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Time-Modulated Multibeam Phased Arrays with
Periodic Nyquist Pulses
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Abstract—We present a single sideband time-modulated multi-
beam phased array governed by periodic Nyquist pulsed signals.
A Nyquist pulse is a physically realizable approach to the ideal
sinc function. Hence, its lowpass spectrum suits particularly well
for time-modulated arrays to perform harmonic beam steering.
Contrarily to switched time-modulated arrays and standard
solutions based on variable phase shifters, the performance and
complexity of the proposed time modulation scheme is rather
robust when increasing the number of multibeams.

Index Terms—Antenna arrays, time-modulated arrays, beam-
forming, Nyquist pulses.

I. INTRODUCTION

MULTIBEAM phased-array antennas (MBPAs) have
multiple steerable directional beams which can either

serve a number of distributed users or exploit the multi-
path channel angular diversity [1]. Due to its simplicity,
an alternative to MBPAs based on variable phase shifters
(VPSs) is to exploit the different harmonic beam patterns of
a switched time-modulated array (TMA) [2]–[6], which will
be referred to as time-modulated multibeam phased-array
antenna (TM-MBPA). However, two key issues inherent to
multibeam switched TMAs clearly compromise the MBPA
efficiency [7]: 1) the frequency behavior of conventional
rectangular pulses, which is not appropriate for efficiently
distributing the spectral energy among the multiple harmonic
patterns to be exploited; and 2) the duplicated-specular ra-
diation diagrams, which are a consequence of the existence
of negative harmonics with the same magnitude and opposite
phase. Additionally, the scanning inability of the fundamental
mode beam and the proportionality between the phases of
harmonics with different order jeopardize the versatility of
MBPAs controlled by conventional TMAs [7], [8].

Consequently, a smart use of the beam steering capabilities
of switched TMAs is relegated to the exploitation of a single
harmonic pattern [9]. The design of a switched TM-MBPA
supporting L beams will require L dedicated beamforming
networks (BFNs) acting in parallel. As a result, the complexity
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Fig. 1. Scheme proposed for an SSB TM-MBPA to handle L beams. The
use of a single BFN and a single RF front-end is a remarkable feature.

of the entire BFN will increase linearly with L as in standard
MBPAs based on VPSs [1].

In this letter, we propose an MBPA architecture, with a
complexity independent of L, based on a non-switched TMA
structure governed by periodic Nyquist pulsed signals, which
overcomes the aforementioned TMA issues regarding effi-
ciency and flexibility. This is demonstrated by characterizing
and quantifying the proposed scheme efficiency. In addition,
we consider a single sideband (SSB) version of the antenna
time modulation operation to remove the duplicated-specular
radiation diagrams and further increase the MBPA efficiency.

II. NON-SWITCHED SSB TM-MBPA

In this section, we introduce the concept of non-switched
single sideband time-modulated multibeam phased-array an-
tenna (SSB TM-MBPA), in which time modulation is driven
by generic periodic pulsed signals, and derive the time-varying
array factors at the different harmonic frequencies.

Let us consider a linear array with N isotropic elements
having unitary static excitations In = 1, n ∈ {0, 1, . . . , N−1}.
As shown in Fig. 1, in the TMA analog BFN, each element
excitation is modulated by a pair of periodic pulsed signals:
gn(t) and its Hilbert Transform (HT) ĝn(t), both with funda-
mental period T0. We assume that gn(t) ∈ R has no direct
current (DC) component and, hence, it can be represented by
the following trigonometric Fourier series:

gn(t) = 2

∞∑
q=1

|Gnq|cos(qωot+ Φnq), (1)

where ω0 = 2π/T0 and
Gnq = |Gnq|ejΦnq ∈ C (2)
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Fig. 2. Time (8) and frequency (9) responses of a Nyquist pulse [10].

are the exponential Fourier series coefficients of gn(t), with
modulus |Gnq| ∈ R+ and phase Φnq ∈ (0, 2π]. Since the
gn(t) are real-valued, such coefficients satisfy the symmetry
property Gn(−q) = G∗nq . Notice that

ĝn(t) = 2
∞∑
q=1

|Gnq|sin(qωot+ Φnq), (3)

because the HT produces a π/2 phase shifting to all the Fourier
series components in gn(t).

The time-varying array factor corresponding to the
SSB TM-MBPA with elements treated as shown in Fig. 1 is

F (θ, t) =
N−1∑
n=0

[gn(t) + jĝn(t)]ejkzn cos θ, (4)

where zn represents the n-th array element position on the
z axis, θ is the angle with respect to such a main axis, and
k is the wavenumber. By considering the Fourier Transform
(FT) of (1) and (3), the frequency domain representation of
the SSB TM-MBPA (4) is

F (θ, ω) =
∞∑
q=1

N−1∑
n=0

2δ(ω − qωo)|Gnq|ejΦnqejkzn cos θ, (5)

being δ(ω) the unit impulse. Notice that (5) does not contain
negative spectral lines.

Turning back to the time domain, we arrive at the following
expression for the SSB TM-MBPA time-varying array factor

F (θ, t) =
∞∑
q=1

Fq(θ)e
jqω0t, (6)

where

Fq(θ) =
N−1∑
n=0

2Gnqe
jkzn cos θ (7)

are the spatial array factors at frequencies ωc + qω0, with ωc
being the carrier frequency and q positive integer numbers.
Notice that such array factors depend on the complex-valued
coefficients Gnq in (2) and can be used to design an MBPA.

III. CONTROL WITH PERIODIC NYQUIST PULSED SIGNALS

The impact of pulse shaping on the sideband radiation of
switched TMAs was studied in [11], whereas the concept
of non-switched TMA multiple beamforming was introduced
in [12]. In this section, we particularize the control of the
previous generic SSB TM-MBPA to periodic Nyquist pulses.
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Fig. 3. (a) Time response of a periodic Nyquist pulsed signal with ρn =
0.35 and ξn = 0.2762. (b) FT of the previous signal which is suitable for
windowing L = 3 harmonic beams (gray-shaded area). (c) Time response of
a periodic Nyquist pulsed signal with ρn = 0.1 and ξn = 0.1033. (d) FT of
the previous signal suitable for windowing L = 9 harmonic beams.

The long-established alternative to the non-causal ideal sinc
pulse is the well-known Nyquist pulse [10, Chapter 5]

rn(t) = Ansinc(2πt/τn)
cos(2ρnπt/τn)

1− (4ρnt/τn)2
, (8)

where An is the amplitude of the pulse at t = 0, τn is the
time separation between zero crossings and ρn ∈ [0, 1] is the
roll-off factor, which determines the smoothness of the pulse
frequency response (see Fig. 2)

Rn(ω) =

Anτn/2 |ω| < ω1

Anτn
4

[
1 + cos

(
π(|ω| − ω1)

4π/τn − 2ω1

)]
ω1 ≤ |ω| ≤ ω2,

(9)
being ω1 = 2π(1− ρn)/τn and ω2 = 2π(1 + ρn)/τn.

We next proceed to the construction of the periodic pulsed
signals gn(t) following two steps. We start by constructing
pn(t), the periodic continuation of rn(t) with fundamental
period T0 (see Fig. 3), satisfying the constraint

t1% ≤ T0/2, (10)

where t1% is the time instant beyond which the asymptotic tail
of |rn(t)| is entirely below the 1% of its maximum level (see
Fig. 2). The restriction in (10) is set to guarantee a practically
negligible time overlapping between consecutive periods (see
Figs. 3a and 3c), and hence ensuring that the FT of pn(t) is
a frequency comb at ω = qω0 (q ∈ Z), with envelope Rn(ω)
(see Figs. 3b and 3d).
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Thus, the Fourier coefficients of pn(t) satisfy Pnq =
Rn(qω0)/T0, i.e.,

Pnq =

Anξn/2 |q| < ω̄1

Anξn
4

[
1 + cos

(
π(|q| − ω̄1)

2/ξn − 2ω̄1

)]
ω̄1 ≤ |q| ≤ ω̄2,

(11)
with ω̄1 = ω1/ω0, ω̄2 = ω2/ω0, and ξn = τn/T0. We have
particularly selected t1% = T0/2. Hence, the maximum is ω0

and the reason is that time modulation is a bandwidth limited
technique which must satisfy ω0 > B [13], being B the signal
bandwidth.

Notice that T0 is usually a fixed parameter in the TMA
technique. Therefore, for a given T0 (see Fig. 3), if ρn
decreases, τn should also decrease to satisfy the constraint in
(10) and, accordingly, ω̄1 increases. Consequently, the lower
ρn, the higher the number of selected harmonics, and vice
versa. More specifically, given an order L of the harmonic
beams to be exploited, ρn should be selected to satisfy the
following requirements: 1) harmonics |q| ∈ {1, · · · , L − 1}
are inside the flat zone of the frequency response of Pn(ω)
(see the red spectral lines in Figs. 3b and 3d) and hence
L − 1 < ω̄1; 2) harmonics |q| ∈ {L,L + 1} are inside
the roll-off zone of Pn(ω), thus the harmonics of order
|q| = L, the exploited harmonics of highest order (see the blue
spectral lines in Figs. 3b and 3d), suffer a weak attenuation,
whereas the ones at |q| = L + 1 (see the black spectral
lines in Figs. 3b and 3d) experience a significant attenuation
to keep the TMA efficiency as high as possible. Obviously,
the remaining harmonics of higher order are removed. Hence,
ω̄1 ≤ L < L+ 1 ≤ ω̄2 and L+ 2 > ω̄2.

The second step is to change the phases of the harmonic
patterns to endow them with steering capabilities. This can be
done by means of the time delays, ϑnq , introduced through
another periodic signal, vn(t), also with fundamental period
T0. Indeed, let vn(t) be

vn(t) =

Lmax∑
q=1

cos

(
2πq

T0
(t− ϑnq)

)
, (12)

where Lmax is the maximum number of harmonics to be ex-
ploited (a fixed bound in the design). The exponential Fourier
series coefficient of vn(t) are Vnq = V ∗n(−q) = e−j2πq(ϑnq/T0),
with |q| ∈ [1, Lmax]. If we now construct gn(t) in (1) as
the periodic convolution gn(t) = vn(t) ~ pn(t), the resulting
Fourier series coefficients are

Gnq = VnqPnq = Pnqe
−j2πq(ϑnq/T0). (13)

Therefore, ϑnq determines the phase of the excitation of the
n-th element of the q-th order harmonic pattern. We remark
that gn(t) and ĝn(t), operating in accordance with Fig. 1,
(6) and (7), synthesize an SSB TM-MBPA, hence removing
the negative harmonic beams. This is illustrated by the gray-
shaded areas in Figs. 3b and 3d with the final useful harmonics
appropriately windowed. We also highlight (see Fig. 1) that the
core elements of the scheme are wide-band analog multipli-
ers [14]–[17]. The periodic pulses are generated in the digital
domain and next converted into the analog domain by means
of digital-to-analog converters (DACs). The DAC sampling

frequency, ωs, must be higher than the signal bandwidth [13],
hence becoming independent of ωc.

IV. EFFICIENCY OF THE TIME MODULATION

In this section, we determine the efficiency of the time mod-
ulation operation in the proposed SSB TM-MBPA scheme.
By virtue of antenna reciprocity, the transmit and receive
antenna efficiency is the same. Accordingly, and for the sake
of simplicity, we will quantify the efficiency of the time
modulation applied to the SSB TM-MBPA in Fig. 1 for the
case of transmitting a single carrier with normalized power.
Additionally, to simplify the analysis, but without any relevant
loss of generality, we will consider a uniform linear array with
an inter-element distance of λ/2. Such an efficiency, denoted
by η, can be factorized in two separated efficiencies

η = ηTMA· ηmod =
P TM
U

P TM
R

· P
TM
R

P ST
R

, (14)

whose interpretations are described below.
The efficiency ηTMA accounts for the competence of the

TMA technique to filter out and radiate only the work-
ing (or useful) harmonics. It is determined by ηTMA =
P TM
U /P TM

R , where P TM
R is the total mean radiated power by the

SSB TM-MBPA, which is given by the expression [5, (16)]
P TM
R =

∑L+1
q=1 pq , being pq the total mean radiated power at

the q-th harmonic. On the other hand, P TM
U denotes the useful

mean radiated power (since only L harmonics are profitably
exploited) and obeys to P TM

U =
∑L
q=1 pq [5, Eq. 16]. It is

remarkable that the SSB operation duplicates the value of this
efficiency with respect to that of a conventional TMA.

Most of the works in the literature which analyze the TMA
efficiency limit themselves to the study of ηTMA. However,
the second component of the efficiency, ηmod, accounts for
the reduction of the total mean power radiated by a uniform
static array caused by the effect of modulating its excitations
with periodic pulses. ηmod is of critical importance due to its
high impact on the antenna gain. This efficiency is evaluated
by means of the quotient ηmod = P TM

R /P ST
R , where P ST

R is
the total mean power radiated by a uniform static array with
N elements and is calculated as the total mean transmitted
power over the array factor F ST(θ) =

∑N−1
n=0 ejkzn cos θ, i.e.,

P ST
R =

∫ 2π

0

∫ π
0
|F ST(θ)|2 sin(θ)dθdϕ = 4πN.

In order to derive closed-form expressions for both efficien-
cies, we still have to obtain the expressions of P TM

R and P TM
U .

In this sense, since pq is given by pq = 4π
∑N−1
n=0 |Gnq|2 [5],

bearing in mind (11) and (13), and selecting ρn as specified
in Section III, we have

P TM
U = 4πN

[
(L− 1)

(Anξn
2

)2

+

+

[
Anξn

4

(
1 + cos

(
π(L− ω̄1)

2
ξn
− 2ω̄1

))]2]
,

P TM
R = P TM

U + pL+1 = P TM
U +

+ 4πN

[
Anξn

4

(
1 + cos

(
π((L+ 1)− ω̄1)

2
ξn
− 2ω̄1

))]2

.
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TABLE I
PARAMETERS OF NYQUIST PULSES IN FIGS. 2 AND 3, PEAK LEVELS OF
THE HARMONICS INSIDE THE ROLL-OFF ZONE, AND TIME MODULATION

EFFICIENCY (ηmod ≈ 100%, HENCE η = ηTMA IN THIS CASE).

L An [dBV] ρn ξn ρn/ξn ω̄1 ω̄2 L [dB] L+1 [dB] η [%]

3 4.52 0.35 0.28 1.27 2.35 4.89 -1.44 -11.28 98.86
5 4.99 0.21 0.18 1.18 4.42 6.78 -1.32 -12.20 99.52
9 5.49 0.10 0.10 0.97 8.73 10.67 -0.42 -11.49 99.76
15 6.22 0.05 0.06 0.79 14.92 16.49 -0.06 -13.25 99.92

TABLE II
COMPARISON OF MULTIBEAM SWITCHED TMAS IN THE LITERATURE TO
THE PROPOSED SSB TM-MBPA (N=20 IN ALL CASES, D IS THE MEAN

DIRECTIVITY OF THE BEAMS).

reference number
D [dBi] ηTMA [%] ηmod [%] η [%]

of BFNs

[4] 1 2.64 30.78 9.96 3.06
[5] 1 4.79 54.75 23.96 13.12
[9] 3 8.22 99.79 55.55 55.44

proposed SSB 1 4.37 98.86 100 98.86
TM-MBPA

Finally, by substituting P ST
R , P TM

U and P TM
R into (14), we

obtain the aforementioned closed-form expressions.

V. NUMERICAL EXAMPLES

Table I details, for T0 = 2t1%, several configuration
examples of an SSB TM-MBPA with N=20 elements time-
modulated by identical pulses (same ρn and An). The selected
values of ρn (leading to the corresponding values of ξn) allow
for exploiting L= 3, 5, 9 and 15 harmonics, respectively.
According to Section III, such values of ρn locate, in each
case, L−1 harmonics in the flat zone of the frequency response
of the pulses, while the harmonics L and L + 1 are located
at the beginning and at the end of the roll-off zone (see ω̄1,
ω̄2, the attenuation of such harmonics in Table I, and Fig. 3).
Notice that the parameter ρn/ξn is directly proportional to
the roll-off zone width. Hence, Table I shows that when L
increases, the width of roll-off zone decreases. Consequently,
since the separation in frequency between adjacent harmonics
is fixed (ω0), when L increases, harmonics L and L + 1 are
better adjusted to the borders of the roll-off zone, and hence
ηTMA improves. However, if L increases, ξn decreases and,
if An remains fixed, ηmod also decreases and consequently η
also does. Although ηTMA is independent of An for identical
pulses, ηmod can be improved by means of adjusting An, which
is not possible in switched TMAs. Table I shows the different
values of An yielding ηmod ≈ 100% in each case, and therefore
η = ηTMA.

For the case L=3 (there are no examples in the literature
with L >3), it is possible to perform a comparison with
switched TMAs. Multibeam TMAs with rectangular pulses
implemented with single-pole single-throw (SPST) switches
are bound to use ξn very close to zero. Additionally, such
TMAs have no SSB features (see Table II, [4]), leading to
modest values for ηTMA and ηmod and, consequently, low η
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Fig. 4. Normalized power radiated patterns of the proposed SSB TM-MBPA
with N=20 elements after applying the periodic Nyquist pulsed signals shown
in Fig. 3a (top) and Fig. 3c (bottom). The relative levels of the harmonics
inside the roll-off zone (blue and black) are specified in Table I. Notice that
the phase excitations are considered to be progressive. Hence (see (13)), a
given harmonic beam q ∈ {1, 2, . . . , L} will point to the direction θq when
ϑnq/T0 = n cos(θq)/q, n ∈ {0, 1, . . . , N − 1}, whereas θL+1 = 90◦.

and D (mean directivity of the beams). For single-pole dual-
throw (SPDT) schemes, the figures of merit are improved but
the frequency response of rectangular pulses together with the
lack of SSB features still constitute a serious bottleneck (Ta-
ble II, [5]). One way of improving the performance is to focus
on the generation of a single beam by using trapezoidal pulses
and endowing the TMA with SSB features [9]. Consequently,
it is necessary to consider L independent time-modulated
BFNs. However, as the pulses remain at zero state for a certain
amount of time, ηmod cannot achieve the full level of ηTMA

(Table II, [9]). A way of improving ηmod is by amplifying
the static excitations (amplifiers at ωc). Consequently, two key
benefits of the proposed non-switched TMA scheme are: (1)
the safeguard of ηmod by amplifying at ω0 � ωc; and (2) the
use of a single BFN.

Fig. 4 shows the radiated patterns for the proposed
SSB TM-MBPA and the cases L=3 (top) and L=9 (bottom),
respectively. Notice the effect of narrowing the roll-off zone
for L=9, yielding a better filtering of the exploited higher order
harmonics.

VI. CONCLUSIONS

We have presented a novel MBPA scheme based on time
modulation with periodic Nyquist pulsed signals and SSB
operation. The proposed SSB TM-MBPA provides excellent
levels of power efficiency and reconfigurability. Furthermore,
both the performance and the MBPA BFN complexity are
invariant to the number of multibeams.
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