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ABSTRACT

In this work the modern formalism, KMOC, is studied for calculating observables in a gauge and in
gravity theories. In particular by applying this formalism we have calculated the linear momentum
and the change in spin. These observables in classical gravity were obtained at one-loop and in the
classical limit they are found to be in agreement with those obtained through traditional methods.

RESUMEN

En este trabajo se estudia el nuevo formalismo, KMOC, para el calculo de observables en una teorfa
gauge y en gravedad. Con este formalismo hemos calculado el impulso lineal y el cambio en el espin.
Estos observables en gravedad clésica se obtuvieron a un-lazo y en el limite clasico coinciden con los
obtenidos a través de métodos tradicionales.

2 KMOC with spin



Facultad de Ciencias, Escuela de Doctorado UVa

Acknowledgments

First, I would like to express my sincere gratitude to my tutor Andres Luna, for all his patience, time,
support, encouragement and guidance throughout this work. I always considered his advice to be
critical and valuable to improve my research career, and this was very important to me.

I thank to José Maria Murioz for the observations and comments made on this work.

I thank the University of Valladolid and the Carolina Foundation scholarship program for the financial
support they gave me and which has been fundamental for my training.

I want to thank the unconditional support from my mother and my sister. Thank you mother, you were
my first mentor and you have accompanied me this far, thank you for not giving up on me and for
having taught me to fight tirelessly to achieve my goals.

I am also grateful to Fernando Buitrago, I have nothing but deep appreciation for all the shared knowl-
edge, kindness, for all your words of encouragement and good advice for life.

I am indebted in many ways to Yvelice Castillo, specially because this experience would not have been
possible without your help.

I am really thankful to all my Honduran friends, especially with Ricardo, Mariel, Doris, Javier, Luis,
Ruben. I sincerely thank you for the tokens of friendship and esteem that you have given me. Thank
you Ricardo, for the welcome after my return to Honduras. I could not be more grateful to Mariel, for
giving me the time you did not have, for the long talks about life and for your words of encouragement
in difficult moments.

My stay in Valladolid was short, but it was enough to get to know those who were my colleagues on the
master’s degree: Pablo, Pilar, Andrés, Daniel and Alejandro (Alex). I am really grateful to all them for
making my stay pleasant and for the talks about topics in physics and life.

The first and last impression of the kindness and hospitality with which Spain treated me, I received
from Dofia Milagros Gomez (Mila), who hosted me during my stay.

Last, but not least I add this special note:
For Adhara Raquel, these few words are for you from the past and were written for your future self:
your mere existence has been my support and my motivation in the most difficult moments of this work.

Por altimo, pero no menos importante, agrego esta nota especial:
Para Adhara Raquel, estas pocas palabras son para ti del pasado y fueron escritas para tu yo futuro: tu
mera existencia ha sido mi apoyo y mi motivacion en los momentos mads dificiles de este trabajo.

3 KMOC with spin



Facultad de Ciencias, Escuela de Doctorado UVa

1 INTRODUCTION

At macroscopic scales, the gravitational interaction is studied using Einstein’s theory of general relativ-
ity (GR), which describes gravity as a geometric property of the space-time. There is no doubt that GR
has made it possible to accurately understand and describe a huge variety of classical phenomena in
our Universe (Misner et al., 2017).

When general relativity was born a little over 100 years ago, experimental confirmation was almost a
secondary issue. Today, in contrast, experimental gravitation is an important component of the field
with aims to test or disprove the predictions of theory. In fact, a new window into the universe was op-
pened with the direct confirmation of Gravitational Waves (GWs) by the LIGO (LIGO Scientific Collab-
oration et al., 2015) and VIRGO (Acernese et al., 2015) collaborations. After this important achievement,
the revolutionary era of GWs astronomy was inaugurated. Also new experimental efforts have come
together such as KAGRA in Japan (Akutsu et al., 2021), LISA (Amaro-Seoane et al., 2017) while a new
ground-based detector, the Einstein telescope (Punturo et al., 2010), is also being developed by ESA.
The possibility to observe the universe through the spectrum of gravitational waves, which covers more
than 20 orders of magnitude, requires different detectors for the frequency range of interest. In order
to take this great step for humanity we need to improve the description of the gravitational interaction
of two compact objects, to generate the theoretical waveforms necessary for the detection of events, as
well as the extraction of parameters from observed mergers.

1.1 Gravity observables

We can think of GWs as small, local disturbances in spacetime that propagate through the universe at
the speed of light. Currently, the main sources of GWs are binary systems of compact objects (Spurio,
2019). In fact the fist GWs’ signal, GW150914 (Abbott et al., 2016), came from the inward spiral and
merger of a binary black hole (BH) system (see figure 1). GWs carry information from their sources such
as angular and linear momentum, as well as their energy, which in turn can be measured by terrestrial
detectors. Theoreticaly we can predict this quantities from the description of the binary dynamics of
compact objetcs, but this is still a challenge of gravitational physics. In this sense is pressingly relevant
to improve the description for the two-body problem in the different stages of a coalescing binary.

Historically the Newtonian approach was the first to be used to deal with the two-body problem. This
approximation holds for low velocities, but at relativistic velocities, the Newtonian framework used to
derive relations between quantities no longer applies. A more precise description of the dynamic of two-
body systems is given by GR. The main discrepancies between the Newtonian gravitation and GR relies
on the relativistic notion of trajectory, which in GR we call worldline (Misner et al., 2017; Carroll, 2019).
The geometric nature of gravity in GR has deep observational consequences, including the existence of
GW radiation.

The perturbative arsenal of classical tools to attack the two-body problem is contained in three main
methods : Post Newtonian (PN) aproximation, Post Minkowskian (PM) approximation and Self Force (SF).
Every approximation scheme only can deal with the problem in a certain regime. For this description
consider two bound compact objects with masses m1, ms; speeds u1, u2 and separated by a distance b:

e The PN approximation relies on a weak-field, slow-motion. Here the equation of motion are ex-
panded in terms of the compactness GM /b and v?. The weak-field, and slow-motion regime is
particulary adequate for bound, virialized binary systems, and is valid during the spiralling phase,
see Fig.1. This approximation naturally fails during the last cycles of the binary, when the veloci-
ties of the bodies become comparable to the speed of light.

o the post-Minkowskian (PM) aproach assumes weak fields, but we can assume any velocity regime,
and perturb in powers of the Newton’s constant G.
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The regime of slow velocities and weak field is particularly adequate for bound systems and it is valid
in the inspiral stage. The PM approximation results in a versatile method which is possible to apply for
unbound systems, i.e scattering regime (Kalin and Porto, 2020b), see figure 3.
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Figure 1: GW150914 signal interpretation as seen at Hanford observatory.
There are tree stages in a GW event, the lower plot shows the velocity of the
components as function of their spatial separation. Figure from (Abbott et
al., 2016).

The study of a weak gravitational scattering encounter system began at 1PM considering the bodies in
the dispersion as two spinless particles with mass and with spherical symmetry (Portilla, 1979; Westp-
fahl, 1985; Damour, 2016; Ledvinka et al., 2008). While in (Vines, 2018) the net changes in the momentum
and spins of two spinning BHs were computed to 1PM. Before going beyond classical methods to com-
pute observables, we discuss these significant results. Consider two spinning BHs with arbitrary mass,
interacting through a weak gravitational scattering process. This classical system is pictorically repre-
sented in fig.2. This dynamic process takes place in an asymptotically flat space, where we can work
it out as a Minkowski spacetime. Under this consideration the incoming and outgoing states can be
characterized by constant linear momentum p* and the tensor field J** which contain the total angular
momentum about the point z, that is J* (2) = J* (x) + 2pl* (2’ — z)V].

Defining the body’s proper CM worline to be the set of points z such that J*”(z)p, = 0 and we can then
write:

JH (z) = 2plt(a’ — )Y + S, (1.1)
here S* = JM¥(z) is the intrinsic angular momentum tensor, satisfying the algebraic constraint
SHp, = 0. (1.2)

this constrain is called a spin supplementary condition (this is also known as the Tulczyjew-Dixon SSC),
and imposes the vanishing of the body’s mass dipole vector in the frame of p*. The kinematics of an
object like a BH can be specified in terms of these worldline fields. So the momentum p* and the spin
pseudo-vector allow us to determine the components of S**,

1 1% 1 14
S/"' == %el“/po'p SpO' = %gll«l/po'p JPU($)’ (13)
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Figure 2: Scattering map of two spinning compact objects in the CM (gray-doted line).
The incoming objects with momentum p;—1 » have masses m;—1 2 and the spin is labeled
with s;—; 2, in the figure b represents the impact parameter and x is the scattering angle.
Figure adapted from (Antonelli ef al., 2020).

Consider two spinning BHs both approaching from the past infinity: BH 1 with incoming momenta and
spin vector given by p{' = myuf, s = mya) respectively. BH 2 with incoming momenta py = moul,
and incoming spin vector s = maal,. After approaching up to a distance b* interact gravitationally and

move away to the future infinite, this scattering is represented in the figure 2.

According to the no-hair theorem, a Kerr BH is characterized uniquely by the mass and the intrinsic
angular momentum (spin) (Misner et al., 2017), then a natural consequence is that the net changes (A)
in the linear and angular momentum depend only on their incoming linear and angular momentum. In
order to determine these gravity observables we can take the equation of motions and integrate them
over entire history of BH 1’s zeroth-order state which corresponds to leading-order in the Newton’s
constant (G) expansion

L
Aplu = Jd’i‘la;rg, (1.4)
1
vV o L; t y‘C' t
Ash = Jdﬁ <—5g5u1 a? 6(1;1’ + ufal 62”) (1.5)

Here Liy is the interacting Lagrangian and we must to integrate over the entire world-line z;. After some
manipulations the results derived in Vines (2018) can be expressed as

Apt' = Re {Z"} + O(G?) (1.6)
As) = —ufaiRe{Z,} — E“Wﬁulaalﬂlm (2} +0(G?) (1.7)
where ) v o
2G'mims 9 . Y+ Z ai + az
Z, = —— |(29* — D)nw — 2iveapuiu . (1.8)
V-1 [( iz reBT ] Ty i ar + a1)]2
The gamma factor is v = w; - u and also
¥,.8
Y = o, gt 212 (19)

e Zla g P12
vpys 21

— M

being the projector into the plane orthogonal to both incoming velocities. Now expanding the previous
expresions in the rescaled spin af, and setting a}, — 0 the linear impulse is

[l (u, — yua,) + ub (us — yus,)]

2Gmimsa v 2y v v o
i 72_1{(2 = 1)gg + gy (2040 = DTM) ey pagsufuyaf
272 —1
4 75 (4b“b”b” - 352b<unvm> arya1, + O(a3)} +O(G?). (1.10)
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Following the KMOC literature from now on we will call the net change in the spin (pseudo-)vector
angular impulse and this quantity is given by

2Gmim b
Aslf’(o) = —u’fah,Ap’f — 777211 f{QWéquaulpagag,yufu;@ a1y
7=
-t MM (2000, — bPTL) PO} +0(G?. (1.11)
b4 £ 1k v0p vp) A1 a . .

1.2 Beyond the classical methods

On the other hand, we have the scattering-amplitudes based treatment of gravitational scattering of
compact objects. This astounding relation between amplitudes in quantum field theory (QFT) and clas-
sical physics is driven by tools developed for particle colliders, such as unitarity methods (Bern et al.,
1994, 1995), the double copy (Kawai et al., 1986; Bern et al., 2008), the spinor helicity formalism (Arkani-
Hamed et al., 2021), and differential equations (Kotikov, 1991; Bern et al., 1993; Gehrmann and Remiddi,
2000; Henn, 2013, 2015) for loop integration. Computations in gravity are greatly simplified by harness-
ing the broad machinery of scattering amplitudes, and although these methods are valid only in scatter-
ing scenarios, the bound scenarios are partially understood through analytic continuation of scattering
results. (Kilin and Porto, 2020a; K&lin and Porto, 2020; Saketh et al., 2021).

Recently, a new approach has gained attention in this context, the observables-based formalism devel-
oped by Kosower, Maybee and O’Connell (KMOC) (Kosower et al., 2019), which establishes a precise
connection between scattering amplitudes and observables in classical physics. KMOC allows us to
compute classical observables, such as the impulse of the particles (Herrmann ef al., 2021b; Maybee et
al., 2019) and the radiated momentum during a collision (Manu ef al., 2021; Herrmann et al., 2021a),
directly from on-shell scattering amplitudes at any order in electrodynamics and gravity. With the in-
troduction of the KMOC formalism, a variety of classical problems in gauge theories and gravity can
now be approached from a pure QFT perspective (Bern et al., 2022; de la Cruz et al., 2022).

The scattering of two spinning black holes in post-Minkowskian gravity, to all orders in spin was com-
puted in (Vines, 2018) and to quadratic order in spin to 2PM order in (Kosmopoulos and Luna, 2021; Liu
et al., 2021). On the other hand, using KMOC, the results to 1PM in Vines (2018) and the linear momen-
tum to 2PM order in (Cordero et al., 2022) have been reproduced. In this work we focus on deriving the
results of the impulse and spin kick of two spinning BHs to 2PM order due a gravitational interaction
in a scattering process. The machinery offered by the KMOC formalism is applied to obtain the desired
results.

This work is organized as follows: In section 2, we provide a description of the new techniques based
on scattering amplitudes for the two-body problem. This new arsenal of tools will provide an overview
of the fruitful results derived with these methods. Also we present a detailed description of the KMOC
machinery. This will provide us with a robust framework for computing classical observables in gravity
directly from the classical limit of QFT amplitudes. The heart of this frontier physics formalism lies in
the on-shell amplitudes and in section 3, we present the necessary gravity amplitudes at tree and one-
loop level. In section 4, we present the one-loop observables derived by applying the KMOC formalism.
We finalize this work with the conclusions in section 5.

2 GRAVITY OBSERVABLES FROM SCATTERING AMPLITUDES AND
THE KMOC FORMALISM

As we move to study nature at microscopic scales we invoke QFT, which has become a very precise
calculation tool in this regime. Using it we can describe physical processes in a range of energies that
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goes from the few million electrovolts typical of nuclear physics to the billions of electrovolts of the
Large Hadron Collider (LHC). The connection between QFT and experimental physics occurs through
the computation of scattering amplitudes which describe the collisions between particles. In this section
we provide a description of the scattering framework between two particles and a description in a
nutshell about deriving classical observables from the physics of collisions.

2.1 Two spinning particles scattering in quantum field theory

In figure 3, an usual collision scheme is shown. The pragmatic idea is that two bunches of particles
which are initially sufficiently distant from each other (so that the idealization that they do not interact
is physically reasonable) are accelerated to relativistic velocities and made to collide. Here they produce
some complicated interacting quantum state. After the collision this state evolves into several outgoing
particles (the products) moving away in various directions until they are sufficiently well separated that
the approximation of non-interaction is again reasonable.

b1 D1 - g

b2 ~ <

Figure 3: Usual setup for scattering experiments. The incoming particles are
labeled with with momenta p1, p2 and the outgoing particles with pr,.

In experiments such as LHC the outgoing particles are measured and recorded, but the collision process
is not entirely deterministic. QFT is probabilistic, so if our goal is to find the transition probability
between an initial and a final state in a collision process, how do we do it?

In collider experiments one measures scattering cross sections, but this is not straightforward. Our goal
is to find the transition probability between an initial state and a final state in a collision process. So we
need to prepare the initial and final states with definite momenta p1, p» and p!, p5, ..., p, respectively, at
some initial time ¢; before the collision and final time ¢; after the collision

‘11'1> ~ ‘p17p2>7 <OUt’ ~ <p/17p/27 ap',n} : (21)
The probability amplitude that the |in) evolves to |out) is given by
(out|in) = (out| e *H {1t |in) . (2.2)

We call the S matrix to the operator e = (t/=%) and in the limit (¢ —t;) — oo, where H is the Hamiltonian
of the theory. The scattering amplitude is given by:

(out| S|iny = lim {out|e H=t) |in) (2.3)

(tf—ti)—>00

If {(infin) = 1 and |n) is a complete basis of states }, [n){(n| =1, so

1= [(n| S|in)|* = > in| ST [n)(n| S |in) = (in| STS |in), (2.4)
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then we can deduce that STS = 1, which means S is an unitary operator and this unitarity property of
S express the conservation of probability.

The cross section o can be related with the square-module of 2.3. For initial and final states with definite
momenta, the S matrix contains a delta function 6 (p; + ... + py, — Py — ... — pl,) to conserve momentum.
Inserting the unitarity relation we can express S in a convenient way:

S=1+1T, (2.5)
STs =1. (2.6)
And the following relation can be established:
—i(T —T") =TT = 2Im(T) (2.7)
An important quantity emerges if we rewrite (2.3) in terms of (2.5):

<p'1, ...,pu Tp1y oo, Pmy = AD1, ooy D — DY, ...,p’n)(27r)45(4)(p1 t ot P =P = e — D). (2.8)

In (2.8), A represent the matrix element between the initial and final states, in QFT this important quan-
tity is usual called the amplitude. In order to calculate an amplitude, normally we use Feynman dia-
grams. Amplitudes in collider physics allows us to compute quantities such as the cross section, decay
rate and also we can compute observables in terms of amplitudes. Scattering amplitudes are at the
heart of high energy physics, but currently new techniques have been developed that allow to approach
purely classical problems from the amplitudes in QFT. We comment further on this in the remainder of
this section.

2.2 Gravity observables from scattering amplitude techniques

In section 1, we discuss the scattering of two black holes and how to calculate gravity observables from
traditional methods. From a particle physicist’s perspective, BHs are understood as point spinning
particles. In this sense, the scattering of two BHs is not so different from the scattering of two quarks. For
example both processes involve the interactions of tensorial particles, in non-linear theories. From the
quantum amplitudes involving gluons, one can extract the corresponding information of the scattering
process for two black holes, and derive observable quantities. Then a natural question at this point
might be: but, how to switch from quantum to classical physics?

The correspondence principle states that classical physics emerges from the quantum theory in the limit
of macroscopic conserved charges such as masses, electric charges, spins, orbital angular momenta.
In the context of Black Hole Binary Dynamics and the Gravitational Scattering the transition has been
discussed in (Bern et al., 2019a; Vecchia et al., 2021). For example, if we study the problem of two bodies
in GR or in electrodynamics from the perspective of QFT, the classical limit is controlled by the Compton
wavelength A\, which is related to Plack’s constant and the mass of the particles. In a scattering process
of two black holes with a size of the Schwarzschil radius rg, approached through a two-particle process
2 — 2 in QFT. The PM approximation requires the following condition A\, « rs « b in order to extract
the classical information.

However, the scattering processes in QFT are encoded in the amplitude and in the last decades an enor-
mous machinery has been developed to push forward the comprehension and it’s computations such
as on-shell methods, double copy, unitarity methods, spinor helicity formalism, integration by parts
identities, and advanced multiloop integration.

All these powerful tools from the modern amplitudes program have been brought to address prob-
lems that were the domain of classical methods. For example, in (Bern et al., 2019b,a) the authors take
advantage of these amplitude techniques such as double copy and generalized unitarity to derive the
amplitude for classical scattering of gravitationally interacting massive scalars at 3PM order, also results

6 KMOC with spin
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at 4PM have been derived in (Bern et al., 2021b). Just like the classical methods, those approaches are
valid and usually very powerful in different regions or stages in the binary dynamics. We can improve
the accuracy that would be obtained with a single method by combining different approximations. Such
"Tutti-Frutti" method which can combines several theoretical formalisms: PN, PM or effective field the-
ory (EFT) among others, this method has been used to derive partial 5 and 6PN results in the conser-
vative sector (Bini ef al., 2019, 2021). Again we emphasize that these methods are valid for unbound,
scattering black holes, but they can also lead to results for bound orbits. Both scenarios are relevant for
the detection of gravitational waves.

[ A+ 0%+ ot S B 0 02 )
G*1 + v® + v* + 0% + ® + 010+ 02+ )
G3A 4+ 02 + ot + of + of + ol £ 2 4 )

LG4(1 R S S T IS (I © )J
G°A + v¥ + vt + % + 0 4+ 00 2 )
GO + v 4+ vt 4+ 8+ 0+ 01 )
G+ v + ot + o8 + 0% + 010 £ 12 4 )

Figure 4: Corrections to the Newton’s potential. In the red box the new results to O(G*) using
QFT tools are shown, the horizontal lines in the indicate the state of the art PM result. The vertical
lines correspond then to the PN information currently available from PM approximation. These
results overlap with the state-of-the-art from the PN approximation (dark triangle) and contribu-
tions required by future detectors (light triangle). Figure from (Buonanno et al., 2022).

The spin and finite-size effects have been included in all those methods. And as described in (Lar-
routurou, 2021): for the traditional PN computations, the results with spins effects are gathered in
(Blanchet, 2014). A double copy framework including spins has been derived, and applied up to 2PM
to the spin-spin coupling (Bern et al., 2021a). As for the EFT method, the conservative and radiative
spin-spin effects at next-to-leading order have also been recently computed (Cho et al., 2021), and were
found to perfectly agree with previous results. Regarding finite-size effects, which enter at 5PN, they are
known up to 2.5PN (Henry et al., 2020b,a) and 2PM (Cheung and Solon, 2020; Kélin ef al., 2020) beyond
the leading order, those results perfectly agreeing in the overlapping regions, as proven in (Henry et al.,
2020a).

In recent years we have seen how the methods that have allowed fruitful results in high energy physics
have doubled efforts to deal with fundamental problems of classical physics, specifically those related
to improving predictions of GW signals. We will now proceed to describe one of the frontier methods to
extracting classical physics from amplitudes which focuses on determining physical observables which
are well defined in both the classical and quantum theories.

2.3 The Kosower, Maybee and O’Connell Formalism (KMOC)

In this section we introduce the KMOC formalism with a detailed overview. This section provide us with
the machinery offered from QFT amplitudes in order to obtain classical observables directly from on-
shell scattering amplitudes. First we describe the KMOC formalism and how this robust frame allow us
compute the linear impulse by rewriting this classical observable in terms of QFT scattering amplitudes.

In the KMOC formalism, the expectation value for the change of a quantum mechanical observable,
(AO), due a scattering process is computed from scattering matrix, S, thought the formula:

7 KMOC with spin
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<AOJ> - in<\I/‘ ST@JS ‘\I/>in - in<\I/‘ ©j ’\Ij>in . (29)

Where the sub-index is used to labeled the observable and operator for particle j. In general the expres-
sion (2.9) corresponds to the difference between the in and out states expectation values, where we have
relied on S as a time evolution operator determining the form of the asymptotic final state of the system
(V) out = U(00, —0) ‘\I/>in =5 ‘\Il>m

out

We emphasize that the KMOC formalism is based on amplitudes, so the connection of the quantum
observable AO to the scattering amplitude is made through the following procedure:

1. In (2.9) we proceed by writing the S—operator in terms of the transition matrix 7" via (2.5), now we
use the unitarity condition of the S—operator expressed in Eq.(2.6), then this allow us to rewrite
(2.9) in the form: R X

(A0;) =i ([0, T [ W) + oY TTO;, TT [y (2.10)

The first term is linear in a scattering amplitude and the latter will contain a product of scattering
amplitudes. We can obtain all orders in perturbation theory

2. After deriving the KMOC formula Eq.(2.10), we proceed to insert a complete set of states between
T and the operator O which is associated to the quantum observable

o103 [ = 37 [ T a0 ()0 X] S D), 2.11)
X 7

this complete set of states allow us to make explicit the amplitudes. In (2.11), r; are the momen-
tum of the intermediate massless particles, X and d®(r;) represents the on-shell integrals (over
Lorentz-invariant phase space) . The sum is over all states X with suitable quantum numbers as
well as an integration over each statet’s available phase space, and O; is the value of the observable
in that state. The expression (2.11) hints at the possibility of evaluating the momentum in terms
of on-shell scattering amplitudes. The expression (2.11) requires the specification of the system’s
initial state.

As we have briefly described in the subsection (2.1) the n-particle asymptotic states in momentum space
|p1, ..., pn) are the tensor products of the normalised single particle states a]Tg |0), where a; is the creation
operator for the momentum p and |0) is the vacuum state which is annihilated by a, operator. The
conjugate states are labeled by (p!, ..., p},|, then we define the amplitudes in four dimensions

Py eens Dl T [Py oo Py = A1, ooy P = Doy D)0 (01 + oo+ P — D) — oo = L), (2.12)

as it has been defined in (2.8), but from here so on we follow the notation § as in (Kosower et al., 2019) to
hide the 27 factor. Also if we denote by [M] and [L] the dimensions of mass and length, respectively. The
dimensions in (2.12) are [M]*~", where D — n is the dimension (D) for the n-point scattering amplitude.
Now we must understand systematically how to extract the classical result using on-shell QFT scattering
amplitudes in order to take full advantage of amplitude methods in the gravitational-wave problem, the
ingredients we need are:

1. A parameter that allows us to explore the classical limit.

2. The adequate wave functions that describe the multi-particle initial state of the system and that it
has the desired classical limit.

In fact, we control the classical limit with the constant /2, which as shown in (Kosower et al., 2019) can be
restored in an expression through dimensional analysis (% # 1). This parameter appears in the coupling
constants, which which are re-scaled in terms of %, and also the wave numbers associated to massless
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momenta for the force carriers contains this parameter. In the subsection 2.3.2 the extraction of the
classical limit is discussed in further detail. So, the classical piece of the observable, is then defined by:

AO; = lim B | i (W] [05,T) )y + 3, (¥ T[05, T 9y, 213)

To denote the classical limit we remove the expectation value (...) of the observable. The first term in
(2.13) is linear in the amplitude and will be able to contribute at leading-order (LO), while the second
one is quadratic and this will lead to the discontinuity of a scattering amplitude.

Note that we have dropped the "in" label and we will do so from now on.

The expression (2.13) is a formal definition to the observable at the quantum level, the factor of  ensures
the classical scaling. As we can see this expectation value requires the appropriate initial state of the
system. The particles are prepared in the far past so the appropriate states are incoming states |¥). .. The
incoming particles are described by the relativistic wave-functions ¢;(p;) which use to build a quantum
state corresponding to a localized particle. So the initial state is defined as follows:

(V)i = fﬂ[d%i)@(m)e“"pl/ " p1p2) - (2.14)

Again Eq.(2.14) d®(p;) represents the on-shell integrals (over Lorentz-invariant phase space). The short-
hand notation for d®(p;) will be convenient

4 (p) = 95 GE — ). @15)

to d"p hide the factor of 27 throughout and is defined by

. dn
d'p = P (2.16)

2

17

and finally the integrations are restricted to positive-energy solutions of the delta functions of p;—m
as indicated by the (+) superscript in 6(*), as well as absorbing a factor of 27 just for d(p)

0 (p? —m?) = 6(p°)d(p? — m?), (2.17)

where ©(z) is the Heaviside step function and p° is the energy component of the four-vector.
For the dimensionless of the state we need ¢;(p;) to have dimensions of inverse energy. This also allows
us to normalize the state to unity, which we can accomplish by normalizing the wave-functions,

fnd@(pi)|¢i(pi)|2 =1 (2.18)

2.3.1 Linear impulse in terms of amplitudes

Now consider a spinless scattering process between two stable quanta fields 1 and 2 with masses m;
and my respectively. Following the KMOC formalism we relate the observable (2.13) to the scattering
amplitude using (2.12), together with the initial two-particle state (2.14). So the first observable written
in terms of a scattering amplitude is the impulse of one of the particles, say particle 1. Let IP’? be the
momentum operator for quantum field j, the change in particle 1’s momentum is then:

(AP = i(O|[PY, T] W) +(P| TT[PY, T] | W) . (2.19)

This expression indicates at a quantum level the impulse is the difference between the expected outgoing
and incoming momenta of such a particle. We can understand the link between amplitudes and the
final-state value of the observable by inserting a complete set of states. For convenience we separate
this on-shell observable in two terms:

9 KMOC with spin
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Ity =i Y| [P}, T] %), (2.20)
Ity = (Y| THPY, T] W) . (2.21)

Replacing the initial state and its conjugate in (2.20), this contribution linear in the amplitude to the
impulse turns into

Ity = Jd@(p’l)d@(p'z)d@(pl)d@(pg)m(pl)cb’f(p’l)céz (p2) 5 (py)e™™ P =P/ (| PYT — TP |pipsy  (2.22)

= fd@(p’l)d<1>(p’2)df1>(p1)d¢’(pz)¢1(p1)¢’f(p’1)¢z(pz)¢§ (ph)i(pt — pi) e PP (i | T prpo)y . (2.23)
With the help of (2.12) it is straightforward to identify a familiar expression in (2.23) given by

(pyph| T |p1p2) = A(pip2 — pi, )0 () + ph — p1 — p2), (2.24)

which is the four-point scattering amplitude of our two particles, the 4-fold delta function will allow
us to perform d—integrals in 1 é‘l). Now in (2.23) we change the momentum of the outgoing particles in
terms of the momentum transfer ¢ and the initial momentum of the particles p;, we do this by introduc-
ing the momentum shifts ¢, = p, — p;, then the amplitude becomes

{pipb| T Ip1p2) = Alpipz — p1+ a1, p2 + ¢2)0 W (@1 + ¢2), (2.25)

and changing the integration variables from p; — ¢;, and further using 6(Y(q; 4 ¢2) to perform the
integration over ¢y, followed by the relabel ¢g; — g, the previous relation becomes

d®(pr + q1) = d*q1 0D [(p1 + @1)? — m?]

= d'e©@) +¢")o2p1-q+ )| (2.26)
q1—9q
d®(p, + q,) = d'¢,0(p) + ¢))0(2p, - 2 + ¢7) (2.27)

In (2.26) and (2.27) we apply the on-shell condition p? — m? = 0, but in (2.27) with the integration over
¢2 the delta in (2.25) change ¢» by —¢. Replacing all this together we finally get

Ity = fd<1>(p1)d<1>(pz)cz4q3(2p1 4 +¢*)8(2p2 - q — )0 + ¢*)O (3 — ¢)

x e Py (p1)oF (p1 + a)$a(p2) 85 (P2 — Q)ig" A(p1,p2 — p1 + ¢,p2 —q). (228)

The latter expression is the LO contribution for the linear impulse in terms of the amplitude A, the i
term assures us that the observable we will obtain will be a real quantity. In the section 2.3.2 we will
proceed to obtain the classical limit of (2.28). From (2.24) we can deduce that the incoming and outgoing
momenta in the amplitude correspond to the initial-state momenta. Diagrammatically this expression
looks like:

Ity = jd¢(p1)d®(p2)d4q3(2pl q+a*)02p2 - q— O] + ¢*)O (s — ¢°)

¢1(p1) T (p1+q)
x e~ a/Migh x (2.29)
621 o302 —q)
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Now the quadratic term in the amplitude, I (2)- Since there are two factors of 7" in this term, scattering
amplitudes can be explicitly introduced by inserting a complete set of momentum eigenstates between
the operators, in such way we can extract a momentum eigenvalue when the momentum operator hits
the momentum eigenstates. In their first appearance this yields

Ity = Zfdcb r)d®(ro) (U| TV [y X ) (rire X | [PY, T] |0 (2.30)

Expanding the wavefunctions and proceeding in an similar fashion as the LO contribution, that is, we
need to replace the initial state and its conjugate in (2.30) and then make the amplitudes explicit from
the complete base of states that have been introduced, the expression (2.12) is useful again to identify
the dependence of the scattering amplitude (2.30). We label the states in the incoming wavefunction by

I'“ _ZJ 1_[ d‘l) T’Z dq)(pl)dgf)(pz)d)z(pl)qs*( ) ib-(p1 Pl)/h( pl)

1=1,2
x 6W(p1 +p2 — 11 — g —rx)0W (P} + ph — 11 — 2 — 1x)
< A(p1,p2 — 71,72, 7x) A" (P}, Py — 11,72, 7x). (2.31)
In this expression, r1, 72 and 7x are the final momentum states and rx is the total momentum carried
by particles in state X. The product of amplitudes in the last expression gives us the impression of
an amplitude weighted cut structure, in which the lowest order contribution will be a one-loop two

particle cut. To simplify it we define again the momentum shifts ¢; = p; — p;, this allows us to change
the integration variables p, — ¢;:

% _ZJ [T d®(r2)d® () der(as + pi)e (0:) (i + )P0/ (e — pl)
1=1,2

~

x o1 )(Pl +p2—r1— 12 —TX)‘S( )(QI +q2)
x A(p1,p2 — r1,72,7x) A (1 + q1,p2 + @2 = 11,72, 7x).  (2.32)

Through (2.15) we can again perform the integral over ¢, using the four-fold delta function, and relabel
q1 — ¢, these steps are are developed as follows:

IH = ZJ H d® (r;)d®(p;)d q1d q20(2p1 - @1 + a})d(2pa - g2 + ¢3)O (P + ¢)O (S + ¢9)

1=1,2
< o1 (p1) S5 (p1 + q1)2(p2) 05 (P2 + q2)e 0/ (Y — pht)
oW (p1+p2—711—712 — 7")()3(4)(611 + q2) (2.33)

xA(p1,p2 = 71,72, 7x) A" (p1 + q1, 02 + @2 — 71,72, 7X),

=3 T1 avtaeidabien o+ )50 = )06 + 01008~ o)
1=1,2
xG1(p)$1 (p1 + @)62(p2) 03 (P2 — @)™ (r} = p)S W (p1 + p2 =i =2 —rx)  (234)
xA(p1,p2 = 11,72, 7x)A*(P1 + ¢;p2 — ¢ = 71,72, Tx).
Defining the momentum transfers w; = r; — p; we can change the integration variable ; to w;, using the

momentum conserving delta function for each amplitude to perform the integration in w» and relabeling
w1 — w which leaves us with

ZJ [ d®(pi)d*wid*q6(2p; - wi + w})O(p) + wf)
i=1,2

x6(2p1 -4+ ¢*)0(2p2 - — )OM) + ¢*)O (P — ¢°) (2.35)
xd1(p1)d% (p1 + @) D2 (p2) D5 (p2 — q)e T VMW s ™ (wy + wy + rx)
x A(p1,p2 = p1 + w1, p2 + w2, x)A*(p1 + ¢, p2 — ¢ — p1 + w1, p2 + wa,Tx).
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We can give a pictorial representation of the NLO contribution to the impulse

IH ZJ H d(I) pz d wzd4q6(2pz w; + w; )@(pz + w; )

i=1,2

x0(2p1 - g+ ¢*)0(2p2 - g — )0 (P + ¢°)O () — ¢°)
xe_ib'qmw{fg(ll) (w1 + wa +7x) (2.36)
#1(p1) p1+wr o1 (p1+4q)

:

rx

X |

|

|

|
$2(p2) p2 + w2 ! ?5(p2 — q)

The gray dotted line in (2.36) represents a generalized unitary cut (it refers to a unitarity cut which has
been generalized) it is possible thank to the unitarity property of the S-matrix. The cut tell us that the
1-loop amplitudes are given by products of tree level amplitudes. The quantum mechanical impulse
particle 1 acquires during the scattering process, at NLO is simply given by the sum

<Ap1 > = It + Iy (2.37)

2.3.2 C(Classical limit

The correspondence principle states classical physics should emerge from quantum physics in the limit
of large quantum numbers, that is, in the limit of macroscopic conserved charges such as mass, electric
charge, orbital angular momentum, spin angular momentum, etc. In the context of the two-body prob-
lem, the transition from quantum to classical physics has been extensively studied (Bern et al., 2019a;
Vecchia et al., 2021).

In practice, taking the classical limit requires the following steps (Kosower et al., 2022):

e Replace coupling g by g/+/h. In electrodynamics we replace e by e/+/h while in gravity a factor of
ﬁ appears so that we replace k = /327G by k = /327G /h;

e Change all messenger momentum variables-mismatch, virtual, or real-emission to wavenumber
variables, k = hk. The notation for wavenumber is %, which has dimensions of [L]~! and its
associated momentum is x;

e Approximate ¢(p + hq) by ¢(p). In practice, this trivialises all massive-momentum integrals;

¢ Laurent-expand all integrands in /. We must be careful with one-loop integrals, in the limit when
I — 0 some might contain singular terms with inverse powers of  so to cancel them we must first
sum all contributions and then evaluate the classical limit. For singular terms that survive they
can be treated independently as well using a Laurent series expansion on £;

e Replace all massive-particle momenta p; by their classical values, m;u;.

To manipulate integrands we ensemble of these steps, that is, when we take the classical limit we will
use the following notation,

<<f<p1,p2,...>>> = [ @001 () Pla(p) B 1.1 ) (238)
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In this expression with the double angle brackets the approximation ¢(p + ¢) ~ ¢(p) has been used and
f(...) is a weighted integral over an amplitude or product of amplitudes.
We now proceed to calculate the classical limit of the linear impulse at LO

Ifha= Z<< fcf‘*qf?(?pl “q+a*)6(2p2 - ¢ — )0 +¢*)0(1s — ¢°) (2.39)

Xefib-q/thA(O) (p1p2 — D1 + q,p2 — q)>>

Performing the coupling replacements and the change of variables detailed above, we obtain,

<<h3 jd4q6 7-p0)8(@ - po) (2.40)
Xe_ib'qquﬁ © (p1,p2 — p1 + hq,p2 — TLQ)>>~

Note inside the on-shell delta functions & (2p;-G£hq?) we have dropped the hg? factor, since non-singular
terms in  appear in the amplitude. Now at NLO in the impulse we must consider both of the terms in
(2.37)

ligya = l<< J d*qd(2p1 - q+¢*)5(2p2 -4 — ¢*)O(P] + ¢")O (P — qo)e‘ib'q/h1“>>, (2.41)

The expression inside the double angle brackets Z* is the impulse kernel and and represents one of the
important pieces to be able to calculate the observable at any order,

' = ¢" A(p1,p2 = 1 + ¢, p2 — q)

—ZZJ 1_[ d*w;id(2p; - wi + w?)O(p? + w)w! B (w1 4+ wa + 7x) (2.42)
1=1,2
X A(p1,p2 = p1+ w1, p2 + w2, rx)A™(p1 + ¢, p2 — ¢ = p1 + w1, P2 + w2, Tx).
At NLO the kernel contains the one-loop amplitude and the product of two amplitudes at the tree level
that form the unitary cut, then X = ¢J. As we will see in the section 4, when replacing the amplitudes
to NLO, singular terms will appear that we must cancel with the help of the unitary cut and that is why
in this case we still do not allow ourselves to neglect the terms hw? inside the on-shell deltas. Then the

classical limit is given by
Apl <<h2 fd4q5 p1-Q)o(pa- Qe azty (1)>>, (2.43)

74" = 1" AV (pr, ps — p1 + 7, p2 — h)

where,

—in? f d*wb (2p, - @ + hw?)é(2ps - w — hw? )t (2.44)
x A(p1,p2 — p1 + hw, pa — hw)A*(p1 + hg,p2 — hq — p1 + hiv, py — hao).

For future computations we neglect the sub-index cl in the kernel because it will be understood that we
will work with the classical limit of this. We also will refer to the virtual ( Z//) and real part of the kernel
(ZF) which are defined as follow:

W) = 7 4 T, (2.45)

the observable can be obtained with the fourier transform as in (2.43) but now we include a dimensional
regulator in a standard way D = 4 — 2¢ in order to regulate potential divergences:

Apl = Z<< JCZD 5(—2p1 - 9)5(2p2 - @)Y hI;;;(”>>. (2.46)
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The reason for this nomenclature (2.45) becomes apparent when one evaluates the expectation values.
Diagrammatically (2.42) this notation can be represented as follows:

P1 D4 b2 P3
H = ¢* IH = —iZJd(f2+|Xl‘1‘ (2.47)
X

In this pictorical representation we labeled the outgoing particle momentum with p3 and p4. The sum is
over a set of intermediate massless particles in the cut, X. The notation d@2 x| indicates the two-body
phase-space measure and is understood to be computed over the legs crossing the dashed blue line, and
includes the momentum-conserving delta function (Herrmann et al., 2021b).

2.4 Adding spin to the KMOC formalism

This subsection describes the natural generalizations of the KMOC formalism to include the spin of
particles. Classically this quantity is given by the spin pseudo-vector (1.3). The quantum mechanical
version of this quantity is given by the expectation value of the Pauli-Lubanski (PL) operator

1
Wy = 2 —CpupaP I (2.48)

The PL operator is defined in terms of the relativistic linear momentum operator P* and J*? which is the
relativistic tensor operator, both them are generators of the proper orthochronous Lorentz group. W, is
also used in quantum-relativistic description of the angular momentum, it describes the spin states of
moving particles. The expectation value of the PL operator on a single particle state (which we need to
define as soon as possible) is the quantum-mechanical generalisation of the classical spin pseudo-vector

and is defined by
1

1 174
(") = - (WH) = 3y Enpo (PYJP7Y. (2.49)
Following the set-up established in the previous subsections, again we consider the scattering of two
stable, massive particles which are quanta of different fields. With the the quantum-mechanical un-
derstanding of the spin vector, we move on to discuss the dynamics of the spin vector in a scattering
process, we make this possible using (2.10) which yields to

Aoty = (U [WET) [0) + - CO| T, T) ). 2.50)

Again, we will conveniently separate both contributions by representing the first term as J(“l) and the
term that, as we will see, emerges as a product of amplitudes, will be represented by J, (“2).

(Dsy = Tt + Tl (2.51)

(2)

In order to derive the quantum observable (2.50), an important issue here is to define the particle state.
Then if we consider the scattering processes mediated by vector bosons and gravitons. So that, the
incoming two-particle state is given by:

J
)= 3 [ T30,/ pjsa). 25
ag v j=1
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Where b is the impact parameter between the particles (j = 1,2), also in the ket we have the state of a
particle j with momentum p; and spin a;. Now we move to express the observable in terms of ampli-
tudes, here we will take advantage of the notation we have used to separate the two observable terms
and start with the term linear in the amplitude. By substituting the incoming state and the outgoing
states in the expression for J. (“1), this leads to

ST ST A0 () A ) ) (1)1 ) 2 2) 65 0

a17a1 ajy,az

x&T ,52 ,§1a1§2a2 PO phy al ay | WHT — TWH [prpa; aras) . (2.53)

Then we insert a complete set of states between the operators (W*,T), and with this, what we want
again is to be explicit the amplitudes in this piece of the quantum observable. For the W+T' order we
have

<p1p2,a1a2’W“]IT |p1p2; arag) = Z fd@ r1)d®(r2)
b1,b2

x (phph; ayah| WH |rirg; biba) (rire; bibo| T |p1p2; araz) . (2.54)

We identify the following expressions
<p’1; a’1| WH |r1;01) = mlsﬁt o (7’1)8.:1)(7'1 — p’l), (2.55)
1

(r1ph; aybr| T |p1pa; a1a2) = Ap, a1 a10, (P1,02 = 11,05)0W (11 + ph — p1 — o), (2.56)

where (2.55) is the spin polarization vector of particle 1, and based in our definitions (2.55) is the scat-
tering amplitude.

We will suppress the summation over repeated spin indices from now on. Replacing these identifica-
tions in (2.54) and integrating over the delta function 8(1) (r1), we obtain

(piphs aay| WHIT [pipas arazy = ma st (9h) Abiagarar (P1s P2 = 1, 00)00 (0 + 9o = p1 = p2). (257)
by

The result for the other ordering of 7" and W* is very similar:

(s @y TIW [p1pa; araz) = ma ) At aypay (102 = p100)sY, | (01)0™ (B + Py — p1 — p2). (2.58)
b1

Substituting into the full expression for (2.53) we find that the angular impulse at LO is
Ty =1 | d0h)AB () () () n (1) () 2(2) 83 0

XEL, &3, G G, €TV (W) 4 ph — p1 = p2) (2.59)

X (Slfa&bl (pll)Ab1a/2a1a2 (p17p2 - p/17p/2) - Aallaéalbl (p17p2 - plvpé)slfblal (pl)) .

Now introducing the momentum shift ¢; = p} — p;, this allows us to change the integration variables
p; — g;; performing the integral over g» using the delta function, and relabel ¢; — ¢:

Ty = [ e ad @ - + im0~ )
x1(p1)dT (1 + @) p2(p2) @5 (P2 — q)gfall Saé £1,, 6o, o—iba/h
% <8Ta’ by (pl + Q)Ab1a’2a1a2 (p17p2 —p1+q,p2 — q) (2.60)
1

—Adagarty (PLP2 = P1+ @ p2 — )sY, (pl)) :
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Now to compute the second contribution to the angular impulse J(“Q) (see Eq.(2.51)) we follow similar
steps, we start by inserting a complete set of states between the spin and the interaction operators and
similar expressions such as those in (2.55) and (2.56) will allow us to arrive in a familiar expression
with a product of two amplitudes, then by performing the integrals with the usual replacements ¢; =
p; — pi,li = r; — p; is straightforward arrive to

Tty = f [ d®(p)d*qd 10 + ¢")O15 — ¢")O(r} +1°)e(p —1°)

=12
0(2p1 - g+ ¢*)0(2p2 - ¢ — ¢*)3(2p1 - 1+ 12)5(2p2 - 1 — 12)p1(p1)bF (01 + @) 2(p2) 83 (D2 — q)

51 /52 161 52 e_b q/h[ (pl + l)'Ab b2a1a2(p17p2 — D1 +l b2 — l)
Apbott an (P1, P2 = p1 + 1, p2 — l)Si, " (pl)] A:’la’zblbz (p1+lLp—l—=pi+qp2—q). (2.61)
1

2.4.1 Classical limit of the angular impulse

This is the quantum version of the angular impulse at LO. As a well-defined observable, we can extract
the classical limit following the same procedure that is described in sec.2.3.2. First introducing a notation
for the expectation values over the wavefunctions

<<f (p1, P2, ) >> Z Z Jd@ P1d®(pal 1 (p1) |62 (p2)

a a1a ,a2

><§1a/1 fla/Q FUema2(p) py )6, €1, (2.62)
so the angular impulse takes the form

<A3M(O>_Z<<J d*4d(2p1 - )5(2p2 - @)™ (5 (p1 + ha)A(pr,p2 = P+ .92 — @)

—A(p1,p2 = p1+¢,p2 — q)s7(p1)) >> (2.63)
Both the spin vector and the amplitude are matrices with spinor indices, some of which are contracted

together (Kosower ef al., 2019). An important % shift remaining is that of the spin polarization vector
Si'l o (p1 + hq). This object is a Lorentz boost of s’fallbl (p1). The appropriate generator is

FL 4 ot 4
wh” = —— (V' — @'pY). (2.64)
my
This result is valid for particles of any spin as it is purely kinematic, and therefore can be universally
applied in our general formula for the angular impulse (Kosower ef al., 2019). In particular, since w,,, is
explicitly O(h) the spin polarization vector transforms as
_ ho

st (pr+ha) =st, (p1) — —5P"q sa(p). (2.65)

1°1 aj01 ml

Then the final expression for the angular impulse is given by

Asl <<fd 3o(2p1 - 9)0(2pa - g)e ™1 < p3 P 2q s51(p1)A(p1, p2 — p1 + hq, p2 — hq)

—h*[s{ (p1), A(p1,p2 — p1 + A, p2 — hq‘)]) >> (2.66)
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In a similar fashion we derive the classical limit for the NLO in the angular impulse:

AsY =i hP2 | dPgd(2p1 - @)3(—2ps - e TTD ), (267)
1 S1

where the kernel is given by
) = TZ%P?CY' s1(p1) AW (p1, p2 — p1 + hg, p2 — hq)
+ [401), AV (1,02 = p1 + 1,2 — )| + iR? jci‘*z(?(zpl T+ B2)5(2ps - T — BI2) %
<n:%p’fl' s1(p1) A (p1, p2 — p1 + Al p2 — W) AD* (py + Kl py — Kl — p1 + hq, p2 — hq)

- ls’f(pl), AO (p1,po — p1 + hl,po — 1) AD*(py + Rl ps — hl — py + hd, p2 — ﬁq)] ) . (2.68)

2.5 Simplification of KMOC

The traditional way to calculate the kernel tells us that the singular terms in the virtual part of the
kernel will cancel by some contribution that come from the cut (Kosower ef al., 2019). So we need to be
extremely careful with the computations at this level. We also know the integrals with a loop momentum
in the numerator will appear, but we can solve this integrals rewriting [# in the momentum space basis
as a combination of {¢*, %/, u}}. In the case of the spin pieces we also add the orthogonal product of
those vectors (-, ¢, @y, i} ) to the basis. In the spinless case this recipe and the flip symmetry of the cut

results in the kernel setup in (Herrmann et al., 2021b).

W = gz 4 7, (2.69)
“p p
— "Re [M(l)} —ig? (:;11 . ;Z) Im [M<1>] . (2.70)

Here u!' are dual 4-velocities defined in (Herrmann et al., 2021b). We will work only at one-loop level so
in this case we get

Bl BB
Ly YUg — Uy o YU — U
Then we can rewrite (2.70) as follow
o I
T8 = gRe [MO)] 4 g2 | L2 (M E )t [y, [y q] (2.72)
P1 (72 = 1)ymyms

This setup will be useful when we compute observables in section 4

3 AMPLITUDES

In the previous section we presented the theoretical framework of the KMOC formalism. In a pragmatic
way KMOC works like this: first we need the amplitudes at the desired order in perturbation theory,
using these amplitudes we construct a kernel (2.45) and finally we compute the observable performing
a Fourier transform-like integral of the kernel from momentum space to impact parameter space (2.46).
And so the amplitude is the fundamental ingredient of the KMOC formalism. In this section we present
our gravity amplitudes, first calculating the amplitudes at tree-level, while the one-loop amplitudes are
extracted from (Cordero et al., 2022).
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3.1 Leading order

A practical way to compute this tree level amplitude in gravity makes use of a scalar Yang-Mills the-
ory. This calculation is possible thanks to the color-kinematics relation established between these two
theories by the double copy (see Section 2), more details within this context can be found in (Luna ef
al., 2018). We will consider tree level scattering of a spin 1 particle off a scalar in Yang-Mills theory and
gravity. Amplitudes in the former will be denoted by A,,, o, while those for Einstein gravity are M,,, _o.
For the amplitudes relevant to our on-shell observables only the ¢t channel contributes.

The Yang-Mills with a minimally coupled gauge interaction given by the Higgs mechanism, in the fun-
damental representation of the gauge group our Lagrangian is given by:
| R ‘
o=~ Fi B = ®[(O+ m) @i — igA"[2:(0,®;) — (0,7 2] + g* A |01, (3.1)
Where the field strength in the kinetic term of (3.1) is Fj, (z) = 2TrF),, T, as is usual we add the interac-
tions via D,, = 0 — igA,(z) and ®; are massive scalar particles. After applying the Feynman rules this
yields the tree-level amplitude:

-
o ig )
iAo = — e (p1 + )% (p1) 0w (2012 + @2) — Mor(Pry — @)

2q
- 77)\/1,(2qy "‘plu)}(Qp% - qA)Tl : TQ- 3.2)

Now we expand the product of polarization vectors to obtain the classical limit. The p; + ¢ momentum
in the polarization vector €7 is the outgoing momentum of the particle, so we can interpret ¢ as the
outgoing polarization vector as being infinitesimally boosted.

Therefore expand this Lorentz boost two orders in the antisymmetric matrix w,,,, which come from an
arbitrary infinitesimal transformation of the Lorentz transformation matrix A, = 6}, 4+ wi. In the vectorial

representation of the Lorentz group Al = [e{_%“’“” 2""}1%, then this yields

£l (p) — MLel(p) = {65 — S () — 5 [ }sm, 63

here (X77)) = i(n”69 — n°+4Y) is the covariant representation of the Lorentz generator for a spin 1
particle, this generators obey of course the Lorentz algebra. The appropriate infinitesimally parameter
is the same to those used to derive (2.64), this allows us to obtain this new expression for the tensor

product
2

— h — v h — — _V
e (pr + hg)el (pr) = ef'e — —(q- e))phel — —— (7 €})q"e} + O(h?). (3.4)
my 2my
The scalar products €} - p1 = €; - p1 = 0 are satisfied in the classical limit which are a constrain of the
Lorenz gauge. Without loss of generality we can replace(3.4) in the numerator of the amplitude and this
leads us to

nij = 2(p1 - p2) (&7 - €5) — 2h(p2 - €7 )(7 - €5) + 2h(p2 - €)(q - €7)
2

+ #h%m p2)(@-€7)(@-5) + %62(62-‘ )+ O(%). (35)
1

We need to express explicitly the spin in the last expression (3.5), so we must invoke a Levi-Civita tensor
identity

Spov

€ Esapy = 2 (55% 5+ 050700y + 950, 231)‘ (3.6)
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Using (3.6) in the first line of (3.5) and truncate at O(h) we obtain

_ _ h _ SapB
h(pz-€i)(G-€5) —h(p2-€j)(G-€f) = Wpfqop%%gx& ek jap1ys
1

_ b opo A 5
= mlplq P2E5,0051,,- (3.7)

where it is straightforward to identify the usual called spin polarization vector
S50) = et (), () @9)
i \P) = € T PvEi, \P)€je \P); .
which obeys the same algebra for the PL operator. We will continue using the expression (3.7) that
allows us to make explicit the spin at O(s?) in the one-loop amplitudes. Now we use a similar Levi-
Civita identity but this time without repeating indices to make explicit spin to order O(s?),
€ ey = 4181570757 (3.9)

and after the expansion this piece of the spin at O(h?) we finally obtain the expression for spin polariza-
tion

_ ; _ kg _ _ _
3 (q : sgk) (q : 31]) — —BX(q-€1)(g- £t) — K25, + O(h). (3.10)
k
Here eq.(3.10) depends on the sum over helicities }, ejej = —n*" + pil—p;f for massive vectors bosons,
1
an additional consequence of which is that ¢} - ¢; = —d;;. Replacing these expressions the numerator in

terms of spin vectors, the amplitude is

. 2g° | i 5 1 . ki
RIAY =21 PN L P e g0 , = kY (z . i
i0="2 (p1 - p2) o PLa P2Epones1 4 22 (p1-p2)(q-s7)(q - 517)

2-2
- % (2(p1 - p2) + mi) + O(R*) | T} - T. (3.11)

1
Now we derive gravity amplitudes applying the double copy (Bern et al., 2008). Also using the double
copy ensures that the spin index structure passes to the gravity theory unchanged. We make possible
the gravity amplitudes from a gauge theory with the following replacements, following the spirit of the
double copy we must to replace the coupling constants between theories and the color-kinematic parts
13 — pi:

k - -
9—5 T = 2T - TY — 2p1 - po (3.12)

after these double copy replacements in the numerator is straightforward to derive the LO gravity am-
plitude, then we get

B3I — k\? 4 2 5ij i(p1-DP2) p o A §ij
— " \3 ? (pl 'p2) - Tplq DP2EparsSy
1 . ,
+ 5 p2)’ (@ s1)(@ ) + O) | (3.13)

my
The amplitude (3.13) is not a pure GR amplitude, here we have virtual dilatons and gravitons, but we
can remove dilatons using a few methods such as (Luna ef al., 2018) or the advocated in (Luna et al.,
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2017), we can examine the factorisation of the ¢ channel to identify these contributions. Then pure GR
classical scattering amplitude is given by

k\? 4 1 j Sii
MY = (2> qQK(prpz) 2m1m2>5” - —(p1 - P2) P PYE pors sy

1

gy (0 = Yot )@ sta o)+ 0] a9

It will be useful to rewrite (3.14) in terms of the following tree-level factors (Cordero et al., 2022):
Ml(o) = 2m2mi(1 — 29?), MQ(O) = 2m3, (3.15)
M?EO) =2, Mio) = —4dmimay, (3.16)

with o = BLE2 =y, - ug = 7. So our tree-level aplitude with classical spin 1-spin 0 just be read as:

N2 1 - M() ,

1

+2mz[_M( )+2m1M( ) +2M£0)(p1 p2) | (G- ) (G- 85 )+O(h2)}. (3.17)
1

3.2 Next-to-leading order

The one-loop gravity amplitudes where computed in (Cordero et al., 2022) employing the multi-loop
numerical unitarity method, the NLO contributions are a combination of bubbles, triangles and boxes
(see figure 5), the master integrals fi, fo were solved employing integration by-parts (Chetyrkin and
Tkachov, 1981)

+
a) f1 b) fa
Figure 5: Contributions to the one-loop amplitude.
Then the NLO amplitude is given by
W _ () LS gk
1) _ Lk
MO = (5) 5 2 3 MO, + (). 619
n=1k=0
Where |¢| = v/—¢? and the tensor structure 7T}, in the amplitude is
T, =e1,T}" e}, (3.19)

here ¢ is the polarization vector with a p; dependence, ¢ is the polarization vector in the frame of the
outgoing particle p; + ¢. The different tensor structures are given by

g v (7227 % qﬂ v qy qH v 1% ql/ M
e, ... Ty ", q"q", q* =5 [\ 5 | pz—g ¢ =25 )4 (3.20)
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The superclassical contributions are formed by the superclassical parts of the box and the cut-box. At
this order the superclassical pieces are contained in the imaginary part of the amplitude, in terms of the

)

form factors M. are given by

—2m3m3 f 1 2
Mo _ 1maJ2 _ 942 21
1 /702 1 1—¢ o ) (3 )
3 2—3¢
0 _ myms fo [ C4g2(1 — e ] , 392
2 (1 . 2E)m (1 _ 5)2 9 ( ) ( )
1—3e 2e
M0 mima fa 4o — — & 3.23
3 o 12021 —ep 7 T U—ai-2e] (3.23)
4m?2m3 1
M0 _ Amimafs — 22|, (3.24)
c2—-1 |[1—¢

The classical contributions are the pure real part of the amplitude and these are formed by the triangles

mim3(my +ma)f1 1—2¢
4(02 = 1) (1—¢)?

MO

— 34 (3 —4e)0? (6 —(5— 45)02)] , (3.25)

(3.26)

an  mifi | (5—4e)(1— 12 + 4£?) 4(5 — 2¢)(1 — 2¢)
My = 32(05 —1) l (1—e)2 mot - 11—z ™

4(1 —e)(5 —2e)(1 — 2¢)(3 — 4e) o 27 —e(67—42(14 — 3¢))

* (1-e)p mao (1—2) m
(78 — 2e(147 — 2¢(113 — 2¢(35 — 6¢)))) 9

+ (1 — 5)3 myo |,

Mél,l)

- 16(0f1— 1)2 [2 _38535)_245) ma = 2 igz(i ~mnao? (3:27)
2(1 — 2¢)(5 — 4e)(3 — 4¢) 9 — 10e + 8¢?
(1o mat e

my

2(33 — 2e(45 — 4e(11 — 4e))) 5 (b —4e)(13 —2¢(15 — &¢)) 4
B (EBE e (1—e) e

M =

)

mrofi 12 lmlm 45— 48)0%) +m (3(‘;’ m e aﬂ .62

In all these expressions we identify

1 <4w2)5 I'?(3 —e)l(5 +¢) 1 <47m2>E iT%(—e)T(1 +¢)

bit (3.29)

"\ ¢ o T2y d = AT (—2¢)

are the results for the master integrals which corresponds to the topologies shown in the figure 5. The
integrals were computed in a D = 4 — 2e¢ dimension, here p is a dimensional regularization scale.

3.2.1 Preparing the NLO amplitudes

We need transform the amplitude (3.18) into the classical version for the KMOC machinery. We start by

replacing the gravitational coupling-constanti.e. k = k/+/h and the momentum transfer ¢ = hg. We will
(1)

focus at first on the classical contributions M,

, expanding the sum in (3.18) the amplitude is as follow

21 KMOC with spin



Facultad de Ciencias, Escuela de Doctorado UVa

E\* |g L
hg./\/lgll) = <2> ’(]2| [Ml(l’l)slun“”ajy + MQ(I’I)FLszqu“qVEIV + Mél’l)h%l“pgpgazy

2

—U V= h — =V ~V |
PYIEY (nglﬂ(p‘;q — psq")ey, — 361,,,(q“q —q q“)ffZV)]- (3.30)

Now we need make the spin appear explicitly. So, we follow the similar steps described in "Spin-1 -
spin-0 scattering" (Maybee et al., 2019). Meaning we translate the polarization vectors into spin vectors,
we must boost the polarization vector £ into the frame of p;.

v — v h — v h2 — —V
e (p)ed” (p1 + hg) = e}’ — —5(q- €Dl — = (3 - eh)el'q” + O(h). (3.31)
my 2my
The polarization vector ¢;(p; ) is ortogonal with p;, €1 -p1 = 0, and the on-shell condition for the outgoing
particle 1 requires (p; + ¢/2) - ¢ = 0. With this set of replacements the numerator in the amplitude
becomes

i = M{"(er - ef) + MY [h(pa - €1)(G - €F) — hpa - €3)(q - 1))
1

_|_
2m%

M"Y — 23— 2M D (py )| [-R3(a €N e0)
+ MR (py - e1)(po - €3) + O(R3). (3.32)

Now it’s straightforward to convert the polarization relations in (3.32) to spin expressions. So, we use
(3.7) and (3.10) and these sustitutions yields the classical one-loop amplitude:

4 y (171)

1 ]g 1 1,1) ¢4 ZM

MP = - () HQ{M; )5 — e Dol
1

5 | M 4+ 2mtagtY 2 (o) <q~si’f><q~s’ff>+0<cf>}. (3.33)
1

In the same fashion we can obtain the superclassical Mgg and quantum contribution,/\/lgp, with spin:

) A 1 Loy i M N
MY = <> qQ{Ml( )5 — #p’fq P2EporsS1ij

1 ) )
5 | M+ om0 (o) @-sa’f)(q-s’ffwow?)}, (3.34)
1

k 4 1,2) ¢4 Z‘M(LZ) ~0
MY =~ <2> {Ml( 2 gid #p’fq PREporss 1)

1 . ,
5 M+ 2mtg 20 (o) <q-sa’f><q-s’ff>+o<q2>}' (3.35)
1

Although here we present quantum corrections, in the classical limit they vanish. The real part of the
amplitude M) will be formed only by the classical contributions even the term with the O(s) dipole is
a real quantity. Here the contributions are given in terms of the form factors, and as we will see in the
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later section its expansion around € — 0 must be done very carefully including the distinction between
the real and imaginary part of the amplitude. In order to prepare the amplitude that is necessary to
compute the observables at NLO we expand each form factor and this leads to the contributions having
the following form

M — <k>4 L | mim3(1—2y?)
scl 2 (q2)1+5 27—‘-@

2 2
mim3y (27" — 1) D=y, A )
- P19 D2EpyAsS
- TQ 1 19 P2&pyAéS1

mim3(4(m? — Dyt +292 —m?) ,_ _ ~
g 21%\/727—1 (Q‘Sl)(Q‘Sl)]an (3.36)

MmO = (B 1 S 2m3 5y — 1
< =\3) oy T—mimy(mi +ma) (57" — 1)

2 167
ma(4mq + 3ma)y (572 — 3) o\ s
—q 167(72 — 1) PLa PIEpyrsS
2 2 ) 4 9
my (60m2(7 — 1)y* + 8ma + m1(957* — 102+* + 15)) B ) ~
: : . (337
i 1287(72 — 1) (G-51)(@-s1)| fr- (3.37)

Where f; and f, are pieces which come from the triangle and box integrals

T3 -or( —e)

2/ml(1 —225) (3.38)
;. I?(—e)l(1+e¢)
fa=1 AT (—2) (3.39)

4 OBSERVABLES TO 2PM WITH SPIN FROM KMOC FORMALISM

At this point it is also important to remember the state of the art of these observables both derived with
classical and modern techniques: At 1 MP the linear impulse and the spin-kick have already been cal-
culated using KMOC (Maybee et al., 2019) and with classical methods in (Vines, 2018), also in (Cordero
et al., 2022) the authors computed the conservative two-body Hamiltonian of a compact binary system
with a spinning black hole through O(G?). By a generalization of the EFT approach to PM dynamics the
authors in (Liu et al., 2021) introduce a systematic procedure to compute the total change in momentum
and spin in the gravitational scattering of compact objects and parallel to this last work in (Kosmopou-
los and Luna, 2021) the authors obtain the quadratic-in-spin terms of the conservative Hamiltonian at
O(G?) from scattering amplitudes.

So far we have presented the framework of the KMOC formalism. In this section we use KMOC with
spin to calculate linear and angular impulse in a two-BH scattering process. We start by computing the
linear impulse to O(G?), but first going through the calculation to LO (O(G?)), we will do the same for
the angular impulse.

4.1 Linear impulse
41.1 Leading order

Atleading order the contribution to the linear impulse is only virtual and we can compute the observable
using (2.40):
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Ap© <<f d*qd(2p1 - )0(2p2 - q)e Zb'q/ﬁzg;<°>>>, (4.1)

where 72:© = ¢#M© Inserting the tree-level gravity amplitude in (4.1) and we reduce the double
angle bracket to the single expectation value over the spin states by setting p; — m;u; in the classical
limit. Also we rescale ¢ — hgq, all this unfolds as follows

g d" im”
A — i ( J i g [ 3,00 oo 2
P1 ! 2 4m1m2 q ul q ’LL2 q) q2 1 my — D19 p25p0')\551

1
+72m2 { M(O) _|_2m1M(0) +2M( )(pl pQ)] (G-51)(q- 51 }>> 4.2)
1
() [ dta8tun - 03t e 7% x (M — i s
2 4m1m2 q2 1 4 1 P
1
+72m |: M(O) + 2m1M(0) + 2m1m2M( )(u1 . u2):| ((j 51)((?. 31)>’ (43)
1
= 27m1m2 {Ml( )If — zmlmgMi )u’fug‘spa,\(; <a?>[f
1 (0) 27 7(0) (0) e
+2 M + 2m M —|—2m1m2M (’U,l UQ> <a10a1p> (44-)

In (4.4) we rescale the spin a" = s*/m and replace (%)2 = 8rG. Here I}, I!' and I}'"’" are integrals, we
take their solution from Appx.A.1:

oA . it b
I“:Jd‘léu - §)b(ug - e~ 1L = , 4.5
1 qo(u1 - q)0(uz2 - q) 2 QWW b2 (4.5)
o oa . L _gHge 1

1M = f B - )5 (us - e 1LL Wb — BT 46
q ( 1 Q) ( 2 Q) q_Q 27Tb4\/’ﬁ( ) ( )

nop N Aa8 (- S (wo - G ~ibg4" 90 4" _ _ i BRope _ 2p2p (HTToP)
1r = Jd @(ur - §)d(us - ge = prr oy (4b b — 32T ) 4.7)

After replacing the integral solutions, the factors M, i@l 5 34 and some algebra, we finally obtain the linear
momentum at leading-order:

(0) _ 2Gmimy b2y @ a o
Mt =S ((272 )3+ (20— P copogufug (af )

272 — 1
b6

(4b“b”b” - 3b2b(“H””)> <a1,,a1p>> . (4.8)

In the latter expression (4.8) we can identify the spinless part which comes from the scalar part in the
amplitude and the spinning part with two orders in the spin. It is straightforward to match this expres-
sion we have with the unperturbed result to 1PM in Liu et al. (2021), we just replace % — ¥ The

U
appearance of (4.8) is the same for the linear momentum at leading orden in (Vines, 2018).
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4.1.2 Next-to-leading order

Now we move to the NLO contribution in the momentum impulse, here the kernel have both virtual and
real contributions. When we evaluate the NLO amplitudes in the virtual part of the kernel, divergent
terms or terms with factors of 1/¢ will appear which come from the superclassical contributions. The
classical contributions lack this unfavorable detail and in the classical limit the quantum corrections will
not contribute to the observable.

On the other hand, the cut in the real part contais a product of the left and right tree-level four-point
amplitudes. And as it has been shown in Kosower et al. (2019) the superclassical contributions will be
canceled by some terms that come from the unitary cut, however in the process integrals with [* in the
numerator will appear and this represents the main difficulty of calculating and that is why we must
clear the ground a bit before starting with the calculation of the observable.

Remembering that we are using scattering amplitudes for a 2 — 2 process involving a massive scalar ¢

and a massive spin-1 (vector) A, particles. In terms of the amplitudes the kernel I,’jl’(l) diagrammatically
looks as follows

P2(p2) ?5(p2 — q) $2(p2) Alp2 n Lec) 5 (p2 — q)
I;;l,(l) _ gt x — ijd[l“x i : (4.9)
A(pi,e1) A(p1 +q,e4) A(p1,e1) é1(pr + 1) A(pr+q,e4)

Where Mg)) and Mgg)* are the left and right amplitudes of the cut respectively. The virtual kernel is just
T} = ¢* MW and di is the abbreviated notation for the on-shell integrals which explicitly are defined as

dl = dlé(2py - 1+ 12)6(2pa - 1 — 12). (4.10)

As briefly mentioned in the subsection 2.5, unitarity and the cutting rules can be used to simplify the
kernel by canceling the superclassical terms in the one-loop amplitude. We can perfectly accompany
this simplification by reducing all the one-loop tensor integral to a linear combination of scalar inte-
grals. This beautiful simplification start by decomposing the loop momentum /* in terms of the data

{q,u7 ’alfa aga 5('7 q, 'ala ﬁg)}
M = c1g" + cyilh + il + cagt(q, i, );  £"(q, U, ) = iy pliagp, (4.11)
we can find the coefficients c;—1 2 3 4 by contracting the 4-vectors and using their orthogonality properties

q - u; = 0,u; - 4 = ;5. Thus the appearance of I* in the new basis is

l . 2 1 l7 ) U ) U
= q72qqu + (l : Ul)ﬂ‘f + (l ’ u2)ﬂg + (fy )82(q2q = UQ)SM(Qa Uy, 122) (412)

As a result, we must compute only the scalar integrals such as
1 (- l-q
I:Jﬁ :
T Pl = q)* (L ua)(l - ug)
From the latter expression one might average over over the two equivalent expressions after the linear
change of variable [ <> ¢ — [

(4.13)

1[l-q (¢g=1)-q] 1
2{¢2+ ¢’ ]__2' 1
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We can write the factors in eq. (4.12) by using uy = (p1 + %)/m1 + O(¢?), u2 = (p2 — 4)/ma + O(¢?), the
on-shell conditions (p1 +1)% —m2 =0, (p2 — )2 = m3 =0
2 2

_ 4 e — 1
l u1—4m1..., l-ug Imy (4.15)

we ignored terms such as quantum suppressed terms, then we get the final loop-momentum

1 2 ~ [ ~ [ 2 _ 1 l ~ ~
M= 7q,u + qf Uy _ Uy + (7 )5( 72Q>u17u2)5,u(q’ Uiy, 'LVLZ) (416)
2 4 \m1 mag 2q

Now we focus on the cut contribution and how it was established in Herrmann et al. (2021b): the S
matrix descomposition S = 1 + 7T and the unitarity property STS = 1 allows us to relate the imaginary
part of amplitude (ppj| T |p1p2) with the cut (p|ph| T'T |p1ps). This leads us to

2im [M(l)} - JdiMf)(m,pz —p1+1,p— Z)Mgg)*(pl +q,p2—q—p1+1Lp—1), (4.17)

we identify that the first term in (4.16) is also another piece of the virtual kernel, the second expression
of this decomposition is in the direction as u;. After replacing the expression (4.17) in the kernel (4.9),
the combination of the two pieces of the virtual kernel conduces to the real part of the amplitude M (1) —
iIm [M(l)] = Re [M(l)] and this simplification cancels the superclassical contributions. The remaining
superclassical contribution in the second imaginary piece will have an order 1/% just like the classical
contributions, this is possible thanks to the fact that the factor ¢* will cancel the 1/¢? in the superclassical
contributions. The resulting expression for the kernel is as follows

2 - -
(1) — M) L (8 Y2 1)
I;;l o une |:M } ! 2 <m1 m2>Im |:M }
(- 1)

g ¢ (@t i) J die(l, q, iy, ig) MOV MD* . (4.18)
With the simplification of the KMOC formalism gathered in the kernel we can proceed to calculate
the linear impulse. We start by construct the first line in the kernel and as is evident, it is essential to
know the amplitudes. As we have mentioned for our interest, the one-loop amplitude is formed by the
superclassical (3.36) and classical (3.37) contributions. The real part of the amplitude is formed by the
classical contributions MS) As mentioned, the superclassical contributions contained in the imaginary
part of the amplitude contribute classically. After the insertion of this piece in the Fourier transform eq.
(2.46) we will have to deal with integrals that look like

. . . X M1 Hm,
[t — deqé(ul ~q)0(uz - Q)e”b'q%v (4.19)
—-q

but whose solution we present in the Appx.A.1. The divergent terms or with factors of 1/ will be healed
by the gamma factor in the D = 4 — 2¢ integral of the kernel i.e. by the Fourier transform. Finally after
a bit of algebra we get a part of the result for the linear impulse which comes from the virtual and real
parts of the kernel

337G mama(my + ma) (572 — 1) b
bag A2 — 1 |

G%*mima 2(1 — 272)?
G

[(ma + yma)ul — (m1 + yma)ub], (4.20)
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G? m(59° — 3) 2 A 5
Ap‘lll,a% = Wmlmg(élml + 3m2)m(3b“b0 —b H“U)UTUQEPU)\(S <a1>

G728m1m2’y(272 -1)
bt (2 - 1)

[(mg +yma)uf — (my + yma)ub] WU E prrs <a?>a (4.21)
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The latter piece in the kernel (4.18) contains a product orthogonal to ¢* and ﬂf:m, we will call this the
cut kernel Z!'. By substituting the product of tree-level amplitudes, only up to linear order in the spin,
the scalar part will vanish. This product looks like this

K\ (72 = 1) MO pm© - )
wo_ v My 4 . .
Z i <2) 57 - € (q,’U/]_,’UQ)Jd 10(2p1 - 1)6(2p2 - 1)
6(17Qaa17a2)

(g —1)?

The term €(l, ¢, @1, G2) in the integral contains a Levi-Civita which multiplies all those who come from
the amplitudes, this will allow us to obtain products of scalars where we must use the orthogonal and
normal conditions related to {s1, ui=1 2, ¢} and after developing these products the kernel is reorganized
as follows
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ai
The familiar cut box integral in (4.24) and by performing this integral in a D — 2 dimensions we can
derive some results from the cut Ap!

(4.24)
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Finally we organize all these results as follow
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4.2 Spin kick
421 Leading order

At LO we compute the angular impulse by inserting the LO amplitude (4.1) and performing the fourier
transform eq. (2.66)

Asp© = Z<< ch4q5(2p1 - q)0(—2ps - Q)e_ib'q( n L 2q stMO (1, py — p1 + 1, p2 — hq)
~12[s}, MO (p1, p2 — p1 + g, p2 — hq)]) >> (4.29)

We conveniently separate the kernel part without and with the conmutator and label them as J!' () and

J () respectively. We work first with .J{' (0 and, as we have done, we rewrite the moments in a classical
way and rescale the spin. The term that multiplies the amplitude introduces a new power in the spin,
but we simply neglect it O(s3). All these steps are summarized as follows
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In the last line the coupling constant (g)2 = 8mG has been replaced, the integrals here are already
familiar to us and whose solution we invoke from the Appx.A.1 and after a bit of algebra this leads us
to
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Note that in the first line the form factors Ml(o), M, io) were substituted. Now the commutator term
[s#, M(©)] requires more care in calculation details. For example note that the scalar part of the amplitud
has diagonal spin indices §%/, so it’s commutator vanishes, yielding to

1 (kN2 i,
[s#’M(O)] — = <2) 672<_ m41 pfq pg‘epg)\g[s’f,s‘{]
1

+ ) ( - Ml(o) + 2m%M2(0) + 2M£0)(p1 ,p2)> [s4, (- 51)(q- 31)]>. (4.35)
1

The commutator that appear when introducing the amplitude at tree-level must of course be treated
with the Lorentz algebra for the spin operator (see the Appx.B), specifically as follows
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1

After setting the usual classical expressions and with the replacement of the equations (4.36) and (4.37)
, we derive the new appearance for the commutator term in the kernel
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From here we can reduce the expression substituting the factors M, i(i)l 934
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Again we replace the results of these familiar integrals in , arriving at
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Finally combining the results the angular impulse becomes
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4.2.2 Next-to-leading order

Now we proceed to calculate the angular impulse, we already know the general scheme, first we invoke
the kernel at NLO

h
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As in the case of linear impulse, in order to calculate the angular impulse, some subtleties must be
considered. Let’s start by separating our kernel into its real and virtual part. The virtual part of the
kernel is formed by the terms that have the amplitude a one-loop, while the product of a tree-level left
and right amplitude is present only in the real part of the kernel, explicitly both pieces of the kernel are
given by
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The superclassical contributions should be canceled with those from the cut leaving only classical con-
tributions. By substituting the loop momentum (4.16) in the first term of the real kernel and again using
the relationship between the imaginary part of the amplitude at NLO with the cut (4.17) it becomes
more evident that the superclassical contributions encoded in this kernel term cancel those superclassi-
cal contributions from the first term in the virtual kernel. This simplifies our kernel (4.42) as follows

2 ~ -
(1) — _pd 51 (1) I VIe) e, 4 (W U2 (1)
I, Dy 3 Re[M'W] + [317/\4 } + 1p"S1a 2m? <m1 m2>Im [M }
1 2 1 5 ~
“f%(ng )5“(”1’{‘2)[ diz(l, q i, ) My Mi)" i f di[sh, MP MP"] (4.45)

here we again are using the short hand notation for the integrals. The superclassical contributions that
still remain in the term with the commutator cancel with those that come from the cut in the last term
of (4.45). If we work with the virtual kernel, the first term up to O(s}). As in the case of the linear
impulse the superclassical and classical pieces of the one-loop amplitude are given by (3.36) and (3.37)
respectively.
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The expressions in (4.36) and (4.37) will continue to be useful for the commutator terms, and again the
scalar part contains spin indices only in the diagonal, so its commutator vanishes. When we perform the
Fourier transform of the imaginary part of (4.45) in a D dimension, the result of this integral contains a
factor I'(D/2 — ) /T (¢) which will be multiplied by f, and by expanding in ¢ — 0 the divergences that
come from f> will be healed. Now we can replace the real part of the amplitude, the classical contri-
bution and the imaginary part of the amplitude in the first line in (4.45) and we derive the following
contributions to the angular impulse
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With a bit of algebra we can rewrite the Levi-Civita product in the second term by using the equation
(3.6) also we can substitute the expressions (2.71) for the 4-dual velocities, this will lead us to
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Now for the commutator and cut terms the relevant of the pieces of the amplitude are given by

1
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As for the first term in the second line of (4.45) which we will continue to refer to as the kernel of the
cut Z*', we first proceed to develop the product of (I, g, i1, u2) and the Levi-Civita that come from the
product of amplitudes with linear spin (4.51) and this allows us to obtain

T¥ = —(8nG)*m3(my +yma)y(2y° — 1)e(s1, ¢, 11, U2)q*s1 - uzly (4.53)
where I is the familiar cut box integral and whose solution is
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We proceed to insert both (4.53) and (4.54) in the Fourier transform (2.67) and this leads us to the fol-
lowing result for the angular impulse
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The results derived for the angular impulse are a combination of (4.46),(4.47), (4.50) and those derived
form the cut. Finally, it is important to mention that, as for the linear impulse, these results for the
angular impulse contain terms that are missing to fully derive the results of (Liu ef al., 2021), however
these can be obtained by considering the classical limit of the amplitudes at a time later than the time
we did it since in the process they have been lost those terms.

5 CONCLUSIONS

After the direct detection of GWs, a new era has been established for physics, astronomy and cosmology.
Through GWs we can derive new knowledge: such as the measurement of properties of GWs sources,
tests of general relativity including extreme strong-field conditions or tests of the fundamental no-hair
theorem, new techniques to measure the Hubble constant and studies of galactic dynamics and evolu-
tion.

The ability to make high-precision predictions for GW signals detected in experiments represents a
fundamental challenge for current physics. In the face of this vigorous era, describing the two-body
problem in GR is of paramount importance since binary systems, and in particular of BHs, represent the
main sources for GWs.

The study of the two-body problem in GR has been approached mainly from perturbative and NR meth-
ods. Recently, QFT methods based on scattering amplitudes have joined to develop new machinery for
the most recent stage in predictions of GW signals.

Within this context, in this work we have presented a study of a new formalism based in on-shell am-
plitudes, dubbed KMOC after its authors (Kosower ef al., 2019; Maybee ef al., 2019) and through which
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we can derive classical observables. The problem addressed here was the computation of two observ-
ables (namely the change in linear and angular impulse) in the scattering of two Kerr BHs up to 2PM
approximation using KMOC.

We started by reviewing the KMOC formalism. As we have emphasized, this is based on Amplitudes,
which encode the scattering processes at the quantum level and in the classical limit this leads to the
emergence of classical structures. Then we proceeded to calculate gravity amplitudes with spin: at LO
they were computed from a Yang-Mills theory using another powerful tool, the double copy. While at
NLO the amplitudes were extracted from (Cordero et al., 2022).

These pieces of the formalism are inserted into the kernel in order to compute observables. At LO this
is straightforward. However, for the one-loop calculations it was necessary to simplify the real ker-
nel and after this simplification we obtained an extra I#-dependent kernel in the numerator (4.18). We
summarize our results as follows:

e We have implemented the KMOC formalism to compute the change in linear and angular impulse
in a scattering process of two spinning BHs. In the classical limit » — 0, the amplitudes with which
these observables were rewritten allow us to obtain results that coincide with those existing to 2PM
derived in (Liu ef al., 2021), where the authors generalized the EFT approach to PM dynamics to
include rotational degrees of freedom.

e Regarding the calculation of observables in general relativity, this work offers an example of the
new and fascinating perspective brought by modern QFT methods driven by the amplitudes pro-
gram.

Finally, we are living the nascent and exciting era of the GWs physics, with methods from collider
physics joining forces with traditional methods to try to solve fundamental problems at the classical
level, the recent incorporation of the GWs detector KAGRA in Japan, the construction of its own LIGO
in India, the new kind of WG signal detected by NANOGrav. The latest upgrades to the LIGO and
Virgo instruments will result in more sensitive detectors and detections, also ESA prepares LISA and
the Newton Telescope which represent the next generation in GWs detectors. This is not the end of the
road.
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6 APPENDICES

A Computational details in the classical observables

A.1 Integrals

The general form of the integrals is defined by

o . —ib-q
e — [[dtgiun - )b D (A1)
In the lowest case .
N A o e Wyq
JHL — jd4q5(u1 . (7)5(“2 . q) q2 T (A.2)

To perform this integral we hace to work in the rest frame of particle 1, which implies u; = (1,0,0,0).
Also we can orientate the spatial coordinates in this frame so that particle 2 is moving along the z axis
with proper velocity us = (v,0,0,7v53). Now the standar Lorentz gamma factor is given by v = u; - ug
and 3 satisfy v2(1 — 4%) = 1. Resuming these steps

7= (40,1, G2, q3) (A3)
uy = (1,0,0,0); w2 = (v,0,0,75) (A4)
y=uug; Y(1-p%) =1 (A.5)
6(ur - q) = 8(2") (A.6)
6(uz - q) = (vq" — 757" (A7)
With these replacings /#! becomes
™= fd‘*qd(cio)é(vcio —87°) _;b g (A.8)

A very quickly simplification of the integrals comes from the deltas, with

6(¢°)8(a" — Ba°)
gl

3(3°)o(vq° — v8¢°) = (A.9)

_ 1
B

The last line is possible because ° = ¢® = 0. Now the non-vanishing components of g* in the zy plane
of our coordinate system are g, . After the two delta-integrals in (A.9), we perform the 4-integral (A.8)
d%q

2m)27/

(A.10)

using d2q = ( where the last step represents the integral over g, . So, our integral becomes

1 b 1
" = f d*ge L g (A11)
(2m)%yp3 7t

Now we use polar coordinates to perform this last integral. Let the magnitude of 4, be x and orient the
x and y axes so that b - g, = |b|x cos f. Then the integral becomes

1 o0 4 . 1
" = f d J dhelbxeos? —_(0 y cosh, x sin 6,0 A2
@n3B ) A * ) 12
1 0 us |b‘ 0 )
= W J;) dX J_ﬂ_ d@e X (07 COS 9, Sin 0, 0) (A-13)
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We use Mathematica for this hardcore integral and we obtain

= —mfood J1(1b]X)(0,1,0,0) (A.14)
- (277)2”)/ﬁ 0 XJ1 X y Ly Yy .
_ i (07 1,0,0)
=55 T (A.15)
i b
B _27r\/72 — 110 (10

The impact parameter is always transverse ,b; = —b* = b|?. And to restore the Lorentz invariant note
that (Kosower et al., 2019):
1 b bt
7 — = (A.17)

1Bl \2—1" Bl
Now to solve the higher rank integrals, we have that the results must lie in the plane orthogonal to the
four velocities. This plane is spanned by the impact parameter b, and the projector I1}, defined in (citar
ecuacién). So we could have

IM = abMb” + BoIIH (A.18)
The left hand side in (citar ecuacién) is traceless and 32 = —a3b?/2. Then contracting both sides with b,,
we derive
v =2 [[dgitus - Dt 0y 0o = (A19
q w\/'ﬂi—l b?
Finally we find
w1 <b“bl’ — 1b2HW> (A.20)
wbiy/y2 — 1 2
And with the same steps we find
JHp = —W% <b“b"b” - ibe(“H””)> . (A.21)

A.2 D Integrals

The previous results can be generalized as follows

J CZDqg(q . ul)S(q . u2)€iq<bq,u1...q,um _ < i 0 ) < iy 0 ) J CZDQS(Q ) Ul)g(q ) u2)eiq-b (A.22)
(—g2)" by, 0 (—=¢*)"

and as in (Liu et al., 2021) the projector is given by

bﬂm

ab” — " — nuu + ulll(u,f — 7”5) + ug(ug — PYUT)
oby, 72 -1

(A.23)

and without lost of generality we can and without loss of generality we can still continue working in
the rest frame of particle 1. The master integral in (A.22) is computed in a D — 2 dimensions

Pab(q-ui)d(a- ig-b —2n_(2-D)/2 (D=2 _
Jd q5(q U1)5(q UQ)e _ 2 i ( 5 n) (A.24)

(=)™ /2 1P L(n)
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it is easy to obtain the result of tensor integrals of different orders by partial derivative with respect to b
in the latter expression

JJDQS(q-mﬁ(q-uQ)eiq'quq“Q e A k) (A.25)
(=) VE=1  |pP T(n) '
dPqd(q - u1)d(q - us)ebgighe 21—2n7(2-D)/2 1
J (_q2)712 - 72 -1 |b|D+2—2n (D - Qn)bﬂlbﬂz - bQH;Ulllz (A26)
I'(5 -n)
Ty (A27)
dPgd(q - u1)d(q - ug)ei@bgmighzgrs  21-2ng(2=D)/2 1
2 -m) (_ 222L =1 Did—2n (A.28)
(—4?) =1 b
r'(§ —n)
_ Hippe pis _ 9p2(papmreps) [ZV2 07
X [(D 2 — op)blrpraphe — gp2lnT] ] o) (A.29)

B Lorentz algebra for the Pauli-Lubanski operator

The Pauli-Lubanski operator is a basic quantity in the classification of free particle states, although it
receives less attention in introductory accounts of quantum field theory than it should. With the help of
the Lorentz algebra

[JH PP] = ih (n*PP” — n"PPH) (B.1)
[T, JP7) = ih (nHPIHT — phP IV — PO JHP 4 pHo JHT) | (B.2)
The Pauli-Lubanski operator commutes with the momentum:
[PH, WH] = 0. (B.3)
WH is a vector operator, it satisfies
[JH PP] = ih (nHPWY — n"PWH) | (B4)
And the conmutationrelations of W with itself are
[WH, W] = ihet"" W ,P,,. (B.5)

On single particle states this last commutation relation takes a particularly instructive form. Working in
the rest frame of our massive particle state, evidently W = 0. Then remaining generators satisfy

[Wi W] = ihelkwk, (B.6)

so that the Pauli-Lubanski operators are nothing but the generators of the little group. Not only is this
the basis for their importance, but also you can see these commutation relations are directly useful in
the computation of the change in a particles spin during scattering.

36 KMOC with spin



Facultad de Ciencias, Escuela de Doctorado UVa

C Linear and angular impulse coefficients

~ my(57* - 3)

— W(élml + 3my) €1
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4 2 2 1 2
B —1on m1 (957" — 1029° + 15)my + 60ma(y* — 1)7* + 8my (C.5)
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E7 = ((mi );Y L ) (mg + ym1) (C.6)
(v —1)
4(4m? =1y 4+ 292 —m3
= 10 (’y);y_ ) 7= 8) (1 -+ ) (€7)
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