Af=p, (2.22)

3Note that we have chosen Hermitian representatives for the gauge algebra. Transitioning to anti-
Hermitian representatives we recover the results of [49].
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T(T)

O

M, M;=M;\T(I')

Figure 2.1: On the left hand side the three-cycle M3 is shown, with the charge distribution
p that is located along I'. On the right hand side, a tubular neighborhood T'(T") is excised

and the resulting manifold is M.
where p models the sources supported on a closed subset I'. This maps the solution of the

BPS equations to an electrostatics problem with the identification

f = electrostatic potential
(2.23)
p = charge density, supported on I' C Ms.

Alternatively this system can be described by excising a tubular neighborhood T'(T") of
the charge support I', and studying the problem of finding solutions on M3z = M3\ T'(T") —
see figure In this case ¢ needs to be regular, with suitable boundary conditions along

OMs. In summary one of the setups will we consider is

| pregular, o=df, Af=0, OMz=T()#0 (2.24)

which will be used in chapter [4] to determine physically interesting solutions to the BPS
equations including localized matter. Localized matter is characterized by the vanishing of
¢. When f is Morse (i.e., it has no degenerate critical points) these are isolated points and
we will discuss this setup in chapter [4] By relaxing the constraint of f only having isolated
critical points this can be generalized to situations where f is a Morse-Bott function and
higher-dimensional matter loci can be included as well. We will discuss this in chapter
and apply it to TCS Gy-manifolds in chapter [§]

The Higgs field of the solutions to (2.24]) is well-defined away from the support of the
source terms, where it diverges. In particular there are no monodromies of the Higgs field

eigenvalues when encircling the graph I'. The graph I' is codimension 2 in M3 and the
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solution to the Poisson’s equation with such sources is branch cut free, this changes when
considering sources of codimension 1. In this case the function f is not differentiable across
surface sources and the corresponding electric field jumps, signalling a possible branch cut.
We refer to Higgs fields whose eigenvalues can be globally distinguished as split and to
all other cases as non-split. The eigenvalues of a non-split Higgs field glue to a connected
covering and separating this covering into sheets amounts to specifying the surface sources
realizing the discontinuities in the Higgs field eigenvalues. Dissecting a covering in this
fashion both electric and magnetic sources in codimension one can appear. Therefore non-

split Higgs bundles are described by generalizing (2.22)) to
dp = *j, sxd*x¢p=p. (2.25)

The Higgs field eigenvalues now display finite discontinuities across surfaces supporting j, p
which must be such that the set of eigenvalues glue consistently across the codimension
one source loci. We consider these cases in chapter [8] The interpretation for particular
source terms is taken from the corresponding ITA string theory set-up for gauge algebras
gADE = su(n) which is given by space-time filling D6-branes on R'3 x T* M3 wrapping a
special Lagrangian submanifold in 7*Ms [49,/91]. Sources of codimension 2 and 3 lead to
singularities in the Higgs field and D6-branes associated with the corresponding eigenvalues
are non-compact as they extend to infinity in the fiber direction. Embedding the local
model into a compact geometry these would simply describe D6-branes extending beyond
the approximated region. Magnetic and electric sources j and p of codimension 2 along a
knot K C 83 C T*Msj, represent the world volume perspective of D6-branes intersecting
along the knot K which have recombined due to a condensation of the bifundamental chiral
superfields localized at their intersection [92,93]. In the remainder of this section, we assume

that ¢ is non-trivial and regular, but make no further assumptions on the details of the loci

¢ =0.
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2.2 Higgs Bundles

Before studying the low energy effective theory, let us briefly recall the relation between the
Higgs bundle and the local ALE-fibration. The BPS equations (in the absence of sources)
are in fact precisely the odd dimensional analogue of the Hitchin equations for the
Higgs field ¢ giving rise to the data of a Higgs bundle. In the case [¢,¢] = 0 there is
an elegant geometric description of the Higgs field ¢ in terms of an ALE-fibration over
M3, which we now summarize [49]. This construction is analogous to the one in F-theory,
where the Higgs field specifies the unfolding (a complex structure deformation) of the ALE
singularity and is closely connected to the compact Calabi-Yau underlying the F-theory
compactification [11},15,94]. Recently this was developed also for Spin(7) manifolds [95]. In
our case the Higgs field describes the deformations of the full hyper-Kéhler structure of an
ALE fiber.

Recall that ¢ is an adjoint valued 1-form Q!(M3) or a section of T%(M3), and we take

it to be non-trivial along the commutant G| of the 4d gauge group G in
G - G xG. (2.26)

The Higgs field is

pe(T"(M3)®Ad(GL)), (2.27)

i.e., ¢ lives in a local geometry in the vicinity of M3 which is the total space of the cotangent
bundle T*(M3). This is a local Calabi-Yau threefold. Since [¢, ¢] = 0, we can diagonalize the
Higgs field to obtain n 1-forms ¢;, where n is the rank of the Lie algebra g, of G . To locally
recover the ALE-fibration over M3 associated to this Higgs field, we use the Kronheimer
construction [34,96]. Every hyper-Kihler ALE-orbifold is of the form C2?/T'apg, where
I'apg is a finite subgroup of SU(2), which are classified by the corresponding ADE Dynkin
diagrams. The second homology of the resolution of singularities of C?/I'spg is isomorphic
to the Cartan subalgebra of g and we can think of the components ¢; as measuring the

periods of the hyper-Kéhler structure forms. More explicitly, over a local patch of Mg we
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can write the fibration as R? x C?/T'spg. We chose a basis oj of H5(C?/T'ApE, Z) and fix a

hyper-Kéhler triple (wr,wy,wk). The 1-form ¢; can be written as
¢j = ¢jrdat + ¢; ydx* + ¢ edr? (2.28)

where we identify

Gj1 = /g‘WIa bj.J Z/U.wth i = /Ule- (2.29)

J J J

This uniquely defines the hyper-Kéhler structure on each fiber. Observe that the Higgs field
has an SO(3) symmetry arising from the SO(3) acting on wy, wy and wg.

In geometric terms we can describe our situation as follows. For simplicity, assume
that we have a G| = U(1)-valued Higgs field ¢. We are considering a local model for a
Go-manifold with ADE-singularities located along an associative submanifold M3, which
physically means that gauge degrees of freedom are localized along M3 and the gauge group
is given by the ADE type of the singularity. Consider the gauge group G , which by turning
on a non-trivial background vev for ¢ generically higgses to G = GxU (1). This means
that the ALE fiber over a generic point of M3 will have the singularity corresponding to
G via the ADE correspondence and there will be a two-cycle in the U(1) direction with
non-zero volume, given by ¢. Over the points where ¢ = 0, the two-cycle collapses and
the ALE singularity worsens; equivalently the gauge group enhances from G to G. We will
elaborate this point in chapter [7}

We can in fact make the local geometry of the gauge enhancement fairly explicit. For
the moment let us restrict our attention to the case where G = SU (2) which corresponds
to a C%/Zs singularity over M3. Giving a non-trivial background vev for ¢ corresponds
to deforming the generic fiber to a smooth Eguchi-Hanson space. More precisely, consider
the generator o of Hs ((&7/22, Z) of the resolved geometry. Recall that o is topologically a
two-sphere. From and we see that at a generic point © € M3 (which for this

purpose is approxated locally by R?) we have

Vol(e) = |p(x)], (2.30)
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by which we mean the volume of ¢ in the Eguchi-Hanson space above z. Consider now a
neighborhood of a non-degenerate zero of ¢, which we can assume to be at 0 € R3. We can

locally write ¢ = df, where

f(z1,22,23) = f(0) + = Z +a? . (2.31)

The signs depend on the eigenvalue of the Hessian at 0. The Higgs field ¢ now has an

isolated zero at the origin. The explicit local description of the ALE-fibration is given by
3
X = {(21,22,,23), (z1,29,73) | 27 + 23 + 25 = Zaz?} CC3xR3. (2.32)
i=1

Viewing X as a fibration over R? all of the fibers are smooth apart from the fiber over
(0,0,0) i.e., the zero of ¢. Moreover, X is a cone in C3 x R? with the apex at the origin.
The link of the cone can be found by intersecting X with the unit sphere in C? x R3 and is
in fact P3 realized as the twistor bundle over S*. The approximate Ga-metric on X is given
by

b =daxy ANdxyg ANdzs +dzy Awr +dro ANwy+des Awg + oA, (2.33)

where 7 is the 2-form dual to the two-cycle o.

This can be generalized to arbitrary ALE-fibrations. The local geometry is of the form
C?/T¢ x R3, with a C?/T'5 fiber over the origin. We again work with G = SU(n+1). For
the deformations of other ADE singularities see [97]. The topology in a neighborhood of an

isolated zero is

3

zf—i—z%—i—zg(zg—Za;?)—O}CC3XR3. (2.34)

X = {(21722723)7 (.%'1,.%2,.%3)
=1

This describes a family of SU(n) singularities, with enhancement to SU(n+1) at the origin
(note that we again write ¢ = df as above). There are also explicit deformations for other
ADE groups. Topologically X is now a cone over the weighted projective space IP’fm’l?l with

coordinates (y1,y2,ys,y4) [34]. In the link, there is a family of SU(n) singularities along an

52 given by y3 = y4 = 0. In the ambient space, the location of the singularities is a cone
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RT x §? = R3, which is identified in our context with a local patch of the base R? of X. As
before, the apex of the cone is where the cycle o collapses to zero volume.

This therefore establishes a key piece of the dictionary between properties of ¢ and the
ambient Ga-geometry. The isolated zeroes of ¢ give rise to conical singularities of the ALE-
fibered Ga-manifold. As we show in chapter [5] this fits together nicely with the physics side
as zeroes of ¢ which occur at codimension 7 are precisely the loci where chiral fermions are

localized.
2.3 Massless Spectrum

Given a solution to the BPS equations ([2.18) with regular Higgs field we can ask what the

spectrum of the 4d gauge theory is. The equations of motion of the fermions follow from

[E13) to be

(2.35)
0 = 6" Dt + VD' — VD,
which imply the decoupled equations
0= D, D"x +2D;D"x
(2.36)

0 = D, D"1; + 2[D;, D;]¢p? + 2D, DI .
So far we have not imposed [¢, ¢] = 0. Define the twisted exterior derivative and Laplace

operator

D=d+[pA-], D=d—[gA-], A=DD+DD', A=D'D+DD', (2.37)

where the adjoint is taken with respect to the Hermitian inner product

(+,+): QP(M3,ad(P)) x QP(Ms,ad(P)) — C

2.38
(a,8) — <a,5>=/M Tr (@ A #B) | (2:3%)

Acting on functions g € QY(Mjz,ad P) and written in coordinates, e.g., the operator A
becomes

Ag = D'Dg = DV (D,,gdz™) = D" D,ng, (2.39)
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where we pick up a conjugation due to the inner product. We find that (2.36) may be
rewritten as _
0= D,D"x+ 2Ax
(2.40)
0= D, D"+ 277,

where by (2.8]), x and ¢ are 0- and 1-forms, respectively. Massless modes are therefore
described by the kernels of the Laplacians A, A or equivalently by closed and co-closed

forms with respect to the operators in

Dx =0, @TX =0

(2.41)

Dy =0, Dlyp=0.
By the BPS equations the co-boundary operators D, D and their adjoints close D? = D? = 0
and (D')? = (D')? = 0, and via the Hodge correspondence for elliptic complexes we can
describe the zero modes equivalently as cohomology groups. The non-vanishing background
value of ¢ or W oriented along a subgroup G of G breaks the gauge group to its commutant
G Cc G. The adjoint fermions v, xy will decompose accordingly to give matter valued in
irreducible representations. In this higgsed theory the fermions are sections of the associated
gauge bundles, /. The action of D restricts to each of these subbundles allowing us to make
the identification

Xa € Hp(M3,E),  Xa € Hp(Ms, E)

(2.42)
Yo € Hp(M3,E), 4 € H5(M;,E).

We next rewrite these cohomology groups with respect to the same co-boundary operator
by dualising H%,Hll—) with the Hodge star. Note that by (2.38) we have DI = D x and
Dt = %D« so that taking x, € H%(Mg, E) for example we find that xx, is annihilated by

the operators D, DT
D (%xa) = ¥Dxa =0, Dxye=+DIx=0. (2.43)

This precisely states that xxo € H3(Ms, E), i.e., we have mapped from D-cohomology to
D-cohomology using the Hodge star. The same observations hold true for 1,. The Hodge

star relates

H3(Ms,E) =2 H} (M3, E),  HE(Ms, E) = Hj(M;, E). (2.44)
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This allows us to make the following identifications

Xo € HY(M3,E),  Xa € HY (M3, E),
(2.45)

Vo € Hh(M3,E), s € Hp(M3, E),

where now all cohomologies are with respect to D and forms of all degrees are employed.
Note that the Zs-grading of the exterior algebra aligns with the 4d chirality of the fermionic
zero modes. The Hodge star depends on the metric of M3 which itself is induced from the
metric of Ga-holonomy of the ambient 7d manifold.

Since M3 is associative and so calibrated with respect to ®;;, we equivalently could have
used the G 3-form ®;;;, to dualize since it restricts to a volume form of M3. Contracting
elements of H% and Hll—) with the 3-form ®;;;, is then exactly the same as taking their Hodge

dual.

2.4 Bulk Matter

The first type of matter we will discuss arises from a background Higgs bundle, where
(¢) = 0, which solves the BPS equations, but W # 0 with Fyy = 0. This will be referred to
as bulk matter, as the modes will not be localized. We will see that for m (M3) = 0 there is
no chiral index for this matter type. It may be interesting to extend this to non-trivial 7y
setups, which we relegate to future work, and also has been discussed in earlier works from
a different point of view (see e.g., [98]).

Turning on a flat gauge field along a subgroup G| C G the gauge group G is Higgsed to
the commutant G of G in G and the adjoint representation of G decomposes as

é — GXGJ_

Ad(é) — (Ad(G)®1)® (1®Ad(GL))® @Rn ©S, . (2.46)

For the fields of the theory this decomposition is lifted to the bundle level, where Ad(P)
decomposes into the vector bundles R,, ® S,, in the representations R,, and S,, of G and

G, respectively. The chiral and conjugate-chiral zero modes transforming in R,, are then



counted by the cohomology groups

Chiral : Conjugate-chiral :

(YR, )a € Hp(Ms,S,) (Yr,)a € H5(M3,Sy) .
(2.47)

Their CPT-conjugate zero modes in R, are obtained by Hermitian conjugation in the gauge
algebra or equivalently from (2.42]) with £ = S. In order to rewrite these cohomology groups
with respect to the same boundary operator D we again dualise H. Q,H% using the Hodge

star and obtain

(XR.)a € Hp(Ms, Sy) (YR, )a € Hp(M3, Sy)
Chiral : Conjugate-chiral :

(YR, )a € Hp(M3,Sy) (YR,)a € Hp(M3,Sy,) .
(2.48)

These cohomology groups completely determine the chiral and conjugate-chiral spectrum in

4d transforming in R,, of the remnant gauge symmetry G

Chiral fermion zero modes : H (M3, S,) © Hp (M3, S,,),
(2.49)
Conjugate-chiral fermion zero modes : HY(Ms,S,) ® H5(Ms,S,) .
The chiral index of the representation R, is
3 . .
X(Ms, Ry, D) = "(—1)" dim¢ Hp (M3, S,), (2.50)
i=0

which is nothing other than the Euler characteristic of the D-complex. In the case of
trivial fundamental group m1(Ms), there is no flat bundle to break the gauge group, and
dim Hh(Ms, S,) = b*(Ms, D) reduce to the Betti numbers of the de Rham complex on Ms.
The chiral index is then given by the usual Euler characteristic, which vanishes for odd

dimensional closed manifolds
T (M3) =0: X(M3, Ry, D) =0. (2.51)

This concludes our discussion of ‘bulk’ matter. In the following we will focus our attention

on localized matter modes, which arise from non-trivial ¢ background values. Since these

29
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are best characterized in terms of spectral covers we next develop this framework.

Chapter 3
Spectral Covers

3.1 Spectral Cover for the Higgs Field

For the case when a higher rank Higgs bundle is turned on but the Higgs field commutes,
it is useful to describe the solution to the BPS equations in terms of the spectral data of
the Higgs field. This framework is of course very familiar from F-theory spectral covers, see
e.g., |15(/941199,/100|, and for the Lagrangians in Calabi-Yau threefolds and the associated
Go-manifolds with pointlike singularities was touched upon in [49]|. Here we will prepare the
setup to also account for more general Higgs field configurations, with the goal to apply it
to the TCS-manifolds.

Recall that ¢ is a section of Q'(M3) ® Ad(G1). For concreteness let G| = SU(n). For
a commuting Higgs field we can choose to diagonalize it and study the resulting spectral

cover

C: 0=det(¢p—s) = bnis' =bo [[(s = M) ={(s,\(5)) | s € Mz}, (3.1)
=0 k=1

where b; are symmetric polynomials in the eigenvalues of ¢ and for SU(n), by = 0. The
eigenvalues A\, labeled £ = 1,...,n are one-forms which give rise to an n-sheeted cover of
M3 and

bi € SYT*M3), (3.2)

where by is the zero-section. Here Mg is M3 with the singularities of the eigenvalues Ag
excised. A cartoon of the set-ups considered is given in figure [3.I] Using the spectral cover

the associated ALE-fibration is simply

y? =22+ C(s). (3.3)
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Figure 3.1:  Higgs bundle spectral cover over M3. Each sheet is labeled by an eigenvalue
A of G . Each Ag is a one-form and their vanishing thus implies that they intersect the
‘zero section’, i.e., the locus of the ADE singularity of type G present in every ALE fiber,
over points p; on Ms. Those points p; are precisely the loci where matter is localized. In
the generic case of non-factored spectral covers, the sheets are furthermore connected by
branch-cuts (orange). As we will see later on: In case the point p is connected by a flow
line in M3 to another critical point, there is a corresponding associative three-cycle which
is built by fibering the collapsing S? (blue) over the flow line. The resulting contribution to

the superpotential gives a mass term for the localized states.

Each )\ parametrizes the volumes of a corresponding two-sphere in the G| -ALE-fiber. The

gauge symmetry G is generically higgsed to G, except at the loci
bn=bo [[ A =0, (3.4)

when the gauge symmetry enhances. Since A is a one-form, this condition implies that
this happens generically over points in Ms, though we will encounter other situations as
well. The relation between the eigenvalues A\; and coefficients in the ALE-fibration b; is
not linear, and generically the sheets of the spectral cover will be connected by branch-cuts.
This effect implies in particular that the U(1)-symmetries associated to the Higgs bundle
are not actually present in the low energy effective theory.

The classic example for spectral cover models starts with an Eg — SU(5) x SU(5) ;.
The spectral cover is five-sheeted and A = 0 characterizes the location of 10 matter rep-

resentations (we refer the reader to the F-theory literature where these models have been



3.2. U(1) SYMMETRIES 32

studied in depth [15(94199}/100]).
3.2 U(1l) Symmetries

Generically the sheets of the cover are connected by branch-cuts and therefore, although
locally it may appear otherwise, the independent gauge group is G, the commutant of
G, = SU(n) in G. If however the coefficients of the spectral cover are tuned such that it

globally factors over Mj
c(s) = [] ¢"s), (35)

then this corresponds to N independent U(1) factors in the 4d effective theory |100]. The
possibilities of factorization depend on the monodromy group that acts on the spectral cover,
which for SU(n) covers is S,,. If the group acts transitively on the n sheets then there is
no additional U (1) symmetry. If it has N + 1 orbits then there are N globally defined two-
forms, which define U(1) symmetries. To see this, we consider the difference between the
factored cover components C%) — (L) Fibered over Ms, the associated two-cycles define
a non-trivial five-cycle in both the local model and in the compact G2 manifold J. The
Poincaré dual two-form to this five-cycle then gives a U(1) gauge boson in the Kaluza-Klein
reduction of the three-form C5 in compactification of M-theory. This can be also be seen
concretely in the context of TCS Gy, see chapter [8]

When the spectral cover fully factors we refer to it as split. In the above example with
G = SU(n) this situation occurs when N = n in (3.5). When N < n the spectral cover
is non-split. When N = 0 it is irreducible. The general twisted cohomology computes the
zero mode spectrum in both cases. For split spectral covers with exact Higgs fields we find
these groups to reduce to Morse homology groups which can be computed via relative de
Rham cohomology groups of the associative submanifold. When the Higgs field is closed
but not exact these generalize to Novikov homology groups which generically do not relate

to singular homology and are more difficult to determine. For non-split covers one finds
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Novikov homology groups for covering spaces of the associative submanifold. We discuss

these cases in chapter [0
3.3 Non-split Spectral Covers

An irreducible, non-split spectral cover C is traced out by a diagonal Higgs field ¢ = diag(Ag).
It constitutes an n-fold covering of M3 away from singularities of the Higgs field. In this
section we specialize to M3 = S3. The n eigenvalues A\, € Q'(S3) of the Higgs field are not
globally defined, but exhibit a one-dimensional branch locus. These branch loci lie along
closed submanifolds of the base S® and therefore realize a collection of interlinked circles
K}, which are embedded into S® as knots. We collect all linked knots K, labelled by 1, k,

into a total of [ links L;. The branch locus becomes
Branch Locus: L; :UKik, Ky =St c s3, 1=1,...,1. (3.6)
k

The eigenvalues Ay of the Higgs field ¢ = diag()\;) are only well-defined on a simply con-
nected neighbourhood of the link complement S3 \ U;L; and are acted on by a monodromy
action when encircling any component of the branch locus. Equivalently, when encircling
the branch locus the Higgs field ¢ returns to its original value up to a gauge transformation

implementing the action the Weyl grourﬂ
Monodromy action : ¢ — giqbg;l , gi € GADE - (3.7)

We denote by s; € Weyl(gapr) the monodromy element associated to components of the
links L;. For gapg = su(n) we have for example Weyl(gapg) = S, where S, is the symmetric
group on n letters.

To every link L; there exists an orientable two-dimensional surface F;, called the Seifert

surface of the link L; [101], bounded by the link

OF, = L;. (3.8)

!These are inner automorphisms of the Lie algebra. As familiar from constructions in class S we could
also consider outer automorphisms and introduce twist lines running between singularities of the Higgs field,
this case we will not consider here.



3.3. NON-SPLIT SPECTRAL COVERS 34

We refer to the two sides of the Seifert surface F; as its positive F;r and negative F;  side.
Any circle linking the collection of knots L; intersect its associated Seifert surface F;. The
eigenvalues )\ of the Higgs field are therefore well-defined on S3 \ U;F; above which the
sheets of the spectral cover can be distinguished.

The Higgs field ¢ is constrained by the BPS equations and consequently its eigenvalues
A € QY(S?) are closed and coclosed on S3 \ U;F;. The graphs of these 1-forms in the
cotangent space T%*S3 join above the Seifert surfaces F; to form the spectral cover C C T*S3.
We refer to the graphs of \p as the k-th sheet of this cover with respect to a choice of Seifert
surfaces U; F;. The BPS-equations descend to each sheet up to surface sources given by a
one-form current j and a zero-form density pi support on the Seifert surfaces U; F;

d\g = *ji,  xdxXy=pp,  suppjr =supppy =|JF C 7. (3.9)

]

These are subject to two sets of consistency conditions, the first set of which are between

sheets of the cover and read

n n
k=1 k=1 ' '

These require all sources to cancel between sheets and further constrain these to have profiles
compatible with gluing the k-th sheet to [-th sheet along the two sides Fii of the Seifert
surface. In the gluing condition k, [ run over pairs such that both indices exhaust all sheets.
The second set of conditions are between sources for the same sheet and follow from the

compactness of S3. The equations (3.9) can only be solved when the integrated sources py

* = *
Rz z/ o

In this way the sources (3.9), which are subject to (3.10) and (3.11), determine the

boundary conditions for the eigenvalues A when decomposing the cover C into sheets. The

vanish on each sheet

5 =0 (3.11)

cancellation of sources between sheets ensures that the Higgs field ¢ is harmonic across

the Seifert surfaces F; and traceless. The gluing condition encodes the monodromy action
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Figure 3.2: The picture shows a pair of unknots L; and their Seifert surfaces F; C S? C S3
along with the sources pg,jr these support with respect to each sheet £k = 1,2. They are
supported on the 2-sphere Sfr /2 which projects onto § = 7/2 in (3.12). The sourced Higgs
field (3.9) realizes a branched double cover of S3.

around the Links L; as each sheet is glued along the two sides F,L-i to two other sheets.

Equation (3.11]) is a tadpole cancellation constraint.

3.4 Example: Non-split Double Covers

We give a simple example of sources pg, ji satisfying the conditions (3.10) and (3.11) with

K =1, 2 realizing non-compact, branched, double covers of the 3-sphere with a collection of
circles removed. Consider the 3-sphere S2 as a fibration of 2-spheres over an interval which
we parametrize by 6 € [0, 7]

5% 83— [0,7]. (3.12)

At 6 = 0, 7 the fibral 2-sphere collapses. The 3-sphere S is equipped with the round metric
such that the geometry is symmetric under a reflection § — 7 — 6 fixing the central 2-sphere
fiber Sfr /2 projecting to §# = 7/2. On this 2-sphere we consider a total of [ separated unknots

S} each bounding a disk D;
Li=SCSZy, F=DiCSiy, i=1,..,1, (3.13)

which function as the links and Seifert surfaces of (3.6)) and (3.8)) respectively.
We now consider source profiles pg, jr with k£ = 1,2 supported on the surfaces D; real-

izing non-compact double covers of S% away from the unknots S}. These are constructed
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electrostatically by setting ji = 0 and declaring the disks D; to be perfect conductors for the
electric source pg. The eigenvalues A, of the Higgs field ¢ = diag(A1, A2) are then identified
with the electric field of the configurations in each sheet. In the first sheet £k = 1 the disk D;
is assigned the electric charge ¢;, while in the second sheet k = 2 it is assigned the opposing
charge —¢;. The distributed charge must further sum to vanish on each sheet ). ¢; = 0.
This manifestly satisfies two of the conditions in and . The gluing condition
across the surfaces D; is then satisfied as the source distribution in both sheets is symmetric

under reflection about 6 = /2. This realizes an irreducible double cover
C — S3\UL;. (3.14)

We have depicted the set-up in the case of [ = 2 unknots and disks in figure

The charge distributions pj diverges to the boundary and consequently so do the eigen-
values Ag. In a local normal coordinate system (z,z) € C x R where one of the unknots is
centered at z = 0 and its associated disk D; stretches along R_ x R, where R_ C C is the

negative real axis, we have

Ak:ck(jz+jé>+..., (3.15)

approaching the unknot with some real constant c;. The omitted terms are regular in the
z — 0 limit and the branch cut of the square root stretches along R_. These asymptotics
follow from the closure and co-closure of the Higgs field away from the branch locus and the
discontinuity across the charged Seifert surface. The former requires the eigenvalue to be
harmonic away from the unknot, while the latter forces a branch cut along the disk D;. The
growth of the eigenvalue is necessarily slower than the case for which sources concentrate
along the unknot, predicting which is confirmed by explicit computation.

We now determine the topology of this cover and characterize the vanishing of the Higgs
field, both will be of interest later. The homology groups of the constructed double cover C

are computed using the Mayer-Vietoris sequence and read

Ho(C,Z)=7, H(C,Zz)=27*"',  HyC,z)=2"'  H3C,Z)=0. (3.16)
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The supersymmetric deformations of the cover are given by altering the charges g; assigned
to each disk D; with respect to one of the sheets. The constraints determine the
associated opposite deformations on the second sheet. The condition removes one
degree of freedom yielding an [ — 1 dimensional deformation space.

The zeros of the Higgs field eigenvalues A1, Ao lie on Sfr /2 They come in pairs as A1 +Ag =
0 and there are a total of 2] —4 zeros. Each eigenvalue derives from an electrostatic potential
f such that df = Ay = —Xo. For generic charge set-ups the potential f is a Morse function.
The zeros of the eigenvalues are critical points of this function and they can be distinguished
according to their Morse-index. Let IV, be the number of critical points of Morse-index g,
here we have

Ny=Ny=1-2, Ny=N3=0, (3.17)

The Morse index characterizes topological properties of the Higgs field zeros and determines

the matter localized at these.
3.5 Cyclically Branched Covers

The data of the 4d theory engineered by a geometry with a split or non-split spectral cover
can be extracted from a particle probing S3 with a potential set by the Higgs field, as we
explain in the next chapter. Of interest here is in part the topology of the spectral cover,
which we discuss here for a simple class of non-split spectral covers. For concreteness we
consider spectral covers associated with the Lie algebra gapg = su(n). The spectral covers
of the local models of many TCS Ga-manifolds exhibit non-split covers. The covers discussed
in this section are toy models for these situations.

We focus on irreducible spectral covers with a single component, more general covers
are given by unions of these irreducible covers. Further we restrict to set-ups for which the
monodromy elements s; = s € S, are identical for all components of the branch locus and
of order n for n-sheeted coverings. In this setting the topology in the vicinity of branch link

L; is that of the branched multi-covering studied in knot theory [101], from which we excise
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Knot Name Sketch 2-fold C | 3-fold C | 4-fold C 5-fold C
01 @ 1 1 1 1
31 @ Zs Lo X 7o Z3 1
44 @ Zs Ty X Ly | Z3 X Zas 711 X 711
51 @ Zs 1 Zs Lig X Ty X Ly X g

Table 3.1: We table examples of knots. Each column list the torsion component of the first

homology of the n-fold covering space C — S3 of the knot [101]. The torsion numbers are
tabled in [102]. The pictures are taken from [103].
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the links L; along which the Higgs field diverges. We refer to these covers as irreducible,
cyclically branched n-sheeted coverings. The example of section [3.4] realizes such a cover for
n =2 and gapg = su(2) with L; = S! and s = —1 € S,.

We start with a solution to for eigenvalue 1-forms Ap where K = 1,...,n. The
eigenvalues i, sweep out an : 1 cover C — S\ U; L; away from the branch locus and picking

Seifert surfaces for each link (L;, F;) the spectral cover C can be written as
C=C\UL;, (3.18)
where the covering C is glued from n copies of the base with the Seifert surfaces removed
C=(SP\UiFy) #... # (S \UiF), . (3.19)

The cut out S\ U;F; contains two copies of the Seifert surfaces FZ-jE corresponding to
its positive and negative sides which intersect along the links L;. The gluing in is
performed by identifying F;" in the i-th gluing factor with F, in the (i 4+ 1)-th factor and
finally gluing Ff in the n-th gluing factor to F;  in the first. Each gluing factor is in
correspondence with a sheet of the spectral cover. For further details we refer to [101,[104].

The homology groups of the cover are computed by an application of the Mayer-
Vietoris sequence to a decomposition of the cover C into patches whose projection to the base
contain at most a single Seifert surface F;. The homology groups of the spectral cover
are then computed by another application of the Mayer-Vietoris sequence to the covering
C = CUT where T is tubular neighbourhood of the links U;L; C T. We restrict to the case
in which the links L; = K; are simply knots and 7" thus becomes a collection of [ solid tori.

For an n-sheeted cover with [ knots K; the result reads
l
Hi(C,z) =2 VI o DM (K;),  Hy(C,Z) =2z DD (3.20)
i=1

together with Ho(C,Z) = Z and H3(C,Z) = 0. Each knot contributes a torsion factor to
the first homology group while the number of links and sheets determines the free factor

in (3.20). In table we list the group H{n) (K;) for some low component coverings, a



substantially more extensive list of examples is given in [102|. These torsion groups give rise
to light but massive modes beneath the KK scale upon compactification to 4d, see section
71in [2].

The cover inherits a natural metric from its gluing factors. The eigenvalues g of

the Higgs field then combine to a harmonic 1-form on the spectral cover

e Qo) e, K=1,...,n, (3.21)

)\’[SS\UiFi}K -
which by constructions restricts on each gluing factor to one of the local 1-form eigenvalues
A, of the Higgs field. Supersymmetric deformations of the cover C are now described by
harmonic perturbations A — A+ JA or equivalently n harmonic perturbations A\x — Ap+ Ak
which glue consistently across the branch sheets U; F;.

Finally note that we have an auxiliary Calabi-Yau structure on the cotangent bundle

T*S3 whose symplectic 2-form w and holomorphic 3-form € are given by
.3
w:;Z;dZiAdzi, Q= dz Adzs Adzs, (3.22)
=

where dz' = dx' + idy' with x%,y* being local coordinates on S3, T;*S? respectively. With
respect to this auxiliary Calabi-Yau geometry the spectral cover C is an immersed, non-

compact Lagrangian submanifold, which follows from w|¢ = d¢ = 0.

Chapter 4
Localised Matter

We will now study the more interesting and richer class of matter fields, localized on points
or one-dimensional loci of M3. So far in chapter [2.4] we considered only flat gauge fields on
along M3, which corresponds to bulk matter. Turning on vevs for the Higgs fields ¢ will
enlarge the possible matter structure and will allow us to engineer spectra with non-trivial
chiral index. The simplest case is an abelian Higgs field configuration

G — GxU®1),

Ad(G) = Ad(G) AdU(1)aR &R,

40
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where G is the 4d gauge group and U(1); the commutant, along which the Higgs fields is
turned on. The expectation is that since ¢ is in the 3 of SO(3)twist, the condition for local
gauge enhancement to G occurs at codimension 3 in the base Mj, i.e., codimension 7 in
the Gio-manifold J. This is also suggested by the earlier spectral cover discussion. We will
discuss this case of codimension 7 localized matter first. In less generic situations, such as
the twisted connected sums, however, enhancement occurs at codimension 6 loci.

We begin with split Higgs bundles with sources p supported on a graph I'. For
this class of set-ups the twisted cohomology groups characterizing the spectrum can be
simplified to relative de Rham homology groups. The solution to the BPS equations on M3
will be constructed by excising a tubular neighborhood T'(T") of a graph I', with boundary
conditions, which we will discuss in detail. The central question is how the zero modes in R,
and R_, are counted. In this section we provide the cohomological answer to this question,
which applies to both codimension 6 and 7 gauge enhancements. In the next section we will
provide specific solutions to the BPS-equations, to which the general analysis in this section

can be applied, thereby computing the zero mode spectrum.
4.1 Zero Modes from Relative Cohomology

We now turn on a background value for the Higgs field ¢, which to begin with is U(1)-valued
and solving (2.24)). As explained in chapter , we now set out to solve the D-term equation

(2.18) for ¢ = df with sources, i.e., the Poisson equation
Af=p, (4.2)
where the charge density p satisfies charge conservation

/MS p=0. (4.3)

We take p to be localized on links I'; in M3 of definite signs of the charges, I'y,

=T, uUT_. (4.4)
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Both the Higgs field ¢ and f diverge along I'. We again excise a tubular neighborhood as
in chapter The boundary Mg splits into connected components ¥;, which correspond
to the connected components of the underlying links I'; and correspondingly the boundary
splits as

oMz =JZi=%,ux_. (4.5)

The normal derivatives of f, which are computed with respect to the outward pointing unit
normal vector fields, have to be positive (resp. negative) restricted to X (resp. X_).
The zero modes of the fields in the representation R, and ﬁ_q in the presence of a

background Higgs vev ¢ = df are obtained from the twisted Laplacian

3
Ay =DD' + DID = (dw + dcﬁ) + Pl +q Y (Hy),, [(ai)T, aj] . (46)
i,j=1
where
D =d+ qdfA, Dl = d' + qlgrads (4.7)

and Hy is the Hessian of f. Furthermore we defined the raising/lowering operators
()T = da'A, at = 1p, . (4.8)
Note that D is not necessarily adjoint to D on manifolds with boundary ¥ as

(Da, ) — (0, D) = / GAHB. (4.9)

by

Requiring appropriate boundary conditions fixes this problem. Consider a form « split into

its tangential and normal component to the boundary
a=ar+ ay. (4.10)

The tangential part «; is defined as the pullback of « to the boundary and the normal part
as a, = @ — a¢. The boundary contribution is sensitive only to the tangential components

ie.,

/EaA*ﬁz/Edt/\*ﬁnZZ/EiatA*ﬁn, (4.11)
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where we have used the fact that (xa); = *a,,. The two types of boundary conditions are
Dirichlet : atly, =0
(4.12)
Neumann : ¥y, =0,
which can be imposed on every boundary component J; independently. Choosing one of the
above boundary conditions for every ¥; amounts to restricting the domains of the operators
D and D' to an appropriate subspace of forms. Within the restricted domains, the operators
then become adjoints to each other. Moreover, by restricting the domain of Ay to make it
self-adjoint, we can identify the zero modes of Ay with the elements of cohomology groups
H}(M3) using Hodge theory.

A natural choice is to split the boundary conditions according to whether the normal
derivative O, f is inward or outward pointing at a particular component of the boundary.
This is the unique choice of boundary conditions that preclude localization of zero modes
on the boundary 3. The relevance of this choice will become clear in section Extending
the set-up in [105] we first restrict the domains of d and d' to

D(d) := {a € Q°(M3) | o¢|s_ = 0 (Dirichlet) }
(4.13)
D(d) := {a € QP(My) |>|<ozn|g+ =0 (Neumann) } ,
i.e., we are imposing Neumann conditions on the positive boundary and Dirichlet conditions
on the negative. Moreover, we define the domains of D and D' to be D(D) = D(d) and

D(D") = D(d"). The corresponding boundary conditions on the metric Laplace operator

are given as

Dmatter(A) = {a € QP(Ms) |auly. = (dTa)tlgf =0 and *auly, =*(da),|s, = 0} ,

(4.14)
where we set again D™ (A ) = D™matter(A) - Note that the d-complex and D-complex
are isomorphic, so they have isomorphic cohomology groups. In this case, the d-complex is
restricted to forms which vanish on ¥_. This computes the relative cohomology of the pair
(M3, X_) |106] so we get

HP(M3) = HP(M3,%_). (4.15)
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The sign of the U(1)-charge ¢ is important. Changing it amounts to changing the sign of
f, which inverts the signs of normal derivatives and consequently exchanges the boundary
conditions imposed on the positive and negative boundaries, and we obtain the cohomology
groups with respect to the positive boundary. In terms of the operators defined in section
[2:3] changing the sign of ¢ corresponds to computing the cohomology with respect to the
operator D, which is isomorphic to the D-cohomology but this time with respect to the
conjugate representation R.

Returning to the analysis of the spectrum above, we have seen that it is computed
by the relative cohomology with respect to the negatively charged boundary components.
Clearly, H°(M3,¥_) vanishes since any constant function which vanishes on the boundary
is identically zero. Moreover, by Lefschetz dualityﬂ H?3(M3,%_) also vanishes. Therefore,
the discussion from section shows that the chiral fermions are counted by H'(M3,¥_),
while the conjugate-chiral fermions are counted by H?(Ms, ¥ _)

chiral :  H'(M3,%)
(4.16)
conjugate-chiral : H*(M3,%).
The net amount of chiral matter transforming in the representation R is therefore given by

the relative Euler characteristic
V(Ms, ) = B2(Mg, ) — b1 (Mg, 31, (4.17)

where b! (M3, ¥_) and b%(M3, ¥_) are the dimensions of the respective cohomology groups.

The Hodge star induces the isomorphism H*(M3,¥_) = H37*(M3,X ), so that
X(M37 Z*) = _X(M37 EJr) . (418)

We have seen that for an M3 without boundary there is a 4d vector multiplet in the

spectrum. Once we introduce sources along I' and excise a tubular neighborhood around

!The standard statement of Lefschetz duality is: Let M be an orientable compact manifold of dimension
n, with boundary N, then H*(M,N) = H, (M) and Hyx(M,N) = H" *(M) with integer coefficients.
When the boundary has at least two disconnected components N = Ny U N_ a generalization of this
theorem gives H*(M, N+) = H,_ (M, N_) and Hy(M,Ny) = H" *(M, N_).
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them, we need to check that the vector multiplets remain in the spectrum. Since these
adjoint fields are uncharged under the U(1), the associated forms cannot have any tangential
boundary conditions, and we impose purely normal boundary conditions. In this case the

domain of the relevant Laplace operator becomes
DEYE(A) := {a € QP(M3) | *an|y = *(da)yls =0} . (4.19)

The kernel is then isomorphic to the de Rham cohomology groups [105] and we obtain the

required zero modes for the vector multiplets in 4d.
4.2 Higher Rank Higgs bundles

Next we generalize to higher rank Higgs bundles in G;. We still assume that [¢, ¢] = 0.
If the Higgs field eigenvalues and by extension linear combinations thereof are not globally
defined (i.e., in the spectral cover language the spectral cover is non-split and does not fully
factor) then we still have a local description in terms of the Higgs field along the Cartan

subalgebra:
locally on Mz : ¢ = H'df;, (4.20)

away from the sources p = H'p; and j = H'j; in ([2.25). Here n = rkG, and H’ the
generators of the CSA. Locally this background breaks the gauge symmetry into
G — GxUQ)",

N 4.21
AdG — AdGeAdUM"Me P Rg. (421)
Q:(qlv"'vqn)

where @ = (q1,...,¢,) denotes a vector of U(1)-charges. If the spectral cover has N + 1
irreducible components (as in (3.5))), IV of these n U(1) factors descend to the gauge group

of the 4d effective theory. The operator D defined in (2.37) acts on Rg

T T (4.22)
D’RQ = DQ =d' + tgrad(qi fi++qnfn) -

Let us introduce
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AdG |AdU()"|  Rgq R o

Vector multiplets 1 1 0 0

Chiral multiplets || b*(M3) | b'(M3) bl(Mg,Eé) b2(./\/13,2‘é)

Table 4.1: The 4d N/ = 1 matter content for a background given by a U(1)™ valued Higgs
bundle whose spectral cover is fully factored. Here Eé denotes the negative boundary of M3
with respect to the function fg. Note b'(M3) = b*(M3) and b' (M, B§) = 0*(Ms, EES)

The zero modes are counted by where E = AdG, . If the spectral cover does not
factor, i.e., the sheets mix under monodromy, the cohomologies of the operator D cannot
be rewritten in terms of, e.g., de Rham cohomologies. For the case of rank 1 Higgs bundles
the isomorphism given between the corresponding complexes was given by conjugation with
eq. This required a globally defined function f whose role for fully reducible Higgs bundles
is played by fg as we will explain in the next section. This isomorphism cannot be adapted
in a straightforward manner to general Higgs bundles.

Restricting D to AdG or Ad(U(1)"), it is reduced to the exterior derivative
Dlaac =Dlug) =4, D’Lda = D’;r](l) =d'. (4.24)

Vector and chiral multiplets transforming in these representations are thus simply counted
by the zeroth and first Betti numbers of M3, respectively.

However, if the Higgs bundle diagonalizes globally, i.e., if we have rank G| many U(1)
symmetries, then a simple generalization of the rank one case applies. The zero modes are
counted with respect to

D = d+ dfgh, (4.25)

where fg is globally well-defined and a function. As a consequence the results of chapter
carry over upon making the replacement ¢f — fo. M3 is obtained by excising the

singularities of all the f; and the boundary decomposes again into positive and negative

?For further explanation we refer to appendix C of [1])
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O

Ms M

x=1 x=1

Figure 4.1: Examples of charged graphs in M3. Positive, negative charges are coloured red,
blue respectively. Both charge distribution give rise to the same chiral index but a different
number of zero modes.

parts

=3jUxg, (4.26)

depending on whether fg — 400 when approaching the excised charge. By the
charge vector can flip the sign of a boundary as seen by the individual functions f; used to
define fq, i.e., for differently charged representation R each zero mode counting requires
an alternate decomposition of the boundary. We therefore find the fermionic zero mode
spectrum in the representation R¢g to be enumerated by the relative Betti numbers

b (M3, ¥) = number of chiral zero modes inRg,
(4.27)
bz(./\/lg, Eé) = number of conjugate-chiral zero modes in R, .

This parallels the identification of cohomologies as in . Each of these fermionic zero
modes contributes to a chiral multiplet upon reduction to 4d by supersymmetry. The CPT
conjugate of the fermionic zero modes enumerated by b%(Ms3, Ec_g) will be of positive chirality
in 4d and contribute to a chiral multiplet valued in R_g.

For the representations uncharged under any of the factors of U(1) we have D = d
and their boundary conditions on M3 are chosen purely normal as in , and they are

counted by de Rham cohomology. The complete 4d spectrum is summarized in table [£.1]
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We now turn to describing concrete charge configurations — these configurations were studied
in [49] and we revisit them here. Let M3 = S and embed charges in S which are localized
on a graph I'. The positively and negatively charged components of the graph are disjoint
I'=T4 UTI_. We denote by ny,n_ the number of components and by ¢, ¢_ the number
of loops of 'y, I'_ respectively. The total charge on I'y is again constrained to vanish.
Excising tubular neighbourhoods of I'+ we obtain M3s with associated boundaries Y. By
the number of non perturbative chiral and conjugate-chiral zero modes are then given
by the Betti numbers b*(M3,¥_) for i = 1, 2 respectively. The top and bottom cohomologies
vanish as discussed in chapter The first and second cohomology are

(M3, )=l +n_—r—1

(4.28)

B*(M3,E) =L +ny —r—1,

where r counts the number of negative loops which are independent in homology when

embedded in M3\ I';. The chiral index is then computed to be
X(M3, Rg) = (ny —ly) — (n- — (). (4.29)

It solely depends on the charge configuration I' and is independent of the number r. A chiral
spectrum is therefore easily generated. Multiple charged graphs will give rise to the same
spectrum. Another point to note here is that a non-trivial chiral index will only arise if for
some sign of the charge, the number of loops and components is different, i.e., the charge
distribution is not localized solely on a disjoint union of circles. This will later on give hints

as to how to deform the Higgs bundles for TCS (Go-manifolds whose local model exhibits a

48
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split spectral cover.

Chapter 5
BPS-Configurations, SQM and Morse-Bott Theory

In the discussion above we were not interested in any particular features of the harmonic
function f on Ms and the computation of the spectrum is in fact valid for any such f. In
this section we first specialize to the case where the Higgs field ¢ = df has isolated, non-
degenerate zeros, which is the same as requiring f to be a Morse function — this is the case
already studied in [49]. We show that massless chiral matter is localized at the zeros of the
Higgs field. We then generalize this to the case where f can have critical loci of dimension
one, in which case it is Morse-Bott. The latter will be essential for the TCS geometries.
The main tool here is reformulating the problem of finding the kernel of the Laplacian A in
terms of a supersymmetric quantum mechanics and Morse theory. This approach is useful
as it lends itself to the generalized Morse-Bott setup that we are interested in. In section [6]

we extend this approach to arbitrary solutions of the BPS equations ([2.18)).

5.1 Matter, Morse and Witten’s SQM

Let us consider again the abelian case where ¢ = df with f harmonic in the decomposition
(4.1]), which counts the fermionic zero modes transforming in the representation Ry, that

are in the kernel of
A;=DD' +DID = (de + ddT) + Pldf? + ¢{d, tgraa £} + q{d', df A} . (5.1)

The twisted Laplacian Ay can be interpreted as the Hamiltonian of a supersymmetric quan-
tum mechanics (SQM) with the target space M3 where the supercharges are given by the
operators D and D [107]. In section we have shown that (due to the partial topological
twist) the state space is identified with the space of differential forms on Msj. However,

since M3 is now a manifold with boundary, we have to restrict the state space to forms



5.1. MATTER, MORSE AND WITTEN’S SQM 50

satisfying the boundary conditions given in , which we denote by H = @ng(Mg).
The subscript b indicates that the forms satisfy the boundary conditions. The function f
now plays the role of a superpotential and the kernel of Ay characterizing the true zero
modes in the reduction to 4d is now enumerating the supersymmetric ground states of the

SQM [107]. In summary:

4d Effective Theory SQM
Matter fields State Space
D, Dt Supercharges
Ay Hamiltonian

Higgs field ¢ = df | f = Superpotential

Matter zero modes Ground states

As in Witten’s analysis, we can now use perturbation theory to compute the zero mode
spectrum. To compute the perturbative kernel of Ay, rescale f ~ tf. In terms of the
electrostatics problem , this amounts to rescaling the charges globally by a factor of
t, which does not alter the overall ground state count. The term ¢?|df|? in (5.1)) scales
quadratically in t. Hence, for large ¢, the solutions of the equation A;s1) = 0 are localized
at the points where df = 0 i.e., the zeros of the Higgs field ¢.

In this discussion we focus on harmonic functions f which are Morse. The local physics
will then be given by a supersymmetric harmonic oscillator. Before continuing with the
computation we recall the definition of a Morse function. A smooth function f: M3 — R

is called Morse if its set of critical points
N = {p € M3 : df(p) =0} (5.2)

is discrete and all points p € N are non-degenerate. A critical point p € N is called non-
degenerate if its Hessian H(p) is non-degenerate as a bilinear map. In this case p € N is
assigned a number p(p) called the Morse index given by the number of negative eigenvalues
of H(p)

peN: p(p) = |{c = eigenvalue of Hf(p); ¢ <0} . (5.3)
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In the case of manifolds with boundary, we further assume that there are no critical points
of f on OMs. Note that this is true in our case, since the normal derivative of f at the
boundary is non-zero (see chapter . For more details on Morse theory we refer the reader
to |108;/109].

We can choose a normal coordinate system in which f and the metric g on M3 take the

form

1< A
f( +§ZCZ xz)S)’

i=1
gzy( T) = 0ij +O((x )

where we assumed that p = 0 and ¢; are the elgenvalues of the Hessian, which due to the

(5.4)

harmonicity of f sum to zero. This means that only points with Morse index 1 and 2 can
occur. Expanded in these coordinates Ay reduces to the Hamiltonian of a supersymmetric
harmonic oscillator with

3 82
‘“f:§:<mx>

=1

¥2<>+wmmbww)+a@¥w (5.5)

Solving for the ground states of the harmonic oscillator locally, near a critical point p of
Morse index p(p), we find a unique solution given by a differential form of degree u(p). The
zero modes of v, which are identified with 1-forms in (2.45)), localize at critical points of

Morse index 1. For ¢; with signature (—, +, +), the solution to leading order is

np) =1: =14, exp< th!cz\ > (5.6)

In other words the form part is oriented along the negative eigenspaces of the Hessian of the
function f. Here we have decomposed the 7d spinor ¢ into a Weyl-spinor ¢, ;) carrying the
anti-commuting, gauge and 4d spinor structure and its internal profile along M3. The index
(p, q) indicates the point p, where the corresponding perturbative ground state localizes and
q keeps track of the charge of R,;. The boundary conditions we described in chapter are
exactly such that the solutions of collected from all critical points of f of Morse index

1 span the complete perturbative kernel of Ay at degree 1 [105].



5.2. EXACT SPECTRUM FROM SQM 52

If p has Morse index 2, the ground state localized near p is of degree 2 and letting ¢;

have signature (—, —, +), the solution is
p(p) =2: Y =1pq) exp (—qtz |ci\(xz)2> da' A dz?. (5.7)
i=1
Likewise the fermions in R_, are obviously counted by replacing f with —f.

5.2 Exact Spectrum from SQM

The perturbative calculation in the previous section does not necessarily give the exact
spectrum of the full theory. On the SQM side this is due to the fact that quantum mechanical
instanton corrections can cause perturbative ground states to acquire a mass and be lifted
in the full theory [107,/108]. We now complete the dictionary between the 4d effective theory
of 7d SYM and SQM by showing that masses of perturbative zero modes in the 4d theory
arise precisely from instanton corrections on the SQM side.

We start our analysis with the action in and split the complex 1-form ¢ = ¢g+dyp
into its background ¢g = tdf and fluctuations dp. The 7d fields are expanded in terms of a

basis of perturbative ground states of the twisted Laplacian as

1#(337 y) = w(a,q) (96')1/1(&7'1) (y) ’

o(z,y) = tdf (y) + 6p(z, y) = tdf (y) + 0(0.q) ()00 D (y)

(5.8)

where (z,y) € R x Mj. Here the sum runs over the charged representations, R, and
ﬁ_q, and all critical points p, of Morse index 1 with respect to the relevant Morse function,
f and — f respectively. The fermionic field ¢, 4)(7) carries the anti-commuting, gauge and
4d spinor structure while (@) (y) is a 1-form on M3 annihilated by the twisted Laplacian
in perturbation theory. In leading order in ¢ these are or the CPT conjugate of .
The decompositions for §¢ are of analogous structure.

A mass term in 4d descends from the 7d interaction

Tr[p ADY] = Tr [ A (dyp + [pA Y]] (5.9)
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which for an abelian Higgs background yields the mass matrix

M = [ DA (d+tgdf N D = [ P@D A x(d + tqdf A)p D (5.10)
Ms M3

This precisely computes the instanton corrections between the perturbative ground states

in SQM theory and is simply the matrix element
MO = (p(@0) | Dy b:0)y (5.11)

Let us briefly summarize the classic results on these instanton corrections, see [107,/108| for
a detailed treatment. The (Euclidean) action of the SQM with target space M3 is given by

a standard sigma-model action

1 dyidy | Pt
Ssau = [ as (5o + g 0,10,
R

59ij

277 ds d

o . (5.12)
+gi50' D1’ + qtD;0; fi'1p’ + 2Rijkl77177]77k77[> 7

where g;; is the metric on M3, D the covariant derivative and R;j; the curvature tensor.

Canonically quantizing this action, one gets the SQM we have described in the previous

section [107]. The matrix element (5.11) now has the following path integral expression

(0.0)| Dy b0y — 1 i (@) | TA ~TAf ) (b.a)

D) = o) = af () + O 2o N P Tl R
= ! DyDnDi [D, fe~Ssam (519

= 00 = OB s, PYPUPTID: 5,

Y(—o0)=ps

which is valid to leading order in 1/t. The path integral is taken over the space of all
trajectories vy connecting the critical point py to p,, where p(py) = 1 and pu(p,) = 2. The
integrand [D, f] is D-exact and hence the path integral receives contributions only from fixed
points of the fermionic variations generated by the corresponding supercharge D. Such fixed

points are given by trajectories y

d’yi

= tqq’ d; 5.14
Ig = 149”9, (5.14)

which is the gradient flow equation. With this the mass matrix is evaluated in [108] to

leading order in 1/t as

Mab — Z n’ye—tq(f(pa)—f(pb)) . (5.15)
g
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Figure 5.1: The supersymmetric three-cycle responsible for mass terms. The two critical
points p, and py of the function Morse f in the base of the ALE-fibration M3 are connected
by a gradient flow line v(f). Above each point along this path there is a two-spheres in the
ALE fiber. Traversing along a gradient flow line of f a 3-sphere S?Y’ is traced out.

Here the sum runs over all ascending gradient flow lines « starting at p, and ending at p,.
The contribution from a flow line « is weighted by a sign n, = %1, which arises from a
choice of orientation on the moduli space of gradient trajectories. The precise derivation
from the SQM context is intricate and is given in |110, Appendix F|]. The main takeaway
is that perturbative ground states form a complex, where the coboundary operator is given
by

Dw(b,q) — Z Maqu}(avq) . (516)

This is exactly the Morse-Witten complex for the Morse function f. Massless states are
counted by the cohomology of this complex and can be found by diagonalising M. Recall
from chapter that f is a solution of an electrostatics problem and satisfies 9,, f < 0 (resp.
Onf > 0) on X_ (resp. X_). The Morse-Witten complex therefore recovers the relative
cohomology of a pair (Mgz,¥_) |111]. In 4d these give rise to b'(Msz, X _) chiral multiplets
valued in R, and b*(M3,X_) chiral multiplets valued in R_,.

It is possible that the boundary operator of the Morse-Witten complex is trivial. This
is equivalent to a vanishing of the mass matrix M = 0, i.e., all perturbative ground states
are true ground states. In this case the Morse function f is called perfect. This is precisely
the case when f has b*(M3, ¥ _) critical points of Morse index i, for i = 1, 2.

We can consider these mass terms also in the M-theory picture. In section we have
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interpreted the Higgs field ¢ = df as measuring the periods of the vanishing cycle in an
ALE-fibration, with respect to a reference hyper-Kéahler structure. For an abelian Higgs
field there is exactly one such vanishing cycle which is of finite volume through-out M3z and
collapses precisely at the critical points of f. As this vanishing cycle is a two-sphere, paths
connecting two critical points lifts to a 3-sphere in the ALE geometry. This 3-sphere is of
minimal volume whenever it projects to a gradient flow line in Mj3. This is depicted in
figure 5.1}

We can consider an M2-brane probing the ALE fibered Ga-manifold. The stationary
points of the M2-brane action are expected to correspond to associative three-cycles and are
fibered by vanishing cycle of the ALE-fiber over the gradient trajectories v(f) determined
by the Morse function f. This gives the interpretation that the particle of the SQM is the
W-boson constructed by wrapping an M2-brane on vanishing cycles of the resolution. We
expand on this point of view in the next section. The associatives wrapped by the M2-branes

then give a non-perturbative correction to the superpotential |[112,/113] which is of the form

AW ~ n, exp (z’/g(C + @)) . (5.17)

5

In particular, the coefficients originating from a one-loop determinant in the M2-brane action
are the same as the those computed in the supersymmetric quantum mechanics and hence
give the same coefficients n, = £1 as those appearing in the Morse theory analysis. In the
case of several flow lines connecting the same critical loci p,, pp, the corresponding associa-
tives are homologous and there can hence be cancellations among the different contributions

depending on the relative orientation.
5.3 Example: n, + n_ Point Charges in S*

We apply the analysis of section [5.1] and [5.2] to point charges on the three-sphere. Example
configurations are shown in figure . Let M3 = $3 and G = SU (n+1). Consider ny

positive /negative point charges with the total charge vanishing. The function f : M3 — R is
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x=0 X #0

Figure 5.2: Examples of point like charge configurations in M3. Depicted are positive (red)
and negative (blue) charges, critical points (yellow) and flow lines starting and ending at
critical points. The critical points have Morse index p. The contributions of the flow lines
cancels and for generic set-ups each critical point will give rise to a ground state of positive,
negative chirality if u = 1,2 respectively. The LHS thus has an equal number of chiral and
conjugate-chiral ground states, the chiral index vanishes. For the same reasons the chiral

index does not vanish on the RHS.

the electrostatic potential generated by these charges. This function gives rise to a singular

abelian Higgs field background on S® via ¢ = df which breaks
AdSU(n+1) - AdSU(n)  AdU(1) @n, & n_,, (5.18)

Perturbative ground states localize at the critical points of the harmonic function f. Let
n, be the number of points with Morse index pu, then there are n; chiral fermions v and
ng conjugate-chiral fermions 1 transforming in n,. The harmonicity of f forbids points of

Morse index 0 or 3 as these are minima or maxima respectively. The chiral index as defined

(2.50) is given by the difference
X(ngnq) =nz —ni, (519)

as perturbative ground states are lifted by M2-brane corrections in pairs leaving the differ-
ence of ground states of positive and negative chirality unchanged.

Next smear out the charges to small balls so that the singularities of f are removed
without altering f away from the support of the charge distribution. In this case grad f
becomes a smooth vector field on M3 and the Poincaré-Hopf theorem can be applied. We

denote the critical points of f by z;, then the topological index I(x;, f) of grad f at z; is
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determined by the topological index of the map

grad f 9
lgrad f| =~ "

— 52, (5.20)

where Sgi is a small ball containing the critical point x;. The Poincaré-Hopf theorem asserts

that the sum of all indices is the Euler characteristic of M3 = S3
> I(mi, f) =x(S*) =0. (5.21)
i

Note that I(z;, f) = (—1)*=) for all critical points z; and that each charge contributes one

maximum or minimum upon smearing it out, whereby (5.21]) simplifies to
0=n_—ny1+ny—ny. (5.22)

Combining this result with (5.19) we find the chiral index to be determined solely by the

composition of the initial charge configuration
x (8% ny) =ny —n_. (5.23)

We thus find a rather simple criterion to determine whether the true ground state spectrum

of the theory is chiral or not:
ny #n_ <> chiral spectrum. (5.24)

Two examples are shown in figure [5.2] This result is of course recovered from the more
general charge distributions discussed in section upon setting the number of loops [t

and [_ to zero. In particular for generic placements of the n, + n_ charges one has
np=n_—1, ng=n4 —1. (5.25)

Each critical point thus constitutes a true ground state and we recover (4.28)). This is made
explicit in figure If flow lines between critical points exist, they always do so in pairs

with n, = +1. Hence the corresponding ground states are not lifted.
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=2

Figure 5.3: S? with the Morse-Bott function given by f(z,y,2) = 22. The critical locus is
colored in yellow and consists of two critical points of index 2 (north ant south pole) and a
critical circle of index 0 (the equatorial circle). The gradient curves are depicted in black.
Note that M(Ng, N2) = S'J[S!. These two circles parametrize the gradient trajectories in

the upper and lower hemisphere.
5.4 Generalized Critical Loci and Morse-Bott Theory

The setup studied in [49] and in the last section assumes that the critical loci of the function
f are isolated points. Although this is the generic situation, it will be important to relax
this assumption and consider the generalized setup in which the critical locus of f can be
one-dimensional, which happens for the recent TCS constructions of Ga-manifolds. Func-
tions f with critical loci of dimension greater than zero whose Hessian at its critical closed
submanifold is non-degenerate in the normal direction are called Morse-Bott functions. An
example is given in figure . For further background on this see [108}|114].

The starting point is once more an abelian Higgs field ¢ = df as in section where now
f is taken to be a harmonic Morse-Bott function. We are again interested in the fermionic
zero modes transforming in the representation R, which are in the kernel of the twisted
Laplacian . As before, rescaling f — tf these localize on the critical loci of f and we
can solve for the zero mode solutions locally. However, f now has higher dimensional critical
loci and our previous analysis needs to be adapted. We begin by analyzing the critical loci
of f.

The local analysis of the perturbative ground states is now the same as in section [5.1
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although some extra care is required to keep track of the critical loci of different dimensions.
The critical locus of f splits into connected components all of which are compact closed
submanifolds of M3. Let IV denote a single connected component. The normal bundle v N

splits into the positive and negative eigenspace of the Hessian Hy of f
vN=vyN@v_N (5.26)

and the Morse index of N is defined as the rank of v_N. In our context the Morse-Bott
function f is also harmonic. This precludes critical submanifolds of dimension 2 since
harmonicity of f implies that tr Hy = 0, which would mean that H; is degenerate in the
normal direction, which is not possible since f is Morse-Bott by assumption. For harmonic
Morse-Bott functions on a three-manifold, N can thus only be a point or a circle. Moreover,
if N = S!, it can only have index 1. This is again due to the requirement that Tr H ¢ vanishes
everywhere. The case where NN is a point has been analyzed in section

If N =S! we can proceed analogously. As N has index 1, f is locally of the form

f(@) = f(0) = 5 ((=")* = (=)*) + O((=")*), (5.27)

in a suitable normal coordinate chart centered at a point p € N. In this coordinate system
x® is the coordinate tangential to N and the Hessian H 1 is diagonalized with the eigenvalues

c and —c. In these coordinates the twisted Laplacian (5.1) now takes the form

Arp = (Dgg), + (Atf)” + O((wl)g) )
- 0 2,2 2/ i\2 1 2
(Agy) | = ; (_6(:1:")2 + ¢t c*(x") > — qte[dr, 1g/9,1] + qteldz®, 1p)9,2] (5.28)
82
(Atf)H = —W-

The analysis of perturbative ground states thus splits into normal and tangential parts

relative to N. In the normal direction we get a single 1-form solution v, given by

Y1 = (g exp (—qtc ()% + (2)?)) da' . (5.29)

Here we have split ¢, into a 4d Weyl spinor ¢, ) carrying the anti-commuting, gauge and

spinor structure and its internal profile normal to V. In principle ¢ is defined only locally
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on N. However, observe that 1| is a volume form on the fiber of v_ N. Hence, assuming
that the negative eigenbundle v_ N is orientable, the local solutions can be patched together
to a global form on V. Since f is constant on N the tangential equation reduces to a Laplace

equation on S'. Let the coordinate on the circle be 8. Then we obtain two solutions

Vi=v1, t=diNYy. (5.30)

For every circle N contributing to the perturbative spectrum we therefore obtain a pair of
states consisting of a 1- and 2-form. From we know that the degree of the ground
state correlates with the 4d chirality of fermions, i.e., the state described by a 1,2-form has
positive, negative chirality upon a reduction to 4d. These fermionic states again contribute
to chiral multiplets in 4d.

As in the case of Morse functions, perturbative zero modes for x, ¥ transforming in R,
are absent as f is harmonic. To conclude we again remark that the analysis above extends
to fermionic ground states transforming in R_, by replacing f with —f. The function — f
now exhibits the same critical loci. A critical point of Morse index u with respect to f has a
Morse index of p— 3 with respect to — f, however critical circles exhibit an unchanged Morse
index of 1 with respect to both f and —f. The modes localising on the critical circles of — f
transforming in R_, are CPT conjugate to the solutions found in . As a consequence
we find the localized perturbative ground states on every critical circle contributing to the

perturbative spectrum to assemble to two chiral multiplets transforming in R, and ﬁ_q.
5.5 Generalized Critical Loci and SQM

We now turn to the computation of the exact spectrum from the perturbative solutions in
the Morse-Bott case, where the critical loci of f consist of points and circles. While it is
possible to compute the SQM instanton correction in much greater generality [108]|114], the
applications for TCS local models allow us to consider only the set-up with this restriction.
The instanton calculation in this case effectively reduces to the one considered in section

0.2
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To find the exact spectrum, we again want to compute the matrix element be-
tween perturbative zero modes localized at critical submanifolds we use the analogous SQM
computation. Let NV, denote the disjoint union of critical submanifolds of Morse-Bott index
m (recall that this is the dimension of the negative eigenspace of the Hessian matrix). In
our case, m can take the values 1 or 2. For m = 2, all of the components of Ny must be
points, whereas N1 can contain points as well as circles.

Recall that among the ground states localized at critical circles there are chiral multiplets
transforming in the representation R, and ﬁ_q. As already discussed in section this is

because perturbative ground states are of the form

V=oAL, (5.31)

with deg(¢;) = 1 and a a harmonic form on N;. When N is a circle, @ can be a function

or a one-form. Consider again the matrix element

M9 = y D@D A x(d + tqdf A9 (5.32)
3

Here we again use the indices a and b to enumerate all the perturbative ground states of
total degree 2 and 1 respectively. However, note that for Morse-Bott functions the index
is no longer in one-to-one correspondence with critical loci since there are two perturbative
ground states localized at each critical S' € Nj. For the following we will require the
assumption that there are no ascending gradient flow lines between connected components
in N1E|

To compute M we need to consider three cases. First, both (%9 and ¢ may be
localized at points in which case the discussion of section [5.2] applies verbatim. We now
turn to the second possibility, where the ground states are both localized at the same circle

critical circle S € Np. The matrix element is then given by the integral

/ 0 A1 A (d + tqdf A (5.33)
M3

n this case f is said to be weakly self-indexing. This assumption can be avoided at a cost of making
the exposition much more technical [114].
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where we have used the explicit expression of for such ground states given in . Using the
expression for ¥ in one can see that ddA*(df A1) = 0 and also dOAY | Axdy; = 0.
This implies that the matrix element M9 is zero, if (%9 and (9 are both localized at
the same circle.

The third possibility is that zﬁ(a’q) is localized at a point p, in Ny and 9 is localized
at a circle S; € Ni. To keep track of all of the gradient curves between critical loci of f, we

introduce the moduli space of gradient trajectories between N, and N,

{fy:R—>M| lim ~(t) € Ny, lim y(t) € N, C?;:tqgijajf}

t——o0 t—o00

R

M(Np,, Ny) =
(5.34)

where the quotient is taken with respect to the remaining reparametrization invariance of
the gradient flow: ~(t) — +/(t) = ~(t + 6t). The moduli space M(N,,,N,,) is a smooth
manifold, and it follows from simple dimensional analysis that its dimension is m — n — 1.

An illustrative example is given by S? with the Morse-Bott function f(z,y,z) = 22, see

figure 5.3

For our purposes, the only relevant case is m = 1 and n = 2 in which case the moduli
space is a finite set of points. This means that there are finitely many gradient trajectories
connecting N1 and Ny and there are finitely many ascending gradient flow lines connecting
S; and p,. We can now continue with the computation. In terms of the SQM path integral

we have the expression

1

ab _ (a,9) b.2)y —
M = WPy = F e = af o) + O/

= —Ssqm
Lsmcrmy, DIDIDRID, Fle S50
Y(—o0)€ES;
(5.35)
where pp, is an arbitrary point in S} (note that f is constant along S}). This is nearly
the same expression as in (5.13), with the only difference being that we integrate over all

curves with y(—o0) € S;. However, the same localization argument as before applies. As we

have seen above, the number of gradient trajectories is still finite and the result of the path
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integral computation has exactly the same form as for points, i.e., (5.15). The expression
for the operator D also remains unchanged

Dyb:9) — Z Mbp(aa) (5.36)

a

The exact spectrum is given as the cohomology of D, which acts on the following complex
ct =Ny, C% = QYN @ QO(IV,) . (5.37)

This complex is a convenient way to arrange all the perturbative ground states of degree p
in CP. It is a specific instance of a Morse-Bott complex for f, which can be defined for f
with critical loci of arbitrary dimension [114]. If f is a solution to the electrostatics problem
in section [£.] the Morse-Bott cohomology again recovers the relative cohomology of a pair

(M?nz*)'
5.6 Chiral Index from Spectral Covers

We close this section by introducing yet another picture for counting the perturbative zero
modes, namely using the spectral cover introduced in section (3] For certain configurations it
is possible to read off the exact spectrum using the spectral cover, this was already observed
for the U(1) case in [49].

For simplicity let us begin by recalling the statement for the rank 1 Higgsing in
where G = SU (n+1). There we turned on a single abelian Higgs background parametrised
by the Morse function f via ¢ = df. The spectral cover C in this case is simply the graph of
¢. The intersection number of C with the zero section by = 0 (i.e., M3) at a critical point p is
denoted by n,. This can be identified with the degree of the vector field grad f at the critical
point p. In a coordinate system where the Hessian H; is diagonal it follows immediately
that the degree is determined by the Morse index p(p) of f at p as n, = (—1)*P). We can
therefore recast the counting of perturbative ground states as

|(C N M3)_| = chiral perturbative zero modes in R,
(5.38)
|(C N M3)4| = conjugate-chiral perturbative zero modes in Ry,
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where (C N M3)+ counts the number of critical points p with n, = £1. The chiral index is
thus simply given by the signed count of all points of intersection
XMs,Ry)=CnMs= > npy=(CNMs)y—(CNMs)_. (5.39)
pEMs : df (p)=0

The above carries over straightforwardly to higher rank Higgs bundles if their correspond-
ing spectral cover factors completely. We start from the set-up in which we have broken
the gauge symmetry to G x U(1)"™ by turning on sources for the Higgs field along the CSA
of G as in section The representation AdG decomposes into irreducible representation
Ry of G x U(1)" where @) denotes a vector of U(1) charges. Generically the representa-
tion AdG decomposes into irreducible representation of G x G| with the weights \; of the
representation of G| determining the different spectral covers. Due to the special choice
of background the representations of G| have decomposed into representations of U(1)"
and to construct the spectral cover we must group the representations R¢ according to this
decomposition. This grouping depends on G but the weights will always be determined by
the corresponding effective Morse functions as \; = dfg, where i = 1,..., N. The effective
Morse function fg, was defined in and N denotes the rank of the spectral cover. A
spectral cover is thus the union of graphs of multiple dfgp, and an N-fold covering of Ms.
The matter loci are as before the critical points of fq,, i.e., the intersection of the spectral
cover with the zero section. This is just bg = 0 in the language of section

To compute the perturbative spectrum we thus just need to count the intersections of
the different sheets with their signs as in the rank 1 case above. Let C; C C denote the sheet
of a spectral cover C with Graph(dfg,) = C; then

|(C; N M3)_| = chiral perturbative zero modes in Ry,
(5.40)
|(C; N M3) 4| = conjugate-chiral perturbative zero modes in Ry, ,

where the notation is as in ([5.38]). Similarly we compute the chiral index to

XMz, Rg,) =C;NMsz=(C;iNMsz)y+ (C;iNnMs)_. (5.41)



Perturbative zero modes transforming a representation R, which is not associated by A\; =

dfg, to a sheet of this spectral cover are enumerated by the intersection of the different

sheets
|(C; N C;j)—| = chiral perturbative zero modes in Rg, g,
(5.42)
|(Ci N Cj)+| = conjugate-chiral perturbative zero modes in Rg, q, -
The chiral index again given by the difference
X(Ms, RQi_Qj) =C N Cj =(C;N Cj)+ + (C; N Cj), . (5.43)

This is pictorially most clear in the case of A, singularities. In this case the ALE-fiber
is given by a circle fibration over R? and the eigenvalues )\;, which are characterised by
the sheets of the spectral cover, correspond to the points at which the circle collapses. A
vanishing sphere is stretched between any pair of these points and collapses whenever they
come together, i.e., when the sheets intersect. This enhances the spectrum and constitutes

an additional ground state.

Chapter 6
M2-brane Instantons and Colored SQMs

We now generalize the SQM description of the previous section to all solutions of the BPS-
equations. These cases covered also include T-brane like configurations with non-flat con-
nections, although we will not study them here. Recall that, given a vacuum of the 7d
SYM in terms of a solution to the BPS equations , the 4d physics follows from a
compactification of the Lagrangian on Ms. The bosonic and fermionic fields
are Lie algebra valued forms valued in A (M3, ad Papg) and the Laplacian A determining
the zero mode expansion is given in . The Laplacian A is associated to the differential
D. We rename Q@ = D and H = A in this section. In chapter [4] we argued that in favorable
situations we can twist the differential D and use Hodge theory to determine the spectrum.

Alternatively one can characterize the zero mode spectrum in terms of approximate zero

modes and their non-perturbative corrections. Approximate zero modes are Lie algebra

65
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valued 1-forms on Mj3
Approximate Zero Mode : x € (M3, Sy) (6.1)

which are annihilated by the Laplacian H = % {Q, QT} to all orders in perturbation theory.
In the set-up of the last section these could be approximated to (5.6) and (5.7). The 7d

SYM gives following mass matrix for these modes

Mass Matrix: Myp :/ (xa,29xB) , (6.2)
M3

where the bracket is anti-linear in the first argument and contracts the Riemannian and Lie
algebra indices using the metric on M3 and Killing form of the Lie algebra gapg respectively.
Generators for the cohomologies are then determined by the kernel of the matrix (6.2]).

With this approach the Yukawa couplings also become accessible. The SYM gives the

4d Yukawa couplings as the overlap integral

Yukawa Couplings : Yipc = / (xc,[xan,xsl), (6.3)
M3

between three approximate zero modes labelled by A, B, C. Zero modes are determined by
to linear combinations of approximate zero modes whereby also sets the Yukawa
couplings between these.

In this section we interpreted the overlap integrals and as amplitudes of a
colored N' = 2 supersymmetric quantum mechanics. The relevant structures of the SQM

for this identification are its physical Hilbert space Hpnys. and supercharge Q@ which are
thys. = A(Mg,adPADE) , Q=d+ [((b-l—iA)/\, ] (64)

Here we present this new A/ = 2 supersymmetric quantum mechanics. In [115,[116] similar
quantum mechanical systems with less supersymmetry have been considered. We refer to
the SQM as ‘colored’ due to the presence of additional fermions over the SQM considered in
(5.12) (originally [107]) which extend the Hilbert space by color degrees of freedom associated

with the Lie algebra gapg. The colored SQM is constructed bottom-up from (6.4). We
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expect there to be a top-down derivation of the colored SQM as a dimensional reduction of
an M2-branes probing the Go-manifold. The colored SQM probing the Higgs bundle encodes
the memberane instanton effects of M-theory on the ALE-fibered Ga-manifold. The Higgs
bundle was derived from the periods of the G5 3-form ® over the vanishing cycles in the
ALE fibers. Similarly we can wrap an M2-brane on these vanishing cycles of the ALE fibers
and reduce the brane to a particle moving on the base associative Ms. This is now the

natural candidate for the particle described by the colored SQM.
6.1 Set-up and Conventions

We consider the manifold M3 with metric g and a principal bundle Papg — M3 with gauge
group Gapg over it. The corresponding Lie algebra is denoted gapg . This gives rise to the
associated adjoint vector bundle ad Paspg — M3 . Both are naturally complexified. Greek
indices run as «, 3,7 = 1,...,dim Gapg and are associated to the fiber while latin indices
run as 4,j,k = 1,2,3 and are associated to the base. The Killing form rk,g gives rise to
a non-degenerate pairing on the fibers of ad PApg — M3 which is used to raise and lower
greek indices. Latin indices are raised and lowered with the metric g;; . The generators of

the Lie algebra gapg are denoted by T, and are taken to satisfy
[T, Tp] = icap T . (6.5)

We probe the geometry ad PApg — M3 with a non-linear supersymmetric sigma model.
We denote the flat worldline by R, and take 7 to denote the time coordinate on it. The
bosonic and fermionic fields are given by the maps x : R, — Ms and sections ¥ : R, —
x*(T Ms) respectively. Further we add a color field given by sections A : R; — z*(ad Papg) .
The dynamics of the model are governed by a non-dynamical background connection A €
O (Ms,ad Papg) and Higgs field ¢ € Q(Mjz,ad Papg) on the target manifold Ms. These
are real Lie algebra valued 1-forms on the target manifold Mj3. The connection A;, and
Higgs field ¢;, are required to satisfy the BPS equations . Note that these conventions

differ from (|5.12)).
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The sigma model can thus be summarized as

.T*(TMg @ ad PADE) ® C T (TMg @ ad PADE) ® C

me WHM (6.6)

R A M3

where 7, 7 denote the canonical projections. Expanded in components the fields ¢, A read

0
Oxt

U(1) = ¢'(7) A7) = A%()ea

(1)

where e, are fiber coordinates induced by a local trivialisation of ad Papg . Both 1,1 and

(6.7)

x(7)”’

A, A are taken to be anti-commuting fermionic fields. The latter we package into bilinears
T=— [\ =T%, = —icam;\ﬁ)ﬂea, [ =1T,, (6.8)

which we pair with the connection A;, and Higgs field ¢;, to form the color contracted
1-forms A - _ .
A)\ = (A)\)z dx' = A?Tadarz =K ()\, [AZ', )\]) dl‘l,
A o ) 4 (6.9)
O = (Pn); da’ = ¢ Toda' = K ()\, [0, )\]) dxz" .

The bilinears T’ quantize to the Lie algebra generators T'. To remind of this contraction we
introduce a subscript A as in .
We combine the connection A;, and Higgs field ¢;, into a complex Lie algebra valued
1-form ¢ with components
Pia = Pia + 1 Aiq - (6.10)
There are now three connections on M3 given by the natural connection D on ad Papg and

its complexification @ which read
D =d+ilAN,-], Q=d+[pN,-], (6.11)

together with the Levi-Civita connection V of the metric g;; . Each of these pulls back to
the world line R, in and acts on the fermions 1,1, A\, X of (6.7) as

Vo) = 0pg' + Tl g,

D Ao = 0o + Capyi’ APNY (6.12)

Qo = Do — iCap i@ X7 .



6.2. COLORED N = (1,1) SUPERSYMMETRIC QM 69

The pullback is referenced by adding the world line parameter 7 as an index to the respective

connections.
6.2 Colored N = (1,1) Supersymmetric QM

The dynamics of the sigma model described in section [6.1] is governed by the Lagrangian

L= %xlfﬂz + i Vb + i Dy g + % (Fy)y ' — %Rz‘jklw%w%l 6.13)
— (Do), B — 2030 — 5100 T + (XD — ) | |

Here R;j; denotes the Riemann curvature tensor, the bracket notation D(iéj) denotes a
symmetrisation of indices, the integer n is set to n = 1 and ( is a Lagrange multiplier. The
action is invariant under

ox' = e’ — &’

o = ied’ + gy — elppI gt

o' = —iei’ + eg, — el (6.14)

N = —Z'ECa/B,yILiQOZ’-B)\PY - iécamz/}i@iﬁ)ﬂ ,

A = fiecaﬁwz/_)igofjﬂ - i€caﬂvwi¢fj\7 :

The supercharges associated to the variations (6.14]) are given by
Q=4 (it +¢y), Q= (—idi+¢}) . (6.15)

There is no R-symmetry rotating the supercharges.

The physics of the quantum mechanics (6.13)) is that of a particle moving in the target
space Ms. In addition to its position, its state is characterized by its fermion and color
content which are given by vectors in the pullback of the exterior algebra AMs and adjoint
bundle ad Papg to the world line respectively. The latter are the fermions A, X and determine
the color contracted Higgs field ¢, setting the potential for the particle via .

Quantization of the SQM (6.13)) leads to the physical Hilbert space

Hphys. = A (M3, ad Papg) , (6.16)
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consisting of Lie algebra valued forms on Mj. The Lagrange multiplier in gives rise
to the constraint that only states with a single A excitations are considered physical which
precludes states in higher powers of the adjoint representation of gapg from contributing
to the spectrum. States of even, odd degrees are bosonic, fermionic respectively. The

supercharge is realized on Hppys. as the operator
Q=d+[(o+iA)A, -] (6.17)
6.3 Perturbative Ground States and Instantons

Perturbative ground states of the quantized SQM are given by Lie-algebra valued forms
X € QP (Ms,ad Papg) annihilated by the Hamiltonian H = % {Q, QT} or equivalently by

the two supercharges Q, Q' to all orders in perturbation theory
Hy=0 <+ Qx=0, Q'y=0. (6.18)

In the path integral formulation of the SQM perturbative ground states correspond to con-
stant maps fixed by the Euclidean fermionic supersymmetry variations % 6¥4)¢ which
emphasizes the second condition given in . A characterization of the perturbative
ground states already follows from inspection of the unquantized supercharges (6.15]), con-
stant maps annihilated by the supercharges necessarily map to points at which the Higgs

field ¢, vanishes. We conclude that perturbative ground states are labelled by pairs
(z4,24) € M3 X gADE , (6.19)
which are such that the color contracted Higgs field at x4 with respect to A4 vanishes
Pas(a) = K (Aa, [¢i(2a), Aa]) da’ = 0. (6.20)

Here we have introduced capital latin indices A, B,C which label pairs in M3 X gapE .
Further we assume that ¢,, has simple isolated zeros or equivalently that it is a Morse

1-form.
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To fully determine a perturbative ground state ([6.19)) we further need to specify its 1, 1)
fermion content. This however is already fixed by a given pair (z4,A4) by considering how
the 1-form ¢, € Q!(M3) vanishes at x4 € M3 . Consider a small sphere S? C M3 on which
the color contracted Higgs field ¢, does not vanish and which encloses the point x4 € M3.

Then we have a map of spheres

Oxau
@l

82— 5%, (6.21)

The degree pu(xa, Aa) of this map topological characterizes the vanishing of the 1-form ¢, ,
at 4 € M3. The number of v excitations of the perturbative ground state, or equivalently
its degree p as a differential form, is given by p = u(x4,A4). This generalizes the notion
of Morse index as introduced in [107]. The pairs thus fully label perturbative ground

statedl] In Dirac notation we denote these by
XA = |$A7>\A7MA> EQ‘“A(Mg,adPADE). (6.22)

Given two perturbative ground states x 4, xp we construct a third perturbative ground
state xaB = [xa A, xB] as, if x4, xp are annihilated to all orders in perturbation theory by

Q, then so is xap by

Qxan,xs] = [QxaN, xB] + (=1)"*[xaA, Qxs]. (6.23)

It is also annihilated to all orders in perturbation theory by an analogous relation for Qf
proving it a perturbative ground state itself. Perturbative ground states are thus seen to
come in families, the above procedure can be repeated with either of the pairs (xa,5, XAB) -
However x ap # 0 is not necessarily true, the terms in may potentially cancel or more

trivially the degree of x 45 may exceed the dimension of the target space Ms.

'Here we have discussed generic localized perturbative ground states. To a given Higgs field background
¢ there also exist color vectors A such that the color contracted Higgs field ¢ = 0 vanishes identically. We
say that these color vectors and associated ground states of Q, QT live in the bulk as the groundstates are
now determined by the differential Q = d which is as in chapter 2.4 Whenever ¢ # 0 we refer to the color
vectors and their associated perturbative ground states as localized. Generically the local 1-form ¢, has
isolated simple zeros, this is the case discussed here.
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Half-BPS instantons are field configurations minimizing the Euclidean Lagrangian and
are annihilated by half of the supercharges in Euclidean time. They are distinguished
by boundary conditions fixing the initial and final position of the particle. Field configuration
may only converge to stationary points on Mj allowing for & = 0, i.e., instantons necessarily
connect perturbative ground states. From the Euclidean Lagrangian we obtain the flow and

parallel transport equations
i @) = i Licap, g X GINT =0, DA =0, (6.24)

supplemented with the constraint A\ = 1 enforced by the Lagrange multiplier. An instanton
of the colored SQM solves piecewise and connects multiple perturbative ground states.
We refer to instantons of the SQM as generalized instantons whenever they connect more
than two perturbative ground states, this more general class of instantons is absent in SQMs
without A, A color degrees of freedom.

Instanton connecting two perturbative ground states, as familiar from Witten’s SQM
or Morse theory, start out at a point (x4, 4) € ad Papg satisfying ¢y, (x4) = 0 where
the color contracted Higgs field ¢y, is given in (6.20). From this initial configuration the
instanton flows on Mj along a path vy determined by the 1-form ¢y, where A(7) is the
parallel transport of A4 along the path v with respect to the background connection A on
Ms . The flow can end at a point (xp, Ag) € ad Papg satisfying ¢, (zp) = 0. Summarizing

we have

(1) = £dx(r)
D X(1)=0

(A, Aa), dr,(za) =0 (B, AB), ¢rg(zB) =0, (6.25)

where 7 runs from —oo to +oo from left to right. Completing the square in the Euclidean

Lagrangian, instanton effects are found to be suppressed by

400 )
Sinst = :F/ dTiZ(JS)\,Z‘ >0, (6.26)

— 00

where the sign depends on whether ascending or descending flows are considered in (6.24)).
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Figure 6.1: Sketch of an instanton connecting three perturbative ground states labeled by
(xa,A4), (zB,AB) and (zc, A\¢). The color degrees of freedom are valued in the pull back
bundle z*(ad Paopg) and are depicted as internal vectors attached to the localization site of

the perturbative ground states. The three legs of the instanton are piecewise determined by

the flow equations ((6.24)).

Generalized instantons connecting three perturbative ground states are pieced together
from flows parametrized by half-lines where 7 runs from —oo to 0 or from 0 to +o00 on each
segment. We depict such a generalized instantons connecting three perturbative ground
states labelled by (z4,Aa), (zp, A) and (z¢, A¢) in figure[6.1] Along each leg the instanton
is determined by the flow equations and boundary conditions imposed at the junction
and perturbative ground states. We discuss these generalized instantons in greater detail in

section [(.2.2]

6.4 SYM and SQM

The colored SQM is a powerful computational and organisational tool when applied to the
compactification of the partially twisted 7d SYM on Ms, we briefly discuss the dictionary
between the SQM and SYM which follows from .

The perturbative ground states of the SQM are to be identified with the ap-
proximate zero modes of the partially twisted 7d SYM. As a consequence the matrix
elements of the supercharge Q with respect to the perturbative ground states is given by the

mass matrix (6.2)) of the 4d modes associated with the approximate zero modes. The ground
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states of the SQM then determine the massless spectrum in 4d . The identification
of perturbative ground states and approximate zero modes allows for an interpretation of
the Yukawa overlap integral as a tunneling amplitude. States occupying two pertur-
bative ground states x4, xp can tunnel to a third y¢ and the overlap Yapc then gives the
amplitude for this process. This extends the table following .

The treatment of the SYM in this thesis part is purely classical and the effects computed
by the SQM are the leading order effects in a standard Kaluza-Klein reduction of the field
theory. The overlap integrals result from standard expansions in zero modes, massive modes
are simply truncated as they do not contribute in the large Higgs field limit ¢ — oo. Away
from this limit quantum effects enter and their analysis poses an open problem.

The non-perturbative effects of the SYM derived from an ALE-geometry are understood
to originate from M2-brane instantons wrapping supersymmetric 3-cycles. In the SYM
these effects are in correspondence with flow trees of the Higgs field which are given by
the projection of the supersymmetric 3-cycle to the base M3, see e.g., figures and
These flow trees are precisely piece-wise solutions to the flow equations and thereby
in one to one correspondence with the generalized instantons of the SQM. Along these
graphs the approximate zero modes and perturbative ground states have maximal overlap

and consequently these give the dominant contributions to the two integrals (6.2) and (6.3]).
6.5 Higgs Bundles with Split Spectral Covers

The simplest backgrounds to study the correspondence between non-perturbative effects
in the 7d SYM, which originate from M2-brane instantons in M-theory, and generalized
instantons of the colored SQM are abelian solutions to the BPS-equations with split spectral
covers. These backgrounds have previously been studied in [49,/90,(95,/117] and serve as a
precursor to studying abelian solutions to the BPS equations with non-split spectral covers.
The SQM interpretation of chapter [f] emerges as a degenerate case of the colored SQM

formulation.



6.5. HIGGS BUNDLES WITH SPLIT SPECTRAL COVERS 75

Here we find that the single particle sector of the colored SQM decomposes into a direct
sum of Witten SQMs [107], one for each generator of the Lie algebra gapg. These interact
via multi-particle effects encoded in higher order operations on the Morse-Witten complex of
the colored SQM. They originate from M2-branes associated with the Y-shaped instantons

and higher-point instantons.

6.5.1 Colored SQM and Witten’s SQM

We consider backgrounds with a trivial connection dy4 = d and a diagonal Higgs field
¢ = ¢rH!. The Cartan components ¢; € Q' (M3) are 1-forms on M3 solving the sourced

equations (3.9). The color contracted Higgs field ¢y given in now becomes

dr=r (N[0, N) =D al¢rA A, (6.27)

where the sum runs over all roots « of the Lie algebra gapg. The Lagrangian of the SQM

probing the Higgs bundle simplifies from (6.13)) to

1 cd . LT .Y B 71,07 1 %
L= il + iV + i Ag — (V) 097 — 38

2 (6.28)
— iRm‘leWW?ﬁl +¢ ()\B)\B - ”) ;
where 8 =1,...,dim gapg runs over all generators 7% of the Lie algebra gapg. The bundle

geometry is ad PApg = M3 X gapg and as a consequence the Hilbert space (6.16]) which is

now given by Lie algebra valued forms Hpnys. = A (M3, gapr) decomposes into the direct

s ®)
thys. = @ thys. ’
B (6.29)
HO = A (M) & T,
paralleling the decomposition of ad Papg into a sum of line bundles. States in Héi)ys. are

p-forms oriented along the generator 77 in QP(Ms, gapg). Specializing to a Cartan-Weyl

Basis {H I E"‘} of the Lie algebra gapg we can sharpen the decomposition (6.29) to

_ (o) ()
thys. - @thys. @ @thys. ’ (630)
« I
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(a)

phys. 85 the localized sector and to the second summand

and refer to the first summand &, H

@ I%gl)ys. as the bulk sector of this SQM. They are built from

a o I
Hire = AMz) @ B, HG) = A (Ms)® H. (6.31)

The supercharge Q respects this decomposition as all component functions ¢; of the Higgs

field ¢ = ¢;dx’ are valued in the Cartan subalgebra, i.e., it restricts to operators on the

subspaces ((6.31))
QW . HW o HY . X@E® — (dy+alérnx) @B, o)
ol i)~ ul) . xeH! » dyoHT,

where y € QP(Ms) is a p-form on Ms. The Hamiltonian H = %{Q, QT} decomposes

similarly into restrictions as (6.32)) which govern the time evolution of states of definite color

g 1 {Qm), Q(a)T} o= % {9(1)7 QUH} , (6.33)

Stripping off the trivial Lie algebra generator in each sector we obtain Hamiltonians acting
on the exterior algebra A(Ms). We thus find a copy of Witten’s SQM for every Lie algebra
generator and more precisely obtain the correspondences

E® € gapE &~ Witten’s SQM with supercharge Q = d + !¢/,
(6.34)
H! € gapE &~ Witten’s SQM with supercharge Q = d.

The study of colored SQMs with split Higgs fields thus equates to studying the interaction

between the family of (uncolored) SQMs (6.34]) embedded within it.

6.5.2 Partial Higgsing

When the group Gapg is only partially Higgsed the correspondence ((6.34) degenerates.
Consider the rank n Higgsing

Gape — GgurxU(1)",

6.35
AdGape — (AdGGUT®1)@(1®AdU(1)n)@ZRQ> (6:55)

Q



where @ = (q1,...,¢n) is a vector of U(1) charges. Then for every generator E“ € Rg the
supercharge of the associated SQM reads Q@ = d + Q' ¢;A. The correspondence ((6.34) can

be rephrased as
Rg > Witten’s SQM with supercharge Q = d 4+ Q ¢A, (6.36)

making the degeneracy manifest. Representation not transforming under U(1)™ correspond
to a free SQM mapping into M3 whose supercharge is the exterior derivative. This set-up

is the one described initially in chapter

Chapter 7
Yukawa Couplings and Higher-Point Interactions

In this section we discuss the interactions of localized mattell We consider the case of
a fully factored spectral cover first. In M-theory interactions between localized matter
fields come from M2-instantons wrapped on calibrated 3-spheres of the local ALE-fibration.
This is simply a generalisation of the results of section [5.2] where we interpreted non-
perturbative mass terms as arising from M2-instantons wrapping three-cycles which connect
two critical points over a gradient flow line. For higher point interactions these three-cycles
project to gradient flow trees on M3 and studying the moduli space of these constrains
the corresponding interactions in 4d. For example, Yukawa couplings must support a cup-
product structure on the associated Morse-Witten complex.

Consider in this section again the background of section [£:2] globally on M3 we have
(6) = diag(h1, -+, A) = S H'dfi, Afi=pi, /M pi=0. (7.1)
i=1 3

The matter content is summarized in table {1l We first consider interactions between
fields resulting from the expansion of the approximate zero modes ((5.6) and (5.7). The

interaction between the true zero modes then follow by linearity. Leading order corrections

'For the interaction between bulk and localized matter we refer to section 6.1 of [1].

7
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Figure 7.1:  Gradient flow tree for Yukawa couplings. The picture shows three critical
points p; of the functions f; of Morse index puy (p;) = 1. The gradient flow lines v(f;)
of the f; are marked by arrows. Every f; controls the size of a 2-cycle «; which has the
topology of a two-sphere and collapses over the points p;. The three three-chains formed by
fibering the two-spheres «; over the segments (f;) can be joined at their meeting point as

a1 + ag + az = 0, and the resulting three-cycle is expected to be an associative.
to these couplings are obtained from integrating out states with masses purely induced by
M2-instantons as discussed in section [5.21

Yukawa couplings can be approached by either arguing M2-brane instanton contributions
in M-theory as in [112]| or studying non-perturbative effects in the 7d SYM. Higher-point
interactions can only be analysed from the first perspective. Non-renormalizable interactions
do not descend from the 7d SYM via a simple zero mode expansion and we argue their
contributions from M-theory generalizing results for Yukawa couplings. The quantative
analysis of Yukawa couplings requires the colored SQM interpretation of the relevant overlap

integral which allows for their computation via supersymmetric localization.
7.1 Yukawa Couplings from the 7d SYM

For Yukawa couplings to occur we need a rank n = 2 Higgs bundle (or higher). There are
two Morse functions fi and f2 and the combination fo = q1f1 + g2f2. From the effective

field theory we obtain this coupling by expanding the action (2.13) in approximate zero
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modes
YhT = / @R A 00 A qpler) Qp+Qu+Qr=0, (7.2)
M3
where (a,p) refers to the internal profile of the perturbative zero mode localized at the
critical point x, € M3 transforming in Rg,, specifying the indices in (6.3). The profiles
wedged in the integrand of ([7.2)) are all of the form (5.6). The Yukawa couplings arise from
M2-instantons wrapping associative three-cycles. To characterize the three-cycles consider

the Morse functions

Q1= (170)7 Q2 = (Oa _1)7 Q3 = (_L 1)
fQ1:f17 fQQZ_f27 ngZ_f1+f2:f37 (73)

which describe an SU(3) ALE-fibration over the base M3. Each of the functions f; controls

the volume of a corresponding two-sphere a; in the ALE fiber, which satisfy
ar+ar+a3=0 (7.4)

in the homology of every fiber. Recall that a; shrinks to zero volume precisely over the points
pi; where df; = 0. To every gradient trajectory «(f;) starting at a point p; we can associate
a 3-chain, which is given by tracing out the corresponding «; in the ALE-fibration. Given
three sufficiently generic Morse functions f;, there will be finitely many gradient flow trees
connecting the three critical points p; (see figure . Adding the associated three-chains
produces a three-cycle, the boundary of which is given by >, a; in the ALE fiber. We may
produce a closed three-cycle with the topology of a three-sphere by adding a three-cycle 3
such that 98 = a1 + aa + a3. Moreover, this S? is expected to be an associative, since it
projects to the tree of gradient trajectories and hence minimizes the volume among all the
three-cycles which project down to trees connecting p;, p2 and ps. Wrapping an M2-brane
on such a cycle gives rise to Yukawa couplings between modes localized at the critical points
of f1, fo and f3. Consequently, the overlap integral vanishes if there exists no trivalent

gradient flow tree connecting the critical pointﬂ

ZMassless chiral multiplets are found when expanding the 7d action in true zero modes. These are in
general linear combinations of the localised perturbative profiles used in ([7.2]). The relevant linear combina-
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Figure 7.2:  Construction of three-cycle that gives rise to the Yukawa couplings in the

spectral Cover picture. The critical loci p; correspond to the loci where two of the weights
A; are equal, i.e., the corresponding sheets of the spectral cover meet. The uplift of the
gradient flow lines y(f;) sweeps out the associative three-cycle S® that can then be wrapped
by an M2-instanton. This gives rise to the coupling between the three matter states localized

at \; = 0. The combined flow lines give rise to the gradient flow tree vy(f1, f2, f3)-

Similarly, in the spectral cover description, the Yukawa coupling is modeled in terms
of a three-sheeted cover, which is determined by the graph of df;. The segments of the
gradient flow trees determined by the function f; thus lift to paths on the corresponding
sheets; see figure The paths connect the points where two sheets pairwise intersect.
One can think of the 2-cycles a; in the ALE-fibration as being stretched between the sheets
and the corresponding cycle collapses precisely at points where two sheets meet.

The strength of these interactions is governed by the choice of functions f;. The three-
sphere giving rise to the Yukawa coupling is a supersymmetric rigid homology sphere within
the G-manifold and its contribution to the superpotential is again given by . The
sign n, = %1 arises in the same manner and is given by an orientation on the moduli space
of gradient flow trees. As the Higgs field ¢; and the gauge field W; are identified with the

periods of the supergravity 3-form C' and associative 3-form @ the integral is evaluated as

i

Here, we have used that we can gauge the background for the gauge field W; to zero.

3

/53(C+iq>) - Z/v(fj) /aj(CJriq)) - é[/(m (Wj +ig;) =i

e 7=1

3
J=

tdfg,, (75)
15)

tions are determined by the Morse-Witten complex. The overlap integral determining the Yukawa couplings
between the massless modes are thereby linear combinations of ((7.2).
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Evaluating the final integrals and using that the homological relation between the « implies

S22 fi = 0 we find
3
AW ~ nyexp (— thQi (pz)> . (7.6)

=1

We now make this M-theory derivation rigorous by computing the Yukawa overlap integral

directly via supersymmetric localization in the colored quantum mechanics.
7.2 Yukawa Couplings from the colored SQM

We now compute the Yukawa overlap integrals for the fully reducible (split) Higgs field
background and discuss their interpretation in the colored SQM. We further restrict
to backgrounds for which the gauge group has been Higgsed to its maximal torus U(1)"
where n is the rank of the gauge group G. Consquently the representations Rg in
are one-dimensional and labelled by roots « of the Lie algebra g. Here the n-component
roots play the role of the charge vector () in and the Higgs field ¢ = ¢! H; determine
the charge weighted Higgs field, given in (#.22)), to o’¢; = oldfr, which is a 1-form on M3
derived from the Morse function af f;. Backgrounds preserving a non-abelian gauge group
G in 4d are discussed subsequently and occur as a degenerate case of this set-up with some
Cartan components ¢; tuned to vanish.

We first discuss how the approximate zero modes appearing in the integrand of the
Yukawa integral are organized by the colored SQM into a Morse-Witten complex.
This Morse-Witten complex is the direct sum of the complexes associated to the SQMs in
(6.34). The Yukawa overlap integral then gives a cup product mapping between these

complexes.

7.2.1 Organizing Approximate Zero Modes

Each approximate zero mode is a Lie algebra valued 1-form and oriented along a Lie alge-
bra generator E%. Taking the trace in (6.3)) results in the integral of forms (7.2). Linear
combinations of these modes constitute zero modes along M3 and are determined by the

cohomology groups of the Morse-Witten complex associated to the function of f; on Ms.



7.2. YUKAWA COUPLINGS FROM THE COLORED SQM 82

With this the Morse-Witten complex of the colored SQM is built from the free abelian groups

CH(Ms, ¢) generated by the perturbative ground states (6.22)) over the complex numbers

CH(Ms, ¢) = EBCW (Ms, o’ p),

(7.7)
CHo(Ms, o ¢ 1) @cm, a) = CH(Ms, ¢) ,

where p fixes the degree of the perturbative ground state as a differential form. It is graded
by the fermion number operators associated with the fermions 1,1 and A\, A\. The super-
charge gives rise to the boundary map on the complex and as a consequence of the
decomposition the colored Morse-Witten complex is found to decompose into multiple
standard Morse-Witten complexes whose chain groups are Ck (M3, ¢) for fixed color a. We
take capital latin indices to run over generic perturbative ground states of the colored SQM
and decapitalized latin indices to run over all perturbative ground states of a fixed color, or
equivalently over all perturbative ground states of a subcomplex of the SQMs in .
The color restricted supercharge Q(® of now gives rise to the standard boundary

map [107,108,/110] generated by oriented flow lines (6.24]) of a’¢; we have

C3(My, 6) ¢2 C2(My, ¢) €2 CL(My,§) 2 (M, ). (7.8)

The adjoint of the supercharge Q@ maps in the opposite direction. There is no such
complex for colors in the bulk of the SQM. Each of the complexes can be analyzed
separately and its cohomologies are the Novikov/Lichnerowicz cohomologies [111}/118/119|
with respect to the closed 1-form al¢; on Ms. The cohomology groups of the supercharge
Q of the colored SQM thus decomposes into a direct sum

HH(Ms, gapg) = (@ Hag (Ms) ) P  Hion.(Ms,a'¢r) | (7.9)

E~ €gapE

where each summand is in correspondence with an SQM of . Here the exact 1-forms
al¢r = aldf are derived from Morse functions o f; and the complex is that of Morse
theory on a manifold with boundary, as discussed in chapter @ The boundary ¥ = ¥ UX®

follows from excising the source terms and is again partitioned according to the direction
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of the 1-form a!¢; with respect to its normal vector. In the notation of chapter |5 we find

(7.9) to simplify to

Hé(Mg,gADE)%<@H$R(M3))@ P H M| . (7.10)
I=1

E> €gapE

7.2.2 Yukawa Integrals as Cup Product

The complexes of different color can interact via a cup product originating from (|6.23))
and mediated by Y-shaped instantons. These multi-particle effects are absent in ordinary
SQMs. Consider three perturbative ground states
Xa = |Ta; A, pa) € Q' (M3) ® B,
Xo = |20, A%, ) € QF0 (M3) @ EP, (7.11)
Xe = |Tey AT, pie) € QFe(M3) @ E7
which we assume to be energy eigenstates with energies Ep, of the Hamiltonian H =
%{Q, Q}. In general energy eigenstates will be linear combinations of the perturbative
ground states to which the arguments below extend naturally. We further restrict to cases
which allow for the normalisation x(T},Ty) = dq of generators to simplify exposition.
The Y-shaped instantons determine the leading order contribution to the overlap integral

(6.3). The integral vanishes unless three selection rules are satisfied
o + [y = Hc, o+ ﬁ =7, EO,a + EO,b = EO,C . (712)

If these are satisfied the Yukawa integral can be simplified to

YJE?:/ <Xc,[xaA,xb]>:/ X A x @ A XD (7.13)
MS M3

where we took the trace over the Lie algebra generators in the second equality and made the
complex conjugation in the first factor explicit. Here the raised indices («, 3,7) refer to the

differential form part of the perturbative ground state stripped of its Lie algebra generatoxﬂ

3The connection to (7.2)) is made by the isomorphism (2.44) together with some change in labels which
reflect that the formula (7.2]) holds in the degenerate, but physically interesting setting (6.35]) of partial
Higgsing.
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We evaluate this integral in three steps. The first step consists of rewriting the per-
turbative ground states as projections of profiles which are highly localized at the point
x, € M3 associated to the perturbative ground state with » = a,b,c. We then rewrite the
overlap integral as a path integral of the colored SQM in which the unprojected localized
profiles go over into boundary conditions. This path integral then splits into three pieces
each associated with a definite color which we evaluate via supersymmetric localization.

To begin note that the operator creating a perturbative ground state can be rewritten

as
—iHT iHT
e iU, e!

Xy T () = e (71
where 0 < 0 < 1 and r = a,b,¢c. The Hamiltonian H is the Legendre transform of the
Lagrangian given in (6.28). Here ¥, = gl e (no sum) creates a Lie algebra valued
ur-form oriented along the generator E“ whose compact support only contains the point
z, € Ms and no other points at which perturbative ground states localize. The slightly
imaginary limit projects W, onto the state of lowest energy with non-trivial overlap, this

state is x,. Using the basis
B={Xa!), Xgila), AGi|), X it |a) | (7.15)

for the Hilbert space (6.16)) we extract the component functions. Here o = 1,...,d and

1,7,k =1,2,3 and x € M3. We separated these delta functions by their degree as differential
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forms. With respect to this basis we have

(@)
(ol ), @)= @A 0, | J0)

(3! "i#r
i o —iHT —iEo T -1
B Tﬁfléon(ll+i5) (@A, 4, (e W) (750 (xe W) [0)
: —iFEg T -1 o —iHT
=, Mmoo (e (e [0r)) (@[ Ay iy, e
= l 7/L'E0,7‘T r \Il’r‘ -1
po 0y (670 ()

X (A, .y, e T (Z )l + 3 I <n|) %)

— i —iEg, T , \I/r -1 o P —itHT , ; \I/r
P dim (T O W) @A v, e ) (o)
= (@A i, .. i, [Xr)

= X7(“,O7CL)1...Z'#T (),
(7.16)

which proves (7.14). Here the sum )  runs over all perturbative ground states while the
sum ) runs over all higher energy eigenstates in the physical Hilbertspace Hphys. of .
The support of the states W, is localized at z, and excludes the sites of localization of all
other perturbative ground states. Consequentially (xs|¥,) = dsr (xr|¥r) holds. Note further
that we can anticommute the color fermions A, A past another in which results in a

simplification of the Hamiltonian evolving the states. We have

(o) _ : , , —iH®OT () (,—iEo,rT -1
Xr,il...iuT (x) - T—)—léon&ll-i-i(S) <l’|’¢121 te QJZJZMT (e qlr > (6 0 <Xr|‘1jr>) |0> 5 (717)

where H(® is the Hamiltonian given in (6.33).

Next we rewrite the overlap integral ([7.13]) using the expression (|7.17)) for the profile of

the perturbative ground states

1
y By — i J3 —i(Eo,a+Eo,s—FEo,c)T o, o .
= (e (ala) ol ) T )
—iH(®) o
x (@|Yiy - . i, (6 AT g )> |0)
—iH®B)
X Az by, (6 " T\Ifff)) 10) (7.18)

dHO) =
X (T ky ks (e HOT \IJC”)) 10)

% Eil...iuajl...jubkl...kg,,#‘:
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We take ¥, to be J-function like supported at x,., rescale the Higgs field ¢ — t¢ and from
now on work to leading order in 1/¢. In the ¢ — oo limit the profile of the normalized

perturbative ground states x, increasingly localizes at x, . To leading order we thus have
(o) =14+ 0(1/1). (7.19)

The energies cancel by (7.12) and together with ((7.19) we find (7.18) to simplify to

Yogﬁ'y — lim / d3x Eil'“i#ajl“'jubkl"'k?}*,uc
ave T——00(1446) J M

X (i, i, (7T TU) (0)
x (@l - - i, (e—“¥“”fwg”)\o> (7.20)
, , iHOT 5 (V)

X Ax|Piy s, (€ * W, ) 0)

+O(1/t).
We now transition to the path integral representation by rewriting each matrix element
above as a separate path integral. These are associated to paths with time intervals (7', 0],
and [0, —T').. The profiles ¥, are supported at z, and give rise to boundary conditions for

the path integral at infinite times. All in all we have

3 _ _ _
Yabc = / d Zo / H dxaﬂ' d%; dwa,’r d'rb,T dwb,r dwb,T H dxc,T d¢c,7 dwc,’r
Ms o< T <0 0< T <00
ZTa,—oco0 = ZTa Te,oo =ZTe
Th,—co = Th

exp [i (5w, G, Bl + SO, Y1, 0] + SO e, s Bl ) | + O/,

(7.21)
Here we have introduced the half line actions
0 0 00
s@:/ dr L) 5@2/ dr LW, SW:/ dr L, (7.22)
—oo —o 0

where the color restricted Lagrangians £(® are the Legendre transformation of the color
restricted Hamiltonians . These actions are associated with the time intervals (7', 0],
and [0,—T). in the T — —oo limit. The slightly imaginary limit makes the Feynman
propagator the relevant propagator here. Further we have have written x(7) = z, and

denoted the three paths generated by insertions of the identity operator by the labels a, b, c.
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Note that these are only defined on half of the real line. These are constrained to start or
end at the points x4, zp, . € M3 where the perturbative ground states localizes at infinite
time and join at a common point xg € Ms.

The expression is technically not a path integral, the space of field configurations
integrated over is that of all Y-shaped graphs whose end points are given by z4p.. We
depict such a configuration in figure [7.3] In the SQM Y. is to be identified with the
tunneling amplitude of two particles of color A4, Ay located at x,, xp respectively combining
to a particle of color A, located at x..

As the final step we now evaluate the integral via supersymmetric localization.

We rotate to euclidean time 7 — —i¢7 and denote the resulting actions with a subscript, we

have
Ya%fv = / d3x0 H /Dererqpr e*S%ar)[xTWrﬂZJr] + O(l/t) . (7_23)
Ms r=a,b,c
ar=a,B,y
The total action
Sp =S 450 4 50 (7.24)

is not invariant under the supersymmetries derived from (6.14). Half of the supersymmetry

is broken by the boundaries of the actions (7.22)), explicit computationﬁ yields
6SE = & (W} daq + Yhdng + Yides) g (7.25)

whereby only the symmetry generated by € is unbroken. Considering the factors of
separately we see that the path integral thus localizes to ascending flow-lines of the 1-forms
algr, Blor on each leg emanating from Zqp and to ascending flow lines of vIér on the
leg ending at x. of the Y-shaped configuration depicted in figure [7.3] These flow-lines are
required to meet at a common point zg € M3 at time 7 = 0. We refer to such a BPS
configuration as a flow tree I'gp.. In a three dimensional set-up the only relevant triplet of

perturbative ground state have degrees p, = pup = 1 and pu. = 2 as the D-term constraint

“See appendix C in [2] for details.
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excludes perturbative ground states of degree 0 or 3. The moduli space of such flow trees is
generically zero dimensional which follows by dimension count. Ascending, descending flow
lines emanating from a point of Morse index = 1,2 sweep out a manifold of codimension 1
respectively. A common point of these flows is obtained upon intersecting these submanifolds
whose expected codimension is 3. Due to the common center point x( there is no zero mode
associated to time translations.

With this we localize on Y-shaped flow trees as depicted in figure [7.3] The standard
localization computation then gives the result

Yaolgf/y - Z(i)Fabc xp <_t\/F aI¢I —1 BI(ZSI + t/ ’YI(bI)

Cabe Fﬁ F’Y
+0(1/1),

(7.26)

where I', with ¢ = «, 8,7 are flow lines of the 1-form ol¢; originating and ending at the
respective perturbative ground states at z, ;. and xg. They glue to the flow tree ', over

which the sum runs. The sign (+)r,,. denotes a fermion determinant. When o ¢ = df(?)

ab

is exact this simplifies to
V3 = 3 (@ exp (17O (wa) — 1/ (@) + 150 @) +O/).  (127)
Tabe
For exact Higgs fields df(®) the moduli space of Y-shaped flow trees has been described

in [120], where it is shown to be an oriented 0d manifold, the relative signs (£)r,,, are then

abc
a choice of orientation on this discrete moduli space.

The overlap integral Y. therefore gives rise to a map between the chain groups of

Morse-Witten subcomplexes

Y =[-A,-]: Che(Ms)x CL(Ms) — Chel™(Ms), (7.28)

which maps pairs of perturbative ground states according to the Y-shaped flow trees

(Xarxp) = D Y57y, (7.29)
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Xa,0 = Xp,0= X0

7>0Y

Figure 7.3: The figure shows an example of a Y-shaped graph whose end points are fixed
at the points z4p.. It is parametrized by two copies of R_ and one copy of Ry . The
set of Y-shaped graphs constrained in this manner constitute the configuration space the
path integral in ([7.20)) localizes to. These Y-shaped flow trees are examples of generalized
instantons which are a novel phenomenon of colored SQMs.

where x4, Xb, Xc are carry color afv and are given in ([7.11). Ground states of the colored
SQM are linear combination of perturbative ground states and thus the map Y descends to
the cohomology of the colored SQM complex ([7.7)) where it describes a cup product.

We briefly describe the generalization to higher point interactions. However note, that
the partially twisted 7d SYM does not derive these in terms of overlap integrals, rather we
will argue for these geometrically in the next chapter.

The Massey products m,, of length n generalize the cup product Y. These are realized
by gradient flow trees connecting n + 1 perturbative ground states and are associated to a

collection of Y-shaped gradient flow trees and gradient flow lines. We restrict our discussion

to the Massey products of length 3 which are given by the map

mg i Che(Ms) x C*(Mg) x Cle(Ms) — Chethothe=l(Msy) (7.30)

and is defined by

(|xa7)\a7ua>? |$b>)‘I87/~Lb>7 |LL‘C,>\’Y,,LLC>) = (_1),U4a+Hb—1Y(S’ ‘:L'Ca)"yvﬂc>)
(7.31)

+ (_1)Mb+ﬂc_1 Y(|J;CL> )\av Ma>7 T) 9
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T-channel

Xp X

X S-channel X fop o

Ybe

Yab YCd

foptfo=-fa.,tfaq
_ch+de
Yad

Xp fo,Haop=-fatfaq X4 oty

Figure 7.4: Picture of the flow trees contributing to the Massey product of length 3. Two
summands marked with S,T respectively contribute to the Massey product mg in .
Pictorially these are given by S-channel and T-channel like contributions. The Massey
product ms maps perturbative ground states localized at the points x,, 3, . to one localized
at 4. Both channels are a given by two Y-shaped gradient flow trees connect by a gradient
flow line. This structure descend from which involves two cup products Y and a
single boundary operator Q. Here we assume globally exact Higgs fields ¢q, = dfg,. In the
picture we mark the functions governing the gradient flows. Two intermediate perturbative

ground states are label by v, for each channel.

where S, T are perturbative ground states determined by the reverse flows

QS = (_1)Ma Y(|$a, )\oz’ ,ua>7 |$b, )‘ﬁv N’b)) ’
(7.32)

QT = (_1)Mb Y(|xb7 )‘ﬁ7 ,Ub>a ’3307 )\’\/’ MC>) .
Up to signs these maps are easily understood as concatenations of gradient flow lines and
Y-shaped flow trees. The quantities Y (S, |zc, A, tte)) and Y (|xq, Aa, fta), T') corresponds
to s,t-channel like graphs respectively. They are depicted in figure [7.4]. General Massey
products of length n are described similarly. By linear extension all Massey products m,,

descend to the cohomolgies of the complexes of ([7.8]).

Summarizing we note that the set of perturbative ground states of the colored SQM can
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be organized into separate Morse-Witten complexes whose boundary maps are given by the
color restrictions Q@ of the supercharge Q. The supercharge Q giving rise to boundary
maps. These complexes interact via the cup product Y and Massey products m,, withn > 3
which give rise to 3-point and (n + 1)-point tunneling amplitutdes among the perturbative
ground states. We summarize the corresponding geometrical and field theoretic structures
in . Generalizing from and the massey products are in correspondence with

irrelevant couplings in the 4d N' = 1 gauge theory.
7.3 Associatives and Gradient Flow Trees

The generation of Yukawa couplings and mass terms from associative three-cycles which
project to flow trees on M3 has a natural generalization |120|, which in the effective theory
realizes higher point couplings. We briefly touched on their cohomological properties from
the perspective of the colored quantum mechanics, but did not give a global characterization
of these structures. Further the partially twisted 7d SYM does not give an expression in
terms of overlap integrals for the higher point couplings and so we must resort to geometric
reasoning and dimensional analysis to argue for these non-renormalizable couplings and
determine their strength. Here we close this gap taking a more geometrical point of view.
We consider a setup in which G| = S[U(1)¥], so that the Higgs background is described
by k smooth Morse functions f;. As the associated two-spheres «; in the ALE fiber sum to
zero in homology, the same must be true of the functions f;. Choosing a critical point p; of

each f; with Morse index pu(p;), one can define the moduli space of gradient flow trees

M(M;f17"')fk;p17"‘7pk))) (733)

as the set of gradient flow trees with external vertices p1,...,pr such that the lines ema-
nating from p; are ascending gradient flow lines of f;. These form the external edges of
the gradient flow tree. Of course we also allow for internal vertices and edges. The flow of

these is governed by the associated integral linear combinations of the f;, which are in turn
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P4

Ps

Ps

frthths

P> P1
oy +oytagtaytas=0
Figure 7.5: A gradient flow tree with 5 external vertices of Morse index 1.

determined by a charge conservation constraint. This moduli space M has dimension

k
dim M(M; fuo- o fisprseeopi) = k=Y p(pi), (7.34)
=1

and there are thus finitely many gradient flow trees connecting k points of Morse index 1.
An example of a gradient flow tree for the case of k =5 is shown in figure

As before, we can construct a three-cycle by fibering the two-sphere « associated with
the Morse function f over each segment ~(f). This both guarantees that we end up with
an associative, and also that « collapses at the end-points of the flow tree. Furthermore,
the fact that we have a tree in M3 implies that the resulting associative three-cycle has the
topology of a three-sphere, so that it contributes to the effective superpotential. Using the

same manipulations as in ([7.5)), we can compute the volume of such a 3-sphere ~ as
k
Vol y(fr,- - frspr- o) = D filpi) - (7.35)
i=1
so that the resulting contribution to the superpotential is
1 B U
AW ~ 7Mk‘73 Z n,ye 2121 fl(paz) . (736)
@ v

The scale My is set by the vev of ¢. Note that there can in general exist several flow trees

connecting matter localized at the same loci p;, which can cancel out.
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P1 P4
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Figure 7.6: The figure shows how perturbative ground states participate in 4-point interac-
tion between states localized at p1, p2, p3, p4. The gradient flow tree consists of two trivalent
trees connected by a gradient flow line between ps and pg. We have indicated the relevant
Morse functions and Morse indices in the picture. The states localized at ps and pg are lifted
by instanton corrections and develop a mass m ~ Myygt. In the 4d effective field theory this
gives rise to a 4-point interaction.

The modes participating in the Yukawa (and higher) couplings are not just the massless

states, but in fact all perturbative ground states of the SQM. Below the mass scale
Mgt ~ Mye ™V (7.37)

induced by associates over flow lines between two points, we may integrate out the cor-
responding massive fields, thereby generating higher-dimensional operators in the effective
field theory. As My, < My these corrections are dominant compared to the couplings
induced between the same fields by associatives. An example is shown in figure [7.6]

For non-generic choices of the charge distribution the moduli space of gradient flow lines
may increase and is no longer valid. In this case the moduli space of gradient flow
lines is not discrete but of dimension 1 and isomorphic to a circle. In the ALE geometry this
corresponds to a continuous family of associative submanifolds. In [113| it is shown that the
contribution of such a family C of associatives is proportional to x(C).

In the more generic set-up of unfactored spectral cover of rank n the Higgs background
can only be diagonalised locally as in . The source terms p in the BPS equations
are now oriented arbitrarily along G breaking the gauge symmetry to its commutant G

in G. Assuming we can diagonalizing the Higgs field in a tubular neighbourhood T' of the



singularity as
U(z)p(x)U Y (z) = diag(A(2),. .., \(x)) €T Dsupp(p), (7.38)

we can impose boundary conditions on our field content as in section .2 and proceed with
a local analysis. Chiral multiplets still localize at the vanishing points of the Higgs field
and the boundary conditions again preclude perturbative zero modes from localising at the
boundary. Due to the mixing of the sheets of the spectral cover the background is no longer
determined by a set of globally defined functions and we can not relate the cohomologies of
D counting the zero modes to de Rham cohomologies. The local geometric picture however
persists, all interactions are determined by three-cycles of the ALE geometry as in the
previous sections with strengths determined by their volumes as in .

Finally, let us briefly comment on the case in which the critical loci are circles, i.e., we
are allowing fg to be Morse-Bott. Perturbing the set-up slightly we return to the case of
Morse theory. The ground states of now decompose into multiple perturbative ground
states

alNp, — i=1,...,n, (7.39)

\/15 Ub
where we have assumed that the circle decomposes into 2n critical point of which n have
Morse index 1 and n have a Morse index of 2. The forms 7; are 1,2-forms depending on
whether « is a 0, 1-form and localize at these critical points of Morse index 1, 2 respectively.

We further assume that the states a A1 and n; are of unit norm. After this perturbation,

the previous analysis applies. The true ground state corresponding to o A v is

\/15 Zln (7.40)
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Chapter 8
Higgs Bundles and TCS (Gs-manifolds

In this section we consider local models associated with twisted connected sum (TCS) Ga-
manifolds, which form the largest known class of examples of compact Ga-manifolds [37[38].
The TCS construction has by now been covered extensively in the literature, so we will
only briefly recapitulate the main points and refer the reader to [37}38,/45] for further
details. In a nutshell, the power of the TCS construction is that it shows how compact Go-
manifolds can be glued from simpler building blocks, which can in turn be constructed using
algebraic geometry. Although this makes finding examples relatively straight-forward, TCS
Go-manifolds appear to be a rather special class within the set of all Go-manifolds [45]. Our
analysis of local models for Ga-manifolds allows us to move away (at least in local models)
from the TCS description and explore how to connect TCS Go-manifolds to Go-manifolds

giving rise to chiral spectra.
8.1 TCS Gy-Manifolds

The basic ingredient for the twisted connected sum construction is a pair of algebraic three-
folds Z4, which each admit a K3 fibration
Sy —Z4
Ly (8.1)
Py

with generic K3 fiber S1. The manifolds Z1 have to satisfy

c1(Zs) = [S+], (8.2)

i.e., the first Chern class of Z1 must be equal to the class of a generic K3-fiber. With some

further assumptions on the topology (see [38, Definition 3.5]) Zy are then called the building
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Slx Z,\S,° HKR S'x 7 \S°

- O
-

N

Figure 8.1: TCS construction of Go-manifolds. Top: Building blocks that are aCyl Calabi-
Yau and hyper-Kéhler rotation (HKR) in asymptotic cyclindrical region. Bottom: Higgs
bundle data. The critical loci of the Morse-Bott function f (in yellow) and the charge
configuration p (in red and blue) corresponding to the local limit of a TCS Ga-manifold.
The figure on the top shows the decomposition of S% into C4 x SL and the figure on the
bottom shows the location of the same critical loci and charges in a patch R3 of S3. Every
every circle in X4 X Sﬂ_ has linking number one with any of the circles in X, x S}I—' Note

that charge conservation requires that not all loops carry identical charges in this example.

blocks. Excising a generic fiber S from Z4 one obtains a pair of non-compact threefolds
Xy = 74\ SY, fibered over a punctured Riemann sphere,
St —X4
bre (8.3)
Ct
which are asymptotically cylindrical (aCyl) Calabi-Yau threefolds. Away from a compact
submanifold, the X4 have the topology of the cylinder R* x Si’ 4 X SQ and the Ricci-flat
metrics on X1 asymptote to the Ricci-flat product metric on this cylinder. The situation is
sketched in figure [8:1]
To form a compact Go-manifold, the aCyl Calabi-Yaus X4 are then multiplied by an

extra circle S;,i and glued together along a their cylindrical regions. The diffeomorphism
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used for the gluing exchanges the ‘internal’ circles Sa 4 with the ‘external’ circles S;F and
identifies the K3 surfaces S% by a diffeomorphism which induces a hyper-Kihler rotation,
or Donaldson matching,
Re(Q7°) = w
(8.4)
Im(Q%%) = — Im(Q2").
Here, Qi’o and wy are the holomorphic (2,0) forms and Kihler forms on S which are
induced by the complex structures on Xi. The compact topological manifold J resulting
from this gluing then admits a metric with holonomy G, which is close to the Ricci-flat
metrics on X4 X S;i. More precisely, there exists a limit, which we will call ‘Kovalev
limit’, in which the cylindrical region becomes arbitrarily long and in this limit the Ricci
flat Gs-holonomy metric approaches the Calabi-Yau metrics on X4. In compactifications
of M-theory, modes localized only on X X Sé Lor X x 817_ give rise to subsectors with
enhanced N = 2 supersymmetry in four dimensions. These subsectors are coupled such that
they mutually only preserve N' = 1 supersymmetry, and we may think of the parameter T'
which controls the length of the cylindrical region as the inverse of their coupling [43}46].
As both X4 x S;i are fibered by K3 surfaces and the gluing acts separately on the fiber
and base, J is (topologically) fibered by K3 surfaces as well. The base of this fibration is a
three-sphere S2 glued together from two solid tori. We can hence think of the local models
associated with TCS Go-manifolds as describing an ALE space which is cut out from the K3
fiber over a base space M3 which is S3. To engineer non-abelian gauge groups, every ALE
fiber of the local geometry and hence every K3 fiber of the associated compact Go-manifold
must be singular. It is straightforward to construct aCyl Calabi-Yau threefolds in which
every K3 fiber has a singularity of ADE type and the work of [4546| suggests that gluing

such singular three-folds indeed results in a singular Ga-manifold.

Let us consider this in more detail. Denote the image of

pt : H(Z4,7) — H*(SY,7) (8.5)
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by Ni. The Donaldson matching implies an idenfication of HQ(SQ_, 7) ~ H*(S°,7). Using
this map, every element of

g=N,NN_, (8.6)

gives rise to an associated harmonic two-form on J: the Poincaré dual cycle to such a form
is algebraic for both S, and S_, so that its fibration over the whole base S3 of .J is trivial
and it sweeps out a five-cycle, which is Poincaré dual to a two-form on J. The number of
independent such two-forms on J is simply given by the rank of g [38]. In compactifications
of M-theory on J, there are hence rank(g) massless U(1) vectors from the Kaluza-Klein
reduction of the three-form Cql]

The hyper-Kihler structure on S is forced by the Donaldson matching to be such that
the integral of both Qio and wy vanishes for every cycle contained in g. This means that
whenever there is a root, i.e., a lattice vector of length —2, contained in g, the K3 fibers S?E
are singular. As g sits inside of the polarizing latticesﬂ of the algebraic families X, this
implies that every single K3 fiber has a singularity. The type of singularity can be read of
by finding the sublattice groot C g generated by the roots of g. This sublattice must be a
(sum of) ADE root lattice(s) and its type determines the corresponding singularity and the
resulting simply—lacedﬁ non-abelian gauge group upon compactification of M-theory.

The matter loci in these models arise as the degeneration loci of the singular K3-fibration
i.e., where the singularity worsens. This happens over points in P}, each of which gets mul-
tiplied with a circle in the TCS construction. This implies that in M-theory compactification

on a TCS manifold J, matter is localized along circles. This is true at least in the Kovalev

!There are in general further massless U (1) vectors associated with classes in the kernel of p1 38|, which
associated with the irreducible components of reducible fibers of the K3 fibrations on Z.

2The polarizing lattice of a family of K3 surfaces is the sublattice of H?(K3,Z) which is orthogonal to
029 for all members of the family.

3While this data is sufficient to find the singularities associated with simply-laced gauge groups, it is
slightly more tricky to find non-simply laced gauge groups. Their emergence in TCS G2-manifolds parallels
their emergence in F-theory [121] in that the exceptional divisors of resolutions of ADE singularities of S+
may globally become a single divisor in X+ [45]. In terms of lattice data, this can be expressed by saying
that a cycle of self-intersection n < —2 contained in g can force an ADE singularity in every fiber if it is
a linear combination of —2 curves in Sy or S_ which are all in the polarizing lattices of the families Sy
and S_. The difference between the polarizing lattices and N+ determines the ‘folding’ of the ADE Dynkin
diagram.
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(stretched neck) limit in which the metric on the J is well approximated by the metrics
on each of the building blocks, which can be thought of as being contained inside J (more

precisely, the products X4 x SL are in J).
8.2 Higgs Bundles of TCS Gy-manifolds

We start by considering the local models of the two building blocks individually. As the
discussion is the same for both sides, we will drop the 4 subscripts. The first step is to
replace the K3 fibration with a local ALE model. The precise details of this local limit
depends on the ADE group corresponding to the type of ADE singularity, and are well
known in the literature [122,/123|. Besides an ADE singularity, every ALE fiber contains
a number of compact cycles, the volumes of which vary over the base. Such cycles may
collapse over points in the base C. At these loci the singularity present in the generic fiber

is enhanced and matter is localized. Let
o€ Hy(S,Z) (8.7)

be such cycle which vanishes at (some) of the corresponding points in the base C. Let us
denote the hyper-Kéahler triple by © = (wr,ws,wk). In terms of (8.4) the hyper-Kéhler
structure is simply

W = wr

(8.8)
Q2,O =wj + wk.

After taking the local limit and integrating over o we get a meromorphic function ¢ on C:

¢:la (8.9)

with zeros precisely where ¢ shrinks to zero volume. The poles and zeros of ¢ are located
away from oco. Moreover, we can identify ¢ with the meromorphic (1,0)-form as ¢ dz. Since
the base C is contractible ¢ = df, where f is now a Morse function with critical points of
index 1 and singular loci corresponding to the poles of ¢. After taking a product with the

circle we trivially get a Morse-Bott function.
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If (unit) charges are placed at points a; € C, the function ¢ will be of the form

bz =Y — (810

Sran
Therefore ¢ can have at most n — 1 critical loci, which is generically the case. If we impose
charge conservation on each side, there can be at most n — 2 critical loci of ¢.

With this information let us now consider how the Higgs bundle for TCS manifolds.
After gluing C; x S}, with C_ x S} _, the base manifold is M3 = S®. In the Kovalev
limit, the critical locus of the harmonic Morse-Bott function f consists of a disjoint union
of m circles of Morse index 1. As before, we may engineer such an f by an appropriate
configuration of charges I' on S2. On Ci x S, these charges will simply be given by a
collection of points on Cy times the circle S .

From the above discussion we only need the simple observation that matter loci in TCS
Go-manifold, at least in the Kovalev limit, are circles. Suppose that there are m matter
circles and no points. Using the results of section [5.5| we see that the Morse-Bott complex
is

ct=%shHm, c?=alshm, (8.11)
and the cohomology gives just

H'Y (M3, %) =R™,  H*(Mj3, Y )=R™. (8.12)

We find that every perturbative ground state constitutes a true ground state, the Morse-
Bott function f is thus perfect. As each circle gives rise to a pair of chiral and conjugate-
chiral zero modes upon Kaluza-Klein reduction, the spectrum associated to this Higgs field

configuration ¢ = df is non-chiral
(Mg, Ry) = 0. (8.13)

We can use this result to derive constraints on the function f. By the above results the

relative Euler characteristic x(Ms,X_) = 0 vanishes and by Lefschetz duality we find that
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this implies x(Ms, X4) = 0. We obtain the topological constraint

X(M3) = x(24) = x(2-) =0. (8.14)

There has been a recent attempt to modify the TCS construction to yield singular Ga-
manifolds with codimension 6 singularities by Chen [81]. Instead of smooth bulding blocks
Chen takes the Z building block to be a threefold with isolated nodal singularities, which
means that the non-compact aCyl Go-manifold X x S}, has singularities in codimension
6. However, the standard TCS gluing argument does not work in this case; rather it is
conjectured [81] that if circles of nodal singularities are replaced by pairs of isolated conical
singularities it is possible to glue to a Go-manifold with conical singularities using a modified
version of the connected sum construction. In terms of the local model, the collapse of circles
into points corresponds to deforming the Morse-Bott function to a generic Morse function,
where the same collapse of critical circles to critical points occurs (recall that critical points
correspond precisely to isolated singularities of the total space of the Go-manifold). However,
even if this conjecture is true, such Go-manifold will still give rise to a non-chiral spectrum
by the arguments above.

Finally, let us discuss the spectral covers for a TCS G2-manifold which is given to us in

terms of building blocks X4 and a gluing map
v Sy — S%, (8.15)

where S1 have ADE singularities over Uy C C.. This gluing of the K3 fibers in the TCS
geometry also implies a consistent gluing map for the ALE-fibrations associated with the
local mode]ﬂ In general, to be able to glue two given ALE-fibrations together, the two
ALE-spaces need to be of the same type, é+ = G_, and furthermore the periods of the
ALE-fibers must satisfy a matching condition. By Torelli theorem for ALE-spaces [124],

the structure of an ALE-space is completely determined by the periods of the hyper-Kéhler

“Here we assume the existence of a complete metric for the local model.
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Figure 8.2: Each of the building blocks X defines a spectral cover over Cy, and these are
then glued to a spectral cover over S3. In the example shown here, the cover on C factors
into two components and the cover on C_ factors into three components. These covers are
glued such that the resulting spectral cover over S® has two components with two sheets
each. Hence the resulting model has G| = S[U(2) x U(2)] and there is a single unbroken
U(1).

structure forms over the 2-cycles in the root lattice of the algebra of G. Explicitly, the
matching condition is

/wI,Jr:/ wi—, /WJ7+:/ wi—, /wK,Jr:—/ WK,— (8.16)

J J J J J J

where o are the 2-cycles generating the root lattice. Note that this implies that the non-
abelian part of the group G, i.e., the type if ADE singularity, must be the same on both
sides.

Each Xy furthermore has a local model, which is a Higgs bundle ¢4 over Cy, and a
corresponding spectral cover C(4). The asymptotic values the Higgs fields ¢ ¢ are similarly

related by

P40 =7 D)0, (8.17)

which induces a gluing of the spectral covers.

Let us explain the origin of U(1) gauge symmetries in glued spectral covers. Each cover
C(+) can have a factorization structure, which defines two-forms (five-cycles) and locally U (1)
symmetries. This can be detected by the restriction of the map to the ALE-fibrations
over C4. Factorization of the spectral cover C over S% after gluing C(+) can likewise be

detected by , and only those two-forms in the image that lie in the intersection will
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globally give rise to a two-form and thereby a U(1) symmetry. An example is shown in
figure @ where C4) — C4 each is a four-sheeted cover. However C4) is factored into
two (three), and thus locally gives one (two) U(1) symmetries. The gluing is such that
the spectral cover C — S® has only two factors, and thus only gives rise to a single U(1)
symmetry. The scale at which the other U(1) is broken is set by the size of the neck region
of the TCS-construction.

Besides an analysis via Higgs bundles, the matter spectrum of M-theory on TCS Ga-
manifolds can also be found using a purely geometric reasoning. The geometry in the vicinity
of each matter locus is that of a Calabi-Yau threefold times a circle. The local Calabi-Yau
geometry is that of a fibration of an ADE singularity over C with a further degeneration at
a point. Using the usual dictionary between singularities and gauge theory for M-theory or
type IIA on Calabi-Yau threefolds, the Cartan generators and weight vectors can be identified
with exceptional divisors and curves in the resolved Calabi-Yau geometry |15}/97,(125}|126].
Our analysis of Higgs bundles now implies that the multiplicities must be such that each
matter locus gives rise to a single vector-like pair of representations. Furthermore, we may
determine the U(1) charges by simply integrating the two-forms in g which give rise to the

U(1)s over the exceptional curves of the resolution associated with the matter.
8.3 Deformation of TCS Higgs Bundles

Given the local model for TCS G2-manifolds we now consider the behavior of the physics
under deformations of the Morse-Bott function. We have seen above that circular critical loci
arise in the non-generic S'-invariant distributions of charges in S which are present in the
Kovalev limit. The natural question is what happens if this invariance in is broken by a slight
deformation. The strategy we will use to describe deformations is to exploit the construction
of Morse(-Bott) functions in terms of charge distributions. For every charge distribution p,
there is an associated Morse-Bott function, which in turn lifts to an ALE-fibration, our

local model of a Gy-manifold. For every deformation of the charge distribution there is
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Figure 8.3: Two homogeneously negatively charged coplanar circles which have been
stretched to ellipses. On the ellipse which is equidistant to the two charge loci, the elec-
tric field only vanishes at the four points marked as black dots. To find the Morse index,
consider the small circles (coplanar to the ellipses) around these points and the restriction
of the electric field to these circles. The Morse index of the points near the vertices of the
ellipse is 2 and while those near the co-vertices have a Morse index of 1. As before, the

critical loci are shown in yellow, and the charges in blue.

hence an associated deformation of the local model. Note that this deformation might be
trivial: contrary to the number of deformations of Higgs bundles or the deformations of G-
manifolds, which are finite in number, there are infinitely many deformations of any given
charge configuration.

A configuration of charges which produces the Morse-Bott function associated with a
TCS Ga-manifold in the Kovalev limit must of course be finely tuned, as a generic config-
uration of charges will always result in critical loci of dimension zero. Let us discuss this
in a simple example — see figure 8.3} consider a charge distribution of two equally charged
coplanar and cocentric circles in R3. This setup has rotational symmetry and correspond-
ingly the critical locus is another coplanar and concentric circle. A generic deformation will
destroy the rotational symmetry and lead to critical points instead of a circle. Consider e.g.,
deforming the charges to ellipses while preserving coplanarity. This collapses the critical

locus to two points of Morse index 1 near the vertices of the ellipses and two points of index
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2 near the co-vertices.
More generally, the function f will become Morse with isolated critical points for a

generic deformation. However, since the topology of 31 does not change, we still have
X(M3,3_)=0. (8.18)

Physically this means that any deformation of f will give rise to chiral spectrum if under the
deformation the topology of ¥_ remains unchanged. Denoting the number of points with

Morse index i by m;, the Morse inequalities for manifolds with boundary imply
X(Mg,z_) = Mm9o — My =0. (8.19)

Equally, every deformation of the local model of a TCS G2-manifold that has an associated
charge distribution which consists of a number of circles will satisfy ny = [+, so that the

resulting spectrum is seen to be non-chiral.
8.4 Chirality and Singular Transitions

It is not at all surprising that TCS Ga-manifolds do not give rise to chiral spectra and that
small deformations do not change the chiral index. However the result we have found already
has fairly interesting geometrical implications: for a generic small deformation of a TCS Ga-
manifold, the loci at which matter is localized are no longer one-dimensional but become
point-like. This of course implies that the product structure of X4 x S;i must be broken and
the periods of the hyper-Kéhler triplet on the K3 fiber must have a non-trivial dependence
along Séi. Although such small deformations will not yield Go-manifolds giving rise to
chiral spectra, the crucial ingredient, which are point-like singularities, is already present
for small deformations of TCS Gs-manifolds.

Engineering the ALE-fibration from a Morse function which in turn is determined by
a configuration of charges allows us to make the key observation for how to deform TCS
Go-manifolds to situation with chiral spectra: we need to make a transition after which

n+ = l+ no longer holds. The simplest way to do so is to bring two circles of equal charge
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> -00 -

Figure 8.4: A transition of the charge configuration which results in a transition between a
non-chiral and a chiral spectrum. Starting from a TCS configuration of charges deforming

the configuration to one that results in a chiral spectrum.

together and then deform them to an object with [ = 2. For TCS Ga-manifolds, there are
essentially two different ways to achieve this.

The first option is to take e.g., a positive charge on C; and another positive charge on
C_, bring them together, and fuse them as shown in figure As now Iy —ny =1 while
[_ —n_ = 0, the resulting spectrum must be chiral. In a generic situation in which f is
Morse, i.e., f only has isolated critical points, the critical locus of f hence consists of an odd
number of points now. As we started from a non-chiral configuration with an even number
of critical points, this implies that some of the critical points must have fused. As the circles
of positive charge we have fused originated from different ends of the TCS Ga-manifold we
started from, the critical points which have fused must likewise originate from different ends.
Geometrically, these critical points are nothing but degeneration loci of the K3 fibration of
the Go-manifold, so that we have effectively taken specific singular fibers of the K3 fibration
into what used to be cylindrical region of the TCS and collided them. As expected from
our earlier statement about the absence of chiral spectra in TCS G-manifolds, this signifies
a definite departure from the TCS set-up, where the K3-fibration must be constant in the
cylinder region.

In fact, the type of transition we have just sketched can also be anticipated from the
heterotic duals of TCS Go-manifolds, which are given by compactifications on the Schoen
Calabi-Yau threefold with different vector bundles [45]. Such models always have non-chiral
spectra and a singular transition connecting the Schoen Calabi-Yau threefold to a different

Calabi-Yau threefold (together with appropriate vector bundles) is needed to find a chiral



spectrum. The Schoen Calabi-Yau threefold can be described as a fiber product of two
dPys, and it allows singular transitions in which a singular fiber of one dPy is collided with
a singular fiber of the other dPy. As discussed in [45,47], the duality to a TCS G2-manifold
implies that the singular fibers of these two dPys are separated into disjoint regions of the
common P! base. A collison between singular fibers from both ends translates to a collision
of singular K3 fibers coming from the two separate ends X, and X_ of the dual TCS
Go-manifold.

The second option is to change the charge configuration corresponding to a TCS Ga-
manifold by colliding two circles of equal charge which are both located in the same building
block. The picture of such a deformation will be similar to the one in figure however
initially the charged circles will be unlinked. Again, it is clear that this signals a departure
from a TCS Ga-manifold (and must result in a singular transition on the heterotic side as
well): after the transition e.g., X, x Sé 4 must become a non-compact G2-manifold without

the structure of a product.

Chapter 9
Higgs Bundles with Non-Split Spectral Covers

We now turn to colored SQMs probing Higgs bundles with non-split spectral covers. These
covers are branched and were discussed in chapter [3| they are the spectral covers generi-
cally encountered in F-theory constructions [13}|15}/94,99,|100}/127-132|. Here we explore
the Morse-theoretic consequences of the presence of branch sheets and find that previously
distinct copies of Witten’s SQM combine into a single SQM whose target space is now topo-
logically an irreducible component of the spectral cover. Consequently the cohomology of
the supercharge © on M3 computes topological properties for the spectral cover components
Ci rather than those of the base manifold Mz. We discuss how to count zero modes in these

models and determine the gauge symmetry of the associated 4d physics. We further com-
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Branch Cut

Figure 9.1:  Sketch of a flow line (black) encircling a branch cut (blue). The incoming
flow is determined by the Morse 1-form af¢; and the monodromy action associated to the
branch circle is given by s = —1, then the outgoing flow is determined by $/¢;. The two
Witten SQMs associated to the roots «, 8 are coupled and combine to a single SQM.

ment on turning on flat abelian connections A and how these generically lift zero modes.
As in chapter [3| we specialize to M3z = S3. To distinguish the eigenvalues of the Higgs field

from the color fermions we denote the first by A and latter by A in this chapter.
9.1 Combination of Witten SQMs

We consider the Lagrangian ([6.28)) with a Higgs field ¢ = diag (Ax) € Q'(S?, gapg) solving
the sourced BPS equations whose associated n-sheeted spectral cover is irreducible
and cyclically branched as described in section [3.5] For concreteness we furthermore restrict
to Lie algebras gapg = su(n). The topology of such covers is fixed by the pairs (L;, F})
where L; = 0F; C M3 denotes the links of the branch locus and F; C Ms a choice of Seifert
surfaces together with a cyclic monodromy action s € S,.

We begin analysing the 1-particle sector of the colored SQM. The notion of perturbative
ground states and the flow equations between these are identical to the case of non-split
spectral covers, but the global structure of flow lines is altered. Along a path linking the
branch locus the eigenvalues of the Higgs field are interchanged according to the monodromy

action which is given by

¢ — gog ', g€ SUMn), (9.1)
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where the element ¢ is determined by the monodromy element s. A particle following the
flow line set by a sum of Higgs field eigenvalues a!¢; follows a different combination of
eigenvalues 31¢; after circling the branch locus and changes color. We have depicted this

process in figure 9.1l The color change is determined by the monodromy action
E® — gE% !, (9.2)
and looping around the branch locus multiple times we find an orbit of generators
Eld :{ngag*k|k=o,...,n—1}. (9.3)

For a standard choice of Cartan-Weyl basis E® conjugation by ¢* acts as a permutation of
the roots a and we find an associated orbit of colors [a] to the action .

The eigenvalue 1-forms of the Higgs field can be distinguished on the simply connected
subspace S3 \ U;F; and while flowing in S3 \ U; F; the particle is of definite color. Travers-
ing the Seifert surfaces F; the particle changes color according to . This leads to an
interpretation of the Seifert surfaces as defects in the colored SQM. The wave functions of
particles of definite color need not extend smoothly across the Seifert surfaces in S3 \ U; F}
but rather they are required to glue smoothly to a wave function profile on S3 \ U;F; as-
sociated with a color prescribed by the monodromy action . Equivalently, they must
glue exactly as the eigenvalues of the Higgs field in . By this effect particles of color
a evolve identically to an uncolored particle probing n copies of S\ U;L;. Each copy is
associated with a color § € [a] and the potential governing the particle is determined in
the respective copy by the 1-form 8/¢;. Due to this gives a well-defined potential
on the n-fold glued space (3.18]) which is topologically the spectral cover C. With this the

correspondence (6.34]) is altered to

El ¢ su(n) > Witten’s SQM on C with supercharge Q = d + @, A,
(9.4)
H' € su(n) “ Witten’s SQM on M3 with supercharge Q = d.

Here the 1-form @[, € Q1(C) is defined by gluing the 1-forms B’¢r across the gluing factors
given in (3.18).
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The branch cuts of the Higgs field or equivalently its Seifert surface defects break the
gauge symmetry to the stabilizer Stab(¢) which consists of gauge transformations leaving ¢
invariant. They are generated by the generators H of the maximal torus of the gauge group
which satisfy

gHg ' =H. (9.5)

For the n-sheeted irreducible coverings discussed in this section all of the gauge symmetry is
broken. More general Higgs fields whose spectral covers have N + 1 irreducible components
have their gauge group broken to U(1)". This may enhance to include factors of SU (k) if

k eigenvalues of the Higgs field take the same value.
9.2 Monodromies and Partial Higgsing

We are interested in preserving some of the gauge symmetry and non-split Higgs field back-
grounds whose spectral cover has multiple components. The eigenvalues A i associated
with each irreducible component of the cover can be activated successively whereby we can
focus on Higgs fields where n eigenvalues have been set to vanish and m have been activated
to trace out an irreducible m-sheeted cover.

We begin by consider a Higgs field background valued in the Lie algebra su(n + m) for
which m eigenvalues are turned on as described in section [3.5] This naively realizes a partial
Higgsing of the gauge symmetry from SU(n+m) to SU(n) x U(1)™ as discussed in section
[6.5.2] The adjoint representation breaks into representations of SU(n) x U(1)™ as

AdSU(n+m) — (AdSU(n)®1)® (1 AdU1)™)

m m2—m
® Z (nQi ©® ﬁ—Qi) ©® Z le :
i=1 j=1

(9.6)

Here we denote the fundamental representation of SU(n) by n and both @Q;, Q); are charge
vectors of U(1)*. There are m pairs of the fundamental representation of SU(n) and m(m —
1) trivial representations charged under U(1)*.

Monodromy effects now break the gauge symmetry to SU(n) x U(1) and the col-

ored SQM now groups the representations in into representations of this reduced gauge
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symmetry. The m pairs of fundamental representations ng,,n_g, belong to the same mon-
odromy orbit of colors with length m and combine to a single pair of fundamental
representations ny, n_ of the gauge symmetry SU(n) x U(1). Similarly the m(m —1) trivial
representations are grouped into (m — 1) trivial representations which are uncharged under
the new gauge group. The m representations AdU(1)™ combine to AdU(1). The latter
follows from the common geometric origin of the Higgs field ¢ and the connection A. The
gauge fields valued in AdU(1)™ are in correspondence with the m activated Higgs field
eigenvalues. They are constrained to glue in the same way as the eigenvalues across
the branch sheets and are not independent. Summarizing we find that the monodromy

effects lead to following representation content

(AdSU(n)®@1)® (1@ AdUML)™) & mz_:m 1o, ® zm: (ng, ®n_g,)
j=1 i=1

o (9.7)
k

5 (AdSUm el e1eAdU1)e Y 1P e n, en)
k=1

of the reduced gauge symmetry group SU(n) x U(1). The raised superscript lék) is intro-
duced to distinguish the m — 1 uncharged trivial representation.

We check these results by considering the circle reduction of M-theory on the ALE geom-
etry set by the Higgs field background to the ITA set-up. This is given by n+m D6-branes of
which m have been Higgsed leaving a stack of n coincident branes. The m D6-branes recom-
bine into a single D6-brane which explains the gauge symmetry reduction to SU(n) x U(1).
Further this interpretations explains the single pair of fundamental representations n;,n_
which correspond to the open string sector between the stack of n D6-branes and the re-
combined, Higgsed D6-brane. The modes in the uncharged trivial representations originate
from the self-intersection of the Higgsed D6-brane.

The colored SQM now further determines a simplification of the cohomology groups

Hé(S?’, gAapE) With gapr = su(n+m) which determine the 4d spectrum (2.45)). The spectral

cover is the union of n copies of the zero section in 7*S% and the Higgsed eigenvalues which
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sweep out the irreducible 3-manifold C C T*S? given topologically by

e o)

We discuss the zero mode counting for each summand of ((9.7)) in turn. The fields transform-

ing in Ad SU(n) ® 1 are not effected by the Higgs field background and the relevant zero
modes in the reduction on Mj are counted by the de Rham cohomology groups Hjjg (S, R).
The fields transforming in 1 ® AdU(1) commute with the Higgs field, but, as explained
above, zero modes are counted by the de Rham cohomology groups Hjg(C,R). The fields
transforming in the m — 1 uncharged trivial representations 1¥) are similarly effected by
the branch cuts. Such representations resulted from combining m charged representations
1, and the relevant Higgs field for each of these is given by Q]I ¢1. The charge vectors @);
are nothing but the roots «; of su(m) and the glued representations 1¢, precisely fit into
a color orbit of the monodromy action (9.2). The sum E;fn:_ll 1) = > la] 1lel in is
equivalently expressed as a sum over color orbits. The m 1-forms Q]I ¢ associated with the
color orbit [a] glue across the m factors in to the 1-form @[, on the gluing space C. As
a consequence zero modes are counted by the Novikov cohomology groups Hy,, (C, <I>[a]).
The fields transforming in n are identically argued to be counted by Hy,, (C,®(g) where
B is a positive root of su(n + m) that is neither a root of the subalgebras su(n) or su(m).
Of course there are many different (precisely nm) such roots but due to the degeneracy ex-
plained in section @ all such roots yield the same 1-form ®g. Zero modes transforming
in n_ are simply counted by the groups HY, (C, —<I>[/3]). Due to its distinguished role we
denote ®g simply by .

We can now generalize for partial Higgsings with non-split spectral covers. For

the Lie algebra g = su(n + m) and monodromy orbits [a] of su(m) we have, counting with
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multiplicities,

n?—1

H3(5%,0) = | @D Hin(s% ) | © Hin(C.B)
o (9.9)
& @ Hltlov. (C, <I>[oz]) @ (@ I:HKIOV.(C’ ®) @ Hltlov.(ca _(I))}> :

[a] k=1
More generally we can consider other ADE gauge groups and turn on Higgs fields sim-
ilarly as above. Consider for example the gauge symmetry breaking Fs — SU(5)gur X
SU(5), where the Higgs field is turned on along SU(5),. Such a breaking is described by
a five sheeted spectral cover of SU(5), traced out by the non-vanishing eigenvalues of the
Higgs field. The Higgsing is a special case of

Es — SU(B)gur x SU(5)L
(9.10)
248 — (24,1)(1,24) @ (10,5) @ (5,10) & (10,5) & (5,10) ,

for which SU(5) is further reduced to U(1) when taking the eigenvalues of the Higgs field to
trace out an irreducible 5-fold covering. The representations of SU(5)gut follow from orbits
of the Weyl group action S5 on the representations in of SU(5),. The Higgs field
breaks SU(5), naively to S[U(1)?], the spectrum transforming under SU (5)quT x U(1) then
follows as in . We normalize the U(1) charge of the fundamental representations 5 to
unity and then find following spectrum transforming under the gauge symmetry SU(5)gur X
U(l)

4
24) & (10@215“) P10 B10_ 1 B2x5,0B2X5_ . (9.11)
k=1

The zero modes of @ transforming in each representation are again characterized by a
Higgs field on the space constructed via gluing. For example the matter curves (here
points) of (10,5) in give matter transforming in the anti-symmetric representation of
SU(5)gur which localizes at Ag = 0 for the K = 1,...,5 eigenvalues of the Higgs field. The
eigenvalues Ag glue to a 1-form A on C as in (3.21)). The massless matter transforming in
104, of is therefore counted by Hy , (C,A). Similarly the massless matter in (5,10)

localizes at A+ Ap = 0 with K > L. The monodromy action groups these ten 1-forms into
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(b) é

(a) é ()
0 >
Monodromy (a) ? ()

(b) ?
-A

Figure 9.2:  The picture locally shows the four D6-branes which are ITA realization of
the Higgs field (9.12)). The D6-branes labeled by £A are connected by branch sheets and

along a closed path linking a branch cut locus Sil the components of the combined D6-brane

oS 2% % 2
NN A~

interchange. By (a,b,c) we label three open string sectors and their image when transported
around the branch locus. The Chan-Paton factors of the string determine to which root of
the Lie algebra su(4) it is associated. The pairs of roots (9.21)-(9.24) are now understood

as the open string sectors which are mapped onto another by the monodromy action.

two groups of five 1-forms which glue to the 1-forms Aéé), Ag) on C. The matter transforming

in the two representations 5.5 are therefore counted by Hy, (C, Aa?) with ¢ =1, 2.

9.3 Example: 2-sheeted Covers and Monodromy

We give an explicit example of the effects discussed in the previous sections. Consider the
family of two-sheeted covers (3.14]) constructed in section and embed these two sheets

sheets (A, —A) into an su(4) valued Higgs field ¢ on M3 = S3 as
¢ = diag(0,0,A, —A). (9.12)

Here A is a 1-form with branch loci along a collection of circles UiSi1 defined on S3\ U; D;
where D; are disks realizing the branch sheets and bound by the branch locus dD; = Sil.

With respect to the Cartan basis
H' = diag(1,-1,0,0), H? = diag(0,1,—1,0), H3 = diag(0,0,1,-1),  (9.13)
consider the six positive roots

a1 =(2,-1,0), ay=(-1,2,-1), as=(0,-1,2), (9.14)

ap=(1,1,-1),  as=(-1,1,1), ag = (1,0,1) . (9.15)
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When traversing a closed path linking one of the circles Sl-l the third and fourth sheet of

the spectral cover are interchanged, i.e., the Higgs field ¢ returns to (9.1))

o= —p=gog ", g= € SU(4), (9.16)

oSO o
SO = O
o O
o= OO

-1

which realizes a Zs monodromy action. The gauge group is broken to SU(2) x U(1). The
supercharge Q = d+ [¢A, -] preserves the standard complexified Lie algebra generators E®
associated with the roots and restricts to each of the respective subspaces, in the

notation of ([6.32)), to

o) =g, o2l —d—An, QW =d+2A4, (9.17)

o) =d—AA, Q@ =d+An, Q) =d+AA. (9.18)

The gauge transformation (9.16|) determines which copies of Witten’s SQM associated with
different roots of su(4) combine across the branch sheets. The conjugation of (9.16]) acts on

the positive generators of su(4) as

gE* g™l = B, gE®?g !l = —E®,  gE®gl=—(E®)T =-E"", (9.19)

gE¥g Tl = —E%,  gE®gTl=E%,  gE%g !l =E", (9.20)

and the roots (9.14) and (9.15)) together with their negative copies are grouped into the color

orbits

[1] = {1}, [—a1] = {~a1}, (AdSU(2)) (9.21)
2] = {az, a5}, [a] = {au, a6}, (ny) (9.22)
[—ao] ={-a2,—as},  [-as] ={—a4,—as}, (n-) (9.23)
[as] = {a3, —as} (1o). (9.24)

The twelve SQMs naively associated with the roots of su(4) in (6.34) (and their negative
copies) consequently combine across the branch sheets to SQMs associated with the color

orbits ([9.21)-(9.24). The generators E¥*1 commute with the Higgs field and give free SQMs



9.3. EXAMPLE: 2-SHEETED COVERS AND MONODROMY 116

mapping into S3. The remaining color orbits contain two roots and are over (9.4)) in corre-

spondence with SQMs mapping into the target space
N
C=(S*\D),#(s*\D),\L, D=JD;, L=JS. (9.25)
i i=1

whose metric is inherited from the gluing factors. Each gluing component is associated with
one of the roots in of the pairs —. The 1-forms A, —A glue to a single harmonic
1-form ® on C and consequently the supercharges , combine in pairs to give the
supercharges of the SQMs mapping into .

We briefly comment on the ITA string theory interpretation of the above effects. In the
type IIA set-up associated with the Higgs field we locally have four D6-branes of which
two have combined to a connected object corresponding to the spectral cover component
C. The transformations are then understood as open string sectors identified by the
monodromy action. For instance, an open strings locally connecting the first and third
D6-branes are found to connect the first and fourth D6-brane when transported around the
branch locus. We depict this interpretation in figure [9.2

The monodromy orbits already fix the representation content transforming under

SU(2) x U(1) which here reads
AdSU(2)y @ AdU(1) @1y @2, &2, (9.26)

where the roots associated with each representation are as given in -. In figure
the open string sectors corresponding to 24,2_, 1 are marked with (a, b, ¢) respectively.
The reflective symmetry 8 — 7 — 0 of the set-up, we refer to section [3.4] requires all
instanton effects potentially lifting perturbative ground states to come in pairs and cancel.
All perturbative ground states are therefore ground states of the colored SQM and their
count determines the cohomologies in . These are localized at the zero of the Higgs

field, counted in (3.17)), and therefore the Novikov cohomology groups evaluate to

Ho,.(C, @) = {O,RZ‘Q,RH, 0} : (9.27)
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where [ is the number of disks participating in the gluing construction (9.25)). The Novikov

groups for the 1-form ®(,,; = 2® on C of the color orbit [a3] also evaluate to (9.27).



Part III
4d N =1 from 6d N = (2,0) and Confinement

This part of the thesis is devoted to the study of confinement in a large class of 4d N’ =1
theories. We begin by reviewing the definition of confinement that we use here, background
on 6d N = (2,0) theories relevant for this thesis part and their geometric construction in
IIB string theory is laid out in section A vacuum r of a quantum field theory (QFT)
¥ is called confining if the vacuum expectation value (vev) of some genuineﬂ line operator
in ¥ exhibits area law in r. This is correlated with the existence of confining strings in the
spectrum which can end on such line operators and are responsible for giving rise to the
linear potential that gives rise to the area law. A classic example is provided by 4d N =1
pure Super-Yang-Mills (SYM) theory with gauge group SU(n). This theory has n vacua
and in each vacuum, the Wilson line operator in the fundamental representation of SU(n)
exhibits area law. Thus, each vacuum is confining.

Confinement can be characterized in terms of the 1-form symmetry group O of ¥ |57,
which captures equivalence classes of line operators with two line operators L and Lo
considered to be in the same class if there exists a local operator living at the junction of
L1 and Ls. For the theories that are studied in this thesis part, these equivalence classes
form an abelian group A under OPE and characterize different charges under the 1-form
symmetry group O = K, which is the Pontryagin dual of A. If a line operator L shows area
or perimeter law, then another line operator Ly in the same equivalence class shows the same
law. Thus confinement can be characterized by dividing A into two subsets: those showing
area law and those showing perimeter law. Furthermore, the classes exhibiting perimeter

law form a subgroup A, of A which depends on the vacuum r under consideration [133].

! A non-genuine line operator is one which lives at the boundaries or corners of higher-dimensional ex-
tended operators. A genuine line operator exists independently of any higher-dimensional extended operator.
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Consider a line operator L that exhibits perimeter law in vacuum r. Then, any element
of the 1-form symmetry group O under which L is non-trivially charged is spontaneously
broken in the vacuum r, because we can set the vev of L to a non-zero constant by introducing
a counter-term along the location of L, which cancels the perimeter dependence |57,|134].

Thus, the 1-form symmetry group O, preserved in vacuum r can be written asﬂ

O, = (1/3) CA=0. (9.28)
In other words, the data of the preserved 1-form symmetry group O, is equivalent to the
data of the set A — A, of line operators that exhibit area law. The confining strings are
charged under O, and their charges take values in its Pontryagin dual A/A,.

The goal of this thesis part is to study confinement in N/ = 1 deformations of 4d N = 2
Class S theories [55], i.e., those 4d N' = 2 theories that can be obtained via compactification
of the 6d N/ = (2,0) theories on Riemann surfaces with a partial topological twist. We
only consider those Class S theories that can be obtained by compactifying 6d N = (2,0)
theory of A,_1 type on a Riemann surface with untwisted punctures and no closed twist
lines |135]. It should be noted that, though in practice we will largely consider such Class S
constructions with irregular punctures, our considerations apply to general Class S set-ups.

Much like the 4d A/ = 2 Class S theories have a description in terms of Higgs bundles that
are solutions to a Hitchin system [77], their N' = 1 deformations are similarly related to a set
of BPS equations, which form a generalized Hitchin-like system, involving two Higgs fields.
Akin to the spectral curve (or the Seiberg-Witten curve) in the N' = 2 case, one can associate
a spectral curve, known as the N' = 1 curve, to the generalized Hitchin system [79//136]. The
N =1 curve has appeared in various forms in the literature |52}[71-73]/78//79,136-151]. The
N =1 deformation is realized by turning on singular behaviors of the second Higgs field at
the locations of the punctures on the Riemann surface, which we dub as a “rotation” of the
involved punctures. The profile of the second Higgs field is solved in terms of its asymptotic

behavior by the generalized Hitchin system, which also constrains the profile of the N/ = 2

®Hats denote Pontryagin duals, i.e., A := Hom(A, U(1)).
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Higgs field. Ultimately, the different solutions for the two Higgs field capture N'= 1 vacua
of the deformed theory.

One can also study a generalization of the above set-up, where one starts with a topologi-
cal twist that only preserves 4d N' = 1 supersymmetry. The BPS equations are a generalized
Hitchin system, where the two Higgs fields are now on an equal footing and can have singu-
larities at mutually distinct locations on the Riemann surface. One can again associate an
N =1 curve to a vacuum of the resulting 4d /' = 1 theory, which now does not have an
interpretation as a deformation of a 4d A/ = 2 Class S theory. In M-theory, the two twists
are distinguished as follows: the Class S construction is obtained by wrapping M5-branes on
the UV curve embedded in a local K3-surface. The N' = 1 twists arise by instead embedding
the curve into a local Calabi-Yau threefold. These set-ups are discussed in sections and
134

The 1-form symmetry group O of a Class S theory is encoded in the 1-cycles of the
punctured Riemann surface as discussed in detail in [3] (which is based on [64], also see [66,70]
and the study of line operators in [152]), which we summarize in our context in chapter
and section In a similar spirit, we argue in section that the preserved 1-form
symmetry group O, in a vacuum r is encoded in the I-cycles of the N' = 1 curve %,
associated to the vacuum r. Our work can thus be viewed as a part of the recent surge
of activity in the study of generalized symmetries of QFTs via compactifications of string
theory and higher-dimensional QFTs [3}|58-60,(62}/65, 66|70, 153-157].

To explain and test our framework we first consider pure A/ =1 SYM as well as an ex-
tension to the set-up studied in Cachazo-Seiberg-Witten (CSW) [71-73], which corresponds
to turning on a superpotential for the adjoint chiral superfield that lives in the N' = 2 vector
multiplet. Both instances have well-documented confining vacua and we use them to test our
general framework and to showcase how to go from the A/ = 1 curve to the area/perimeter
law of line operators.

The most exciting application of this work is to the realm of non-Lagrangian theories —
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which are ubiquitous in Class S constructions. For these the standard tool set for analyzing
confinement from a Lagrangian point of view is unavailable. We identify, in section [I6] a
family of N/ = 1 theories, and show that this class of theories exhibits confinement! We
argue — based on the curve and associated line operators that these theories have confining
vacua. Clearly numerous generalizations of this can be considered, opening up a vast arena
for studying confinement in theories with no apparent Lagrangian.

The plan of this thesis part is as follows:

In chapter we will whet the appetite of the reader by discussing in detail the su(2)
SYM theory and its confining vacua using the Class S and A/ = 1 perspective.

The main conceptual background will be explained in chapter [I3] which includes the N' =
1 curve and associated Hitchin system. We then apply this general approach to two well-
known instances of theories with confining vacua: in chapter [14] we study the N' = 1 curves
for 4d N =1 su(n) SYM , and use it to recover the well-known properties of confinement
in this model. In chapter we discuss the CSW model, whose confinement properties are
also well-known in the literature. These two models provide extensive consistency checks of
our proposed method of computing confinement, and also for testing our methodology.

In chapter it comes time to reap the rewards as we use our method to find an
infinite class of non-Lagrangian 4d N = 1 theories that contain confining vacua. The
simplest theory in this class can be described as an N/ = 1 deformation of the N' = 2
asymptotically conformal theory obtained by gauging su(3)3 flavor symmetry subgroup of the
famous Fg Minahan-Nemeschansky theory (or the T3 trinion theory) [158]. Other theories
in this class can be described as N' = 1 deformations of N' = 2 asymptotically conformal
theories obtained by gauging su(n)™ flavor symmetry group of the 4d ' = 2 SCFT obtained
by compactifying A,—1 N = (2,0) theory on a sphere with n maximal regular untwisted

punctures.



Summary of notation in figures of v- and w-curves.

e The pictures show the UV curve parametrized by t and the branch cuts for v, w as

n-fold cover over it.
e Punctures and branch points are denoted by stars and crosses, respectively.
e Branch lines are labelled by a monodromy element in the symmetric group S,.
e Cyclic permutation (123---n) — (234---nl) is denoted by a.
e Transposition of ¢j is denoted by b;;.

e Dashed lines are associated with Zs branch cuts and solid oriented lines are associated

with Z,~2 branch cuts.

e Branch lines are oriented such that the labelled monodromy takes action along a closed
path v(7) when the cross product of the oriented line with the vector % points out of

the page.

e The circle [t| = 1 is located at the vertical equator with ¢ = 1 on the front and t = —1

on the back.

Chapter 10
6d N = (2,0) SCFTs from IIB

We review 6d N' = (2,0) superconformal field theories following [159,[160]. In this thesis
two equivalent perspectives are taken on such theories with gauge algebra of type A,. In
M-theory these theories arise as the world volume theory of a stack of n M5-branes. By M/F-
theory duality these are equally described as IIB string theory on an ADE singularity of type
A,. The latter allows for immediate generalization to 6d N = (2,0) with gauge algebras
of type D and E. In this section we elaborate the more general geometric construction and

classification. The presented structures are intrinsic to the 6d theory.
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Consider IIB string theory on an ADE singularity. To understand the physics we resolve
the singularity and study its properties in the limit of collapsing vanishing cycles. For
concreteness consider C2/Zsy. A minimal resolution of this A; singularity, as discussed in
section gives the local Calabi-Yau two-fold Op1(—2) with resolution divisor P!. The
effective physics on this smooth geometry derives from a Kaluza-Klein reduction of IIB
supergravity and gives a 6d theory with gravity decoupled. This geometry preserves half
of the 32 supercharges, with the unbroken 16 supercharges assembling into two spinors of
identical chirality, we have N/ = (2,0) supersymmetry. The Kaluza-Klein reduction of the
chiral four-form wrapped on P! gives a two-form B with anti-self dual field strength. The
metric modulus controlling the size of the P! descends to a bosonic field. This field and
the two-form are part of the N' = (2,0) tensor multiplet. The chiral four-form of IIB string
theory couples to D3-branes. Wrapping D3-branes on the divisor P! gives a dynamical string
in 6d, which couples to the two-form B and whose tension is set by the volume of P'. On
the other hand wrapping the D3-brane on the non-compact two-cycle in Opi(—2) gives a
non-dynamical string of infinite tension in 6d, which we refer to as a surface operator. This
non-compact two-cycle is constructed by taking the torsional one-cycle in the asymptotic
boundary 0Op1(—2) = S3/Zy and fibering it over a radial direction. Often, dOp1 (—2) and
P! are referred to as link and bolt.

Now we collapse the P! [161,/162]. The dynamical strings become tensionless, the non-
dynamical strings are essentially unaffected. The resulting theory is 6d SCFT of type g = A;.

Now consider more general set-ups with an arbitrary number of P'’s contained inside
a local Calbabi-Yau two-fold. The Calabi-Yau condition requires these curves 3; to be
(—2) curves. This collection of (—2) curves can only be contracted if its intersection matrix
A;; = ¥; N X, is negative definite with off-diagonal entries either zero or one. These are
precisely the Cartan matrices of type ADE. One finds that 6d /' = (2,0) SCFTs are labelled

by an ADE gauge algebra g.

Now consider IIB string theory on the resolution B = C2/T'apg. The charge lattice of
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the massive dynamical strings is given by the compactly supported homology group A =
HS5(B,Z) generated by the ¥;. The dual lattice A* is associated with the non-compact two-
cycles and characterizes the charge lattice of the non-dynamical strings. The pairing between
these two lattices is interpreted physically as a Dirac pairing [163]. Surface defects engineered
from D3-branes on non-compact curves are thus labelled by their charge, a wrapped non-
compact surface in H3(B,Z) and the supersymmetry they preserve.

The intersection pairing on A gives a map A* — A. The defect group D is now given
by [160]

D =A*/A. (10.1)

For the A; example above we clearly have A* = Z and A = 27Z giving D = Zs. More generally
D computes to the abelianization of the ADE group I'. The defect group characterizes the
charges of the surface operators which can not be screened by dynamical particles.

Whenever the defect group D is non-trivial the 6d N' = (2, 0) theory is a relative quantum
field theory [66},|164]. Theories of ADE type are relative to a three-form abelian Chern-
Simons theory in 7d with level matrix given by the Cartan matrix of the corresponding Lie
algebra. This means, that if the 6d theory is defined on Mg, the 7d theory is defined on M5
with M7 = Mg x I. The 6d theory can be interpreted as a topological boundary condition
of the 7d Chern-Simons theory [66]. For this consider the 7d theory compactified on the
interval I and choose boundary conditions at one end while coupling to the 6d theory at the
other. After compactification, the final absolute 6d theory has a group of genuine surface
operators and non-genuine surface operators constrained to live at the ends of topological
three-dimensional operators generating the 2-form symmetry. The genuine surface operators
are acted on by an anomalous 2-form global symmetry which is matched by the 7d theory to
render the coupled 6d/7d system anomaly free. Genuine surface operators are determined
by a choice of polarization and are mutually local.

In the following sections we will expand both on the above geometric picture and its

M-theory counterpart for theories with gauge algebra of type A. We study the higher form



symmetries and defect groups as they descend to 4d theories with N/ = 1, 2 supersymmetry

by compactification on Riemann surfaces.

Chapter 11
1-form Symmetries in 4d N =2 Class S

In this section we study the 1-form symmetries for 4d N' = 2 theories of class S. We establish
the construction and properties of line operators and the preserved higher form symmetries
in the absence and presence of regular punctures. Further we consider a geometric IIB dual
interpretation of the set-up.

We briefly give some background on higher form symmetries [57]. A g-form global
symmetry in d dimensional space-time is realized by an operator Uy(S) associated with a
(d — g — 1)-dimensional closed submanifold S of space-time and labelled by a group element

g € G. Operators compose according to group multiplication
Ug(S)Ug (S) = Ugy (S) - (11.1)

Further these operators are topological and correlation functions do not change under small
deformations of their supports. Operators V(S) charged under the associated symmetry
are supported on a closed g-dimensional submanifolds T'. The operators supported on S, T

satisfy the equal time commutator
US)V(T) = g(V)*"V(D)U(S) (11.2)

where S, T are now contained in the same spacial slice with S'-T" denoting their intersection
and g(V) characterizing the charge/phase of the extended operator V(7T') under the sym-
metry generated by U(S). This relation holds at unequal times with S - T replaced by the
linking number [(S,T).

In following sections we discuss 1-form symmetries in 4d and 2-form symmetries in 6d.
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g Z(9) Z(9) ()

Ay | Za Zn, (f.f) =4

Dy |ZoxZo | ZoxZs| (s,8) =0, {(c,c)=0, (s,c)=1
Dins1 | 24 Zy (s,s) =3
Dypyo | Lo X Lo | Lo X Lo | (s,8) = %, (c,c) = %, (s,c) =
Diyny3 Z4 Zy (s,s) =1

Es 73 73 (f.f)y=3%

Er Lo Zig (f,f) =13

Eg 0 0 -

Table 11.1:  For the ADE Lie algebras g we denote by G the simply-connected Lie group, and
list the center Z(G), the Pontryagin dual group to the center Z (G), and the bihomomorphism
(,-). Eg has a trivial center group, which has been denoted by 0 since we use an additive
notation for the group multiplication law throughout this chapter. We denote a generator
of 2(9) for g = A,_1, Fg, E7 as f; a generator of 2(9) for g = D9, 11 as s; and generators
of Z(Q) ~ 7o X Zs for g = Doy, as s,c. We also define v := s + ¢ for g = Da,,.

11.1 Surface Operators and Outer Automorphisms in 6d (2,0)

6d N = (2,0) SCFTs are relative QF Ts classified by a simple Lie algebra g of ADE type. Such
a theory contains surface defect operators of dimension 2. Modulo screening by dynamical
objects, these operators can be classified by the Pontryagin dual 7 (G) of the center Z(G)
of the simply connected group G associated to g, which are summarized in table The
Pontryagin dual Z(G) := Hom(Z (G),R/Z) of a finite abelian center group is isomorphic to
the center group itself.

These surface operators are not all mutually local. Consider a correlation function con-
taining two surface operators a, 5 € 7 (G). As « is moved around 3, the correlation function

is transformed by a phase factOIEI

exp(2mi{a, B)) (11.3)

'Notice (in the following equation) that we define the pairing with a negative sign as compared to the
standard choice, which can be found for example in [66].
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with a bihomomorphism
(y: Z(G)x Z(G) — R/Z. (11.4)

The bihomomorphism can be specified by providing its values on the generators of Z (G) |66).
These are also listed in table [T.1l
The (2,0) theory admits a discrete O-form symmetry which can be identified with the

group of outer-automorphisms Oy of g, which are
Oy = 7o (11.5)

fOI‘ g = An22; Dn257 E6, and

0D4 = 537 (116)

namely the group formed by permutations of three objects. Oy is trivial for E7 and Eg. The
outer-automorphisms act on representations of g, and hence on A (G). Forg = Ay, Dap+1, Fs,
the non-trivial element of Oy = Z3 acts by sending the generator of Z (G) to its inverse. For
g = Dy, and n > 3, the non-trivial element of Oy = Zs acts by exchanging the two chosen

generators s, ¢ of Z(Q) ~ 7o X Zo. For g = Dy, we write
OD4 = 53 >~ Zg A ZQ (117)

and choose generators a € Zz and b € Zy, which act as follows

a: s—=vU, v—=c, ¢S
(11.8)
b: s—c, c—s, V—U.

11.2 Compactifications without Punctures

In this chapter we consider compactifications of 6d (2,0) theories on a Riemann surface
Cy of genus g without any punctures. If there are no other ingredients involved in the
compactification, such a compactification is called an untwisted compactification. On the
other hand, we can also consider twisted compactifications which means the following. The

outer-automorphism O-form symmetry in 6d (2,0) theory discussed in the last section is
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generated by topological operators of codimension-1 in the 6d theory. Inserting such a
topological operators along a cycle of the Riemann surface gives rise to a “codimension-0
object” in the 4d theory, which means that the resulting 4d theory itself is different from
the 4d theory arising when no such topological operators are inserted. Further discussion
on twisted compactification is omitted here, but can be found in [3].

Twisted and untwisted compactifications can equivalently be distinguished in the Higgs
bundle description of the compactification. Here the insertion of topological operators along
twist lines gives rise to an action on the Higgs field by an outer automorphism o across
these. The insertions alter the gauge group of the effective 4d N/ = 2 theory and have a
geometric interpretation in the IIB dual description as we explain in more detail in section
In this geometric picture we are further able to justify the key assumption that regular
untwisted punctures are irrelevant in determining the defect group, which we also argue for

in section [[T.3

11.2.1 Untwisted Compactifications

Let us compactify a (2, 0) theory on a Riemann surface C, of genus g without any punctures
or twists. This gives rise to a relative 4d A/ = 2 theory with a set of line defects descending
from the elements of Z (G) wrapped along various cycles of C,. That is, the set £ of 4d line

defects (modulo screening) can be identified with
L=Hi(CyZ)~ Hi(CyZ) 2 Z . (11.9)

These line defects are not all mutually local. The violation of mutual locality between two

elements a ® o, b® B € H1(Cy,Z) ® 7~H (Cy, 2) is captured by the phase

exp(2mi(a, B)(a, b)), (11.10)

where (a, b) is the intersection pairing on H;(Cy,Z). This gives rise to a pairing on H(Cy, Z)

which is the natural combination of the intersection pairing and the bihomomorphism ((11.4))
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()1 Hi(Cy Z)x Hi(Cy Z) — R/Z
(11.11)
<a®avb®5> = <a’b><a’ﬂ> .

We can specify an absolute 4d N' = 2 theory by choosing a maximal set of line operators
A C Hi(Cy, 2), (11.12)

which are all mutually local, i.e., the phase is trivial for any two elements in A. Such
a set A is also referred to as a ‘maximal isotropic subgroup’ or as a ‘polarization’ in what
follows. The 1-form symmetry of the absolute 4d N' = 2 theory can then be identified with
the Pontryagin dual A of A.

Once we choose a set of A and B cycles on C,4, we can decompose
Hy(Cy, Z) ~ 7% x Z3,, (11.13)

where /Z\ffl is the contribution of A-cycles, and Z\% is the contribution of B-cycles. Moreover,
2}% and Z]% are maximal isotropic sublattices, and hence provide canonical choices of A once

a choice of A and B cycles has been made.

Example: When (2,0) theory of type g is compactified on a torus, we obtain 4d N = 4

SYM with gauge algebra g. Choosing an A-cycle and a B-cycle, we write
H\(T? 2)~Zsx Zg. (11.14)

We assume without loss of generality that the A-cycle is much shorter than the B-cycle,
this specifies the electromagnetic duality frame in which the W-bosons become light. Then,
Z 4 can be identified as the set of 4d Wilson line operators, and Z B can be identified as
the set of 4d 't Hooft line operators. Choosing A = EA, we obtain 4d N/ = 4 SYM with
gauge group G. On the other hand, choosing A = Z B, we obtain 4d N’ =4 SYM with gauge
group G/Z(G) and all discrete theta parameters turned off. In these cases, we have 1-form

symmetry

A~ Z(G), (11.15)
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which matches with the 1-form symmetry obtained using the Lagrangian description of 4d
N =4 SYM: when the gauge group is G, this is the electric 1-form symmetry; and then the
gauge group is G/Z(G), this is the magnetic 1-form symmetry.

Other choices of global forms of the gauge group and discrete theta angles are obtained
by choosing other polarizations. For concreteness, consider the case of g = su(4). In this
case, Za ~ Zp ~ Z4. The PSU(4) theory with a discrete theta parameter n € {0,1,2, 3}
turned on is obtained by choosing A to be the sublattice generated by the element (n,1) €
Ty X Ty ~ 7 4 X 7 B (where we have represented Z4 as the additive group Z/47). Any such

choice leads to the 1-form symmetry
AN~Zy. (11.16)

If we choose the polarization A generated by elements (0,2) and (2,0) in Z4 X Z4, then we
obtain the SO(6) ~ SU(4)/Zs theory with the discrete theta parameter turned off. In this
case the 1-form symmetry is

A~ Zo X Zs. (11.17)

From the point of view of the Lagrangian description, the two Zo factors are electric and
magnetic 1-form symmetries respectively. The remaining su(4) theory has SO(6) gauge
group and a discrete theta parameter turned on. This is obtained by choosing A to be
generated by the element (1,2) € Zy X Zg ~ 2A X 23, and the 1-form symmetry group of

the theory is

=)

~ 7. (11.18)

Example: Consider compactifying A; (2,0) theory on Cy with g > 2. In an S-duality frame,

in which A-cycles are much shorter than B-cycles, we obtain the following Lagrangian 4d
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N = 2 theory

F

50(3) su(2) s0(4) su(2) — s0(4) — -+ — s0(4) — su(2) — so(3)

DN —
N[

(11.19)
where we have a total of 2g — 1 nodes. Each node describes a gauge algebra and an edge
between two nodes denotes a half-bifundamental?] between the two nodes. An edge connect-
ing an su(2) node to a node labeled %F implies that the corresponding su(2) gauge algebra
carries an extra half-hyper charged in fundamental rep. If we choose A = (Z/2Z)%, we
obtain the 4d theory with all the gauge groups being simply connected. In this case, we
have 1-form symmetry

A~78, (11.20)

which can be easily matched with the above Lagrangian description with all the gauge groups
chosen to be the simply connected ones. A Zs factor arises from each of the g number of
s0(n) nodes (where n = 3,4 and the corresponding gauge group is Spin(n)). This Zg is the
subgroup of the center of Spin(n) that acts trivially on the fundamental representation of

s0(n) as defined in the above footnote.
11.3 Compactifications with Regular Punctures

Regular punctures are a special set of punctures defined by the condition that the Hitchin
field has (at most) a simple pole at the location of the puncture. These punctures can be
either untwisted or twisted. Twisted regular punctures arise at the ends of twist lines, and
hence the Hitchin field transforms by the action of the corresponding outer-automorphism
as one encircles a twisted regular puncture. On the other hand, untwisted punctures do

not live at the ends of non-trivial twist lines, and correspondingly the Hitchin field does

2Here, for ease of notation, we are using the convention that the fundamental representation of so(n) is
the n-dimensional vector representation. So, the fundamental representation for s0(3) is not the fundamental
representation for su(2), but rather the adjoint representation. Similarly, the fundamental representation of
s50(4) is the (2,2) rep of su(2) @ su(2) ~ so(4).
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t
X | g
Untwisted Puncture Twisted Puncture

Figure 11.1: A twisted puncture lives at the end of a non-trivial twist line ¢, while an

untwisted puncture does not live at the end of a non-trivial twist line.

not pick up the action of any non-trivial outer automorphism as one encircles an untwisted
regular puncture. See figure[I1.1] We restrict the presentation to regular puncture and avoid
complications due to twist lines which are irrelevant for the content presented in chapters
going forward.

Moreover, we further omit a special subset of regular punctures. The punctures in this
subset are referred to as atypical punctures. In the presence of atypical regular punctures, the
number of simple factors in the gauge algebra arising in a degeneration limit of the Riemann
surface is not equal to the dimension of the moduli space of the Riemann surface [165-167|
(see also [135]). We call a regular puncture which is not atypical a typical puncture. An
atypical regular puncture can be resolved into some number of typical regular punctures.
Throughout this chapter a regular puncture always refers to a typical regular puncture.

In this chapter, we consider compactifications of 6d N' = (2,0) theories on a Riemann
surface Cy with an arbitrary number of (untwisted and twisted) regular punctures, and an

arbitrary number of closed twist lines (which do not have end-points).

11.3.1 Untwisted Regular Punctures

Let £ be the set of 4d line operators (modulo screening) when a (2, 0) theory is compactified
on a Riemann surface C;, without any punctures, but possibly in the presence of closed twist
lines. The set £ (and Dirac pairing on it) was determined in the last few sections. Now,
insert n regular untwisted punctures on C,. We propose that the set of 4d line operators

modulo flavor charges (and screening) can again be identified with £. Moreover, an absolute



11.3. COMPACTIFICATIONS WITH REGULAR PUNCTURES 133

4d N = 2 theory is obtained by choosing a maximal isotropic subgroup
AcCL (11.21)

and the 1-form symmetry of such an absolute 4d N' = 2 theory can be identified with A.
In other words, regular untwisted punctures turn out to be irrelevant for the considerations
of this paper. In the rest of this section, we substantiate this proposal by studying some
examples. This behavior is in stark contrast with the irregular punctures of type Py which

play a major role in the constructions of chapter [12| and beyond.

Sphere with 4 regular untwisted punctures: As a few examples, we can obtain the

following 4d N/ = 2 gauge theories by compactifying (2,0) theories on a sphere with 4

regular untwisted punctureﬂ
e su(n) + 2nF by compactifying A,,—1 (2,0) theory.

e 50(8) + 2F + 2S + 2C, s0(8) +4S + 2C, s0(8) + 4S + C+ F by compactifying Dy (2,0)

theory [168].
e 50(9) +3S+F, s50(10) +4S, s0(10) + 2S + 4F by compactifying D5 (2,0) theory [168].

e 50(11) + S+ 5F, so(11) + 23S + 3F, s0(12) + S + $C+4F, s0(12) + S + 6F, s0(12) +

%S + %C + 2F by compactifying Dg (2,0) theory |168].
o su(4) +2A% + 4F, sp(2) + 6F by compactifying A3 (2,0) theory [56].

For this case L is trivial, which is what is expected from the 4d gauge theory description
as it can be checked that the line operators (modulo screening and flavor charges) form a
trivial set in all of the above gauge theories. Consequently, the 1-form symmetry is also

trivial for all of these theories, and the gauge group must be the simply connected one.

3The notation g; + > n;R; denotes a 4d N' = 2 gauge theory with gauge algebra g along with n; full
hypers in irrep R;. If n; is half-integral, it means that there is an additional half-hyper in R; along with |n; ]
number of full hypers in R;. F denotes fundamental irrep for su(n) and sp(n), and vector irrep for so(n). S
denotes spinor irreps for so(n) and C denotes co-spinor irrep for s0(2n). A? denotes 2-index antisymmetric
irrep for su(n) and sp(n).
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Torus with 1 regular untwisted puncture and twisted line: We can obtain the fol-

lowing 4d N = 2 gauge theories by compactifying (2,0) theories on a torus with 1 regular

untwisted puncture and a twisted line wrapped along a non-trivial cycleﬁ:
e s5u(2n) + S? + A? by compactifying As, 1 (2,0) theory.
e su(2n + 1) + S? + A? by compactifying A, (2,0) theory.

In the former case, we have

EEZQ XZQ, (1122)

which can be matched with the 4d gauge theory expectation. For a pure su(2n) gauge
theory, the set of Wilson lines (modulo screening) is Zsg,, with generator W being the Wilson
line in fundamental rep of su(2n). The set of 't Hooft lines (modulo screening) is also Za,
with generator H. The Dirac pairing between W and H is (W, H) = % Now we add in
the matter. The hypermultiplets in §2 and A? screen 2W, and thus the set of Wilson lines
(modulo screening and flavor charges) can be identified with Zsy, generated by W. On the
other hand, the 't Hooft lines must be mutually local with 21/, and hence the set of 't Hooft
lines (modulo screening and flavor charges) can be identified with Zso, generated by nH.
Thus, we verify the prediction . Choosing the polarization A to be the Zs generated
by W leads to gauge group SU(2n). Choosing A to be the Zy generated by nH or W +nH

leads to gauge group SU(2n)/Zy with discrete theta parameter turned off or on respectively.

In all these cases, the 1-form symmetry is
A7, (11.23)

In the latter case, L is trivial. Correspondingly, the set of line operators in the gauge
theory (modulo screening and flavor charges) is trivial. The set of Wilson lines is trivial
because 2W is a generator of Zo, 11, and the set of 't Hooft lines is trivial because they need
to be mutually local with W (as W is screened). There is no 1-form symmetry, and the

gauge group must be the simply connected SU(2n + 1).

452 denotes the 2-index symmetric representation of su(n).
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Torus with k regular untwisted punctures: 4d V' = 2 su(n)* necklace quiver can be

obtained by compactifying A,,—1 (2,0) theory on a torus with k regular untwisted punctures.
In this case,

L~Z4xZp~72x7E, (11.24)

which can be verified from the 4d gauge theory description. For example, choosing all gauge
groups to be SU(n) corresponds to choosing one of the two Z,, factors as the polarization.

The 1-form symmetry is then predicted to be
A~7Z,, (11.25)

which can be identified as the diagonal subgroup of the ZF center of the gauge group SU (n)*.

Cy with n regular untwisted punctures: Consider compactifying A; (2,0) theory on C,

in the presence of n regular untwisted punctures [55]. According to our proposal, we predict

L~ 78 x 75 (11.26)

There are a number of degeneration limits which lead to a variety of S-dual weakly-coupled
4d conformal gauge theories. The predicted answer for £ and the pairing on it can be verified
from the point of view of any of these 4d gauge theories. For example, one such degeneration

limit (which exists for n > 2) leads to the following 4d gauge theory

[\]
M
N[
M

su(2) — su(2) — - —su(2) — s0(4) — su(2) — .- — s0(4) — su(2) — s0(3)

n—1 29-1

(11.27)
where an edge between two su(2) gauge algebras denotes a full hyper in bifundamental,
while an between an su(2) and an so(n) gauge algebra denotes a half-hyper in bifundamental

(see earlier discussion for our slightly non-standard definition of fundamental of so(3) and

50(4)). The edge between a node labeled nF and a node labeled su(2) denotes that the
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corresponding su(2) gauge algebras carries n extra hypers in fundamental representation,
where n is allowed to be a half-integer to account for half-hypers in fundamental. Choosing a
particular A ~ ZJ C L corresponds to choosing all the gauge groups to be simply connected.
The 1-form symmetry is predicted to be A~ Z$ for this choice, which can be verified easily
from the 4d gauge theory description. A Zso factor arises as the subgroup of the center of

each Spin(n) (where n = 3,4) gauge group that leaves the vector rep of Spin(n) invariant.

Example and Comparison with 6d (1,0) on 72: The last class of example has an al-

ternative realization in terms of a 6d (1,0) on T? [169,/170]: For ¢ = 1 and n = 2 the A;
theory on Ci 2 has defect group £ = Zs x Zs. We can alternatively think of this as the
compactification of the 6d (1,0) theory that is the SU(2) — SU(2) conformal matter theory
of rank 2, i.e., 2 M5-branes probing C?/Zy. The 6d theory has a tensor branch geometry,
which has two non-compact curves, with SU(2) singularities, sandwiching a (—2)-curve,
with SU(2) gauge group. The defect group given by Zs, and the dimensional reduction of
this on T2, results in £4 = Lp = Zy. More generally, 2 M5-branes probing a Z; singu-
larity results in a ‘hybrid’ class S theory, where an A;-trinion is glued to an Ap_1 one (see
(2.6) in [170]). The tensor branch-geometry changes simply to SU(k) groups both on the
non-compact curves as well as on the (—2)-curve, thus leaving the defect group, and the

expected 1-form symmetry unchanged.

11.4 1-Form Symmetries from Type IIB Realization

11.4.1 Class S from Type IIB

Class S theories can also have a realization in terms of a dual, Type IIB compactification,
using geometric field theory methods, developed for general N' = 2 theories, predating class
S [171]. Type IIB on a canonical singularity gives rise to N' = 2 SCFTs, and more generally
can provide a way to engineer gauge theories. The Calabi-Yau X geometries that realize

class S theories, can be constructed as ALE-fibrations over a curve

(C2/FADE — X — Cg,'fﬂ (11.28)
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where the resolutions parametrized for the ALE-fiber are encoded in a Higgs field ¢. The
Higgs field ¢ is a meromorphic 1-form valued in the respective ADE Lie algebra g and
enters into a Higgs bundle [77,/172]. We consider the 6d (2,0) theory of type ADE on
Cgn, with the standard topological twist that retains N/ = 2 supersymmetry in 4d, i.e.,
SO(5) — SU(2) x U(1)g and SO(6) — SO(4) x U(1)r, twisting the U(1)z by combining
it with the U(1)r R-symmetry transformation. The scalars give rise to the (1,0) and (0,1)
forms ¢ and @. These define together with the gauge field components (along the curve)
the Higgs bundle, satisfying the Hitchin equations when describing supersymmetric vacua.

The spectral equation defines the SW curve inside the co-tangent bundle of C ,
det(p —A1d) =0. (11.29)

We assume that the Higgs bundle is diagonalizable, i.e., ¢ = diag(A1,--- , Ar). The spectral
data encodes a local Calabi-Yau, which defines an ALE-fibration over C'. Each sheet is
labeled by a fundamental weight of g. For simplicity let us focus on the An_1 case. There
are N sheets, associated to the L;, i = 1,--- , N fundamental weights, with the simple roots
realized as o; = L; — L;y1. The Higgs field eigenvalues \; encode the volumes of the rational
curve in the ALE-fibration, where each simple root is associated to a rational curve IP’%,

whose volume is determined by

s Q=X — Ais1- (11.30)

When \; = 0 for all 4, the full SU(NN) symmetry is restored. More precisely, the spectral
curve allows us to construct three-cycles as follows: if b, are the branch points of the spectral
curve, where two sheets of the cover collide, we can construct an S® by considering the ALE-
fiber over the line ¢, g connecting two branch-points in C. At each of the branch-points a
2-sphere collapses, and thus we obtain an S3. These three-spheres are Lagrangian and give
rise in IIB to the gauge fields in 4d. Other three-cycles with the topology of S? x S! are

obtained by considering the rational curves fibered over closed 1-cycles in the base.
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Figure 11.2: The outer automorphism (|11.31]) acting on the spectral cover.

Regular, untwisted punctures correspond to simple poles of . In the ALE-fibration,
this maps to sending the volumes of (some) P's to infinity. In class S regular, untwisted
punctures are further labelled by a Young diagram [55], which is a pictorial representation
of a partition of N = > n;h;. It is a finite collection of boxes with row lengths of non-
increasing order. Listing the number of boxes in each row gives the partition where n; is
the multiplicity of the box of height h; in the Young diagram. The flavor symmetry is
Grp = S(I[;U(n;)). E.g. the full punctures corresponding to the partition 1V the flavor
symmetry is SU(N), corresponds to sending all N sheets to infinity with the same rate,
parameterized by the residue of the pole of .

Open and closed twist lines alter the global structure of the ALE geometry. Open twist
lines are inserted between punctures and closed twist lines are wrapped along a 1-cycle B
of the base C, both are labelled by an element o of the outer automorphism group. When
encircling a puncture or traversing a 1-cycle intersecting B the Higgs field is acted on the by
the outer automorphism o, see figure In the ALE-fibration, rational curves P! locally
sweeping out distinct three-cycles are identified reducing the total number of 3-cycles in X.
The Poincaré dual of these three-cycles are used to expand the supergravity four-form and
construct the gauge bosons of the effective 4d theory. The gauge algebra of the theory is

therefore determined by the initial choice of ADE gauge group and twist line structure.
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Example: Consider the 6d (2,0) Ag,—1 theory compactified on the torus C; = T? with a
closed b twist line along the B cycle. The spectral cover ¥ is a 2n-sheeted cover of the torus
T?. Each sheet can be thought of as associated to a fundamental weight L;, i = 1,--- ,2n,

and the outer automorphism acts as
0. Ll — _L2n+17i, (1131)

which induces an action on the simple roots o; = L; — Lijy1 <> aapn—i. The root a, is fixed.
There are n 3-cycles, one for each orbit of the outer automorphism on the P! fibers which
determine the root system of the 4d gauge algebra. These 3-cycles intersect linearly with
the 3-cycle corresponding to the fixed P! lying at the end of this chain. The root originating
from this P! is shorter than than the remaining n — 1 roots and we find the roots system
of type B,,. Overall we find the gauge group to reduce from SU(2n) to Spin(2n + 1) when

introducing the twist line, the center of Spin(2n + 1) is Zs.
11.4.2 Line operators from IIB

The line operators in this context are realized in terms of wrapped D3-branes, on non-
compact three-cycles, modulo screening by particles, which are D3-branes wrapped on com-
pact three-cycles. To study these, consider the analog arguments as in [58-60]. In relative
homology, where 0X is the boundary link 5-fold of the Calabi-Yau three-fold, the line op-

erators are thereby realized in terms of

o HB(Xa aX’Z)

= 11.32
T X (152
Chasing this through the long exact sequence in relative homology,
C— H3(X,Z) -5 Hs(X,0X,2) -5 Hy(0X,Z) — Ho(X,Z) —» ---, (11.33)
we find that
H3(X,0X,Z H3(X,0X,Z
o= X, 0X,2)  Hy(X, 0X, ):Im(a):Ker(L). (11.34)

HS(Xv Z) B Im(Q)
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In particular we can write it as
L ={le€ Hy(0X,Z)| £ is a 2-cycle in 0X which becomes trivial in X} . (11.35)

The pairing on £ governing the mutual non-locality of 4d line operators descends straight-
forwardly from the linking pairing on Hs(0X,Z).

The boundary 0X receives contributions Br and Bj from the fibers and punctures
respectively

n
0X¢,, =BrU | B, (11.36)
k=1

where the topology of By is given by

CZ/FADE — Bk — Sl, (11.37)
and the topology of B is given by
S3/Tape < Brp — Cyn - (11.38)

The contribution of (11.38)) part of dX¢, , to H2(0X¢,,, ,7Z) is obtained by choosing an

element o € H(S?/Tapg), which is then fibered over a loop L in Cy,,. We have
H1(S®/TapE, Z) ~ Z(G), (11.39)

where G is the simply connected Lie group associated to the ADE Lie algebra g associated
to Dapg. Moreover, an outer-automorphism of g acts on H1(S%/Tapg,Z) in precisely the
same way as it acts on A (G). When the loop L crosses an outer-automorphism twist line o,
« is transformed to o - a. Moreover, any such element («, L) € Ho(Bp,Z) C Ho(0X,Z) is
clearly trivial, when embedded into X since « is contractible when embedded into C? /T pg.

Thus, contributions of type («, L) give rise to a non-trivial subgroup
LpCL, (11.40)

where L is defined in (|11.35)).
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. : . : . : .

Figure 11.3:  Consider an untwisted regular puncture and a boundary cycle (L,«) €
Hy(Bp,Z), with a € H1(S3/Tapg). We illustrate how the untwisted puncture does not
affect this contribution to the defect group. Left: A line L, associated to (L, «). Right: A
line L’ associated to (L', «). Center-left: Limiting configuration as L is moved towards an
untwisted regular puncture. Center-right: Limiting configuration as L’ is moved towards

the puncture.

Now, notice that the above contributions of the kind («, L) are precisely the contributions
we have been considering throughout the paper. Let us label the group of line operators

obtained using the earlier considerations in the paper as L£y. Then we clearly have
LoC Lp. (11.41)

Thus, the only way for our previous calculation £y and the Type IIB calculation £ to match
is if

Lo=Lr=L. (11.42)
In the rest of this subsection, we justify this equality.

First thing we need to show is that the contribution of all boundary components By, to

L is trivial. Indeed, the only 2-cycles in By, are the exceptional P's in C2/T'zpg, but none
of these 2-cycles is trivial when embedded into X, and hence do not contribute to L.

Next, we need to show that (L, «) and (L', &) give rise to the same element in Hy(0X,Z)
if L' is obtained from L by passing it over an untwisted regular puncture. Consider the
limiting configuration of L approaching an untwisted regular puncture k, say from the left

in figure We hit the boundary component By, at a particular point p € S*. The fiber

component « embeds into the fiber ((C2 /T ADE>p of By, at p via the inclusion map

lp - SS/FADE — (C2/FADE)p- (11.43)
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Figure 11.4:  Consider again (L,«), (L', a) € Ha(Bp,Z) with o € H1(S3/Tapg). Left: A
line L associated to (L, «). Right: A line L’ associated to (L', ) along the blue subsegment
and o - o along the green subsegment. Center-left: Limiting configuration as L is moved
towards an untwisted regular puncture. Center-right: Limiting configuration as L’ is moved

towards the puncture. The central equality only holds for a = 0 - a.

Similarly, the limiting configuration of L’ approaching an untwisted regular puncture k, say
from the right in figure , hits the boundary component B, at a particular point p’ € S*.
The fiber component o embeds into the fiber ((CQ//-E;)E)p, of By at p’ via the inclusion
map described above. Since the two embeddings of « into (C27I\‘/ADE)p and (C%E)p,
respectively are homotopic to each other, we deduce that (L,a) = (L', «) as elements of
Hy(0X,7Z).

Finally, we need to show that (L,«a) and (L',«) give rise to the same element in
Hy(0X,Z) if L' is obtained from L by passing it over an twisted regular puncture, as
long as « is left invariant by the action of the outer-automorphism associated to the twist
line emanating from the twisted regular puncture. The argument proceeds exactly as in the
untwisted case since the twist line is immaterial if « is left invariant by the corresponding
outer-automorphism action. On the other hand, if « is not left invariant by the outer-
automorphism, then L’ needs to be divided into two sub-rays (denoted by blue and green
respectively in ﬁgure with « inserted along the blue sub-ray and o-« inserted along the
green sub-ray. In particular, there is no consistent limiting configuration as L’ approaches
the puncture, and the above argument fails. Thus, L and L’ give rise to different elements
of Hy(0X,Z) (and hence L) if « is acted upon by the twist line emanating from the regular
puncture.

The above argument can be viewed as a justification of our key assumption used in the

earlier parts of the paper: If L is a loop surrounding a regular (untwisted or twisted) puncture



carrying an element o € Z (G) left invariant by the twist line emanating from the puncture,
then such a loop is trivial in £. As an alternative approach one might consider arguing
that closing an untwisted regular puncture does not change the defect group. It would be
interesting to develop this point of view. Here we note, that in the geometric descriptions
one could argue as follows: regular punctures characterize base points at which fibral P'’s
both decompactify and potentially braid when approaching the puncture. For line operators
the decompactification of cycles is immaterial. We can therefore rescale Higgs field with a
factor of the base coordinate z preserving the braiding structure. This completely removes
regular punctures. In other words, regular punctures can be filled in from the perspective of
line operators and do not contribute to the defect group. It would be interesting to develop
the precise dictionary, and to expand it to include irregular punctures.

Generically the above procedure can be applied to any canonical singularity. E.g. even
in the case of general irregular punctures, which realize Argyres Douglas theories, that do
not necessarily admit a Lagrangian description. The theories of type AD[G,G’| have a
realization in terms of Type IIB on a canonical singularity and for AD[G, G’] theories, the
1-form symmetries are non-trivial only for G = Ay with N > 1 and G’ = D, E type,
see [59,|60]. These results should provide further insights into computing the one-form

symmetry for irregular punctures more generally.

Chapter 12
Appetizer: Confinement in su(2) N =1 SYM Theory

In this section, we discuss confinement in N = 1 pure super-Yang-Mills (SYM) theories with
gauge algebra su(2). As we review in section there are three such theories: one with
gauge group SU(2) and two with gauge group SO(3). The two theories with gauge group
SO(3) are distinguished by a discrete theta parameter, and correspondingly are referred to

as SO(3)+ and SO(3)_ theories. All these theories have two massive vacua. Both of these

143
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vacua are confining for the SU(2) theory, while only one of them is confining for the SO(3)+
theories.

In section [12.2] we discuss a construction of these 4d AV = 1 theories involving compact-
ification of the 6d A1 N = (2,0) theory. The construction involves transitioning through
4d N = 2 pure SYM theories with gauge algebra su(2). Compactifying the 6d theory on
a sphere with two irregular punctures provides a Class S construction for these 4d N = 2
theories. One can then further “rotate” one of the punctures to softly break N' = 2 super-
symmetry to N = 1. Field theoretically, this corresponds to adding a small superpotential
proportional to the Coulomb branch (CB) parameter u to the 4d N = 2 theories (viewed
as N = 1 theories). As is well-known, all the CB vacua are lifted under this deformation,
except the monopole and dyon points, giving rise to two massive vacua. As the rotation
parameter is taken to infinity, these theories reduce to the pure su(2) N'=1 SYM theories,
with the above two vacua being identified as the vacua of the pure N/ = 1 theories.

We then proceed in section to explain the above field theory results about confine-
ment from the point of view of this compactification and properties of the 6d N' = (2,0)

theory.
12.1 Result from Field Theory

In this subsection, we review the discussion in [133,|173] about confinement in pure su(2)
N =1 SYM theories. A massive vacuum is called confining if a non-trivial subgroup of the
1-form symmetry group of the theory is left unbroken in that vacuum [57]. Thus we need
to study the 1-form symmetry group in the SU(2), SO(3)+ versions of the theory, and its
spontaneous breaking in each of the two vacua.

The 1-form symmetry group acts on the line operators in the theory. For pure su(2)

gauge theories, the set L of line operators modulo screenings forms a group

L~ ZQ X ZQ (121)
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under fusion. The two Zs factors are generated by a fundamental Wilson line W and a 't
Hooft line H, with their sum W + H (the sum operation represents fusion) being a dyonic
Wilson-"t Hooft line operator.

These line operators are not all mutually local with respect to the Dirac pairing. For
example, if W is taken around H, or if H is taken around W, then the correlation function

changes sign. This non-locality is captured in a Zs valued pairing defined on L as follows

(W, W) =0

(H,H) =0 (12.2)
1

(W, H) = 5.

The change in phase of a correlation function as an element a € L is taken around 8 € L is
then

exp(2mi(a, B)) . (12.3)
This means that not all the line operators in £ are genuine line operators. If o, 5 € L
are such that («, 8) # 0, then either a or § lives at the boundary of a topological surface
operator which acts on the other line operator, and this action is responsible for producing
the phase . Thus specifying a theory T (also called as an “absolute” theory) specifies
a maximal subgroup A of mutually commuting line operators in £ which are genuine in ¥.
The line operators in £ — A are non-genuine line operators of ¥.

Consequently, a theory can only contain one out of W, H and W + H in its spectrum
of genuine line operators. Choosing W to lie in the spectrum gives rise to a pure 4d gauge
theory with gauge group SU(2). On the other hand, choosing H or W + H give rise to pure
4d gauge theories with gauge group SO(3). The two SO(3) theories are differentiated by a
discrete theta parametexﬂ The theory containing H is called the SO(3)4 theory and the

theory containing W + H is called the SO(3)_ theory.

'The SO(3); theory is obtained from the SU(2) theory by gauging its Zs 1-form symmetry, while the
SO(3) - theory is obtained by gauging the diagonal Zs 1-form symmetry of the SU(2) theory stacked with an
SPT phase for the Zs 1-form symmetry. After gauging, the SPT phase is understood as a discrete theta-like
parameter which when added to the Lagrangian of the SO(3)+ theory leads to the SO(3)- theory and vice
versa. The above construction in terms of the SU(2) theory allows us to call the SO(3)4 theory as the
theory with discrete theta parameter “turned oft”, and the SO(3)— theory as the theory with discrete theta
parameter “turned on”.
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The 1-form symmetry in each of these three theories is Zo. The charged operator is
the non-trivial element of £ lying in the spectrum of genuine line operators of the theory.
Notice, for future purposes, that the above analysis regarding £, different global forms of the
gauge group, discrete theta parameters and 1-form symmetry is independent of the amount
of supersymmetry. In particular, it applies equally well to pure 4d su(2) SYM theories with
N =1 and N = 2 supersymmetry.

To probe confinement in 4d su(2) pure N/ = 1 SYM theories, we realize them as de-
formations of 4d su(2) pure N' = 2 SYM theories. Let us deform the N' = 2 theory by a
superpotential ©Tr¢? where p is a mass parameter and ¢ is an ' = 1 adjoint chiral super-
field inside the N’ = 2 vector multiplet. For u < Aj—o the superpotential is represented
as uU where U is an N' = 1 chiral superfield whose scalar component corresponds to the
CB modulus w. It is well-known [174] that this superpotential lifts the entire CB except
for the monopole and dyon points, and thus the theory has two massive vacua, which we
refer to as the monopole vacuum and the dyon vacuum respectively. The superpotential
leads to condensation of monopoles at the monopole point and the condensation of dyons
(whose charges align with W 4+ H) at the dyon point. This has the following consequence

for confinement in the three theories:

e For the SU(2) theory, since the charge of the chosen line operator W does not align
with the charges of condensing monopoles or dyons, W exhibits area law in both vacua.

Hence, both vacua are confining and preserve the Zy 1-form symmetry.

e For the SO(3)4 theory in the monopole vacuum, the charge of the chosen line operator
H aligns with the charge of condensing monopoles, and hence H exhibits perimeter
law in the monopole vacuum. On the other hand, the charge of H does not align with
the charge of condensing dyons in the dyon vacuum, and hence H exhibits area law
in the dyon vacuum. Thus, the monopole vacuum is not confining and spontaneously
breaks the Zs 1-form symmetry, while the dyon vacuum is confining and preserves the

Zo 1-form symmetry.
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e For the SO(3)_ theory in the dyon vacuum, the charge of the chosen line operator
W+ H aligns with the charge of condensing dyons, and hence W+ H exhibits perimeter
law in the dyon vacuum. On the other hand, the charge of W + H does not align with
the charge of condensing monopoles in the monopole vacuum, and hence W + H
exhibits area law in the monopole vacuum. Thus, the dyon vacuum is not confining
and spontaneously breaks the Zs 1-form symmetry, while the monopole vacuum is

confining and preserves the Zo 1-form symmetry.

In a confining vacuum there are massive confining strings which are charged under the 1-form
symmetry, while in a non-confining vacuum there are no such strings.

For 1 > Aja—2 we can rely on the UV description of the A/ = 2 theory to integrate
out ® thus leading to the pure ' = 1 SYM theory at low-energies, which is expected to
admit two massive vacua. This ties in neatly with the two vacua found for u < Ax—2 and
suggests that there is no phase transition as we vary p/Ax—2. Moreover, we are lead to the
prediction that both the vacua of the SU(2) pure N =1 SYM are confining, while for the

SO(3)+ pure =1 SYM only one of the vacua is confining.
12.2 Construction from 6d A; N = (2,0) Theory

The pure N' = 2 theory admits a Hanany-Witten type brane construction in terms of NS5
and D4 branes in Type ITA superstring theory [8,/175|, which is shown in figure [12.1} This
allows us to read off the Seiberg-Witten curve (SW curve) of the theory
A2
v? = - +u+ A%, (12.4)
where we have used the notation of |175] and we have shortened Ay —2 used in the previous
subsection to A.
Now, following [55]/77], one can use the above SW curve to phrase the construction of
the pure N' = 2 theory as a compactification of 6d Ay N = (2,0) superconformal field

theory (SCFT). The (2,0) theory contains a chiral operatorﬂ that we denote as Tr®? which

2Tt should be noted that while Tr®? is a genuine local operator in the 6d theory, ® is not.
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Figure 12.1: The Hanany-Witten setup realizing in Type IIA string theory the pure N' = 2
su(2) SYM theories.
transforms in an irreducible representation of the so(5)g symmetry. Vevs of this chiral
operator parametrize the moduli space of supersymmetric vacua of the (2,0) theory.

To construct the pure 4d N/ = 2 theory, we need to compactify the A; (2,0) theory
on a sphere C with two punctures whose coordinate is ¢ and the punctures are located at
t = 0,00. C is the UV curve for this Class S construction. We need to perform a topological
twist along C which decomposes s0(5)r — 50(3)g @ s0(2)r and identifies s0(2)r with the
50(2) holonomy group of C, while identifying s0(3) g as the R-symmetry of the descendant 4d
N = 2 theory. This decomposes Tr®? into various operators, out of which we single out an
operator Tr¢? which is charged only under the s0(2)x subalgebra of s0(5)r and transforms

as a quadratic differential on C due to the twist. The vevs

¢2 = (Tr¢?) (12.5)

are quadratic meromorphic differentials on C and parametrize the CB of the resulting 4d
N = 2 theory. To fully specify the space of ¢2(t), we need to specify their behavior at the

punctures t = 0, 00. This can be read off by identifying the SW curve as
2 2 2
v A u A
= —dt’ = | = + = + — | dt? 12.
62 = 23 <t3+t2+t) : (12.6)

from which follows that ¢9 has poles of order 3 at both punctures. The corresponding Higgs
field ¢ has a pole of order % at each puncture. Since this is higher-order singularity than a

simple pole of order 1, it is called as an irregular singularity of the Higgs field. Thus, the 4d
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Figure 12.2: Rotation of the branes in the Hanany-Witten setup, which results in breaking
N =2 to N =1 supersymmetry. Again we show the construction for su(2) pure SYM.
pure su(2) N =2 SYM is constructed by compactifying the 6d A; (2,0) theory on a sphere
with two irregular punctures where the Higgs field has a pole of order % at each puncture.

Now, to reach the 4d N' =1 SYM theory, we would like to deform the 4d N’ = 2 SYM
theory by the superpotential discussed in the previous subsection. In the Type IIA brane
construction, this corresponds to rotating one of the NS5 branes in two of the transverse
directions denoted by a complex coordinate w [52}/138,176]. The u — oo limit which leads
to the 4d N'=1 SYM theory is obtained when the NS5 brane has been completely rotated.
See figure

To achieve this deformation from the point of view of the 6d A; (2,0) theory, we start
by choosing an s0(2),, inside s0(3)z which corresponds to choosing an operator Tre? inside

Tr®? which is charged only under s0(2),, subalgebra of s0(5)g. Then we turn on vevs

@y = (Try?), (12.7)

which are meromorphic functions on C. Since Try? is charged under so(3)g, its vevs break
the N/ = 2 R-symmetry in 4d, and hence the resulting theory only has 4d N' = 1 supersym-
metry. The asymptotic values of the Higgs ﬁeldE| p are

p~upV o ast— oo
) (12.8)
pr~c ast— 0

3Notice that the Higgs field ¢ is a function on C, while the Higgs field ¢ is a 1-form.
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where ¢ is a constant and V is a Higgs field defined via

it

V=0 (12.9)

Thus ¢ has a singularity only at t = oo but not at ¢ = 0, which encodes the fact that we
are ‘“rotating” the puncture at t = co but not the puncture at t = 0.
Turning on vevs for Tr¢? and Tre? also turns on vevs for operator Treyp sitting inside

Tr®?, which is charged under both s0(2)g and s0(2),. The vevs

(Pp)2 = (Troyp) (12.10)

are meromorphic 1-forms on C due to the topological twist.

The SW curve can now be transformed to an “A/ = 1 curve” specified by

dt?
v2t—2 = ¢2
w? = 02 (12.11)
dt
vw— = (Pp)2

with (¢,v,w) € C* x C x C, which is a 2-fold cover of the UV curve C. In particular, the last
equation in the above set of equations combines the double covers associated to v and w into
a single double cover. This equation can be imposed because ¢ and ¢ are simultaneously
diagonalizable and hence Tr(¢p) defines a consistent profile for Uw%.

It turns out that the set of equations is consistent only for two values of the CB

parameter u [136]. To see this, we first write down the most general form of w? compatible

with the boundary condition ((12.8])

w? = A% +c. (12.12)

Now the well-defined-ness of vw requires us to impose that the product of (12.4) and (12.12))

is a perfect square, that is

2,2 2Y (2 A2
U2w2:(At +wf+/z>(:“/\t+c):gzg2_ (12.13)
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Figure 12.3: The figure displays the sheet structures of v-curve and w-curve over the UV
curve C with the coordinate t. A star denotes a singular point where the corresponding
curve escapes to infinity, X denotes a non-singular branch-point, and the dashed lines denote
branch cuts.

Keeping A fixed, the only way to achieve the perfect square condition is by requiring

c=0
) (12.14)
u = +£2A2

Thus, we rediscover that after a rotation only two vacua survive, which are the monopole

and the dyon points in the N'=2 CB. The N/ = 1 curves for these two vacua are
v? = A? (1j:2—|—t>
w? = p2A%t : (12.15)
vw = puA?(t £ 1)
The perfect square condition, which is equivalent to vw being well-defined, can be un-

derstood in a more topological/group-theoretical way that will be very useful for further

generalizations in later chapters. If we only consider ((12.4) and (12.12)), we find that in gen-

eral there are 4 values of (v, w) associated to a fixed value of ¢. That is, we are describing
two separate double covers v, w of the UV curve C parametrized by t. Instead, we would like
to combine these two double covers into a single double cover of C, and the combined curve

is the N’ = 1 curve we are after. We can represent the sheet structures of the two double

covers ([12.4)) and (12.12)) in terms of branch points and the branch lines (i.e., branch cuts)

joining them, as shown in figure
To combine these two double covers, we need to move the branch points and potentially
collide them such that the resulting branch structure of the two double covers is the same.

One such possible movement of branch points is shown in figure [I2.4] From the point of
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Figure 12.4: A possible movement and collision of branch points that ensures that the
branch structures of v and w curves coincide. However, as explained in the text, this branch
structure is not possible.

Figure 12.5: A possible movement and collision of branch points that ensures that the branch
structures of v and w curves coincide. This configuration gives rise to a consistent N' = 1
curve.

view of (12.4)), this movement requires that ¢t = 0 is a root of A%*t? 4+ ut + A? which is not
possible for a fixed A, and requires us to change our starting A’ = 2 theory. Thus, we reject
this movement of branch points.

However, there is another possible movement of the branch points which results in the
same branch structure for the two double covers. See figure From the point of view of
(12.4), this movement requires colliding the two branch points of A?t?24ut+ A?; and from the
point of view of , this movement requires sending the branch point of located
at finite ¢ to be moved to ¢t = 0. Thus, this movement enforces precisely the conditions
(12.14) which lead to the A" =1 curve (12.17)).

Now, even though both the N' = 1 curves have the same structure of branch

points, they have different structure of branch lines. This can be seen easily by analyzing
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Figure 12.6: Branch-cut structure for the two N/ = 1 curves for su(2) SYM. The figures
show the projections of the N' =1 curves onto the UV curve (parametrized by t). The right
hand figure is related to the left by a Dehn twist. These two curves characterize the two
vacua of the theory.

the behavior of vw as ¢ — 0. In this limit we can write
vw = pA?. (12.16)

So, for a fixed asymptotic value of v, the two curves have asymptotic values of w having

2 = u2A%t, we see that we can change the sign of

opposite signs. From the equation w
asymptotic value of w by encircling once the t = 0 point. Thus, the branch cuts of the two
N =1 curves (seen as double covers of C) are related by a Dehn twist around the puncture
at t = 0. If we choose to represent the branch cut for the AV = 1 curve ([12.15)) with plus
sign as in the left side of figure then the branch cut for the N’ =1 curve with
minus sign is as shown on the right side of figure [12.6

Taking an appropriate p — oo limit of (12.15]) leads to N/ =1 curves for the two vacua

of pure su(2) N'=1 SYM [138|. Under this limit, the following quantities are kept fixed

(12.17)
ti=put
and after the limit we obtain the following N' = 1 curves
AS
0?2 = SN=1
t
w? =N\t - (12.18)
vw = +A%_,

Notice that the structure of branch points and cuts of the above two N/ =1 curves (viewed
as double covers of the ¢ plane) is exactly the same as in figure i.e., the structure of

branch points and cuts is left unchanged in the p — oo limit.
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12.3 Confinement from the 6d Construction

In this subsection, we apply our results from [3|, and first discuss how the group of line
operators £ (12.1) is encoded in the cycles on the UV curve C. Different theories SU(2)
and SO(3)+ correspond to different subgroups A of £. The 1-form symmetry group is then

identified with the Pontryagin dual A of A. Let Z. C L be defined as
T, = {projections of 1-cycles on the N’ =1 curve ¥, for vacuum 7 onto C}. (12.19)

Then we propose that the 1-form symmetry group O, preserved in the vacuum r can be

identified with

—

A —~
0, = CA. 12.20
(IT|A> ( )

where Z,.|5 := Z, N A and a hat on top of a group denotes the Pontryagin dual of that group.
If O, is trivial, then the vacuum r is not confining. On the other hand, if O, is non-trivial
then the vacuum r is confining.

The group £ in the 4d N = 2 su(2) SYM theory descends from a similar group 7 ~ 7,
formed by dimension-2 surface operators (modulo screenings) in the 6d A; (2,0) theory. Let

us denote the non-trivial element of Z by f, which is non-local with itself

(F.5) =3 (12.21)

As proposed in [3], after compactifying on C, the set £ descends from Z as shown in
figure Compactifying f on the cycle W (which encircles both punctures) leads to the
element named W € £, and compactifying f on the cycle H (which extends between the
two punctures) leads to the element named H € L. The pairing on L is obtained by
combining the pairing on Z with the intersection pairing on C.

As we discussed earlier, the various global forms of the gauge group are distinguished as

follows, where [W] denotes the subgroup generated by W € L, etc:

e SU(2) theory is obtained by choosing A = [W] C L,
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Figure 12.7: The Wilson (W, red) and 't Hooft (H, blue) lines in the Class S realization of
the 4d N = 2 su(2) pure SYM theories.

e SO(3)+ theory is obtained by choosing A = [H] C L,
e SO(3)_ theory is obtained by choosing A = [W + H] C L.

As we deform the N = 2 theory, the sets A and £ remain same. That is, our encoding of
A and £ into the UV curve C should hold even after rotating one of the punctures. This
should continue to hold even as we take the limit p — oo, with the role of C played by the
t-plane.

We can now study the subgroups Z, for the two vacua obtained after the deformation.
For the vacuum r = + with the plus sign in , this is encoded in the left side of figure
which depicts the projection of the corresponding N =1 curve X, onto C. Because of
the branch cut extending between the two punctures, one must go around a puncture twice
to obtain a cycle on . This cycle projects to 2W = 0 € L. Traveling from one puncture
to the other along one side of the branch cut, we obtain another cycle on 3 which projects
to H € L. Thus, we find that

T, = [H]. (12.22)

For the vacuum r = — with the minus sign in ((12.15), Z_ is encoded in the right side of
figure [I2.6) which depicts the projection of the corresponding N' = 1 curve X_ onto C. Again,
because of the branch cut, one must go around a puncture twice to obtain a cycle on >_
which projects to 2W = 0 € L. On the other hand, traveling from one puncture to the other

along one side of the branch cut, now we obtain a cycle on >_ which projects to W+ H € L.



Thus, we find that

T =[W+H]. (12.23)

From these, we readily compute for the SU(2) theory the 1-form symmetry that is preserved
in each of the vacua is

. (12.24)
O_ ~ ZQ

That is, both vacua r = + are confining for the SU(2) theory. For the SO(3)+ theory, we

find
O+ ~0
: (12.25)
O_ ~ Zg
That is, the monopole vacuum r = 4+ is not confining, while the dyon vacuum r = — is
confining. For the SO(3)_ theory, we find
O+ >~ ZQ
(12.26)
O_~0
That is, the monopole vacuum r = + is confining, while the dyon vacuum r = — is not

confining. Thus, our proposal recovers the field theory results discussed in section
121

Since the branch structure (over the -plane) of the A" =1 curves (12.18) in the u — co
limit is also described by the figure the above results about Q4 remain the same even

after the y — oo limit.

Chapter 13
N =1 Hitchin Systems and Confinement

13.1 Confinement, 1-form Symmetries, and Relative and Ab-
solute Theories

The vacua of distinct absolute theories agree and are thefore independent of the choice of
polarization A and so the vacua can be associated to the relative 4d theory. A vacuum r of

a relative theory divides line operators in £ into two distinct sets: those showing perimeter

156
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law and those showing area law. The subset of line operators exhibiting perimeter law form
a subgroup Z, C L. For an absolute QFT having (genuine) line operators specified by a
polarization A, the subgroup A, :=Z. N A C A of line operators show perimeter law. Then,

the vacuum r preserves a subgroup

—

O, = </t> CA (13.1)

of the 1-form symmetry group A IO, is trivial, it is said that the vacuum r is not confining.
On the other hand, if O, is non-trivial, the vacuum r is said to be confining. Moreover, if

O, ~ Zt, then t is called the confinement index of the vacuum r |72/177].
13.2 1-form Symmetry for A, ; Class S Theories

The class of 4d theories we study in this thesis are related to 4d A/ = 2 theories of Class S
obtained by compactifying 6d A,—; (2,0) SCFT on a punctured Riemann surface C4 of genus
g with arbitrary (untwisted) punctures but without any outer-automorphism twists. The
line operators £ in this class of theories arise by wrapping dimension-2 surface operators
along 1-cycles of C;. For A,_;1 (2,0) theory, the dimension-2 surface operators modulo
screenings form a group 7 ~ Zy,. The group 7 carries a non-trivial pairing (-,-) capturing
the non-locality between the dimension-2 surface operators. Choosing a generator f € Z ,

this pairing can be written as
1
(fif) = (13.2)

Thus the (2,0) theory is a relative QFT in the language of section . Its compactification
on C4 gives rise to a relative 4d N = 2 Class S theory.

Apriori, the possible ways of wrapping dimension-2 operators along 1-cycles of C, are
described by Hl(Cg,Z ,*), which is the homology group of 1l-cycles (with coefficients in
Z ) that are allowed to end on punctures, indicated by *. See figure On the other
hand, let Hq(Cy, 2) denote the homology group of 1-cycles (with coefficients in Z ) that do

not end on punctures. Clearly H; (CQ,Z\) - Hl(Cg,Z*). Now, it is not possible for all



13.2. 1-FORM SYMMETRY FOR Axn_; CLASS S THEORIES 158

Figure 13.1: Top: The cycles in H;(C,, Z, ) are allowed to end on punctures. « denotes

some element of Z. Bottom: Composition rule for cycles that end on punctures.

dimension-2 operators to end on every puncture. Given a specific puncture p of type P,
only a subgroup Zp C Z of dimension-2 surface operators can end at p. So, let S be the
subgroup of H;(Cy, Z , %) such that the coefficient a € Z associated to a l-cycle in S ending
at a puncture of type P is such that o € Zp. See figure The physical interpretation
of § is the subgroup of 1-cycles that can be wrapped by the dimension-2 operators.

S is not straightforwardly identified with the group £ of 4d line operators, as S also
captures flavor charges of 4d line operators but the flavor charges are not part of the data
tracked by L. The data of flavor charges is modded out by modding out certain elements of
S resulting in a projection map

o S—L. (13.3)

The elements of S that are modded are described as follows. Consider a 1-cycle L,, encircling
a puncture p of type P. Wrapping dimension-2 surface operators along L, we generate a

subgroup Zp ~ 7 of S. Then, depending on the type P of the puncture p, a subgroup
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% S =  a€Zp , a€Zp,
P P

Figure 13.2: If a 1-cycle in § carrying a € Z ends on punctures of types P; and Pa, then
we must have o € Zp, and a € Zp,.

QGZPQZ

|
N *

Figure 13.3: A 1l-cycle surrounding a puncture of type P and carrying o € Zp C 7 is

trivial in L.

me - Zp C S is modded out where Z’p,p ~ Zp and Zp is a subgroup of dimension-2
operators Z. See figure m

The pairing on £ can be determined in terms of pairing on Z and the intersection pairing
of 1-cycles. First of all, combining these two pairings we obtain a pairing on H;(Cy, 7 , k) o

Hi(Cy,Z,%) ® Z. For two elements a ® a,b® 3 € Hi(Cy,Z, %) ® 7 the pairing is written as
(a®a,b® B) = (a,b){a, B), (13.4)

with (a,b) determined using the intersection pairing and («, ) determined using the pairing
on Z. The above pairing is then extended by linearity to all of Hi(Cy, 2, %). Since S C
H,(Cy, 2, %), we obtain a pairing on S by simply restricting the pairing on Hl(Cg,Z, *).
Now we would like to push-forward the pairing on S to a pairing on £ using the projection

map ((13.3). This can only be done consistently if

(a,8) =0 (13.5)
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B € Zp

— (@B =0

Figure 13.4: A consistent pairing on L exists only if the mutual pairing between elements
of Zp and Zp vanishes.

forall « € Zp C 7 and B e ZpC Z\, and for all P. See figure Thus, the well-defined-
ness of pairing on £ imposes the above constraint on the subgroups Zp, Zp for all puncture
types P. Once this condition is satisfied, we obtain a pairing on £ as a push-forward of
(113.4).

This determines £ and pairing (-, -) on £ for the relative Class S theory arising from the
above compactification. As discussed in section[13.1], an absolute Class S theory arising from
this compactification chooses a maximal subgroup A C £ such that the pairing restricted
to A is trivial. The 1-form symmetry of such an absolute Class S theory is A which is the

Pontryagin dual of A.

13.2.1 Data Associated to Various Punctures

Let us now collect information about Zp, Zp for various types of punctures that can arise
in untwisted compactifications of 6d A,,—1 (2,0) theory. The punctures can be divided into
two types: the regular punctures for which the N' = 2 Hitchin field ¢ has at most a simple

pole, and the irregular punctures for which ¢ has higher-order poles.
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For regular punctures, it was argued in [3| that in this case we haveﬂ

~

Zp=0C Z

B R (13.6)

Zp =12
The constraint is trivially satisfied. In other words, no element of Z can end on a
regular puncture and all elements of Z are trivial when inserted along a loop encircling a
regular puncture.

More interesting values for Zp and Zp occur for irregular punctures. For general irregular
punctures, this information about Zp, Zp is not known. However, this information can
be deduced using Lagrangian field theory for a special class of irregular punctures that
can be constructed using Hanany-Witten type brane constructions in Type ITA superstring
theory. Consider a brane configuration of the form shown in figure where the following
inequalities are satisfied

np<n-—1

n+ng < 2nq
(13.7)
ni—1 + nijr1 < 20, for 2<¢<k-1

Ng—1 > 2.
At t = 0, this constructs an irregular puncture for A,_; (2,0) theory which we call to be of

type Pnyino, ny-
Let us first consider a sphere with two punctures of type Py. This corresponds to the
brane configuration shown in figure [I3.6] The resulting 4d N' = 2 theory can be read from

the brane configuration to be pure SYM theory with gauge algebra su(n). This theory has

L~7W <zl (13.8)

LA first-principles way to see that this must be the case is to realize the puncture as a boundary condition
of 5d N = 2 su(n) SYM theory. A surface operator of the 6d theory wrapping a loop encircling the puncture
becomes a gauge Wilson line of the 5d theory. For a regular puncture, the associated boundary condition is
such that the 5d dynamical gauge field becomes a background gauge field at the 4d boundary. Consequently,
every gauge Wilson line of the 5d theory reduces to a flavor Wilson line at the 4d boundary, which does not
contribute to £ and hence Zp = Z. Zp = 0 is now fixed by ,
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nq ng

N2 Ng—1

NS5, NS5, NS5; NS5;_1 NS5

Irregular Puncture of type Pp, sy, iy,

Figure 13.5: Top: k > 1 parallel NS5 branes in Type ITA superstring theory with D4 branes
stretched between them. All the branes share a common 4-dimensional spacetime, and the
preserved supersymmetry is N' = 2. Here, n,n; denote numbers of D4 branes. The stacks of
n D4 branes on the left and nj; D4 branes on the right are semi-infinite. Bottom: If ny < n,
then the above brane construction can be associated to an irregular puncture of A4,,_; (2,0)
theory compactified on a cigar parametrized by a complex coordinate ¢ with the puncture

being located at ¢ = 0. This puncture is referred to be of the type Pp, ny ... ny -

)

with the sub-factor ZY arising from Wilson lines and the sub-factor ZH arising from ‘t
Hooft lines. The pairing on L is

(Wy, Hg) = %7 (13.9)

where W}, is a generator of Z)V and H, is a generator of ZX. On the other hand, as can be

seen from figure we also have
H\(Cy, Z,%) =~ 2V x 71| (13.10)

where ZY sub-factor is generated by wrapping f € 7 ~ Z,, along the cycle denoted W in

the figure m and Z! sub-factor is generated by wrapping f € Z ~ 7, along the cycle
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NS5 NS5
Figure 13.6: The Type IIA brane construction associated to 6d A,_; (2,0) theory com-

pactified on a sphere with 2 irregular punctures of type Py.

Figure 13.7: The generators W and H of 1-cycles on a 2-punctured sphere. The intersection
number between them is (W, H) = 1.

denoted H. We can read the pairing between the generators of Z" and Z! to be
1
WefHef)=_. (13.11)

Matching with the gauge theory results (13.8), (13.9)) we find that
L=8=H(CyZ, %), (13.12)

which implies that for a puncture of type P = Py the associated data is

Ip=2
(13.13)

Zp =0,
which also trivially satisfies |i In other words, every element of Z can end on a type
Py irregular puncture and no element of Z is trivial, when inserted along a loop encircling

a type Py irregular puncture.
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ny Nk

n2 Ng—1

NS5; NS5, NS53 NS5;_1 NS5y,

Figure 13.8: The Type IIA brane construction associated to 6d A,_; (2,0) theory com-
pactified on a sphere with 2 irregular punctures, one of type Py, and the other of type
P g, -

Now let us consider a sphere with a puncture of type Py and a puncture of general type
Priyna, - This corresponds to the brane configuration shown in figure[I3.8] The resulting

4d N = 2 theory is the following quiver

su(n) — su(ny) — su(ng) — -+ —su(ng_1) — nixF 7 (13.14)

where there is a bifundamental hyper for any two adjacent gauge algebras, plus nj funda-
mental hypers for su(ng_1). For n; > 0, all electric charges for all su(n;) are screened by
the fundamentals and bifundamentals. This implies that there are no magnetic charges that
are simultaneously unscreened and mutually local with all the electric charges. Thus, using

the Lagrangian description we find that
L=0 (13.15)

for ng > 0. This implies that any element of Z wrapped along the 1-cycle W must be trivial

in £. We know that this triviality does not arise at the location of Py puncture. So it must
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be the case that for a puncture of type P = Py, pny,... m,, With ng > 0, we have

ST
Zp=27. (13.16)

Moreover, for ((13.15)) to hold, it should not be possible to insert any element of A along the
1-cycle H. Since there are no restrictions on the elements of Z that can end on a puncture

of type Py, we learn that for a puncture of type P = Py, pny,... n,, With ng > 0, we have

k
Zp=0. (13.17)

Notice that this is just as for regular punctures, and the constraint is trivially satisfied.

Now let us consider the ny = 0 case. Before accounting for bifundamental matter the
electric charges form Z, x Hf:_ll Zy, group. Let W be the generator of Z,, sub-factor and
Wi; be the generators for Z,,, sub-factors. Accounting for the bifundamentals, we obtain the

relations W; = W for all 7. Thus, we have
ged(n,na,ng, -+ ng—1)W =0 (13.18)

and the contribution of Wilson operators to £ is Zg.q )- Similarly, before ac-

n,n1,Mm2, N1
counting for the bifundamental matter, the magnetic charges also form Z,, x Hf;ll Zy,; group.

Let H be the generator of Z,, sub-factor and H; be the generators for Z,, sub-factors. The

subgroup mutually local with the bifundamentals is spanned by

k—1
n n;
H + H;. 13.19
ged(n, ni,ng, -+ ,ng_1) ; ged(n,ni,ng, -+ ,np_1) ( )
Thus, the contribution of ‘t Hooft operators to L is also Zgeq(n,ng ng,-- ny_,)- 0 total, we

have

L~=7V ) X L : (13.20)

ged(n,n1,n2,- ged(n,n1,m2, - ,Ngp_1)

From this, we read that for an irregular puncture of type P = Py, ns.... 0, We have

]
ged(n,ny,ng, -+, ng_1)
Ip = [gcd(n, N1, M, ,nk—l)f} cz

Zp =
, (13.21)
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where [a] denotes the subgroup of Z generated by o € Z. The pairing between the generators

of Zp and Zp is

<ng( n )f , gcd(n,nl,nQ7 . ,nk_l)f> =0 (13.22)

n,mny,ng, -+ ,Nkg—-1

as required by the constraint ((13.5]).

13.3 Rotation and A = 1 Higgs Bundles

We next discuss constructions of N' = 1 theories by compactification of 6d (2,0) theories
on a Riemann surface with a partial topological twist. This includes both general NV = 1
theories, and the N' = 1 theories of interest that can be obtained by deforming N = 2
theories of Class S. Along the way, we would encounter key notions of generalized Hitchin

system and A = 1 curve which characterize vacua of these N/ = 1 theories.

13.3.1 Topological Twists for 4d ' =2 and N =1

Start with 6d (2,0) theory of type g = A, D, E' compactified on a Riemann surface Cgy,, of
genus g, with n punctures. We want to perform a partial topological twist along C which
preserves at least 4d AN/ = 1 supersymmetry as discussed in [147]. The global symmetries
of the 6d theory are the local Lorentz and R-symmetry s0(6); @ s0(5)r which are broken
to s0(4) ®u(l)r ®s0(5)g by the background My x C. To preserve N' = 2 supersymmetry,
we would decompose the R-symmetry as so(5)r — su(2)g @ u(1); and twist u(1)z by u(1);.
For a more general twist that in general preserves N' = 1 supersymmetry, we further reduce
su(2)p to u(l)y and both u(1); and u(1)2 are used to twist u(1);. The supercharges ) and
scalard’] @ decompose as
s50(6)L ®so(5)r — (so(d)rdu(l)y)® (u(l)r ®u(l)e)
Q: (44 - (2Dne12) )1 eli el el ) . (13.23)

o : (1, 5) - 19® (12,0 Dl 20D1lo2® 10,0 D 107_2) .

2These scalars are not genuine local operators in the 6d (2,0) SCFT, but the Casimirs built out of these
scalars are genuine local operators in the 6d theory.
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The twists giving N' = 1 supersymmetry are parametrized by an integer parameter a which

sets the charge gy of the preserved diagonal combinination of the three u(1) factors

Grw = qr + (1 — a)q1 + ags. (13.24)

For o = 0,1, we recover the usual N’ = 2 twist. For other values of «, only 4 supercharges
are preserved and hence the twist is A/ = 1. It should be noted that one can obtain N/ =1
supersymmetry from the A" = 2 twist, as we discuss below.

The scalars ® of the 6d theory transform with charges qww = £2(1 — «), £2a,0. The
twisted scalars carrying charges +2a and £2(1 — «) are sections of two line bundles £; and
Lo with

deg(L1) + deg(L2) = deg(Ke), (13.25)

where K¢ is the canonical line bundle on C. We denote these by ¢ and ¢ respectively.

The above setup preserves 4d N/ = 1 supersymmetry for o # 0,1 since the twist only
preserves a maximum of 4 supercharges. But for a = 0,1 one can have either 4d N’ =1 or
4d N = 2 supersymmetry. To understand this, without loss of generality, consider the case
a = 0, for which ¢ must be singular, and hence non-zero, but ¢ (which is a function on C)
can be zero or non-zero. For zero ¢, we inherit su(2)r C so(5)r R-symmetry in 4d and thus
4d N = 2 supersymmetry. On the other hand, if ¢ is non-zero, then the su(2)z R-symmetry

is broken by the non-zero profile of ¢, and we only obtain 4d N' = 1 supersymmetry.

13.3.2 Generalized Hitchin System and Rotation of Codim-2 Defects

The profiles of ¢, ¢ over C satisty a set of BPS equations that were determined in |79] and
yield what is known as the A/ = 1 Hitchin system
D¢ =Dy =0
[¢,¢] =0 (13.26)
F+p, "]+ (9,67 =0.
Here the star denotes conjugation and F' abbreviates the field strength of a connection on C.

In this thesis, we always restrict ourselves to the special case where the Higgs fields ¢ and
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¢ are diagonalizable (at each point in C), and therefore the third BPS equation in
imposes F' = 0.

The punctures on C are characterized by singularities of the two Higgs fields ¢, ¢. From
the point of view of the 6d (2,0) theory, punctures with different singularities are identified
as different codimension-2 defects inserted along the locations of punctures. Such defects
preserve 4d N/ = 1 supersymmetry in general. In the standard NV = 2 Class S case, we
have @ = 0 and ¢ = 0. The codimension-2 defects are then characterized by singularities
of ¢ and preserve a mutual N’ = 2 supersymmetry. Now, one can “rotate” such an N' = 2
codimension-2 defect to an N/ = 1 codimension-2 defectﬁ by turning on a singular ¢ at
the location of the corresponding puncture. As we will discuss in section [I3:4] the second

equation in (|13.26]) allows us to write the behavior of ¢ near the defect, placed at t = 0, as
T
k .k
w Z tTk(bC ’ (13.27)

where ¢ is the contraction of ¢ with a holomorphic vector field ¢ that is non-singular at

t =0, and by, € Z. Let the most singular piece of ¢¢ be of order 74 for some ¢ > 0. Let
S={ke{0,1,2,--- ;m}: bp+kq>0}. (13.28)

The terms in the sum ((13.27)) that correspond to k& € S capture the singular pieces of ¢
near p. Consequently, ri for k € S are interpreted as deformation parameters rotating the
codimension-2 defect. We refer to a puncture associated to a rotated codimension-2 defect

as a rotated puncture.

13.3.3 Rotation of a 4d N =2 to a 4d N =1 Theory

Consider a situation in which all the punctures on C are rotated punctures. If we replace
all the rotated punctures by their unrotated versions, and take a zero area limit of C, then

we obtain a (not necessarily conformal) 4d N' = 2 Class S theory which is UV complete in

31t is also possible that the resulting defect actually preserves an N = 2 supersymmetry but it would
be a different A/ = 2 supersymmetry than the N’ = 2 supersymmetry preserved by the unrotated defect.
That is, in such a situation, inserting both the rotated and unrotated defects would only preserve N = 1
supersymmetry.
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4d. In a similar way, from the original situation having rotated punctures, one would want
to obtain a UV complete 4d N’ = 1 theory by taking the zero area limit of C. For small
non-zero area A, the compactified 6d system can be described at energy scales £ < 1/A
by 4d N' = 2 Class S theory deformed by rotation parameters r; € S coming from each
puncture, defined at a cutoff scale 1/A. In general, these parameters may contain relevant,
marginal and irrelevant deformation parameters of the 4d A" = 2 Class S theory. If all the
deformation parameters are relevant or marginal, then one can consistently take a zero area
limit, thus lifting the cutoff and obtaining a UV complete 4d A/ = 1 theory which is defined
as relevant and marginal deformation of the initial 4d A/ = 2 Class S theory. However, on
the other hand, if any of the rotation parameters is irrelevant, then one runs into the usual
issues of non-renormalizability and it is not clear if the zero area limit can be consistently
taken, and if it can be taken then what the resulting 4d N' = 1 theory is. Irrespective of
these subtleties, we can still study the confinement properties of the 4d N' = 1 theory with
a cutoff imposed by the area of C, as it is not impacted by the cutoff and the precise details
of 4d UV completion (if it exists). We will study examples of both kinds of situations later.

In either case, different profiles on C of ¢, ¢ satisfying the generalized Hitchin equations
(113.26]) (for a fixed structure of singularities) characterize different 4d vacua. For a 4d N = 2
Class S theory, we have ¢ = 0 and the various profiles of ¢ form a moduli space which can
be identified with the Coulomb branch (CB) of vacua of the 4d N' = 2 theory. After an
N = 1 rotation which switches on a non-zero ¢, only a subset of profiles of ¢ satisfy the
second condition in . This means that the CB vacua corresponding to other profiles
of ¢ are lifted by the N' = 1 deformation, and the CB vacua corresponding to the profiles of
¢ that satisfy remain as vacua of the resulting 4d N' = 1 theory (which may have a
UV cutoff as discussed above). It should be noted that there can also be other vacua arising

from the Higgs branch of the unrotated 4d N' = 2 theory, which we do not study here.
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13.4 The N =1 Curve

13.4.1 Spectral Curve

To a generic-enough profile of diagonalizable ¢, ¢ satisfying (13.26)), one can associate an
N =1 curve which lives in £1 & L5 and is an N-sheeted cover of C. We start by picking

two generic meromorphic sections ¢ and 7 of ﬁfl and L5 ! respectively. The contractions

¢ =0(0),  en=n) (13.29)

are meromorphic functions on C. By the second equation in ((13.26)), the Higgs fields ¢, and
¢¢ commute. If at generic points on the curve C the eigenvalue spectrum of ¢¢ and ¢, are

distinct, then each Higgs field can be expressed as a polynomial of the other Higgs field

on=R(dc) =Y ri(t)eg

k
(13.30)
g = S(pp) = Z sk(t)e)
K

By the first BPS equation in (13.26]) the coefficient functions 7y, s, are meromorphic func-

tions on the compact curve C. We diagonalize (|13.30]) and find

w="TR(©v) = Zrk(t)vk
§ (13.31)
v=5(w) =Y st)ut,
k
solved by pairs of eigenvalues (w,v) of (¢y, ¢¢).
The above pairing of eigenvalues allows us to combine the spectral covers associated to

©n, ¢ into a single N-sheeted cover ¥ C L1 & L of C known as the N =1 curve. In more

detail, the two characteristic equationsﬁ

det(v —¢¢) =0
(13.32)
det(w — ¢,) =0

for ¢, and ¢ define two spectral covers

Pl)=> pt' =0,  Qw)=> qt)w' =0. (13.33)
l

4To write down the characteristic equations, we represent ¢c¢, vy as matrices acting in the fundamental
representation, vector representation, 27, 56 and 248 for the Lie algebras A,,, Dy, Es, E7r and Es respectively.
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The coefficients py, q; are again meromorphic functions. Each spectral curve is an
N-sheeted covering of C with the number of sheets N depending on the type g = A, D, E of
the (2,0) theory. Consider the monodromy of the N sheets of P(v) around a branch point
p € C or around a cycle C' € H;(C), which is given by some element of the permutation
group Sy permuting the N sheets. Now, the monodromy of Q(w) around p or C' must be
the same as the sheets (which are described by the eigenvalues) of P(v) and Q(w) are paired.
Thus, the monodromies of P(v) must match the monodromies of Q(w). Furthermore, the
pairs (v, w) define a combined N-fold cover > C O¢ ® O¢ of C whose monodromies match
the monodromies of P(v) and Q(w). The N =1 curve ¥ C Ly & Ly is then identified as
the N-sheeted cover of C spanned by pairs (v{~!,wn~!). The N =1 curve ¥ can also be

thought of as being cut out by
det(A—¢) =0, det(oc —¢) =0, det(Ao — ¢p) =0, (13.34)

where A € £1 and o € Ls.
In conclusion, for each vacuum 7 of a 4d N’ = 1 theory that can be characterized by
profiles ¢,, o, of N'= 1 Higgs fields satisfying at least one of the equationsﬂ (13.31)), we can

associate a curve X, C L1 @ L9 which is an N-fold cover of C.

13.4.2 Algorithm for Determining the N’ =1 Curve

In this thesis, we focus on the study of the N' = 1 curves with @ = 0 with ¢ # 0, and in
particular those cases which can be understood as “rotations” of standard NV = 2 Class S
setups. For these cases, we provide an algorithm to determine the A/ = 1 curves for those
vacua of the N' = 1 theory (obtained after rotation) that arise from the A" = 2 Coulomb

branch:

1. Unrotated Theory: Choose an N/ = 2 Class S theory (which need not be conformal)
by specifying the singularities of ¢ at the locations of punctures. We can determine

the profile of ¢ away from the punctures by using holomorphicity. Different profiles

SLater, we will see an example where only one of the two equations in (13.31) is satisfied, but not both.
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of ¢ parameterize Coulomb branch of N' = 2 vacua, and the Seiberg-Witten (SW)
curve associated to each vacuum is obtained by inserting the corresponding profile of

¢ into the characteristic equation det(A—¢) = 0. The SW curve is an N-sheeted cover

P(A) =0 of the UV curve Cy .

2. Rotation: Fix the singularities of ¢ at each puncture p. This can be done by specifying
r,gp ) and bgf ) arising in for k € S. This determines the deformation parameters
used to deform the Class S N = 2 theory chosen above. Write down the generic mero-
morphic profile of ¢ having singularities determined by the above imposed boundary
conditions. This generic profile determines another N-sheeted cover Q(w) = 0 of Cy 5,

via the characteristic equation det(w — ¢) = 0.

3. Topological Factorization: Determine all possible topological degenerations by moving
and colliding the branch points of both the N-sheeted covers P(A) and Q(w) of C,
such that the monodromies for P()\), Q(w) match after the degeneration. Each such
topological degeneration determines a potential factorization of the discriminants of

P(N), Q(w) as N-sheeted covers of C.

4. “Holomorphic” Factorization: After determining all possible topological degenerations
for which monodromies of P(\), Q(w) match, one needs to check that the correspond-
ing potential factorizations of the discriminants of P(\), Q(w) are realizable without
changing the singularities of ¢, ¢ which defined the parent N' = 2 theory and its N’ = 1
rotation. If this is possible, then one also needs to check that all the monodromies
are as determined by the topological degeneration. If the monodromies also match,
then the CB moduli for which the factorization is possible determine a vacuum of the
descendant AV = 1 theory. It is possible that one finds multiple possible choices of CB
parameters for a fixed topological degeneration leading to multiple N' = 1 vacua whose
corresponding N' = 1 curves have the same set of branch points and monodromies.

However, the branch lines connecting the branch points for these different vacua might
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be topologically distinct from each other. This difference reflects in the difference of
the images of the map (13.36] for these different vacua, that we discuss in the next

subsection.
13.5 Confinement from the N =1 Curve

Consider a relative 4d N/ = 1 theory that has been obtained as a rotation of a relative 4d
N =2 Class S theory of above type. We propose that the defect group £ of line operators
remains invariant under the rotation. Thus, £ for the resulting 4d A/ = 1 theory is the same
as for the 4d N/ = 2 theory determined in section [13.2]

Consider a vacuum r of the 4d N/ = 1 theory that descends from a Coulomb branch
vacuum of the parent 4d N' = 2 theory. As we discussed in the previous subsection, if
certain conditions are met, we can associate to this vacuum r an N’ =1 curve ¥, C T*C x C

which is an N-fold cover of C characterized by a projection map
o ¥, —=C. (13.35)
We can use this map to define a pushforward map
™ Hi(S,,Z,%) = Hi(C,Z, %) (13.36)

from 1-cycles on ¥, (that are allowed to end on punctures) to 1-cycles on C (that are allowed
to end on punctures). We further argue (see below) that the line operators Z, C L that

exhibit perimeter law can be identified with
I, =, <5 N’ (Hl(E,,, Z, *)> ) : (13.37)

where 7 is the projection map from S to £ defined in (13.3), and m, is the associated

pushforward.
As discussed in section an absolute 4d A/ = 1 theory specifies a polarization A C L,

and then the preserved 1-form symmetry group O, for this absolute theory in the vacuum

O, = (f) : (13.38)

r is determined to be
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where A, :=Z, NA.

Our argument for is a generalization of the argument appearing in [52] where
confinement for Y = 1 SYM was studied in this setup, which can be understood as a
compactification of M-theory as follows. We can realize a CB vacuum of the 4d N = 2
Class S theory before rotation as M-theory compactified on T*C with Mb5-branes wrapping
a curve X C T*C, which is identified as the SW curve for that vacuum. X is an n-fold
cover of C under the projection map 7*C — C and is cut out by the characteristic equation
det(\ — ¢) = 0, where ¢ is the N/ = 2 Higgs field discussed above and X is a coordinate
along the fiber of T*C. Once we rotate the N/ = 2 theory to N’ = 1, then a vacuum r of the
resulting N = 1 theory is realized by M5-branes wrapping a curve X, C T*C x C, which is
identified as the A/ = 1 curve associated to that vacuum. The projection of X, to T*C is
cut out by the characteristic equation det(A — ¢) = 0 and the projection of ¥, to C is cut
out by the characteristic equation det(w — ¢) = 0, where ¢ is the other Higgs field discussed
above and w is a coordinate along C.

To study confinement, we study the charges of confining strings in this setup. The
confining strings are realized by compactifying M2-branes along 1-cycles of Y = T*C x C. A
crucial addition to the argument of |52] is that we need to also include 1-cycles in Y whose
projections onto C contain 1-cycles included in H;(C,Z, *) (see section which end at
punctures of C. After including such 1-cycles we obtain a homology group Hi(Y,Z,x),
which is isomorphic to H;(C,Z,*) under the projection map. Thus, as a first step, the
possible charges of confining strings are characterized by Hy(Y,Z,*) ~ H1(C,Z,*). Now, we
need to account for the fact that M2-branes can end on M5-branes, which implies that M2-
branes characterized by different elements of H; (Y, Z, *) can be related by topological moves,
which split and join the M2-branes along the M5 brane locus X,. All such identifications
are captured by the fact that a confining string arising from an element i, H;(%,,Z,*) C
H\(Y,Z,x) is topologically equivalent to a trivial string and hence must have trivial charge.

Here 7 : ¥, — Y denotes the inclusion map and i, denotes the associated pushforward map
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Figure 13.9: The figure shows various configurations of M2-branes wrapping 1-chains inside
Mb5-branes. An Mb-branes is depicted as a surface, which shows a local region of .. In
the top-left configuration, we consider an M2 brane stretched between two punctures on X,.
The subsequent configurations depict that we can get rid of this M2 brane by splitting it
into two by creating its end-points (shown with a black dot) on the M5 brane. Similarly,
in the bottom-left configuration, we consider an M2 brane wrapping a compact 1-cycle on
3. As shown in the subsequent configurations, we can get rid of this M2 brane again by

creating its end-points on the M5 brane.

which embeds the cycles of ¥, into Y. See figures and [13.10]

We can use this fact to constrain the possible charges of confining strings to lie in

HI(Y7 ZTM *)
i*Hl(ET‘;Zna *) ’

(13.39)
since any cycle of the form nC with C € Hi(Y,Z,*) ~ Hy(C,Z,x) lies in i, H1(2,,Z,*)
because 3 is an n-fold cover of C. In other words, at this step, the possible charges of
confining strings are characterized by modding out H;(C, Z ,*) by the image of H;(3,, 7 )
under the projection map (|13.35|)

Hl(C,Z\, *)

e (13.40)
WQHI(ET, Z7 *)

where Z ~ Lo,
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Figure 13.10: The N/ =1 curve X, C Y as a covering of the UV curve C. The dashed
sheet denotes a branch cut connecting two sheets. The green and blue line segments denote
1-cycles wrapped by M2-branes and give rise to potential confining strings. The green cycle
is contained in the M5 brane locus and is of the type depicted in figure The confining
strings associated to it are trivial and uncharged under the 1-form symmetry. The blue cycle
stretches between the sheets, is contained in Y, and is an element of the relative homology

group H1(Y,3,). These are charged under the 1-form symmetry.

We can further reduce the set of possible charges by recalling that different punctures
allow different subgroups of Z to end on them. As we discussed in section this means
that the allowed charges of line operators take values in a subgroup S of H;(C, Z ,%). Con-

sequently, at this step, the possible charges of confining strings are characterized by

S
Snar (Hl(zr, Z, *)) ‘

(13.41)

Finally, we take into account the fact that not all charges in § are independent charges of
line operators. As discussed in section [13.2] we need to mod out a subgroup of S to obtain
the true group of charges L of line operators, resulting in a projection map 7 : § — L.

Thus, finally the possible charges of confining strings are characterized by

c
7 (13.42)

with Z, given in (13.37). Once we choose an absolute theory with charges of line operators
specified by subgroup A C L fixing the 1-form symmetry group O = IA\, the confining strings

are chosen to have charges

(13.43)
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and the preserved 1-form symmetry group is O, C O where O, is the Pontryagin dual of

the above group formed by charges of confining strings.

Chapter 14
Confinement in 4d N =1 SYM

In this section we consider the well studied case of 4d N' = 1 su(n) SYM and determine
the 1-form symmetry groups and their spontaneous breakings in various vacua for various
global forms of the gauge group and discrete theta parameters. We do so using the ma-
chinery developed in chapter [I3] and in particular using our main proposal in section [I3.5]
about reading off confinement from the N’ = 1 curve. This problem was previously studied
field-theoretically in |133] without using the modern language of 1-form symmetry and its
spontaneous breaking. We enhance their description at various points by providing explicit
results for the UV 1-form symmetry groups for various polarizations and the preserved 1-
form symmetry groups in various vacua for various polarizations. Our main purpose is to
use this example as a test ground to verify and demonstrate our more general prescription.

We begin with a Class S construction of 4d N = 2 su(n) SYM discussed in section m
where the defect group £ of the theory was also discussed. We then perform a rotation
w of the 4d N' = 2 theory such that 4d N/ = 1 SYM is obtained as the yu — oo limit.
Following the algorithm of section [13.4.2] we determine various N/ = 1 vacua and their
corresponding N/ = 1 curves for finite u. Then we use the topological structure of NV = 1
curves to determine the group Z, of line operators showing perimeter law in each vacuum
r. This allows us to present our main result, i.e., the computation of the preserved 1-form
symmetry group O, in the vacuum r (for various choices of polarization A). These results
remain unchanged as we take the limit 4 — oo and recover pure 4d N = 1 su(n) SYM

theory.
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14.1 N =2 Curve and Line Operators

A Class S construction of 4d N' = 2 su(n) SYM was discussed in section [13.2] It involves
compactifying 6d A,_1 (2,0) theory on a compactification manifold C which is a sphere with
two punctures, both of type Py (see figure |13.6). As discussed there, the defect group L is

identified with the group of 1-cycles Hi(C, Z, *)
L=H(CZx >zl x 7! (14.1)

with coefficients in Z Z,,. The factors labelled W, H are associated with the Wilson and
't Hooft lines of the field theory and geometrically with the 1-cycles encircling a puncture

and running between the punctures respectively, as depicted in figure [13.7] in section [13.2

The SW curve is |175]
1
P(v) = Py(v) — A" (t + t> =0, (14.2)

where (v,t) € C x C* with P, (v) = v™ 4+ ugv™ 2+ - - - +u, where u are combinations of CB
parameters. The SW differential is A = vdt/t. The dynamically generated scale is denoted
Apn—2 = A. The asymptotics of the Higgs field approaching the punctures at t = 0, co can be
derived from and are taken to define the Higgs field ¢ profile characterizing punctures
of type Py. At the two Py punctures ¢ = 0, co the Higgs field ¢ = ¢¢(dt/t) therefore diverges
as

A 2 -1
t—0: ¢<Nt17dlag(1’w’w""’wn )+ (14.3)

t— 00 ¢<~At1/”diag(1,w’w2,...,w”—l)_i_...’
with the n-th root of unity w = exp(2mi/n). We have made the choice ¢ = t9; for which the

coordinate v = A(¢) = #® + ix” has the interpretation of two flat space-time coordinates in

the weakly coupled ITA brane picture (see figure [13.6)).
14.2 Constraints from Rotation

We rotate to A/ = 1 by turning on the Higgs field ¢ subject to the boundary conditions

t—00: © = pe - (14.4)



14.3. TOPOLOGICAL FACTORIZATION 179

The puncture at t = 0 is not rotated and ¢ is required to be regular everywhere except

t = 0o. At t = oco we therefore prescribe the asymptotics
t— o0 ©~ ,uAtl/"diag (l,w,wQ, e ,wn_l) + - (14.5)

This constitutes a boundary value problem with bulk equations given by the BPS equations
(13.26). Field theoretically, we are turning on a superpotential W (®) = £Tr ®2 in the N = 2
su(n) SYM theory, where ® is an N' = 1 chiral multiplet living inside the N' = 2 vector
multiplet. This deformation has been studied before and one expects only those points in
N = 2 Coulomb branch to survive, where all A-cycles of the SW curve pinch to
develop a nodal singularity. It is known that there are n such points. Thus, we expect the
existence of n solutions to corresponding to the n points of the N’ = 2 CB that are
not lifted by the deformation (|14.4]).

Using (14.5)), we deduce that

Trgok:ck 2<k<n-1
(14.6)
Tr " = nu" A"t + ¢,

The above form of the Casimirs is valid over the whole sphere C for some constants ¢;. Thus

we can write the spectral equation det(w — ¢) =0 as
n
Qw) =w" — Z cpw™F — ymAE =0, (14.7)
k=2
for some constants ¢;.
14.3 Topological Factorization

As discussed in section the solutions to the N' = 1 BPS equations are curves
¥, C Ko @ O¢(0) constituting n-fold coverings of C. They are parametrized by A, w and
combine the spectral curves of the Higgs fields ¢, ¢ into a single covering. Contracting with
¢ = t0; we equivalently study the n-fold coverings parametrized by v, w for the Higgs fields
¢¢, . Crucially, the branch cut structures of the coordinates v, w are required to match as

otherwise the sheets of the spectral curves for ¢¢, ¢ can not be consistently combined into an
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n-fold covering. This allows us to describe a set of curves, which are topologically consistent,
thereby improving on the constraints in section [I4.2l Which of these also holomorphically
satisfy the BPS-equations is then determined by computation with an ansatz derived from
the branch cut structure of the candidate curves.

We begin by deriving the generic branch cut structures for the coordinate v from the
SW curve and for the coordinate w from the curve (14.7). The coordinate v has in
total two Z,, branch cuts emanating from the punctures at ¢ = 0,00. The coordinate w
has a single Z,, branch cut emanating from the rotated puncture at ¢t = co. The number of

branch points for each cover is given by the degree in t of the respective discriminants
deg A(P,v) =2n—2, deg A(Q,w) =n—1. (14.8)

Here A(P,v) denotes the discriminant of the polynomial P with respect to the variable v.
The branch points are given by the roots of . In the generic case, the discriminants
have isolated zeros and are associated with monodromy actions of order 2.

The SW curve is symmetric with respect to t — 1/t and the 2n — 2 branch points come
in pairs with identical monodromy action. We denote the cyclic permutation of the n sheets
as a € S, and the transposition of the i-th and j-th sheet by b; ; € S,,. The generic branch

cut structure for the coordinates (v, w) can be described as:
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w:

(14.9)

Now we implement the topological factorization condition. The CB moduli u; and
constants ¢ must be tuned such that the branch cut structures of v, w coincide. The n — 1
Zs-valued branch points of w must collide at ¢ = 0 to match the Z,, branch point of P(v) at

t = 0. After implementing this, the branch cut structures of v and w can be described as:

(14.10)

where we have rearranged the branch cuts for v to match with branch cuts of w at t =0

and t = oo, and we have denoted the collision of n — 1 branch points by a circle surrounding
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the points. Since there are no more branch points for w, the v curve cannot have any
monodromy at t # 0,00 either. Thus, we find that the 2n — 2 Zs-valued branch points of
v must collide in pairs, eliminating all branch cuts not terminating at punctures. The final

configurations for v and w are as follows:

w

(14.11)
Here we have denoted the collision of branch points by a circle enclosing them.

14.4 Holomorphic Factorization

The topology (14.11)) for P(v), Q(w) constrains the coefficients uy, ¢ in (14.2) and (14.7)).

It is known [142,|178| that the degeneration for v in fixes the CB parameters such
that P (v) = 2An T (v/2A) with Tér)(x) = T,,(e2™"/?"z) where T, is the n-th Chebyshev
polynomial of the first kind. Due to the Weyl invariance v — —wv this gives in total n
physically distinct solutions. On the other hand, the degeneration for w in fixes all
¢; = 0, otherwise the n sheets for Q(w) cannot come together at t = 0. With this we find n
distinct solutions for P(v), Q(w) associated to the topological degeneration at finite
values of 1 to be

P (v) — A” (t + 1) =0, w'=p"A" (14.12)
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parametrized by r = 0,...,n — 1. We solve these equations for v. First, for r = 0, we find
v=A (tl/ noy ¢t/ ”) which follows from the properties of the Chebyshev polynomials. For

2mir/2n followed by a coordinate transformation €™t — ¢. This

general r, we send v — ve
gives

v=A (tl/" + w%*””) : (14.13)

where w = exp(27i/n). We can pair the n values of v with n values of w by requiring
vw = pA? (tQ/" + wr> . (14.14)

Overall we find
v=A (tl/n + wrt—l/n>
, (14.15)
= uA 1/n
w = uAt
where the n different values of t1/" parametrize the n sheets of the N = 1 curve %,. In
total, we have n different N/ = 1 curves corresponding to the n different vacua of the rotated
N =1 theory. The curves of these n vacua are related via Dehn twists. Consider the pairing
condition (14.13) near t = 0 where it reads vw = pA%w”. Going between the r-th and (r+1)-
th vaccum the pairing between the sheets is cyclically permuted. From w = pAt'/™ we see
that this shift can be realized by circling once around origin. It follows that the branch cuts

of curves associated with neighbouring vacua are related by a Dehn twist and we therefore

depict the branch cut structure of the curve 3, as:

(14.16)

The v-curve becomes singular and displays double points at those points in the CB that
admit rotation (14.11]). These singularities are removed in the A" = 1 curve as the double

points are resolved to two points with distinct w-coordinates. The difference of the value
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for w between these points encodes the vev of glueball superfield [52,/138}/140]. We redefine

the coordinates to make this dimensionally manifest
v — v/A, w — wA, (14.17)

and introduce the N = 1 strong coupling scale Ajgvzl = uA?. The new coordinates (v, w)
carry charges (0, 2) under the Zon R-symmetry and are of mass dimension (0, 3). The former
now makes the cyclic rotation between the sheets paired in ((14.16|) clear, as the vacua are
manifestly rotated into each other by the R-symmetry. Further we make the redefinition

v = v — /™ and find
vt =1, w" = AP t, vw = A;’v:lwr (14.18)

giving the n curves described in [175]. Taking the limit p — oo keeping Apr—; constant we
are left with 4d N' = 1 su(n) SYM [138|. Crucially the branch cut structure of the associated
N =1 curves is not altered from (14.16]) which correctly captures the topology of the NV = 1

curves associated with each SYM vacuum.
14.5 Line Operators and Confinement from the Curve

To discuss 1-form symmetry preserved in each of the n vacua, we need to first choose a
polarization A C £ which determines the 1-form symmetry group A of the absolute UV

theory. Recall that for pure su(n) SYM we have
L Ly X L, . (14.19)
The two factors are generated by W and H, respectively, with the pairing
(W,W) = (H,H) =0, (W,H)= % . (14.20)

Let us choose A such that it contains Wilson line operators ikW with ¢ € {0,1,--- ,1 — 1}
where 1 < k,1 < n are integers such that kI = n. Then the gauge group of the corresponding

absolute theory is

G = SU(n)/Zy . (14.21)
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where Zj, is the order k subgroup of the center Z, of the simply connected group SU(n)
associated to the gauge algebra g = su(n). To make A maximal, we can add to it the line
operator [H +mW where m € {0,1,--- ,k — 1} is known as the discrete theta parameter

associated to the absolute theory. Then
A=[kW,IH+mW]|CL (14.22)

is the subgroup of £ generated by kW and [H + mW.
The group structure of polarisation A can be obtained by computing the Smith normal

form of the following matrix associated to the generators of A

Miim = ( g (l) ) : (14.23)

m
A diagonal matrix D is the Smith normal form of My, if we find invertible integral matrices
S, T such that if SMy,,T = D. The form of D is fixed to be D = diag(d, N/d). We find

that d = ged(k, I, m) and correspondingly
A7y X Zopg (14.24)

is the group structure of A.

Now we compute the line operators Z, exhibiting perimeter law in vacuum r from the
topological structure of the associated N' =1 curve 3,. We can see that we need to
encircle a puncture n times to obtain a cycle on Y, implying that nWW exhibits perimeter
law, but nW = 0 in £. On the other hand, following the branch cut, we see that H + rW
exhibits perimeter law, which is a non-trivial element of £. Thus, Z, = [H + rW] is the
subgroup of £ generated by H + rW. The intersection A, = Z, N A determines the line
operators of the chosen absolute theory that exhibit perimeter law and we can compute it
to be

A 27, (14.25)

where b, = ged(k,m — Ir). The 1-form symmetry group O, preserved in r-th vacuum
is now given by the Pontryagin dual of A/A, and crucially depends on the embedding

Ly - ATgaT%ZdXZn/dgA.
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To compute O, we denote the order d, n/d generators of A by F, G respectively. Then we
have the relation of bases (F,G) = DT~Y(W, H). From we find the generator of A,
to be B, = (n/b;)(H +rW). We expand this generator as B, = p, F' + ¢,G with coefficients
(Prs@r) € Za X Zyq. These coefficients follow in turn from (pr, ¢,) = (n/by)(r,1)TD~'. The

quotient A/A, is computed using the Smith normal form (SNF) of the matrix

d 0 s, 0
My=| 0 n/d EALN 0t |. (14.26)
br  qr 0 O

With this we find the 1-form symmetry group of the r-th vacuum to be
O, =Zs, X 7y, , (14.27)

where the integers s,,t, can be computed form the minors of M, and are given by

s = ged (d, g,pr, qr) , = ged (n, %, dqr) . (14.28)

d

Note that even if s,,t,. agree for two different vacua they are physically distinct if the
associated embeddings ¢, : Zy, < Zg X Zyq differ. The embedding ¢, is determined by
B, € A, that is the confining properties of two vacua ry,ry differ if and only if B,, # B,,.
Before ending with two examples we give a simplification of the formula for the
case of d = 1 often encountered at low rank. In this case s, = 1 and from p, = 0 and
qr = n/b, it follows
d=1: Oy =7y, (14.29)

with ¢, = ged(n,n/b,) = n/b, = n/ged(k, m — Ir).

Example: Consider the gauge algebra su(4). There are seven different choices for the

spectrum of line operators |133]

SU4) A=7Z4=[W]
SU(4)/Zs {SO(6)+ | A =12y x 2 = [2W,2H]
50(6)- : A =74 =[W +2H]
(SU4)/Z4), : A =274 =[H] : (14.30)
SU(4)/Zy : (SU4)/Z4), : A=74=[W+ H]
(SU(4)/Z4), : A =127y=]2W + H]
(SUM)/Zs), : A =2Zy=[3W + H].
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The line operators exhibiting perimeter law in each vacuum are given by the intersection

Z. N A and computed mod 4 for r = 0, 1, 2, 3 respectively to be

SU(4) :

SO(6)+ :

(SU(4)/Z4), -

Z,NA=0,0,0,0

Z.N A = [2H],[2W + 2H], [2H], [2W + 2H]
Z,NA=0,0,0,0

T, N A = [H],0,[2H],0 . (14.31)
Z,NA=0,[W+ H],0,[2W + 2H]

T, N A = [2H],0,[2W + H],0

I, N A =0,2W + 2H],0,[3W + H].

The 1-form symmetry preserved in each vacuum is given by the Pontryagin dual of the

quotient A/ (Z, N A)

SUM4) : O, =174

S0(6), : 0, =z, 7% 7V, 7Y

SO6)_ : O, =174
(SU4)/Z4), = Or =0, Ly, Lo, Ly . (14.32)
(SU4)/Zs), : Op =174, 0, Ly, Ly
(SU4)/Zs), : O =1Ly, L4, 0, Zy
(SU4)/Z4)y : Op =Ly, L3, L4, 0.

Here Zgg) is the diagonal subgroup of Zgl) X Zg). The 1-form symmetries of (S U4)/ Z4)k

are cyclic permutations of each other induced by shifts of the theta angle § — 6 + 27.

Note that the SO(6)4 theory is obtained from the SU(4) theory by gauging the Zo

subgroup of the Z, 1-form symmetry of the SU(4) theory. The resulting Zy x Zgs 1-form

symmetry thus has a mixed anomaly [179], which is captured by the Bockstein of the ex-

tension 1 — Zg — Zy — Zy —

reduction starting with the 6d

1. It would be interesting to see this anomaly from a direct

anomaly polynomial.



Example: Consider the gauge algebra su(12) with the polariztation A = [6W,4W + 2H].
Using ((14.24)) we find A = ZyxZg. The generators of each factor are (F,G) = (6 H,4H+2W).
There are 12 vacua labelled by r = 0, ..., 11 and with respect to the basis F, G the generators

of A, have the coordinates

r|0 123456789 10 11
pp|1 111111111 1 1 |. (14.33)
|0 3230503230 2

The 1-form symmetry O, preserved in each vacuum now follows from appending the columns
of (14.33)) as a row to the diagonal matrix diag(2,6) and computing the diagonal entries of
its Smith normal form. The 1-form symmetries preserved in each vacuum are isomorphic

to:

\01234567891011
Ze Z¢ Zo Z¢ Ze Zo Zs Z¢ Zo Z¢ Z¢ Zo

,
14.34
o (1434

The set of line operators displaying perimeter and area law differ for vacua with distinct
(pr, qr) even if their confinement indices agree. As in the previous example, there is a mixed

1-form symmetry anomaly associated to the extension 1 — Zg — Z12 — Z2 — 1 [180].

Chapter 15
Confinement Index in the Cachazo-Seiberg-Witten Set-

up

In this section we consider another rotation of A/ = 2 SYM with gauge algebra g = su(n).
This rotation corresponds to turning on a generic tree-level cubic superpotential for the

N =1 adjoint chiral multiplet living in the N' = 2 vector multiplet

W (®) = %Tr@?’—i— gTrtbQ. (15.1)

We also briefly discuss rotations corresponding to generic superpotentials of higher order

k
W(@) =Y ZTe, (15.2)
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for £ < n, which are analyzed similarly. Properties of confinement were discussed in great
detail for the latter case by Cachazo, Seiberg, Witten in [72]. Here we concentrate mainly
on cubic superpotentials. Note that the mass dimension of g; is negative for ¢ > 4, so the
higher order superpotentials are non-renormalizable and the resulting N’ = 1 theory needs
a UV cutoff to be well-defined (see the related discussion in section [13.3.3]).

Field theoretically the confining properties of the theory after turning on these superpo-
tentials was studied in [72|, which we briefly review before turning to the main discussion
deriving these properties from N = 1 curves. Classical vacua are given by diagonal configu-
rations of ® with eigenvalues extremizing the superpotential. Classical vacua are therefore
labelled by k — 1 integers (n1,n2,--- ,nk—1) (such that ny +ng +--- + ng_1 = n) counting
the number of eigenvalues fixed to the k — 1 different critical points of the superpotential.

In such a vacuum the gauge symmetry is broken as
su(n) —  su(ng) @ su(ng) ®--- G su(ng_y) ®u(1)F2. (15.3)

At low energies the non-abelian factors decouple and individually confine, and the system
settles in one of ning---ngp_1 quantum vacua, leaving an abelian gauge theory. We label
these vacua by integers (r1,r9,--- ,rx_1) where r; € {0,...,n; — 1}. The Wilson and ‘t
Hooft lines W;, H; of each non-abelian factor su(n;) are identified as Wilson and ‘t Hooft
lines W, H of the initial su(n), which can be used to read the confining properties. We expect
n; Wi, H;+r;W; for each i to exhibit perimeter law, implying perimeter laws for n,W, H+r;W
for each i. Thus the set of lines exhibiting perimeter law in vacuum (ry,r2,--- ,7x_1) can

be written as
Loiroy gy = [H +rm1W,ged(ni,na, -+ ,ng—1,m1 —r2,r2 — 13, -+, Th—2 — rp—1) W] (15.4)

which is a subgroup of £ ~ ZY x ZH. The confining properties of each vacuum can
now be determined once one chooses a polarization. For instance, if one chooses the

purely electric polarization A = Z,VLV , then the 1-form symmetry group preserved in vac-
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uum (r1,79,- - ,Tk_1) IS
Orl,rg,mﬂ’k_l == Zt ) t= ng<n17 ng, - yNk—1,71 — 12,2 — 73, ,Tk—2 — Tk*l) ’ (155)

where ¢ is known as the confinement index of the vacuum.
15.1 Constraints from Rotation to N =1

The starting point is the Seiberg-Witten curve for g = su(n) N' =2 SYM
1

Here ¢ denotes the contraction of the Higgs field ¢ with the vector ( = td; and P,(v) =
A u;v™ " with the wu; parametrizing the CB. Irregular punctures of type Py are
located at t = 0,00. The cubic superpotential ((15.1)) can be turned on by rotating the

puncture at t = oo such that the Higgs field ¢ is subject to the boundary conditions
t— 00 w— ggbg + pe . (15.7)
The asymptotics of the Higgs field ¢ at the puncture t = oo read
t— oo ¢ = Atl/”diag (1,w,w2, e ,w”_l) + ..., (15.8)

at the puncture ¢ = oo, which follows from (|15.6). Here w = exp(2mi/n). The eigenvalues

’1/71 |2/” as t — oo. This restricts the

of ¢¢ grow as Alt whereby those of ¢ grow as gA2|t

w-curve Q(w) = det(w — ¢) = 0 to take the form

Ln/2] n—1
Q(w) = w" + bt* +t Z dpw® + Z cpwk (15.9)
k=0 k=0

for some complex constants b, cg,di. The boundary condition fixes the terms of
maximal growth O(t2), i.e., the coefficients b, d,, /2 or b when n is even or odd respectively.
This follows by substituting the asymptotics (15.8) into the boundary condition and
collecting all terms of the w-curve which do not receive contributions from the lower order

terms. For even n we find

n/2—1 n—1
2
k=0 k=0
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while for odd n we have

(n-1)/2 1
Qw) =w" —g"A" +t Y dpw* + ) et (15.11)
k=0 k=0

This form of the w-curve follows purely from the prescribed behavior of ¢ at the puncture
t = co. We can improve on this ansatz for even n with n1 = no and 71 = r9 where a
spontaneously broken R-symmetry is restored. While select, these cases display interesting
screening effects, as seen from the confinement index . We finish this section with
a discussion of this symmetry enhancement before improving on the above Ansétze by
prescribing branch points and cuts away from the punctures.

The superpotential has two critical points associated to su(n;) and su(ng) gauge
algebras arising at low energies. The exchange of these two critical points is an R-symmetry
of the theoryE| which acts on the quantum vacua by n; <> no and r; <> ro. Thus, this
symmetry is spontaneously preserved only in the vacua characterized by n1 = ng and r; = ro.
The symmetry changes the sign of v while leaving w invariant and we therefore expect the
eigenvalues of ¢ to come in identical pairs. The w-curve must only have double roots and
this improves the ansatz ((15.10) to

n/2—1
k=0

introducing the complex constants e;. The sheets of the v-curve on the other hand must
come in pairs related by the symmetry v <+ —v, in particular there must be an involutive
renumbering of the sheets which leaves the branch cuts structure invariant. The v-curve is
an n-fold cover of the UV curve and the w-curve is an n-fold cover which degenerated to
an (n/2)-fold cover as seen from the perfect square (15.12). We call latter as the reduced
w-curve. By the above the branch cut structure of the reduced w-curve is the Zs quotient

of that of the v-curve.

'To see this, shift v — v — p/2g for which we have W'(v) = gv® — p?/4g. The symmetry is now
implemented by v — —v which changes the sign of the superpotential, and hence the symmetry is an
R-symmetry.
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15.2 Topological Factorization

We begin by determining the ramification structure of the generic v- and w-curves from

(15.6) and (15.10) or (15.11). The v-curve has two Z, branch cuts emanating from the

punctures at t = 0,00. Further there are deg A(P,v) = 2n — 2 branch points terminating
Zo branch cuts. The w curves (|15.10)), (15.11f) have a single Z,, branch cut emanating from

the rotated puncture at ¢ = co. The discriminant A(Q, w) has order

2n — 3, n even and r1 # ro whenever ny; = no

(15.13)
2n — 2, n odd,

deg A(Q,w) = {

which is equal to the number of branch points terminating Zs branch cuts. The generic

branch cut structure therefore takes the form

(15.14)

with n—2 and n— 1 branch points not connected to ¢ = oo in the w-curve for n even and odd
respectively. When n is even and n; = ng and r1 = ro the w-curve takes the form (15.12]).
We remove the doubling up of roots by considering the (n,/2)-fold cover Q'/?(w) = 0 for

which we find to have the branch cut structure:
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511/271.71/2\‘)(

, (15.15)

where a denotes the cyclic permutation of the n/2 sheets and Eij a transposition of the i-th
and j-th sheet.

We now implement the factorization condition topologically. The gauge symmetry break-
ing to su(ny) ® su(ng) ® u(l) demands the presence of ny + ng — 2 = n — 2 mutually local
massless monopoles. We need to restrict to the CB sublocus on which the SW curve degen-
erates to genus one (here ¢ can be turned on). Therefore this condition is addressed at the
level of the v-curve and met by colliding all but one pair of branch points of the v-curve,
which are related by the t <+ 1/t, at t = £1. When n is even/odd there are three/two possi-
bilities for the number of branch points colliding in at ¢ = £1. This follows from considering
the limit A — 0, which does not change the topology of the SW curve (or the N’ =1 curve
after rotation). In this limit the dynamics of the su(n;) factors decouple and each subsector
is described by its own SW curve P,,, = P,,,(v) — A" (¢t + 1/t) = 0. The polynomials P,,(v)

are the Chebyshev polynomials. The discriminant of these SW curves then takes the form
A(Pp,,v) ~ (t+ 1) (¢ — 1)2kit (15.16)

where k; — =k; + +1=n;/2 and k; — = k; + = (n; — 1)/2 for even and odd n;, respectively
For example when n; = 2,3,4 we have k; —~ = 1,1,2 and k; + = 0,1,1 respectively. Here
k; + denotes the number of branch points collided at ¢ = 1. Naively this suggests that
a given partition n = ny + ne fixes the number of branch points collided at ¢t = £1 to
k+ = ki+ + ko +. However taking the chiral symmetry ¢ — —t and A" — —A" of the
su(n) theory into account we find that for every factorization of the discriminant A(P,v)

characterized by (ky,k_) there must also exist one with (k_,k;) in the N’ = 2 CB as the
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chiral symmetry maps k4 <> k_. Therefore the discriminant of the rank n SW curve takes

one of the three possible forms

(t+ 1)"/2(t — 1)/21
A(P,v) ~ S (t+ 1)/ (t — 1)"/2 (15.17)
(t+ 1)/t — 1)n/2

for even n, while taking one of the two forms

(t + 1)(n73)/2+1 (t _ 1)(n73)/2

A(P, U) ~ {(t n 1)(n_3)/2(t 7 1)(n—3)/2+1 (1518)

for odd n along loci of complex dimension one in the A/ = 2 CB at which the gauge symmetry
enhances to su(ni)@su(ng)@u(l). These loci are not irreducible in general. However, in low
rank examples with gauge algebra g = su(3),su(4) we have precisely 2,3 such irreducible
subloci characterized by , , respectively.

When the unbroken gauge symmetry is su(n;) @ su(ng) du(1l) the deformed N = 1 gauge
theory has nins vacua. Each such vacuum is associated with an A/ = 1 curve which in turn
follows from a rotation of the v-curve described above. Different v-curves are related by
partial Dehn twists, which result from movements of branch-points on the base curve. This
follows again from studying the topology of the SW curve in the limit A — 0, where the
dynamics of the su(n;) factors decouple. There are n; — 1 massless monopoles associated
with each factor and correspondingly n; — 1 pairs of branch points colliding at ¢ = +1.
These are in correspondence with a subset of the branch points of the full su(n) theory. The
problem essentially factorizes and we can determine for each su(n;) the set of branchpoint
movements associated to different Dehn twists, and then superpose them.

We therefore need to understand the movement of the branch points for the Chebyshev
polynomials when going between the monopole points of the su(n;) SW curve via the phase
rotation v — e™/™iy. These are precisely the Dehn twists discussed in chapter

Consider the v-curve preparing the rotation to the vacuum labelled (r1,72) = (0,0) with

the integer double (n1,n2). We have the branch cut structure
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: (15.19)

where b, and by, act via cyclic permutation on the first n; and last na sheets respectively,
i.e., the central branch lines are commuting and of monodromy type Z,, and Z,,. The
branch lines connecting to t = ¢, 1/c are Zg branch lines. For clarity we depict (15.19]) once

more, now labelling the branch cuts by their monodromy subgroups

(15.20)

From we generate a total of nyng branch cut structures, labelled by integers (r1,72),
by wrapping the Z,, and Z,, branch lines r; and 72 times around the vertical equator of
the UV curve respectively. We call the move individually increasing or decreasing 71,72 by
one a positive or negative partial Dehn twist respectively, while the move simultaneously
increasing or decreasing r1, 7y by one is referred to as an overall positive or negative Dehn

twist respectively. For instance, the (1,0) and (0, 1) configurations respectively are
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i bn1+1,1

x
1/c

i bn|+1,l

X
1/c

(15.21)

where the dotted lines depict a branch cut wrapping around the twice punctured sphere C.
Wrapping the Z,,, branch line n; times around the sphere the n; loops can be stacked and
trivialize, i.e., we have the equivalence of configurations (r1,72) ~ (ri+ny,r2) ~ (r1,r2+n2)
for a given partition n = n1+no. Therefore we restrict to the labelstorunasr; =0,...,n;—1

and for every partition n = nj +n9 we therefore have nino branch cut structures of the type

(15.22)

We turn to the w-curve. The branch points of the generic w-curve (15.14)) must be moved
to match the branch cut structure of the v-curve (|15.22)). The v-curve has a Z, branch line
terminating at ¢ = 0. The w-curve is therefore required to have a branch point at ¢ = 0

similarly terminating a Z,, branch line. This follows by colliding branch points on the lhs of

(15.14) at t = 0. This move is realized by setting ¢y = 0 in ((15.10) and (15.11)) improving
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the ansatze for the w-curve to

n/2—1
Q(w) = w" + g"A*? — 29" PA" WP+ Y dpwht (15.23)
k=0
for even n and to
[n/2]-1
Qw) =w" — g"A"* + Y dypult (15.24)
k=0

for odd n as otherwise total ramification at ¢ = 0 is not possible. For cases with n; = no

and r; = ro this move sets e, = 0 in ((15.12)) which fully fixes the curve to
2
Q(w) = (w"/2 . g"/2A”t> . (15.25)

The remaining [n/2] complex constants di in (15.23)) and (15.24)) are determined, up to

discrete choices, by colliding all but a pair of the n — 2 or n — 1 branch points shown on
the rhs in and moving the two unpaired branch points to ¢t = ¢,1/c. The former
fixes [n/2] — 2 parameters and the latter the remaining 2. For a given v-curve with branch
points at t = ¢, 1/c we must pick the w-curve with the same branch cut structures of this
discrete set of solutions. This finally determines the unique w-curve to a given v-curve, both
share the branch cut structure shown in . In the cases with n1 = ny and r1 = ro the

w-curve (15.15)) however simply takes the form

r1="ry  ZLnp

w Znja loops

(15.26)

This w-curve is the Zo quotient of the corresponding v-curve (|15.22)) via identification of the
sheets related through the unbroken Zs R-symmetry.

The N = 1 curve is now the diagonal of the v, w-curves. If both curves are given by

(15.22) the N' = 1 curve is given by the n pairs (v;, w;) sweeping out its i-th sheet. For
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the cases with nqy = ng and r; = r9 with v-curve (|15.22) and w-curve ((15.26]), the Zo R-

symmetry maps the j-th sheet of the v-curve to the 7-th sheet where we number the sheets
as j=1,...,n/2and j=n/2+1,...,n. The N =1 curve in these cases is given by the
two sets of n/2 pairs (vj, w;) and (v;, w;). In both cases the N' =1 curve is an n-fold cover

of the UV curve.

15.3 Line Operators, Confinement and Higher-order Superpo-
tentials

Consider the CSW N =1 curve associated to the (r1,r2) vacuum for partition n = ny + no

given by

Zy,  loops

(15.27)

We now determine, using the curve and following the procedure of section the
set Z,, r, of line operators that would exhibit perimeter law in the A’ = 1 vacuum described
by the curve . The central Z,,, , Z,,, monodromy actions commute and act on a disjoint
set of sheets. Starting from a point lying along the equator and on the sheet acted upon
by the Z,,, action, we return to the same sheet if we go around the equator n; times. Thus
n,W € I, r, for i = 1,2. Now, start from the puncture at infinity from a sheet acted upon
by the Z,, action, and follow the Z,,, Z,, branch cuts to reach the puncture at t = 0. On
this path, one is allowed to cross the Z,, branch cut, but not the Z,,, Z,,,Z> branch cuts.
Since Zy, does not act on this sheet, one remains on the same sheet and obtains a cycle on
the N' =1 curve %,, ,, which projects to the cycle H + ;W on the UV curve C. Similarly,

there is a cycle on ¥, ,, which projects onto the cycle H 4 roW on C. Thus, in total,

I(Tl,m) = [mW, noW,H +r W, H + T’QW] = [H +r W, gcd(nl,ng, r — TQ)W] (15.28)



matching the field theory expectation ((15.4)).
In a similar fashion, one can study the theory deformed by a general higher-order super-

potential (15.2)). This deformation can be achieved by performing the rotation

k
t—00: ©— Zgiqbé_l . (15.29)
=2
Consider a vacuum specified by the partition n; + ny + --- + nx_1 = n and integers

(ri,72,+ -+ ,rk—1) with r; € {0,...,n; —1}. The N = 1 curve X, 4, .. r,_, has the fol-

lowing branch cut structure

1/Ck_2 1/61

. (15.30)

where dashed lines carry (in general, different) Zs monodromies whose associated branch
cuts combine with the Z,, branch line and split it into Z,,, branch lines with each Z,,, acting
on mutually different n; number of sheets. The Z,,, branch line wraps the sphere r; number
of times along the equator. The branch points at ¢; and 1/¢; carry the same Zy monodromy.

Let us study the cycles on this N' =1 curve. If we start at a point on equator and along
a sheet acted upon by the Z,, line, then traversing the equator n; times brings us back to
the same sheet. Thus n;W exhibits perimeter law for each i. Moreover, starting at ¢ = oo
along a sheet acted upon by Z,,, and running along the Z,, branch line and Z,,, branch line
to reach t = 0, we obtain the cycle H + r;W, which implies that the associated line exhibits

perimeter law. The full set of line operators exhibiting perimeter law can be written as

Triroygpy = [H +r1W,ged(ni,ng, -+ ,ng—1,m1 —ro,ro =13, ,7h—2 —rp—1) W] (15.31)
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matching the field theory expectation (15.4)).

Chapter 16
Confinement in Non-Lagrangian Theories

Because of the lack of available tools, confinement is typically studied only in Lagrangian
theories. The main advantage of the method outlined in this thesis part is that it allows
to study confinement for N' = 1 deformations of Class S theories, which are typically non-
Lagrangian. Thus, in this section, we discuss a class of non-Lagrangian theories and apply
our method to show that they contain vacua exhibiting confinement.

We discuss an infinite class of such theories. The simplest theory in this class is related to
the famous Eg Minahan-Nemeschansky theory. More precisely, it is an A" = 1 deformation
of the asymptotically conformal 4d A/ = 2 theory obtained by gauging an su(3)? subalgebra
of the e¢g flavor algebra of the Fg Minahan-Nemeschansky SCFT. Other examples in the
class are NV = 1 deformations of the asymptotically conformal 4d N/ = 2 theory obtained by
gauging su(n)" flavor symmetry of the 4d ' = 2 SCFT obtained by gluing n — 2 copies of
T, trinions, or in other words, the 4d N' = 2 SCFT obtained by compactifying A,_1 (2,0)
theory on a sphere with n maximal regular untwisted punctures.

The first few subsections are devoted to the n = 3 example, while the last subsection

discusses briefly the generalization to general n.
16.1 The 4d N = 2 Set-up: Sphere with three P, Punctures

Consider compactification of 6d N' = (2,0) theory of type A,_1 on a sphere with three
irregular punctures of type Py. We will refer to these theories by B, 3, and more generally

we define

Pn,o = 6d (2,0) Ap—1 theory on a sphere with « irregular Py punctures. (16.1)
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Though our interest is in the case n = 3, we keep n general in this subsection. This constructs

a 4d N = 2 theory described by a quiver of the form

mnﬁ : T,

o C) -

i.e., the T;, theory with its su(n)® flavor symmetry gauged and no additional matter. For
n = 3, the T3 theory is the same as the Eg Minahan-Nemeschansky theory.

Placing the punctures at t = 0, 1, 0o the v-curve takes the form

n—2

P, .(t)vF P,.s(t
P(o)=v" =3 (t —k1()v)z—k T ji)(n)ﬂ =0, (16.3)
k=1

where the polynomials Pj(t) are polynomial of degree k. These contain

(n—2)(n — 1)

34+3(n—1)+ 5

(16.4)

complex parameters with 3(n — 1) of them being the CB parameters associated to the three
su(n) gauge algebras, (n —2)(n — 1)/2 of them being the CB parameters associated to the
T, theory, and 3 of them being mass parameters associated to the strong-coupling scales of
the three su(n) gauge algebras which can be identified via the asymptotics

t—0: qbgNAgt*I/"diag(l,w,wQ,--',w"il)—i-'-‘

t—=1: ¢~ A (t—1)" D diag (1,0,0% - 0" ) - (16.5)

t—=o0:  ¢¢ ~ Aot!/Mdiag (1,w,w?, -+ ,w" ) 4

From this we learn

F= CUTP0), AT = () R, A=) 6s)

Let us now turn to the study of the defect group of line operators in this 4d NV = 2 theory.
Inserting the surface defect f € 7~ Z,, along the cycles encircling the three punctures gives
rise to three line operators W;, and inserting f along cycles stretching between the three

punctures gives rise to line operators H;j, as shown below
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(16.7)

W; can be identified with the Wilson line associated to su(n); and H;; can be identifed with
‘t Hooft line H; — H; where H; is the ‘t Hooft line associated to su(n);. These lines are not

independent but sum to zero
Wi+ Wy +W3=0, Hs + H3p + Hi3=0. (16.8)
Thus the defect group is
L={Wi,Hj,} ] {W1+Wo+ W3 =0,Ho + Hzs+ Hi3 =0} . (16.9)
The pairing on these line operators is
(Wi, Hij) = 1/n, (W;,Hy;) = —1/n, (16.10)

and zero otherwise. One can choose various polarizations, but we will be particularly con-
cerned with the purely electric polarization A = {W;} /{W; + Wy + W3 = 0} which corre-
sponds to choosing the global form of the gauge symmetry groups to be SU(n); for each i.

The 1-form symmetry group for this polarization is A~ Ly X Ly,
16.2 Rotating to N = 1: P 3

We now deform the n = 3 version of the above discussed N/ = 2 theory to N’ = 1, which
is the theory B3 3 defined in . We do this by rotating the two punctures at ¢t = 0, cc.
The specific form of the rotation is discussed later. This rotation is only possible at certain
points in the CB of N/ = 2 vacua, whose branch cut structure we first discuss. At a generic

point in the CB, the v-curve ([16.3) has 12 branch points of Zy monodromy. Thus, we can
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represent the branch cut structure as

(16.11)

The CB vacua that survive are obtained by colliding the two sets of 6 branch points together

at t = t1,to with the v-curve being The v-curve after taking the above limit is written as

(t—t1)3(t — t2)?

3 A3
v AT Ty

~0. (16.12)

From this we see that all the CB parameters have been fixed, and the scale A and the
locations t1, t2 of collided branch points are determined in terms of A; computed in (16.6]).
There is no monodromy as one encircles the two points t; and ¢y, while the three punctures

still have a Z3 monodromy. Thus the branch cut structure has to be

(16.13)

The rotation that we perform is specified by the boundary conditions

t—0: © — Hop¢
(16.14)

t—o00: © = HooPc -

The generic w-curve compatible with these asymptotics is

1
d
w? =" ezt — 70 —doot =0, (16.15)
k=0
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for some complex constants co, c3, dy, ds. The associated branch cut structure can be dis-

played as

(16.16)
The w-curve (|16.15)) has the symmetry

t e do/tdss , (16.17)

which pairs branch points of identical Zs monodromy. To match the Zs monodromy of the
v-curve about ¢ = 1 we need to collide 2 branch points of the w-curve with Zs monodromy
at t = 1. Necessarily the remaining 2 branch points collide at ¢t = dy/ds = d. The point
t =1 is a branch point and necessarily fully ramified, i.e., all sheets must come together at
w = 0. Thus we require that substitution of ¢ = 1 into the w-curve results in the
equation w? = 0. This implies c3 = dy + dso With ¢y vanishing. Further we have
t—0: w? — v = pSA3 /...
(16.18)
t— o0 w? = pd w3 = pd A3+

from which dy = p3A3 and de = p3 A3, follow. The w-curves potentially matched by the
v-curve simplify to

w? — pg Ay <1 - 1) — S A3 (1—1)=0. (16.19)

The structure of this curve is determined by two disjoint branch cuts of Z3 monodromy and

takes the form

(16.20)
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We further take the limit d = 1, which constrains the two parameters pg, tioo in terms of

each other (and A;) and the final w-curve is then

(16.21)

In equations, the w-curve becomes
3 3A3 1
w? — p°A t+¥—2 =0, (16.22)

where p? = —p3..

The N =1 curve is specified by the diagonal combination of and . The
cycles on the N' =1 curves project to H;; and 3W;. Thus H;; show perimeter law while W;
show area law. Thus, in the electric polarization A, the preserved 1-form symmetry group
in this vacuum is

O=A~73x1Zs. (16.23)

That is, akin to the case of a vacuum of N/ =1 SYM in electric polarization, no element of

the 1-form symmetry group is broken in this vacuum.
16.3 Generalizations: ‘B, ,

The above discussed example falls into an infinite class of theories which contain similar
confining vacua. The N = 2 theory B, 4—p, defined in , that we begin with is obtained
by compactifying A,_1 (2,0) theory on a sphere with n irregular punctures of type Pp.
Notice that the number of punctures is correlated to the type of (2,0) theory. This N/ = 2
theory 9B, can be understood as being obtained by gauging the su(n)™ flavor symmetry
algebra of the 4d N’ = 2 SCFT &,, obtained by compactifying A,,_1 (2,0) theory on a sphere

with n maximal regular punctures. Each su(n) factor in the resulting su(n)™ gauge algebra
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has non-vanishing beta function such that the associated gauge couplings asymptote to zero
in the UV. Thus, the 4d N' = 2 theory B,, , under consideration asymptotes in the UV to
the 4d N =2 SCFT &,, described above.

If we label the punctures by i € {1,2,--- ,n}, then the un-screened line operators can be
written as W;, H;;, where W; arises by wrapping the surface defect f along a loop encircling
the i-th puncture, and H;; arises by wrapping f along a 1-cycle going from puncture j to

puncture ¢. We can write the defect group as
L= L x Lar. (16.24)

such that

Lw = (Wi} / {ZW, - 0} ~ 7 (16.25)
and

Lyw = {Hi-f—l,iv Hln} / {Z Hi+1,i + Hy,, = 0} ~ Zz_l . (16.26)

The non-trivial pairings are
<W1,Hm> = 1/n, <Wj,H¢j> = —1/n. (1627)

We call the polarization A = Ly as the electric polarization.
Let the punctures be located at ¢ = 0,00,1,p1,p2, - ,pn—3. We rotate all punctures
except the one located at ¢ = 1 such that the asymptotics of ¢ are
t—0: © = poP¢
t—o00: © = oo - (16.28)
t—pi: © = i -

We take specific limits of the v and w curves such that they become

n—3

AP(t— 1) (t (t— )"
G (Z_ln-i-l H n+1_0
1
dn(t—1)n1 :“3 (t — tw)n (16:29
w" — ; H T =0,
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where A, ¢} capture the strong coupling scales associated to su(n)" gauge algebra and d, ¢
capture the rotation parameters p;. Since we have n—1 number of p; but only n—2 number
of parameters d,t, there is a constraint the rotation parameters have to satisfy for the
vacuum described by the above solution to exist. From the above expressions, we see that
there is no monodromy around t{ for the v-curve, and there is no monodromy around ¢}’
for the w-curve. On the other hand, there is a Z,, monodromy around p;, 1,0, oo for both v

and w curves. Thus, we can write the branch structure of the N'=1 curve X as

(16.30)

From this curve we see that H;; show perimeter law, while W; show area law. It should be
noted though that some combinations of W; also show perimeter law. For example, pick a
positive integer k that divides n. Choose any set Sy comprising of k punctures. Then the

line operator

% YW (16.31)
1€Sy

shows perimeter law. In any case, since W; show area law, this vacuum exhibits non-trivial
confinement for the electric polarization A = Lyy. The preserved 1-form symmetry group
depends on the divisors of n. If n is prime, then the preserved 1-form symmetry group is
easily computed to be

O=A~7Z"". (16.32)

Clearly this class of non-Lagrangian confining theories deserve further investigation. In a
similar way, using the methods described in this this part, one can construct a large number

of other classes of examples of N' =1 theories that contain confining vacua.



Part IV
Final Remarks

Chapter 17
Conclusion and Outlook

In this thesis we studied two interesting construction of 4d N' = 1 gauge theories in M-theory.
The first involved an ALE-fibered Go-manifold, with base M3, which engineered a partially
twisted 7d SYM theory on Ms. The 4d gauge theory then followed from compactification
of the 7d theory on Mj. Different BPS configurations in 7d give rise to distinct minimally

supersymmetric theories in 4d and are described by solutions to the Higgs bundle

Dap=xj, Dho=p, Fa=il¢,¢|, (17.1)

on M3 with gauge covariant connection D 4, one-form Higgs field ¢ and one-form and function
source terms j, p respectively, all ADE-valued. The metric-independent BPS equations are
equivalent to the flatness of the complex connection D = d+ ¢+iA which, together with the
twisted field content, allowed us to rephrase the compactification integrals as amplitudes of
a colored supersymmetric quantum mechanics with supercharge Q = D.

Solutions to are geometric for trivial connections D4 = d and conjectured to lift
to ALE-fibered Gg—manifoldsﬂ In this setting the colored SQM was interpreted to descend
from M2-branes probing the Go-manifold. We studied the 4d physics of such solutions and

considered the Higgs bundles resulting from TCS Gg-manifolds which solved ([17.1) with

!These and related constructions are treated in the mathematics literature for smooth geometries in
[36/90,/181] and exploring the mathematics of the singular ALE-fibrations discussed in this thesis is a very
interesting and fundamental open problem.
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j = 0. Deformations of these Higgs bundles were given by altering the sources p with
chirality of the final 4d spectrum depending on the topology of their support supp p.

The presented results suggest many interesting research directions. First, the local model
techniques laid out have potential for the analysis of a recently described family of Ga-
manifolds [182]. These are described as circle bundles over hyper-conifolds with geometric
structures generalizing the Bryant-Salamon cone [51] based on theorems presented in [183].
These theories also have interesting IR duals derived from an open/closed string duality
generalizing arguments of [31]. The IR physics of these models is unexplored yet should
permit an analysis similar to the one presented in [32,/50]. Similarly interesting would be
the study of possible domain walls in such theories.

Second, local Spin(7)-manifolds, recently analysed in [117}/184], also permit a description

in terms of a Higgs bundle over a four-dimensional base My given by

Da¢sp =0, Fsp + ¢sp X ¢sp =0 (17.2)

with the self-dual two-form Higgs field ¢sp, the self-dual part Fsp of the curvature F of the
gauge covariant connection D4 and (¢sp X ¢sp)ij = [(ésD)ik, ((ﬁSD)ﬂ]gkl/Zl. In this setting,
M2-brane probes were touched on in [184], but the non-perturbative aspects of matter in
the resulting 3d A/ = 1 theory are not fully understood. Here the SQM must map into
the signature complex of M4 and understanding its generalization is expected to yield an
additional tool for the study of these vacua.

Third, 4d theories with minimal supersymmetry can also be constructed in F-theory [11].

The Higgs bundle associated to these models is defined on a Kéhler surface S

FOY—pRO 0, Gu0=045=0, wAFs+ %[(p, 7 =0 (17.3)

with complex (2,0)-form Higgs field ¢ and Kéhler form w. The overlap between sets of 4d
N =1 theories engineered by (17.1]) and (17.3) is unclear and determining it an interesting

open problem. Analysis of this will possibly involve a third formulation employing the
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Heterotic string, studied in [49,/185] with the above Higgs bundles replaced by the Hull-
Strominger system. Equivalently, this problem can be phrased as the problem of how Higgs
bundles map through string dualities.

The second part of this thesis studied deformations of 4d N' = 2 theories to N'= 1 and
derives string theoretic diagnostics for their confinement. These deformations rotate the
spectral curve of the N' = 2 theory into the N' = 1 curve, which is the diagonal spectral

curve of the Higgs field pair (¢, ¢). These solve a Higgs bundle described by

5A¢ = 51480 =0, [d): 90] =0, Fa+ [907 90*] + [¢7 ¢*] =0, (174)

defined on the Riemann surface C with 1-form and O-form Higgs fields ¢, ¢ respectively
and gauge connection A. We gave a topologically motivated method for solving and
characterized the line operators exhibiting perimeter and area law in each N/ = 1 vacuum
purely from the associated N' = 1 curve. In particular this approach extends to non-
Lagrangian theories which we demonstrated by giving an infinite family of such theories
containing confining vacua. We further studied the interplay between punctures and line
operators. Regular punctures were found to be undetected by line operators unlike punctures
of type Pp,,... n,- However, both types of punctures themselves did not contribute to the
one-form symmetry, i.e., the defect theory of the puncture did not have a one-form symmetry.

Again, the result presented in this thesis lead to multiple open questions. Starting with
4d N = 2 theories of class S many irregular punctures remain unexplored. These often
result from collisions and degenerations [186] of simpler punctures and understanding how
properties relating to higher form symmetries are affected by such processes is an unsolved
problem. One possible approach for analysis of such situations consists of bootstrapping
rules from Lagrangian examples. Alternatively, the geometric picture, presented in chapter
11.1] is expected to yield a more direct, top-down analysis. However, this view point is
far from fully developed and establishing the class S dictionary in terms of ALE-fibered

Calabi-Yau three-folds is a necessarily preceding and very interesting line of research. These



questions extend by rotation to the A" = 1 setting discussed in part [[T]] of this thesis. We
note that we have studied a very small subset of N' = 1 theories and heavily relied on class S
methods for their analysis. Taking the point of view that an A/ = 1 theory is defined by an
N =1 curve together with a choice of polarization we can ask if we can extend our analysis
to a larger class of theories. For example, a simple, yet new, generalization we expect in
reach are theories for which the punctures of the w-curve are not a subset of those of the
v-curve. Another example would be N' = 1 deformations of twisted D-type. This class of
theories not only exhibits 1-form symmetry but extends these to a 2-group symmetry. It is
an open problem how to extract these higher group structures from the N'=1 curve.

Many properties studied here were topological in nature and are expected to hold even
if supersymmetry is broken completely. Such configurations have been studied in |187] and
warrant further attention. Of interest are also 4d N' = 1 SCFTs of the type described
in [147]. These theories, being SCFTs, do not confine, rather the interesting physics lies
in their known holographic dual description which relates to their higher form symmetries
following [68].

Finally, we also mention the study of lower dimensional theories embedded into 4d N' =1
theories, e.g., as domain wall theories |188]. Anomaly inflow for higher form symmetries
constrain the modes trapped on the domain walls [57] and using methods presented in
this text we expect to derive a string theoretic understanding of such effects whereby non-

Lagrangian set-ups become accessible.
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