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Nonaxisymmetric residual stress distribution in 
axisymmetric glass articles 
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Residual stress measurements in many bottles, tumblers and in o the r ax isymmetr ic glass articles by using in tegrated pho toe las t i c i ty 
have shown that the residual stress distribution often deviates from the axially Symmetrie one. Α m e t h o d is developed which enables 
de terminat ion of nonaxisymmetr ic residual stress distr ibution. Α compute r -con t ro l l ed polar i scope has been developed for a u t o m a t i c 
measurements . Several examples of residual stress distr ibutions, which deviate strongly from the ax isymmetr ic one, are given. It is 
shown that deviadons from axial symmetry lead to less favorable d i s t r ibu t ion of the residual Stresses; e.g., they m a y lead to tensile 
residual S t r e s s e s on the external surface of bottles. 

Nichtaxialsymmetrische Verteilung der Eigenspannungen in axialsymmetrischen Glasgegenständen 

Die Messung von Eigenspannungen in vielen Flaschen, Tr inkgläsern u n d anderen ax ia l symmetr i schen Glasgegens t änden mi t de r 
integralen Spannungsopt ik hat gezeigt, d a ß die Verteilung der E i g e n s p a n n u n g e n oft von der ax ia l symmetr i schen Vertei lung abweicht . 
Es wird ein Verfahren entwickelt, das die Bes t immung der n ich tax ia l symmetr i schen Spannungsver te i lungen e rmögl ich t . F ü r die 
spannungsopt ischen Messungen wird ein automatis ier tes Polar iskop kons t ru ier t . Einige Beispiele für die Vertei lung von E igenspan ­
nungen, die erheblich von der axialsymmetrischen Verteilung abweichen, werden beschr ieben. Es wird gezeigt, d a ß die A b w e i c h u n g 
von der axialen Symmetr ie eine ungünst igere Verteilung der E i g e n s p a n n u n g e n verursacht ; z .B. k ö n n e n auch auf der Außenf l äche 
von Flaschen Zugspannungen auftreten. 

1. Introduction 
Integrated photoelasticity enables measurement of 
residual Stresses in axisymmetric glass articles [1]. For 
that the specimen is placed in an Immersion ba th to 
avoid refraction of light, and observed in a polariscope 
(figure 1). The wall of the specimen A B is scanned in 
the section of interest, measur ing the parameter of the 
isoclinic and the optical retardat ion. This procedure is 
named tangential incidence. Algori thms and Computer 
programs have been elaborated which permit calculation 
of the axial and shear stress distr ibution through the 
wall of the specimen, assuming that the stress distri­
bution is axisymmetric [1]. If stress gradients in the axial 
direction are absent or weak, also other stress compo­
nents can be determined. 

On investigating an axisymmetric glass article, the 
light can be passed th rough the latter perpendicularly to 
different meridional sections (figure 2 ) . In the case of 
axisymmetric residual stress distribution, one should ob­
tain for all measurements the same data (differing no 
more than the measurement errors), and interpretation 
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of the latter should give similar stress d is t r ibut ion all 
over the perimeter. 

Practical measurement of residual stress in m a n y 
bottles, tumblers , and o ther glass articles has shown tha t 
most ly that is no t the case. A lmos t always the residual 
stress dis t r ibut ion deviates from the axisymmetr ic one, 
often considerably. This is reflected in measu remen t da t a 
which also varies considerably a r o u n d the perimeter . 

Experience shows that it is completely possible to 
carry ou t integrated photoelas t ic measurements also in 
the case when Stresses vary a r o u n d the perimeter . T h e 
Stresses which are de te rmined should be related to the 
mer id ional section, perpendicular to which the light is 
passed th rough the specimen. 

Approx imate values of the Stresses can be calculated 
using the a lgor i thm which is based on the a s sumpt ion 
tha t the stress dis t r ibut ion is axisymmetr ic . There is n o 
controversy in this Statement, e.g., if Stresses vary sym-
metrically relative to the mer id iona l section measured , 
the measurement da ta co r responds exactly to the Stresses 
in the mer id ional section. However, with a m o r e 
complicated Variation of Stresses a round the per imeter 
the simplified a lgor i thm may no t be sufficiently precise. 
D u e to this, calculated Stresses near the m a x i m a are t o 
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Figure 1. Invest igat ion of an ax isymmetr ic glass art icle by tan­
gential incidence. 

F igure 2. A t m e a s u r e m e n t s the light can be passed th rough the 
article perpendicu lar ly to different mer id iona l sections. 

L i g h t b e a m 

Figure 3. Geome t r i ca l no t a t i ons for tangent ia l incidence. 

a cer tain extent diminished, and near the minima in­
creased. 

Therefore, an a lgor i thm has been developed for cal­
culat ion of the Stresses by using measu remen t data , 
which is free from the assumpt ion abou t axial symmetry. 

2. A l g o r i t h m f o r d e t e r m i n i n g n o n a x i s y m m e t r i c 

S t r e s s e s i n a x i s y m m e t r i c h o l l o w g l a s s a r t i c l e s 

The case when the stress gradient in the direction of the 
ζ axis (axis of the article) is absent or weak is now con­
sidered. In this case the only stress componen t which 
influences the polarizat ion of light is the axial stress σ^. 
Assuming that Stresses vary both in radial and circum-
ferential directions, can be presented as (figure 3) 

OÄQ,ß) =Mq) + Σ C O S M ß + F , U Q ) SINMß], (1) 
m = 1 

where the angle β is shown in figure 3, and ρ = r/R. 

Integral Wertheim law [1] gives 

Ö=C J oAy, (2) 

where Δ is the optical retardat ion, and C is the pho to ­
elastic constant . F u n c t i o n s / Ο ( Ρ ) , / Η Λ Θ ) ^ a n d / , Κ Ρ ) can be 
expressed as power series 
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where ö 2 a , and C2k are the coefficients to be deter­
mined from the measurement data. 

Inserting equadon (1) into equat ion (2), 
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is obtained, where ξ = x'/R, and 
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The functions and Ifk can be written in the follow­
ing form 

J 
2k + 1 

I K 

2k + 1 
Gjk-2k-2 . 

Ι^ = 2ξ\Η 1 + 

2k k 

Ii = 4ξοο5ξ - Go , 

lik = 2ζ^ G2k-2 - Go, etc. 

(7) 

(8) 

(9) 

(10) 

(11) 

(12) 



L F - ρ F λ — i 

/ 
1- τ 

/ 
\ 

\ -_ } 
/ 

Figure 4. Optical S y s t e m of polariscope. L: light source, F : filter, 
P: polarizer, R: retarder, B: bot t le in Immersion ba th , A: ana­
lyzer, C: C C D camera . 

Equat ion (4) should be considered as an overdetermined 
System of equations from which the coefficients a2k, hk 
and cik can be determined by using the method of least 
Squares. It is assumed that for the sake of precision the 
number of measurement data δ {ξ, β) is larger than the 
number of unknown coefficients. 

If Variation of the Stresses over the perimeter is ig-
nored, only the first terms in equations (1 and 4) are 
taken into account . This leads to the algor i thm for the 
axisymmetric case [1]. 

3. Measurement apparatus 
Since wall thickness of glass articles is often only several 
millimeters or even less, for photoelast ic measurements 
one needs a polariscope for pointwise measurements 
with 10 magnifications at least. The coordinate device 
should enable to record the horizontal coordinate of the 
measurement point with a precision of O.Ol m m and the 
polariscope should be supplied with a compensa tor for 
precise measurement of the optical retardat ion. Such a 
polariscope has been described in [2]. For determining 
residual stress distr ibution in a section of a glass article 
for a certain value of the angle β (figure 3 ) , one has to 
measure the optical re tardat ion at least at 6 to 10 values 

of the coordinate x. W i t h the manual polariscope this 
takes about 5 min. T h a t is in usual factory conditions 
completely admissible. 

However, for more complete analysis of the Stresses, 
including stress distribution over the perimeter, one m a y 
use an automatic polariscope. Figure 4 shows basic com­
ponents of the optical System of an automated polari­
scope. Before entering the Immersion bath polarized 
hght passes an optical retarder R with a set of parallel 
horizontal fringes. D u e to stress^^s in the wall of the 
specimen, these fringes are deformed and recorded by 
the C C D (Charge-Coupled Device) camera C. In this 
Version the automatic polar i scope enables quick m e a s ­
urement of the axial stress distribution through the wall 
of the specimen if stress gradient in the axial direction 
a n d birefringence in the article are weak. 

Informat ion from the optical block (from the C C D 
camera) is fed into the frame grabber which is located in 
the PC. Α Software package has been developed which 
calculates Stresses in the section where measurements 
were made. After the photoelastic measu remen t s in a 
Posit ion of the article are made, it is tu rned by a s tepper 
engine for a certain angle A^, and again the pho toe las t i c 
measurements and stress calculation are carried out. 
Stress dis t r ibut ion through the wall at any value of β 
as well as distribution of the surface Stresses over t he 
perimeter can be shown on the monitor. 

If the bot t le is under internal pressure, the value of 
the latter is also calculated. T h e algorithm for tha t is 
based on the fact that since residual Stresses must be in 
equilibrium over the section, the resulting axial force in 
the bot t le is caused by internal pressure. 

4. Comparison of the stress calculation 
algorithms 
One important indicator of the residual Stresses in a 
glass article is the distribution of the average through-
wall (membrane) axial stress over the perimeter. Th i s 
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Figure 5. Geomet ry of the 0.5 1 bot t le and dis t r ibut ion of the axial m e m b r a n e stress in sect ion Ol over the per imeter . C u r v e 1: exac t 
a lgor i thm, curve 2: local in terpreta t ion of the measurement da t a ob ta ined by tangent ia l incidence, curve 3: us ing n o r m a l incidence. 
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Figure 6. G e o m e t r y of the beer bot t le and d is t r ibut ion of the mer id ional stress (in M P a ) on the surfaces at two meridional sections.  
: β = 225°, \ß = 300°. 
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Figure 7. Dis t r ibu t ion of the axial surface S t r e s s e s over the peri­
mete r at - = 70 m m in the beer bott le . Curve 1: in te rna l surface, 
curve 2: external surface. 

dis t r ibut ion may be measured by different methods. 
Firstly, by using tangent ia l incidence, one may Interpret 
the measu remen t da t a for a mer id ional section assuming 
that stress d is t r ibut ion is axisymmetr ic . Secondly, mem­
brane Stresses can be de termined by using passage of 
light th rough the bot t le wall in the direction of the nor­
mal to the latter (using a reflection polar iscope) . Thirdly, 
mos t precise results are ob ta ined by using the algori thm 
described in section 2. of this paper. 

F igure 5 shows the geometry of a 0.5 1 bot t le and the 
dis t r ibut ion of the axial m e m b r a n e stress in section Ol, 
ob ta ined by using these three methods . It shows that 
also simplified in terpre ta t ion of the measurement data 
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Figure 8. D i s t r ibudon of the axial stresses through the wall for 
two meridional sections at different distances ζ from the b o t t o m 
of the beer bottle. Curve 1: ζ = 5 m m , curve 2: ζ = 15 m m , 
curve 3: ζ = 40 m m , curve 4: ζ = 70 m m . 

gives rather satisfactory results. However, at the sections 
with extreme values of the stresses simplified methods 
give for the stresses somewhat diminished absolute val­
ues. 

5. Examples 
5.1 Beer bottle 
In figure 6 the geometry of the bottle as well as the dis­
t r ibut ion of the meridional surface stresses for two meri-
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Figure 9. Dis t r ibut ion of the axial stresses th rough the wall at 
- = 70 m m for different meridional sections of the beer bottle. 
Curve I: ^ = 0°, curve 2: β = 160°, curve 3: β = 225°, 
curve 4: β = 300°. 
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Figure 10. Geomet ry of the tumbler and dis t r ibut ion of the ax­
ial stress th rough the wall for two azimuths . Curve 1: /? = 0°, 
curve 2:ß= 135°. 
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Figure 11. Dis t r ibut ion of the mer id ional surface stresses over 
the per imeter in the tumbler at r = 55 m m . Curve 1: internal 
surface, curve 2: external surface. 

dional sections are shown. It is seen that stress dis t r i ­
but ions in the mer id ional sections β = 225° a n d β = 
= 300° differ drastically. At β = 225° b o t h surfaces of 
the bot t le are unde r tension. 

Dis t r ibu t ion of the axial mer id ional stress at t he sur­
faces over the per imeter is shown in figure 7. It is seen 
tha t even at the external b o u n d a r y tensile stresses a p p e a r 
in several regions over the perimeter. 

F igure 8 shows dis t r ibut ion of the axial stress 
t h rough the wall for two mer id ional sections at different 
dis tances from the b o t t o m of the bottle. It is seen tha t 
when at ζ = 5 m m stresses in b o t h mer id iona l sect ions 
are a lmost in equi l ibr ium, at ζ = 40 m m and ζ = 70 m m 
for β = 225° the stresses are tensile, and for β = 300° 
compressive t h rough the whole wall. 

F igure 9 shows dis t r ibut ion of the axial stress 
th rough the wall at ζ = 70 m m for different m e r i d i o n a l 
sections. 

Quahtat ively similar results about the devia t ion of 
the stress d is t r ibut ion from the axisymmetr ic one have 
been ob ta ined by the au tho r s practically always w h e n 
detailed measuremen t s of the stresses in bot t les have 
been carr ied out . 

5.2 Tumbler 
Figure 10 shows geometry of the tumbler a n d axial 
stress d is t r ibut ion at ζ = 55 m m for two values of ß. In 
figure 11 the dis t r ibut ion of the mer id iona l surface 
stresses over the per imeter at ζ = 55 m m is shown. 

5.3 Electric lamp 
T h e geometry of a l a m p is shown in figure 12. T h e figure 
shows also d is t r ibut ion of the mer id ional surface stresses 
near the socket. F igure 13 shows the d is t r ibut ion of the 
mer id iona l surface stresses over the per imeter of the 
l amp in section 3. 

6. D i s c u s s i o n 

Figure 14 shows typical residual stress d i s t r ibu t ion 
th rough the wall of a bott le . D u e to m o r e intensive cool ­
ing of the external surface the latter is u n d e r c o m ­
pression. T h e internal surface is unde r tension, the ab­
solute value of which is usually lower t h a n tha t of the 
stress on the external surface. If stress d is t r ibut ion is axi­
symmetr ic , the same stresses should be present in all the 
mer id iona l sections. These stresses which are mos t ly 
caused by the t empera tu re gradient t h rough the wall are 
n a m e d thickness stresses [1]. 

D u e to nonax i symmet r i c cooling condi t ions a n ad­
di t ional axial m e m b r a n e stress field (figure 14) appea r s 
in the bott le . These stresses are no t axisymmetr ic . In 
some regions of the per imeter they are tensile, in o the r 
pa r t s compressive. These stresses are caused by the t em­
pera ture gradient over the per imeter and they are n a m e d 
form stresses [2]. Total stresses are the sum of the thick­
ness and form stresses, which is i l lustrated in figure 14. 
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Figure 12. G e o m e t r y of the electric l a m p a n d dis t r ibut ion of the mer id ional stresses (in M P a ) on the surfaces near the socket. 
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Figure 13. D i s t r i b u d o n of the mer id iona l surface stresses 
a r o u n d the per imete r in sect ion 3 of the electric lamp. 

It is seen that in the case of tensile form stresses the total 
stresses may be positive even on the external surface of 
the bott le. This fact is conf i rmed by figures 7 to 9. Thus, 
due to deviat ion of the residual stress dis t r ibut ion from 
the axisymmetr ic one, tensile stresses may appear on the 
external surface of bott les, which increases the danger of 
their breaking. 

In the case of the tempered tumbler (section 5.2), 
deviat ions of the stress d is t r ibut ion from the axisym­
metric one cause Variation of the compressive surface 
stresses over the per imeter decreasing their strength. 

T h e reason for the deviat ion of the residual stress 
dis t r ibut ion from the axisymmetr ic one is probably the 
nonaxisymmetr ic t empera tu re of the article during dif­
ferent stages of the p roduc t ion process as well as nonaxi­

symmetric cooling conditions. Significance of glass flow 
symmetry in the feeder bowl and possibilities to improve 
it have already been considered in the literature [2]. 
Thus , it is impor tan t to have an axisymmetric tempera­
ture distr ibution in the gob. 

The next reason for nonaxisymmetr ic temperature 
distr ibution in the bottle may be the noneven tempera­
ture of the mold. 

Thirdly, in the lehr coohng condit ions for the article 
are not the same over the perimeter. In figure 15, the 
points A, B, C and D of the article in the middle cool 
down more quickly than other parts. This has been con­
sidered in [3] as the main reason for nonaxisymmetr ic 
residual stresses. 

There may be other reasons for the nonaxisymmetric 
distr ibution of the residual stresses, e.g. Variation of the 
residual stresses over the perimeter is related to the Vari­
at ion of the wall thickness over the perimeter. 

7. Conclusions 
The measurement of residual stresses in many axisym­
metric glass articles by integrated photoelasticity has 
shown that deviation of the residual stress distribution 
from the axisymmetric one may be considerable. This 
deviation causes less favorable residual stresses in the ar­
ticles and decreases the resistance of the latter. In an­
nealed articles (hke bottles) tensile stresses may appear 
even on the external surface of the articles. 

To increase resistance of axisymmetric glassware it is 
desirable to analyze the reasons for the nonaxisymmetr ic 
residual stresses and to modify correspondingly the tech­
nology. Since integrated photoelasticity enables to meas-
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Figure 14. Total residual stresses consist of thickness stresses and m e m b r a n e stresses. 

F igure 15. Position of axisymmetr ic glass articles in the lehr. 

ure bo th axisymmetric and nonaxisymmetr ic residual 

stress distributions, it may help to optimize the manufac­

tur ing technology of axisymmetric glassware. 

This paper shows also that stress calculation pro­

grams which are based on the assumpt ion of axial sym­

metry of the stresses do not give the real residual stress 

distr ibution in axisymmetric glass articles. 

fmio) coefficient in the stress expans ion before t he t e r m 
cos 

/ ^ ( Ρ ) coefficient in the stress expans ion before t he t e r m 
s i n m ^ 
k n o w n funct ions of ξ 

l2k k n o w n funct ions of ξ 
Κ to ta l n u m b e r of t e rms 
k cur ren t n u m b e r 
Μ to ta l n u m b e r of t e rms 
m cu r ren t n u m b e r 
R external rad ius of the specimen in m m 
RQ in te rna l rad ius of the specimen in m m 
r radia l coord ina te in m m 
X space coord ina t e pe rpend icu la r t o the light ray 
y space coord ina te paral lel to the light ray 
ζ space coord ina te in the di rec t ion of the axis of 

the specimen 

β angle which de te rmines the d i rec t ion of t he l ight 
b e a m 

Aß s t e p o f ^ 
δ opt ical r e t a rda t ion in n m 
ξ = xlR d imensionless coord ina te 
ρ = r/R d imensionless radia l coo rd ina t e 

radial stress in M P a 
axial stress in M P a 

GQ c i rcumferent ial stress in M P a 
φ c i rcumferent ial coord ina te 

8. Nomenclature 

üik coefficient of the po lynomia l approximat ion of 

bjk coefficient of the polynomia l approximat ion of 
f,UQ) 

C photoelast ic cons tan t in T P a ^ 
/Ο(Ρ) coefficient in the stress expansion which does not 

depend on β 
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