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Abstract

In this paper we get error bounds for fully discrete approximations of infinite
horizon problems via the dynamic programming approach. It is well known that
considering a time discretization with a positive step size h an error bound of size
h can be proved for the difference between the value function (viscosity solution of
the Hamilton-Jacobi-Bellman equation corresponding to the infinite horizon) and
the value function of the discrete time problem. However, including also a spatial
discretization based on elements of size k an error bound of size O(k/h) can be
found in the literature for the error between the value functions of the continuous
problem and the fully discrete problem. In this paper we revise the error bound
of the fully discrete method and prove, under similar assumptions to those of the
time discrete case, that the error of the fully discrete case is in fact O(h + k) which
gives first order in time and space for the method. This error bound matches the
numerical experiments of many papers in the literature in which the behaviour 1/h
from the bound O(k/h) have not been observed.

Key words. Dynamic programming, Hamilton-Jacobi-Bellman equation, opti-
mal control, error analysis.

1 Introduction

The numerical approximation of optimal control problems is of importance for many
applications such as aerospace engineering, chemical processing and resource eco-
nomics, among others. In this paper, we consider the dynamic programming ap-
proach to the solution of optimal control problems driven by dynamical systems in
R™. We refer to [5] for a monograph on this subject.
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The value function of an optimal control problem is known to be usually only Lip-
schitz continuous even when the data is regular. The characterization of the value
function is obtained in terms of a first-order nonlinear Hamilton-Jacobi-Bellman
(HJB) partial differential equation. A bottleneck in the computation of the value
function comes from the need of approaching a nonlinear partial differential equation
in dimension n, which is a challenging problem in high dimensions. Several approxi-
mation schemes have been proposed in the literature, ranging from finite differences
to semi-Lagrangian and finite volume methods, see e.g. [8], [1], [14], [7]. Some of
these algorithms converge to the value function but their convergence is slow. The
curse of dimensionality is mitigated in [4], [2] by means of a reduced-order model
based on proper orthogonal decomposition. A new accelerated algorithm which can
produce an accurate approximation of the value function in a reduced amount of
time in comparison to other available methods is introduced in [3].

In the present paper, our concern is about the error bounds available in the liter-
ature for the fully discrete semi-lagrangian method approaching the value function,
the viscosity solution of the HJB equation corresponding to the infinite horizon. For
a method with a positive time step size h and spatial elements of size k an error
bound of size O(k/h) can be found in [9, Corollary 2.4], [I1, Theorem 1.3]. However,
the behaviour 1/h in the error bound of the fully discrete method has never been
observed in the numerical experiments, see for example [4]. Based on this fact, we
reconsider the error analysis of the fully discrete method.

In this paper we prove a bound of size O(h + k) which gives first order in time
and space for the method. This rate of convergence is the same appearing in [9,
Corollary 2.4]. However, as stated in [I5], [I0], the proof of this corollary was
based on an identification which does not hold in the example shown in [I5]. The
idea of the present paper is to imitate the analysis of the discrete-time method for
which the value function is characterized as the minimum of a functional, see [0,
Proposition 4.1, Chapter VI (appendix)]. To this end, we define a fully discrete cost
functional that differs from that of the discrete-time approximation in the use of
spatial interpolator operators. Then, in Theorem [3| we prove that the fully discrete
approximation can also be characterized as the minimum of this fully discrete cost
functional. In the proof we use that the fully discrete approximation defined by
means of a discrete dynamic programming principle is unique, as it is proved in [5],
Theorem 1.1, Appendix A].

Finally, thanks to this new characterization we can extend the ideas from [5,
Lemma 1.2, Chapter VI] (for the semi-discrete case) to the fully discrete case and
we are able to prove first order of convergence for the method both is space and
time. First order of convergence in time is linked to the assumption of Lipschitz
continuity of the controls in the intervals defined excluding a finite number of jump
discontinuities. In case we have less regularity we obtain weaker error bounds. For
example, for uniformly continuous controls, allowing again a finite number of dis-
continuities, the error goes to zero as h goes to zero but the first order of convergence
is not achieved. Intermediate rates of convergence or order « in time, for 0 < o < 1
are equally proved for a-Holder continuous controls.

Following the arguments in [6] we can also prove convergence arguing with piece-
wise constants controls and under weaker regularity assumptions (only some con-
vexity assumptions are needed but no extra regularity assumptions for the controls).



However, adapting the arguments in [6] written for finite horizon problems to our
infinite horizon case we loose the full first order in time. We develop this argument
at the end of the paper.

We think that the new characterization we introduce in this paper, based on
optimality arguments, could have potential to be used in other types of Hamilton-
Jacobi-Bellman equations where the convergence rates are still suboptimal.

To conclude this section we want to mention some other related references. The
paper [I3] contains a first suboptimal convergence of rate log(h)h'/? for a similar
scheme. The monograph of Falcone and Ferreti [12] contains a few of the difference
convergence rates for HJB partial differential equations in control and games.

The outline of the paper is as follows. In section 2 we state the model problem
and some preliminary results. In Section 3 we prove several error bounds for the
method under different regularity requirements. More precisely, in Subsection 3.1
we assume some regularity assumptions for the controls and show how the first order
in time and space can be achieved. In Subsection 3.2, we follow the arguments in
[6] to prove convergence under weaker regularity assumptions.

2 Model problem and Preliminary results
Along this section we follow the notation in [4]. For a nonlinear mapping
f:R* x R™ — R"™,

and a given initial condition yp € R"™ let us consider the controlled nonlinear dy-
namical system

y(t) = fy(t), u(t)) € R",  £>0, y(0)=yo € R, (1)

together with the infinite horizon cost functional

T = [ alw(o).une ™ de. )
In A > 0 is a given weighting parameter and
g:R*" xR"™ - R.
The set of admissible controls is
Uag = {u € U | u(t) € Uyq for almost all t > 0},

where U = L?(0, 00; R™) and U,q C R™ is a compact convex subset.
As in [4, Assumption 2.1] we assume the following hypotheses:

e The right-hand side f in is continuous and globally Lipschitz-continuous
in both the first and second arguments; i.e., there exists a constant L; > 0
satisfying

||f(yvu) - f(ga U)HQ
Hf(yvu) - f(yv 11)”2

Lelly —gll2, Vy,g € R",u € Uy (3)
LfHu —all2, Vu,u € Uyg,y € R™. (4)
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e The right-hand side f in satisfies that there exists a constant My > 0 such
that the following bound holds

Hf(y7u)HOO = 11’2?<Xn ‘fz(y7u)’ < Mf7 Vy € ﬁ - Rn?“ € Uada (5)

where € is a bounded polyhedron such that for sufficiently small A > 0 the
following inward pointing condition on the dynamics holds

y+hf(y,u) €Q, VyeQ uc Uy. (6)

e The running cost g is continuous and globally Lipschitz-continuous in both the
first and second arguments; i.e., there exists a constant L, > 0 satisfying

|g(yau) _g(y’u)| < LQHy_gHQa vyag ERR,’UJE Uad (7)
9y, u) —g(y,a)| < Lgllu—1ilz, Vu,u € Uu,yeR" (8)

e Moreover, there exists a constant M, > 0 such that
|g(ya u)| < Mg’ V(y,u) € x Uad- (9)

From the assumptions made on f there exists a unique solution of y = y(yo,u)
defined on [0, 0o) for every admissible control u € U,q and for every initial condition
yo € R™, see [5, Chapter 3]. We define the reduced cost functional as follows:

J(yo,u) = J(y(yo,u),u), VYu € Uy, yo€R", (10)

where y(yo,u) solves . Then, the optimal control can be formulated as follows:
for given yg € R™ we consider

in J(yo, u).
nin (o, u)

The value function of the problem is defined as v : R™ — R as follows:

U(y):inf{j(y,u) \uEUad}, y € R"™ (11)

This function gives the best value for every initial condition, given the set of admis-
sible controls U,q. It is characterized as the viscosity solution of the HJB equation
corresponding to the infinite horizon optimal control problem:
Av(y) + sup {—f(y,u) - Vo(y) —g(y,u)} =0, yeR™ (12)
UEUnq
The solution of is unique for sufficiently large X\, A > max(Ly, Ly), [5]. To

construct the approximation scheme, as in [9], let us consider first a time discretiza-
tion where h is a strictly positive step size. We consider the following semidiscrete

scheme for :
vp(y) = Jnin {(L = AR)op(y + hf(y,u)) + hg(y,u)}, yeR™ (13)

Under the assumptions , ()8 and @ the function vy, is Lipschitz-continuous
and satisfies (see [L1, p. 473])

N L - .=
[on(y) = on(@)] < 5 _gLf ly = dll2, Yy, 5€Q, hel0,1/X).



The following convergence result for the semidiscrete approximation [9, Theorem
2.3] requires that for (y,g,u) € R™ x R" X Uyq

1f(y +7,u) = 2f(y,u) + fly — ,u)l2 Crllill3, (14)
lg(y + 7, u) — 29(y,w) + g(y — §,w) |2 Cyllgll3- (15)

Theorem 1 Let assumptions , , @, @, @D, and (15) hold and let
A > max(2Lg, Ly). Let v and vy be the solutions of and , respectively.

Then, there exists a constant C > 0, that can be bounded explicitly, such that the
following bound holds

<
<

sup [v(y) —vn(y)] < Ch, he[0,1/X). (16)
yeRn
Following [9], [II] we introduce a fully discrete approximation to (I2). Let Q a
bounded polyhedron in R™ satisfying @ Let {Sj};n:sl be a family of simplices
which defines a regular triangulation of 2
ms
0= , — i ).
U S;, k 1£2§S(d1am S;)
7j=1
We assume we have n, vertices/nodes y!, ..., y" in the triangulation. Let VE be
the space of piecewise affine functions from €2 to R which are continuous in €2 having
constant gradients in the interior of any simplex S; of the triangulation. Then, a
fully discrete scheme for the HJB equations is given by
vnik(y') = Jnin {(1 = n)onp(y' + hf(y',w) + hg(y' u)}, (17)
ad
for any vertex y* € Q. Clearly, a solution to (13)) satisfies . There exists a
unique solution of in the space V¥, see [5, Theorem 1.1, Appendix A]. The

following result can be found in [9, Corollary 2.4], [I1, Theorem 1.3], it also requires
the semiconcavity assumptions and .

Theorem 2 Let assumptions , , @, , @, and hold. Let v,
vy and vy be the solutions of , and , respectively. For A\ > Ly the
following bound holds

L k
— o < ——2———, he[0,1/N).
For X\ > max(2Lg, Ly) the following bound holds
L k
— < 9 = 1

where C' is the constant in .

As we can observe in the theorem the error bound of the fully discrete method
deteriorates when the time step h tends to zero. However, this behaviour of the
method has not been observed in the literature. In next section, we improve the
bound of Theorem 2| proving that the error behaves as O(h + k) which gives first
order both in space and time, as expected, for a method based on a first order
discretization in time (Euler method) and a piecewise linear approximation in space.
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3 Optimal error bounds for the fully discrete
approximations

The key point to improve the above error bounds is to use a new characterization for
the function vy, ;. The characterization is based on the analogous characterization
for the semi-discrete approximation vy that can be found in [5, Proposition 4.1,
Chapter VI (appendix)]. Let us define the space U of all sequences u = {ug, u1,...,}
such that u; € Uyq and SU = {u®} = {{ul}?jl}, with w; € U.

Let us define the following fully discrete cost functional. For any node y* we
define the value of the functional at the node as follows

Tnp(y'w®) = Jnp(y',w') = Ry ShIkg(h.up),  6n = (1—Ah),  (18)
n=0
Jon = G+ f(Gh b)), G0 =1y, (19)

where Ig(4%,ut), respectively I f(9¢,ut), is the interpolant taking the values

{g(yi,u;)}?:sl, respectively {f(yi, ul) ;1251’ evaluated at §’. Now, we define wy, ;, €

‘fk: ]Cy
= inf j u’ 20
Wh, k (y) ‘3681/{ h,k (97 )7 ( )

where for y = ZjeJy py?, with p; > 0 and ZjeJy p; =1 then

— 7 J a5 — i J ad
whi(y) = nf Z iy’ u®) = Z 14 uljnefu In (Y, u’).
JEJy JEJy

Theorem 3 The function wpy € Vi defined by satisfies equation for
it =1,...,ng which implies wp 1, = vk 5 the unique solution of the fully discrete
problem.

Proof The proof follows the argument of the proof of [5, Proposition 4.1, Chapter
VI (appendix)]. Let us take u® € SU and let us define w* = {{ﬁ’}:fl} where
u' = {ul,uj,..., }. We first observe that

jh,k(yiaus) = jh,k(yivui) = hg(ylﬂ’%) + hzégjkg(g;mu;)

n=1

o0
= hg(y',u)) + 00 > S Ikg(Fh1s tisr)

n=0

= hg(y',ud) + Ondnr(y’ + hf(y',ud), @).

Let us write y = y* + hf(y’, ug) = ZjeJy 13y, where ZjeJy pj=1land 0 < py <1.
Now, by definition of Jj ;. and wy, 4

Tk +hfuh), ) = > ek W) = D inf Jui(y’, o)
ey jel, ¥

= wpi(y' +hf(Y',uh)).
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And then R 4 o ' o
(', u’) > hg(y', ug) + opwn i (y' + hf(y',ug))-
So that,

wpk(y') = nf Ty’ u') > ;gfu{hg y' up) + opwnr(yt + by ud))}

Finally, since the right-hand side above depends only on u}

dnf {hg(y'ub) + wnr(y’ +hf ' ub)} = uie%fd{hg(yﬁu) + Opwn k(v + hf (Y’ u)}
(21)
and then

whk(y') > ggjfd{hgy u) + Spwnr(y' + hf(y',u))}.

Now we take any ug € U,q and denote by z = y* + hf(y’,up). With the same
notation as before z = Zje J. H5y? with p; are the barycentric coordinates of z so
that

wh k(2 Zugwhk Zﬂg 1]nf Jnr (), ud).
JjeJ2 Jj€J:

Now, we observe that for any € > 0 there exists u® € SU such that
wh,k(z) +e> jh,k(z,ue).
If this were not the case then for all u® € SU and L the cardinal of J,
whk(2) + €= Y p ( inf Jyr(y',w) +€/L> > i dnny, u).
Jj€Jz jE€Js

If L =1 we have obtained a contradiction, If L > 1 let us fix any jy € J, and let

1 1 ;.
us choose u® € SU = {u,ln, Y R TIRY ,...,u’gf} where u!, is the argument

giving the minimum in inf,cy Jh,k(y ' u). Then we get

inf Jh k(yjo U]O) +e< Jp k(yjo u)
ulo el

and taking the minimum on the right-hand side we get a contradiction.
Let us now denote by

u = {up,u}.
Arguing as before, we get

Inr(y'suw) = hg(y',uo) + SnJp i (z, uc),

where, as before, we have applied the same extended definition of J;, ; as before for
z different from a node. And then

Tne (W', w) < hg(y', uo) + Spwn (Y’ + hf (Y, uo)) + €.

Arguing as before

whk(y') = &Iel{{ Tni(y' ) < 111615 {hg(y', uo) + Shwni(y' + hf(y' u0))} + e



And since, on the one hand, holds and, on the other, the above inequality is
valid for any € > 0 we get

wp(y") < inf {hg(y',u) + Spwn iy + hf(y' u)}.
u ad

Then

wik(y) = inf {ho(y'u) + dnwns(y’ +hf (')}

O

In the rest of the paper we apply Theorem [3] with two different scenarios. In the
first subsection, assuming enough regularity for the controls, we can get the full first
order in time and space. In the second one, following [6], we make a proof using
piecewise constants controls. However, adapting [6], which is written in the context
of finite horizon to our infinite horizon problem, we loose the full order in time in
the rate of convergence.

3.1 Error analysis assuming some regularity for the con-
trols

Let us denote by

M, = — u(tn)lf2- 22
S )~ *

In the proof of next lemma we assume that the following condition holds for the

controls

lim M, = 0. (23)
h—0

Let us observe that assuming the controls are uniformly continuous condition (23]
always holds.

Lemma 1 Let J and jh,k be the functionals defined in and respectively.
Assume conditions , , , @, , @D and hold. Let yo = ' for any

i=1,...,ng. Then

i - s _ 24
h_}é{}g_}ﬂlJ(yo,u) Ik (Yo, w)| =0, (24)

where u € Uyq and w = {ug, u1,...,} = {u(to),u(t1),...,}, ti =ih, i =0,1,....,.

Proof We argue similarly as in [5, Lemma 1.2, Chapter VI]. Let y(¢) be the solution
of and let us denote by 3(t) = 9y, k = [t/h] where g, is the solution of with
o = yo. Let us denote by

U(t) = up = u(ty), t€ [kh,(k+1)h). (25)

Then, ¢ can be expressed as

[t/h]h
3(t) = o + /O Tof i(s),u(s)) ds.
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From the above equation, applying , we get

[t/R]h
ly(t) = §(#)]lc < /0 1f(y(s),u(s)) — I f(G(s),u(s))lloc ds + Mgh.  (26)

Let us bound now the term inside the integral. Adding and subtracting terms we
get
1 (y(s),uls)) = Tef(5(s),u(s) e < [ (y(s),uls)) = f(y(s) uls))lleo  (27)
+If(y(s),uls)) = Tef (y(s), w(s)) oo + [k f (y(s), uls)) = i f(5(s), u(s)) ] co-
For the first term on the right-hand side of using and and assuming
s € [kh, (k+ 1)h) we get

1 (y(s), uls)) — f(y(s), uls))lloo < Lylluls) —uls)llz = Lyllu(s) — ulte)l2
LM, (28)

IA

for M, defined in . Let us observe that assuming condition holds the above
term goes to zero as h goes to zero.

To bound the second term on the right-hand side of arguing as in [4] we
observe that for any y € Q there exists an index [ with y € S; C Q. Let us denote
by J; the index subset such that y; € S; for i € J;. Writing

ng ns
i=1 i=1

it is clear that p; = 0 holds for any ¢ ¢ J;. Now, we observe that for any u € Uyq
and j =1,...,n, applying we get

1y w) = Tefi(ysw)l = 1> pafi(y,w) =Y palefi (i, w)]
=1 i=1

= ’ Z Mi(fj(:%u) - fj(y%u)’

1€ J]

> wilslly = vill2 < Lk, (29)
1€J]

IN

where in the last inequality we have applied ||y — y;lle < k, for ¢ € J;. From the
above inequality we get for the second term on the right-hand side of

1 (y(s),uls)) = I f(y(s),u(s)) e < Lk (30)

For the third term on the right-hand side of we observe that the difference
of the interpolation operator evaluated at two different points can be bounded in



terms of the constant gradient of the interpolant in the element to which those
points belong times the difference of them, i.e.,

L fi(y,u) = I f3(9,w) = VIR fi(G,w) - (y = 9) < VI (5, w)|l2lly = ]2

Moreover, VI f, can be bounded in terms of the lipschitz constant of f, Ly, more
precisely, ||VI;fi(g,u)|l2 < Cy/nLs. Then,

[k fi(y, w) — I fi (g, w)| < CLgv/nlly — 2.

As a consequence, for the third term on the right-hand side of we get

e f (y(s),u(s)) = Lef(5(s), U(s)) s < CVnLglly(s) — (s)l2
< COnLglly(s) = 5(s)llco- (31)
Inserting , and into we get for
L=CnLy, (32)

t
ly(@) =51l < L/O 1y(s) = 4(s)lloo ds +tLp(My + k) + Myh.

Applying Gronwall’s lemma we obtain
B eLt
ly(t) = §(®)lloe < — (ELy (My + k) + Mh). (33)

Applying (9) and taking into account that || Ixg(y, u)|lsc < [|g(y,w) oo (Where || - [|oo
refers to the L norm respect to the first argument) it is easy to check that

A

|J(y07u) - Jh,k(y()?u)’ < Xl + X2 + X37 (34)
with
[T/h]—-1 T
Xo = b Y Shgnn) [ alu).uls)e ™ ds).
n=0 0
Xy = |h > My, X3:/ Mye™* ds,
n=[T/h] T

and T' > 0 arbitrary. Now, we will estimate X;. It is easy to see that

{r/t] AT
Xy + X5 < Mh M
2t A s Mgh= =+ Mg

Since 5,[1T/h] — e " when h — 0 then for any € > 0 there exists h = h(e, A\, My) > 0
and T = T'(e, A\, My) > 0 such that

Xo+X3<e, foral0<h<h, T>T. (35)
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In the argument that follows we fix 7= T. We observe that

[T/h]h T
X = /0 Tig(i(s), u(s))8l™ ds - /0 o(y(s), uls))e™ ds|.

Then, we can write

X1 < X1+ Xio+ X3+ X4+ X5 (36)

[T/h]h Is/h]
/0 Lg(§(s), () (81 — =) ds

(T/h]h
LT R 0,76 Tt () e s
0

[T/h]h
4 / (Tog(y(s),(s)) — g(y(s),m(s))) e ds
0

(T/h)h
[ 0100 — gluls). ) e ds
0

T
+ /[ g(y(s),u(s))e™* ds| .

T/hh

We will bound the terms on the right-hand side of (36]). To bound the first term
we will apply again [|159(y, u)|lsc < [|g(y,w)||oo and (9) to obtain

[T/h]h Is/h]
Xy = / Tog(i(s), () (B — e=3%) ds
0

T T
g/o g (3(s), () 5571 — &) dngg/o 511 ) g,

Now we write 6}[f/h] = e MIs/Mh for § = —log(d,)/(Ah). Applying the mean value
theorem to the function e™** and taking into account that since [s/hlh < s <
[s/h]h + h then |s — 0[s/h|h| < (0 — 1)T + 6h and that § — 1 when h — 0 then we
get

X171 < MyTA((8 — 1)T 4 6h) < e, (37)

for h < h, with h = h(e, T, \, My).
To bound the next term we argue as in and use to get

C L T _
X2 < % 2 /0 el (sLp(M, + k) + Msh) e ds < C1h + Cok + C3M,,
where
L T _ ' T _
Ci = CTL g / e(L_A)SMf ds, Co= %/ e(L_A)sst ds,
L 0 L 0
and

L T _
Cs = C’ng/ e(Lf)‘)Sst ds.
L Jo
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Then, assuming condition (23)) holds to assure convergence for the third term in the
error bound of X o

X12<e, h<h, k<k, (38)

where h = h(e,T,\,C,L,n, Ly, Ly, My, My), k = k(e,T,\,C,L,n, Ly, Ly). For the
third term, arguing as in (29)) we get

T
Xi3< Lgk/ e™ds<e, k<k=k(T,\Ly,). (39)
0

To bound the forth term we apply and to get
l9(y(s),u(s)) — g(y(s), uls))| < Lylluls) — u(te)ll2 < LyMu, s € [kh, (k+ 1)h).

And then, assuming again condition holds
T f— —_— p—
X4 < LgMu/ e ds<e, h<h=h(eT,\ Ly, M,). (40)
0

Finally, for the last term on the right-hand side of , applying @D,

X15 < Mgh<e, h<h=h(eM,). (41)
Inserting , , , and into and taking into account and
we conclude . O

Lemma 2 Let J and jh,k be the functionals defined in and respectively.

Assume conditions , , , @, , @D hold. Assume X > L with L the
constant in . Then, for 0 < h < 1/(2X) there exist positive constants

Cy =Ci1(\, Mf,My,L¢, Ly) and Co = Co(X, Lf, Ly) such that for yo = y', i =
1,...,ng

\j(yo,u) — jhyk(yo,u)] S Cl(h + k) + CQMu, (42)

where u € Uyg and w = {ug,uy, ..., = {u(ty),u(ts),...,}, ti = th, i =0,1,...,
and M, is defined in (22]).

Proof We argue as in [5, Lemma 1.2, Chapter VI]. Let y(¢) be the solution of
and let us denote by §(t) = Jx, k = [t/h] where gy, is the solution of with
7o = yo. Let us denote by

u(t) = up = u(ty), te€[kh,(k+1)h).
We first observe that
|j(y07u) - jh,k(y07u)| <X+ Y7
where
> A
X = [T la(s)u(s) = Tlite).a)le ds,

y = / Teg(§(s),a(s)) e — e~ s/H00) g
0
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and, as in Lemmal[l] 6 = —log(8;,)/(Ah). To bound X we decompose

lg(y(s),u(s)) — Irg(g(s),u(s))| < |g(y(s),u(s)) —g(y(s),u(s))|
+1g(y(s),u(s)) — Irg(y(
+Ikg(y(s),u(s)) — Irg(g(s),u(s))|-

Arguing as in Lemma [T] we get
l9(y(s),uls)) = Teg(§(s), u(s))| < LgMu + Lok + Cnlglly(s) — §(s)lloo

and then applying we obtain

X< %(L M, + Lgk) + C1=2 = / (sLj(My + k) + Msh) eF=% ds,
0

Then, for A > L there exist constants Cy = C1(X\, My, Ly, Ly, L,) and Ca(X, Ly, L)
such that
X <Ci(h+ k) + CaM,,.

To bound Y we first observe that, arguing as before, |I1g(9(s),u(s))] < M, and
then

Y < M, /OO o= _ e NIs/hlh| g
0
Applying the mean value theorem
Y <M, /000 A max {e_’\s,e_’\e[s/h]h} [As — A\@[s/h]h| ds.
Now, since |s — 0[s/h]h| < (6 — 1)s + Oh we get

Y < Mg)\2€9/\h/ e ((0 — 1)s + 6h) ds,
0

o oo
/ se™ ds, / e ds,
0 0

are bounded and limy,_,o(f — 1)h = A/2 (for 0 < h < 1/(2)) the function (6 — 1)/h
is an increasing function bounded by its value at h = 1/(2\), ie., (8 — 1)/h <
2X(21log(2) — 1), we conclude

and since both

Y <Ch, C=C(M,\ >0.
O

Theorem 4 Assume condztzons @), @, @), @, @) and (@) hold. Assume A > L
with L the constant in Then, for 0 < h < 1/(2\) there exists positive constants
C1 = Ci(\, My, M, Lf, ) and Cy = Co(, Ly, Lg) such that

lv(y) — vnk(y)| < Ci(h+ k) + Lok + CoM,, yeR", (43)

and M, is defined in .
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Proof For any y € Q there exists an index [ with y € S; C Q. Let us denote by J;
the index subset such that y; € S; for i € J;. We can write

y=Y mys 0<m<1, Y p=1
i€J] i€J;
Now, let us observe that
= () =1 pvly) = vy =1 piv(y) —v())| < Lok, (44)
1€J; 1€J) 1€J; 1€J)

where L, is the Lipschitz constant of v. Then

v(y) —wney) = o) =D pvl) | + | D mi(v() — var(s)

1€J) 1€J;
< Lok + | Y pa(v(yi) — vnr(wi) | - (45)
i€J]

For any i € J;, in view of let us denote by @’ € U a control giving the
minimum
On e (Y1) = g (yi, @)
Then
v(ys) —onk(yi) < J (i, @) — Jnw(yi, '),
where @' € U,q such that u'(t;) = ul, uw' = {Ug,ﬁ‘ } Applying (42)), there

]’
exist positive constants C; = C(\, My, My, Ly, Ly) and Cg C(\ Ly, L ) such that

v(Yi) — vnk(yi) < Cr(h+ k) + C2M,,. (46)

Consequently, since » ,c ; i = 1, from and

v(y) —ony) < Lok + | D pa(v(yi) — onk(ys))
1€J)

< Lok + Ci(h + k) + CoM,,. (47)

Now, for any i € J; let us denote by u’ € U,q the control giving the minimum in
and let us denote by u! = {gi(to (t1 } Then, arguing as before there
exist positive constants Cy = C'(\, My, M, Lf, ) and Cy = C(A, Ly, Lg) such that

on (i) — v(i) < Jnp(yi, u') — J(yi,u') < Cr(h+ k) + CoMy, (48)

Arguing as before, we can write

e =Y mivnk(yi) = v(y) < > palonr(ys) — o) + Y miv(y:) — v(y)

’LEJ[ iEJl iGJl

Applying and we get
vnk(y) —v(y) < Lok + C1(h + k) + CoM,,

which together with implies . O
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Remark 1 We observe that Theorem [4 gives a bound for the error without as-
suming any regularity on the controls. The error bound has two terms. The
first one is always first order convergent both in time and space. The second one
depends on the size of M, defined in (22)), which depends on the regularity of the
controls. As it is always the case when one applies numerical methods, some regu-
larity is required to achieve the best rate of convergence as possible. In Theorems
and [6] below we get as a consequence of Theorem 4 two possible scenarios. In
Theorem |5, assuming condition holds for the controls (which is true for uni-
formly continuous controls) we prove convergence. In Theorem @ assuming that
the controls are Lipschitz-continuous, , we prove that M, in behaves as h,
so that, in , the optimal rate of convergence of order one both in time and space
is recovered. Although in a concrete problem one could not have enough regularity
for the controls to achieve first order of convergence in time (observe that the rate
of convergence is always one in space) the error bound can always be applied.
This error bound allow us to identify the different sources of the error in the method
and consequently is able to explain the behavior of the method. As a conclusion,
we can discard a behaviour for the rate of convergence as O(k/h), as the existing
bounds in the literature had predicted.

In the following theorem we deduce convergence as h goes to zero assuming condition

holds.

Theorem 5 Assume conditions , , , , , @ and hold. Assume
A > L with L the constant in . Then,

li — -0 R™,
hﬁé{gﬁolv(y) vhi(y) =0, ye

Proof The conclusion is obtained as a corollary of Theorem 4 applying (23) to
bound the second term in . O

If we assume that the controls are Lipschitz-continuous; i.e., there exists a positive
constant L, > 0 such that

[ut) = uls)ll2 < Lult = s|. (49)

we can prove first order of convergence both in time and space.

Theorem 67Assume conditions , , , , , @D and hold. Assume
A > L with L the constant in (32). Then, for 0 < h < 1/(2X) there exist positive

constants C1 = C1(X\, My, My, Ly, Ly) and Cy = Ca(X\, Ly, Ly, L,,) such that
[v(y) —vnk(y)| < Ci(h+ k) + Lyk + Coh, yeR™

Proof The conclusion is obtained as a corollary of Theorem 4 applying to
bound the second term in . O

Remark 2 The regularity requirements on the controls can still be weakened. Let
us assume that the controls have a finite number of jump discontinuities: t] < t5 <
... < t},. For afixed h let us denote by I3 = [m;h, (m; +1)h), m; € N, the interval
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such that t; € I¥, j = 1,...,l. Then, the arguments of Lemma can be adapted to
get instead of the following bound

| J (Y0, ) — Jnx(yo, )| < Cr(h+ k) + Coh+CsM?:, yo=19', i=1,...,ng, (50)

where Cl = Cl(/\,Mf,Mg,Lf,Lg), CQ = CQ()\,Lf,Lg,MS) and Cg = Cg()\,Lf,Lg)
and
My = —u(t I=Lu...ulf
G g 1) Tl T =T U U
M, = lrg?%(lgg}}(\\u(s) — U(tm;)|2-

The idea is to use the additive property of integrals to isolate those corresponding

to intervals I7, j = 1,...,l. To bound the terms involving integrals over I one can
apply the boundedness of the integrand together with the fact that the diameter of
I7 is equal h for j = 1,...,l. The union of the bounds corresponding to integrals

over 1 J* gives rise to the second term on the right-hand-side of .
Accordingly, instead of in Theorem |4}, one can prove

[v(y) —vnk(y)| < Ci(h+ k) + Lok + Coh + CsM,;, yeR", (51)

with C,Cy and C5 the constants in ([50)).

From , and depending on the regularity of the controls, one gets either
convergence or convergence of order one, arguing as in Theorems [ and [6] but with
the assumptions on the controls restricted to the finite number of intervals:

[0,87), - [, 541)s -+ o5 [t 00).

Moreover, assuming that the controls are Holder continuous over those intervals of
order a, for any 0 < av < 1, one gets an error bound in time of size O(h®), applying

(B1).

3.2 Error analysis arguing with piecewise constants con-
trols

In this section we adapt the error analysis in [0] for finite horizon problems to our
context of infinite horizon problems to get a weaker result for the rate of convergence
but weakening also the regularity assumptions over the controls.

Let us denote by

U = {ueU|u(t)=u € Una, t € [ty tri1)},

with uj constant. Let us observe that we can consider the continuous problem for
controls in Ugfi. The following lemmas are a direct consequence of Lemmas (1| and

Lemma 3 Let J and jh,k be the functionals defined in and respectively.
Assume conditions , , , @, , @ Then

lim |J(yo,u) = Juk(yo, ) =0, o=y’ i=1,...,ns, (52)
h—0,k—0
where v € UL and w = {ug, u1, ..., } with up = u(t), t € [ty, tit1).
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Lemma 4 Let J and jh,k be the functionals defined in and respeczively.

Assume conditions , , , @, , @D hold. Assume X > L with L the
constant in (32)). Then, for 0 < h < 1/(2\) there ezists a positive constant C; =

Ci(A\, My, My, Ly, Ly) such that
|j(y07u)_jh,k(y07u)| SCl(h+k)’ yozyi7 i:]-v"'vns, (53)
where v € UL and w = {ug, u1, ..., } with up = u(t), t € [tg, tit1).

The proof of Lemmas [3] and [4] is obtained taking in the proofs of Lemmas [I] and
M, = 0 since for piecewise controls it holds, see ,

A(t) = up = u(t), Vt € [kh, (k + 1)h).

The following theorem is analogous to Theorem [l For the proof we need to assume
an additional convexity assumption, see [6, (A4)],

e (CA) For every y € R",

{f(y7u)ag(y7u)a (RS Uad}

is a convex subset of R*+1,

Theorem 7 Assume conditions (3), {). @), (7)., (), (9) and (CA) hold. Assume
A > L with L the constant in (32)). Then, for 0 < h < 1/(2X) there exist positive

constants Cy = C1(A\, My, My, L¢, Lg) and Cy = Co(A\, My, My, Ly, Lg) such that for
y € R?

[0(y) = vnk(y)] < Cr(h+ k) + Co (log(h))*h ™5, === (54)

1
(1+ B)2\2

Proof For simplicity we will assume y = y for any i = 1,...ng since the general
case can be proved arguing exactly as in Theorem
In view of let us denote by w € U a control giving the minimum

vnk(y) = jh,k:(ya u).

Then X
v(y) —vni(y) < J(w,0) — Jhr(y, w),

where u € UP] such that u(t) = u;, t € [t;,t;+1). Applying (53], there exists a
positive constant Cy = C(\, My, My, Ly, Ly) such that

v(y) — vhk(y) < Ci(h + k). (55)

Now, let us denote by u € U,q the control giving the minimum in so that

o(y) = F(y,u) = /0 " gy (t), ult))eNdt. (56)

The following argument is taken from [6, Appendix B].
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For any t; we can write
t
y() =y(te) + | f(y(s), u(s))ds.
ty

Applying
ly(t) = y(te)lloo < Myh.

Then, for any t € [tg, tg+1], using the above inequality and we obtain

t
| 1090069 - st wtois| < v aggie
As a consequence, we get
t
y(t) =y(tr) + t Fly(tr),u(s))ds + ex,  lelloo < VRLpMgh®. (57)

On the other hand, as in [6, (B.6a), (B.6b)], thanks to (CA), for any k, there exists
. such that

/t:kﬂ Fly(te), u(s))ds = hf(y(t), ws) (58)
/:H g(y(te), u(s))e ds < hg(y(t), uy))e . (50)

From and (9) we get
/t:Hl(g(y(tkWs) ~ gl m)e s < 9y (b)) e — e )ds
< AMgR®. (60)

From and
t
y@) =y(te) + | flyte), up)ds + ex,  erlloo < VnLpMgh?.
ty

Let us denote by yP¢ the time-continuous trayectory solution with the same initial
condition as y associated to the control uP®(t) = wy,, Vt € [t th+1)-
Arguing as above we get

t
ye(t) =y (te) + | FP () ug)ds + €, lehlloo < VRLpMph®.  (61)
ti

Subtracting from and using we obtain

ly(tk) =y (t)lloe < lly(te—1) — ¥ (tr—1)lloo + VRRLgly(tr—1) — ¥ (tr—1)llo
Hlek-1lloo + ller—1llo
(14 hvnLp)lly(te-1) — ¥ (te—1)lloo + llex—1lloc + €1 lloc-

IN
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Since y(yo) = yP“(t9) by standard recursion we get

ly(t) — o7 (1) lloo < Y™ (letlloo + ll€fllo) < 2theY™ 20 \/nL s Mh.
0<i<k-1
(62)
For the control u € U,q giving the minimum in and for w = {ug, ... ug, ..., }.
we obtain

vnk(¥) = o) < Jnkly,w) — J(y,w) = Jnk(y, w) — (P u") + T (" 0) — I (y,w).
The first term on the right-hand side above is bounded in Lemma [4] so that
v k(y) —v(y) < Cr(h+ k) + J (4", u”) — I (y,u).

To conclude we need to bound the second term. We write
T
Je ) = T = [ (0.6~ glule) u(s) e s

- /00 (9(y™ (), u"(s)) — g(y(s), u(s))) e **ds.(63)

T
For the second term on the right-hand side above, applying @ we get
e—AT

A

| 0606 — glus) sy s

T

o0
< 2Mg/ e Mds = 2M,
T

Let
e — p1/O48) g = \/ﬁ)\Lf.

Then
T = log(h~Y/(+8Y),

We fix the above value of T" so that from we get
A A~ T A
Ja) = Je| < [ 0w (907) ~ au(s)uls)) s
2M
+2e T, (64)
A
To conclude we will bound the first term on the right-hand side of .

Also, for simplicity we assume there exists an integer N such that T = NAt.
For the first term on the right-hand side of we have

T
/0 (9(y™*(s),u"(s)) — g(y(s), u(s))) e *ds =

N—

[asy

/ T (g (5) ) — g(y(s). u(s))) eNds.

k=0 "tk
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Adding and subtracting terms we get

[ 650 = al(s)u(s)) s =

ty

/ - (9(y™°(s), up,) — g(yP“ (1), wp)) e Mds

173

[ o ) ) — glo(t) w) e s

tg

[ ottt m) — o0, uts)) s

tr

tr41
+/ (g(y(tr), u(s)) — g(y(s),u(s))) e **ds

tg

Applying , and we get

/ (g (5), ) — g(y(s), w(s))) e ds < 2y/mhIL My + M,

tg

+2nLyh2teV™ L L M.

And then

T
/0 (9(y7*(s), u*(s)) — g(y(s),u(s))) e *ds < Th (2v/nLyMy + AMy)
+2nLyT?heV™Li [ M.
To conclude, we observe that with the definition of T we get
heV™ s — pT,

since we have chosen T and 8 to optimize the rate of convergence. The above term,
together with the last term in are the terms that produce a reduction in the
rate of convergence compared with the finite horizon case. We finally obtain

1 VnLy

unk(y) —v(y) < Ci(h + k) + Co (log(h))*h™*7, = 3

1
(14 5)2A2
O
Remark 3 Let us observe that in view of and taking into account that [ is
smaller than 1 then we loose at most half an order in the rate of convergence in time

of the method up to a logarithmic term. This comes from adapting the arguments
in [6] in the context of finite horizon problems to our infinite horizon case.
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