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Abstract

This paper introduces area-level compositional mixed models by applying transfor-
mations to a multivariate Fay—Herriot model. Small area estimators of the proportions
of the categories of a classification variable are derived from the new model, and the
corresponding mean squared errors are estimated by parametric bootstrap. Several
simulation experiments designed to analyse the behaviour of the introduced estima-
tors are carried out. An application to real data from the Spanish Labour Force Survey
of Galicia (north-west of Spain), in the first quarter of 2017, is given. The target is
the estimation of domain proportions of people in the four categories of the variable
labour status: under 16 years, employed, unemployed and inactive.

Keywords Labour Force Survey - Small area estimation - Area-level models -
Compositional data - Bootstrap - Labour status

Mathematics Subject Classification 62E30 - 62J12

Supported by the Instituto Galego de Estatistica, by the grants PGC2018-096840-B-100 and
MTM2017-82724-R of the Spanish Ministerio de Economia y Competitividad and by the Xunta de
Galicia (Grupos de Referencia Competitiva ED431C-2016-015 and Centro Singular de Investigacién de
Galicia ED431G/01), all of them through the ERDF.

Supplementary Information The online version contains supplementary material available at https://doi.
org/10.1007/s11749-019-00688-w.

B Agustin Pérez
agustin.perez@umh.es

Universidad Miguel Herndndez de Elche, Alicante, Spain
2 CITIC, Universidade da Coruifia, A Coruiia, Spain

Instituto Galego de Estatistica, Santiago de Compostela, Spain

Published online: 07 November 2019 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11749-019-00688-w&domain=pdf
http://orcid.org/0000-0003-4994-3176
https://doi.org/10.1007/s11749-019-00688-w
https://doi.org/10.1007/s11749-019-00688-w
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1 Introduction

Statistical offices are interested on the estimation of socio-economic indicators, like
proportions or counts, for the whole population or for subsets called domains. Sam-
pling designs are developed for obtaining precise estimators on their target (planned)
domains. Statisticians are also asked to provide estimates for unplanned domains
(small areas), where sample sizes are too small to carry out such estimations. Small
Area Estimation (SAE) deals with this kind of problems by combining tools of survey
sampling and statistical modelling at the unit or at the area level. The monographs of
Rao (2003) and of Rao and Molina (2015) give a general description of SAE.

In Galicia (north-west of Spain), the Spanish Labour Force Survey (SLES) provides
information about labour market indicators. The territory of Galicia is hierarchically
divided into counties and municipalities. As the sampling design of the SLFS is strat-
ified with strata defined by the size of the municipalities and most municipalities are
not represented in the sample, the direct estimates at the municipal or county level
have a low accuracy. In this context, estimating labour force indicators is thus a SAE
problem. The objective of this paper is to estimate proportions of under 16 years,
employed, unemployed and inactive people in counties of Galicia crossed by sex
under an area-level model-based approach.

Under the unit-level approach, Chambers et al. (2016), Hobza and Morales (2016)
and Hobza et al. (2018) have derived estimators of domain proportions and counts
based on M-quantile or binomial logit models for binary outcomes. Under the area-
level approach, Chambers et al. (2014), Dreassi et al. (2014), Tzavidis et al. (2015) and
Boubeta et al. (2016, 2017) applied binomial, negative binomial or Poisson regres-
sion models for estimating the domain counts or proportions. Esteban et al. (2012),
Marhuenda et al. (2013, 2014) and Morales et al. (2015) derived estimators of propor-
tions based on area-level linear mixed models. Concerning the Bayesian approach to
small area estimation of proportions, the contributions of Farrell (2000), Larsen (2003),
Chen and Lahiri (2012) and Liu and Lahiri (2017) are relevant. These approaches are
based on univariate models that do not consider the possibility of jointly estimating
the counts or proportions of more than two categories.

In labour force statistics, some indicators of interest are the totals or proportions of
the categories of a classification variable. This is to say, they are domain compositional
parameters summing up to one or to a known integer number. The seminal book of
Aitchison (1986), the more recent book edited by Pawlowsky-Glahn and Buccianti
(2011) and the papers Egozcue et al. (2003) and Egozcue and Pawlowsky-Glahn (2019)
are basic references for an introduction to compositional data analysis.

The estimation of compositional parameters requires using multivariate models. At
the unit level, Scealy and Welsh (2017) have applied a directional mixed effects model
for predicting the proportions of total weekly expenditure on food and housing costs
for households in a chosen set of domains. At the area level, we can find methodolo-
gies for contingency tables where the cell counts are explained by categorical auxiliary
variables or by regression-based inference procedures allowing for continuous aux-
iliary variables. Within the first approach, Zhang and Chambers (2004) developed a
class of log-linear structural models that is suited to estimation of small area cross-
classified counts based on survey data. Berg and Fuller (2014) gave a SAE procedure
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for a two-way table of proportions with predictors based on a nonlinear mixed model.
Under the regression-based setup, Ferrante and Trivisano (2010) proposed a multi-
variate SAE approach for count data based on the multivariate Poisson-lognormal
distribution an derived hierarchical Bayes predictors. Souza and Moura (2016) and
Fabrizi et al. (2016) deal with multivariate Beta regression models in SAE. Saei and
Chambers (2003), Molina et al. (2007) and Lépez-Vizcaino et al. (2013, 2015) have
applied multinomial logit mixed models to category counts for estimating domain
totals of labour status categories.

This paper introduces three area-level compositional mixed models to obtain small
area estimates of labour force proportions in Galicia. The first model is an additive
logistic transformation of a multivariate Fay—Herriot (MFH) model with no restric-
tions on the covariance matrix of the vector of random effects. The second and third
models are defined similarly by using centred and isometric logratio transformations,
respectively. The new models give higher flexibility than the multinomial model for
dealing with the covariance structure of the categories. The MFH model was sug-
gested by Fay (1987) and studied by Datta et al. (1991, 1996), Ghosh et al. (1996),
Gonzélez-Manteiga et al. (2008a), Benavent and Morales (2016) and Arima et al.
(2017).

We propose a trivariate Fay—Herriot (TFH) model for analyzing the SLFS data,
where the vector of random effects (model errors) has an unstructured covariance
matrix with unknown components and the vector of sampling errors has a known
covariance matrix. As far as we know, this model is studied and applied for the first
time to SAE problems. We do not implement a further parametric modelling of the
last covariance matrix as Berg and Fuller (2012) do. The estimates of the TFH model
parameters are obtained by using the residual maximum likelihood (REML) estimation
method. The fitted model is then used to estimate the proportions of under 16 years,
employed, unemployed and inactive people in Galician counties.

The estimation of the mean squared error (MSE) of a model-based predictor is an
important issue that has no easy solution. Under nonlinear models, the problem is even
more difficult. In this paper, we follow the resampling approach appearing in Gonzélez-
Manteiga et al. (2007, 2008a, b) to introduce a parametric bootstrap procedure. Further
research would be needed to approximate the MSEs of predictors as it is done by Slud
and Maiti (2006) in transformed univariate Fay—Herriot models.

This paper introduces statistical methodology that is new in three main aspects:
(1) the employment of three transformations of area-level compositional survey data,
(2) the use of TFH models (as a particular case of the general multivariate case) with
unstructured covariance matrix for modelling the transformed data and capturing the
sample correlations and (3) the derivation of domain-level predictors of proportions
and counts based on the TFH model fitted to the transformed data.

The remainder of the paper is organized as follows. Section 2 gives an introduction
to the labour force data and to the SAE problem of interest. Section 3 introduces the
additive, centred and isometric logratio area-level model-based approaches for esti-
mating domain compositional parameters. Section 4 describes the considered TFH
model. Section 5 develops the proposed compositional predictors and the correspond-
ing MSE estimation procedures. Section 6 applies the proposed methodology to data
from the SLFS of the first quarter of 2017 in Galicia. Section 7 gives some conclusions.
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The paper contains four appendixes in a supplementary material file. Appendix
A presents four simulation experiments. The target of Simulation 1 is to check the
behaviour of the REML algorithm for fitting the TFH model. Simulation 2 inves-
tigates the performance of the compositional and the multinomial predictors of the
category proportions. Simulation 3 analyses the parametric bootstrap estimator of the
MSE:s. Simulation 4 studies the behaviour of the predictors of proportions when the
target data are generated by a multinomial mixed model. Appendix B reviews the com-
petitor predictors based on multinomial mixed models. Appendix C gives the REML
Fisher scoring algorithm and derives the REML score vector and Fisher information
matrix. Appendix D describes the centred and the isometric logratio transformations
of compositions.

2 The problem of interest

The SLFS in Galicia is a quarterly survey following a stratified two-stage random
sampling design. Primary sampling units are composed by census sections, which
are geographical areas with a minimum of 500 dwellings or about 3000 people.
Secondary sampling units are composed by main family dwellings and permanent
accommodations. Subsampling is not carried out in secondary sampling units, and
data are collected on all persons who regularly live in the same dwelling. The SLFS
gets information about the labour market.

Galicia is divided into four provinces. They are Corufia, Lugo, Ourense and Pon-
tevedra, coded by the Spanish Statistical Office as 15, 27, 32 and 36, respectively.
Each province is hierarchically partitioned in comarcas (counties) and municipalities.
Our domains of interest are the counties crossed by sex. As there are 51 counties in the
SLFS of Galicia, we have 102 domains. Our goal is to estimate domain proportions
of people in the categories of the variable “labour status” by using SLFS data from
the first quarter of 2017.

The SLFS is designed to obtain precise direct estimates of labour indicators at the
province level. For the considered SLFS data, the minimum domain sample size is 10,
the first quartile is 43 and the median is 79. Therefore, obtaining reliable estimates
for target domains is a small area estimation problem and borrowing strength from
auxiliary data is recommended.

In mathematical terms, Galicia is a population U = U(?:lUd partitioned in D
domains Uy. Each domain is partitioned in subsets Ugx, k = 1, ..., g, defined by the
classification variable “labour force status” that classifies units into a finite number
of categories. The ¢ = 4 categories are < 15 years (k = 1), employed (k = 2),
unemployed (k = 3) and inactive (k = 4). Let N and N, be the sizes of U and Uy,
respectively. Consider the study variables taking the values z4x; = 1 if the unit j from
the domain Uy is in the category k and z4; = 0 otherwise. The target parameters are
the domain means (proportions) and the domain totals (counts), i.e.

- Z 4k
de:N_d’ Zak =Y zarj. d=1.....D. k=1....q. 2.1)
JjeUq
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As Zgi+- -+ qu =land Zy1 +- - -+ Zyy = Ng, with Ng known, we are interested
in estimating domain compositions with g = 4 categories.

For any sample s C U extracted from the population, s; denotes the subsample
from Uy of size ng and wy; represents the SLES sampling weight of the unit j from
the subsample s;. The sample proportions and counts are as:

Z =—', = , =1,....,D, k=1,...,q. 2.2
Lk =7 Lk Zde] q (2.2)

JEsd

Direct estimators of Zg; and Z g are as:

zdir

dlr_ dk dzr .

Zyk W, Zyi —E WdjZdkj Nd E Wy, - (2.3)
d

J€sa JESsq

As the SLFS sampling weights wy; are derived from the inverses of the inclusion
probabilities after non-response correction and calibration at the province and at the
regional level, the direct estimators (2.3) are not design-based unbiased for estimating
the target parameters (2.1) at the domain level. As the SLFS domain sample sizes
ng are small, the estimators (2.3) have large design-based variances. Therefore, the
application of model-based approaches is advisable.

Lépez-Vizcaino et al. (2013) introduced a multinomial logit mixed (MLM) model
forfittingzy. = (zq1., ..., 2Zdg—1.),d =1, ..., D,and estimating domain proportions
A related approach is fitting a MLM model to (Z“ﬁ’, .. Zd” D d =1,.
Appendix B describes these MLM models for a response Vector Ed = (&4, .- Edq 1 )
and the corresponding predictors of the multinomial category probabilities pax- In
both cases, Eix = zgk. or &gk = 23};’, the covariances, given in (2.2) of Appendix
B, under MLLM models are negative. Further, under the multinomial distribution, it
holds that covas (&4k,» Eak,) = 0 if and only if pgk, = 0 or pgr, = 0, which implies
that covys (§ak,, ax) = O Vk # ki or covar(§ak,, Eak) = 0 Yk # kp . Therefore,
the multinomial correlation structure is rather rigid. More concretely, if the number
of categories is ¢ = 4, then the six variance components (three variances and three
covariances) depend only on three category parameters through the formulas (2.2) of
Appendix B. In practice, the multinomial covariance structure does not necessarily fit
to the true covariances cov (&g, ., £ak,.). k1 # k2, k1, ko =1, ..., g, of sample counts
or direct estimators of totals.

For the categories ki, ko = 1,2, 3,4, Table 1 presents the correlations of the set of
values {(zg,’;;l zj,g) :d=1,..., D} (leftyand {(Z4x, ., Zax,.) : d = 1, ..., D} (right).
These correlations are calculated from the direct estimates (2.3) and the simple esti-
mates (2.2) of the category proportions along the domains. As they are calculated with
aggregated data at the domain level, we call them domain-level empirical correlations
between categories or, in short, domain-level correlations. Table 1 shows that most,
but not all, correlations are negative. Nevertheless, we find the positive correlations
0.21 (right) or 0.04 (right) and 0.07 (left) that are close to zero.
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Table 1 Domain-level correlations for Z d” Zg,’(; (left) and Zgg, ., Zak,. (right)

k=1 k=2 k=3 k=4 k=1 k=2 Ik=3 k=4

ky =1 1.00 0.07 —0.15 —0.50 1.00 0.21 0.04 —0.64
ky =2 0.07 1.00 —0.20 —-0.79 0.21 1.00 —0.24 —0.80
kr =3 —0.15 —0.20 1.00 —0.18 0.04 —0.24 1.00 —0.20
ky =4 —0.50 -0.79 —0.18 1.00 —0.64 —0.80 —0.20 1.00
3 S 4
S - - —_ N —_ o - J—
3 = ﬁ: — - = - —
3 - : 8 | - L |
¢ -~ |7 e
gl = i : o
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© : — 3 -
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Fig. 1 Unit-level covariances (left) and correlations (right) for ZZ;J, ZZI’{Q k1 # ko

The design-based within-domain covariance covy (Zg,’; , _j,i; Vki,ko=1,...,9—
1, can be estimated by

> di Zdi 2 di
cov (24 Z4ih) = Z waj(waj — D (zak j = Zgi\) @akaj = Zigy)»
Jjesa
2.4)
where the case ki = k» = k denotes estimated variance, i.e. Var,,(Zd” ) =

cOVy (232’, d”) The last formulas are obtained from Sdrndal et al. (1992), pp. 43,
185 and 391, with the simplifications wy; = 1/74j, 7aj aj = maj and wg; gj = 74i74;,
i # j in the second-order inclusion probabilities. By applying formula (2 4),

Fig. 1 (left) plots the estimated design-based covariances sk, = cOVy (Zg,’(’1 g,’(; ),

ki, ko = 1,2,3,4, ki # ko, for the direct estimators of all the category proportions.
As these covariances are calculated from unit level data, they are called unit-level

covariances. Figure 1 shows that covy, (Zj’lr, d”) 0,d = 1,..., D. Under the
multinomial mixed model, this fact implies (as explained above) that the domain pro-
portions of people in the categories “under 16 years” and “unemployed” should be
close to zero, which contradicts the observed sampling proportions. Figure 1 (right)
plots the corresponding unit-level correlations rg,,. In the application to SLFS data,
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these unit-level covariances are used to set the error covariance matrix of the fitted
TFH model.

The exploratory data analysis shows that the covariance structure of the MLM
models M1 and M2, described in Appendix B, cannot take into account simultaneously
both types of covariances and variances (unit level and domain level). This is to
say, the multinomial mixed model does not fit well to the domain-level correlations
appearing in Table 1 or to the within-domain covariances shown in Fig. 1. Further,
the definition of the model itself does not allow the introduction of both types of
covariances and variances as MFH models do. This is why we propose transforming
the direct estimators of domain proportions and fitting the transformed data to a more
flexible compositional mixed model.

3 Transformations of compositions

This section considers three transformation of g-compositions onto RY~!. In what

follows, we use the simpler notation z 4% S Zj,’;’,k =1,...,9,2a = (241, - - -, qu_l)/
and
Oz kiky = COVr (Zdky» 2dky)>  Valx (2a) = (Gz,klkz)kl’k2=1w’q,1- (3.1
We assume that zgx > 0,d =1,...,D,k=1,...,q,and we note that z4; + ...+
249 = 1.Ford = 1,...,D,let yg = (Yai,.-.,Yag—1) € RI™! be the additive
logratio transformation (alr) of z4, i.e. yg = h(za) = (h1(za), - .., hg—1(zq))’ with
yar = hi(zq) =10g(zar/zaq) =logzax —log (1 — za1 — ... — 2ag-1),
k=1,...,9 — 1,

and with inverse the additive logistic (alogist) transformation

exp{yar)
Zdk = , k=1,...,q9 -1,
1 +exp{ya1} + - +exp{yag-1}
1
Zdg =l—zq1 — " —Z2dg—1 = .
1 7 1 +exp{ydi} + -+ +exp{yag—1}
Fori,j =1,...,q — 1, the first partial derivatives of the alogist transformation are
as:
0z az; . .
— =z(l-2)>0, — =-zz;<0, i#]. (3.2)
dyi 9y;

This to say, under the alogist transformation z; is an increasing function of y; and a
decreasing transformation of y;, i, j = 1,...,¢g — 1, j # i. Alternatively, we may
consider the centred or the isometric logratio (clr or ilr) transformations described in
Appendix D. For ease of exposition, this paper deals mainly with the alr transformation.
The mathematical developments for the clr or ilr transformations can be done similarly.
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In applications to real data, we can have domain compositions (z41, . . ., Zdg) With
some zero components zgx = 0. Since the logarithm of zero is —oo, we cannot
apply alr, clr and ilr logratio transformations for analyzing compositional data. In our
application to real data, we have no zeros. However, in other domain-level data we
might find a low number of zeros. This can occur if a domain sample size is very
small and none of the sampled units belong to a given category k. A practical solution
for this problem is replacing zeros by a small numerical value ¢ > 0 and making a
rounding-off adjustment process. For example, if (z41, . . ., Z4q) has m zeros, we can
apply the recommendation appearing in Section 11.5 of Aitchison (1986). This is to
say, we can substitute the zeros by ¢ = (m + 1)(g — m)8g~% and we can subtract
m(m + 1)8¢ =2 to each positive component, where § is the maximum rounding-off
error of the positive zgx’s. We can take (ﬁrﬂ (de))l/ 2 as rounding-off error of zg.
In any case, applied statisticians should do a sensitivity analysis of the results to the
particular method employed to deal with zeros and a model diagnostic study.

The presence of structural zeros or a non-negligible amount of sample zeros is a
severe issue when using alr, clr and ilr logratio transformations. We are not in favour
of using the three introduced transformations in those cases. Other transformations
and models for dealing with compositional data could be alternatively applied. For
example, the directional mixed effects models applied by Scealy and Welsh (2017)
overcome this problem.

The first derivatives of the alr transformation 4 are as:

0hy(za) 1 1 i, (zq) 1
——— =t Hgp@) = = —

Hi(zq) =
0Zdk Zdk  Zdgq 0Zdk, Zdq

if k1 # ky.

Let 1, and 0, be the a x 1 vectors with all the components equal to one and

to zero, respectively. In matrix form, we have H(zg) = (H,-j (Zd))i J=lg—1 =

diag) <1 (2)) + 20 1g—11],_;-
A Taylor series expansion of &(z;) around a given zg yields to

Ya = h(zq) = h(z0) + H(z0)(za — 20)- (3.3)

If we take z9 = q_llq_l, then h(zo) = 0y—1, Hy = H(z0) = q(lq_l + 1q_11;_1),
where I, is the a x a identity matrix. Alternatively, we can take zo = % Z(?ZI 2d
or we can select zg depending on d and close to z; for a better Taylor expansion
approximation. For the clr and ilr transformations, Appendix D shows that h(zg) =

04—1 and gives H (zp). From (3.3), we get the approximated covariance matrix:
vary (vq) & Hovary (z4) Hy. (3.4)

A general area-level model for estimating de, d=1....D,k =1,...,q,is

Vd ind Ng—1(tta, Va), where j14 is a mean vector depending on unknown regression
parameters and auxiliary variables and V; is a covariance depending of some unknown
parameters. The next section gives a flexible multivariate area-level linear mixed model
for yg,d =1, ..., D, which allows positive and negative covariances. Depending on
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the employed transformation, the resulting models for z4, d = 1, ..., D, are called
alr, clr and ilr compositional mixed models. These models arise as alternative to the
MLM models, for z4. or zg4, described in Appendix B. For ease of exposition, we
present the case ¢ = 4 appearing in the application to real data.

4 Trivariate Fay-Herriot models

Let zg = (z41, 242, za3)' be the vector of direct estimators (2.3) of proportions Zg =
(Zar, Zan, Z43)' of some classification variable with q = 4 categories. Let var, (z4)
be the matrix of design-based covariance estimators (2.4), which can contain positive
and negative covariances. Let y; = (Y41, Ya2, Ya3)' be the alr transformation of z,.
Let g = Ex(ya) = ((a1, ma2, La3)’ be the vector of design-based expectations of
vq. The TFH model is defined in two stages. The sampling model is

Ya=MWUg+eq, d=1,...,D, 4.1)

where the vectors ey ind N3 (0, V,q) are independent and the 3 x 3 covariance matrices
Vea = (04i j)i,j:1,2,3 are known. In practice, we take V,q = HoVaty (zq) H}, where
Vary (z4) is the covariance matrix givenin (3.1) and Hy is defined in (3.4). Alternatively,
vq can be defined as the clr or ilr transformation of z;. In that case, the matrix Hy is
taken from Appendix D.

Moreover, it is assumed that the wgi’s are linearly related to r; explanatory
variables associated with the k-th category in the domain d. For k = 1,2, 3, let
Xdk = (Xdk1, - - .. Xdkr,) be a row vector containing the ry explanatory variables for
War andlet Xy = diag (x41, X42, X43)3 %, Withr = ri+r>+r3. Let B; be acolumn vec-
tor of size r containing the regression parameters for gk andlet 8 = (B}, g5, B5)
This section introduces a TFH model by assuming (4.1) and the linking model:

/
rx1°

ind
fta = Xaf +ua, ug '~ N30,Vug), d=1,...,D, 4.2)

where the vectors u,’s are independent and independent of the vectors e;’s. Unlike the
MFH models studied by Benavent and Morales (2016), the 3 x 3 covariance matrices
Vua are unstructured and depend on six unknown parameters, 6; = auzl, 6 = auzz,
03 = 0%, 04 = p12, 05 = p13 and O = po3, i.e.

2
01 P120u10y2  P130y 1043
2
Vua = | P120u10u2 0 02304203
2
P130410y3  P23042043 0,3

The matrix V,4 explains the covariance structure of the alr transformations of the
direct estimators y, that is not taken into account by the sampling errors e, or by the
auxiliary variables X 4. Let I, be the n x n identity matrix and &4 be the Kronecker
delta, and define

@ Springer



M. D. Esteban et al.

y= col (yq), u= col (ud) e= col (ed) ud— col (udk) ed— col (edk)
1<d<D l<d< I<d<

X = col (Xg), Zg= col ($ealz), Z = col (zd) = hLp, V, = diag (Vya),
1<d<D 1<¢<D 1<d<D

where col and col’ are matrix operators stacking by columns and rows, respectively.
In matrix form, the TFH model (4.1)+(4.2) is

y=XB+Zu+e=XB+Ziuy+---+ Zpup +e, 4.3)
where e, uy, ..., up are independent with distributions
e~N@O,V,), u~N@O,V,) and ug~N@O,Vy), d=1,...,D
Under model (4.3), it holds that

E(y)=Xp and V =var(y) =Z'V,Z+V, =V, +V, = diag (Vy),
1<d<D

where Vy = V,qg + Veq,d = 1, ..., D. Further, the best linear unbiased estimator
(BLUE) of 8 and the best linear unbiased predictors (BLUP) of u and u are as:

B =X VI X)'X'Vy, iip =V, Z'V ' (y — XBg). s = XBs + Ziip.
“4.4)

The residual maximum likelihood (REML) method maximizes the joint probability
density function of a vector of 3D — r independent contrasts w = W'y, where W is a
3D x (3D —r) matrix with linearly independent columns and such that W'W = I;p_,
and WX = 0. It holds that w is independent of the BLUE Bz given in (4.4). The joint
probability density function of w is the REML likelihood. The REML log-likelihood
of model (4.3) is

- 1 1
Lrem1 (6) = — rlog2n+zlog|X’X|—§log|V|
1
— log | X'V7IX| - y 'Py, 4.5)
where 0 = (01,...,6¢), P = V' — v lxX'v-ix)"'X'v-!, PVP = P and

PX = 0. Appendix C gives the calculation of the score vector S(0) = (S, ..., Sg)’
and the Fisher information matrix F(0) = (Fa,b)a b1 . g Where

.....

0lreml 912 |
S, = _F :—E[ fem] b=1.....6
“T e, 0 30,00, 1" ¢

Appendix C also gives the REML Fisher scoring algorithm for fitting the TFH model
(4.3). To initiate this algorithm, a possible set of starting values is 04,0 = 65,0 = 66,0 =
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0, ék 0= 63,( 0 k = 1,2,3, where 82k 0 is the REML or the ML or the Prasad and
Rao (1990) moment-based estimator of ¢ i in the k-th marginal Fay—Herriot model

They can be calculated with the R library sae. Another possibility is to take Vu y
the domain-level variance matrix of the alr transformations of the direct estimators
of the category proportions. This is the approach described and implemented around
Table 2 in the application to real data.

The output of REML Fisher scorlng algorithm, 6, is the REML estimator of 6. By
plugging 6 in V,, we get Vo=V and V =V, + V.. By substituting V, in (4.4),
we obtain the EBLUP of © = X8 4 Zu, i.e.

A~

Be=XVIX)TIX VT, die =V, 2V Ny — XBe), e = XBe + Ziic,
(4.6)

with components

fica = (ficat, ficaz, ficas) = XaPc + iica,
ﬁCd = VudVd_l(yd - Xdlg)7 d=1,...,D.

The asymptotic distributions of the REML estimators 6 and B,
0~ Ne(0, F~'(©), B~ N:(B.(X'VIX)"™,

can be used to construct (1 — «)-level asymptotic confidence intervals for the compo-
nents 6, of 6 and B; of B, i.e.

A 1/2 1 .
betzapvy 6=1,....6, Bitzang!” i=1,....r, 4.7)

where F~'(0) = (vap)ap=1...60 X'VOX)™! = (gij)i j=1,...r and zq is the a-
quantile of the N (0, 1) distribution. For ,é,- = Bo, the asymptotic p value for testing
the hypothesis Hy : B; = 0 is

p-value = 2Py, (B; > Bol) = 2P(N(0, 1) > |Bol//qi0)- 4.8)

We remark that we have changed the notation in (4.7) and (4.8), where B; denotes the
i-th component of the vector 8 and not the vector of regression parameters of the i-th
category.

5 Compositional predictors of proportions and counts
This section denotes the expectations under the distributions of the sampling design,
the Fay—Herriot model and the compositional mixed model by E,, Erg and Ec,

respectively. Statistical offices are interested in estimating population parameters, like
the domain mean Zg; defined in (2.1). However, the domain-level approach to SAE
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gives predictors of functions of fixed and random model effects (in short, functions of
model effects—FME). For example, a Fay—Herriot (FH) model for predicting Z 4,

Zdk = XqkB + urH,ak + erH,ak, d=1,..., D,

with the standard assumptions on urm gk ’s and eru gk s, has ru gk = Evulzar [urH, dk ]
= Xakf + urm.qx as the FME of interest. To connect ;g gk With Zak, it is assumed
that: (1) the design-based expectation of zy is Zak, i-e. Ex[zak]l = Zax, and (2) the
design-based expectation is the realization of the model conditional expectation; in
short, Erxlzak|uFH,ak] = Ex[zax].- Note that Epg[zgk|urH,qx] is a function of upy, gk
Similar assumptions are done for the MLM model described in Appendix B, i.e. (1)
Exlzak] = Zak, 2) Emlzak.|um,ak]l = ExlZar.]-

In practice, assumption (1) rarely holds. The direct estimator z4 is not calculated
with the inverse of the inclusion probabilities, but with sampling weights (expansion
factors) that are not calibrated to domain totals. Therefore, z4 is, in general, biased
with respect to the sampling design distribution. Similarly, z4. is also biased for
estimating Zgy, as it is calculated with weights equal to one. Therefore, predictors
based on both models, FH and MLM, have problems to fulfil assumption (1) when
dealing with real data.

Assumption (2) might be accepted if the area-level model has a “good” fit to data,
which may happen if the set of auxiliary variables is highly correlated with the depen-
dent variable. Further, by analogy to the GREG estimator, the auxiliary variables
produce a calibration effect to their domain totals and a reduction of the design-based
bias. In many cases, the assumptions (1) and (2) “approximately” hold and the empir-
ical best predictor (EBP) will have some small bias, as the direct estimator has, but
lower variance. So it is worthwhile to calculate EBPs based on area-level models, as
they will tend to have lower design-based MSEs than direct estimators.

This paper introduces a compositional model for z4 that is introduced by assuming a
TFH model on the alr transformed vector y,. In terms of y;, the compositional model
does not fulfil assumption (1), because the direct estimator y; is not design-based
unbiased for the alr transformation of Zgy, i.e. Ex[var] # 10g(Zax/Zas), k = 1,2, 3.
For fulfilling the assumption (2), the FMEs to be predicted under the TFM model
should be

Eclzak|uql =/ explyak} SN3(XaB+ua, Vo) Va) dYa,
&3 1 +exp{ya1} + exp{yaz} + expl{yaz}
k=1,2,3,
and Eczgalug]l = 1= Eclza1|luqal — Eclzaz|uqal — Eclzazluql,d =1, ..., D, which

are nonlinear functions of u; based on integrals that cannot be solved analytically.
Further, the EBPs of E¢[zg4x|uq] are non-analytically tractable integrals of E¢[zgx |u4]
with respect to the density of u4 conditioned to y,. This is why we propose predicting
the alogist transformations of pucgk = Ec[yar|uq] under the TFH model, i.e.
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exp{icar}
1+ exp{pcar} + exp{icar} + explicas}’
pcds =1 — pca1 — pcaz2 — pcaz, k=1,2,3.

Pcdk =

For the clr and ilr transformations, the alternative vectors are pé’{i = clr ' (neq) and

ply =il (ea), respectively, where picq = (itcat icazs 1hcds)-

By predicting pcgx instead of Ec[zqx|uq], we gain computational efficiency, but we
have problems with assumption (2), as Zzx might not be considered as the realization
of pcak;inshort, pcar # ExlZax.] & Zax. However, the disadvantage of not fulfilling
the assumptions (1) and (2) can be compensated, as in practice happens with the FH and
MLM models, by the use of auxiliary variables correlated with the objective variable
and with the modelling of the covariance structure of the categories. So that what is
lost on the one hand is recovered on the other.

In this section, two predictors of pcgr are proposed. The compositional plug-
in predictors, pca = (Pcai, Pcazs Pcas)’ and pcas, of the proportions pca =
(pcai, pcaz, pcas) and pcgq are jointly obtained by applying the alogist transfor-

mation to ficq = (flcdt, flcaz, ficas)’s i-e. pca = alogist(fica) or equivalently

exp{/icak)
1 +exp{ficai} + expificaz} + exp{iicas}’
pcas =1 — pcar — pcar — pcaz, k=1,2,3.

Pcak =

Similarly, we may consider the plug-in predictors ﬁg; = clr ' (ficq) or ﬁgg =

ilr~!(fic4). The compositional plug-in predictors of the domain proportions Zyy are
Zodk = Pcark, and the compositional plug-in predictors of the counts Zgx = Ny Zik
are Zcak = NaZcar, k = 1,2,3, 4.

On the other hand, the compositional best predictors of the proportions pcgy are

PBax = PBax(B,0) = Epglpcar| yal, k = 1,2,3,and ppas = 1 — ppa1 — ppaz —
PBa3- It holds that

exp{iicak}
PBak = v TropmaTrewlicarreptica | (dlud) fwa) dua— Ag(ya, B.0)
Jrs £ Galua) f(ua) dug By(ya,B.0) "

where pcak = XarBr + Uak, Yalua ~ N3(XgB + ua, Vea), ua ~ N3(0, V;,4(0)) and

exp{icar}exp | — 3(va — XaB — ua)' V,3' va — XaP — ua)}
1 + exp{ucar} + exp{ucaz} + exp{ucas}

Adk(ya, B, 0) = /R%
Sfo(ug) dug,

1
Bi(ya, B,0) = /R3 exp {—E(Yd — XaB—ua)' V) (va—XaB — ud)} So(ug) dug.

The compositional EBP of pcgx iS prax = ﬁBdk(,é, é), k =1,2,3,4, and can be
approximated by the following Monte Carlo algorithm:
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1. Calculate the TFH model parameters p and 6.

2.For 4 = 1,...,L,d = 1,..., D, generate u ) iid. N3(0, Vud(e)) and do
(L+6) _ 0
uy, =—u," .

3. Calculate ppgx = ﬁBdk(ﬁ, 0) = Adk/l}d, where

PR explitg b exp | =3 0a = XaB = uYVG G = Xab — )}
dk = 51

’

2L =1 1+eXP{MC(11}+eXP{MCd2}+eXP{MCd3}
By = — Ze xp {——(yd — Xab —u)V V(v — Xap — uif’)} :

where Aigy = xakBi +ugl.d =1,....D.k=1,23,£=1,....2L.
4. Calculate ppgs = 1 — pgpa1 — Pea2 — Peaz,d =1,..., D.
The compositional EBPs of the domain proportions Zg; are Z Edk = ﬁEgk, k =
1,2,3,4. The compositional EBPs of the counts Z;x = NgrZgx are Zgagx =

NarZga k =1,2,3,4.
For the clr and ilr transformations, the EBP of pcgi is obtained by substituting the
k-th component of the alogist transformation:

exp{icar}
1+ exp{ucai} + exp{ucaz} + exp{ucas}’

alogist (uca) =

by the corresponding k-th component of clr~! and ilr~! transformations, respectively.

The estimation of compositions, like domain proportions of categories of a classi-
fication variable, requires the selection of the last (¢-th) category. The last category
is not a control or reference category as it happens in some ANOVA-type statistical
analyses. The introduced methodology is not invariant with respect to the selection
of the category ¢, but provides together the predictors of the proportions of the g
categories. In practice, the selection of the first ¢ — 1 categories should be based on
the available explanatory variables. A good approach is to select as target categories
(k=1,...,q — 1) those ones that can be better explained by the auxiliary variables.

For every domain d, the predictors based on multinomial or compositional models
fulfil the two conditions: (1) 0 < pgx < 1,k =1,...,q, and (2) ZZ:] pak = 1.
Estimating pgx with predictors based on univariate area-level mixed models, like Fay—
Herriot or binomial logit, is not a good option because the conditions (1) and (2) might
not be fulfilled.

Concerning the estimation of the MSEs of the compositional plug-in predictors
or EBPs, we follow the parametric bootstrap approach of Gonzéilez-Manteiga et al.
(2008a). The steps of the bootstrap resampling algorithm are as follows:

1. lfit the TFH model (4.3) to the data (y4, X4),d = 1, ..., D, and calculate ,é and
0.
2. Generate u:;(b) ~ N3(0 Vud(é)), ez(b) ~ N3(0, V.q), uz(b) = Xd,B + u*(b),

yi® = 5P PP alogist (i), d =1,..., D
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3. Calculate pd(b) {ﬁé(j) ﬁz(j)} based on the data (y;(b), X.,d=1,...,D.

4. Repeat B times, b = 1, ..., B, the steps 2-3 and calculate the bootstrap MSE
estimator

B
msely, = Z (P — pHPY2 g =1,...,D, k=1,2,3.
b:

6 Application to Labour Force Survey data

This section gives an application of the alr compositional mixed model to the SLFS

data described in Sect. 2. The TFH model is fitted to the target data and to a set of

significant auxiliary aggregated variables taken from the administrative registers: PMH

containing the official demographic data at municipal level, SSoc containing data from

the Social Security System and SPEG containing data of employment claimants.
The considered domain-level auxiliary variables are as:

e SS: proportion of population registered in SSoc.

e REG: proportion of population registered as unemployed in SPEG.

e tol5, 16to24, 25to54, S55to: proportion of population aged < 15, 16-24, 25-54
and > 55 registered in PMH.

The target parameters are the proportions of the four categories of the variable labour
status, i.e. < 15 years, employed, unemployed and inactive people per sex in coun-
ties of Galicia. We are interested in estimating domain compositions with ¢ = 4
categories. As the explanatory variables, tol5, SS and REG, are highly correlated
with < 15 years, employed and unemployed, respectively, for fitting compositional or
multinomial mixed models to the SLFS data, we number the labour status categories
from 1 to 4, so that inactive is the fourth one (g-th category).

We denote the alr transformations of the direct estimators of the category propor-
tions by yqx = log(zak/zaq), k = 1, 2, 3. For the sake of brevity, we do not present the
data analyses with the clr or ilr transformations. Keeping these assumptions in mind,
below we present the results of the application to SLFS data.

Table 2 presents the domain-level correlations calculated for the sets {(Vak, , Yak,) :
d =1,...,D}, k;, ko = 1, 2. Because of the alr transformation, the domain-level
correlation patterns of the y-variables are different from the corresponding ones of
the z-variables given in Table 1. The correlations in Table 2 are used as seeds for the
matrices V,,4 in the Fisher scoring algorithm that calculates the REML estimators of
the selected TFH model.

TabIeZ‘Domain—level k=1 k1 =2 k=3
correlations for Ydky > Ydkp
ky =1 1.00 0.58 0.17
ko = 0.58 1.00 0.31
kry =3 0.17 0.31 1.00
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szr':l:ti (512‘;3“; ;ﬁldki Variable SS  REG  tol5  16t024 251054 550
" 038 005 045 0.8 0.39 ~0.76
y2 059 000 046 012 076 —0.75
V3 015 029 030 020 044 —0.40

Table 4 TFH model parameter estimates

Yd1 Yd2 Yd3
Variable ¢ tol5 ) SS 16t024  25t054 3 REG  16to24  25to54
Estimate —3.09 15.11 —-3.02 435 0.80 3.32 —-4.15 9.08 3.1 3.50
SD 0.25 2.27 0.14 042 0.71 0.28 033 396 201 0.72
p value 0.00 0.00 0.00 0.00 0.11 0.00 0.00 0.02 0.12 0.00

Table 3 presents domain-level correlations for the response variables y i of the TFH
model and the auxiliary variables x4 . For the k-th category and the i-th auxiliary vari-
able, the correlations are calculated for the set of values {(ygk, xqxi) :d =1, ..., D}.
Reading this table by rows, it is observed that tol5 is the most positively correlated
variable for y; and 25to54 and SS are the most positively correlated variables for y,.
Concerning y3, the first five auxiliary variables have a similar positive correlation. As
expected, 55to is negatively correlated with yy, y» and y3.

A set of appropriate auxiliary variables is selected, and the corresponding TFH
model is fitted to the data (ygx, xqxi),d = 1,..., D,k =1,2,3,i = 1,..., r. For
the alr transformation, Table 4 presents the estimates of the regression parameters for
the TFH model and their estimated standard deviations. It also presents the p-values,
defined in (4.8), for testing the hypothesis Hy : Bri = 0,k =1,2,3,i = 1,...,r;.
Intercept parameters for yi, y2, y3 are denoted by c1, ¢3, ¢3, respectively. Appendix
D presents the corresponding tables for the transformations clr and ilr. Based on those
tables and on further model diagnostics, we select the alr transformation.

As all the auxiliary variables are proportions, the sign and the magnitude of the
regression parameters give interesting interpretations. The alr transformation of the
direct estimator of the SLFS proportion of people under 16 years, y41, is solely
explained with positive sign by the corresponding PMH proportion tol5. For the
proportion of employed people, y;» tends to be greater in those domains with larger
proportion of people registered in SSoc and greater proportion of working age people.
The proportions of people SS and 25t054 are more relevant than 16t024 for predicting
vq2. For the proportion of unemployed people, y;3 tends to be greater in those domains
with larger proportion of people registered as unemployed in SPEG and greater pro-
portion of working age people. As expected, REG is more important for predicting
vq3 than 16t024 and 25to54. We have further fitted a second TFH model with 55to in
the place of 16t024 and 25to54. The second model gives similar predictions because
the auxiliary variables tol5, 16t024, 25to54 and 55to sum up to one, and therefore,
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Table 5 ClIs of variance

01 (%) 63 64 05 06
components
0 0.41 0.02 0.26 0.76 0.06 —0.30
Clinf 0.28 0.01 0.17 0.59 —-0.18 —0.61
CI sup 0.55 0.04 0.36 0.92 0.31 0.01
Yd1 Yd2 Yd3
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Fig.3 Marginal residuals of the fitted TFH model

55to and {16t024, 25t054} give basically the same information for predicting y4, and
Yd3-

Table 5 gives the 95% confidence intervals (CIs) of the variance components,
defined in (4.7), for 61, ..., 6. We observe that the variances 031, ouzz, 0,423 and the
correlation ppy are significantly greater than zero.

Figure 2 plots the dispersion graphs of the target variables yg1 (left), y;zo (centre)
and yg3 versus their auxiliary variables with larger regression parameter, i.e. tol5,
SS and REG, respectively. Accordingly with Table 3, we observe the linear patterns
related to positive high linear correlations.

Figures 3 and 4 plot the marginal residuals and standardized marginal residuals
of the fitted TFH model. The residuals are rather symmetric around zero and do not
present any relevant pattern. Further, there are few standardized residuals (7 among
306) outside the interval (—3, 3).

Figure 5 plots the compositional versus the direct estimates of the proportions of
people under 16 years (left), employed (centre) and unemployed (right). We observe
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Fig.4 Standardized marginal Standardized Residuals

residuals of the fitted TFH
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Fig.5 Compositional versus direct estimated proportions of people under 16 years (left), employed (centre)
and unemployed (right)

that model-based estimators take values rather symmetrically around the direct esti-
mates. As the direct estimators of proportions are basically design-based unbiased,
Fig. 5 suggests that compositional estimators partially share this property.

In addition to the compositional plug-in predictors based on the selected compo-
sitional mixed model, we also calculate the direct estimators and the multinomial
predictors. Taking into account the recommendations of Lépez-Vizcaino et al. (2013)
and the last comment of Appendix B, the MLM model is fitted to the vectors of sample
counts zg. = (z241., Zd2., Z43.) With sample sizes ng, d = 1, ..., D. For the sake of
comparability, we use the same auxiliary variables as the fitted compositional model.
This is to say, the auxiliary variables are listed in Table 4. Figure 6 plots the direct,
multinomial and compositional plug-in estimated proportions of people under 16 years
(left), employed (centre) and unemployed (right) for domains sorted by sample size.
For the three categories, the compositional plug-in predictors present the smoothest
behaviour across domains.

Figure 7 plots the design-based estimates of the root mean squared errors (RMSE)
of the direct estimators (D) and the parametric bootstrap estimates of the RMSEs of
the multinomial and the compositional plug-in predictors. For the sake of compara-
bility, the RMSEs of the multinomial (MC) and the compositional (CC) predictors are
calculated under the assumption that the distribution of the fitted TFH Fay—Herriot
model is the true one. Therefore, we run the bootstrap procedure by generating data
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Proportion of people under 16 years

Proportion of employed people

Proportion of unemployed people

Direct
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Fig. 6 Direct, multinomial and compositional estimated proportions of people
employed (centre) and unemployed (right) for domains sorted by sample size

under 16 years (left),
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Fig.7 Estimated RMSE:s of direct and model-based estimators of proportions of under 16 years, employed
and unemployed people

from the fitted TFH model. The RMSEs of the corresponding direct estimates are
estimated by applying formula (2.4). Nevertheless, we know that in real life there are
no true models, but useful models. Therefore, we also calculate parametric bootstrap
estimates of the RMSEs of the multinomial predictors assuming that the multinomial
model is valid. The new estimated RMSEs (MM) can be interpreted as a measure
of the goodness of fit of the multinomial model to the data. Figure 7 shows that the
compositional plug-in predictors have the best results in terms of RMSE.

Figures 8 and 9 map the compositional plug-in estimated county proportions of men
(left) and women (right) under 16 years old and inactive, respectively. The colours are
darker in areas with higher proportions. We observe that the counties with the youngest
people are in the west coast, in the provinces of Corufia and Pontevedra where it is
the Atlantic motorway (from Vigo to Coruiia). On the contrary, it can be observed that
the counties that are in the east of Galicia (in the provinces of Lugo and Ourense), in
general terms, have a lot of inactive population, more than the 50% of their population.
The Costa da Morte counties (in the west) are also in this situation.

Figures 10 and 11 plot the compositional plug-in estimated county proportions
of men (left) and women (right) that are employed and unemployed, respectively.
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Proportion of people under 16 years. Men

<=0.08 (14)

>0.08 <= 0.12 (13)
>0.12 <= 0.15 (13)
>0.15 (13)

BECOO

Proportion of people under 16 years. Women

0 <=0.09 (14)

0 >0.09 <= 0.11 (13)
= >0.11 <= 0.13 (13)
m >0.13 (13)

Fig.8 Estimated county proportions of men (left) and women (right) under 16 years old

Proportion of inactive people. Men

0 <=0.36 (14)

O >0.36 <= 0.42 (13)
= >0.42 <= 0.5 (14)
m >0.5(12)

Proportion of inactive people. Women

O <=0.43 (14)

O >0.43 <= 0.49 (13)
= >0.49 <= 0.5 (0)

m >0.5 (26)

Fig.9 Estimated county proportions of inactive men (left) and women (right)

Proportion of employed people. Men

O <=0.34 (14)

O >0.34 <= 0.38 (13)
= >0.38 <= 0.44 (13)
m >0.44 (13)

Proportion of employed people. Women

O <=0.26 (14)

O >0.26 <= 0.32 (13)
= >0.32 <= 0.36 (13)
m >0.36 (13)

Fig. 10 Estimated county proportions of employed men (left) and women (right)
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Proportion of unemployed people. Men Proportion of unemployed people. Women

O <=0.05 (14)
0 >0.05 <= 0.07 (13)
= >0.07 <= 0.09 (13)
= >0.09 (13)

O <=0.04 (14)

O >0.04 <= 0.07 (13)
= >0.07 <= 0.08 (13)
m >0.08 (13)

Fig. 11 Estimated county proportions of unemployed men (left) and women (right)

Table 6 Estimated men proportions and their estimated RMSEs

prov n Under 16 years Employed people Unemployment people
Estimate RMSE Estimate RMSE Estimate RMSE

dir mod dir mod dir mod dir mod dir mod dir mod

15 24 012 0.1 065 036 034 036 029 0.08 0.09 0.07 093 041
15 44 006 0.06 068 022 025 032 027 0.06 0.05 0.06 0.69 0.30
15 51 0.18 0.16 032 028 034 038 020 0.07 0.11 0.09 048 0.30
15 72 0.12 012 035 024 033 025 0.17 0.07 0.12 008 033 0.26

15 114 021 0.19 0.19 020 047 049 0.10 0.03 0.02 003 057 0.17
15 305 0.14 0.14 0.5 0.2 033 033 009 0.05 0.10 0.10 0.18 0.14
27 33 023 0.17 041 032 032 036 026 006 005 0.05 0.69 0231
27 61 0.10 0.10 049 026 035 037 0.18 0.06 0.06 0.06 049 0.29
27 137 0.12 0.12 025 0.19 039 037 0.11 0.06 0.09 009 032 0.21
27 581 0.11 0.11 0.12 009 047 046 0.05 003 0.08 0.07 0.16 0.10

32 12 001 0.08 0.03 031 067 040 020 0.08 0.11 0.15 094 0.32
32 57 006 0.06 095 028 034 036 0.19 0.05 0.03 004 070 0.24
32 89 0.18 0.17 034 021 026 026 020 006 0.04 0.04 051 0.23
32 643 0.12 0.12 0.10 0.08 042 042 005 0.03 0.10 0.10 0.14 0.09
36 91 0.14 0.14 030 022 038 043 0.14 0.05 0.07 008 040 0.22

36 174 0.12 0.2 021 0.15 037 038 0.10 0.05 0.10 0.09 024 0.16
36 607 0.15 0.15 0.10 0.09 040 040 0.05 0.04 0.12 0.11 0.13 0.10
36 1411 0.16 0.16 0.06 0.06 042 041 0.03 0.03 0.10 0.10 0.09 0.07

Concerning employment, we observe that the touristic counties around the Santiago
trail have the largest proportions. On the contrary, the industrial areas around Vigo
(south-west) and the agricultural areas of Ourense (south-east) present the largest
proportions of unemployed people.

Figure 9 shows that the quantiles of the distribution of the proportion of inactive
women are displaced to the right with respect to that of men. Therefore, the proportions
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Table 7 Estimated women proportions and their estimated RMSEs

prov n Under 16 years Employed people Unemployment people

Estimate RMSE Estimate RMSE Estimate RMSE

dir mod dir mod  dir mod  dir mod  dir mod  dir mod

15 32 020 016 039 031 017 026 038 008 022 0.12 037 0.36
15 41 014 0.13 045 025 022 021 030 0.07 002 0.03 099 0.30
15 47 0.08 009 056 029 035 029 023 0.07 008 0.06 049 0.29
15 80 0.18 0.17 026 024 027 030 0.19 0.06 004 006 057 024

15 121 0.14 0.14 024 0.19 040 041 0.12 0.04 003 0.03 059 0.18
15 369 010 0.11 0.7 0.10 031 030 0.08 0.04 008 0.08 0.18 0.13

27 37 016 013 050 031 030 028 025 007 002 003 099 028
27 58 005 005 056 020 025 030 024 006 004 005 070 024
27 135 0.10 0.10 035 0.18 031 033 0.3 0.05 007 0.07 034 021
27 614 0.08 008 012 0.09 041 042 0.05 003 007 0.07 0.17 0.10
32 16 029 0.11 041 046 040 037 031 0.08 0.12 008 0.68 034
32 72 010 0.09 032 023 026 031 022 0.07 009 0.10 044 025

32 115 0.11 0.10 035 022 029 023 0.17 0.07 007 0.05 035 022
32 741 0.09 009 0.1 009 040 040 0.05 0.03 008 0.08 0.14 0.09
36 9 0.17 0.6 027 023 037 034 0.14 006 008 007 037 020
36 208 015 0.15 018 0.3 025 027 0.2 0.06 0.11 0.11 022 0.17
36 617 0.14 0.14 0.1 009 036 037 006 0.04 008 0.08 0.16 0.10
36 1584 0.13 0.13 0.07 005 036 036 0.04 0.02 009 0.09 009 0.06

of inactive women tend to be greater than those of men in the regions of Galicia.
Figures 10 and 11 give the opposite conclusion for employed and unemployed people,
respectively.

Tables 6, 7 and 8 present some condensed numerical results for men and women,
respectively. The tables have been constructed in two steps. The domains are sorted by
province. Within each province, the domains are sorted by sample size, starting by the
domain with the smallest sample size. A selection of 18 domains out of 51 is done from
the positions 1,4, 7, ...,49 and 51. The tables give the direct and the compositional
plug-in estimates (labelled by “dir” and “mod”, respectively) and the corresponding
RMSE estimates. The provinces are labelled by “prov”, with codes given in Sect. 2,
and the sample sizes are denoted by n.

Tables 6 and 7 are partitioned in three vertical sections dealing with the estimation
of proportion of people under 16 years, employed and unemployed people. Table 8
contains the estimated proportions of inactive men and women and the correspond-
ing RMSE estimates. By observing the columns of RMSEs, we conclude that the
compositional plug-in predictors are preferred to the direct estimators.

We recall that the compositional predictors of the four categories are derived from
the fitted TFH model by applying the alogist transformation, so they are jointly cal-
culated. The last category (inactive) is not a reference category. Their results appear
in Table 8 because of the lack of space when constructing Tables 6 and 7.
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Table 8 Estimated inactive

. 4 RMSE prov  Inactive—men Inactive—women
proportions an S
Estimate RMSE Estimate RMSE
dir mod  dir mod  dir mod  dir mod

15 045 047 023 0.08 041 046 021 0.06
15 065 055 0.11 0.07 062 062 0.13 0.06
15 038 037 0.18 008 050 056 0.16 0.07
15 044 055 0.13 006 051 048 0.11 0.06
15 029 029 0.14 007 044 042 0.11 0.06
15 043 042 007 005 050 051 005 0.04
27 041 042 021 008 051 057 0.17 0.06
27 049 047 013 007 066 059 0.10 0.05
27 040 042 0.11 005 052 051 009 0.05
27 034 035 006 004 044 043 005 0.03
32 021 037 053 004 019 043 047 0.09
32 057 054 012 006 055 050 0.11 0.06
32 052 053 011 006 053 061 010 0.05
32 036 036 005 004 043 043 004 0.03
36 041 035 0.13 008 039 043 0.13 0.07
36 041 041 009 006 048 047 007 0.05
36 033 034 006 004 042 041 005 0.04
36 032 033 004 003 043 043 003 0.02

7 Conclusions

This paper introduces predictors of category proportions based on an area-level com-
positional mixed model. A TFH model is introduced for modelling the additive
logratio transformations of the direct estimators of the category proportions. The addi-
tive logistic transformations of the EBLUPs under the TFH model are the proposed
compositional plug-in predictors. Similarly, the centred or the isometric logratio trans-
formation (see Appendix D) can be employed.

In addition, the compositional empirical best predictors are also introduced and
empirically investigated. The first predictor is easy to calculate, but the second one
requires the approximation of integrals in R. This numerical problem demands rather
high computational time to achieve an acceptable precision. Because of this issue
and the results of Simulation 2, the use of the compositional plug-in predictor is
recommended.

Unlike the multinomial approach of Lépez-Vizcaino et al. (2013), the compositional
predictors take into account the sampling design. The sampling weights are employed
by means of the direct estimators of the category proportions and through the estimators
of their design-based variances and covariances.

As discussed in Section 4, both models (MLM and compositional) have problems
to predict the population parameter Z,;. However, these problems are compensated
by the use of auxiliary variables correlated with the objective variable and with the
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modelling of the covariance structure of the categories. It is at this point where the
compositional mixed model presents its greatest advantages compared to the MLM
model. The compositional approach is more flexible and can be adapted to different
correlation structures, while multinomial correlation structure is rather rigid (correla-
tions negative) and does not fit well to both types of covariances and variances (unit
level and domain level). The results of four simulation experiments and the analysis
of real data confirm this assertion.

The new small area estimation methodology is applied to Labour Force Survey
data from Galicia, a region in north-west of Spain, in the period January—April 2017.
The selected compositional mixed model has had a better fit to the data than the
corresponding multinomial mixed model, and therefore, the labour status proportions
per county and sex are finally estimated by using the compositional plug-in predictors
with its mean squares errors calculated by parametric bootstrap.

As for the labour market results in Galicia, we can conclude that the west coast, in
general terms, is the most dynamic part with a higher proportion of employed people
and people under 16 years old. There is a big problem in the south-east because there
are several counties with a proportion of inactive people over the 50%. This area is
essentially rural. Fixing the population in rural areas, with a decent living and income
levels, is one basic requirement to ensure territorial balance and environmental sus-
tainability. Galicia is ageing and more accentuated in rural areas, due to the emigration
of young people and the fall in the birth rate. This reality, with obvious economic and
sociological consequences, demands answers from social and employment policies.

Although the introduced methodology is applied to the variable “labour status” with
q = 4 categories, it can be extended to categorical variables with any number g > 2
of categories. However, we only recommend their use for the cases ¢ = 2, 3,4, 5.
This paper presents the mathematical developments for the case ¢ = 4 leading to a
TFH model with six variances or covariance parameters. The cases ¢ = 2 and ¢ = 3
are more simpler as they require fitting univariate and bivariate Fay—Herriot models
with one and three variance components, respectively. The case ¢ = 5 yields to a
MFH model with ten variance components, where the fitting algorithm might have
convergence problems when the number of domains D is not big enough.

The application to real data can be carried out in the subpopulation of people aged
16 or more, where the number of categories is ¢ = 3 (employed, unemployed and
inactive). This simpler scenario requires fitting a bivariate Fay—Herriot model to the
transformed survey data and obtaining the predictions of the domain proportions of
the three considered categories in a similar way as it is done in the case of ¢ = 4
categories. We have decided to follow the more complex TFH approach because of
the strength of the available auxiliary variables and to guarantee the coherence of the
estimates of the four category proportions. For the categories < 15, employed and
unemployed, we have the highly correlated variables tol5, SS and REG. This last fact
also motivated the selection of inactive as the fourth (reference) class.

Compositional data play an important role in public statistics. In this case, we
applied the introduced methodology to the SLFS, but it is useful in other topics of
the official statistics, like the classification of the population by the educational level,
the income level or the type of household expenditure. In all these situations, it is
necessary to take into account the simplex constraints.
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This work may be extended to incorporate spatial correlations between domains. In
practice, it is often reasonable to assume that the effects associated with neighbouring
areas are proportionally correlated with a measure of distance. Also, it is important
to know the evolution of the labour market, along the quarters for the counties, in an
accurate and stable form, suitable for being used in statistical offices. Therefore, exten-
sions of the introduced methodology to models incorporating temporal correlations
are also a future research task.
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