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Abstract: A flexible manipulator is a versatile automated device with a wide range of applications,
capable of performing various tasks. However, these manipulators are often vulnerable to external
disturbances and face limitations in their ability to control actuators. These factors significantly
impact the precision of tracking control in such systems. This study delves into the problem of
attitude tracking control for a flexible manipulator under the constraints of control input limitations
and the influence of external disturbances. To address these challenges effectively, we first introduce
the backstepping method, aiming to achieve precise state tracking and tackle the issue of external
disturbances. Additionally, recognizing the constraints posed by control input limitations in the flexible
manipulator’s actuator control system, we employ a design approach based on the Nussbaum function.
This method is designed to overcome these limitations, allowing for more robust control. To validate
the effectiveness and disturbance rejection capabilities of the proposed control strategy, we conduct
comparative numerical simulations using MATLAB/Simulink. These simulations provide further
evidence of the robustness and reliability of the control strategy, even in the presence of external
disturbances and control input limitations.
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1. Introduction

Flexible manipulators, as autonomous robots, possess the capability to move and execute tasks
independently without direct human intervention, as highlighted in references such as [1–3]. These
robots are typically equipped with a range of functionalities, including autonomous navigation,
environmental sensing, decision-making and execution capabilities. These features enable them to
operate autonomously, navigate diverse environments, interact with their surroundings and accomplish
predefined tasks. The applications of flexible manipulators are extensive, spanning various domains
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such as industrial automation, smart homes, agriculture, field management, exploration and search and
rescue operations. They contribute to increased work efficiency, reduced labor requirements, and the
ability to handle hazardous and challenging tasks effectively.

Attitude tracking control of flexible manipulators or nonlinear systems has always been a hot research
topic [4–6]. To address these issues, researchers have proposed various methods in the control of flexible
manipulators. In [7], a disturbance observer is designed to estimate the presence of external disturbances
in a flexible manipulator. Additionally, they utilize H∞ control based on specified performance and
iterative learning control techniques to address both the vibration and inertia uncertainties of the
flexible manipulator while achieving good tracking performance. In [8], the study addressed the
vibration suppression and angle tracking issues of a flexible unmanned aerospace system with input
nonlinearity, asymmetric output constraints and uncertain system parameters. Utilizing inversion
techniques, a boundary control scheme was developed to mitigate vibrations and adjust the spacecraft’s
angle. Simulations also demonstrated the strong robustness of this approach. In [9], researchers
address the challenge of tracking desired motion trajectories within an underwater robot-manipulator
system, particularly when direct velocity feedback is unavailable. To tackle this issue, a comprehensive
controller-observer scheme is developed, leveraging an observer to estimate the system’s velocity. This
innovative approach not only achieves exponential convergence in motion tracking but also ensures a
simultaneous convergence in estimation errors. Different from the References [7] and [9], Reference [10]
proposes a finite-time trajectory tracking controller for space manipulators. In this context, a radial
basis function neural network is utilized to both estimate and compensate for the uncertain model of the
space manipulator, especially when dealing with the capture of unknown loads. An auxiliary system
is designed to mitigate actuator saturation. In [11], a new adaptive control law is proposed to solve
the terminal tracking problem of underwater robot-manipulator systems. In addition, using the unit
quaternion to represent attitude overcomes the problem of kinematic singularity. The primary objective
of this controller is to guarantee the convergence of tracking errors to zero, even in the presence of
uncertainties. Furthermore, it is designed to maintain system stability and achieve satisfactory tracking
performance, even when operating under underactuated conditions [12]. In essence, the proposed
control strategy provides a robust and effective means to ensure precise tracking performance for the
aerial manipulator system, even when facing uncertainties and underactuation challenges.

In practical control systems, one of the most common nonlinear challenges arises from the physical
characteristics of actuators, specifically, their limited output amplitude. This issue is known as the input
saturation problem [13–17]. Furthermore, limitations in actuator control inputs refer to the existence of
input restrictions in the control system of the flexible manipulator system [18, 19]. This means that the
actuators of the flexible manipulator, such as motors or hydraulic cylinders, may have limitations and
cannot provide an infinite amount of force or speed. This affects the response time and control accuracy
of the flexible manipulator. In [18], under the constraints of external disturbance and asymmetric output,
a boundary control law with disturbance observer is constructed to suppress vibration and adjust the
position of the flexible manipulator. As we all know, due to the high-dimensional characteristics of
the flexible manipulator and its complex modeling, many scholars often build the flexible manipulator
into a dynamic model with partial differential equations (PDEs) [20, 21]. In [22], the dynamic model
of a three-dimensional flexible manipulator is established using the Hamiltonian principle, resulting
in a set of PDEs. Moreover, the designed control algorithm enables joint angle control and manages
external disturbances even when the controller becomes saturated. In [23], the study investigates the
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vibration suppression and angular position tracking problems of a robotic manipulator system composed
of a rotating hub and a variable-length mechanical arm. To achieve precise dynamic responses, a
PDE modeling approach is employed for the manipulator system. Furthermore, two boundary control
laws are proposed to achieve vibration suppression and angular position tracking for the robotic arm
system. This research methodology is quite novel and intriguing. Similar to [22], the dynamics of
high-dimensional flexible manipulator is expressed by PDEs. In addition, [24] designs an adaptive law
to compensate uncertainty and disturbance, while meeting physical conditions and input constraints.
In [25], under the inverse control algorithm, a design scheme for adaptive fuzzy tracking control
based on observers is proposed to address the issues of system saturation and nonlinearity in the
operation arm of a single-link robot. The main contribution of [26] is the design of a controller based on
disturbance observer to regulate the joint angular position and quickly suppress the vibration of the beam,
considering the presence of input saturation in the robotic system. Theoretical analysis demonstrates the
asymptotic stability of the closed-loop system, and numerical simulations validate the effectiveness of
the proposed approach. In [27], this study addresses the problem of asymptotic tracking for high-order
nonaffine nonlinear dynamical systems with nonsmooth actuator nonlinearities. It introduces a novel
transformation method that converts the original nonaffine nonlinear system into an equivalent affine
one. The controller design utilizes online approximators and Nussbaum gain techniques to handle
unknown dynamics and unknown control coefficients in the affine system. It is rigorously proven that
the proposed control method ensures asymptotic convergence of the tracking error and ultimate uniform
boundedness of all other signals. The feasibility of the control approach is further confirmed through
numerical simulations.

Taking inspiration from the references mentioned earlier, this paper seeks to achieve precise state
tracking for a single-joint manipulator in the presence of external disturbances and constrained control
inputs. To address these challenges, we introduce a novel control framework grounded in the backstepping
methodology. Simultaneously, we employ the Nussbaum function method to effectively manage the
limitations associated with control inputs. The primary contributions of this paper are the following:

1. Different from other control methods to deal with disturbance [28–30], in order to achieve
accurate tracking of the system state and effectively combat external disturbances, we employ the
backstepping method [31, 32] as a central control strategy. This method aims to enhance tracking
precision and resilience to disturbances.

2. Furthermore, recognizing the constraints imposed by control input limitations in the flexible
manipulator’s actuator control system, we introduce a design approach centered on the Nussbaum
function [33, 34]. This innovative method is implemented to overcome these limitations, enabling
robust control even within these constraints.

3. Finally, the effectiveness and disturbance rejection capabilities of the proposed control strategy
are substantiated through numerical comparative simulations conducted in MATLAB/Simulink.
These simulations offer empirical evidence of the strategy’s reliability, emphasizing its potential to
address challenges related to external disturbances and control input limitations in the context of
flexible manipulator control.

The subsequent sections of this paper are structured as follows: Section 2 establishes the dynamic
model of the flexible manipulator and provides certain lemmas. Section 3 introduces the control
algorithm based on the backstepping method and the Nussbaum function. In Section 4, we perform
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numerical comparative simulations using MATLAB/Simulink to further validate the robustness and
disturbance rejection performance of the proposed control method. Finally, Section 5 serves as the
conclusion of this paper.

2. Model and problem description

2.1. Dynamic model of flexible manipulator

A single-joint flexible robotic arm consists of components including a transmission system, sensors,
a controller, a power supply system and an outer casing with connecting elements. The controller serves
as the intelligent core of the single-joint flexible robotic arm, enabling it to achieve bending, twisting
and rotating motions, and it is used in various applications. The research object is a single-link flexible
manipulator that moves horizontally, which as shown in Figure 1. From Figure 1, we can see that there
is a u(t) with limited input and external disturbances d(t) at the end of the flexible manipulator. In the
absence of gravitational effects, XOY represents the inertial coordinate system, while xOy serves as the
follower coordinate system.

Flexible Manipulator

O

Y

X

x

y m

( )d t

u
External 

disturbance Control input

Figure 1. The structural schematic diagram of flexible manipulator.

For the convenience of controller design, the single-joint flexible manipulator can be simplified as
the following controlled object:

θ̈ = −
1
I

(2θ̇ + mgL cos θ) +
1
I
τ(t). (2.1)

Let x1 = θ, x2 = θ̇ and set f (x) = −1
I (2x2 + mgL cos x1), 1

I τ(t) = u(t), then the controlled object can
be written as: {

ẋ1 = x2.

ẋ2 = F(x) + u(t) + d(t).
(2.2)
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where, I is the moment of inertia, u(t) represents the control input, d(t) represents the disturbance and
F(x) represents the nonlinear function.

Remark 1: In this paper, the external disturbance d(t) acting on the flexible manipulator is assumed
to be equivalence bounded and satisfies |d (t)| ≤ D. In practical control systems of flexible manipulators,
the existence of control input u(t) constraints may lead to system divergence and loss of control. The
control input constraint problem is a research focus. Therefore, the issue of control input constraints in
the system will be investigated in the following sections.

2.2. Useful assumptions and lemmas

Lemama 1 (see [35]): For a function V : [0,∞) ∈ R and an inequality equation V̇ ⩽ −αV + f , t ⩾
t0 ⩾ 0, the solution is given by

V(t) ⩽ e−α(t−t0)V (t0) +
∫ t

t0
e−α(t−τ) f (τ)dτ, (2.3)

where α is an arbitrary constant.
Lemama 2 (see [36]): Let Ξ :

[
0 ∞

)
∈ Rt ≥ t0 ≥ 0, if Ξ̇ ≤ −ςΞ + ℘, then

Ξ (t) ≤ e−ς(t−t0)Ξ (t0) +
∫ t

t0
e−ς(t−s)℘ (s) ds, (2.4)

where ς > 0.
Lemama 3 (see [37]): For kb > 0, if the following inequality holds, then |x| < cb:

ln
cT

b cb

cT
b cb − xT x

⩽
xT x

cT
b cb − xT x

. (2.5)

Consider the following hyperbolic tangent smoothing function:

ω(χ) = uM tanh
(
χ

uM

)
= uM

eχ/u − e−χ/uM

eχ/uM + e−χ/uM
. (2.6)

The function has the following four properties:

|ω(χ)| = uM

∣∣∣∣∣∣tanh
(
χ

uM

)∣∣∣∣∣∣ ⩽ uM, (2.7)

0 <
∂ω(χ)
∂χ

=
4(

eχ/uM + e−χ/uM
)2 ⩽ 1, (2.8)

∣∣∣∣∣∂ω(χ)
∂χ

∣∣∣∣∣ =
∣∣∣∣∣∣ 4(

eχ/uM + e−χ/uM
)2

∣∣∣∣∣∣ ⩽ 1, (2.9)

∣∣∣∣∣∂ω(χ)
∂χ
χ

∣∣∣∣∣ =
∣∣∣∣∣∣ 4χ(

eχ/uM + e−χ/uM
)2

∣∣∣∣∣∣ uM

2
. (2.10)

Remark 2: According to Figure 2, it can be observed that using a hyperbolic tangent smooth function
can achieve bounded control input. For example, according to a Theorem in [38], using a hyperbolic
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tangent smooth function as a direct control law can achieve global asymptotic stability of the closed-loop
system. However, this method is only suitable for the case when Eq (2.1) has F(x) = 0 and d(t) = 0.
Building upon the work in [15, 39], the following method presents a control algorithm for managing the
input of a single-input single-output nonlinear system with the model structure given in Eq (2.1) when
the control input is limited.
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Figure 2. The schematic diagram of the hyperbolic tangent smoothing function and
switching function.

Remark 3: The Nussbaum function serves as a valuable mathematical tool for managing control
input constraints, particularly in systems characterized by bounded control inputs. When compared to
alternative methods for addressing control input saturation, such as saturation functions (as discussed
in [40]), feedback linearization (as outlined in [41]) and dynamic output feedback (as explored in [42]),
control laws based on the Nussbaum function offer the advantage of guaranteeing global asymptotic
stability of the system. In simpler terms, regardless of the system’s initial conditions, employing
Nussbaum function-based control laws ensures that the system will converge to the desired equilibrium
point, making it an ideal property in control systems. To sum up, the Nussbaum function provides
an effective and robust approach for managing control input constraints, ensuring global stability and
convergence of the control system, even when faced with bounded control inputs. Consequently, in order
to address control input constraints in the context of robotic control systems, this paper has adopted an
approach grounded in the Nussbaum function.

2.3. Control objectives

This paper addresses challenges related to external disturbances and control input constraints in
the context of a flexible manipulator control system. We propose a control strategy that combines the
Nussbaum function and the backstepping method, as illustrated in Figure 3. This strategy is designed to
ensure the stability of the system and to achieve accurate tracking of the system states, as represented
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by Eq (2.2). In this paper, let yd represent the reference signal, and the primary control objective is to
guarantee that the control input u(t) remains bounded, specifically |u (t)| ≤ umax. Additionally, as time t
tends toward infinity, our aim is for the system states x1 to converge to yd and x2 to converge to ẏd. This
dual objective of input saturation control and asymptotic tracking is fundamental to our approach.

Actuator

Anti-

disturbance 

Backstepping  

Controller

System Model

Environmental 

disturbance
Nonlinear 

function

( )d t

Measuring 

transducer

Input 

limitation
Ideal input

( )0u t ( )u t

( )F x

1 2,x x

Figure 3. The schematic diagram of control system structure.

3. Robust controller design based on backstepping

In order to satisfy |u (t)| ≤ umax, the control law is designed as follows

u(t) = ℘ (χ) = umax tanh
(
χ

umax

)
, (3.1)

where umax represents the maximum value of the control input u(t).
Then, the design task of the control law is transformed into the design of ℘ (χ), that is, the design

of χ.
The auxiliary system with stable design is

χ̇ = χmax tanh
(
ω

χmax

) (
∂℘

∂χ

)−1

=

(
∂℘

∂χ

)−1

f (I), (3.2)

ℑ̇ =

(
∂ f (ℑ)
∂ℑ

)−1

U, (3.3)

where f (ℑ) = χmax tanh
(
ℑ

χmax

)
, χmax, χ, ℑ and U are auxiliary control signals.

Therefore, have

u̇(t) =
∂℘

∂χ
χ̇ = χmax tanh

(
χ

χmax

)
= f (ℑ), (3.4)

where |u̇(t)| ⩽ χmax the design task of the control law is transformed into the design of ℑ.
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Remark 4: The advantage of backstepping control lies in its ability to handle nonlinear systems,
unknown disturbances and parameter uncertainties, while exhibiting strong robustness and adaptability.
Compared to other control methods, backstepping control offers design flexibility, robustness and
adaptability to nonlinear systems. Therefore, in this paper, the control strategy based on backstepping is
chosen to enhance the robustness against external disturbances.

Remark 5: Taking into account that the next controller design contains yd and its first to third
derivatives (ẏd, ÿd,

...yd), the corresponding assumptions are made. In our work, we assume that yd and
its first to third derivatives (ẏd, ÿd,

...yd) are bounded, and the exact values of these derivatives can be
obtained. This assumption is to ensure that our controller design is feasible for practical application and
can provide reliable performance.

The basic design steps of the inversion control method are:
Step 1: Define the position error as

e1 = x1 − yd (3.5)

Taking the derivative of Eq (3.5) with respect to time yields:

ė1 = ẋ1 − ẏd = x2 − ẏd. (3.6)

Define
e2 = x2 − τ1 − ẏd. (3.7)

Define virtual control quantity

τ1 = −b1e1, (3.8)

where b1 > 0.
Then

e2 = x2 + b1 (x1 − yd) − ẏd. (3.9)

Select Lyapunov function as

L1 =
1
2

e2
1. (3.10)

Along with the trajectories of Eq (3.10), it can be shown that

L̇1 = e1ė1 = e1 (x2 − ẏd) = e1 (e2 + τ1) . (3.11)

Substituting the Eq (3.8) into the Eq (3.11), it can be obtained that

L̇1 = −b1e2
1 + e1e2. (3.12)

If e2 = 0, then L̇1 ≤ 0. To achieve this, the next step of the design is needed.
Step 2: Define the Lyapunov function as

L2 = L1 +
1
2

e2
2. (3.13)
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Then
ė2 = ẋ2 − τ̇1 − ÿd

= F(x) + ℘(χ) + d − ÿd − τ̇1.
(3.14)

Remark 6: If we follow the traditional backstepping design method [43–46] for the control law
designed based on the above equation, u(t) can not be guaranteed to be bounded. In order to achieve
bounded control input, we introduce a virtual term τ2 to design u(t). Specifically, we let e3 = ℘ (χ) − τ2,
which further leads to

ė2 = F(x) + τ2 + e3 + d − τ̇1 − ÿd. (3.15)

Then

L̇2 = L̇1 + e2ė2 = −b1e2
1 + e1e2 + e2 (F(x) + e3 + τ2 + d − τ̇1 − ÿd) . (3.16)

The virtual control law is defined as

τ2 = −e1 − b2e2 − F(x) + τ̇1 + ÿd − η1 tanh
(

e2

b1

)
, (3.17)

where b2 > 0.
Subsequently

L̇2 = −b1e2
1 − b2e2

2 + e2e3 + e2d − e2η1 tanh
(

e2

ε1

)
. (3.18)

Since e2d ⩽ |e2d| ⩽ η1 |e2|, then

e2d − e2η1 tanh
(

e2

ε1

)
⩽ η1

(
|e2| − e2 tanh

(
e2

ε1

))
⩽ η1kuε1, (3.19)

where

0 ⩽ |e2| − e2 tanh
(

e2

ε1

)
⩽ kuε1, ku = 0.2785. (3.20)

Therefore
L̇2 = −b1e2

1 − b2e2
2 + e2e3 + η1kuε1. (3.21)

From the τ2 expression, Eq (3.20) can be obtained

τ2 = − (x1 − yd) − b2 (x2 + b1 (x1 − yd) − yd)

− F(x) − b1 (x2 − ẏd) + ÿd − η1 tanh
(

x2 + b1 (x1 − yd) − ẏd

ε1

)
.

(3.22)

It can be seen that τ2 is a function of x1, x2, yd, ẏd and ÿd, then

τ̇2 =
∂τ2

∂x1
x2 +

∂τ2

∂x2
(F(x) + ℘(χ) + d) +

∂τ2

∂yd
ẏd +
∂τ2

∂ẏd
ÿd +
∂τ2

∂ÿd

...yd

= θ1 +
∂τ2

∂x2
d,

(3.23)
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where

θ1 =
∂τ2

∂x1
x2 +

∂τ2

∂x2
(F(x) + ℘(χ)) +

∂τ2

∂yd
ẏd +
∂τ2

∂ẏd
ÿd +
∂τ2

∂ÿd

...yd .

From e3 = ℘ (χ) − τ2, we can get

ė3 =

(
∂℘

∂χ

)
χ̇ − τ̇2 = f (J) − τ̇2. (3.24)

Step 3: Define the Lyapunov function as

L3 = L2 +
1
2

e2
3. (3.25)

Then

L̇3 = L̇2 + e3ė3 = −b1e2
1 − b2e2

2 + e2e3 + η1kuε1 + e3ė3. (3.26)

Select
e4 = ℘(χ) − τ3. (3.27)

Then

ė3 = e1 + τ3 −

(
θ1 +

∂τ2

∂x2
d
)
. (3.28)

L̇3 = −b1e2
1 − b2e2

2 + e2e3 + η1kuε1 + e3

(
e4 + τ3 − θ1 −

∂τ2

∂x2
d
)
. (3.29)

Take

τ3 = θ1 − e2 − b3e3 − η1
∂τ2

∂x2
tanh

e3
∂τ2
∂x2

ε2

 . (3.30)

where b3 > 0.
According to Eq (3.30), Eq (3.29) can be further rewritten as

L̇3 = −b1e2
1 − b2e2

2 − b3e2
3 + e3e4 + η1kuε1 − η1e3

∂τ2

∂x2
tanh

e3
∂τ2
∂x2

ε2

 − e3
∂τ2

∂x2
d, (3.31)

with

η1e3
∂τ2

∂x2
tanh

e3
∂τ2
∂x2

ε2

 ≤ η1

∣∣∣∣∣e3
∂τ2

∂x2

∣∣∣∣∣ .
According to Eq (3.20), we have

−η1e3
∂τ2

∂x2
tanh

e3
∂τ2
∂x2

ε2

 − e3
∂τ2

∂x2
d ≤ η1

∣∣∣∣∣e3
∂τ2

∂x2

∣∣∣∣∣ − η1e3
∂τ2

∂x2
tanh

e3
∂τ2
∂x2

ε2

 ≤ η1knε2. (3.32)

Then
L̇3 ≤ η1kuε1 + η1kuε2 − b1e2

1 − b2e2
2 − b3e2

3 + e3e4. (3.33)
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Since

ė4 = ḟ (ℑ) − τ̇3 =
∂ f (ℑ)
∂ℑ
ℑ̇ − τ̇3 = U − τ̇3. (3.34)

τ3 = −e2 − b3e3 + θ1 − η1
∂τ2

∂x2
tanh

e3
∂τ2
∂x2

ε2

 . (3.35)

It can be seen that τ3 is x1, x2, yd, ẏd and ÿd, then

τ̇3 =
∂τ3

∂x1
x2 +

∂τ3

∂x2
(F(x) + ℘(χ) + d) +

∂τ3

∂yd
ẏd +
∂τ3

∂ẏd
ÿd +
∂τ3

∂ÿd

...yd +
∂τ3

∂
...yd

...yd +
∂τ3

∂℘(χ)
∂℘(χ)
∂χ
χ̇

= θ2 +
∂τ3

∂x
d,

(3.36)

where

θ2 =
∂τ3

∂x1
x2 +

∂τ3

∂x2
(F(x) + ℘(χ)) +

∂τ3

∂℘(χ)
f (ℑ) +

∂τ3

∂yd
ẏd +
∂τ3

∂ẏd
ÿd

+
∂τ3

∂
...yd

...yd +
∂τ3

∂
...yd

...yd .

The Lyapunov function is defined as

L4 = L3 +
1
2

e2
4. (3.37)

Along with the trajectories of Eq (3.37), it can be shown that

L̇4 = L̇3 + e4ė1 ⩽ − b1e2
1 − b2e2

2 − b3e2
3 + e3e4 + η1kuε1 + η1kuε2

+ e4

(
U − θ2 −

∂τ3

∂x2
d
)
.

(3.38)

Therefore, the design control law is

U = θ2 − e3 − b4e4 − η1
∂τ3

∂x2
tanh

e4
∂τ3
∂x2

ε3

 , (3.39)

where b4 > 0.
Substituting the Eq (3.39) into the Eq (3.38), we can further obtain

L̇4 ⩽ −b1e2
1 − b2e2

2 − b3e2
3 − b4e2

4 + η1kuε1 + η1kuε2

+e4

−η1
∂τ3

∂x2
tanh

e4
∂τ3
∂x2

ε3

 − ∂τ3

∂x2
d

 , (3.40)

with

−
∂τ3

∂x2
e4d ≤ η1

∣∣∣∣∣e4
∂τ3

∂x2

∣∣∣∣∣.
Mathematical Biosciences and Engineering Volume 20, Issue 12, 20486–20509.
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According to Eq (3.20), we have

−η1e4
∂τ3

∂x2
tanh

e4
∂τ3
∂x2

ε2

 − ∂τ3

∂x2
e4d ≤ η1

∣∣∣∣∣e4
∂τ3

∂x2

∣∣∣∣∣ − η1e4
∂τ3

∂x2
tanh

e4
∂τ3
∂x2

ε3

 ≤ η1kuε3. (3.41)

Then
L̇4 ⩽ −b1e2

1 − b2e2
2 − b3e2

3 − b4e2
4 + η1ku (ε1 + ε2 + ε3) ⩽ −CmL4 + β, (3.42)

where Cm = 2 min {b1, b2, b3, b4} , β = η1ku (ε1 + ε2 + ε3).
According to Lemma 1, the solution of V̇4 ⩽ −CmV4 + β can be obtained as

L4(t) ⩽ e−Ct L4(0) + β
∫ t

0
e−Cm(t−r)dτ = e−CmtL4(0) +

β

Cm

(
1 − e−Cmt

)
, (3.43)

where ∫ 1

0
e−Cm(t−τ)dτ =

1
Cm

∫ 1

0
e−Cm(t−τ)d (−Cm(t − τ)) =

1
Cm

(
1 − e−Cmt

)
.

It can be seen that the final gain error of the closed-loop system depends on Cm and the upper
bound of the disturbances η1. In the absence of disturbances, η1 = 0, L4(t) ⩽ e−cmtL4(0) and L4(t) is
exponentially convergent. In other words, ei is exponentially convergent. When t → ∞, x1 → yd,
x2 → ẏd.

Remark 7: In Section 3.1, a bounded control input method based on backstepping control is designed.
In the control law Eqs (3.2) and (3.3), because of ℑ̇ =

(
∂ f (ℑ)
∂ℑ

)−1
U, when ∂℘

∂χ
is very small, it is very easy to

produce singular problems, which may usually lead to abnormal trajectory and even uncontrollable joint
speed, bringing great damage to hardware equipment. Therefore, the design method of the Nussbaum
function can be used to overcome this problem. In addition, the backstepping control method in Section 3.1
is still used.

From e3 = ℘ (χ) − τ2, we can get

ė3 =

(
∂℘

∂χ

)
χ̇ − τ̇2 =

(
∂℘

∂χ

)
(w − bχ) − τ̇2, (3.44)

where, b is a constant and satisfies b > 0.
Design the auxiliary control signal as

w = N (X) w̄. (3.45)

Definition 1: If the function N(X) satisfies the following conditions, then N(X) is a Nussbaum
function. A Nussbaum function satisfies the following bilateral characteristics [15]:

lim
k→±∞

sup
1
k

∫ k

0
N(s)ds = ∞, (3.46)

lim
k→±∞

inf
1
k

∫ k

0
N(s)ds = −∞. (3.47)

The Nussbaum function N (X) and its adaptive law are defined as

N (X) = X2 cos (X) , (3.48)
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Ṅ (X) = γXe3w̄, (3.49)

where γX > 0.
Combined with Eq (3.44), we take

w̄ = −b3e3 − e2 + τ̇2 + bχ
∂℘

∂χ
. (3.50)

From Eqs (3.44) and (3.50), we can get

ė3 + ω̄ =

(
∂℘

∂χ

)
(w − bχ) − τ̇2 − c3z3 + τ̇2 + bχ

∂℘

∂χ
− e2

=

(
∂℘

∂χ

)
w − b3e3 − e2.

(3.51)

Selecting Lyapunov function as

L̃3 = L2 +
1
2

e2
3. (3.52)

Along with the trajectories of Eq (3.52), it can be shown that

L̇3 ≤ −b1e2
1 − b2e2

2 + e2e3 + e3ė3

= −b1e2
1 − b2e2

2 + e2e3 + e3 (ė3 + w̄ − w̄)

= −b1e2
1 − b2e2

2 + e2e3 + e3

(
∂℘

∂χ
− b3e3 − e2

)
− e3w̄

≤ −b1e2
1 − b2e2

2 − b3e2
3 +

(
∂℘

∂χ
N (X) − 1

)
e3w̄.

(3.53)

Then
L̇3 ≤ −C1L3 +

1
γX

(ξN (X) − 1)Ẋ, (3.54)

where
C1 = 2 min {c1, c2, c3} > 0,

ξ =
∂℘ (χ)
∂χ

=
4(

ev/uM + e−v/nM
)2 > 0, 0 < ξ ≤ 1.

By further integrating the Eq (3.53), we can obtain

L3(t) − L3(0) ⩽ −C1

∫ t

0
L3(τ)dτ +

1
γχ

w(t), (3.55)

where

w(t) =
∫ χ(t)

χ(0)
(ξN(s) − 1)ds.

Remark 8: According to the theorem 1 analysis method in [15], the analysis is carried out by
reduction to absurdity, and the conclusion that X is bounded can be drawn by considering the two cases
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of X having no upper bound and X having no lower bound. Based on the boundedness of X, we know
that N (X) is bounded. According to the Eq (3.55), it can be known that L3(t) is bounded, so e1, e2, e3,
ė1 and ė2 are bounded. Based on Eq (3.55), we have C1

∫ t

0
L3(τ)dτL3(t) − L3(0) + 1

γX
w(t). Therefore,∫ t

0
L3(τ)dτ is bounded. Furthermore,

∫ t

0
e2

1(τ)dτ and
∫ t

0
e2

2(τ)dτ are bounded. According to the Barbalat
lemma, when t → ∞, e1 → 0, e2 → 0. Thereby we find that under the condition of |u(t)| ⩽ uM, x1 → xd

and x2 → ẋd.

4. Simulation examples

4.1. Two control methods for comparison

In this study, we performed simulations using MATLAB/Simulink, utilizing a simulation duration of
100 seconds and a time step of 0.001 seconds. This choice of parameters aims to enhance the validation
process for the effectiveness of the robust backstepping control (RBSC) method. Furthermore, to ensure
a fair comparison, we conducted simulations within an identical simulation environment and under
the same external disturbance conditions, allowing us to contrast the simulation outcomes with those
obtained using the robust sliding mode control (RSMC) method.

In addition, in order to verify the robustness and anti-disturbance performance of the control
method (RBSC) proposed in this paper, we chose the simulation verification under two kinds of
disturbance (time-varying disturbance and constant disturbance). The time-varying disturbance and
constant disturbance can be selected as:

Time-varying disturbance:

dvary(t) = 0.5 ∗ sin (2t) + 0.005.

Constant disturbance

dcons(t) = 0.015.

4.1.1. RBSC method

In this section, we conducted numerical simulations using MATLAB/Simulink to validate the
effectiveness of the control algorithm for a flexible manipulator under conditions of limited control input.
The primary system program in Simulink, based on an S function, is illustrated in Figure 4. The flexible
manipulator used as the controlled object is described by Eq (2.1), with a gravitational acceleration
of 9.8 m/s2, a manipulator mass of m = 1.66 kg, and a length of 1.20 m. The auxiliary signal w is
determined using Eq (3.45) through Eq (3.50), with parameters set as γχ = 1, b = 10, b1 = 10, b2 = 12
and b3 = 8. The expression for the control input restriction is |uM | ≤ 18. The simulation results are
shown in Figures 5–8.

Mathematical Biosciences and Engineering Volume 20, Issue 12, 20486–20509.



20500

Figure 4. The main program diagram of the system based on S-Function.
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Figure 5. The response diagram of manipulator position and speed tracking.
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Figure 6. The variation diagram of χ.
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Figure 7. The diagram of control input u(t).
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Figure 8. The variation diagram of X.
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Figure 9. The response diagram of angle and velocity tracking under two methods.

Mathematical Biosciences and Engineering Volume 20, Issue 12, 20486–20509.



20503

4.1.2. RSMC method

In order to better verify the effectiveness and robustness of the precise tracking control proposed in
this paper (RBSC method), we choose to compare it with the robust sliding mode control method (RBSC
method) in this paper. Aiming at the single-joint manipulator model (Eqs (2.1)–(2.2)), we choose a
sliding mode function as

s = ce + ė, (4.1)

where, c > 0.
Furthermore, the angle tracking error of manipulator is defined as

e = x1 − xd. (4.2)

We choose the Lyapunov function as

V =
1
2

s2. (4.3)

Taking the derivative of Eq (4.3) yields:

V̇RS MC = sṡ = s [cė + F(x) + uRS MC(t) − ẍd] . (4.4)

From Eq (4.4), the robust sliding mode controller is designed as follows

uRS MC(t) = ẍd − cė − F(x) − ks, (4.5)

where k > 0.

4.2. Simulation results

From Figures 5–8, it is evident that the precise tracking control of the manipulator’s state and the overall
system’s stability can be achieved through the control strategy proposed in this paper. In Figure 5, under
the control method proposed in this paper, we use visual representations to highlight the performance of
our controller. Specifically, the red solid line represents the ideal reference signal, while the blue dashed
line illustrates the actual tracking of both the position and velocity of the manipulator. The key takeaway
from this visualization is the successful tracking of the desired reference signal. Both the position and
velocity profiles closely align with the ideal reference, indicating that our control method effectively
guides the manipulator to achieve the desired trajectory. This visual confirmation of accurate tracking
is significant because it demonstrates the practical applicability and efficacy of our control approach.
Figures 6 and 8 depict the variations in χ and X. In Figure 7, we observe the response curve of the
system’s control input, even when subject to input limitations (|u(t)| ≤ uM, where uM = 18). Remarkably,
the Nussbaum function method proposed in this paper maintains system input stability under such
constrained conditions. Figure 9 illustrates the response graph for angle and velocity tracking control
of the manipulator, comparing the two control methods. It is evident from Figure 9 that the precise
tracking control of the manipulator’s angle and velocity can be effectively achieved using the control
method presented in this paper.

Furthermore, Figure 10 displays the response graph of the control input under both methods, revealing
the superior stability of the control method proposed in this paper.
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Figure 10. The response diagram of control input under two methods.

Figure 11. The response diagram of angle and velocity tracking under two methods (time-
varying disturbance).
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Figure 12. The response diagram of angle and velocity tracking under two methods (constant
disturbance).

Robustness is a crucial aspect of control system design. In order to further verify the effectiveness and
robustness of the control method (RBSC method) in this paper, we refer to Figures 11 and 12. As can
be seen from Figures 11 and 12, the angle and angular velocity of the manipulator can be well tracked
under the control method (RBSC method) in this paper, and the control method (RBSC method) in this
paper has stronger robustness and anti-disturbance performance.

5. Conclusions

In summary, this study explores the challenges faced by flexible manipulators, versatile automated
devices with a wide array of applications. These manipulators often encounter issues related to external
disturbances and limitations in controlling their actuators, which significantly impact their tracking
precision. To address these challenges, we have introduced a comprehensive control strategy. We
employed the backstepping method to achieve precise state tracking and manage external disturbances
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effectively. Additionally, we utilized the Nussbaum function approach to tackle control input limitations,
enhancing the robustness of the system.

For future work, we plan to further improve and expand this control strategy. This may include
studying advanced control algorithms, exploring adaptive techniques to deal with various disturbances,
and optimizing the design of methods based on the Nussbaum function. In addition, considering that the
flexible manipulator model is easily disturbed and the controller design is complicated, the establishment
of a flexible manipulator model based on PDE should be paid attention to.
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