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Abstract. In this paper, we give or improve compression-expansion re-
sults for set contractions in conical domains determined by balls or star
convex sets. In the compression case, we use Potter’s idea of proof,
while the expansion case is reduced to the compression one by means
of a change of variable. Finally, to illustrate the theory, we give an ap-
plication to the initial value problem for a system of implicit first order
differential equations.
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1. Introduction

Krasnosel’skii compression-expansion fixed point theorem is a powerful tool
to prove the existence of positive solutions to several classes of boundary
value problems and also to obtain multiple solutions (see, for example [4],
[5], [8], [11], [15], [16] and [17]).

Krasnosel’skii proved his theorem directly, using only arguments of fixed
point theory, particularly Schauder’s fixed point theorem (see [6] and [7]).
However, it is well-known that this result appears as a consequence of the
topological degree theory (see [3]). Nevertheless, for applications, it is more
convenient to use Krasnosel’skii theorem, because it offers directly the con-
ditions - of compression or expansion - that have to be verified.

Also for the theory, a direct approach without using degree arguments
could be useful when trying to extend the results from compact mappings
to more general ones. Such a possibility is shown in Chapter 10 of [10],
where some compression-expansion results are established for mappings from
a smaller family for which the topological degree has not been developed.
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The direct approach owed to Krasnosel’skii was also followed by Potter
[12], who extended the compression result from compact mappings to set
contractions. Notice that both Krasnosel’skii and Potter obtained a solution
localized in annular conical sets defined using the norm. An expansion type
result for set contractions was proved by Cdc and Gatica [1], but under a
more restrictive condition on the lower boundary of the annular set.

In this paper, we prove the expansive type result for set contractions
without restrictive conditions on the lower boundary, using the idea of reduc-
ing the expansive case to the compressing one, as shown in [14] for compact
operators. We shall do even more, proving the results on star convex con-
ical sets. The motivation for working with star convex sets is given in the
Introduction of [9]. It comes from the necessity to distinguish between two
solutions in case that they have the same norm.

The difficulty when working with k-set contractions (k € [0,1)) comes
from the fact that the geometric transformations which are used in the proofs
can change uncontrollably the constant k. As regards the use of star convex
sets, they introduce much more complicated geometric transformations con-
nected to their retro-activity property, which have to be put in accordance
with the constant k, as Lemma 3.1 shows.

The results are presented as follows. First, in Section 2, we give some
preliminary notions and results about a—Lipschitz mappings (set contrac-
tions, in particular) and star convex sets, and we recall Potter’s compression
result for balls.

In Section 3, we first state and prove a technical lemma improving the
corresponding one in [9], which allows us to extend the compression fixed
point theorem in star convex sets given in [9], to general set contractions.
Next, in Subsection 3.2, we improve the expansion result of Cac and Gatica
by simplifying the condition on the lower boundary of the conical annular
set. We conclude this section by proving the expansion fixed point theorem
for set contractions and star convex sets.

Finally, in Section 4, as an application, we consider the initial value
problem for a system of implicit first order differential equations, which leads
to a fixed point equation with a non-compact operator. Adding a Lipschitz
condition over the derivative-dependent term, this operator becomes a set
contraction.

2. Preliminaries

We start by briefly giving some notations, definitions and preliminary results,
for details, see [9], [12].

If X is a real vector space and A a subset of X, we denote by co(A) the
convex hull of A, that is

co(4) := {Z)‘ixi: neN, x; € A, N, €[0,1]fori=1,-- n, Z’\izl}
i=1

i=1



Krasnosel’skii fixed point theorem for set contractions 3

and, in case that X is a topological vector space, by €6(A4) the closure of
co(A).

The following concept allows us to relax the compactness hypothesis
assumed in the mentioned classical results owed to Krasnosel’skii. Some of
its principal properties can be found in [12], [9].

Let (X,d) be a metric space and A C X be a bounded set. The Kura-
towski measure of noncompactness of A is the non negative real number

a(A) :=inf{e > 0: there exist finitely many sets of diameter at most &
which cover A}.

The measure of noncompactness can be considered as a tool to determine how
much a particular set differs from being compact. In this way, it is possible
to define a concept close to compact mapping, known as set contraction.

Let X,Y be metric spaces and D C X. Assume that the mapping
T:D C X — Y is continuous. We say that T is a-Lipschitz (see [2])
if there exists a constant k > 0 such that

a(T(A)) < ka(A), for all bounded A C D.

When k is important to be mentioned, we say that T is a k-a-Lipschitz
mapping, or that T is an a-Lipschitz mapping with constant k. In case that
k €[0,1), we say that T is a set contraction or a k-set contraction.
Note that any continuous and compact mapping is a 0-set contraction.
Recall the following properties.

Proposition 2.1. Let (X;,d;) be metric spaces for i =1,2,3, and (X, || -||) be
a Banach space.

(1) If Ty : X1 — Xo is a ky-a-Lipschitz mapping and Ts : Xo — X3 is a
ko-a-Lipschitz mapping, then Ty 0Ty : X1 — X3 is a ki1ko-a-Lipschitz
mapping.

(#6) If T : D C X — X is a k-a-Lipschitz mapping and X\ : D — R, is a
continuous function such that sup,cp A(z) =1 < oo, then the mapping

T:DcX—X, T(x)=A(x)T ()
is kl-a-Lipschitz.

Now, we give some definitions and results about star convex sets, which
are needed in what follows. For details, see [9].
For a fixed zy € X, we say that a set F C X is xg-star convex if

Ao+ (1—NzeE, forall Ae€[0,1] and z € E.

In case that ¢ = 0, E is simply called a star conver set. Clearly, if E is
xo-star convex, then zg € E.

We have the following result about the projection mapping on the
boundary of an x-star convex set.
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Theorem 2.2. Let (X,||-||) be a Banach space, zop € X and E C X be a
bounded closed xg-star convex set such that its boundary F' does not contain
o, and

for allx € E\ {xzo}, there is a unique Ay > 0 with A\yz + (1 — Ay)zo € F.
(2.1)
Then there exists a continuous mapping 0 : E\ {xo} — F such that

A(x) =90(Mx + (1 — Nxg), forall =€ E\{xo}, A€ (0,1],

o(x) =x, forall xcF. (2.2)

Proof. As xy € E'\ F, there exists v > 0 such that B:= {z € X : ||z — x| <
v} C E\ F. Let S be the boundary of B, ie., S:={x € X : |z —zo|| =7}.
We define the mapping 0 as the composition 7 o 19, where 7 is the radial
projection

g

=——(z—z
To—ao] &0

no: E\{zo} = S, o (x)

and
n:S—=F n(x)=z+(1-X)zo.
From (2.1), the mapping 7 is well-defined. Also, it is easy to see that condition

(2.2) is satisfied. Clearly, g is continuous. It remains to prove the continuity
of 1. To this aim, it suffices to prove the continuity of the function

A:S —RY A(z) =)\,

For that purpose, let {y,},.y be any sequence in S converging to some
y € S. Since E is bounded and A(S) C [0,4+00), we can assert that there
exists m € RT such that A(S) C [0,m]. Then the sequence {\(yn)}nen is
included in the compact interval [0, m], so any of its limit points is finite. Let
I be any limit point of {A(yn)}nen. From

1(Yn) = Ayn)yn + (1 = Alyn))zo € F,
we find that
ly+(1—1)ao € F.
This, in view of (2.1), gives I = A(y). Hence A(y,) — A(y) as n — +oo0.

Therefore, \ is continuous as wished. O

In the following, we shall consider only star convex sets E which satisfy
the following condition.

Condition 1. E is bounded, closed, 0 ¢ F where F is the boundary of E in
X, and for every z € E'\ {0} there exists a unique A\, > 0 with A,z € F.

Let us now consider a cone C in X and its intersection with a star
convex set F. Clearly 0 € C'N E and we can make the following remark.
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C ={(z,y) €eR? : @,y >0}

R? CNF
(W2~’yz)
ac(il?zs Y2)

(1, Y1)

(z1,91)

FIGURE 1. An example of mappings 0 and 9¢.

Remark 2.3. If E is a star convex set satisfying Condition 1, then the re-
striction of the mapping 9 to C'N (E \ {0}) can be continuously extended to
C\ {0}, as follows

a(z), z e (CnE)\ {0},
8<d(O’F)m), zeC\E.

[E]

9% :C\ {0} = F, ac(x){
Figure 1 illustrates the behavior of 9 in a particular case.

Proposition 2.4 ([9]). Let E be a star convez set satisfying Condition 1. Then,
for every x € (CNE)\ {0}, there exists a unique number By € [1,+00) such
that B,z € C' N F. Moreover, the mapping

B:(CAE)\{0} = [Ltoo), B(a)=p, =" )

is continuous and B(x) — +oo as x — 0.

Remark 2.5. By using 9, the map 3 can be continuously extended to C'\ {0}
as follows: 8% (z) = d(0,0%(x))/d(0, x), for = € C\{0}.
For two star convex sets F;, i = 1,2, satisfying Condition 1, we let:
e F; be the boundary of Ej;, EZ be the interior of E;.
e 9Y : C'\ {0} — F; be the continuous mapping associated whit E;
according to Remark 2.3.
e 3;: (CNE;)\{0} — [1,+0c0) be the continuous mapping associated to
FE; as shown in Proposition 2.4, and ,Bic be the corresponding continuous
extension to C'\ {0}.

Assume next that By C By, 5 NFy =0, and let T : CN (EQ\El) —C
be a continuous mapping.
We say that T is a compression of the set C' N (Eg \El) (see Figure 2

(a)) if:
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(C1) x—T(z) ¢ C, for all z € C'N Fy,
(Cy) T(x)— (1+e)x ¢ C, foralle >0 and z € CN F.

We say that T : C'N (Ez \El) — (' is an expansion of the set C'N (Eg \E1>
(see Figure 2 (b)) if

(E1) T(z)—(1+e)x ¢ C, forall e >0and x € CNF,

(B2) z—T(x) ¢ C, for all x € C N F;.

CNF

CNF

(a) (b)

FIGURE 2. Figures (a) and (b) represent, respectively, the
boundary conditions for a compression and an expansion of

the set C'N (EQ\El), where C' = {(z,y) € R? : z,y > 0},
and Fq, FE5 are star convex sets.

We conclude this section by recalling Potter’s compression result for
balls. Given two real numbers r, R with 0 < r < R, denote

Crr={reC: r<|z| <R},
Cr={zeC: |z|| <r},
Sr={zeC: |z|=r}.
Theorem 2.6 ([12]). IfT : C, r — C' is a k-set contraction and a compression
of the set Cy. g, i.e.,
x—T(z)¢C, foralzebS,,
T(x)—(1+e)x ¢ C, foralle >0 and x € Sg,

then T has at least one fized point in C. g.

3. Main results

In this section, we first give an extension of the main compression result from
[9]. This extension allows k to be any number with 0 < k < 1, compared to
the more restrictive assumption 0 < k < d(0, F')/L, where L := sup{d(0,z) :
x € F}, considered in [9]. Next, we improve the expansion type result given
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in [1]. This is done by reducing the expansion case to the compression one.
Finally, the expansion result is extended to star convex sets.

3.1. Compression fixed point theorem for set contractions and star convex
sets

In order to accomplish our first aim, we need to improve the technical Lemma
3.16 in [9].

Lemma 3.1. Assume that (X, ] - ||) is a Banach space, C a cone in X and
E a set satisfying Condition 1. Let T : C N F — C be a— Lipschitz with
constant k and consider the mapping

T:CNE—C

. {@T(ﬁ(w)w% z#0,
0, z = 0.

Then T is a— Lipschitz with constant k for every k >k as close to k as we
wish.

Proof. We only need to adapt the part of the proof where we show the exis-
tence of k as close to k as we wish such that

a (T(A)) < ka(A), for every A C CNE, a(A) £ 0. (3.1)

Thus, let A € C' N E be such that «(A4) # 0 and k& > 0 (if this is not
true, we can consider k > 0 as close to k as we wish). As k, a(A) > 0, there
exists d > 0 such that k a(A4)/2 > d > 0. We fix d satisfying these conditions.

To accomplish the aim of proving that (3.1) is satisfied, we proceed as

follows.
Step 1: Cover any set A by a finite number of subsets with the property
that the restrictions of T to each of them is a—Lipschitz for some suitable
constant. To this aim, we start by using the continuity of T proved in [9)],
that ensures the existence of §; > 0 such that

T((CNE)NB(0,84)) € B(0,d).

Then, we have
T(AN B(0,84)) € B(0,d). (3.2)

On the other hand, for each natural number n > 1, take &, = d4/n and, for
all natural number m > 1, define

Ar ={z €A : B(z) € [1+ (m—1)e,, 1 +me,]}.

For any natural number n > 1, there exists N,, € N, N, > 1, such that, if
B(x) > 1+ N,e,, then z € AN B(0,d,4). Therefore,

N,
AcC (AN B(0,84)) U ( U A;g) : (3.3)
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Step 2: Fix n € N, n > 1, arbitrarily and, for each m € {1,..., N,,}, we show
that T)an is a—Lipschitz with constant &k (1+me,)/(1+(m—1)e,). For each
m € {1,...,N,}, we have 0 ¢ A", so

Tian : Al — C

- 1
x> Tjan (z) = 3@ (B(z)z)
Let m € {1,...,N,} and define the following auxiliary mappings:
1 1 1
AN — O, x— x) = —r,
ﬂ\A;g 5|A;§L( ) 5(1')

Sy Ay — C, x+— S)(x) :

I
=
—~

8
~
8

Since f is continuous and its image is a subset of [1,00), we deduce that
1/Bjan is a continuous function. Besides, for all z € A7, it is satisfied that

1 1

Blx)e[l+(m—1)e,,1+me,] & 5 € {1+m5n71+(m—1)8n )

hence

1 . An < 1

As T is a k-set contraction, in view of Proposition 2.1, it remains to
prove that ST is a—Lipschitz with constant (1 +me,,). Let B C A%, then B
is bounded and, using the definition of A},, we have

S (B) = {6(1‘)3: Lze B}
c{[)\(l +(m—1en) + (1= N1 +me)e : Ae[0,1], z € B}
:co<{[1 +(m—Den)B} U{[1 + msn]B}>.
Now, by using the properties of the measure of noncompactness, we obtain
a(S™ (B)) < max {a([l +(m —1)enB), a([1 + men]B)} = (1+me,)a(B).

Also, as ( is continuous, then S, is continuous. Therefore S}, is a—Lipschitz
with constant (1 + me,,).

As a consequence, by using the properties of a—Lipschitz mapping
in Proposition 2.1, one has that TIA?" is a—Lipschitz with constant k (1 +
men)/(1+ (m —1)ey).
Step 3: Taking into account the two previous steps, we can conclude that T
is a—Lipschitz with constant k as close to k as we wish. It follows from (3.2),
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(3.3), and the properties of the measure of noncompactness, that

N,

a (T(A)) —a (T(AmB(o 54)) U U T(A" ))

3

2d, kaé(Al ), ey H(Nn—l)gnka(AN")}

1+ N,e,
oo n A
T+ (N, — 1)anko‘( )}

ka(A),...

1+e,
< max {Qd, +1€ :

where the last inequality holds since 2d < ka(A) and

1+ me, 1+e,
for all 1,...,Np}.
T (= Den = orall me{1,...,N,}
. Since €, — 0 as n — oo, one has that, if n is large enough, the number
k:= (14 ¢e,)k is as close to k as we wish. O

Now, we can state the extension of the compression result from [9], for
any constant 0 < k < 1.
Theorem 3.2. Let (X, ||-||) be a Banach space, C be a cone in X, and Ey, Ey
be star convex sets fulfilling Condition 1. Assume thatT : C'N (Eg\El) — C

s a k-set contraction and a compression of the set C' N (Eg\El) Then T
has at least one fized point in C N (EQ\El)

Proof. The proof follows the one of the corresponding theorem in [9], using
this time the improved Lemma 3.1. (]

3.2. Expansion fixed point theorem for set contractions and balls

Our second aim is to improve the expansion result given in [1]. We shall do
this by simplifying the condition on the lower boundary of the conical annular
set.

Theorem 3.3. Let (X, || -||) be a Banach space, C be a cone in X, r,R € R,
0<r<R,andT:C,r— C be ak—set contraction verifying the following
properties:

Tz —(1+e)x ¢ C, foralle>0 and all z € C, ||z = r;
x—Tx ¢ C, foralzeC, |z|=
Then, T has a fized point in Cy R.
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Proof. We consider an auxiliary mapping T which we show that satisfies the
hypothesis of the mentioned fixed point theorem due to Potter. Let

T : Cr,R — C
- 1
x— T(x) := MT 0(x)z),
where 0(z) = (r + R)/||z|| — 1, for every = € C, g.

First of all, we have to prove that T is well-defined. We need to show
that 6(z)x € C, g for every z € C, g. Since 6(z) > 0 and = € C, we can
assert that 6(z)x € C. Therefore, it remains to prove that r < ||0(z)z| < R.
If x € Cp g, then r < ||z|] < R, whence r < r 4+ R — ||z|| < R, that is,
r < 0(x)||z|| < R. Due to this, we can assert that 8(z)x € C, g and, finally,
T is well-defined.

Secondly, it is easy to prove that, if ||z|| = r, then ||0(z)z| = R and, if
lz|| = R, then ||@(x)z| = r. As a consequence, T verifying (F;) implies that
T verifies (Cy) and T verifying (E,) implies that T verifies (C1).

Thirdly, we have to prove that 7T is a set contraction. It is clear that 7'
is continuous since T,  are continuous and 6 > 0. Therefore, it remains to
prove that, for every A C C, g (A is bounded), we have

a(T(A)) < ka(A), (3.4)

for some constant 0 < k < 1, independent of A. For that purpose, we proceed
in a similar way to the ones in the proof of Lemma 3.1 or Lemma 3.1 in [12].
We begin by distinguishing two cases:

(a) If a(A) = 0, then A is compact. As T is continuous, then T'(4) is compact
and, therefore,

a(T(A)) < a(T(A)) =0 =ka(A), forany k> 0.

(b) If a(A) # 0, let us assume that k # 0, but, if it is not the case, we consider
O<k<1asclosetokaswewish.As0<r<R,then5,«,R:%—%>O
and, for each n € N, we can consider

{—jn L 6r,R
R * n .

Let n € N, n > 1, be arbitrarily fixed, for each integer number m > 0, we
define the following sets:

Al = {m €A :fx) e {ﬁ +mey g, = + (m+ 1)5“4 } .
Since A C Ci g, we can assert that & < 6(x) < % Moreover, noticing that
L+0elp=%and £+ [(n—1)+1]elp =& we get

n—1

Ac | A4p.

m=0
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From this, by using properties of the measure of noncompactness, it follows
that

n—1

a (T(A)) —a ( U T(A:;)) = e {a (T(A;;))} .

m=0

For each m € {0,...,n— 1}, we deal with o (T(AQI)) and, for that purpose,

we consider

j;IATnﬁ Ay — C, x»—)j’mn(:ﬁ) =T(z).

With the aim of proving that rf"A% is a—Lipschitz with constant k (% 4 (m +
Derp)/(f +melg), we study some properties of the following auxiliary
mappings:

1 1
AN — C, v — ——;

Sy Ay, — C, x— S) (x) == 0(x)x.

On the one hand, for each x € A}, it is satisfied that 1/6(z) < 1/(f+me} g),
then

1 1
supqy —— : ¢z € A, -_—
0(x) Rers R

On the other hand, for every B C A}, we have

Sp(B) ={0(z)z : z € B}
{[A( —|—mE,R> (1-A)(%+(m+1)s¢£)}x;Ae[o,u,a:eB}

=eo ({7 tmene] By +m Dt 2Y).

Now, by using properties of the measure of noncompactness, we can assert

a (5™ (B)) <a ({ [% n mE;{R] B} U { [% +(m+ 1)57,3] B})
_ (% +(ma+ 1)5;§R) a(B).

Consequently, S7, is a—Lipschitz with constant /R + (m+1)e] 5
As T is a k—set contraction and T]Am = (T 05},)/0)an , we finally get
that rf"A% is a—Lipschitz with constant k(5 + (m + 1) el g)/(f +me} g).
Moreover, for each m € {1,...,n — 1}, it follows that
rt(m+1)elp _ rterr

T n T
rtmerR R
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Finally, taking into account the different statements which have been proved,
we have
7)) {o () }
@ ( (4) me{{)r,l.éﬁ—n o (T(An)

ztm+1)el
< max { R (m )ET’R oz(Afn)}
R

me{0,...,n—1} % —‘1-7’77125:7'7

r —l—En
=L _nREo(A).

T

R

Since €)' p — 0 as m — o0, one has that, if n is large enough, the number
T n

~ R + 5T,R

k:= k

T

R

is as close to k as we wish. Therefore, we can guarantee that k € (0,1).
To finish the proof, we apply Theorem 2.6 to the operator T. Hence, T
has a fixed point in z € C. g, then

or, equivalently,
0(2)x = T(0(z)z).

This shows that the point « := §(Z)Z is a fixed point of T in C, r. O

3.3. Expansion fixed point theorem for set contractions and star convex sets
The last goal is to extend Theorem 3.3 for star convex sets.

Theorem 3.4. Let (X, | -||) be a Banach space, C be a cone in X, and Ey, Ey
be star convex sets fulfilling Condition 1. If T : C'N (Eg\El) — C is a

k—set contraction and an expansion of the set C'N (Ez\ﬁl), then T has a
fized point in C N (Eg\El)
Proof. The idea of the proof is the same as the one for balls, we consider the
auxiliary mapping
T:CN <E2\E1) —C
z— T(x) = %T(F)(az)x),

where 0(z) = B () + Ba(z) — 1, for x € C' N (EQ\El)

As in Theorem 3.3, we begin by proving that 7 is well-defined. We
need to show that 6(z)x € C N (EQ\E’1>, for every z € C'N (Eg\El) Since
O(x) > 0 and = € C, we clearly have 8(z)x € C. To prove that 6(z)x

E2\E1, let us note the equivalence between Az € EQ\El and the mequahty
BC(x) < A < Ba(a). Now, if & € Eo\Ey, then 8C(x) < 1 < By(x), whence



Krasnosel’skii fixed point theorem for set contractions 13

B (2) < BY () + fa(w) — 1 < Bo(w), that is, A7 (x) < 6(z) < Ba(w), which

shows that 0(z)z € EQ\E’l. Therefore, we conclude that T is well-defined.
Next, we show that T is a compression of the set C' N (EQ\El) For
that purpose, we prove that, if x € Fj, then 0(x)x € Iy, and, if v € Fy,
then 0(z)z € Fi. Consequently, if 7' fulfills (E1) then 7' fulfills (C3), and if
T fulfills (E2) then T fulfills (Cy). This way, T is a compression of the set
an (EQ\El) Indeed, if 2 € Fy, then B¢ () = 1 and so 6(x) = B2(z). Hence,
according to Proposition 2.4, 6(z)x € Fs. Similarly, if x € Fy, then Bo(x) =1
and so 0(z) = BY (x). Thus, by using the definition of 3¢, 0(z)x € Fy.
_ Finally, it remains to prove that there exists 0 < k£ < 1 such that 7" is
a k—set contraction. On the one hand, as 3¢, B2 and T are continuous and

O(z) # 0, for all z € C'N (Eg\Ej‘l), one has that T is continuous. On the
other hand, for every A C C'N (EQ\El), we have to prove that

a (T(A)) < ka(A), (3.5)

for some constant 0 < k< 1, independent of A.

The proof of (3.5) is identical to that of formula (3.4) in the proof of
Theorem 3.3, once we have shown the existence of two positive numbers r
and R with r < R such that

<O(r) < —, (3.6)

I=v] i
Ry

for every x € C'N (EQ\El)

Indeed, as 0 € E;\F}, there exists r > 0 such that B, = B(0,7) C
Ey. As By C E; and E» is bounded, there exists R > r such that Fs C
Br = B(0, R). Therefore, C N (EQ\El) C C N (Bg\B,). Hence, for any

relCn (EQ\El), we have

x, 0(x)z e CN (BR\BOT)7
implying
r < lzll, 0(z)[|lz]| < R,
which immediately yield (3.6).
To finish the proof, we apply Theorem 3.2 to the operator T. Thus, T

has a fixed point £ € C'N (EQ\El) Then
i=T(%) = —T(0(%)7),

or, equivalently,
() =T(0(2)%).

This shows that the point x := 6(x)x is a fixed point of T'in C'N (Eg \El) O
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4. Application

Let us consider the following initial value problem for a first order implicit
differential system,

P(0) = F(t2(0) +glt,2'(0), 1 0,1] )
z(0) =0, ’
where f,g:[0,1] x R® — R™. We search for solutions x € C!([0, 1], R"). For

that purpose, with the substitution y = 2/, the initial value problem (4.1)
becomes

u(t) = f (t, / y<s>ds) Cglty(t). te (0.1, (42)

with fot y(s)ds = (fot y1(s)ds, ..., fot yn(s)d8> Denote by T the operator as-
sociated to the right-hand side of (4.2), namely, T" : C([0, 1], R"™) — C([0, 1], R™),

T () = (t, / ty(s)ds) T ol (1)),

Thus, the solutions to (4.1) are the fixed points in C([0, 1], R™) of the operator
T. To localize the fixed points of T, we use Theorem 3.2 in the Banach space
(C([0, 1], R™), || - [|oo), With

||yHOO = maX{HylHOOa SRR) ||yn||oo}7 for Y= (yla ) yn)

First, we state some conditions on the mappings f and g to guarantee
that the operator T : C([0, 1], R™) — C([0,1],R™) is well-defined and a set
contraction:

(H1) f,g:[0,1] x R" — R™ are continuous.
(Hs) For each t € [0, 1], there exists L(t) € R such that
lgi(t,u) — gi(t,v)| < L(t) max{|u; —v;|, j=1,...,n},
for all u,v € R™, i € {1,...,n}, and

sup L(t) =k < 1. (4.3)
te[0,1]

Under conditions (H;) and (Hs), the operator T is a sum of a compact
operator and a k-set contraction. Indeed, T = A + B, where the operators
A,B:C([0,1],R™) — C([0,1],R™) are given by

Ay)(t) = f (t/o y(S)d8> » By)(t) = g(t,y(t)).

The operator A is compact as a composition of three continuous bounded
operators J, ¢ and Ny, such that one of them is compact. In fact, A = NyoioJ,
where

J:C(0,1,R™) = CY([0,1,R"), J () (1 =/0 y (s) ds,

i:Cl([O, 1]’Rn)_>c<[071]7Rn)a i(y):yv
Nf : C([Ov 1]aRn) - C([07 Han)v Nf (y) (t) =f (tay (t)) :
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All these operators are continuous and bounded (map bounded sets into
bounded sets), while 7 is compact as a consequence of the Arzela—Ascoli
theorem (see, e.g., Section 1.2 in [13]).

The operator B is a contraction with the Lipschitz constant k given by
(4.3). Indeed, for any y, 7 € C(]0,1],R™), and every ¢ € [0, 1], one has

|Bi(y)(t) — B:s(y) ()] = |gi(t, y(t)) — 9:(t, 5 (¢))|
< L(t) max{|yj(t) — yj(t)| ,j=1,...,n}
<klly =7l
for each ¢ € {1,...,n}, whence
1B) - B@)l <k lly - 7l
Next, we consider, in C([0, 1], R™), the cone of non-negative functions

C :=C([0,1],R%}), and we add the following positivity condition in order to
guarantee the invariance condition T'(C) C C':

(Hs) £([0,1] x R?) CR?, and g([0,1] x R") C R™.

Finally, we define two star convex sets Eq, Fa C C([0,1],R™) satisfying
Condition 1, such that 7' : C'N (B \ Ey) — C is a compression of the set
C' N (B \ Ey). For their definition, we use the norm |||, and the functional

©s - C([O7 1]7R) — R-I—a Pi (Z) = a; tg%(l)ri] ‘Z (t)| + bl ||ZHoo )

where a;,b; € Ry and b; # 0,4 € {1,...,n}. Notice the relationship between
the functional ¢; and the norm,

billzlloe < i (2) < (ai +bi) l|2]l »

or, equivalently,

2Ly, <28 (4.4
Let r, R € (0,00)™ be two vectors with (a; + b;)r; < R;, fori=1,...,n,
and take
Ey:={yeC(0,1],R") : |lysll ., <rs, =1,...,n},
E; :={yeC([0,1,R"): ¢i(y;) <R;, i=1,...,n}.
Clearly, F1 and FE» are star convex sets satisfying Condition 1.
For each ¢ € {1 .,n}, denote

S, = min{fi(t,y): t€ 0,1,y € 0,r), 5= 1,....n},

gi::min{gi(t,y) tel0,1], y [ ] J=1,...,n, 5 #1, yz—Tz}7

fi::max{fi(t,y): tel0,1], y [0 bj] j:l,...,n},

_ R;1 oy
g; ::maX{gi(tvy): tE[O,l], yje |:r]’b‘:|’ .7:]-7"'un7 ]#7'7
J

Oy
yl al—‘—bl’ i )
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and assume that the following conditions are satisfied:
(Hyc) Foreachi e {1,...,n},

fitg,>ri (4.5)
_ . R
fi+giga'_‘:b_' (4.6)

Under these conditions, By C FEs, and (Cy), (C2) hold, that is, the
operator T is a compression of the set C'N (Ey \ Ey).

First, using the inequalities (a; + b;) 7; < R;, we have E; C E,. Indeed,
if y € Ey, then, for every i € {1,...,n}, one has

0i(yi) = a; trel%rh lyi (0] + bi |lyill oo < (@i 4+ b5) lyill oo < (ai +bi)ri < Ry,

which gives y € Eg.

Next, we show that (4.5) guarantees that condition (Cp) is fulfilled.
Indeed, if we assume the contrary, then there exists y € C' with ||y;|| <7,
for all j € {1,...,n}, and ||yx|lco = 7& for some k € {1,...,n}, such that

y(t) > T(y)(t), for every t e [0,1].

Let to € [0,1] be such that yx(to) = ||yx|/,, = r»- From the previous inequal-
ity, by using the definition of T, we obtain

re = yulto) = Tu(y)(to) = fu (to, /0 ° y(s)ds) + gulto, y(t0) > £, + g,

which contradicts (4.5). Hence, (C7) holds.

Finally, we prove that (Cs) is also satisfied by using (4.6). If we assume
the contrary, then there exist ¢ > 0 and y € C with ¢,(y;) < R; for all
je{l,...,n}, and ¢k (yx) = Ry for some k € {1,...,n}, such that

T(y)(H) > (1 +e)y(t), forany te 0,1,

Let tp € [0,1] be such that yx(to) = ||yk|lco- Then, using the last inequality,
the expression of T', and (4.4), we obtain

to
fe+Te>fr (to,/o y(s)ds) + gk (to, y(to)) > yr(to) >

which contradicts (4.6). Hence, (C3) holds.
Therefore, since all the assumptions of Theorem 3.2 are fulfilled, we
have the following existence and localization result.

Ry,
ap + by’

Theorem 4.1. Under conditions (H1) — (Hy,c), problem (4.1) has a non-
negative and increasing solution x € C*([0,1],R™) such that

e < |2l s for at least one k € {1,...,n}, and

4.7
wi(z}) < Ry, for alli € {1,...,n}. (4.7

In particular, if we assume that n = 1, and the monotonicity of f and
g, more exactly:

(Hs) For each ¢ € [0,1], the functions f(¢t,-) and g(¢,-) are increasing in Ry,
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then conditions (4.5) and (4.6) in (Ha ¢), with r1, Ry, a1,b; simply denoted
by 7, R, a, b, turn into

f(t,0)+g(t,r) >r, forevery tel0,1], (4.8)

f (t, I;) +g (t, f) < %7 for every ¢ € [0,1]. (4.9)

Let us present two examples. The first one, which in fact is a solvable
equation, is given to test the compression conditions.

Ezample 1. Let
f(s)=As and g(s)=as+pF (seR),

where /\,oz20,ﬂ>0and/\+a<ai+b.lf

B8 1 Ao
e d R| — - > 4.10
U p a+b b 2B, (4.10)

then the assumptions of Theorem 4.1 are fulfilled.
For example, condition (4.10) is satisfied fora =b=1,r =1, R = 6,
B =1and A\ = @ = 1/6. In this case, the exact solution of the problem is

z(t) =16 (e% - 1), for ¢ € [0,1], and 2'(t) = ge%, for t € [0, 1], then

6 6
2|00 = 58% and p(2') = B (1 + eé) 7

and it is easy to see that conditions (4.7) hold.

The second example deals with equations that can not be explicitly
solved.

Ezxample 2. Consider the equation
2’ (t) = Az (t) + o’ (t) + B+ ysin(2'(t)), t € [0,1]. (4.11)
In this case,
f(s)=As and g¢g(s) =as+ [+ ysins (s € R),

where we assume that «, 8, v and A\ are non-negative.

Now, we explain how to fulfill the conditions of Theorem 4.1. Clearly,
condition (H;) holds. Next, if a < 1—, then |¢'(s)| = |a+ycoss| < a+v <
1. Therefore, (Hs) is satisfied for k = a++v < 1. To guarantee condition (H3),
we need g(Ry) C R, which takes place if § > +. Furthermore, condition (Hs)
is fulfilled if g is increasing in R, and this happens if @ > ~. This condition,
together with @ < 1 — ~, gives v < a < 1 — . Then, obviously, v has to
satisfy 0 < v < 3. Finally, we have to check conditions (4.8) and (4.9). For
the first, we need r > 0 such that g(r) > r, that is, ar + 8+ ysinr > r. This
clearly happens if ar + 8 — v > r, or, equivalently, r < %, which requires

B > ~ since 1 has to be positive. Condition (4.9) reads as

R
a+b

R R R
)\z—l—az—l-ﬂ—i—'ysinzg (4.12)
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We show that there exists R large enough that satisfies this inequality. Indeed,
if we divide by %, we obtain
R
b sing b

A — < .
TOTRTTTE S0

The limit of the left hand side, when R tends to oo, being A + « guarantees
the existence of R provided that A + a < (%Lb or, equivalently, A\ < aL-H; - a.
In view of A > 0, it requires that o < aLH).

Therefore, the conditions of Theorem 4.1 are fulfilled if the non-negative

parameters «, B3, v and A\ satisfy:

Ty<a<l—y,

b
At a< —,
a+b

< mi 1 b 5

minq =, —— .

Y 27 a+ ba

Under these conditions, for every

B—n

1—a’

there exists a solution z € C*([0, 1], R) of equation (4.11) with z(0) = 0 that
is non-negative, increasing and with ||z/|lec > 7.

If, in addition, a number R is chosen such that inequality (4.12) holds,
then the solution z also satisfies

r <

a min z'(t) +b max z'(t) < R.
te[0,1] te0,1]
Notice that, if v = 0, Example 2 reduces to Example 1 and also our
sufficient conditions on parameters «, 8 and A required in Example 2 become
those in Example 1.

To conclude this paper, we claim that a similar approach with expansion
type conditions does not work, that is, Theorem 3.4 does not apply for the
initial value problem (4.1).

Indeed, if we take

Ey={y €C([0,1,R): o(y) <r}, Ex={yeC([0,1],R): [yl <R},

where r, R are positive numbers with » < bR, and we proceed similarly to the
compression case, we arrive to the following sufficient conditions of expansion:

(Ha,E)

max  f(ty)+  max  glty) < —— (4.13)
te[0,1], yelo,z] te0,1], ye[t5.%] a+b
min f(t,y) + min g(¢t, R) > R. (4.14)

tef0,1], yelo,R]” te[0,1]
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These conditions ensure that B, C Ey and (Ey), (E,) are fulfilled but,
unfortunately, they are not compatible with hypothesis (Hz), and thus The-
orem 3.4 can not be applied. We shall prove this incompatibility in the au-
tonomous case, that is, when f and g do not depend on ¢, and conditions
(4.13), (4.14) are

r

max f(y) + max g(y) < :

ve[o ] veles5] a+th

R) > R.
 in, fy) +9(R)
Subtracting the two inequalities yields

g(R)— max g(y >R77+maxfy7minfy. 4.15
(R)= | maxg(0) > R = o 1) = min £). (419

From r < bR, we have [0,7/b] C [0, R], whence

min f() < min fy) < max f(y).
y€[0,R] yelo, §] yelo, ]
Hence, the right-hand side in (4.15) is greater than or equal to R—7/ (a + b)

and, so,
r

g(R)— max g¢(y)>R— . (4.16)
el ] atb
On the other hand, if § € [r/ (a + b) ,7/b] is such that ¢g(9) = max 9(y),

y€[r/(a+b), /0]
then, also using (H2), we find

g(R) - _max 9(y) =g (R) —g (@) <k(R~-79)

r
< - - _
_k(R a+b><R a+b

This together with (4.16) clearly yields a contradiction, proving our claim.
Nevertheless, expansion conditions are possible for many other problems
involving compact operators, as shown by lots of papers in the literature.
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