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delivery Systems 
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Leakage currents and their low resistance pa ths th rough refractories f rom the in te r ior of glass mel t ing furnaces to the b i n d i n g steel 
are discussed. By defmition, a g round cur rent flows from an electrode, t h r o u g h the in tervening glass to g r o u n d t h r o u g h g r o u n d i n g 
conductors . All melters have leakage currents a n d may have g round cur rents . 

Cur ren t and voltage characterist ics a n d p h a s o r diagrams have been ana lyzed for some circuits tha t can be used in h o r i z o n t a l 
melters. The furnaces may be heated solely with electricity or in c o n j u n c d o n wi th fossil fuels. P h a s o r d i ag rams m a y b e helpful in 
the design stage of a melter, may be useful for t rouble-shoodng a n d to display electrical d i s t r ibu t ions for all p a r t s in a precise fo rm. 
Hence, totally unexpected voltage differences become easily unde r s t andab le . P h a s o r d i ag rams can disclose wir ing e r ro r s a n d / o r 
undesirable voltage dis tr ibut ions and may suggest ways to improve electrical character is t ics . Fo r symmetr ical ly buil t a n d cross-f ired 
furnaces they show side-to-side symmetry a n d indicate that the cent ra l p l ane of these uni t s can be Virtual o r p h a n t o m g r o u n d s . 
They may also indicate the condi t ions minimizing voltage differences be tween adjacent electrodes. Voltage p h a s o r d i a g r a m s a re even 
more useful for longitudinally fired furnaces. For these units they also expla in why g r o u n d cur ren t s occur a n d h o w to min imize t h e m . 

D a t a from a salt water model with two cross-fired circuits connec ted to the s ame phase disclosed l inear re la t ions be tween the 
electric currents and voltages over a large ränge. In this ränge each line cu r ren t was a h n e a r funct ion of the two line vo l tages a n d 
vice versa and these variables could be t reated as scalars. In add i t ion , e i ther line cu r ren t cou ld be forced to zero by a p p r o p r i a t e 
voltage(s) in the o ther circuit. Somewhat similar results were ob ta ined when two different phases were used bu t n o w ne i the r c u r r e n t 
could be forced to zero by adjusting the voltage in the o ther circuit. A g a i n in the l inear r änge each hne cur ren t was a l inear func t ion 
of the line voltages and vice versa but the variables now had t o be t rea ted as p h a s o r s a n d n o t as scalar quant i t ies . Salt w a t e r 
model l ing with a longitudinally fired melt end yielded representative d a t a showing h o w the appl ied voltages m a y be loca ted o n a 
g round current 's voltage phaso r in bo th the capped and uncapped cond i t ion . 

Elektrische Eigenschaften von horizontalen Glasschmelzöfen und Rinnensystemen 

Streust röme und ihre Bahnen niedrigen Widers tandes , die durch das Feuer fes tmater ia l v o m Ofeninneren zur S t a h l k o n s t r u k t i o n 
vagabundieren, werden d iskuder t . E rds t röme fließen direkt durch die Glasschmelze zu geerdeten Lei tern. Alle Schmelzöfen h a b e n 
St reus t röme und können Erds t röme haben . 

S t rom- und Spannungscharakter is t iken sowie Zeigerdiagramme w u r d e n für einige S t romkre ise analysiert , wie sie in h o r i z o n t a l e n 
Elektroschmelzöfen eingesetzt werden können . Die Ofen werden en tweder n u r mi t e lekt r i schem S t rom oder gemischt m i t fossilen 
Brennstoffen beheizt. Ze igerd iagramme können hilfreich sein in der E n t w i c k l u n g s p h a s e eines Schmelzofens, bei der Feh le r suche u n d 
bei der Dars te l lung der Stromvertei lung in allen Teilen. N u n werden gänzl ich une rwar t e t e Spannungsun te r sch iede a u f e infache 
Weise verständlich. Zeigerdiagramme können Verdrahtungsfehler u n d / o d e r u n e r w ü n s c h t e Spannungsver te i lungen s i ch tba r m a c h e n 
und Wege zur Verbesserung der elektrischen Eigenschaften aufzeigen. F ü r symmet r i sche Öfen, bei denen die E lek t roden gegenübe r ­
liegend zusammengeschal te t sind, zeigen sie eine Achsensymmetr ie u n d lassen e rkennen , d a ß die Mi t te lebene dieser E inhe i t en e n t w e ­
der virtuell oder geerdet sein kann . Sie können auße rdem die Bedingungen für die M i n i m i e r u n g der Spannungsun te r sch iede zwischen 
benachbar t en Elekt roden aufzeigen. Phasend iag ramme sind für längsbeheiz te Öfen n o c h b rauchbare r . F ü r diese A n l a g e n e rk l ä r en 
sie auch, w a r u m Erds t röme auftreten u n d wie sie zu minimieren sind. 

D a t e n eines Salzwassermodells mit zwei Stromkreisen, deren E l ek t roden e inande r gegenüber lagen, aber an dieselbe P h a s e a n g e ­
schlossen waren, ließen lineare Beziehungen zwischen den elektrischen S t römen u n d S p a n n u n g e n übe r einen weiten Bereich e rken­
nen. In diesem Gebiet war jeder Lei tungss t rom eine lineare F u n k t i o n von zwei Le i tungsspannungen u n d umgekeh r t , u n d diese 
Veränderl ichen konn ten als Skalare behandel t werden. Außerdem k o n n t e einer der Le i tungss t röme du rch en t sp rechende S p a n -
nung(en) im anderen Stromkreis auf Nul l gefahren werden. Ganz ähnl iche Ergebnisse w u r d e n erzielt, wenn zwei verschiedene P h a s e n 
angewendet wurden , doch nun konnte keiner der Ströme durch Verstellen der S p a n n u n g im ande ren S t romkre is auf N u l l g e b r a c h t 
werden. Wiederum war im linearen Bereich jeder Lei tungsst rom eine l ineare F u n k t i o n der Le i t ungs spannungen u n d u m g e k e h r t , 
aber jetzt müssen die Variablen als Ze igerd iagramme und nicht als Ska la rg rößen angesehen werden . D a s Sa lzwassermodel l mi t e iner 
längsbeheizten Schmelzwanne erbrachte repräsentat ive Werte, die zeigten, wie die angelegten S p a n n u n g e n auf e inen E r d s t r o m -
Spannungszeiger sowohl mit als auch ohne A b d e c k u n g ausgerichtet werden müssen . 
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1. Introduction 
1.1 Preliminaries 
Most hor izon ta l glass melting furnaces have a rear melt­
ing zone and the melted glass flows in to a front Chamber 
a n d then ou t t h rough a delivery System. T h e delivery 
System is m a d e u p of a forehear th a n d bowl which has 
an orifice r ing t h rough which the flow of glass is con­
trolled. M a n y of these furnaces are hea ted with fossil 
fuel and ba tch or fdl is added t h r o u g h the back wall by 
means of fül machines . In add i t ion to fossil fuel, electric 
power is often used in the rear zone to augment the 
melter 's Output and /o r quah ty [1]. Electric heat may or 
may not be used in the rest of the System. Power is intro­
duced through electrodes which may be m a d e of differ­
ent mater ia ls such as tin oxide [2], graphi te [3], molyb­
denum [4] and which may have different sizes, shapes, 
immers ions [5] a n d locat ions [6]. Typical installations in­
clude electrodes installed in to the glass t h r o u g h the bot­
t o m of the uni t or t h rough its side walls. W i t h electrodes 
a r ranged a long the side walls the electric current(s) 
flow(s) t h rough the mol ten glass across the wid th of the 
melter. This is called cross firing (figure 1) [7]. In a sec­
o n d a r r angemen t the electrodes are paral lel to the back 
wall. Cur ren t passes between the adjacent rows. This is 
called longi tudinal firing [1]. Power is provided from 3-
phase {3-φ) sources but no t all the phases need to be 
used. The voltages are assumed to have sinusoidal wave 
forms a n d hence may be represented by three phasors 
A, Β and C [7 to 9]. In this r epor t phaso r s will always 
m e a n voltage phaso r s unless otherwise specified. Trans­
former terminals to yield co r re spond ing directions for 
these three phaso r s are indicated by large do t s on their 
secondaries. P h a s o r Α will always be d rawn horizontal 
a n d poin t ing to the right, p h a s o r Β will always make an 
angle of (+120° ) wi th it a n d p h a s o r C will always make 
an angle of ( - 1 2 0 ° ) from it (figure 2a) . These phasors 
mus t always retain their relative angu la r posi t ions unless 
the pr imar ies of the power supphes (not shown) are re-
wired. In terpre ta t ions of phaso r s are helped by using 
electrode number s at each head a n d tail. Often the ap­
plied voltages are no t s inusoidal so, strictly speaking, 
p h a s o r should no t be used. However, experience has 
shown tha t represent ing d is tor ted wave forms by phasors 
often leads to valid conclusions. 

All voltages used in this r epor t have been chosen ar­
bitrarily. In addi t ion , all circuits use separate secondar­
ies. Fo r simplicity t ransformers for the forehear th includ­
ing the bowl are n o t shown bu t their polarit ies and 
phases are indicated in the appropr ia te figures. 

1.2 Resistance to ground and leakage currents 

1.2.1 Resistance to ground 
W h e n a furnace is cold a n d dry the resistances of any of 
its installed electrodes a n d in ternal metal l ic par t s to its 
b inding steel should be extremely high. If this is not t rue 
someth ing is wrong a n d should be corrected. Generally, 
as the furnace is hea ted a n d filled, all the binding steel. 
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Figures 2a to d. Uncoup led and coupled voltage phasors for 
the cross-fired connect ions used for the melt end of the furnace 
shown in figure 1; a) fixed d i recdons for A, Β and C phasors 
used exclusively in this report ; b) phaso r d iagram with con­
nected from electrode no. 1 to no. 2 and Fß wired from elec­
t rode no. 3 to no. 4 (figure 1); c) like figure b with leads to 
electrodes no. 3 and 4 reversed, thus decreasing the voltage be­
tween the adjacent side wall electrodes; d) like figures b or c 
except phase C is wired from electrode no. 4 to no. 3, thus 
main ta in ing the lower voltage between the adjacent electrodes. 

that is not electrically isolated from hot refractories or 
is no t grounded, becomes electrically hot . Simul­
taneously, the resistances from the electrodes and inside 
surfaces to its binding steel will decrease and at op­
erating temperature this resistance may be as low as 5 
to 10 Ω. This resistance may be measured with a high-
frequency ohmmeter that rejects the 60 Hz voltage used 
for power^\ To unders tand this low resistance consider 
any Square inch of glass-contacting refractory extending 
from the inside surface of the furnace to its external sur­
face and finally to its contact ing binding steel. The re­
fractory's inside temperature may be at 1400 °C while its 
outside temperature, for example, may be 300 °C. With 

This Ins t rument is manufac tured by G S C , Inc. , 141 Rai l road 
Drive, Ivyland, PA 18974 (USA) , and is described in their Bul­
letin 9050 A. 



this temperature distr ibution each elemental piece, which 
extends t rom the inside surface to the outside surface, 
still has a high resistance but there are thousands of 
them all of which can conduct a small bu t fmite amount 
of current out of the furnace simultaneously. These small 
currents are in-parallel and they const i tute a par t of the 
leakage current. In addition with ho t crown Operation, 
the ho t gases and vapors above the molten glass are par­
tially ionized and are in contact with ho t refractories in 
the melter and checkers and on through the Stack. All 
these paths contr ibute to the leakage current and thus 
also help reduce the resistance to ground. As their resist­
ances are also in-parallel, they help lower the total resist­
ance. The net result of these leakage currents is that for 
a symmetrically built and operated cross-fired furnace 
the voltage from an electrode to the binding steel will be 
equal to one half of the applied voltage. This effectively 
puts the central plane of totally symmetrical cross-fired 
units at zero potential relative to the binding steel. If this 
steel is also grounded, then the centerline (plane) of the 
cross-fired unit is also at ground potent ial . 

1.2.2 Leakage current with cross firing 
Consider a symmetrical, cross-fired melt end, with 
two single-phase circuits (figure 1). Suppose each cir­
cuit has lOOV with 50 V across the resistance to 
ground which has been found to be 5 Ω. For this case 
l̂eakage = ^0/5 = 10 A. This currcnt is small compared 

to the current used for heating which could be 2000 A. 
N o t e that the leakage and heating currents are in-paral­
lel and their ratio is equal to the inverse ratio of their 
resistances. Even though the leakage current is small, it 
does increase the temperatures of the refractories 
th rough which it passes and thus increases conductivity. 
If the increasing temperature (conductivity) of a refrac­
tory par t is not stabilized, failure will occur. Unfortu­
nately, in the early years, electrodes were often installed 
with no design changes to make the units satisfactory 
for electric boost ing. In many cases leakage currents 
went out of control . The results included erratic cur­
rents, ho t spots, melting of refractories due to local arc-
ing, and catastrophic failures including 100% glass 
drain. In the modern boosted furnaces these types of 
failures do not occur as refractories with high electrical 
resistivities are used. The impor tance of high electrical 
resistivities of refractories is shown by the work of 
Smith [10]. 

1.2.3 Leakage current in a longitudinally fired 
melt end 

Siebold [1] discusses a regenerative, electrically 
boosted melter with longitudinal firing between three 
rows of electrodes inserted th rough the b o t t o m blocks. 
H e estimated that for one of the two similar rear sets, 
the voltage would be 140 V with 700 A. Again if the re­
sistance to ground was 5 Ω, the leakage current would 
be /leakage = 70/5 = 1 4 A or about (14/700) 100% = 
= 2 % for this circuit. 

1.3 Ground currents 
In cont rad is t inc t ion to leakage cur ren ts which p a s s di­
rectly t h r o u g h the refractories and the ionized gases for 
each electrode pa i r of a circuit, o ther u n w a n t e d , electric 
cur ren ts m a y flow in the uni t a n d are called g r o u n d cur­
rents a n d identified as /grd (figure 1). G r o u n d cu r r en t s 
may be qui te large. They pass directly from m o l t e n glass 
t h r o u g h g round ing electrode(s), or improper ly electri­
cally isolated t he rmocoup le sheaths o r shears used for 
gobbing o r o ther highly conduct ive mater ia l s wh ich con ­
tact the mol t en glass, etc. 

1.3.1 Ground current in a cross-fired melter 
Let the mel ter be completely symmetr ica l . Α g r o u n d i n g 
electrode installed from the b inding steel in to the glass 
on the melter 's centerl ine would con tac t a zero e q u i p o ­
tent ial p l ane a n d n o current would flow. However , if the 
melter was no t total ly symmetr ical , the con tac t w o u l d 
be on a nonze ro equipotent ia l p lane a n d consequen t ly 
would force a shift in the equipotent ia l p lanes a n d cur­
rents. Concomi t an t ly pa r t of the leakage cur ren t w o u l d 
be diverted back in to the glass t h r o u g h the g r o u n d i n g 
electrode. This g round current would flow in-para l le l 
wi th the rest of the leakage cur rent o n its way t o w a r d 
the o the r electrode a n d the rat io of these two cu r r en t s 
would be inversely equal to the rat io of their resis tances. 
T h e g round cur rent would be approximate ly the s a m e as 
the leakage cur rent calculated above in section 1.2.2. 

N o t e tha t if the zero equipotent ia l p lane is n o t cen­
tered in the delivery System, con tac t ing the glass a t the 
orifice will result in an electric shock. Α grounding elec­
trode effectively shields personnel work ing on the deliv­
ery System from electric shocks [11]. 

1.3.2 Ground current in a longitudinally fired 
melt end 

Aga in Siebold [1] discusses a regenerative, electrically 
boos t ed mel ter with longi tudinal firing be tween th ree 
rows of electrodes. H e est imated tha t for one of t he two 
similar rear sets, the average resistance of the glass w o u l d 
be ab o u t 0.2 Ω a n d require abou t 140 V a n d approx i ­
mately 7Ö0 A. For the forward set he es t imated the resist­
ance would be abou t 0.08 Ω for a cur ren t of a b o u t 
1340 Α a n d wi th a voltage of abou t 100 V. Fo r this type 
of melter, a g round ing electrode may be instal led o n the 
cen te rhne near the th roa t between the front end a n d the 
delivery System. Aga in no te tha t such an Instal la t ion ef­
fectively shields personnel work ing o n the delivery Sys­
t em from electric shocks. The cur ren t from this g r o u n d ­
ing electrode could be approximately equa l to the d r iv ing 
vol tage divided by the assumed resistance of 5 Ω for the 
g r o u n d pa th . T h e driving voltage, Fdrive, (as will be ex­
pla ined in section 4.) is the p h a s o r s u m of the two a p ­
plied voltages. Thus , 

^drive = 140 V (δ = 0°) + 100 V ((5 = 120°) 

or 



F d „ v e = 125 V (^ = 44°) . 

Aga in if the resistance to g round is 5 Ω, the magni tude 
of the g round current would be /g^d = 125/5 = 2 5 A 
which also is small c o m p a r e d to the to ta l heat ing current 
( upward of 2000 A ) . 

This subject will be discussed fur ther in section 8.1. 

2. Cross-fired, symmetrically built and 
operated horizontal melters 

2.1 With phases Α and Β 
Figure 1 represents a boos ted furnace wi th side-to-side 
symmet ry including b o t h s t ruc ture a n d operat ing con­
dit ions. It has two sets of side wall electrodes in the melt 
end. It may be powered using any combina t ion of a 3-φ 
power supply. In this repor t the three voltage phasors A , 
Β a n d C always have the direct ions shown in figure 2a 
and , wi th clockwise ro ta t ion , the angles between their 
posit ive direct ions mus t always be 120° while their mag­
n i tudes and coupl ings depend entirely on the appli­
cat ion. For the first case electrodes no. 1 a n d 2 are con­
nected to phase Α a n d the voltage between them has 
been adjusted to F a . F r o m symmet ry the voltages from 
electrodes no. 1 and 2 to the central p lane of the melter 
are equa l to 1/2 V/^. P h a s o r Α represents voltage Fa and 
is hor izon ta l wi th a magn i tude equa l to F a . A s con­
nected the phas ing requires that the tail of this phasor 
is identified with electrode no. 1 while its head is associ­
ated wi th electrode no. 2 (figure 2b) . Electrodes no. 3 
a n d 4 are connected to phase Β wi th a vol tage difference 
adjusted to Fß . This voltage is represented by phasor Β 
whose tail is associated wi th electrode no . 3 while its 
head has electrode no. 4 a t tached to it. P h a s o r Β has a 
m a g n i t u d e equal to Fß a n d mus t re ta in its angular posi­
t ion, so phaso r s Α a n d Β mus t r emain 120° apar t . Again 
from symmet ry it follows that the voltages from elec­
t rodes no. 3 a n d 4 to the centerl ine mus t be equal to 
1/2 Fß . Thus , the voltage at the centra l p lane of the 
mel ter co r responds to the mid-po in t s (CP) of phasors Α 
a n d Β and the c e n t r a l p lane is a p h a n t o m or Virtual 
g r o u n d . Electrodes no. 1 a n d 3 influence each o ther in 
the same way as electrodes no. 2 a n d 4. This means that 
the voltage differences between the adjacent electrodes 
of the two sets mus t be equal . Thus , it follows that 
p h a s o r s Α a n d Β mus t bisect each other. P h a s o r diagram 
(figure 2b) displays the electrical symmet ry of this cross-
fired, totally symmetr ical uni t . If the ac tual electrical 
d is t r ibut ion from a p roduc t ion uni t does no t agree with 
the predic ted values, the p h a s o r d i ag ram may be wrong, 
the physical s t ructure or opera t ing condi t ions may be 
asymmet r ic o r by accident or mi sunde r s t and ing the wir­
ing is incorrect . 

In figure 2b the dashed line from po in t 1 to point 3 
represents the voltage difference be tween electrodes no. 
1 a n d 3. Α similar Statement holds t rue for points 2 and 
4. These two lines are labeled V ( \ - 3 ) a n d F(2-4), have the 
same magnitude a n d direct ion bu t have different spacial 
locations. They are two different p h a s o r s representing 

the two voltages between the adjacent wall electrodes on 
the opposi te sides of the tank. These two voltages, F(i_3) 
and F(2-4), along with their associated resistances con­
trol the local heating between the adjacent electrodes. To 
minimize the corrosion at the walls between the elec­
trodes, it is desirable to have these voltages as low as 
possible. If figure 2b has been drawn to scale, these volt­
ages can be determined by direct measurement ; other­
wise they can be calculated using the t r igonometr ic co­
sine law. Thus, 

νά-3,= Ka -4 ) = (V2 Fa)^ + (V2 Fß)2 -
- 2 [ V 2 F a ] [ V ^ F ß ] cos 120°. 

(1) 

Assuming F a = 220 V and Fß = 100 V, this equat ion 
reduces to 132 V. Incredible as it may seem, this means 
that the voltage between the adjacent wall electrodes is 
greater than the voltage applied between electrodes no. 
3 and 4. 

This phasor diagram also displays the two phasors 
(dashed arrows) associated with the "cross voltage" from 
electrode no. 4 to no. 1 and from no. 3 to no. 2. For 
these "cross voltages" the cosine law is 

Fa_4) = νά-2) = Q l i V^f + (V2 Fb)2 -

- 2 [ V 2 F a ] [V2Fß] cos 60° 

(2) 

and with the previous values these voltages are 87 V 
which is significantly smaller than the voltage between 
the adjacent electrodes. 

Fur the r examinat ion of this figure suggests that the 
voltage between adjacent electrodes can be reduced. 

2.2 Leads to one phase reversed 
Interchanging the leads in one set can not change the 
magni tude or direction of the voltage phasors as these 
are controlled by the power supplies. As corresponding 
electrodes influence each other similarly, the phasors 
must still bisect each other. This can be inferred from 
figure 2b, but the effects of interchanging leads of phase 
Β to electrodes no. 3 and 4 are shown in figure 2c, in 
which the posit ions of the electrodes no. 3 and 4 have 
been interchanged from those shown in figure 2b. F rom 
an examinat ion of this new figure or by calculation with 
the cosine law, it is clear that the side wall voltages have 
been decreased from 132 to 87 V. Thus, this wiring will 
result in a longer tank life and is preferable. 

2.3 With phases Α and C 
For this melter, using phase C instead of phase Β 
changes only the relative phase angles and does not re­
sult in different voltages. This is apparent as phase C 
only rotates the effects of phase Β th rough 120°. An­
other way of arriving at the same conclusion is to draw 
a new diagram (figure 2d) or to consider phase C to be 
the mirror image of phase Β across the phase Α direc­
tion. 



The Substitution of phases is an important consider­
ation when loads are to be distributed in a 3-φ System. 

2.4 With single-phase circuits 
(For simplicity from this section through section 2.5.2 
the rear circuit is identified as no. 1 while the other is 
called circuit no. 2.) Fur the r examination of these 
phasor diagrams indicates that , if single-phase heating is 
used, the two applied phasors (not shown) become col­
linear and still "bisect" each other. For this single-phase 
case let Vi be the voltage for the rear circuit and use V2 
for the voltage for the other or forward circuit. 

As these two voltages are in-phase, the voltage 
between the adjacent electrodes becomes 
1/2 ( F ( i _ 2 ) - F ( 3 _ 4 ) . For this case with 200 and 100 V ap­
plied to the two sets, this voltage would be 50 V. Revers-
ing a set of leads would change the voltages to 
1/2(Κ(ΐ_2) + K ( 3 _ 4 ) ) or with the previous values to 
150 V. Therefore, properly connected single-phase heat­
ing results in the lowest voltage between adjacent elec­
trodes. Single-phase heating may be distributed between 
several large melters and is usually used for smaU units 
and in delivery Systems. 

2.5 Current and voltage relations 

Α salt water model for the melt end of the furnace 
shown in figure 1 was used. For simplicity the rear cir­
cuit is still identified as no. 1 while the other is called 
circuit no. 2. The voltages and currents are V u V2, and 
/ i , I2, respectively. 

2.5.1 Model with Single phase connections 

For the two cross-fired circuits in the melt end, corre­
sponding currents and voltages remained in-phase 
th roughout an extended n o r m a l operat ing ränge. Keep­
ing the voltage of circuit no. 1 constant at Vi and reduc­
ing the second circuit's voltage (F2) caused the currents 
in bo th circuits to decrease very linearly until the second 
circuit's current {I2) reached zero. With further decreases 
in the V2 voltage, this current then went through a 180° 
phase reversal and bo th currents now were non-linear. 
Thus, bo th currents were linear and non-linear simul­
taneously. Figure 3a shows some typical data. For this 
model , voltages could be adjusted to force either current 
to zero and each line current could be expressed as a 
linear combinat ion of the line voltages and vice versa. Α 
typical equadon of this set is 

1 = N i V i + N2V2. (3) 

In this equadon Λ ι̂ and N2 are constants depending on 
the melter, including its operat ing conditions, and scalar 
addi t ion is valid. 

Similar results were obta ined when V2 was kept con­
stant and Vi was changed. 

2.5.2 Model with phases Α and Β 
For this case the second circuit was reconnec ted t o a 
different phase. The voltage and cur rent re la t ions n o w 
were somewhat different as nei ther cur ren t cou ld be 
forced to zero. Aga in b o t h currents were l inear in the 
n o r m a l opera t ing ränge a n d then became non- l inea r 
s imul taneously (figure 3b). S imul taneous hnea r i ty of 
b o t h currents indicates tha t changes in the in te rna l im-
pedances of the t ransformers were u n i m p o r t a n t in tha t 
region. In addi t ion , the linearity indicates tha t the super­
pos i t ion principle ho lds a n d tha t each line cu r r en t 
p h a s o r may be assumed to be a l inear c o m b i n a t i o n of 
the line voltage phaso r s a n d vice versa. Thus , e q u a t i o n 
(3) a n d its related or associated equa t ions are also valid 
for this case provided the voltages a n d cur ren ts are in 
the l inear region a n d are treated as phasors . A g a i n the 
roles of the voltages were interchangeable. O t h e r c o m ­
m e n t s on the electrical character is t ic for figures 3 a a n d 
b may be found in section 8.2. 

3. Cross-fired m e l t e r i n c l u d i n g a d e l i v e r y 

S y s t e m 

If a delivery System heated with fossil fuel a n d / o r cross-
fired is added to this furnace (figure 1), the phasor d ia­
grams prepared for the melt end remain u n c h a n g e d . 
Similar d iagrams are also vahd for the c o r r e s p o n d i n g 
circuits used in the delivery Systems. T h e preceding two 
Statements will now discussed. 

A s s u m e tha t all electric power is d isconnected a n d 
then (with arbitrari ly chosen voltages) connec t elec­
t rodes no. 5 a n d 6 to the secondary of a t r ans fo rmer for 
cross firing with phase A. As the furnace is Symmetr ie 
the voltages from its centerline to electrodes no . 5 a n d 6 
are equal . Thus , the centerline (plane) of the mel te r is 
associated with the center po in t of the vol tage p h a s o r 
for this circuit. This p h a s o r is hor izonta l , has the correc t 
m a g n i t u d e a n d has electrode no. 5 at its tail a n d elec­
t rode no. 6 at its head (figure 4). Nex t connec t p h a s e C 
from ano the r secondary to forehear th electrodes no . 7 
a n d 8. T h e phaso r for this circuit will have e lect rode no . 
7 at its tail a n d electrode no. 8 at its head to c o n f o r m to 
the relative polari t ies shown in figure 1. Aga in , because 
of symmet ry a n d since these four electrodes influence 
each o ther in the same way, these two phaso r s m u s t bi­
sect one another . Us ing the same reasoning al lows t o 
comple te figure 4. 

N o w with all the circuits of this melter energized, 
all co r respond ing phaso r s mus t remain coll inear a n d the 
comple te or final voltage phaso r d iagram(s) (no t shown) 
mus t have a c o m m o n central po in t as each pa r t is associ­
ated wi th the neutra l , central line of the melter. T h e volt­
ages between all the electrodes may be found us ing the 
equa t ions discussed earlier even t h o u g h the melt end a n d 
delivery end sets of electrodes are at oppos i te ends of 
the melter. 

W i t h this Setup the central po in t of the orifice has n o 
voltage to ground and if any ground current is present it 
is neghgible. In general, add ing addi t iona l pairs of uni-
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Figure 5. H o r i z o n t a l mel ter wi th mel t end fired longitudinally: 
cross-fired front end a n d delivery S y s t e m . 

formly displaced side wall electrodes to the meh end 
and/or to the delivery System will result in similar con­
clusions. In a symmetrically built a n d opera ted unit. 

with the cross-fired circuits already discussed, no ground 
current will flow even if a grounding electrode or any 
conductur is inserted anywhere along the b o t t o m center­
line of the furnace. 

This Statement will be true even when metallic 
stirrers [12] are used to control the mol ten glass flow 
from a centrally located orifice such as that shown in 
figure 1. However, if for any reason, the grounding elec­
trode or a conduc tor does no t contact the glass at a zero 
equipotential plane or line, then an electric current will 
flow through it. 

4. P h a s o r s f o r a l o n g i t u d i n a l l y f i r e d f u r n a c e 

w i t h d e l i v e r y S y s t e m 

4.1 Phases A, Β and C 

Consider a boosted melter with four rows of electrodes 
arranged parallel to the rear wall. These electrodes can 
be fired longitudinally. This unit also has a front end 
and delivery System composed of a forehearth and bowl 
whose par ts can be cross-fired with any desired voltages 
(figure 5). The phasor diagram for this delivery System 
when it is powered alone has been discussed in section 
3. and shown in figure 4. With this setup the center point 
of the phasor d iagram is ASSOCIATED with the centerline 
of the delivery SYSTEM. 

N o w disconnect these circuits and connect rows no. l 
and 2 in the melter to phase Α of a separate secondary 
adjusted to V^. The phasor Α for the electrodes of row 
no. l to no. 2 will be labeled and drawn hor izonta l 
point ing to the right. Next connect rows no. 2 and 3 to 
phase Β as shown in figure 5 and adjust to Fß, Phasor 
Β for rows no. 2 to 3 makes an angle of 120° with phasor 
A. The phasing (polarity connections) shown in figure 5 
requires that the head of phasor Β be at tached to the 
head of phasor A. This must be true as their secondaries 
are tied together. Thus , phasor B's tail corresponds to 
the voltage at the third row of electrodes. N o w connect 
phase C, adjusted VQ, to rows no. 3 and 4. Again from 
figure 5 the head of phasor C corresponds to the voltage 
at the third row and must be at tached to the tail of 
phasor Β and point in the proper direction. The tail of 
phasor C corresponds to the voltage at the fourth row 
of electrodes. This information is summarized in figure 
6 by the phasors A, Β and C. 

Line current at the second row of electrodes results 
from the phasor sum of phase currents from two differ­
ent transformer secondaries and thus is not in-phase 
with either voltage. Α similar Statement holds true for 
the third row of electrodes. 

In figure 6 the dashed line drawn from the tail of 
phasor Α to the tail of phasor C, indicates the magni­
tude of the voltage between the first and the fourth row 
of electrodes. Its phasor, F(i_4), is the resultant of the 
three applied voltages and makes an angle of θ with 
phasor Α and it will vary as the applied voltages in the 
melting zone are changed. This resultant voltage can be 
found directly from a scaled drawing, otherwise it can 



be calculated. For example let the magni tudes of the 
phasors Α or F(i_2), Β or K(2-3) and C or K (3_4) be 100, 
50 and 100 V, respectively. Their projections on the 
X a x i s are +100 , + 2 5 and + 5 0 V , respectively, with an 
algebraic sum equal to 175 V. This sum is the X compo­
nent of K ( i _ 4 ) and is called Κχ. In a similar fashion Κγ, 
the 7 componen t of F ( i _ 4 ) , results from the algebraic 
sum of the projections of the three applied voltage 
phasors on to the Y axis. These projections are 0, 
- 5 0 sin 60, and + 1 0 0 sin 60 whose sum is equal to 
43.3 V. F rom these projections the voltage between elec­
trodes no. 1 and 4 equals [175^ +43.3ψ^ = 180.3 V and 
the phase angle is ^ = arc tan (43.3/175.0) = 13.9°. These 
numbers can be found from figure 6, provided it is drawn 
to scale. 

The voltage of phasor K ( i _ 4 ) drives a ground current, 
/grd- This is assumed to flow from the fourth row of elec­
trodes through the intervening glass to the delivery end 
of the furnace, to ground, then, for the re turn path, from 
ground through the fül machine(s) and the rear end of 
the furnace and finally back th rough the mol ten glass to 
the first row of electrodes. This ground current is inde­
pendent of the leakage current(s) and the main electric 
currents flowing between the electrodes. It presumably 
spreads and contracts crosswise as it moves longitudi­
nally through the glass and its effective pa th length is 
lengthwise - no t crosswise - through the System. There 
is a voltage drop between the midpoin t of the fourth row 
of electrodes to the centerline between electrodes no. 5 
and 6; call it F4 p- Call the effective resistance for this 
path i^4 p. T h o u g h mol ten glass is an electrolytic con­
ductor, it behaves like an ohmic resistor. This means a 
voltage and its resulting current are in-phase and Ohm's 
law holds. Thus, F 4 F = / g r d ^ 4 , F - Next let R^i be the 
effective resistances from the center point between elec­
trodes no. 5 and 6 to the center point between the first 
pair of electrodes no. 7 - 8 ; from pair no. 7 - 8 to pair 
no. 9 - 1 0 use Κ^χ, from pair no. 9 - l O t o p a i r n o . 1 1 - 1 2 
use Rp2', from pair no. 11 - 1 2 to the orifice use i ? F 4 ; call 
the resistance between the orifice and ground i?o,grd- So 
the voltage between the orifice and ground is by Ohm's 
law Fo,grd = 4rd^,grd- ^o,grd is undcsirablc and may 
be exceedingly high and dangerous. For the rest of the 
assumed return pa th the resistances from ground to fill 
machine(s), use RgrdM'^ i v o m the fiU machine to the hot 
conductive material at the rear of the melter, use RM,E', 
and then from the rear end to the first row of electrodes, 
use R^i. As K ( i _ 4 ) is in-phase (collinear) with /grd and 
with Kirchhoff 's voltage law. 

F ( i _ 4 ) - /grd { R 4 , F + ^F, l + ^F,2 + ^F,3 + ^ F , 4 + 

+ ^ , g r d + ^grd,M + ^M,E + ^ Ε , ΐ ) 
(4) 

is obtained. 

Under steady operat ing condit ions Κ ( ΐ - 4 ) is constant 
but RM,E varies as arcing at the fiU machine(s) , including 
blanket feeders, to the hot material in the melter 
changes. In addit ion, /?o,grd is highly variable when gobs 
are being cut with grounded shears. Of course these 
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F i g u r e 6. Voltage p h a s o r s for m e l t end of the furnace s h o w n in 
figure 5, including resu l tan t vol tage p h a s o r F(i_4), w i t h f ront 
end a n d delivery S y s t e m power d i sconnec ted . 

changes cause /grd a n d all the voltage d rops in e q u a t i o n 
(4) to vary. E q u a t i o n (4) is represented graphical ly in 
figure 6 where the line F ( i _ 4 ) represents the dr iv ing vol t­
age a n d also the scalar sum of the per t inen t vol tage 
drops . 

N o w the phaso r s for the front end a n d the delivery 
System are located when the melt end circuits are also 
powered. As long as the c a p p e d - u p condi t ion does n o t 
al low a g round current , the delivery end p h a s o r s r e m a i n 
undispersed and lie centered o n p h a s o r K ( i _ 4 ) bu t closer 
to its head t h a n tail. 

W h e n glass flows, it is clear tha t the phaso r s in figure 
4 mus t now be dispersed by the g round cur ren t as suc­
cessive phaso r s are separa ted by the voltage d r o p be ­
tween their respective circuits. N o w on line K ( i _ 4 ) in fig­
ure 6 (redrawn in figure 7 for clarity) move f rom p o i n t 
4 towards poin t 1 a dis tance equa l to K 4 F . Th i s is the 
locat ion for phaso r A(5_6) which is d rawn centered a n d 
hor izon ta l at this po in t . Con t inue in the same way unt i l 
all the phasors associated wi th the re turn p a t h for the 
g round current are located. By Kirchhoff 's law these 
vol tage d rops completely fill line F ( i _ 4 ) in figure 7. F o r 
this figure the fill mach ine has arbi trar i ly been chosen 
to be closer to g round t h a n any o ther point . However , 
this is no t always true. If several po in t s in a furnace have 
low resistance pa ths to g round then each will have a 
g round current . These flow in-parallel . However, only 
one g round poin t can exist on a p h a s o r d iagram. I t will 
indicate the c o m m o n po in t at which the separa te g r o u n d 
cur ren ts flowing in-parallel mus t meet a n d from which 
they may diverge. 

G r o u n d currents are real. In p roduc t ion un i t s the i r 
presence has been disclosed by sparks at g r o u n d e d 
shears when gobs of glass were being cut a n d / o r by arcs 
from the fill machines to the conduc t ing mater ia l in the 
rear of the melter. F r o m these observat ions it is c lear 
tha t the resistance to g round m a y be very variable a n d 
so get t ing reliable da t a to cons t ruc t a p h a s o r d i a g r a m 
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Figure 8. Revised mel t end voltage p h a s o r d i a g r a m with re­
duced Κ(ΐ_4) r e suh ing from a revised wir ing of the melt end, 
o the r power suppl ies d i sconnec ted . 

similar to tha t shown in figure 7 may be very difficult. 
However, g round cur ren t influence can be illustrated 
with a simple salt water mode l (section 8.1). 

4.2 Revised phase connection, melt end 
G r o u n d cur ren ts can be reduced or even eliminated by 
rephas ing the melter. Suppose the leads for phase Β 
between rows no. 2 a n d 3 and also for phase C between 
rows no. 3 a n d 4 are in terchanged. W i t h the same 
voltages the new p h a s o r d iagram (figure 8) has a much 
smaller resul tant K(i_4). Proceeding as above the new 
values for the X a n d Ύ projections are Κχ = 25 V and 
RY = - 4 3 . 3 V, respectively. Therefore, the resultant 
voltage for K(i_4) is [25Η433ψ^ = 50.0 V and 
θ = a r c t a n ( - 4 3 . 3 / 2 5 ) = - 6 0 . 0 ° . Thus , for this part icular 
example, there has been a significant change in the phase 
angle bu t m o r e impor tan t ly the voltage for F(i_4) has 
been reduced from 180.3 to 50 V so the g round current 
is significantly smaller a n d the result ing voltage at the 
orifice will be low e n o u g h to be considered acceptable. 
(Other ways to achieve the same result include inter­
changing the leads for phase Α in the mel t end.) 

4.3 Voltage from the orifice to ground, eliminated 
In practice the hazardous voltage in the delivery System 
and the current from orifice to ground are often ehmi-
nated by inserting a grounding electrode at or near the 
throat(s) at the bridgewall of the melter or near the en­
trance to the forehearth. This grounding electrode does 
no t eliminate the g round current from the fill end. In 
fact it should increase it. 

Various other possible phasor diagrams for the melt 
end can also be used to design circuits for ground cur­
rent reduction of elimination. 

5. Summary, comments and conclusions 
In general, leakage currents flow from the hot , interior 
surface of a melter th rough its refractories and ionized 
vapors to its binding steel so that the resistance between 
them is low. 

Phasor diagrams for vertical glass melters, exclusive 
of delivery Systems were treated in an earlier report [8] 
but some of the results reported therein are also valid 
for horizontal melters. For example, the horizontal melt­
ers can be widened, lengthened, deepened and different 
electrode spacing and immersions may be used wi thout 
causing any changes in the voltage phasor diagrams. On 
the other hand , the work on delivery Systems described 
herein is also applicable to vertical glass melters 

Phasor diagrams have been constructed for some cir­
cuits that can be used with horizontal melters. These dia­
grams present an easily unders tandable summary of the 
voltages that occur between all the electrodes. Some of 
these diagrams may disclose wiring errors and/or unde­
sirable voltage distr ibutions and may suggest ways to im­
prove the electric characteristics. One may conclude that 
reversing a phase in a cross-fired System or properly sub­
stituting a new phase may cause a significant reduction 
in the voltage between the adjacent wall electrodes. The 
phasor diagram was quite powerful in leading to these 
conclusions. Phasor diagrams can also explain why 
ground currents occur and how to minimize them. 

Salt water modell ing of a melter with two single-
phase, cross-fired circuits has shown that the electric cur­
rents are linear over a large ränge and each can be forced 
to zero with different voltage combinations. In addit ion, 
the currents can become non-linear simultaneously. In 
the linear ränge and for single-phase circuits, each line 
current is a scalar function of the applied voltages and 
vice versa. Wi th two-phase circuits and again in the lin­
ear ränge, the same equat ions are true provided the vari­
ables are treated as phasor quantities. 

In one large verdcal electric melter, on "come- in" the inidal 
voltage from an orifice to g round was 800 V. The first react ion 
of the cons t ruc t ion engineers was that this voltage was due to 
an accidental g round . Α phaso r d iagram disproved this and led 
to " rephas ing" the circuits so that the resul tant voltage was ac­
ceptable. 



Α ground current was shown with a single-phase, 
longitudinally fired melt end, salt water model. Da ta 
from it were also used to show how the phasors for its 
melt end were related to those for its cross-fired deliv­
ery System. 

In practice, the single electrodes shown for the cross-
fired circuits are often replaced by sets of parallel con­
nected electrodes and the voltage phasor diagrams re­
main unchanged. For all cases when parallel connected 
electrodes are used, current balancers [13] may be used 
to help in equalizing the currents in a set. 

All conclusions for longitudinally fired melt ends are 
also valid for longitudinally fired, horizontal or vertical 
Channels. 

6. Nomenclature 

6 . 1 . Symbols 

A, B, C 
C P 
grd 
/ 
Ν 
R 
V 
Ζ 

δ, θ 

phasors 
center po in t 
g round 
current 
cons tan t 
resistance 
voltage 
impedance 

phase angles 

6.2 Subscripts 

A, B, C phases 
E, 1 from conduct ing mater ia l at rear end of melter to 

the first row of electrodes 
F,l from midpoin t between electrodes no. 5 and 6 to 

the midpo in t between electrodes no. 7 a n d 8 
F,2 from midpoin t between electrodes no. 7 and 8 to 

the midpo in t between electrodes no. 9 and 10 
F,3 from midpoin t between electrodes no. 9 a n d 10 to 

the midpo in t between electrodes no. 11 a n d 12 
F,4 from midpo in t between electrodes no. 11 and 12 to 

the center of the orifice 
grd g round 
grd ,Μ from ground to the fill machine(s) 
(i-j) from electrode i to electrode j ( = 1 t h rough 12) 
Μ fill mach ine 
M , E from fill machine(s) to conduc t ing mater ia l at rear 

end of melter 
Ο orifice 
0 ,g rd from ground to the fill machine(s) 
1, 2 circuit number 
4 ,F from midpo in t of the fourth row of electrodes to 

the midpo in t between electrodes no . 5 a n d 6 

δ, θ phase angles 
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8. Appendices 

8.1 Ground current and voltage distributions from a 
longitudinally fired melt end model 

Α g r o u n d cur ren t was p r o d u c e d wi th a very s imple salt wa te r 
m o d e l which was based o n figure 5. T h e model ' s mel t e n d h a d 
two rows of electrodes labeled no . 1 a n d 2. In its del ivery e n d 
only electrodes no . 11 a n d 12 were instal led. Α resistor, ^ , g r d , 
con t ac t ed the fluid be tween these two bowl e lect rodes a n d 
g r o u n d a n d a n o t h e r resistor, RgrdM^ ^^^^ s imula te t he 
res is tance from g r o u n d t h r o u g h the fill m a c h i n e a n d i n t o t he 
fluid at the mel t end . Α single p h a s e was a d e q u a t e to d e m o n ­
s t ra te the g r o u n d cu r ren t a n d avoided the compl i ca t i ons of 
mu l t i phase power. T h e s t ruc ture was non-conduc t ive a n d its 
lack of leakage cu r ren t s was cons idered u n i m p o r t a n t . To s tudy 
the vol tage d i s t r ibu t ion a sensitive, h igh - impedance Voltmeter 
was connec ted be tween the leads of the first set o r g r o u n d a n d 
a p r o b e which cou ld be immersed in the fluid. 

To s imulate a c a p p e d - u p cond i t ion , the connec t ion f rom the 
orifice to g r o u n d was removed. In the first exper iment the bowl 
electrodes were d i sconnec ted from the power supply. T h e p r o b e 
in con tac t wi th any of the first row electrodes read zero. I t was 
m o v e d from the center rear of a n electrode t owards t he rea r 
wall , then left to a line midway be tween this e lectrode a n d its 
neighbor , then a l o n g this line b a c k be tween these two first row 
electrodes a n d o n to a n d pas t the co r r e spond ing two e lec t rodes 
of the next set. D u r i n g this m o t i o n the probe ' s vol tage increased 
steadily. W h e n fur ther forward a n d / o r sideways m o t i o n w o u l d 
p r o d u c e d pract ical ly n o fur ther changes , the p r o b e was m o v e d 
to the r ight a n d b a c k to the center of the second row electrode. 
D u r i n g this m o t i o n the probe ' s vol tage con t inued to increase 
u n d l it b e c a m e equa l to tha t impressed on the two rows of elec­
t rodes . This m o t i o n followed a t u b e of electric cu r ren t be tween 
the two sets of electrodes. As there was n o g r o u n d cur ren t , t he 



Table 1. Electr ical re la t ions for the l inear reg ions of figures 3a a n d b 

for figure 3a, V^^sr 15.0 V wi th = 0° for figure 3b, Fi,^,: 15.0 V with δι = 120° 

(1) V i / h = 15.0/0.067 = 223.9 Ω (1) Vi/Ii = 15.0/0.188 = 79.8 Ω 

(1) V2/I2 = 15.0/0.198 = 75.8 Ω (1) V2/I2 = 15.0/0.219 = 47.8 Ω 
(2) V i l h = 15.0/0.0948 = 158.2 Ω (2) V i l h = 15.0/0.170 = 88.8 Ω 
(2) V2II2 = 10.0/0 .103 = 97.5 Ω (2) V2/I2 = 10.0/0.219 = 45.7 Ω 
(3) dl2/dV2 = 18.8 m A / V (5) dl2/dV2 = 19.96 m A 
(4) dIi/dV2 = - 5 . 6 m A / V (6) dIi/dV2 = 3.61 m A 

E x p l a n a d o n s : 
(1): V i = ¥ 2 = 15.0 V; (2): Vi = 15.0 V, V2 = 10.0 V; 
(3): By par t i a l d i f fe rendadon of V2 = 0 .053225(72) + 4.5415; 
(4): By par t i a l d i f fe rendadon of V2 = 0 .277061( / i ) - 37.1797; 
(5): By par t i a l differentiat ion of V2 = 0 .050112(72) - 0.0981058; 
(6): By p a r d a l differentiat ion of V2 = 0 .277061(72) - 37.1797; 
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Figures 9a to c. Voltage d i s t r ibu t ions f rom a longitudinally 
fired, mel t end salt water m o d e l . Elect rodes of row no . 1 and 2 
are indicated by circles wi th their p h a s o r ^ ( 1 - 2 ) between them. 
Bowl electrodes no . 11 a n d 12 are shown as d o t s and the 
p h a s o r s for t h e m are co lhnea r wi th ^ ( 1 - 2 ) bu t a re displaced for 
clarity; a) loca t ion of g r o u n d a n d orifice wi th only melt end 
voltage. U n i t is in a c a p p e d - u p c o n d i d o n a n d n o power is on 
in the delivery S y s t e m ; b) s ame cond i t ions except bowl elec­
t rodes are powered ; c) s ame cond i t ions as figure b except ^^,GRD 
was connec ted to represent a n u n c a p p e d furnace. 

p robe ' s vol tage at the rear wall was the same as if it had been 
connec ted to g r o u n d . Α representa t ive p h a s o r d i a g r a m is shown 
in figure 9a. N o t e t ha t b o t h the g r o u n d a n d orifice posit ions 
are be tween b u t n o t at the ends of the phasor , A( i_2) . 

N e x t electrodes no . 11 a n d 12 were powered bu t 7?o,GRD was 
left unconnec t ed , so a c a p p e d - u p cond i t ion was simulated. Α 
representat ive d i a g r a m (figure 9b) shows tha t t he orifice's posi­
t ion has c h a n g e d only by a small a m o u n t a n d tha t the voltage 
p h a s o r s for the bowl electrodes are centered o n it a n d are collin­
ear wi th A(i_4). 

Insta l l ing 7?o,GRD represents a f lowing glass condi t ion . In fig­
u re 9c g r o u n d is close to the rear wall ( R - W ) , as RM,E 50 Ω, 
while 7?o,GRD was = 190 Ω. In this figure R - W represents the hot , 
inside rear wall which n o longer is at g r o u n d po ten t i a l . Fur the r 
n o t e tha t the orifice's loca t ion is n o w closer t o g r o u n d and tha t 
the bowl e lect rode p h a s o r s are still centered o n it. 

As all the voltages in the fluid are shown in the phasor dia­
g ram it is clear that all the glass in hor izonta l or boosted electric 
melters has a high voltage to g round and suitable precaut ions 
mus t be taken when it is contac ted . 

8.2 Additional comments on the electrical characteristics for 
figures 3a and b 

8.2.1 Comments for figure 3a 

The experiment was s tar ted with b o t h voltages, Visi ^US2 
adjusted to 15.0 V and with δχ = δ2 = 0°. Then Vi^Si ^^P^ 
cons tan t at 15 .0V with δ ι = 0° while V2 was decreased. The 
scalar values of the line currents , I i and 72 were measured using 
1 Ω precision resistors in each supply line. For figure 3a V i , V2, 
I i and 72 remained in-phase in the l inear region. Wi th each cir­
cuit at 15.0 V, the applied voltage divided by the measured line 
current is the impedance and in this case the circuit (cct) resist­
ance. Thus , 

( i^i/ / i)F , ,F2^i5v = Kcui = 15.0/0.067 = 224 Ω (5) 

while that of the second circuit was 

(V2/Ii) vuV2=i5y = Kct,2 = 15.0/0.198 = 75.8 Ω . (6) 

(These values and others are listed in table 1.) 

The rat io of these two resistances is (224/75.8) = 3.0. This 
rat io shows that the circuit no . 1 was greatly constr icted by the 
circuit no. 2. 

Next V2 was reduced to 10.0 V, and the line current , 
I i , changed to 0.0948 A. The resistance of the circuit no. 1 
decreased to 

i V i / I i ) v , ^ i 5 ; v , = iow = ^CCT,I = 15.0/0.0948 = 158.2Ω (7) 

while that of the circuit no. 2 increased to 

(V2/l2)v,^i5;V2-ioY = î CCT,2 = 10.0/0.103 = 97.5 Ω (8) 

and the rat io of the circuit resistances decreased from 3.0 to 
(158.2/97.5 = ) 1.6. These da ta illustrate that the circuit resist­
ances are very voltage-sensitive and tha t the voltage rat ios allo-
cate the space for each circuit. 

The least Square fit of the da ta for 72 versus V2 in the hnear 
ränge was 

V2 = 0.053225(72) + 4.5415 (9) 

with a correlat ion coefficient of 0.999644 indicadng an a lmost 
perfect fit of the da ta to a straight line. The rate of change of 
72 versus V2 with Vi kept cons tan t was obta ined by the par t ia l 
d i f ferendadon of e q u a d o n (9). Thus , with a httle manipu la t ion 

idl2/dV2)v, = 18.8 m A / V . (10) 



The least square fit of the da ta for Ιχ versus V2 in the linear 
ränge was 

V2 = - 0 . 1 7 7 3 5 6 ( / I ) + 26 .8060 (11) 

with a cor re ladon coefficient of 0.999613 a n d by p a r d a l differ­

e n d a d o n 

{dhldV2)v, = - 5 . 6 4 m A / V . (12) 

This in t e racdon ( -5 .64 /18 .8 = ) - 3 0 % was surprisingly large. 

8.2.2 Comments for figures 3b 

The exper iment was cont inued with b o t h Vi^si and ¥2,3^ again 

adjusted to 15.0 V but with δχ = 120° and δ2 = 0°. T h e current 
phasors were again bilinear functions of the line voltage 
phasors a n d in this case equat ion (3) shows the functional 
relat ionship in a clearer fashion when rewrit ten as 

Ιθ = NxVx,S,^X20o + N2V2,S2 = 0^. (13) 

F r o m this e q u a d o n it is clear tha t the cur rent phaso r s can not 
be coll inear with either voltage phaso r as long as b o t h power 
supplies are being used with different phases. 

For the remaining steps, Vx^si was kept cons tan t at 15.0 V 
with δχ = 120° while V2 was decreased. Even t hough the voltage 
and current phasors are no t collinear, the rat ios of their magni­
tudes are of interest and will be deno ted by Ζ,,^,τη which is the 
impedance (apparent circuit resistance) of circuit m. Wi th each 
circuit at 15.0 V, the applied voltage divided by the measured 
line currents were 

(Vx/Ix)v,,v,^x5w = ZECT,I = 15.0/0.1883 = 79.8 Ω (14) 

while tha t of the second circuit was 

iV2fh)vuV2-i5w = ZCCT,2 = 15.0/0.3189 = 4 7 . 0 Ω . (15) 

(These values and others are tabulated in table 1.) 

T h e ra t io of these two " res i s tances" is (79.8/47.0) = 1.7. 
This ra t io shows tha t the circuit no . 1 was greatly cons t r i c t ed 
by the circuit n o . 2. 

N e x t V2 was reduced to 10.0 V, a n d the line cu r r en t , Ιχ, 
c h a n g e d to 0.170 A . So the V/I r a d o of the circuit n o . 1 d e ­
creased to 

(F i / / i )k ,^15;k ,= iov = Ζ,,,,χ = 15.0/0.170 = 8 8 . 2 Ω (16) 

while t ha t of the circuit no . 2 scarcely c h a n g e d t o 56 .2 Ω 

(V2/l2)v,^l5;V2=lOV = ZECT,2 = 10.0/0.178 = 56 .2 Ω (17) 

a n d the r a d o r ema ined essendal ly u n c h a n g e d f rom 1.7 t o 
(88/56) = 1.6. These d a t a i l lustrate tha t the i m p e d a n c e s a re less 
sensitive to vol tages when different phases are used . 

T h e least squa re fit of the d a t a for I2 versus V2 in t he h n e a r 
r änge was 

V2 = 0 .050112(72) - 0.981058 (18) 

wi th a cor re la t ion coefficient of 0.999690 indica t ing a n a l m o s t 
perfect fit of the d a t a t o a s t ra ight line. P a r d a l d i f f e r e n d a d o n 
of this e q u a t i o n yielded 

dl2/dV2 = 19.96 m A / V . (19) 

T h e least squa re fit of the d a t a for Ιχ versus V2 in t he h n e a r 
r änge was 

V2 = 0.277061 ( / i ) - 37.1797 (20) 

wi th a c o r r e l a d o n coefficient of 0.994547. By p a r d a l differen­
t ia t ion 

dIx/dV2 = 3.6 m A / V . (21) 

T h e in te rac t ion is (3.6 mA/20 .0 m A ) = 18 % is also surpr i s ing ly 
large b u t it is less t h a n tha t for the s ingle-phase case. 
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