ON THE DEGREE IN CATEGORIES OF COMPLEXES OF FIXED SIZE

CLAUDIA CHAIO, ISABEL PRATTI, AND MARIA JOSE SOUTO SALORIO

ABSTRACT. We consider A an artin algebra and n > 2. We study how to compute the left and right
degrees of irreducible morphisms between complexes in a generalized standard Auslander-Reiten
component of Cy(projA) with length. We give conditions under which the kernel and the cokernel
of irreducible morphisms between complexes in Cp(projA) belong to such a category. For a finite
dimensional hereditary algebra H over an algebraically closed field, we determine when an irreducible
morphism has finite left (or right) degree and we give a characterization, depending on the degrees
of certain irreducible morphisms, under which Cn(proj H) is of finite type.

INTRODUCTION

In the last years, the Auslander-Reiten theory has played an important role in the study of repre-
sentations of artin algebras and additive categories. The representation theory of finite dimensional
algebras has been developed in the beginning of the seventies, with P. Gabriel results about the
classifications of hereditary algebras which are representation-finite algebras over an algebraically
closed field and, also with the Auslander-Reiten theory, between others. The original ideas studied
for categories of modules has been generalized to additive categories with exact structure such as
the categories of complexes.

In [BSZ], the authors studied the category of complexes of fixed size with projective A-modules
entries which they denoted by Cy(projA), with A an artin algebra and n > 2. They proved that the
mentioned category is a Krull-Schmidt category (an additive category in which each non-zero object
is a finite direct sum of objects with local endomorphism algebra), has almost split sequences, is
not abelian and, moreover they observed that there is a strong relationship between the almost split
sequences of complexes in Cp(projA) and the Auslander-Reiten triangles in the bounded derived
category D’(mod A).

Recently, in [CPS], the authors continued with the study of the category Cp(projA) and they
showed that the Auslander-Reiten quiver of Cy(projA), denoted by I'cu(projA)s can be constructed
by the well-known ”knitting algorithm” used to build the Auslander-Reiten quiver of mod A, and
furthermore they studied the behavior of sectional paths showing that their composition can be the
zero morphism.

Since the category Cyp(projA) is not abelian, in this work we are interested to study when the
kernel and the cokernel of irreducible morphisms between complexes in such a category belong to
Ch(projA), see Section 2. We recall that f: X — Y, with X,Y € Cy(projA), is an irreducible
morphism provided it does not split and whenever f = gh, then either h is a section or g is a
retraction, see (1.2).

The notion of degree of an irreducible morphism was introduced by S. Liu for a Krull-Schmidt
category in [L]. This concept has shown to be a fundamental tool to solve many problems in
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representation theory of algebras. For a category of finitely generated modules, we know that the
kernel (cokernel) is fundamental when we want to determine the left (right) degree of an irreducible
epimorphism (monomorphism, respectively). In section 3, we study a similar problem for irreducible
morphisms in Cy(projA). More precisely, we study which complex is the domain of the morphism
that determines the left degree for irreducible morphisms between complexes in generalized standard
components of I'c (proja) With length. We prove that, in case that the kernel of an irreducible
morphism f belongs to Cn(projA) then this complex plays a similar role as in mod A, that is, if
the inclusion morphism j : Ker f — X is such that j € R ip)(Ker f, X )\%g:(lpmj A) (Ker f, X)
then the left degree of f is m. Otherwise a right Cy(proj A)-approximation of the kernel has to be
considered to determine the left degree. Precisely, in this second case we prove:

Theorem A. Let A be an artin algebra and I' a generalized standard component of I'c, (projr) with
length. Let f: X —Y be an irreducible morphism with X € T', ¢ : W — Ker f a right Cy(projA)-
approzimation of Ker f and j : Ker f — X the inclusion morphism in Cn(mod A). The following
conditions are equivalent.

(a) di(f) =m.
(b) je € RE_ (W, X)\?Rg:l(W,X). Moreover, there exists an indecomposable direct summand

Z of W and a morphism h € R&_ . - A)(Z,X)\éRg:(;roj A)(Z, X) such that fh = 0.

Anyway we refer to H in the text, we mean that H is a hereditary algebra.

In [CLT] the authors gave a characterization in order to compute the degree of an irreducible
morphism. To achieve such a result they used covering techniques. In section 4, we adapt such
covering techniques in order to study the degree of irreducible morphisms between indecompos-
able complexes in a category Cy(proj H), for H a finite dimensional hereditary algebra over an
algebraically closed field. We obtain similar results as the ones for a category of finitely generated
modules, but the proofs are not necessarily the same since the category we deal with has some par-
ticular properties, such as, that the irreducible morphisms with injective indecomposable domain
are not epimorphisms. We prove Theorem B.

Theorem B. Let H be a hereditary finite dimensional k-algebra over an algebraically closed field
and f: X = Y be an irreducible morphism in Cy(proj H) with X indecomposable. Let T' be an
Auslander-Reiten component of U'c, (proj i) containing X and m € N.

a) If di(f) = m, then there exists Z € I' and h € RZ Z, X)\R7H Z,X) such that
C )

n(proj H Cn(proj H)
fh=0.
(b) }ILffdr(é) = m, then there exists Z € I' and h € %gn(proj ) (Y, Z)\%g:(lproj ) (Y, Z) such that

Furthermore, we also study equivalent conditions for a category Cy(proj H) to be representation-
finite whenever H is a hereditary algebra in terms of degrees of some particular irreducible mor-
phisms. Following the definitions and notations of (1.1) and (1.5) observe that if P is a simple
indecomposable projective H-modulo then R, _i(P) = T(P). Moreover, in case that P is a pro-
jective H-module such that v(P) is simple injective then L;(P) = S(P). More precisely, we prove
Theorem C.

Theorem C. Let H be a hereditary finite dimensional k-algebra over an algebraically closed field.
The following conditions are equivalents.

(a) The category Cy(proj H) is of finite type.

(b) There exists a simple projective H-module P such that the irreducible morphism p!_; :
T(P)—Jn—1(P) in Cy(proj H) has finite right degree.

(c) For all simple projective H-module Q, the irreducible morphism plr_; : T(Q)—Jn—1(Q) in
Ca(proj H) has finite right degree.
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(d) There exists a projective H-module P with v(P) a simple injective H-module such that the
irreducible morphism A} : Ji(P)—S(P) in Ca(proj H) has finite left degree.

(e) For all projective H-module Q with v(Q) a simple injective H-module, the irreducible mor-
phism A} : J1(Q)—S(Q) in Cn(proj H) has finite left degree.

(f) All irreducible morphisms f : X — Y with X orY indecomposable complexes in Cy(proj H)
of type (sec) are such that d.(f) < oo.

(g) All irreducible morphisms f : X — Y with X orY indecomposable complexes in Cy(proj H)
of type (ret) are such that di(f) < oo.

In section 5, we end up with the study of the nilpotency index of the radical of a representation-
finite category Cy(proj H) for H a Dynkin algebra. We give a result depending on the nilpotency
index of the radical of mod H. Precisely, we prove Theorem D.

Let H be a hereditary algebra of finite representation type, and r, be the nilpotency index of
the radical of mod H. Let ¢ = max{/;;} where ¢;; is the number of arrows of a path from a source
i to a sink j of Qg.

Theorem D. Let H be a hereditary algebra and Cy(proj H) be a category of finite type. The
nilpotency index r of the radical of Cy(proj H) is the following:

a) If n=2thenr=r, +(+1.
b) If n >3 thenr =2r, + ¢+ 1.

1. PRELIMINARIES

Let A be an artin algebra and mod A be the category of finitely generated right A-modules. We
denote by proj A the full subcategory of mod A consisting of all projective A-modules.

1.1. We recall the definition of an object in the category of complexes .C(mod A). A complex
X € C(mod A) is a collection, (X, d% )icz, with X* € mod A and d% — X**! morphisms in mod A
such that d}?ldfx =0. If X = (Xi,df"x')iez and Y = (Y di )iz are two complexes, a morphism
f:X =Y is a family of morphisms {f: X* — Y'},cz in mod A, such that f*1dy = di f*, for all
1€ L.

In the category C(mod A) we consider the class £ of composable morphisms X i) Y % Z such
that for all i € Z, we have an exact sequence 0 — X* ﬁ> Yy? i; Z' — 0 that splits.

For n € N, the category Cn(modA) is defined in [BSZ], as the full subcategory of C(mod A)
whose objects are those complexes X such that X* =0 if i ¢ {1,...,n}. Particularly, they studied
the subcategory of Cy(projA) whose objects are those complexes X in Cp(mod A) such that X* €
proj A. We denote by &,, the class of composable morphisms in C,(projA) which are in £, that is,

for all i =1, ..., n, we have an exact sequence 0 — X ﬁ> Yy? i; Z' — 0 that splits. It is known that
the category (Cn(projA),&,) is exact. We denote by the expression X!'—X2— ... —X" a complex
in Cp(projA).

Given an indecomposable module P € projA, in [BSZ] the following complexes are defined:
Ji(P) = (J%,d%)sez for i € {1,--- ;n— 1}, with J* =0if s £i,s #i+ 1,J' = J*! = P, d' = idp,
T(P)= (Y% d)ez with Y =0fori#n, Y"=P,d" =0 foralli € Z, and S(P) = (X?,d");ez with
Xi=0fori#1, X'=P,d"=0foralli € Z.

By [BSZ, Corollary 3.3] the complexes J;(P) and T(P) are the indecomposable projective ob-
jects in Cp(projA) and, the complexes of the form J;(P) for i = 1,...,n — 1 and S(P) are the
indecomposable injective objects in Cy(proj A) where P is an indecomposable module in proj A.

In [BSZ, Proposition 3.6, 3.7], the authors proved that the category Cy(projA) is exact with
enough projective and injective objects.
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Let Cp(proj A) (respectively, Cp(proj A)) be the category whose objects are the ones of Cy, (proj A)
and the morphisms are those in Cy(projA) that factor through injective complexes (respectively,
projective complexes).

The category Cy(proj A) was first studied for n = 2 in [B, Proposition 3.3], where an equivalence
is established between mod A and Ca(proj A).

We recall that the shift X[j] in Cu(projA) is defined as follows; (X[j])! = X**J and (dx(;)" =
(—1)7d**+7 | for j,t € Z whenever these expressions makes sense.

According to [BSZ, Remark 3.5] we consider C="(proj A) the full subcategory of C(projA) whose
objects are those X € C(projA) such that X* = 0 for i > n. Similarly, C="(projA) is the full
subcategory of C(projA) whose objects are those X € C(projA) such that X =0 for i < n.

The functors F : C="(projA) — Cu(projA) and G : C=1(projA) — Cpn(projA) are defined as
follows: for X € C="(projA), we define F(X) = (W', d%);cz with W = X? for i > 1, W' = 0 for
i<1landd =di, fori>1. For f: X — Y a morphism in C="(projA) we define F(f) (g")icz
with ¢ = f* for i = 1,--- ,n. For X € CZ!(projA) we define G(X) = (W*,d');cz where W' = X"
fori <n, W'=0fori>nand d =dy fori <n—1. If f: X — Y is a morphism in C=!(projA),
we define G(f) = (¢%)iez with g* = f? for i < n.

We say that X € C(mod A) has bounded cohomology if H*(X) = 0 for all but finitely many
i € Z, where H'(X) = Kerdy/Imdy'. Denote by C™P(modA) (C*tP(modA), respectively)
the full subcategory of complexes bounded above with bounded cohomology (bounded below with
bounded cohomology,respectively).

Recall that, f, g € Homgmoeqa)(X,Y) are homotopic if there are morphisms Rt Xt - YiTl
such that f' — g* = htldi + di 'R, for all i € Z.

Denote by K(modA), K—P(mod A), K*?(mod A) and KP(mod A) the homotopy categories of
complexes introduced above. Similarly the above categories are defined for proj A.

Following [BSZ, Notation 5.2.] we denote by £,, the full subcategory of K(projA) whose objects
are those X € C<"(proj A) with H™(X) =0 for m < 1.

In case H is a hereditary algebra, for each i = 0, --- ,n—2 we have an embedding ¢; : C2(proj H) —
Chu(proj H) defined as follows: for X = X! — X2 € Ca(proj H) we have ¢;(X) = X[—i] where
(X[-i])) = 0if j ¢ {i+1,i+ 2}, (X[ = X! and (X[-i])"? = X?; for a morphism
f: X =Y € Ca(proj H) we defined o;(f) : X[—i] — Y[—i] € Cu(proj H) as the morphism
induced by f. If Ca(proj H)[—i] is the image of ¢; then we have a bijective correspondence between
the indecomposable complexes of Cy(proj H) and the complexes of U}~ 1nd Ca(proj H)[—i] which
is not a disjoint union. In fact, in [H, Lemma 5.2] it is showed that an indecomposable complex
in the bounded derived category of modules, D?(H), is a stalk complex with indecomposable stalk.
Since D?(H) is equlvalent to Kb(pI“OJ H) we get that an indecomposable complex X in K°(proj H)

is of the form X : 0 — -+ = x7 4 xi1 4 "7 L0 with d a monomorphism and X7+ #£ 0
or either of the form S(P): P - 0 — --- — 0 — 0. By [BSZ, Corollary 5.7] we know that
£, ~ Cyu(proj H). Then, the indecomposable complexes in Cy(proj H) which are not injective
objects are the same that the objects in £,,. Moreover, by [BSZ, Proposition 6.6] the differential d
satisfies that d(X7) C rad X7*! where rad is the Jacobson radical of H. The injective complexes in
Cu(proj H) were defined above.

Moreover, by [B, Proposition 3.3] we know that mod H ~ Cy(proj H) and by [H] we know the
correspondence between the irreducible morphisms between indecomposable objects in K®(proj H)
and mod H. Hence, the embedding ¢; satisfies that if f : X — Y € Cga(proj H) is irreducible
then ¢;(f) : X[—i] — Y[—i] is irreducible in Cy(proj H). Then, the Auslander-Reiten quiver
of Cy(proj H) is equal to n — 1 copies of the Auslander-Reiten quiver of Ca(proj H). Moreover,
ind Cz(proj H)[—j] Nind Ca(proj H)[—(j + 1)] # 0 for j =0,...,n—3 with n > 3, and we conclude
that the quiver is connected.
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1.2. We say that a morphism f is a source morphism or a minimal left almost split morphism if

the following conditions hold: () f is not a section, (i7) for each morphism g : X — M that is not

a section g factors through f and, (iii) for every morphism h:Y — Y, if f = hf then h € Aut(Y).
Dually, we define a sink morphism or a minimal right almost split morphism.

A sequence X Ly % Zm Ca(projA) that is exact in Cp(mod A) is called an almost split
sequence in Cp(projA) if f and g are a source and a sink morphism, respectively. The object X is
called the translate of Z and it is denoted by A, (Z) = X. In [BSZ], the authors characterized the
translate of Z and proved the existence of almost split sequences in Cy(projA).

1.3. By Rc, (proja) We denote the radical of the category Cp(projA), which is the ideal generated
by the non-isomorphisms between indecomposable objects. For a natural number m we denote

the powers of the radical by %gn(proj A Finally, by the infinite radical %%On(proj A) We mean the

Ay for i > 1.
n(proj A) -
In [CPS], the authors of this paper determined how to knit the Auslander-Reiten quiver of
Cn(proj A)u PCn(proj A)-
Following [S], we say that a connected component I' of Lc,(proja) is generalized standard if

RS, (oroj &) (X,Y)=0forall X andY inT.

intersection of all the powers WC

1.4. By [GM, Corollary 2, Proposition 3] if f = {f}".; : X — Y is an irreducible morphism in
Ca(proj A) then, one of the following statements hold.

(sec) For each i € {1,...,n}, the morphisms f! are sections in proj A.

(ret) For each i € {1,...,n}, the morphisms f* are retractions in proj A.

(ret —irred — sec) There exists i € {1,...,n} such that f? is irreducible in proj A, the morphisms
f7 are sections for all j > i and the morphisms f/ are retractions for j < i.

-3 -2 -1
1.5. Let P be an indecomposable projective A-module and - - - CR2L RS P P/radP —

0 1 n—j—1
0 be a minimal projective resolution of P/radP in mod A and P/radP — 1° & 11 %5 ... 7 —J>
I"J — ... a minimal injective co-resolution of P/radP. Let R° = P and consider R = (R/, d%)

with RY = 0if j > 0 and @}, = & for j < 0. We define R;(P) = F(R[—j —1]). Similarly. let L° = P
and consider L = (L*,d3), with L® = v=(I?), for s > 1, where v is the Nakayama functor, L® =
for j < 0 and di = v~1(g*). We define L;(P) = G(L[—j]).

Now, consider the following morphisms of complexes in Cy(projA).

R;(P)) S G P 0 0
\W? %d d—i Wd d9d—1! J/d% dt ¢ d2 ‘L

B;(P) RJ ——— ... R7! L L? N A
Vv | a1 & Vid 0 Vid 2 Vid

L;(P) 0 - P Lt L? N A

and

R;(P) R™I d? -« R71 a! P 0 0
5 ! N | |

J;(P) 0 P P 0 0
i | Jid &9 by dt | a2 b

L;(P) 0 - P Lt L? o

In [BSZ, Proposition 8.5, 8.7, and 8.8] the authors proved that A} : J;(P) — L;(P) is a minimal
left almost split morphism and p} : R;(P) — J;(P) is a minimal right almost split morphism for
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(P} o)t (A7)

j=1,---,n—1. Moreover, they showed that R;(P) 7% Jj(P)®B;(P) ' L;(P)isan almost
split sequence in Cp(projA). Therefore, the morphisms o7 : R;(P) — B;(P) and 7' : Bj(P) —
L;(P) are irreducible. The complexes R;(P), J;(P) and L;(P) are alway indecomposable but the

complex B;(P) may not be indecomposable.

1.6. If f = {f}", : X — Y is a morphism in Cp(mod A) then Ker f (Coker f) is the complex
(Ker f*, dge; i) (Coker f = (Coker f*,d})), where die, i is the restriction of dx: to Ker f* (dj is
induced by the morphisms f? and fi*! from Coker f? to Coker fi*!, respectively).

By Lemma 2.1, we know that the kernels and cokernels in C,(proj A) do not belong necessarily
to the category, since proj A is not closed under kernels and cokernels. Hence, in general Cy,(proj A)
is not exact abelian.

2. ON THE KERNEL AND COKERNEL OF IRREDUCIBLE MORPHISMS IN Cj(projA)

In a module category, the kernel (cokernel) has played an important role in order to determine if
an irreducible morphism is of finite left (right) degree. For such a reason, we are interested to study
the kernel (cokernel) of irreducible morphisms in Cy(projA), for A an artin algebra. Moreover, we
are also interested in knowing when the kernel (cokernel) of an irreducible morphism belongs to
Ca(projA), since such a category is not abelian.

We start proving some necessary lemmas.

Lemma 2.1. Let A be an artin algebra and f : X — Y be an irreducible morphism in proj A. Then,
Coker f ¢ proj A.

Proof. Given f : X — Y irreducible in proj A then Coker f # 0, otherwise f splits. Assume that
Coker f € projA. Then, Y ~ Coker f @ Imf. Hence, Imf € projA. Consider g : X — Imf and
h :Imf — Y such that g(x) = f(x) for all z € X and where h is the inclusion morphism. Hence,
f = hg. Then, either g is a section or h is a retraction. In the former case there exists ¢’ : Imf — X
such that ¢'g = idx. If we consider the morphism (0,¢’) : Coker f @ Imf — X then (0,¢')f = idx,
getting a contradiction. In the latter case, we infer that f is an epimorphism, a contradiction.
Therefore, Coker f ¢ proj A. O

We recall that a morphism in proj H, is irreducible in mod H if and only if it is irreducible in
proj H, whenever H is a hereditary algebra, see [CPS, Lemma 3.3].
As a consequence of Lemma 2.1 and the above comment we get the following result.

Corollary 2.2. Let H be a hereditary artin algebra and f : X — Y be an irreducible morphism in
proj H. Then, the following conditions hold.

(a) The morphism f is a monomorphism.
(b) There is not a non-zero morphism g : Y — P in proj H such that gf = 0.

Proof. (a). Follows from the fact that if f: X — Y is irreducible in proj H then f is irreducible in
mod H. By Lemma 2.1 f is not an epimorphism. Therefore, f is a monomorphism in mod H.

(b). Assume that there exists a non-zero morphism g : Y — P in proj H such that gf = 0. Then,
there exists ¢’ : Y — Coker f and h : Coker f — P in mod H such that ¢ = hg’. Since H is
hereditary then Imh € proj H and therefore Im h is a direct summand of Coker f. Moreover, by
[ARS, V, Proposition 5.6] since Coker f is indecomposable, we have that Im h ~ Coker f € proj H,
contradicting Lemma 2.1. O

Remark 2.3. Let f : X — Y be an irreducible morphism in Cy(projA) with X or Y indecompos-
able. If all entries of f are retractions then Ker f # 0, otherwise f is an isomorphism. Moreover,
Ker f € Cy(proj A). In fact, since for each i the exact sequence 0 — Ker fi — X* — Y — 0 splits
then Ker f? is a direct summand of X* and, therefore Ker f? is projective. The converse is not true.
That is, if Ker f # 0 then the morphism f does not has necessarily retractions in all its entries.
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It is well known that an irreducible morphism in mod A is either a monomorphism or an epimor-
phism. In general, this property does not hold in Cy(projA). In case A is hereditary then we shall
prove that the irreducible morphisms have such a property.

Proposition 2.4. Let A be an artin algebra and f = { f* * X =Y be an irreducible morphism in
Cu(projA). If f is not an epimorphism and Imf* € proj A for 1 <i <n then f is a monomorphism.
If H is a hereditary algebra then f is either a monomorphism or an epimorphism.

Proof. Consider Imf = (Im fi,dﬁmf) where d%mf is the restriction morphism d% to Imf* for i =
1,...,n. Assume that f is not an epimorphism and that Imf € Cy(projA). Then, f can be written
as the composition Sa where o : X — Imf is the co-restriction morphism and 5 : Imf—Y is the
inclusion morphism. Furthermore, « ia an epimorphism. Hence, since f is not an epimorphism, then
[ is not an epimorphism. Moreover, 5 does not a split epimorphism. Hence, since f is irreducible
then « is a split monomorphism. Therefore, f is a monomorphism.

Now, if H is a hereditary algebra then for each i = 1,...,n we have that Imf? € proj H. Then,
f is either an epimorphism or a monomorphism. ([l

Proposition 2.5. Let H be a hereditary artin algebra and f = {f'}"; : X — Y be an irreducible
morphism in Cy(proj H) with X orY indecomposable. Then,

(1) The morphism f is of type (ret) if and only if Ker f € Cy(proj H)\{0}.

(2) If f is of type (ret —irred — sec) then Ker f = 0.

Proof. (1). If f is of type (ret), then Kerf # 0 by Remark 2.3. Conversely, assume that Ker f €
Cn(proj H)\{0}. By Proposition 2.4 we have that f is an epimorphism. Then, each entry f°is a
retraction. Therefore, f is of type (ret).

(2) If f is of type (ret —irred — sec) then by Proposition 2.4 we claim that f is a monomorphism.
Otherwise, f is an epimorphism and hence, the component of f that is irreducible splits. Therefore,
Ker f = 0. g

In our next result we show that the cokernel of an irreducible morphism determines the shape of
the morphism. More precisely, we prove the following result.

Proposition 2.6. Let A be an artin algebra and f : X — Y be an irreducible morphism in
Cu(projA) with X orY indecomposable. Then, the following conditions hold.
(a) The morphism f is of type (sec) if and only if Coker f € Cy(projA)\{0}.
(b) The morphism f is of type (ret — irred — sec) if and only if Coker f ¢ Cp(projA) (in
particular, Cy,(projA) # 0).
(c) The morphism f is of type (ret) if and only if Coker f = 0.

Proof. (a). If all entries of f are sections then Coker f? € proj A, since for each i the exact sequence
0 — X* — YY" — Coker fi — 0 splits. Conversely, if 0 # Coker f € Cy(proj A) then f is not of type
(ret). Assume that f is of type (ret — irred — sec) with f*: X* — Y irreducible in projA. By
Lemma 2.1 we have that Coker f* ¢ proj A. Then, we infer by (1.4) that f is of type (sec).
(b). Let f be a morphism with f7 irreducible in projA. By Lemma 2.1, Coker f7 ¢ projA.
Conversely, if Coker f ¢ Cy(proj A) then f is not of type (ret). By (a), f is of type (ret—irred—sec).
(c). Follows trivially. O

Next we show an example of an irreducible morphism f in Ca(projA) such that Ker f belongs
to Ca(projA) and it is not indecomposable.

Example 2.7. Consider the path algebra given by the quiver

3.2 9 F 4 0 4 9 5

with Sa = 0 = §v. The Auslander-Reiten quiver of Cz(proj A) is the following
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Py — Py
0Py /ps_)o\
0— Py Py — Py Py— Py Py —0
Py — Px
0—Pq Py®Py— Py Py —0
P3—P / \ / \ /
33
/’ \
0—P3 P3— Py Po— Py Py—0
0— Po P3—0
Po— Py P1— Py

We observe that the kernel of the irreducible morphism (f,g) : (Ps — Py) @ (P3 — P2) — (0 — Py)
is the complex (P5 — P5) @ (P3 — P3) which is not indecomposable.

Next, we prove that all irreducible morphisms in Cy(projA) of type (sec) ((ret), respectively)
have indecomposable cokernel (kernel, respectively) in Cy(projA).

Theorem 2.8. Let A be an artin algebra and f : X — Y be an irreducible morphism in Cy(projA)
with X orY indecomposable. Then, the following conditions hold.

(a) If f is of type (ret) then Ker f is indecomposable and Ker f € Cy(projA).

(b) If f is of type (sec) then Coker f is indecomposable and Coker f € Cy(projA).

Proof. We only prove (a), since (b) follows similarly.

(a). Let f = {f}™ be of type (ret). By Remark 2.3 we know that Ker f is not zero and belongs
to Cn(projA). Consider K = Ker f and g = {¢'}"; : K — X the inclusion morphism. Assume
that K = N @ T with N and T non-zero complexes. Let 7, : K — N be the projection morphism.
Since for each 4, ¢° is a section and f? is a retraction then without loss of generality we may write
g' = (1,0)!, f© =(0,1) and X’ = K' @ Y. Hence, we have the following commutative diagram:

dic

Ki Ki-‘rl

l(lyﬂ)t J{(LO)t

K ® Yy dx K+l D yitl

l(ovl) J{(Ovl)
di

Yi Y Yi-i-l

=

-~
<

>

-
s

>~.<

with dY = ( dé{ 51 >, b :Y? — Kl in proj A and where g : K — X is the inclusion morphism.
Y
Since dl;ldfx =0 then d?lbi + bi+1d§, = 0. |
) )
Now, consider d : K @Y — FE, where d' = < v 0

Y1) E= (E',dy), E* = N'@Y" and df, =

dz' ﬂ_i-l-lbi . .
N TN . Note that F is a complex. In fact, dif'di, =
0 db E

and, since d’;lbi + b“‘ld%, = 0 then

0 dﬁlwﬁlbi+wﬁ2bi+1d§,>
0 0

i+1_itly i+27i41 70 il _itlpi a2 gitlyi
dy myn b+ my 0Ty, _dN+ZTN+f 71.-J+V2 dfl b'
7 % i % 7
= (dy 7y —7y dg )b
=0.
Moreover, for each i we have the following commutative diagram:
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(1,0) (0,

K'L+1 > Ki+1®Yi+1 > Y’L+1

0,1)
%

. (1,0)* . (0,1) :
N E Y

Let ¢ = (1,0)': N — E and f' = (0,1) : E — Y. Then, the following diagram

g f

— X —Y

K
e
g’ I’

N—F —=Y

commutes. Since f = f’d then d is a section or else f’ a retraction. In the former case there exists
t: E — X such that td = id,. Then, tg'm, = tdg = id, g = g and, because g is a monomorphism
then 7, is an isomorphism, contradicting the assumption that NV and 7" are non-zero. In the latter
case, we infer that ¢’ is a section and, there exists h, : E — N such that h,¢" = id,. Hence,
hydg=hyg'ny =idym, =m,.

Analogously, let 7, : K — T be the projection morphism and consider d' : K &Y — E’, where

i _ (7 0 " (g o i i i dn wE :
d* = 0 1) E' = (E"dy), E" =T"'®Y" and d'p = 0 i . Without loss of
Y

generality, we may write ¢ = (1,0)! : T'— E’ and f= (0,1): ' =Y with f = fd'. As we analyzed
before, we get that d’ is not a section. Then f is a retraction and, there is h, : E/ — T such that

h,g = id, and, h,d'g = 7,. Hence, < ZN;E g = id,. and, therefore g is a section. Then, f is a
T
retraction, a contradiction. Thus, Ker f is indecomposable. ]

3. MAIN RESULTS

It is well-known that an artin algebra A is representation-finite if and only if the infinite radical of
mod A vanishes, see [ARS, V, Sec. 7]. Using similar arguments as the ones to prove the mentioned
result, we affirm that the result also holds for the category Cy(projA). In fact, if M is a direct
sum of copies of a complete set of representatives of isomorphism classes of indecomposable objects
in Cy(projA), then any radical morphism in C,(proj A) between indecomposable complexes lies in
the radical of the artin algebra End(M). Accordingly, the radical of Cy(projA) is nilpotent, and
hence the infinite radical is zero.

Let f : X — Y be an irreducible morphism in Cy,(proj A) with X or Y indecomposable. Following
[L], we define the left degree of f, d;(f), to be the least integer m > 1, such that there is a

morphism ¢ € %gn(pmjA)(M,X)\%g:(LTOjA)(M,X) such that fo € %g:(irojA)(M’ Y) for some

M € Cy(projA); and it is infinite if no such integer exist. Dually, we define the right degree of f,
dr(f)-
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We recall that if X and Y are indecomposable complexes in Cp(proj A) then Irrc, (proja) (X, Y) =
R, (proja) (X, Y)/?RC (proj A) (X,Y). Werecall that Irrc, (proj4) (X, Y) is a ky —kx —bimodule, where
kz = Enan(prOJ A)( )/gRCn(proj A) (27 Z)

We start by proving the following useful result. The statement and proof follow from [L2, Corol-

lary 1.7]. Moreover, in [L, Lemma 3.6] a similar statement is proved in the setting of left Auslander-
Reiten categories.

Proposition 3.1. Let f : X =Y and g: X — Y be irreducible morphisms between indecomposable
complezes in Cy(projA), where dimy, Irr(X,Y) = dimg, Irr(X,Y) = 1. Then, di(f) = di(g) and
dr(f) = dr(g).

Proof. We only prove the result for the left degree. Let d;(f) = m. By definition there exists a com-
plex Z € Cu(projA) and ¢ € R, 100y (Z X)\RE (105 0y (2, X) such that fo € RGIZ . \(Z,Y).
Since dimy, Irr(X,Y) = dimy, Irr(X,Y) = 1 then g = fo, +p = ¢, f + 1/, where ¢, € Aut (X),
o, € Aut (Y) and p, p € %én(pmj A) (X.,Y). Hence, gp = ¢, fo+ /. Then gp € %’g:émj A)(Z, Y).

If di(g) < m then d;(f) < m. Therefore, d;(g) = m. If d;(f) = oo the result follows trivially. O

3.1. Components with length. Let I' be a connected component of the Auslander-Reiten quiver
Lc,(proja)- We recall that a path in I' is a sequence of irreducible morphisms between indecompos-
able objects in I" and, two paths in I' are parallel if they have the same starting point and the same
ending point.

Following [CPT], we say that a component I' of I'c,, (proja) 18 with length if parallel paths have
the same length and we denote by ¢(X,Y") the length of a path from X,Y € mod A. Otherwise,
we say that the component is without length. Observe that a component with length does not have
oriented cycles.

The next result proved in [CPT, Proposition 3.1] can be adapted to Cy(projA) with a similar
proof. We only state the result.

Proposition 3.2. Let I' in I'c, (proja) be a generalized standard component with length. Let X,Y €
I such that {(X,Y) =n. Then:
+1 _
(a) §R7é (pmJA)(X, Y)=0
(b) If g : X =Y is a nonzero morphism then g € RE, (proj AHEY)\R o (X, Y).

) Cn(projA)
(c) %jc:n(pmjA)(X,Y) e (prOJA)( ,Y), for each j =1,...,n

As an immediate consequence of Proposition 3.2 we get the following result which is fundamental
for the next proofs.

Theorem 3.3. Let A be an artin algebra and I' be a generalized standard component of I'c,, (proj A)
with length. Let f: X —Y be an irreducible morphism with X, Y € I'. Then:

(a) di(f) = m then there is M € T and g € %’gn(projA)(M,X)\QRmH (M, X) such that

(proj A)
fg=0. ' "
(b) d}(f)oz m then there is M € T and g € %’gn(pmjA)(Y, M)\RG (prOJA)(Y7 M) such that
95 =Y.

In Proposition 2.6 and Theorem 2.8 we study when the kernel or the cokernel of an irreducible
morphism in Cy,(projA) belong to the category. In this case, we get a similar result as [CLT,
Theorem C].

Proposition 3.4. Let A be an artin algebra and I' be a generalized standard component of I'c,, (proj A)
with length. Let f : X — Y be an irreducible morphism in Cy(projA), with X,Y € T.

(a) Assume that Ker f # 0 and Ker f € Cy(projA). Then, di(f) < oo if and only if there exists
an indecomposable direct summand of Ker f that belongs to T'.
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(b) If Coker f # 0 and Coker f € Cy(projA) then d,(f) < oo if and only if Coker f € T.

Proof. (a). If di(f) = m then there is Z € I and ¢ € %gn(proj A)(Z X)\S“Vg:lproJ A)(Z,X) such that
fg = 0. Then, g factors through Ker f = ®;_, K;, where K; is indecomposable for ¢ = 1,--- ,r
Consider j = (j1,--- ,jr) : ®j_1K; — X the inclusion morphism. Then, there is a morphism ¢ =

(t1,-+ ,t.)t : Z — Ker f such that jt = g. Moreover, since g € SCEZJ’LII(WOJA)(Z,X)\é)‘%mJrl (Z,X)

Cn(projA)
then j ¢ RY L (proj A) (Ker f, X). Hence, j, € R¢ (prOJA)(Ki’X)\mSZ—’—(lpro_]A)(Ki’X) for some i €
{1,...,r} where si < m. Hence, K; € T.
Conversely, let Ker f = @] K; € Ch(projA). Since there is a direct summand of Ker f that be-

longs to I" and I is a generalized standard component with length, if j = (j1,--- ,jr) : & K; — X is
51—5—1

the inclusion morphism then there is an integer ¢ € {1,...,r} such that j, € §RC (proj A) \R Co(proj A)°

Since, fj, = 0 then d;(f) < oo.

(b) Since f is irreducible and Coker f € Cy(projA)\{0} by Proposition 2.6, (a), and Theorem
2.8 we have that Coker f is indecomposable. The proof of (b) follows with similar arguments as
Statement (a). O

3.2. A right Cy(projA)-approximation of the kernel. The aim of this section is to study the
right Cp,(proj A)-approximations of the kernel of an irreducible morphism in Cy(projA) in order
to get information on the left degree of such an irreducible morphism. By [BSZ, proof of Theorem
4.5], for each X € Cp(mod A) there is a right Cy(proj A)-approximation.

Definition 3.5. A morphism ¢ : W — X in Cu(modA), with W € Cy(projA) is a right
Cu(proj A)-approzimation of X if for each morphism h : Z — X with Z € Cy(projA) there is
a morphism t : Z — W such that pt = h.

Proposition 3.6. Let A be an artin algebra, f : X — Y an irreducible morphism in Cy(projA)
with X orY indecomposable and Ker f # 0. Assume that ¢ : W — Ker f is a right Cy(projA)-
approximation of Ker f such that jp € %gn(projA)(Wf, X)\?Rg“r(lpmm)(ﬂ/, X) for some m, where
j:Ker f — X is the inclusion morphism in Cy(mod A). Then, di(f) < oco.

Proof. Let ¢ : W — Ker f be a right Cp(proj A)-approximation of Ker f satisfying the hypothesis.
Since fjp = 0 then d;(f) < oo. O

As an immediate consequence we get the following corollary.

Corollary 3.7. Let Cy(projA) be of finite type with A an artin algebra. If f : X — Y an irreducible
morphism in Cy(projA) with X orY indecomposable and if Ker f # 0, then d;(f) < oo.

Proof. Let f : X — Y be irreducible in Cy,(proj A) with Ker f # 0 and j : Ker f — X in C(mod A)
the inclusion morphism.

Assume that Ker f € Cn(projA). Then, j € RE (proj A) (Ker f,X))\§Rm+prOJA (Ker f, X) for some
positive integer m. Since fj = 0 then d;(f) < cc.

On the other hand, if Ker f ¢ Cy(projA) then there exists ¢ : W — Ker f a right C,(projA)-
approximation of Ker f. Then, jo € Rg . A)(W, X ))\%eré)mJ A)(W, X), for some positive integer
m. By Proposition 3.6, d;(f) < oc. O

Proposition 3.8. Let A be an artin algebra and Cy(projA) of finite type. Let f: X — Y be an
irreducible morphism in Cp(projA) with X orY indecomposable and Coker f € Cy(projA)\{0}.
Then d.(f) is finite.

Proof. By Proposition 2.6, (a), f is of type (sec). Consider 7w : Y — Coker f the cokernel morphism.
Then, 7f = 0, with 7 # 0. Hence, 7 € R¢,_ (proj A)(Y Coker f)\ﬂ%s'HpmJ ) (Y, Coker f), for some

positive integer s. Then, d,(f) < oc. O
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The next result is related to the left degree of irreducible morphisms in a category Cy(projA) of
finite type with A a selfinjective algebra.

Proposition 3.9. Let A be a selfinjective algebra and Cy(projA) be a category of finite type. Let
f: X =Y be an irreducible morphism in Cy(projA) with X orY indecomposable. The following
conditions hold.

(a) If f is of type (sec) then d.(f) < 0.

(b) If f is of type (ret) then di(f) < oc.

(c) If f is of type (ret —irred — sec) then di(f) < oo and d(f) < 0.

Proof. From Proposition 3.8 and Corollary 3.7 we get Statements (a) and (b), respectively.

(c). Let f = {j‘"j}?:]L : X =Y be of type (ret —irred — sec) where f*: X* — Y is the irreducible
morphism in proj A. Then, Ker f ¢ Cy(proj A) and Coker f ¢ Cp(projA), since by [BS, Proposition
5.2] we have that Ker f* ¢ proj A and Coker f* ¢ proj A. By Corollary 3.7, d;(f) < oc.

Let I be an indecomposable direct summand of I,(Coker f?), where I,(Coker f?) is the minimal
injective envelope of Coker f. Then, there is a non-zero morphism 7% : Y — I that factors through
Coker f*. Consider 7 = {0,--- ,7%,--- ,0} : Y — S;(I) as follows:

X: Xl —> .. —> X1 » Xi —> Xitl —» ... —> X7

oo oo !

Y Yl %..-%Yi_l ayiayiﬂ—l — ... —> Y

S;(1) 0 0 I 0 0
Then 7 f = 0, because 7 factors through Coker f. Hence m € R, (Y, S,(I))\%]g;l (Y, Si(1)), for some
positive integer k, proving that d,(f) < oco. O

Now, we show an example of how to compute the degree of an irreducible morphism in Ca(proj A)
when A is a selfinjective algebra.

Example 3.10. Consider A the algebra given by the quiver
] —m8M8M= 2
\ | /
with rad? A = 0. The Auslander-Reiten quiver of Ca(projA) is the following:

Py — Py P3—P3 Py — Py

ANANAN

Po— P P1—Pg P3— Py Po— P

TN T ST

0—Pg P1—0 0— Py

The kernel of the irreducible morphism f : (P3 — P2) — (0 — Pp) is the complex (P3 — S3)
which does not belong to Ca(projA). A right Ca(proj A)-approximation of such a kernel is the
complex W = (P, — 0) & (P3 — P3). Then d;(f) = 1since g : (P1 — 0) — (P53 — P) €
§RCZ’(PYOJ' A)\%%z(proj A) and gf = 0.
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The following result allows us to compute the left degree of certain irreducible morphisms taking
into account the right C,(proj A)-approximation of the kernel. More precisely, we prove Theorem

A.

Theorem 3.11. Let A be an artin algebra and I' a generalized standard component of I'c,, (proj )
with length. Let f : X — Y be an irreducible morphism with X € T', o : W — Ker f a right
Cnu(proj A)-approzimation of Ker f and j : Ker f — X the inclusion morphism in Cy(mod A). The
following conditions are equivalent.

(a) di(f) =m.

(b) jo € RE_(W, X)\%gjl(W,X). Moreover, there exists an indecomposable direct summand

Z of W and a morphism h € Rg (. A)(Z’X)\%g+(1[)r03 A)(Z,X) such that fh = 0.

Proof. (a) = (b). Assume d;(f) = m. By Theorem 3.3, there exist Z € I', a positive integer m
and a morphism h such that h € Rg . A)(Z, X )\%g:éroj A)(Z, X) with fh = 0. Hence, h factors
through Ker f in Cy(mod A). Hence, there is a morphism « : Z — Ker f in C,(mod A) such that
ja = h. Then, there exists o/ : Z — W such that oo’ = . We illustrate the situation with the

following diagram:

KerfL>x-toy

T AN T 0 4
S

W</'Z
o

Note that h = (jp)o' € RE (Z, )\%WH(Z X). Since T' is generalized standard there exists

t < m such that jo € R (proj &) WV )\?Rgrl(prow)(v[/, X)If t < m, since fjo = 0 then d;(f) <m
contradicting the hypothesis. Then, t = m and ¢ is a section, proving that Z is a direct summand
of W.

(b) = (a). Let ¢ : W — Ker f be a right C,(proj A)-approximation of Ker f such that jp €

%gn(pmJA (W, )(')\F)fﬁr'wrpmJ A)(W,X). By Theorem 3.6, we know that d;(f) < m. Assume that
di(f) = s < m. By (a) = (b) we infer that jp € %&n(proj A)(VV X)\S‘EsﬂprOJA)(W,X), getting a
contradiction. Then, d;(f) = m. O

As an immediate consequence of the above theorem we get the following result.

Corollary 3.12. Let A be an artin algebra and I' a generalized standard component of I'c,, (projA)
with length. Let f : X — Y be an irreducible morphism with X € I' and Ker f € Cy(projA)\{0}.
Then, di(f) = m if and only if the inclusion morphism j € %gn(proj A (Ker f, X)\%‘EmJrl

Ca(proj A) (Ker f, X).
Moreover, if di(f) = m there exists h € RE 101 a)(Z, X)\?Rm+

n(Z,X) such that fh =0, where
(projA)
Z is an indecomposable direct summand of Ker f.

We end up this section by showing an example of an irreducible morphism with finite right degree
and finite left degree. We observe that such a situation does not hold in a category mod A with A
a finite dimensional k algebra over an algebraically closed field. This result holds as a consequence
of [CLT, Theorem C].

Example 3.13. Consider the algebra A stated in Example 3.10. There we proved that the irre-
ducible morphism f : (P3 — P3) — (0 — P;) in Ca(proj A) has left degree one.

On the other hand, if we consider the irreducible morphisms r : (0 — P;) — (P> — P;) and
s:(P»— P1) = (0 — P3) in Ca(projA) by [CPS, Theorem 6.12] we have that

57 € R roia) (0 P1), (0 PONRE, oo (0= PL, (05 Py)).

proj A)
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Moreover, srf = 0. Therefore, d,(f) < co.

4. DEGREES OF IRREDUCIBLE MORPHISMS IN Cy(proj H), WITH H A HEREDITARY ALGEBRA

In [CLT], the authors gave a characterization of when the left degree of an irreducible morphism
is finite for a category of finitely generated modules over a finite dimensional algebra over an alge-
braically closed field. To achieve such a result they used covering techniques. More precisely, they
reduce the study of the degree of an irreducible morphism in a component to the study of the degree
of an irreducible morphism in a convenient covering.

Next, we shall use a similar technique to characterize when the left (right) degree of an irreducible
morphism is finite in a category Cp(proj H), for H a finite dimensional hereditary algebra.

4.1. Some preliminaries on covering techniques. Let I' be a translation quiver, that is, ' is
a quiver with no loops (but with possibly parallel arrows), endowed with two distinguished subsets
of vertices, the elements of which are called non projective and non injective objects, respectively;
and endowed with a bijection 7 : x — 7 (the translation) from the set of non-projective to the set
of non-injective; such that for every vertices x, y with x non-projective, there is a bijection o« — o«
from the set of arrows y — x to the set of arrows 7& — y. All translation quivers are assumed to
be locally finite. The subquiver of I" formed by the arrows starting in 7z and the arrows arriving in
x is called the mesh ending at x. We write k(T") for the mesh-category of I', which is the factor
category of the path category kI' by the ideal generated by the morphisms ) aoca where a
goes through the arrows arriving at x, for a given non-projective vertex zx.

We denote by rad k(I') the ideal of k(I') generated by {& | @ € T'1} where I'y is the set of
arrows in kT'; by rad®k(I") = k(I'), rad'k(T") = rad k(") and rad™"'k(T") = radk(T)rad™k(I")(=
rad™k(I")radk(T)). The radical rad k(") satisfies the following useful result proven in [CT, Propo-
sition 2.1], which is a more general version of Proposition 3.2.

aL.—T

Lemma 4.2. Let ' be a translation quiver with length. Assume there is a path from x toy in I' of
length m. Then, the following conditions hold.

(a) ]{J(F)(:L',y) = rad(a:,y) == radm(x,y),

(b) rad*(z,y) =0 if i > m.

4.3. A covering of translation quivers is a morphism p : IV — I' of quivers such that:
a) I" is a translation quiver.

(

(b) A vertex x € I" is projective (or injective, respectively) if and only if so is p(z).

(¢) p commutes with the translations in I' and T, that is, p(7'z) = 7p(z).

(d) For every vertex z € I, the map o — p(«) induces a bijection from the set of arrows in I/
starting from = (or ending at ) the set of arrows in I starting from p(z) (or ending at p(x),
respectively).

In [CLT], the authors defined an equivalence relation ~ on the set of unoriented paths in T’
satisfying the following properties:

1

(i) If a : x — y is an arrow in I' then a™la ~ ez, aa™t ~ e, (where e, denotes the stationary

path at x of length 0).
(ii) If = is a non-projective vertex and the mesh in I' ending at = has the form

T1
N
T2
'r:c/a;f B2 T
r

then B ~ Bjay, for every i,j =1,--- ,r.
(iii) If v ~ v" then wv ~ wv’ y vu ~ v'u, where the compositions are defined.
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(iv) If o, 8 are arrows in I" with the same source and the same target then o ~ 3.

Applying the construction given in [BG, (1.3)] and taking into account the above equivalence
relation the authors obtained a covering which they called the generic covering and they denoted it
by 7 : I' = I". By [CLT, Proposition 1.2], we know that the generic covering of T" is a quiver with
length. For more details on the generic covering we refer the reader to [CLT].

We recall that a k-lineal functor F : k(I') — add(indT) is called well-behaved if it satisfies the
following conditions for every vertex z € I': (a) Fz = ma; (b) If @y : & — 1, ,Qp : & — @, are
all arrows in I' starting in x then [F(a),---,F(&,)]' : Fx — Fa1 ® --- ® Fz, is a minimal left
almost split morphism in Cy(proj H); (¢) If oy : 21 — x,- -+, : 2, — x are all arrows in r ending
in x then [F(ay), -, F(a,)] : Fx1® -+ @ Fx, — Fx is a minimal right almost split morphism in
Chu(proj H). Note that these conditions imply that F' maps meshes of T to almost split sequences
in Cp(proj H).

Observe that [CLT, Proposition 2.6] and [CLT, Lemma 2.7] can be adapted to Cy(proj H) with
similar proofs. For the convenience of the reader we state both results and we refer the reader to
[CLT] for their proofs.

Proposition 4.4. ([CLT, Proposition 2.6]) Let f = [f1,- -, fr]' : X = &7_, X; be an irreducible
morphism in Cy(proj H) with X, X1,--- , X, € T. Let x € 7~ Y(X) and o; : © — x; be an arrow in
T such that mr; = X, m(ey) : X = X, fori=1,---,r. Then, there exists a well-behaved functor
F: k() — ind T such that F(a;) = f;, for every i.

Lemma 4.5. ([CLT, Lemma 2.7]) Let F : k(T) — ind T be a well behaved functor, x, y vertices in
T'g, m > 0. Then, the following conditions hold.

(a) F maps a morphism in rad™k(T)(x,y) onto a morphism in RE.. (poroj H)(Fx,f’y).

(b) Let f € %g:(lproj H)(Fx, Fy) and o; : v — x; , i =1,--- 1 be the arrows in I" starting in x.
Then, there exists h; € %gn(proj H)(Fﬂfi, Fy), for every i, such that, f = XI_ h;F(&;).

Remark 4.6. Let X be an indecomposable complex in Cy(proj H). By (1.1) if X is not in-
jective then Autc,(projm)(X) =~ Auty(M) =~ k for M an indecomposable H-module. Hence,
Autcn(pmj H) (X) ~ k.

In case X is an indecomposable injective then X = J;(P) or X = S(P) with P an indecomposable
projective module. Hence, Autc,, (proj ) (X) = Auty (P) ~ k.

Our next result is similar to [CLT, Teorema B], but the proof of (a) is not the same because
in Cy(proj H) an irreducible morphism with indecomposable injective domain is not necessarily an
epimorphism. We only transcribe Statement (a) and give a proof for it.

Theorem 4.7. Let F' : k(f) — indI' be a well-behaved functor, x, y vertices in fo, m > 0. The
following maps induced by F are bijective.
(2) B s @, sy vad k(D) (2, 2) frad ™ (D) (2, 2) = R, o (Far, Fy) [REL o (Fa, Fy).

(b) G .oy rad™ k(D) (2,9) /rad ™ k(D) (2,9) = RE. o 1) (F2 FY) /RETL o iy (F, Fy).

Proof. (a). We observe that, as in [CLT, Teorema B], the surjective property follows by induction on
m. We only prove that for all m > 0, F, is injective which is equivalent to prove that for all m > 0, if

(¢2): € Dp.—p, k(I')(z, 2) is such that 3. F(¢.) € %g:éroj I (Fz, Fy) then ¢, € rad™ ' k(D)(x, 2),
for every z.

We prove the result by induction on m > 0. Consider m = 0 and X, F(¢.) € Re,, (proj ) (F'z, F'y).
In case Fz # Fy then x # z for every z such that Fz = Fy. Therefore, ¢. € radk(f)(x,z). In
case Fox = Fy then ¢, € radk(I')(z, 2) if © # 2z and there exists A € k such that ¢, = Al,. Then,
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A py € Rey, (proj o) (F'x, Fy), and therefore, A = 0. Hence, ¢, € radk(f)(x,z), for every z, proving
that the result is true for m = 0. _

Now, by inductive hypothesis we have that (¢.). € @p,_p, k(I')(z,2) is such that X.F(¢.) €
%Tg:éroj H)(Fm, Fy) then ¢, € rad™ ™ k(T')(z, 2), for every z. Let (¢.), € Dr.—r, k(T)(z, z) be such

that X, F(¢,) € %g:émj e (Fz,Fy) C %g:éroj H)(Fx,Fy). Then, ¢, € rad™ k(') (x, 2), for every

z, since the result holds for m. Because F, 2 is surjective and ¥, F(¢,) € %g‘:(zpmj H)(Fx, Fy), for

every z such that Fz = Fy then there exists 1, € rad™2k(I')(xz, z) such that 2, F(¢.) = S, F(1),)

(modulo %Tg:éroj H)). Hence, X, F (¢, — ¢,) € %Tg:(?;roj ) (Fx,Fy). By Lemma 4.5, we have that

Y.F (¢, — ) = 2;:1hiF(ai2 with h; € %g:émj ) (Fz;, Fy) and where z; are the end points
of all the arrows z — z; in I starting in x, for ¢« = 1,...,r. Moreover, since ¢, and 9, are in

radmﬂk‘(f)(:v, z) C radk(I')(z, z) then ¢, — 1), = ¥I_,0, ;a; with 0,; € k(I')(z4,2) fori =1,---7r.
Hence, X, F (¢, —,) = . F(X]_,0,0;) = X]_ (X, F(0,;)F(;)) and we get that XI_, h;F (@) =
St (S.F(60.,)F(@)). Then

(1) L (Z.F(6..0) — h) F(@;) = 0.

Now, we have two cases to analyze. First, if x is an injective vertex then F'z is injective in
Ca(proj H). Hence, either Fx = J;(P) for 1 <i<mn—1or Fx = S(P), with P an indecomposable
projective in mod H.

If Fx = J;(P) then r = 1 and F(a;) : J;(P) — Fx; and Fxz, = L;(P), see (1.5). Since H is
hereditary then L7 = 0 for j > 2. We have that (1) is the composition:

Ji(P) - 0 P P 0
¢/F(51) i, ¢7d ¢,\ \L

Fa, 0 p—2 ot 0
llf ¢/0 ¢/f71 ¢,f7‘,+1 ‘LO
Fz Zi—1 Zi Zi+l Zi+2

where f = $,F(0,1) — h1. Since (X,F(0.1) — h1)F(a1) = 0 then fi'X\ = 0. Because A is
irreducible in proj H, by Corollary 2.2 (b), we obtain that f*! = 0. Then, f* = f%d = 0. Therefore,

f=%.F(0:1) = = 0, that is, S.F(0:,) = i € RGIZ oy (Fan, Fy) € REE Ly (Fan, Fy).

By inductive hypothesis, 6., € rad™ 1 k(L) (21, 2). Then, 0,100 € rad™ 2k () (z, z). Because
¥, € rad™2k(T)(z, 2) we get that ¢, = b, + 0, 1q1 € rad™ k() (21, 2).
Now, if Fz = S(P) then r > 1 and (F(ay),---, F((a,))' : S(P) = &!_, Fz;

S(P) P 0 0
VIF@D, - F () ¥ ' '
D Fai L' 0 0
§s b | |
Fz Zl 22 ZJ

where f = [X,F(0,1)—h1, - ,%.F(0,,)—h,]. By Corollary 2.2 (b), we have that f! = 0. Therefore,
f=0. Then £,F(6,;) —h; =0 for i =1,--- ,r. Similarly to the previous case we can prove that
¢. € rad™2k(D)(z, 2).

Now, assume that x is not injective. Then, in [ we have the following situation:
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1
N
Since F' is a well-behaved, there is an almost split sequence in Cy(proj H) as follows

[F((@1)),,F((@r))]

0 Fa @ F:cl B1),+ F(B,)]

A Pz ——0.

From (1), we deduce that there exists h € Homc, (projm) (A, Fz, Fy) such that ¥.F(6. ;) —
h; = hF(B;), for every i, since [X,F(0,1) — h1,-++,%,F(0.,) — hy] factors through the cok-
ernel of [F((ay)), -, F((a,))]*. Since Fy, Fi, - ,F,_1, are surjective, there exists (x,). €
Dy, Fyk(f)(T_laz, z) such that h = X, F(x.) (modulo RF Co (proj imy)- Then for every i, the following

equality holds: $,F(0,;) = X,F(x.8;) + hi (modulo §Rm+émj H)) Therefore, ¥, F(0.; — x.5;) €

S‘Eg:é)roj e (Fx;, Fz), because h; € %gfm] H)(F:L‘l,Fy). By inductive hypothesis, HZ,Z- — X2B; €

rad™ k(L) (2, 2), for every i, 2. Then, for every 2 we get

G =, + Z(@Z,i — X:8;)a; € radm+2k(f)(:ﬁ, ).

This proves that F),+1 is injective for every integer m such that F), is injective. Therefore, for every
m > 0 the map F}, is bijective.
(b). The proof of (b) is analogous to [CLT, Teorema B, (a)]. O

Now, we are in position to state the main result of this section, Theorem B, which is similar to
[CLT, Teorema C] and where the proof follows with a similar argument. We refer the reader to
[CLT, Teorema C] for a proof. Observe that Theorem 4.7 is fundamental to obtain the proof, and
that we adapted such result for a category Cy(proj H) with H a hereditary algebra.

Theorem 4.8. Let H be a finite dimensional hereditary algebra over an algebraically closed field
and f : X = Y be an irreducible morphism in Cy(proj H) with X indecomposable. Let T' be an
Auslander-Reiten component of U'c, (proj ) containing X and m € N.

(a) If di(f) = m, then there exists Z € T" and h € %gn(proj H)(Z,X)\ygmﬂ (Z,X) such that

Cn(proj H)
fh=0.
(b) ;’Lffdr(](;) = m, then there exists Z € I' and h € Rg_ H)( )\?Rgr(lpmj 15 (Y, Z) such that

Following Proposition 2.5 and Theorem 2.8 if the kernel of an irreducible morphism f is non-zero
then we know that it lies in Cy(proj H) and furthermore it is indecomposable.

Corollary 4.9. Let H be a finite dimensional hereditary algebra over an algebraically closed field
and I' C Te,(proj i)- If f 2 X = Y s an drreducible morphism in Cy(proj H) with X € I' such that
di(f) = m then the inclusion morphism j : Ker f — X is such that

J € RE, (proj 1y (Ker f,XN\RGT s oy (Ker £, X).

Remark 4.10. We observe that Corollary 4.9 has a dual version when Y € T' and d.(f) = m
if Coker f € Cy(proj H). In fact, in that case the cokernel morphism II is such that II : Y —

Coker f € RE, (1roj 1) (Y, Coker f)\%m+ (proj H)(Y, Coker f).
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4.1. The type of Cy(proj H). In [CLT, Theorem A] the authors gave a characterization of when
a finite dimensional k-algebra over an algebraically closed field is representation-finite taking into
account the degree of some particular irreducible morphisms. In this section we are interested to
give an equivalent result for Cy,(proj H).
We recall that Cy(proj H) is of finite type if and only if H is a path algebra of a Dynkin quiver.
We prove Theorem C.

Theorem 4.11. Let H be a finite dimensional k-algebra over an algebraically closed field. The
following conditions are equivalents.
(a) The category Cy(proj H) is of finite type.
(b) There exists a simple projective H-module P such that the irreducible morphism pj!_; :
T(P)—Jn—1(P) in Cy(proj H) has finite right degree.
(c) For all simple projective H-module @, the irreducible morphism plr_; : T(Q)—Jn—1(Q) in
Cu(proj H) has finite right degree.
(d) There exists a projective H-module P with v(P) a simple injective H-module such that the
irreducible morphism A} : Ji(P)—S(P) in Cn(proj H) has finite left degree.
(e) For all projective H-module Q with v(Q) a simple injective H-module, the irreducible mor-
phism A} : J1(Q)—S(Q) in Cu(proj H) has finite left degree.
(f) All irreducible morphisms f : X — Y with X orY indecomposable complexes in Cy(proj H)
of type (sec) are such that d.(f) < oo.
(g) All irreducible morphisms f : X — Y with X orY indecomposable complexes in Cy(proj H)
of type (ret) are such that di(f) < oo.

Proof. The implications (g) = (e) = (d) and (f) = (¢) = (b) are immediate.

(b) = (a). Let pl'_; : T(P)—Jp—1(P) be an irreducible morphism in Cy,(proj H) with d,(p]'_;) =
m < oo and where P is a simple projective H-module. Let I' be a component of I'c, (proj i)
that contains the projective J,_1(P). By Remark 4.10 we have that Coker p! | = S,_1(P) € I.
Consider the embedding ¢,_2 : Ca(proj H) — Cn(proj H) defined by ¢,—2(X) = X[n — 2|, see
(1.1). Consider the morphism p? : (0 — P) — (P — P) in Ca(proj H), and Coker p? = (P — 0).
Then, @n—2(p?) = p"_; and ¢,_2(Coker p?) = Coker p?_;. By the shape of the Auslander-Reiten
quiver of Cy,(proj H), which are copies of the Auslander-Reiten quiver of Ca(proj H), the complexes
(0= P), (P — P) and (P — 0) are in the same component T of "¢, (proj i)-

To prove that Cy(proj H) of finite type is equivalent to showing that Ca(proj H) is also of finite
type.

Consider j a vertex in QQg. Then, there is a walk of irreducible morphisms between indecom-
posable projective H-modules from P to P; in I'y. By [CPS, Proposition 3.2] there is a walk of
irreducible morphisms from (0 — P) to (0 — P;) in I'". Hence, for each vertex j € Qm we get that
all indecomposable projective objects of the form (0 — P;) are in the component I".

Since Coker p? = (P — 0) € I, we consider for each vertex j in Qy a walk of irreducible mor-
phisms between indecomposable projective H-modules from P to P; in I'y. By [CPS, Proposition
3.2], there is a walk of irreducible morphisms in I from (P — 0) to (P; — 0). Then, for each vertex
J € Qp the injective complexes (P; — 0) belong to the same component that the complex (0 — P).
By the equivalence between Ca(proj H) and mod H given in [B, Proposition 3.3], a projective of
the form (0 — P;) is in correspondence with P; and the complex Ay(P; — 0) with the injective I;.
Then, the projective and the injective H-modules are all in the same component of I'r. By [ARS,
Proposition 1.3] we have that mod H is representation-finite and hence Ca(proj H) is of finite type.
Similarly, we get that (d) = (a).

(a) = (f). Since f is of type (sec) then by Proposition 2.6, (a) we have that Coker f € Cy(proj H).
Consider m : Y — Coker f, the cokernel morphism of f. Since Cy(proj H) is of finite type then,

T € RE, (oroj 1) (Y, Coker f)\%’g:éroj H)(Y, Coker f) for some m. Hence d,(f) < oo because 7f = 0.

With a similar argument we prove (a) = (g). O
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5. NILPOTENCY INDEX OF THE RADICAL OF Cy(proj H)

In this section, we are interested in studying which is the less positive integer r such that
R"(Cn(proj H)) = 0. To achieve this, we first study the radical of the category Ca(proj H). Then,
we infer the results for any n > 4 by knowing the corresponding results for Cg(proj H) which are
slightly different from Cg(proj H).

For i a sink and j a source in Qp, respectively, and Qy a Dynkin diagram, we denote by
pr" : Re(P;) = Ji(P;) and by A : Jp(Pj) — Li(P;) the irreducible morphisms in Cp(proj H) and
k=1,--- ,n—1. Note that these morphisms are the same as the ones defined in (1.5) in Cy(proj A)
for any n > 2.

Remark 5.1. By [C, Theorem 2.6] the nilpotency index of the radical of mod A, for A a finite
dimensional algebra over an algebraically closed field of finite representation type, is equal to one
plus the length of any path from P; to I; going through the simple S;.

First, note that for any hereditary algebra of Dynkin type, we have that Iy is a component with
length. Indeed the result follows from the characterization stated in Theorem 5.2, which was given
in [BG] in the proof of Proposition 6.

We recall that a translation quiver is say to be simply connected if it is connected and the
fundamental group m (T, z) = 1 for some vertex = € T'.

Theorem 5.2. Let I' be a component of a translation quiver which is simply connected, then I" is a
component with length.

It is not hard to see that if H is a hereditary algebra of Dynkin type, then the orbit graph of
I'g is of tree type. In this case, the orbit graph is defined as follows; there is a vertex for each
indecomposable projective H-module and there is a edge between two different vertices if there
exists an irreducible morphism between the indecomposable projective H-modules. Hence, I'y is
simply connected and by Theorem 5.2, we get the result.

Proposition 5.3. [G] Let H be a finite dimensional algebra of finite representation type. Then,
the paths of irreducible morphisms from P, to I, and from P, to I, are of the same length, where
P, 1., Py, I, are the indecomposable projective and injective H-modules, corresponding to the ver-
tices a and b in Qp, respectively.

Proof. Let 1,7 € Qp be vertices such that there is an arrow from ¢ to j in Qg. Then, there are
irreducible morphisms between the indecomposable projective modules P; and P; and between the
indecomposable injective modules I; and I;. Moreover, for each vertex a € (Qg)o there is a non-zero
path from P, to I, see [C, Lemma 2.3]. Then, in I'y we have the following diagram:

Ij\h
\/f

where by ~~ we denote a path of irreducible morphisms.

Now, assume that the path of irreducible morphisms from P; to I; is of length r. Then, the path
from Pj ~» I; — I; has length r + 1. Since I'y is with length then the path P; — P; ~» I; has also
length r + 1. Therefore, the path P; ~ I; has length r. Since H is connected then all paths of the
form P, ~~ I, have the same length. ]

P;

Note that if Ca(proj H) is of finite type then the hereditary algebra H is of Dynkin type.
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Lemma 5.4. Let H = kQg with Qg not Semzszmple and Cz(pI“OJ H) 1s of finite type. If i and j

are a sink and a source of Qpr, respectively then d, (p1 ) = dl()\l ) =r,, where r, is the nilpotency
index of the radical of mod H.

Proof. Since i is a sink of Qp then, P; is a simple projective. Then, there is a non-zero path of
irreducible morphisms from P; = S; to I;. Moreover, from [C, Teorema 2.6] and [G] we get that if
is the nilpotency index of the radical of mod H then the length of a path from F; to I; is r,, — 1.
By [BSZ, Proposition 3.3] there is an equivalence between mod H and Ca(proj H) which sends the
projective P; to the complex (0 — P;) in Ca(proj H) and each module M to its minimal projective
resolution Py : P]b — P][\}.

Consider a path of irreducible morphisms with non-zero composition S; = P, — My — -+ —
M,,—o — I; in mod H of length r,, —1. Then, we also have a non-zero path of irreducible morphisms
(0= P;) — Pyy — -+ — Pag,,, — P, in Co(proj H) of length r,, —

The almost split sequence in Ca(proj H) starting in (0 — P;) has more than one indecomposable
middle term, because Qg has more than one vertex. We write it as follows: (0 — P;) — (P; —
P;) ®© Py, --- @ Py, — Py. For some 1 < j < r we have that Py, = Py,. Moreover, by [BSZ,
Proposition 6.12] we know that A;*(Pr,) = (P; — 0). Then, there is a path from (0 — P;) to
(P; — 0) of length r,, + 1. We illustrate the situation as follows:

Ty

(0—=Py) Py Py

™

(Pyj—P;)

m—2 Pli E (P;—0)

Any path from (0 — P;) to (P; — 0) has zero composition, but there is a non-zero morphism
from (P; — P;) to (P; — 0). Since I'c, (proj ) is with length then all paths of irreducible morphisms
from (P; — P;) to (P; — 0) have the same length, equal to r,. Moreover, there is a non-zero
path of irreducible morphisms between indecomposable complexes from (P; — P;) to (P; — 0) in
R'H (Cz(prOJ H))\?RT nt(Cy(proj H)). The cokernel of pl (0= P) = (P, — P)is (P, —0)
then d, ( ") =r,. Dually, we get that dl()\ N=r, O

Notation 5.5. Let H = kQpy be a hereditary representation-finite algebra. We denote by ¢;; the
number of arrows of a path from a source vertex ¢ to a sink vertex j of Qy and ¢ = max{¢;;}.

Lemma 5.6. Let H = kQ g be a representation-finite hereditary algebra. If f : X — Y is a non-zero
morphism between projective H-modules then there exist morphisms o : P; — X and 3 :Y — P;,
with 1 a sink verter and j a source vertex of Qp such that Bfa is a non-zero monomorphism.

Proof. Since f is a non-zero morphism then there is an indecomposable projective summand P of
X such that, f(P) # 0. Consider 7 : P — X the inclusion morphism.

On the other hand, there is an indecomposable direct summand P’ of Y such that if 7 : Y — P’ is
the projection morphism then 7 f(P) # 0. Therefore, 7 fn # 0. Moreover, 7 fn is a monomorphism.

Since P and P’ are indecomposable projective in mod H there are vertices ¢ and h in Qg such
that P = P, and P’ = P,,. Moreover, there is a sink 4, a source j and a path j ~~—> h ~~—~>t ~~>1
in Qp. Hence, there are non-zero monomorphisms p : P; — P; and v : P, — P;. Let o = nu and
B =vr. Then, Bfa = (vr)f(nu) = v(rfn)u # 0 and we get that 5fa is a monomorphism. O

Lemma 5.7. Let H = kQpg be a representation-finite hereditary algebra and f : X — Y is a
non-zero morphism between indecomposable complezxes in Co(proj H). Then, there exists a sink i,
a source j in Qp and morphisms v and ¢ such that one of the following conditions hold:
7o+l j 4 +1 i+1
a) Yfoe %CHZ(p;OjH \%CI’;(piOJH with ¢ : T(P;)—X and ¢ : Y —=J1(P;).

b) L6 € REL roi 11y \Rest tomoj ) With & - T(P)—=X and v : Y T (P;).
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¢) YD € RE: (oro 1) \ Rt tovog iy With &+ S(P)=X and 1 : Y —S(P;).

T Lig r Lig
d) ¢fp e %‘Z&ﬁw\ Cszgoff} with ¢ : J1(P) =X and ¢ : Y—8(P;).

where 1, is the nilpotency index of the radical of mod H and l;; as in (5.5).

Proof. Let f = {f', f?} : X —> Y be a non-zero morphism between indecomposable complexes

X=X'% X2 andy = y! ¥ y2in Ca(proj H). First, consider the case where f2 # 0. By
Lemma 5.6, there is a sink i, a source j, & : P, = X? and 8 : Y? — P; such that Bfla # 0 and
Bf%a is a monomorphism. If Y # 0 we consider the non-zero composition w f¢ in Ca(proj H),
where ¢ = {0,a} : T(P;) = X and ¢ = {Bdy,B} : Y — Ji(Pj). Then, A ’J(zl)fcb) = 0, where
)\Z’j J1(Pj) — S(Pj) is the irreducible morphism introduced in (1.5) Hence, 9 f¢ factors through
T'(P;) which is the kernel of /\1’] If t : T(P;) — J1(Fj) is the kernel morphism of A\] 2J then, there is
a morphism h : T'(P;) — T(Pj) such that @ZJ fo = th. We illustrate the situation Wlth the following
diagram:

By Lemma 5.4, dj(A>7) = r,,. Since T'(P;) is the cokernel of A27 | by Remark 4.10 we have that

tE R oros 11y (T(P), J1 (P >\%’;§;;0JH)< (P}), J1(P;)).

On the other hand, there is a non-zero path of irreducible morphisms from F; to P; in mod H
of length /;;. By [CPS, Proposition 3.2] there is a non-zero path of irreducible morphisms from
T(P;) to T(P;j) in Ca(projH) of length ¢;;. Since H is of finite representation type then so is
Ca(proj H ) Accordingly, the latter has a generalized standard connected Auslander-Reiten quiver,

then h € %é;(pmj ) (T'(FR), (T'(P ))\%é;—;}roj I8 (T(P;), (T(P;)). Furthermore, the composition v f¢

is equal to the composition th where th € %Cf;grjoz Ie8 (T(Pi),Jl(Pj))\%g’iggggJ;) (T(P), Ji(P5)),
proving Statement (a).

Consider the case where f2 # 0 and Y! = 0. Assume that X! # 0. By (1.4) we have that
f? is an irreducible morphism or else is a split epimorphism. Note that these two cases can not
occur. In the first case, since f2dx = 0 we get that dx = 0 a contradiction. In the second case,
we get that f splits a contradiction. Then X! = 0. Hence, X = T(P) and Y = T(P’). By Lemma
5.6, there are non-zero paths of irreducible morphisms « : P; — P and § : P’ — P; such that
Bf%a # 0. Consider the non-zero composition 1 f¢ in Ca(proj H), where ¢ = {0,a} : T( ) — X
and o = {0,8) : ¥ = T(P)). Then, vfé € Ry (T(P), T(P)\Rgy ™ (T(Py), T(Py), where
is the length of the non-zero path of irreducible morphisms from T'(F;) to T'(P;) in Ca(projH),
proving (b).

Consider the case where f2 = 0. Then, f! # 0. If X = S(P) and Y = S(Q) we choose P; and P; as
in the above case. By Lemma 5.6, there are morphisms « : P; — P and 8 : () — P such that Sfao is
a monomorphism. On the other hand, since there is a non-zero path of irreducible morphisms from P;

to P;j in mod H of length ¢; ; then {3, 0} f{«, 0} € §RCz(prOJ H)(S(B) S(P, >)\§Ré;+plrm H)(S(PZ-),S(Pj)),
where {a,0} : S(P;) = S(P) and {f,0} : S(Q) — S(P;) in Ca(proj H), proving (c).

If X2 #0,Y = S(P'), again by Lemma 5.6 there is a sink 4, a source j, a : P; = X' and
B : P' — Pj such that 0 # Sfla is a monomorphism. If ¢ = {a,dxa} : Ji(P;) — X and
U= {5,0}:Y = 5(B) then 416 # 0. |
Consider the irreducible morphism p1 : T(P) — J1(F;). Then, (¢ f qb)p%l = 0. Hence, 1 f¢ factors
through S(P;) which is the cokernel of p1 Ifd s i (P) — S(B;) is the cokernel morphism then
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there exists h' : S(P;) — S(P;) such that h't" =1 f¢. We illustrate the situation with the following
diagram:

2,1
4 ] f P
T(P;) —> J,(P) X Y S(P)).

T T

S(P;)
Then, ' € %é;(prOJH)(S(Pi) S(P ))\%é:rplrojH)(S(Pi),S(Pj)). Since d,(p>") = r,,, then by Re-
+1
mark 4.10 we have that ¢ € R Ca (pro] H)(J1( P;),S(P, ))\%C};(pro‘] H)(Jl(Pi),S(PZ-)). Therefore, the

composition 1 f¢ is equal to the composition h't’ where

+£ % +£ z+1
Wt € R T (), S(P)\RE L (3 (P, S(P)

proving (d). O

Similar results to Lemma 5.4 and Lemma 5.7 hold in a category Cg(proj H) of finite type. These
properties allow us to compute the nilpotency index of the radical of this category.

Lemma 5.8. Let H = kQp, where Qg is not semisimple. Let C3(pr0j H) be of finite type. If i is
a sink and j is a source in Qg then dr(pf’l) = dr(pg’l) = dl()\‘?’]) = dl()\g’J) = rp, where vy is the
nilpotency index of the radical of mod H.

Proof. From (1.1) we know the shape of the Auslander-Reiten quiver of Cg(projH). That is,
the quiver is obtain as one copy of the quiver of Cga(proj H)[0] and one copie of the quiver of
Ca(proj H)[—1], where

ind Cg(proj H)[0] Nind Ca(proj H)[—1] = {(0 - P — 0) | P € ind(proj H)}.

The embedding g and ¢; defined in (1.1) satisfy that goo(pl’ ) = pl’ and gpl(pl’ ) = pg . Applymg
the embedding ¢g and ¢y, respectlvely in the proof of Lemma 5.4 we obtain that d, (,01 ) = ( " =
rg. Similarly for the left degree of )\1’3 and )\3] ) O

Lemma 5.9. Let C3(proj H) be a category of finite type and f : X — Y be a non-zero morphism
between indecomposable complezes in Cg(proj H). Then, there is a sink i, a source j in Qp and
morphisms ¥ and ¢ such that one of the following conditions hold.

a) Pfo e %J’\S%“H, with ¢ : Si(P;)—X, and ¢ : Y —S,(P;), for some k € {1,2,3}.
b) Yfp e afe””H\%“*’“H“, with ¢ : T(P)—X and ¢ : Y —Jo(P}).
) vfo e ére“”TH\&e““TH“, with ¢ : Jo(P)—X and ¢ : Y —Jy(P;).
d) ¥fe e éRTH“L l“\%RTHH“H, with ¢ : J1(P)—X and ¢ : Y—S(P)).
where r s the mlpotency index of the radical of mod H and l;; defined as in (5.5).

Proof. Let f = {fY f%, 2} : X — Y be a morphism between indecomposable complexes in
Cs(proj H). Consider three cases, (1). f! =0 and f2 # 0, (2). f! = f2 =0 and f2 # 0 and
(3). f1 40,

Let f' =0 and f% # 0. By Lemma 5.6 there are indecomposable projective modules P; and P;
in mod H, with 4 a sink, j a source in Qg and morphisms a: P; = X2 and f:Y? — Pj such that
Bf%a is a non-zero monomorphism.

IfX1=Y!=X3=Y3=0, wedefine ¢ = {0,,0} : So(P;) = X and ¢ = {0, 3,0} : Y — So(P;).
Then, ¢ f¢ € §R \%J it . Hence, we get that a) holds, for k& = 2.

Otherwise, we con51der the morphisms ¢ = {0,a,dx2a} : Jo(P;) — X and ¢ = {de,ﬁ,()}
Y — Ji(Pj). Then, ¥ f¢ : Jo(P;) — Ji(P}) is non-zero. By Lemma 5.8 we have that d, (p2 )=rmH.
Therefore, the cokernel morphism ¢ : Jo(P;) — So(P;) satisfies thatt € R \%THJrl. Moreover,
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(Wfo)ps 3 = 0. Then, the morphism ¢ f¢ factors through Coker p;”i = (P, - 0—0) = S(F), that
is, there is a morphism h : S(P;) — J1(P;) such that ht = ¢ f¢.

3,1 3,7
P ) f ) A
T(P) —=> Jo(P)) X Y I (P;) == 51(P;})
7
\) B /h t/\
So(P;) — — A > S2(Pj)

On the other hand, consider the irreducible morphism er’j o Ji(P;) — Si(Pj). By Lemma
5.8 we have that dl()\ 7) = ry. Hence, the kernel morphism ¢’ : S2(P;) — Ji(P;) satisfies that
e REL\REL 1. Since A}/h = 0 then the morphlsm h factors through the kernel of A}/, That is,

there is a morphism A’ : 52( 5) — Sa(Pj) € \§R“+1 such that h = ¢'h’. Then, ¢f¢ = ht and

ht = t'h't where t'h't € RZ l+2TH\§RJ 1+2rH +1, since I'c, is a generalized standard component with
length. Therefore, this proves that f satisﬁes c).
The proof of the remaining cases follow similarly. O

Corollary 5.10. Let H = kQg be a representation-finite hereditary algebra, r,, the nilpotency index
of the radical of mod H and ¢ defined as in 5.5. Let f: X — 'Y is a non-zero morphism with X, Y
indecomposable in Cy(proj H). The following conditions hold.

(2) Ifn =2 then f € R, roi i) (Xs YRS, (proj iy (X Y) with s < vy + L.

(b) If n =3 then f € R&g (proj H)( )\?Rsczl(proj H)(X, Y) with s < 2r, + (.

In [G], the author determined the nilpotency index for the radical of mod H, where H is of Dynkin
type. The bound was given in terms of the number of vertices of its ordinary quiver. Moreover, in
[Z, Theorem 4.10] D. Zacharia also determined such bounds.

More precisely, we have the following result:

Theorem 5.11. Let H = kQ be a representation-finite hereditary algebra. If v, is the nilpotency
index of the radical of then:

(a) If Q@ = A, thenr, =n.

(b) If @ = D,, then r,, =2n — 3, for n > 4.

(¢) If Q@ = E,, forn=26,7,8 then r, = 11,17,29, respectively.

Now, we are in a position to prove the main result of this section, Theorem D.

Theorem 5.12. Let H be a hereditary algebra, and r, be the nilpotency index of the radical of
mod H and ¢ defined as in 5.5. Let Cy(proj H) be a representation-finite category. Then, the
nilpotency index r of the radical of Cy(proj H) is the following:

(a) If n=2 thenr =1, +{+1.

(b) If n >3 then r =2r, +{+ 1.

Proof. (a) By Corollary 5.10 (a), if f : X — Y is a non-zero morphism between indecomposable
complexes in Cq(proj H) then f € §Rscz(pr0j H)( )\msﬂ(prOJ ) (X,Y), with s <rg + ¢, where rg
is the nilpotency index of the radical of mod H and ¢ defined as in 5.5. We claim that r = r, +£¢+1.
We know that R"z T4 (Cq(proj H)) = 0. Let prove that R"= T¢(Cq(proj H)) # 0. Consider a sink
© and a source j in Qg such that £ = ¢;;. Since there is a path from j to ¢ in Qg of length ¢ then
there is a morphlsm d: S(P;) = S(P;) in Ca(proj H) by [CPS, Proposition 3.4]. Moreover, since by

Lemma 5.4 d,(p> py') = r,, and by Remark 4.10 the cokernel morphism v : Ji(P;) — S(P;) satisfies
+1
that v € §R H(prOJH)(Jl( z) S( ))\%CHz(pro‘]H)(Jl( z) S( 2)) Then,

+¢ 041
dv e R (TP, S(PY\RE T (11(P), S(B)
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proving the result.

(b) By Corollary 5.10 (b), if f : X — Y is a morphism between indecomposable in Cg(proj H)
then f € Rg, (rojm (X, Y)\&egjpmﬂ)(x,y), with s < 2r, + £ We claim that r = 2r, +
¢ + 1. Consider a sink 7 and a source j in Qg such that ¢/ = /¢;;. Then, there is a mor-

phlsm ke %Cs(prOJ H)(SQ( ), S (P, ))\3‘8@;1(1[)1“)J H)(Sg( .), Sa(P;)). Moreover, d,(p3") = r,,, where
: Ro(P;) — Ja(P;). Then, t € %Cf;(prOJH)(JQ(Pi),SQ( )\ Ry H(pmJH)(JQ(Pi),SQ(R)), where ¢
is the cokernel morphism of p2’ . Moreover, dl()\i”] ) = r, with Aj 3 : J1(Pj) — Li(Pj). There-

fore, t' € %C};(pmj H)(SZ(Pj)’Jl(Pj))\%gé?—plroj H)(SQ(P) J1(P;)) where t' is the kernel morphism

of A 37 Since t'kt # 0 and gy (proj ) 18 generalized standard with length then the composition

T y4 T l
Ut Jo(Pr) — Ji(P;) is such that £kt € Rg o (Jo(P), Ji(P))\Rey - b (Ja(Pr), i (Py)). We

illustrate the situation as follows:

-
g o

n
N
3

Sa

A
T
©

it/

J1 (PJ)

<7
ol
J<—0=<—0o=<—o0o
I<—T<—T<—03
o<—o0o=<—0o=<—

Hence, the above path is the longest, therefore R2"s *¢(C3z(proj H)) # 0, and the nilpotency index
of R(Cg(proj H)) is 2r,, + ¢+ 1.

Finally, for each j and k € {0,-- — 2}, there are no non-zero morphisms from objects in
Ca(proj H)[—j] to objects in Cz(pI’OJ H)[ k] unless k = j — 1, and by (1.1) we have that

ind(Cn(proj H)) = Uj—find(Cz(proj H)[~j])
then the nilpotency index of the radical of Cy(proj H) is the same that the nilpotency index of the
radical of Cg(proj H). O

As an immediate consequence we state the following corollary.

Corollary 5.13. Let Cy(proj H) be a category of finite type with H a hereditary algebra. Consider
r=r,+0+1ifn=2andr =2r, +0+1 ifn > 3. Then, the composition of r + 1 irreducible
morphisms between complezes in Cy(proj H) is zero.
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