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1. Introduction

There are different ways to discuss dependence relations among random variables and, as Jogdeo [1]
notes: “...this is one of the most widely studied objects in probability and statistics.”

Recent literature extensively studied the concept of dependence in bivariate and multivariate
settings. These concepts are particularly relevant in fields such as economics, insurance, finance,
risk management, applied probability and statistics (see, e.g., [2]). Several definitions of positive
dependence have been introduced to model the association between large values of a component
of a multivariate random vector and large values of the other components —further discussion of
most of the dependence concepts that we present in this paper can be consulted in [3—9]— including
multivariate total positivity of order 2 (MTP,) —also known as positive likelihood ratio dependence
for the bivariate case. This concept has garnered significant attention, particularly in Gaussian models,
owing to its intuitive description that highlights the non-negativity of all correlations and partial
correlations. In finance, psychometrics, machine learning, medical statistics and phylogenetics, MTP,
models have been shown to outperform state-of-the-art methods; moreover, there is a fundamental
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connection between the MTP, constraint and the assumption of sparsity —see, e.g., [10, 11].

However, not all dependence concepts, especially in the multivariate case, encompass all
dependencies between random variables. In particular, the above mentioned MTP, concept is defined
for the case when the random vector is (X;, X5, ..., X)), but not when at least one of the variables
is negative: For instance, a random vector of type (—Xi, X, ..., X,). Thus, we intend to extend the
concept to random variables that follow, for example, the guidelines of the random vector presented.

On the other hand, the i-th order statistic of a sample from a distribution functions is equal to its
i-th smallest value. Together with rank statistics, order statistics are among the most fundamental tools
in non-parametric statistics and inference [12]. We establish certain types of dependence —both for
some of those previously defined and some well-known that we will recall— for order statistics.

The paper is organized as follows. In Section 2, we provide the major definitions. In Section 3, we
concentrate on the notion of multivariate total positivity according to a direction and provide several
properties. In Section 4, we establish certain types of dependence for order statistics. Finally, Section
5 is devoted to conclusions.

2. Preliminaries

Letd > 2 be a natural number. Let (Q, ¥, IP) be a probability space, where € is a nonempty set, ¥ is
a o-algebra of subsets of Q, and IP is a probability measure on 7, and let X = (X}, ..., X,;) be a vector

of independent and identically distributed (i.i.d. for short) random variables from € to ﬁd = [~00, 00},
A function f: ﬁz — [0, +o0[ is totally positive of order two —denoted by TP,— if

F YN fy) > f(, ) f(x,Y)

whenever x < x" and y <y [5].

Two random variables X and Y are said to be totally positive of order two —or positively likelihood
ratio dependent, denoted by PLRD(X, Y)— if the density function of the pair (X, Y) is TP;.

In the multivariate case, a generalization of total positivity of order two can be defined [13]. A

function f: Rd — [0, +oo[ is multivariate totally positive of order two —denoted by MTP,— if

JEVYFEAY) 2 fX)f(Y)

forall x = (x1,...,x2),¥y = W1y .5 Va0) e@d, where

xVy = (max(x;,yr),..., max (x4, ya),
XAy = (min(xy,yr),...,min(xg,yq)).
A random vector X = (Xj,...,X,) is said to be multivariate totally positive of order two —or

multivariate positively likelihood ratio dependent— if its joint d-dimensional density f is MTP,. See
[14] for examples and [15, 16] for applications.

We note that by reversing the sense of the above inequalities, we have the corresponding negative
concepts, obtaining similar results which we omit here.

In the next sections, when we talk about these —or other— dependence concepts, we will refer to
random variables or to their joint density functions.
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3. Multivariate total positivity according to a direction

In this section, we provide a simple generalization of the TP, concept in higher dimensions in a
directional sense, in which a pair of the components of the random vector can be negative. After giving
some simple properties of this concept, we provide a “natural” generalization of the MTP, concept
according to a direction —i.e., the components of the random vector can take negative values— and
show that the two newly defined concepts are equivalent. Additional characterizations and properties
are given throughout the section.

The next definition generalizes the concept of TP, to d-dimensions according to a direction.

Definition 1. Let X be a d-dimensional random vector with joint density f, and let @ = (a4, ...,a,) €
R such that || = 1 forall i = 1,...,d. The function f is said to be multivariate totally positive of
order two in pairs according to the direction @« —denoted by MTPP,(a)— if
f(xl,...,a,-x,-,...,ajxj,...,xd)f(xl,...,a,-xl'-,...,ajx;-,...,xd)
> f(xl,...,a,-xQ,...,ozjxj,...,xd)f(xl,...,aixi,...,ajx},...,xd) (3.1
V) —d+2 ’ ’ . ..
for all (xl, e Xgy X, xj) €R  suchthat x; < x; and x; < X and any election of (i, j).

Note that if a random pair (X, X;) is TP, then it is MTPP,(1, 1).

The dependency in MTPP,(«), whichever is «, is positive since the fact that a d-dimensional random
vector X is MTPP,(«a) indicates that large values of the random variables X, with j € J, correspond
with small values of the variables X, with j € I\J, where I = {1,...,d}and J = {i€]:a; > 0}. In
addition, there is also association between small values of the variables X;, with j € J, and large values
of X;, with j € I\J, as the following result shows.

Proposition 1. A d-dimensional random vector X is MTPP,(«) if, and only if, it is MTPP,(—«).

Proof. Assume X is MTPP;(a), then (3.1) holds. By making the changes x; = -y, x; = —y;., X, = =y
and x’; = —y; —note that y; < y; and y; < y’— we easily obtain that X is also MTPP,(-a).
The converse follows the same steps. |

The proof of the next property concerning the MTPP,(«@) concept —in which 1 denotes the vector
(1,1,...,1) € R%—is simple, and we omit it.

Proposition 2. A d-dimensional random vector X is MTPP,(«) if, and only if, aX is MTPP,(1).

In the following definition we provide a generalization of the MTP,-concept, similarly to the
generalization defined for the orthant dependence given in [17], and where az will denote the d-
dimensional vector (a2, ..., ®s24).

Definition 2. Let X be a d-dimensional random vector with joint density function f, and «a € @d, with
la)l =1 foralli=1,...,d Then X is said to be multivariate totally positive of order two according to
the direction a —denoted by MTP,(a)— if

flaxVvy)flaxAy)) = flax)f(ay)
forallx = (x1,...,%5),y = (V1,...,Va) € @d.
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In this section, we have defined two multivariate generalizations of the TP,-concept. Now, we prove
that both concepts, MTPP,(@) and MTP,(«), are equivalent, as the next result shows.

Theorem 3. A d-dimensional random vector X is MTP,(«) if, and only if, it is MTPP,(«).
Proof. Consider the vectors

/

/
X:(xl,...,xi,...,xj,...,xd) and y:(xl,...,x,-,...,xj,...,xd),

with x; < x} and x; < x;.. Then we have

a(xXAy) = (a/lxl,...,aixi,...,a/jxj,...,cxdxd)

4 4

a(xVy) = (aflxl,...,cx,-xi,...,ajxj,...,adxd).

If X is MTP,(«), then we immediately obtain that X is MTPP,(«).

—d . .

Conversely, for X,y € R suppose, without loss of generality, x; > y, for/ = 1,...,r and x; < y, for
l=r+1,...,d. Let s =d —r. For each i, with 0 < i < r, and for each j, with 0 < j < s, we define the
vectors

27 = (VY1 XV Vi Xitt AYieds e ooy X A Ve Xt V Vyids e oo Xrtj V Vit
Xrsjil N Yrajats oo X N Ya)

(note z°° = x, 2% =y, 2°° = x Ay and z*¥ = x Vy). Then we have z'*'J A z//*! = 7V and

2t gt = 771t Since X is MTPP, (), if £ is the joint density function of X, we obtain
h (azi,j) h (a,Zi+1,j+1) > h (azi+1,j) h (a/zi,j+1)

for any (i, j) suchthat 0 <i <r—1and 0 < j < s — 1; therefore,

r—1 s—1 r—=1 s-1
h(azi,j)h(a,ziﬂ,jﬂ) > h(aziﬂ,j)h(alzi,jﬂ),
i=0 j=0 i=0 j=0
whence
h(az®®) h(ez™) 2 h(az®) h(az"),
i.e., X is MTP,(a), which completes the proof. O

Another different characterization of the MTP,(a@)-concept is given in the following result.

Proposition 4. A d-dimensional random vector X with joint density function h is MTP,() if, and only
if, for any pair of vectors X, X’ € ﬁd such that x; < x] foralli =1,...,d, andany 1 < j < d -1, we
have

h(ex)h(ax') 2 h(ax)h(ax’), (3.2)

7j / / | ’ ’
where X"/ = (xl,...,xj,xj+1,...,xd) and x’ = (xl,...,xj,xj+l,...,xd).
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Proof. Assume X is MTP,(«@). Letx,x’ € @d such that x; < x/ foralli=1,...,d. Forany 1 < j <d-1
consider the vectors X/ and x/. Then, it is clear X/ A X/ = x and X"/ V X/ = X/, whence we obtain (3.2).

Conversely, given i, j € [ = {1,...,d}, let k = max{i, j}. Then, for any x,x’ € ﬁd such that x; < x]
foralll=1,...,d, from (3.2) we have

h(@x)h(ax') 2 h(ex*")h(ax"").

Taking x; = xj for all [ € I\{i, j} we easily obtain that X is MTPP,(«), and therefore it is MTP,(a),
completing the proof. O

For the next result, in which we provide another characterization of the MTPP,(«@)-concept of a
random vector, we need some additional notation: Given a d-dimensional random vector X with joint
distribution function H, let H (xi, . . ., x;) denote the probability that X is greater than x —also known
as the joint survival function of H—, i.e.,

d
H(x(,....xg) = P[ﬂ (X; > xi)}.
i=1

Proposition 5. A d-dimensional random vector X is MTPP»() if. and only if. H is MTPP,(1).
Proof. Assume X is MTPP,(«). Since

d
H(xp,...,x) = P[ﬂ (@ X; > x,-)],
i=1

we have the following chain of equalities:

]P[ﬁ (@ X; > x;) ]P[ﬁ (aiX; > x:)]
ﬂ(aX > Xx;), ﬂ (a;X; > x))| P

i=j+1

P ﬁ (xi < @ X; < X)), ﬂ (@iX; > x;)

i=1 i= j+1

-P

ﬂ(aX > x\), ﬂ(a/X >x,]

i=j+1

P [ﬁ (i X; > x:)]

i=1

ﬁ(a/,X > x.), ﬂ (. X; >x,]

i=j+1

Jj

ﬂ(x,<aX <xl), ﬂ(aX > X;)

i=j+1

—]P[ﬂ(x, <X < ]]P[ﬂ(a'ixi >X,I-)]

ﬂ(xl<aXl§x) ﬂ(aX > Xx;)

i=j+1

-IP

-P

ﬂ(aX > xl), ﬂ(xl<aXle)] (3.3)

i=j+1

Now, we prove that the last expression in (3.3) is non-negative. For that, note that, from Proposition
2, we have that the random vector aX is MTPP,(1), and from Proposition 4 we have

gme)-2(y')e(y)=0 (3.4)
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where g is the joint density function of aX. Integrating in both sides of (3.4), with x; < y; < x] < y! for
alli=1,...,d, we have

fﬁ fdfm ,m(g(y)g(y’)—g(y’-’)g(yj))dydy’ >0,

so that the expression in (3.3) is non-negative.
The converse follows the same steps, and the proof is completed. O

Next we show that any subset of a MTPP,(a) random vector preserves this property.

Proposition 6. If X = (X, ..., X,) is a MTPP,(a) random vector, then any subset (X;,, ..., X;,) of X is
MTPP,(a"), where @ = (a;,, ..., ;).

Proof. Let d > 3 be a natural number, i € {1,...,d}, a®? = (a1,..., i1, Qs1,...,ay) and XO
the (d — 1)-dimensional random vector (Xi,..., X1, Xiy1,...,Xy). Let g(xi,...,xs) (respectively,
g2(x1,...,Xi_1, Xis1,. .., Xg)) be the joint density function of the random vector aX (respectively,
"Xy We now prove that the random vector a®X® is MTPP, (1,_,), where 1,_; denotes the unitary
d—1-vector, and, from Proposition 2, we would have that X is MTPP, (a(i)). Continuing this reasoning
for a determined number of components, the result would be proved.

Let j,k € {1,...,d} such that j < i < k. For the sake of simplicity, let us denote

(s k))

i i
g()(xj,xk,x g()(xl,...,xj,...,x,-_l,xm,...,xk,...,xd)

and

(s k))

g(xj,xi,xk,x —g(xl,...,xj,...,xl-,...,xk,...,xd).

Therefore, we need to prove

8 (70 310 x99) g (o 290) 2 g0 (o, 3, x99) g (1, 20

— L —d3
for any x;, x;, X/, x; € R such that x; < x and x; < x; and any 200 e R
We have

¢ (203 xuk)) g (), 27 x9) = g (), s x00) g (1, 209)

, X, xUik)
k> (i k) ’ o (i k) ’
g(xja-X'-i,-x’-kaxj,7 )g(xj9xi,xk’xjﬂ )dxidxi

x X}, Xk, x(f”‘))

8 Xj X, x,’( x(J”’k))
2 1° 2 .. P
- ff — 8 (X], Xis Xk x(],l’k)) 8 (xj, xl{, Xks x(]’l’k)) dxidxl’.

x j, X}, X, x(J””O)
X7, X5 x(j”"k)) g (xj, Xis Xp» x(j’i”‘))
fj;q x s Xy Xk, x(f’k)) - g(xj, xi,xk,x(f”?k))
. (g (xj, X;, Xk, x(f”’k)) g (x;-, Xy Xgs x(j”"k)) -g (x], X;, Xk, x(j”"k)) g (xj, Xy Xgs x(j”"k))) dx;dx;

) 1o i) e o Gk
X7, X, XV ) g(xj,xi,xk,xf ) g(xj,xl,xk,xf )
+
x,<x

_x x 5 Xk» x(]lk)) g (_xj’ xl’., Xk, x(j’iak)) g (x;’ Xis Xk, x(j,iak))
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g(xj’xi,x]’(,x(j’i’k)) - -
— — ] - g (x’/-, Xiy Xpp XU )) g (xj, X, Xg, XU )) dx;dx; >0
g (x> Xi, i, X0 ’

since X is MTPP,(1) —recall Proposition 2— and

joi,k o j,i.k ’ j,i.k ’ j,i,k
& (3 i, 3, X90) g (5, 0, 3, X000 = g (), 33, 20, x99 g (3, 4], 21, x9) > 0,

g ( x}’ X}, X, x(j,z',io) g ( X, X, X, x(j,z',io) g ( Xj, X, X, x(j,i,m)

.. - .. - .. ’
g (x}, X, X, x(f””‘)) g (xj, X, X, x(f””‘)) g (xj, Xis Xs x<f””‘))
j,i,k j,i,k j,i,k j i,k
g (), ), xp, XUH0) g (xy, 7, x, x0) . g (), xi, 17, XU0) g (xj, x;, 3, x40
> an 2 5
g (x;-, X/, Xks x(f””") g (x,-, X/, Xks x(f”””) g (x}, Xis Xk x(“”‘)) g (xj, Xis Xk xw’k))

whence the result follows. O

. .. . —d
For the next result, we will use some additional notation. For @ = (a,...,a,) € R " and B =
—d . ) . —dy+d
Bis---»Bs) € R 2 (a,B) will denote concatenation, i.e., (a,B) = (ay,...,@q,B1,---,B4s) € R e

and similarly for random vectors.

Proposition 7. If the respective d,- and d,-dimensional random vectors X and Y are MTPP,(«) and
MTPP,(B), and X and Y are independent, then the (d| + d,)-random vector (X,Y) is MTPP,(«, 3).

Proof. Since the random vectors X and Y are independent, so are the variables X and SY. Denoting
by f(x), g(y) and h(x,y) the respective joint density functions of aX, fY and (eX,£Y), we have

h(x,y) = f(x)g(y); whence,
h(x,y)h(xl,...,xlf,...,xdl,yl,...,y},...,ydz)
_h(xl,...,xg,...,xdl,yl,...,yj,...,ydz)h(xl,...,x,-,...,xdl,yl,...,y},...,ydz) =0

for any choice (i, j), with 1 <i < d;and 1 < j < d,, such that x; < x] and y; < y;.. If the two indices

chosen are from the first d; indices (we have a similar reasoning for the last d, indices), since X is

MTPP,(«), or equivalently, aX is MTPP,(1) —recall Proposition 2—, we have
h(X,y)h(xl,...,x;,...,x},...,xdl,yl,...,ydz)

’ ’
_h(xl,...,x[,...,xj,...,xdl,yl,...,ydz)h(xl,...,x,-,...,xj,...,xdl,yl,...,ydz)

= g(y) f(x)f(xl,...,xlf,...,x;,...,xdl)

’ / .
_f(xl,...,xi,...,xj,...,xdl)f(xl,...,x,-,...,xj,...,xdl)] > 0;

therefore, (X,Y) is MTPP,(a, 8), which completes the proof. O

We conclude this section with three additional properties of the MTPP,(a)-concept. The first
property is straightforward and we omit its proof.
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Proposition 8. Every independent d-dimensional random vector X is MTPP,(a) for any a € Kd.

Proposition 9. If the random vector X = (Xy,...,Xy) is MTPP,(«) and f,..., f; are d real-valued
and non-decreasing functions, then the random vector (fi (X1), ..., f1(Xy)) is MTPP,(«).

Proof. Let [ (respectively, g) be the joint density function of aX (respectively,
(a1 /i Xy),...,aqfs(Xy))). Then it holds

glxi...,xg) = f(aflffl (@1x1), .., aufy’ (Oldxd))-

Since X is MTPP,(«@), then aX is MTPP,(1) —recall Proposition 2—, and since ay fk_1 (rxp) <
arft (uxy) for k = i, j with x < x], then (a1 fi (X1),....aufs(Xy)) is MTPPy(1), and thus
(i X1, ..., fa(Xa)) is MTPPy(a). m|

Proposition 10. Let X, ..., Xy, Y be d+ 1 random variables such that X, . . ., X, are independent given
Y. If the random pair (X;,Y) is MTPP, (a;, 1) with |a;| = 1 foralli =1...,d, then the random vector
(X], ce ,Xd) is MTPP2 (al, e ,ad).

Proof. Let f; (x;,y) the joint density function of the random pair (X;,Y) fori = 1,...,d, and let g(y)
the density function of Y. Then, the joint density function of the random vector (X, ..., X;), which we
denote by f, is given by

d
Fneenn = [ [5G g0
i=1
) .. =d
Given i, je{l,...,d} andxl,...,xd,x;,x;eR with x; < x! andijx;., we have

’ ’
f(xl,...,a,-x,-,...,a.,-x‘,,...,xd)f(xl,...,a,-xi,...,ajxj,...,xd)

—f(xl,...,al-x,'-,...,ajxj,...,xd)f(xl,...,a,-xi,...,ajx},...,xd)
d
= [ [ TT 0 Gy ey i @) £ ay5e0) £ (037) g8 ) oy
ford¥
i
- f f (fi (3 i (00 )) £ (@il ) £ (@ixi ') £ (o) £ (@03 ) g0)g () dydy’
i’éfi;
L
= f f (fi () fic (0 )) i (@ixin y) (i) £ (o) £ (@) g)g () dydy!
YV k=1
ik ]

d
[T G0 i o o) @i 5 (0) 5 (06, 600 0 vy
y>y k=1

ikt ]
d

- f f —[ (fi G 3) i (0 )) £ (@i y) £ (@ixiy') £ (ejxp. ) £ (@037 ) g0)g () dydy’
Y k=1
i#kE ]
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d
- f f | | G oy i G YD) i (i ) fi e ') £ (e y) £ (@0, ) 8)g () dydy’

Y k=1
itk )
d
= [ TT 0 i e (@i o) £ y509) £ (06,)
YV k=1
itk

+f (i) £i(@ixy) fi (s y) £ (@ y) = fi (@i, ) fi(@ixi ) fi (e 9) £ ()

—fi (@i, y') fi(@ixi,y) fi (ejx ) fi (e, y))g(y)g (/) dydy’

d

= [T 0 i ) o) @ity = i@ fai )
Y k=1
itk

(5 (i) £ (@) = £i (s, y) £ (@) 8008 () dydy” = 0

since (X}, Y) is MTPP, (a;, 1) for [ = i, j; therefore, X is MTPP,(«a), which completes the proof. O
4. Dependence of order statistics

In this section, we establish certain types of dependence —both for some of those previously defined
and some known ones that we recall in the section— for order statistics. We begin by recalling some
concepts related to order statistics. We refer to [12, 18] and the references therein for an overview.

Let X;,X5,...,X,; be independent and identically distributed random variables, with density
function f and distribution function F, and X; denotes the i-th order statistic, being X, =
min {X;, X»,..., X} and X = max{X;,Xs,...,X,}. Observe that, for 1 < i < j < d, the joint
density function of the random pair (X(,-), X j)) is given by

mi  IF Q)™ F(x)) = Fa)lV ™ 1 = Fap)l ™ e f(xp, i xi < xj,
hij (xi ;) = _ (4.1)
0, otherwise,

where

~ d!
mij = G-=DIW—-i-Did-pr

and the joint density function of the random vector (X(1), X(2), . . . , X(3)), with 2 < i < d, is given by

hi,. i (X1, %,...,x) =4 (d=1)!

0, otherwise.

— » d_l l 1 o o .
[1—F(x)] D fx), ifx;<x < <x, w2

Now we recall several known dependence concepts: see [19-21] for more details and applications.

Definition 3. Let X be a random variable with distribution function F. Then F is said to be decreasing
failure rate —denoted by DFR— if P[X > x + y|X > x] is a nondecreasing function of x for all y > 0.
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We note that in Definition 3, denoting F(x) = 1 — F(x), we have that F is decreasing failure rate if

% is non-decreasing in x for all y > 0.

Definition 4. ( [19]) Let X and Y be random variables. Y is positive regression dependent in X —
denoted by PRD(Y|X)— if P[Y > y|X = x] is a nondecreasing function of x for all y > 0.

A generalization of the PRD-concept for d random variables is the following.

Definition 5. The random variables X, X5, . . ., Xy are conditionally increasing in sequence —denoted
by CIS— if P [X; > x| X| = x1,...,Xi-1 = x;_1] is nondecreasing in xi,...,x;_1, for every 2 < i < d,
and for all x; € R.

In what follows, we provide some results on dependence concepts described in this section and the
previous one for order statistics.

Proposition 11. Let d be a natural number such that d > 2. For 1 <i < d, let X be the i-th order
statistics of a statistical sample of size d from a DFR distribution function F, with density function f.
Then, for every (i, j) such that 1 < i < j < d, we have PRD (X( » = X |X(,~>).

Proof. We have to prove that IP [X( i = Xo >y Xp = x] is nondecreasing in x for all y > 0. For that,

note
oo —1 .o —_ d-j
f . [F(z) — F(x)} ™" w}‘ (z)dz

P | Xy - X0 > ¥IXq) = 1]

w (—i=Dlid-)! [1 - F(x)]4
- e [ m] [m] 10 4,
(j=i=Did= D! Ju, F(x) Fnl Fo
With the change of variable u = % we get
F(x+y) —
(d—1i)! Fo g i 3 F(x+y)
IP[X(j)—X(i)>y|X(i):x]: (J_l_l)‘(d—])V\fO‘ ud j(l—l/l)j ldu—IP[ZSW s

where Z is the random variable with Beta distribution 8(d — j + 1, j — i). Since F is DFR, then given
x,x in R, with x < x’, we have _ .
F(x+y) < F(X'+y)

F(x) — F)
for all y > 0. Therefore, it is easy to conclude PRD (X(.i) - X(l-)|X(,-)). ]

Proposition 12. For k = 1,2,...,d, let X, be the k—th order statistic of a statistical sample of size d
from a distribution function F. Then we have PLRD (X(i), X j)) for every (i, j) such that 1 < i, j < d.

Proof. Assume —without loss of generality— i < j. Let ; ; be the joint density function of the random

vector (X(,-), X j)) given by (4.1). For any x, x’,y,y" € R such that x < x/, y <y, we have

d!
@-DIG-i-Dld-

2
hij (X' ') i j(x,y) = By (X, 9) b j (x,Y) = ( j)') [F(o)] ' [F(x)]!
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XL = FOI[1= F (6O f0f () f0)f () B
X {LFO) = F) (F ) = F )™ = [(F (0) = Fo)) (FO) = F ()7,

whence the proof reduces to proving

Fy) -F@)(FG)-F() 2 FO)-F®)(FQ@) - F (X))
which, it reduces in turn to
(F ()= F))(F () - F(») 2 0;
but this obviously holds since x < x” and y < y’, which completes the proof. O

Proposition 13. The order statistics Xy, X, ..., X, of an statistical sample of size d from a
distribution function F, are always conditionally increasing in sequence (CIS).

Proof. Let2 < i < d. Since the joint density function of (X(;), X2, ..., X(;) is given by (4.2), then we
have

I

i—1 -
Xy > x| ﬂ (X(j) = xj)] _ f+ hio.i (X1, X0, .0, X0) o,

=1 Mo, i1 (X1, X2, Xin1)

1-F(x)
1 = F(xi-1)
1, if x < x;_1.

d—i+1
] , if x> xi_y,

Therefore, for every x;_1,x;_; € R, with x;_; < x/_,,since | = F(x;_y) 2 1-F (xl’._l), we have

d—i+1 d—i+l
( 1 - F(x) ) [ 1-F
1= F (xi1) “li-F(x) ’

whence it easily follows the result. O

Proposition 14. For 1 <i < d, let X;) be the i-th order statistic of a statistical sample of size d from a
DER distribution F. Let D, = Xy and D; = X — X-1) for i = 2,...,d. Then the random variables
D(l), D(2), veey D(d) are CIS.

Proof. Given 2 <i <d, let g; denote the joint density function of (D, D», ..., D;). Then we have

gi(xi, x2, ..., %) = hl,2...,i 0D1,Y25 -5

.....

2,...,1i. Therefore, for x > 0 we get

- i
i-1 +00 h1,2 ,,,,, ,-(xl,x1+x2,...,zj=1xj)
D:> A )(D;=x)| = —— di
J J i-1
x hig i (Xl, X1+ Xy 2 X,,')
d—i+1

P

J=1

I—F( ;;llxj+x)
I—F( ij) }

J=1

AIMS Mathematics Volume 8, Issue 12, 30717-30730.
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and P D; > x| N2} (D; = x)| = 1, when x < 0.

Since F is DFR, given xy, xa, ..., X;_1, X}, X}, ..., X;_; € Rsuch that x; < x;. forall j=1,2,...,i—1,
i-1 i-1
we have 3'_; x; < 3’2 x and thus

and hence
d-i+1

[I—F( ;—zllxjﬂ-x)]_ [1—F( ;'_:llx;'+x)]
< — ,
1-F(ZHx)

whence the result follows. O

5. Conclusions

We have defined two multivariate generalizations of the TP,-concept: Total positivity according to
a direction and in pairs. The equivalence of these two multivariate dependence concepts and several
key properties have been established. Moreover, specific dependencies among the order statistics
of a sample from a distribution function have been identified. Future work will explore additional
dependence concepts in multivariate settings.
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